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tial attributes, by combining the “X” network response with that of
the signal source. The source output would then have an amplitude
characteristic as shown by the dash-dot curve of Fig. 9. (See column
2 of the computation form on Fig. 14.)

Realization of the system design outlined above is.limited by a
number of practical considerations. Exact implementation would re-
quire using an artificial mouth and an artificial ear which duplicated
their human counterparts within the context of definitions given in
Fig. 3. Such are not available. However, simpler devices are available
which are probably adequate for purposes of many telephone engi--
neering problems.

Secondly, the source signal does not incorporate the dynamic
properties of speech. This is probably not important as long as the
telephone connection under test is composed of linear elements. How-
ever, measurements on connections incorporating nonlinear elements,
particularly carbon transmitters, may be in error. Carbon transmitters
in real use are activated by real speech; testing such with an applied
signal of the type referred to above might well result in different
device operating characteristics. This matter is under study.

In this paper, we consider a system which is somewhat simpler than
the “ideal” and which probably reflects adequate accuracy for tele-
phone rating purposes. This system, derived from the computational
procedure, is designated the EARS (for Electro-Acoustic Rating
System), and is dealt with in ensuing sections.® A graphical compu-
tation procedure is also described. Finally, a comparison is made
between ratings based on the EARS and ratings obtained from sub-
jective tests. '

The EARS utilizes an artificial voice and a 6-¢cm® coupler while the
computational procedure utilizes the concept of orthotelephonic trans-
mission. Response definitions appropriate to artificial mouth and 6-cm®
coupler measurements are shown on Fig. 16 in terms similar to the
orthotelephonic response definitions of Fig. 3.

Typical artificial voice/6-em® coupler amplitude responses of con-
nections employing specific telephone set types are given in Ref. 18.
As with orthotelephonic responses, artificial voice/6-em® coupler re-
sponses vary widely depending on telephone set and transducer types
used. Conversion curves for translating between orthotelephonic and
artificial voice/6-cm® coupler responses are not as variable, but are still
highly dependent on telephone set and transducer type.

* Reference 51 describes derivation of a measuring system which is similar
to the EARS.
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TELEPHONE LINE TELEPHONE
TRANSMITTER RECEIVER
TRANSMITTER LINE RECEIVER
RESPONSE = Ty RESPONSE = L RESPONSE = Rgom?
-w0106 = 20 LOG—~~— = 20 LOG-2
P1a Vi Vo

P,,= PRESSURE AT LIP RING OF ARTIFICIAL MOUTH, TRANSMITTER ABSENT GENERAL NOTE:

SEE TEXT FOR
Vi = OPEN CIRCUIT VOLTAGE, IN VOLTS, OF TRANSMITTER LOCATED AT DISCUSSION OF

GAUGED POSITION RELATIVE TO THE ARTIFICIAL MOUTH LIP RING ARTIFICIAL MOUTH,

Py,= DEVELOPED BY TELEPHONE RECEIVER IN A 6cm® COUPLER ~ INCLUDING
2= PRESSURE DEVELO SPECIFICATION OF

V2= VOLTAGE ACROSS THE RECEIVER LIP RING PRESSURE.

Fig. 16—Telephone circuit responses in artificial voice — 6-cm3 coupler terms.

4.1 Derivation of EARS

We begin by considering the computation form of Fig. 14. For the
reference effective spectrum (column 2), we compute the cumulative
contribution to loudness as a function of computation band, i.e., we
assume an orthotelephonically flat transmission system with 0 dB
of gain for the sum of columns 3, 4, and 6, and compute the entries
for column 10. Cumulating these and dividing each cumulative entry
by the total loudness (N;) results in a relation between cumulative
percentage contribution to loudness and frequency. This relation is
shown by the small circles plotted on Fig. 17; the ordinate is cumula-
tive and the abscissa is upper frequency limit of the computation
band, obtained from Fig. 5. The relation of Fig. 17 differs from that
of Fig. 5 because the latter is for a flat effective spectrum (Z; = a
constant) whereas the former is for the effective spectrum of speech
(Zs = Bgy — X) shown by the dot-dash curve of Fig. 9.

The points plotted on Fig. 17 can be reasonably approximated by
a straight line drawn from 100 Hz to 5000 Hz on the logarithmic
frequency scale. Thus, 2-percent loudness bands, or any bands of
equal loudness derived from this curve, have a logarithmic relation
to frequency and may be found by laying off equal lengths along the
logarithmic frequency scale.

In terms of a measuring system, the above suggests using a source
signal which has a flat amplitude versus frequency characteristic but
which sweeps across the band at a logarithmie rate. Such a signal
would cover equal loudness bands of the effective spectrum (Bgy — X)
in equal time divisions, corresponding to equal length divisions along
the abscissa of Fig. 17. Integration of the sweep on a time basis
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Fig. 17—Cumulative contribution to loudness of speech for the reference effec-
tive spectrum (see Figs. 9 and 14).

would result in a value proportional to the total loudness of the effec-
tive spectrum since the signal amplitude is constant with frequency.

In essence, the operation described above translates the amplitude
weighting of Z; = Byy — X to frequency weighting. The computation
form of Fig. 14 could be modified to reflect this by changing columns
1 and 9 to conform with the straight line of Fig. 17 and entering a
constant value of Z; in column 2. The value of Z; can be determined
by dividing the computed N, for By, — X by the number of computa-
tion bands (e.g., 50) to find n, (the loudness per band of unit im-
portance), then entering the curve of Fig. 6 at that value of n,.

The source signal described above, in combination with the acoustic-
to-acoustic response of a telephone connection, provides the effective
spectrum of the received speech for that connection. The next step,
then, is to apply the loudness scale of Fig. 6 in order to convert to
loudness units.

The loudness scale of Fig. 6 is linear on logarithmic coordinates,
i.e.,, Z; = k log n;, above the knee of the curve, and the number of
loudness units increases tenfold for a 44-dB change in effective level,
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or doubles for a 13.2-dB change in effective level. (This is reasonably
checked by subjective loudness tests with filters as plotted on Fig. 10.
In the Steinberg tests, a 9.1-dB reduction in effective level corresponded
to a 50-percent reduction in loudness, while in Van Wynen tests the
level reduction required to produce half loudness was 12.4 dB). This
relation is assumed to hold over the entire range of effective levels.
The effect of this assumption on accuracy will be considered in a
later section.

At the receiving end of a telephone connection activated by the
logarithmic signal source at the transmitting end, the received acoustic
signal is applied to a measuring circuit and ultimately appears as a
voltage across a resistance. At any instant, this voltage is proportional
to 10°/*° where C is the response, in dB, of the telephone connection at a
particular frequency. However, because of the sweep rate of the signal
source, voltage elements appearing across the resistance in time sequence
are proportional to 10%/*, where Z, is the effective level of the received
speech spectrum. We have already postulated that loudness doubles for
a 13.2-dB change in Z, ; the voltage elements we would like to see
across the resistance should therefore be proportional to 10%/**.* Thus,
the desired voltage elements, V,, are proportional to the 2.2 root of
the voltage elements, V;,, which actually appear, i.e.,

V, « 227V, (9)
or
(Vl)z~2 < Vy,. (10)

The above relationship suggests that voltage elements proportional
to 10”/*° be applied to the input of a 2.2-to-1 compressor. With such
a device, changes at the input proportional to

10(2«1—2”/20)

appear at the output proportional to

10(Za 1=Zs 2/44),

* If loudness NV, is twice as large as loudness NV,

N, .
JVf = 10Za—Zal) = 2,
ng —_ Z“ = $10g102 = 13.2,
-and
T = 44.
Thus

N « 10%./44,
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which is the 2.2 root of the input change. Thus, the action of the com-
pressor approximates the loudness scale of Tig. 6 in converting elements
of the received effective spectrum to loudness units.

Integration of the voltage with respect to time may be either on a
square-law or linear basis. Without the compressor, square-law integra~
tion adds voltage elements proportional to 10%*/*° while linear integra-
tion adds voltage elements proportional to 10%/*°, By including the
compressor with linear integration, elements proportional to 10%/** are
added, these in turn being proportional to loudness units. The com-
bination of the two gives, in effect, 2.2 root law addition.

System operation to this point corresponds to use of the computa-
tion form of Fig. 14 in that the integrated voltage, V,, is proportional
to Ns. A means of expressing this voltage in dB is needed for the
same reasons that the curve of Fig. 13 was derived to permit inter-
pretation of N,. This can be accomplished using an indicating meter
with a dB scale. By making the meter circuit an “averaging” one
with a time constant long compared to the sweep time of the source
signal, deflections of the needle will be approximately proportional to
the total number of loudness units. A dB scale corresponding to the
conversion specified by the curve of Fig. 13 could be provided. This
might be difficult since the constant of proportionality of the needle
deflections to total number of loudness units is not readily obtainable.
Instead, advantage was taken of another approximation.

Comparison of the curves of Figs. 6 and 13 shows that above their
respective knees the shapes of these curves are the same. If we assume
a straight-line relationship between L and N, as was done earlier for
the relation between n, and Z,, the addition of distortionless attenu-
ation in any speech spectrum will produce a dB loudness level change
equal to the change in attenuation. Thus, the meter scale can be so
calibrated that it obeys the same law of addition as that provided
by the compressor and linear integrator in converting elements of
effective level to loudness, namely a 13.2-dB change in effective level
would correspond to doubling the total number of loudness units. The
scale on the meter would show a difference of 13.2 dB between half-
scale and full-scale deflection of the needle, or between any two de-
flection points, the greater of which is twice the smaller. Conse-
quently, the meter reading would reflect a change in distortionless
loss in the telephone connection under test, dB for dB.
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4.2 Description of EARS

A block diagram of EARS is shown on Fig. 18. The system con-
sists of two parts: a signal source and a measuring subsystem. The
latter includes provision for measuring both voltage and pressure.?

4.2.1 Signal Source

The logarithmic oscillator provides at its output terminals a signal
which sweeps logarithmically with time from 300 Hz to 3300 Hz to
300 Hz and has a flat amplitude versus frequency characteristic. The
reason for limiting the measuring band of the EARS to 300-3300 Hz
is a practical one. The use of partial connection ratings as an engi-
neering tool implicitly requires that, for any given connection, the
sum of the partial ratings should approximately equal the overall
rating. Thus, the bandwidth used to obtain these ratings should ap-
proximate the bandwidth of the most restrictive element(s) in the
connection in order to avoid cumulating bandwidth penalties when
summing partial ratings. The specific limits of 300 Hz and 3300 Hz
were selected by reviewing bandwidth characteristics of various
telephone equipments and facilities.

The oscillator sweep rate is 6 times per second where a sweep is
defined in terms of the 300-3300-Hz band. Criteria leading to selec-

ARTIFICAL

MOUTH L
L0G ARTIFICIAL ~RING
OSCILLATOR O on NG MOUTH [>
300-3300 Hz EQUALIZER KL
(A)SIGNAL SOURCE
CONDENSER
,~ TRANSMITTER
4
| || PRZEESH%RE PRESSURE
y oy -~ MEASUREMENT
AMPL ADJUST s
w_ ¥
~6cm3 COUPLER RATING VACUUM
CONTROL p—i |— COMPRESSOR —  TUBE
ATTENUATOR AMPL VOLTMETER
HIGH- | N
VOLTAGE N
"SRIDGING. 2680 > VOLTAGE
e ADJUST MEASUREMENT

(B) MEASURING SUBSYSTEM

Fig. 18—Block diagram of the EARS.
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tion of this sweep rate were (¢) the sweep interval (1/sweep rate)
should be small as compared to an easily realizable integrating time
constant for the indicating meter and () the rate should approximate
the syllabic rate of speech. The latter characteristic appears desir-
able when measuring carbon transmitters in order to ensure that
these operated at an efficiency comparable to that obtained under
actual use conditions, i.e., with real speech applied. (Recent measure-
ments indicate that the sweep rate can be changed over the range
2 to 10 sweeps per second without significantly changing the ratings
of many telephone sets of modern design.)

The conditioning network (a 6-dB attenuator) is momentarily
switched out of the source eircuit prior to measuring carbon trans-
mitters thus increasing the source signal level by 6 dB. The higher
level is intended to condition the transmitters to operate at the proper
level. Conditioning is not required when measuring linear transmitters.

The artificial mouth equalizer comprises a passive network whose
frequency response is the inverse of the electric-to-acoustic response
of the artificial mouth. The loss of this network is compensated for
by the amplifier.

The artificial mouth used is a permanent magnet, moving coil loud-
speaking unit, and is, for all practical purposes, the equivalent of an
earlier proposal.®? The mouth includes, as an integral part, a lip ring
which is used as a reference for obtaining the proper spatial relation-
ship between the artificial mouth and telephone instruments under
test. The location of the lip ring has been empirically determined so
as to correspond approximately to the plane of the lips of a human
mouth,>?

Ideally, the source arrangement should, with an oscillator output
which is flat with frequency over the band of interest, provide an
output pressure at the artificial mouth lip ring which is also flat with
frequency.* Practically, control of the overall response to within
+1 dB of the 1000-Hz value provides acceptable operation, intro-
ducing less than about 0.2 dB error in ratings.

4.2.2 Measuring Subsystem

The measuring subsystem is arranged to permit both voltage and
pressure measurements. For voltage measurements, the input is a

*The pressure is measured with a Type I, microphone.’8 The microphone is
located in a carefully gauged position so selected that the pressure measured at
that point corresponds closely to the pressure at the center of the lip ring
opening.54
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high-impedance transformer, and is bridged across the selected im-
pedance (usually a 900-ohm resistor) terminating the telephone con-
nection at the point where voltage measurement is desired. The trans-
former is connected to an attenuator, used in system calibration to
compensate for gain drift of amplifiers, thence to a switch node.

The pressure measuring circuit consists of a 6-cm® test coupler
equipped with a Type I. pressure microphone.* The microphone is con-
nected to a condenser microphone amplifier which provides bias voltage
to the microphone and which produces at its output a voltage propor-
tional to the pressure developed in the 6-cm® cavity by the telephone
receiver under test. The amplifier is connected through a calibrating
attenuator to a switch node.

The measurement mode is selected by operating the switch to
“pressure measurement’’ or ‘“voltage measurement.” The switch swinger
connects to an attenuator (designated Rating Control), amplifier,
compressor, and vacuum tube voltmeter. The compressor design em-
ployed provides a 2.2-to-1 characteristic over a limited range. Opera-
tion is confined to this range by holding the compressor output voltage
at a constant value, indicated on the vacuum tube voltmeter as the
“reference” or “zero” point, and adjusting for rating changes using
the Rating Control. This takes advantage of the fact that, as pre-
viously noted, flat attenuation changes ahead of the compressor equate,
on a dB-for-dB basis, to loudness level changes.

4.2.3 System Calibration

System calibration consists of first removing the condenser micro-
phone from the coupler and locating it at gauged position relative to
the artificial mouth lip ring, then adjusting the source to deliver
reference test pressure at that point. This adjustment is based on the
condenser microphone calibration, and does not involve the EARS
measuring subsystem. When the proper test pressure has been ob-
tained, the EARS measuring system is switched to the pressure mea-
suring mode, Rating Control is set at the “0” dB, and the “Pressure
Adjust Attenuator” set to obtain reference reading on the vacuum
tube voltmeter. Since the pressure spectrum being measured is flat
with frequency, pressure level equates to loudness pressure level.

Calibration of the voltage measuring mode proceeds in a similar

* The simple 6-cm3 test coupler used, conforming in design to present standards
(Fig. 3 of Ref. 55), has been found suitable for measurements of the type con-
sidered in this report. However, handsets with ear caps of unusual shape may
require a different coupler configuration.
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manner. A voltage signal, derived from the log oscillator, is applied
to a 900-ohm resistor. The voltage developed is first read directly with
a voltmeter. Then the high-impedance bridging connection of the
EARS measuring subsystem is connected across the resistor, the sys-
tem switched to the voltage measuring mode, and the Rating Control
set to read the voltage measured with the voltmeter above, i.e., if
the latter was —2 dB relative to 1 volt, then the rating control is set
to read —2 dB relative to the ‘“reference” or ‘zero” setting. The
“Voltage Zero Adjust” is then set to obtain “reference” or “zero”
reading on the measuring subsystem vacuum tube voltmeter. Since
the voltage spectrum being measured is flat with frequency, voltage
level equates to loudness voltage level.

4.2.4 Rating Measurements

Ratings of partial or overall telephone connections are established
by (z) the reading of the Rating Control and (i) the reference pres-
sure and/or voltage levels employed. Examples of rating measure-
ments, including signal levels employed with the present EARS, are
given on Figs. 19, 20, and 21. The transmitting and receiving loops
of Figs. 19 and 20 respectively are the same as those for the overall
connection of Fig. 21. Sum of the component ratings indicates a
loudness loss of 17.3 dB (= —183 + 25.6 + 10) while the overall
rating from Fig. 16 is 17.1, a discrepancy of 0.2 dB. Had the mea-
surement band been increased from 300-3300 Hz to, for example, 100-
5000 Hz, the discrepancy would have been somewhat larger because of
the bandpass response of both the transmitter and receiver.

o TEST
- PRESSURE = S

_ - TRANSMITTING LOOP v
SIGNAL =-40dB RELATIVETO RATING! (TLR) = —20 LOG ——
SURCE ONE MILLIBAR ST
TELEPHONE (CORRESPONDS =+217-40
_ HANDSET T0 94 dBY) —— 183
IN GAUGED
POSITION
90082
CENTRAL é MEASURING SUBSYSTEM
TELEPHONE CUSTOMER OFFICE (VOLTAGE MEASURING
SET LooP CORD MODE) RATING
CIRCUIT CONTROL = ~21.7 dB (")
NOTES: 4
N

(1) RATING CONTROL SETTING REQUIRED TO RETURN THE INDICATING Ny, _ _ CELATIVETO 1 VOLT
METER TO “REFERENCE" IS — 21.7dB RELATIVE TO THE REFERENCE Vr=-217d8
RATING CONTROL SETTING. THE LOUDNESS VOLTAGE IS THUS — 21.7d8
RELATIVE TO 1 VOLT.

(2) SEE REF.3 FOR RATING DEFINITIONS.

Fig. 19—Transmitting loop rating.
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90082
RECEIVING LOOP
90092 MEASURING SUBSYSTEM SL
4 (VOLTAGE MEASURING MODE) RATING @) (RLR) = 20 Loy —
SIGNAL T RATING CONTROL = -40 dB‘?! —(256) -0
SOURCE!" -
=25.6dB
‘;&= ~40 dB RELATIVE TO 1 VOLT
CENTRAL V\_ MEASURING SUBSYSTEM
OFFICE CUSTOMER TELEPHONE (PRESSURE MEASURING
CORD [ | LooOP SET MODE) RATING
CIRCUIT CONTROL = — 25.6 dB
NOTES:

(1) SIGNAL SOURCE PROVIDES AN OUTPUT SIGNAL WHICH CONSISTS OF THE TEST SPECTRUM
(FLAT WITH FREQUENCY) MODIFIED BY THE FREQUENCY RESPONSE OF COMPONENTS WHICH

NORMALLY PRECEDE THE RECEIVING COMPONENT IN AN OVERALL CONNECTI
NECESSARY IN ORDER TO PRESERVE ADDITIVITY OF COMPONENT RATINGS.

ON. THIS IS

(2} RATING CONTROL SETTING RELATIVE TO REFERENCE SETTING IN ORDER THAT THE INDICATING

METER NEEDLE IS AT REFERENCE FOR THE SELECTED TEST VOLTAGE. THE L
VOLTAGE IS THUS —40 dB RELATIVE TO 1 VOLT.

(3) SEE REF. 3 FOR RATING DEFINITIONS. THE TEST REFERENCE VOLTAGE IS SO

OUDNESS TEST

SELECTED

THAT IT IS NUMERICALLY EQUAL, IN dBre 1 VOLT, TO THE SELECTED TEST PRESSURE

LEVEL IN dBt (SEE FIG. 19.) FOR ANY OTHER TEST VOLTAGE, THE EQUATION
CONTAIN A CONSTANT.

Fig. 20—Receiving loop rating.

4.3 Graphical Computation of Loudness

FOR RLR MUST

A form for graphical determination of loudness ratings from the
amplitude response characteristics of telephone connections is shown

on Fig. 22. This form is based on the same cons
leading to the EARS, and is discussed in this pap

iderations as those
er because it is the
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7 =40 dB RELATIVE TO Gems3 COUPLER
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~
7
TELEPHONE
- HANDSET MEASURING SUBSYSTEM
IN GAUGED (PRESSURE MEASURING MODE)
POSITION RATING CONTROL = -17.1dB!"
CENTRAL TRUNK CENTRAL
TELEPHONE[ | CUSTOMER OFFICE {9009 OFFICE CUSTOMER | | TELEPHONE
SET [| LOoOP [ CORD [ | 10dB@ [~| CORD [ | LOOP SET
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(1) RATING CONTROL SETTING REQUIRED TO RETURN THE INDICATING METER TO RATING 2! S
“REFERENCE" 1S 17.1dB BELOW THE REFERENCE SETTING OF THE CONTROL. (OR) =-20L06——
THUS, THE RECEIVED LOUDNESS PRESSURE IS 17.1 dB BELOW THE TEST St
PRESSURE LEVEL APPLIED AT THE TRANSMITTING END OF THE CONNECTION. =—(-17.1)+0
(2) SEE REF.3 FOR RATING DEFINITIONS. NOTE THAT FOR OVERALL MEASUREMENTS, =17.1dB

APOSITIVE RATING REPRESENTS A LOUDNESS L0SS.

Fig. 21—Overall rating.
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EARS LOUDNESS COMPUTATION

TITLE—-CIRCUIT DESCRIPTION AREA SQ. IN.
BASE IN.
HEIGHT——IN.
RATING——dB
INCHES
0 1 2 3 4 5 6 7
9 T T T T T T 0

INCHES
LOSS IN dB

—20

— 25

50
70
Y

0 | | O | L1
0.1 0.2 04 06081 2 3 4

FREQUENCY IN kHz

o |

Fig. 22—Graph paper for computing loudness ratings.

vehicle used to study the effects of differences between the loudness
computation method and the EARS.

The lower abscissa scale is frequency in Hz, corresponding on a
logarithmic basis to the upper abscissa scale in inches. (Use of inches
is arbitrary; any length units could be used.) Thus, equal increments
on the upper scale correspond to equal increments of log f./f, where
f» > fi. (This reflects the straight-line approximation shown on Fig.
17). The equal distance increments closely approximate bands of the
By — X spectrum which are interpreted to be of equal loudness when
listened to by the human ear.

The right-hand ordinate scale is proportional to the 2.2 root of a
voltage, current, or pressure. This scale and grid are constructed
according to the equation

44 log 2X = 55 — L (11)
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where

X = inches (left-hand ordinate scale)
L = loss of circuit in dB (right-hand ordinate scale).

(Equation (11) assumes that the reference input to the connection
is flat with frequency.) The ordinate is measured in inches from the
bottom line of the graph which corresponds to zero output voltage,
current, or pressure. Correspondence between ordinate scales is dem-
onstrated in Table XIIIL. Boxes at the top of the sheet are provided
for recording graph measurements.

In order to use the graph paper, the loss (in dB) of the partial
or overall telephone connection must be known over the band of
interest. This loss data may be in terms of

input pressure input voltage input pressure (millibars)
output pressure’ output voltage’ output voltage (volts)
or

input voltage (volts)

output pressure (millibars)’

The loss frequency characteristic is plotted on the graph paper.
The right-hand ordinate scale may be adjusted by a constant for
negative losses, i.e., gains. Where large losses are encountered, greater
accuracy can be obtained by similarly applying an adjustment con-
stant. To illustrate, if the lowest loss across the band of interest is
—15 dB, the values along the right-hand ordinate scale should have
15 subtracted from them. If, on the other hand, the lowest loss is +15
dB, the right-hand ordinate values should be increased by 15.

The average height of the response as plotted on the graph paper
is determined by measuring the area (in square inches) under the
curve and dividing by the base width (in inches). The average height
is then located on the left-hand scale and the corresponding dB value
read from the right-hand scale. This dB value is the rating based on
reference input level.

For cases where the input spectrum is not flat with frequency, the
graphical computation of a circuit rating involves determining two
areas. The first of these is obtained from a plot of the actual input
spectrum on the graph paper, the second from a plot of the input

*See Ref. 3.
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TABLE XIII— RerLaTioN BETWEEN ORDINATE DISTANCE AND LOSS

SCALES
Left-Hand Ordinate Right-Hand Ordinate
Scale-Distance (Inches) Input/Output Scale-Loss (dB)
0 © ®
0.5 561 55
5 3.55 ) 11
8.89 1 0

spectrum modified by the ecircuit response. The loudness rating is
then the dB difference between the losses computed for these areas.

V. COMPARISON OF GRAPHICALLY DETERMINED RATINGS AND OBSERVED
RESULTS

The specch loudness computation method accurately predicts loud-
ness performance of telephone connections (see Section 3.5). Labora-
tory realization of this method, the EARS, involved a number of
simplifying assumptions. Thus, validation of the EARS approach re-
quires considering (¢) the accuracy of the EARS in predicting loud-
ness performance and (:7) the effects of the various simplifying as-
sumptions. We do this by comparing computed ratings and observed
results for the subjective tests of Section 3.5. (Numerous other tests
have been performed which support the EARS concept, but these are
not considered because either the tests were limited, i.e., incomplete
test designs, small observer groups, etc., or the test system amplitude
response characteristics are not known.)

TaABLE XIV—IEATURES OF THE SPEECH LOUDNESS COMPUTATION
MeruHoD AND THE EARS METHOD

Computation EARS
Feature Method Method
Loudness Law Figs. 6 and 8 Linear Portions of
Figs. 6 and 8
Spread-of-Loudness
Correction Yes No
Analysis Bandwidth 100-5000 Hz 300-3300 Hz
Reference Bandwidth 250-4000 Hz 300-3300 Hz
Rating Definition Orthotelephonic Artificial Voice/6-cm3
Terms Coupler Terms
(Fig. 3) (Fig. 16)
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Validation of the EARS utilized the graphical computation method
described in Section 4.3. This approach was necessary because the
systems used in the tests were not available for direct measurement
using the EARS. However, the frequency response characteristics of
these systems were known and, thus, their loudness ratings could be
computed.

In theory, the graphical form (Fig. 22) and the computation form
(Fig. 14) should provide about the same results. The reference of the
former (the horizontal line at 0 dB of loss) corresponds to that of
the latter (entries of column 2) because of the relation between fre-
quency weightings of the two references. There is, however, one
important difference between the two forms. For the graphical form,
the loudness versus effective level relation has a constant slope
(straight-line portion of Fig. 6) while for the computation form, this
relation has a pronounced change in slope at low effective levels (see
Fig. 6). The effects of this difference should be most apparent at low
received speech levels where the graphical method would indicate a
higher received speech loudness than would the computational method.

With the above in mind, we can now consider the ratings for the
various tests under a number of different conditions. These conditions,
listed in Table XIV, reflect the differences in features of the speech
loudness computation method and the EARS.

Computed and observed ratings are given in Tables XV through
XIX in terms of loudness loss (positive entries) or loudness gain
(negative entries). The arrows and associated numbers below the
tabular entries refer to distributions of differences between the various
conditions considered. '

We will consider Table XV in some detail, noting that since the
other tables have an identical arrangement, such discussion will in
general similarly apply to these tables. Referring to Table XV,
column 1 designates the network tested, and is repeated from Table
V. Column 2 designates the setting of the reference network for which
the test observers judged the test and reference networks to provide
equally loud speech. Columns 3 through 9 each contain 3 subcolumns;
“a” and “b” are the loudness ratings of the test and reference chan-
nels respectively and “c” represents the error, equal to “a” entries
minus “b” entries.

Column 3 entries are essentially a repeat of the information con-
tained in Table V, obtained by converting the Table V entries to L,
values, then subtracting these from 89.4 dBt, the level of the refer-
ence speech spectrum of Fig. 2 transmitted over a system that is flat



TaBLE XV—CoMPUTED LoUuDXNESs LossEs (DB) FOR STEINBERG LINEAR SysTeEM TEsts (1924)
(See also Table V)

8.7,1.0

1 2 3 4 ' 5 | 6 \ 7 8 l 9
a b 13 a b c a b a b ¢ a b a b c a b ¢
GRAPHICAL COMPUTATION (Fig. 22)
Orthotelephonic Responses Artificial Voice/6-cm? Coupler Responses
Same as Computation Form Except . . .
Analysis Band = Analysis Band = Analysis Band = Analysis Band =
Observed Computation Form Linear Loudness Law, Reference Band = Reference Band = Reference Band = Reference Band =
Ref. Ckt. ig. Linear Loudness Law | No Spread-of-Loudness 100-5000 Hz 300-3300 Iz 100-5000 Hz 300-3300 Hz
Settin,
Test System (d]3)g Test. Ref. A Test. Ref. a Test Ref. a Test ef. a Test, Ref. a Test  Ref. a Test  Ref. A
125 Hz HPF 5 —=17.1 -0.4 0.4 0.4 0.5 —14.8 =-0.6| —4.0 -—-4.1 O. —4.5 9 -0.6
2 250 Hz HPF -15.0 5.7 0.7 1.8 —2.0 b 2.1 —13.4 —1.9 6 — 3 —4.4 5 —1.9
o 375 Hz HPF —12.7 .1 1.4 2.2 2.6 .7 1 -13.0 —0.4 .6 103, -2.7 9 -1.8
S 500 Hz HPF —10.7 7 2.0 2.8 3.7 6 8 6 0.1 8 3 4.5 —01 5 0.6
623 Hz HPF —8.7 .1 1.4 1.9 2.9 .6 3.2 0 —0.3 -1 .9 3. 1.6 1 —-1.5
J 750 Hz HPF —6.9 .2 2.3 3.0 4.0 8 4.1 .1 1.3 .1 .8 3. 3.0 0 —1.0
© 1000 Hz HPF —3.9 2 3.3 3.1 5.4 6 5.5 5.1 3.6 4 8 4. 7.4 0 1.4
K] 1250 Hz HPF —=1.5 L 3.0 3.6 6.4 .2 6.4 4 5.9 2 504 11.2 7 2.5
1500 Hz HPF 0.8 1.9 3.4 6.5 9.8 6.6 .0 7.8 .1 9 4, 15.0 .1 2.9
s 750 Hz LPF =5.1 2.7 3.6 6.4 3.0 6.5 5.7 0 10.7 .2 2 6. 18.7 4 13.3
% 1000 Hz LPF —8.3 2.0 3.6 5.4 .3 5.7 2 7.6 7 7 6. 12.1 -9 9.2
£ 1250 Hz LPF -9.7 1.6 2.4 4.0 8 4.2 9.2 4.7 7 .7 6. 11.0 .9 9.1
& 1500 Hz LPF —11.2 2.1 2.8 4.2 7 4.3 .2 4.0 7 3 5. 5.7 1 5.8
2000 Hz LPF —13.4 1.3 2.2 3.0 .3 3.1 .6 1.8 .6 74 2.0 .5 3.5
2500 Hz LPF —-15.2 0.1 1.6 1.8 9.1 1.9 2 —0.1 2 3251 =15 .1 0.6
3000 Hz LPF —16.2 —0.4 1.1 1.6 9 1.6 7 -0.6 8 8 20| -3.0 6 —0.4
4000 Hz LPF -17.3 —-0.3 0.8 1.1 5 1.2 9 —0.6 8 0 0.2 —4.2 .8 —-04
Error: Average 1.4 2.4 3.6 3.7 3.8 4
Pl 1.1 1.0 1.9 1.9 3.6 1.7
Difference 2,0.5 =0.5,1.0 6.6 ¥ —-1.0,3.1
Distributions —
+11.0,2.1
125 Hz HPF 38.4 0 0.2 2.7 41.1 1.0 48.7 .6 57.0 0. 0
250 Hz HPF 38.8 8 0.6 1 41.5 3.6 a1.7 8.0 .6 4.6 .3
375 Hz HPF 38.2 -3 1.7 3 40.9 6.4 54.3 4 3.6 7.5 .0
=] 500 Hz HPF 39.4 .6 3.8 7 42.1 7.7 56.4 .6 .8 8.5 2.9
z 625 Hz HPF 41.4 6 2.8 7 44.1 7.5 8.4 50.6 1 7.8 3.1
3 750 Hz HPF 39.0 2 6.8 3 41.7 119 60.2 8.2 1 11.2 9
Y 1000 Iz IIPF 41.6 6 6.6 ) 443 12,7 | 63.6 8 4 1.9 7
— 1250 Hz HPF .1 6.8 .2 45.6  15.1 67.2 1 .2 13.4 .2
2 1500 Hz HPF 9.8 7.7 0 46.4 17.8| 708 ) 1 15.5 2
3 750 Hz LPF 2 4.7 4 50.8 6.6 64.0 2.2 6.2 3.5
< 1000 Hz LPF 8.4 4.3 .0 4 7 9.7 6.1 9.3
.2 1250 Hz LPF 6.8 4.7 .0 4 58.2 7 7.1 .2
§ 1500 liz LPF 4 4.9 4 -8 6.3 5.7 5.7 5
£ 2000 Hz LPF 33.4 5.8 5 .9 7 3.6 6.5 7
@ 2500 Hz LPF 1 2.9 -1 E 3 9 2 3.5 .6
3000 Hz LPF 9.8 2.8 2.9 . 3 .1 .2 3.7 3
4000 Hz LPF .2 0.9 B 42.9 . -5 .2 1.4 .8
Error: Average 4.0 7.1 5.7
o 2.2 3.9 3.9 4.6
Difference —2.5,2.5 —0.3,1.0 —1.1,3.3
Distributions >

11,2.1

9CLG
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TaBLE XVI—CompuTED LoubpNEss LossEs (DB) ror VAN WyNEN LINEAR SysTeEM TEsTs (See also Table VI)

1 2 3 4 | 5 1 6 ‘ 7 ‘ 8 l 9
a b c a b c a b a b c a b ¢ a b ¢ a b c
GRAPIHICAL COMPUTATION (Fig. 22)
Orthotelephonic Responses Artificial Voice/6-cm? Coupler Responses
Same as Computation Form Except .
Analysis Band = Analysis Band Analysis Band = Analysis Band =
Observed Computation Form Linear Loudness Linear Loudness Law, Reference Band = Reference Ba Reference Band = Reference Band =
Ref. Ckt. (Fig. 14) Law No Spread-of-Loudness 100-5000 11z ©300-3: 100-5000 Hz 300-3300 Hz
Setting
Test System (dB) Test  Ref. A Test A Test Ref. A Test  Ref. a Test. Test  Ref. a Test  Ref. A
2700 Iz LPF 2 8.0 .6 —0.6 7.9 —-1.0 6.9 76 —0.7,13.4 143 -09 6 211 21.6 20217 5
1750 Hz LPF 3 11.1 8 —1.7 10.9 2.1 11,7 -~1.8 4 1.9 5.0 - p 9 8 .1
1000 Hz LPF 31.3 15.3 0 -0.7 16.3 0.3 14.7 1.2 21.4 1.1 3.8 2 8 4
250 Hz HIPF 25.6 10.3 2 0.1 10.3 0 9.0 0.1 7 0 9.3 4 1 7
550 Hz HPF - 30.8 16.3 5.4 0.9 14.9 —0.6 142 —0.2 )  —0.2 1 8 3 .5
000 36.4 21.8 3 0.5 21.2 0.1 10.8 2.2 5 2.0 3.3 2 9 i
250~ 7. 29.0 14.4 4 1.0 14.5 0.8 12 .4 1.2 .1 1.3 9 4 D 1
550-1750 Hz BPF 38.9 26.9 3.8 3.1 26.8 3.2 22.3 1.8 9.0 4.1 .8 3.6 4 8
1000 Hz Peak
15 dB 26.8 9.2 11.3 2.0 0.7 -1.8 8.0 0 —4.1 30243
30 dB 242 7.5 8.6 —-1.1 7.5 -1.4 5.6 .0 21.7
56 dB 34.5 19.1 193 —-0.2 19.0 —0.2 17.2 0 32.0 7
700 Hz Peak
30 dB 25.8 8.0 10.4 —-2.4 8.4 10.5 -2.1 6.8 -2.5 8.5 4.1 —3.6 —1.5 17.7 23.3 —5.6
2000 Hz Peak
30 dB 7 6.6 13.2 —6.6 7.3 13.4 —6.1 —6.5 —9.8 -6.3 4 2 —10.8
Falling Loss 5.6 10.2 10.2 0 0.8 10.3 b 0.3 —1.4 0.8 1 —1.6
Rising Loss 4 8.8 109 -2.1 9.3 1.1 -1.8 —-2.4 0.1 ~-2.4 RY 1.2
Error: Average -0.8 ~0.8 -0.6 —3.5 0.1 -3.3
o 2.1 2.0 2.4 3.1 2.9 3.6
Difference 0,0.5 —-1.1,0.7 —4.43.0 -3.0,3.9
Distributions -t ——
81,09
9.40.8
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TasLE XVII—ComprureEp LoubpxEss Losses (pB) For VAN Wy~NEN TELEPHONE SET TEsTS (1940)

(See also Table VII)

7 ' 8

1 2 3 4 5 6 9
b a b a b c a b ¢ a b ¢ a b a b c
GRAPHICAL COMPUTATION (Fig. 22)
Orthotelephonic Responses Artificial Voice/6-cm?® Coupler Rexponses
Same as Computation Form Except
Test System Computation Linear Linear Loudness Analysis Band Analysis Band = Analysis Band Analysis Band =
Observed orm Loudness Law, No Spread-of- Reference Band Reference Band = Reference Band Reference Band =
:II“e[st Ref. Ckt. (Fig. 14) Law Loudness 100-5000 11z 300-3300 Hz 100-5000 Hz 300-3300 Hz
‘ele. Setting
Set Test Network (dB) Ref. A Test Ref. A A Test Ref. a Test  Ref. A Test Ref. A
A 5dB-4000 1z LPF 16.8 12.6 05126 12.5 0.1 1.9 18.5 17.1 1.4 0 26.2 23.3 2.9 0.7
25dB-4000 Hz LPF 35.2 31.7 2401326 309 1.7 3.5 38.5 35.5 3.0 1.6 46.2 41.7 4.5 2.3
B 5dB-4000 Hz LPF 11.4 72 —05| 6.7 7.1 -—-0.4 2.6 147 11.7 3.0 2.1 23.4 17.9 5.5 3.7
25dB-4000 Hz LPF 31.5 277 —0.5126.7 2712 ~0.5 2.5 34.7 31.8 2.9 2.0 43.4 38.0 5.4 3.6
5dB-Rising Loss 11.7 76 —0.7) 6.5 6.9 —04 2.6 14.5 11.5 3.0 1.7 23.5 17.4 6.1 2.1
25dB-Rising Loss 31.2 27.2 0.7 {26.5 26.4 0.1 3.1 31.5 31.0 3.5 2.2 43.5 36.9 6.6 2.6
Error: Average 0.3 0.1 2.7 2.8 1.6 5.2 2.5
a 1.1 0.8 5 0.7 0.7 1.2 .0
Test Telephone —-1.0,0.5 6. —8.0 5
-~
Set A 7.7
%
g
= 8.2
El
2| Test Telephone —0.6,0.5 7. —~7.0,0.5 —6.6,0.5
Al setB 88
@
8 01
5
% Reference —0.50.3 6.6 —6.1,0.7 —4.3,1.5
= Telephone 6.1
Set 7.9,0.6

8GLe
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TaBLE XVIII—ComputeED LoupNEss Losses (DB) For VAN WYNEN TiE LINE SysTEM TESTS
(See also Table VIII)

1 2 3 4 | 5 l 6 | 7 L 8 ‘ 9
a b o a b c a b a b ¢ a b a b ¢ a b &
GRAPIICAL COMPUTATION (Fig,
Orthotelephonic Rexponses Artificial Yoice/6-¢cm® Coupler Responses
Same as Computation Form Except
Computation Lincar Linear Loudness Law, | Analysis Band = Analysis Band = Analysix Band =
Observed Form Loudness No Spread-of- Reference Band = Referen = Reference Band =
Ref. Ckt. (Fig. 14) Law Loudness 100-5000 1z 300-3300 1z
Sefting
Test System (dB) Test,  Ref. A Test  Ref. A Text  Ref. A Test Ref. A Test Ref. A Test  Ref. A Test  Ref. A
Overall-DL Reference
20-3000 LPF 21.2 15.2 156 —0.4 3 13 .4 0 19.9 —0.1 11.6 -0.6 —-0.6
20-2400 LPF 22.5 17.1 169 0.2 2 15.1 0.4 ]21.7 0.4 13 .4 0.6 0.8
20-1900 LPF 24.7 20.1  19.1 1.0 5 18.1 121246 1.1 16.7 2.5 2.6
26.0 204 —0.3 8 —=0.1 —-0.2 1.2 1.3
20-RL1 22.0 16.0  16.4 —-0.4 A —0.3]20.4 —0.4 12.9 —0.5 —-0.1
20-RL2 23.3 173 17.7 0.4 3 —0.4|21.6 —0.5 | 14.3 0.1 0.9
20-RL3 24.4 17.7 188 -1.1 ) —1.3(21.9 -1.3 14.9 —0.8 0.5
Overall-Peaked Reference
20-DL 6.3 14 .4 4 1.0 13.4 121 1.3 122 10.7 1.5 18.8 17.2 1.6 11.3 . 0.9 5 1.8
6.8 . 0.5 12.6 0.8 11.2 1.0 17.7 1.1 Rl 0.1 7.0 1.3
20-3000 LPF 6.9 15.2 .0 1.2 12.7 1.6 11.3 217199 17.8 2.1 11.6 . 0.9 7.1 1.8
20-2400 LPF 9.6 17.1 7 0.4 15.4 0.3 14.0 1.1|2L.7 205 1.2 13.4 . 0.7 9.8 1.8
20-1900 LPF 13.8 20.1 0 =08 196 —2.0 182 —0.1]24.6 —-0.1 16.7 9 0.6 ¢ 1.6
12,9 .0 0.1 18.7 —-1.1 17.3 0.8 0.8 .0 1.5 3.1 2.5
20-RL1 8.7 16.0 .8 0.2 145 1.0 13.1 0.8 120.4 0.8 12.9 8 0 20.2 189 1.3
20-RI.2 10.4 17.3 B —0.2 16.2 0.8 14.8 0.3121.6 0.3 14.3 i3 0.2 225 6 1.9
20-RL3 1.3 17.7 184 —0.7 17.1 0.2 15.7 —0.4]21.9 —=0.3 14.9 A4 =05 B 1.7
Sidetone-DL Reference
Ref. DL 7 74 —-54 =20 5 8 0 7.1 =09 1-2.2 7 4.1 5.8 —-1.7 A
—10 DL B 5.6 6.4 —08 5.7 .6 3.7 B3 —=0.6110.2 .6 16.6 17.1  —0.5H 2
—20 DL 9.2 13.9 141 —-0.2 3 1 8 8 —=1.0117.3 —0.8 240 248 —0.1 0
R 900 5.4 0.2 -0.6 0.8 1 1 4 4 1.0 4.3 1 11.3 10.7 0.6 8
R 1300 4 —-16 —-06 —1.0 0 .1 2.4 3 -0 4.2 1 10.5 106 -0.1 ]
R 1800 2 —-26 —0.5 -—2.1 .0 4 7 4 —13| 2.8 5 9.6 105 —-0.9
R 3200-A 2 5.9 7.0 -—1.1 3 5 4 —=1.61]10.0 5 17.4 181 —0.7
R 3200-B 2 4.8 6.9 —2.1 3 .1 9 =21 9.3 .2 16.4 17.8 —1.4
RL4 7 -0.9 —0.2 —0.7 .5 .8 B3 =08 3.5 .8 9.8 98 i}
Sidetone Peaked
Reference
Ref. DL -7.4 —-6.8 G 72 =01 | —-80 —-96 0 4.1 0.¢
—10 DL 5.6 6.1 5 7404 3.7 3.3 0.4 16.1 1]
—20 DL 13.9 124 B .0 1.2 10.8 0.7 1.0 249 2.
R 900 0.2 0.3 1 .1 1.1 -14 =25 0.2 11.3 1
R 1300 -1.6 —1.5 1 0 20| -2.4 —4.4 2.1 10.5 2.3
R 1800 —2.6 —0.3 3 3 —0.1 —=0.1 9.6 0.6
R 3200-A 5.9 6.7 8 5.3 —0.5 —0.4 17 .4 —0.3
R 3200-B 4.8 5.5 7 L 0.1 0 16.4 1.4
RL4 -0.9 -1.3 4 T 1.1 1.0 0.8 1.0
Error: Average —0.4 —0.1 0 0.3 0.8
o 0.9 1. 1.0 0.9 1.2
Difference —0.8,0.6 —1.40.5 6.5 —7.7,0.6 —7.1,0.7
Distributions <>
6.6,0.5
7.4,0.5
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TasLE XIX—CompPuTeEDp LoupNEss LosseEs (pB) ror FraseEr Tesrs (1946) (See also Table IX)

1 2 3 4 l 5 I 6 | 7 8 ’ 9
a b c a b c a b a b c a b c a b c a b e
GRAPHICAL COMPUTATION (Fig. 22)
Orthotelephonic Responses Artificial Voice/6-cm® Coupler Responses
Same as Computation Form Except . .
Analysis Band = Analysis Band = Analysis Band = Analysis Band =
Observed Computation Form Linear Loudness Linear Loudness Law, Reference Band = Reference Band = Reference Band = Reference Band =
Ref. Ckt. i No Spread-of-Loudness 100-5000 Hz 300-3300 Hz 100-5000 Hz 300-3300 Iz
Setting
Test System (dB) Test  Ref. A Test Ref. A Test Ref. A A Test Ref. A Test Ref. A Test Ref. A
A 33.3 21.9 1.7 21.6 20.1 1.5 20.3 18.4 1.9 1.9 |21.0 223 31 33.1 339 0.8 |28.6 33.7 —5.1
B 39.9 26.1 0.5 26.2 26.7 —-0.5 25.0 25.0 0 -0.1 25.9 28.9 0 [ 37.1 40.5 3.4 |32.9 403 7.4
C 41.5 28.6 0.4 28.1 28.3 -0.2 26.9 26.6 0.3 0.3 [27.6 30.5 9 |39.6 42,1 -—-2.5 (353 419 —6.6
D 43.0 30.6 0.1 20.7 29.8 —-0.1 28 .4 28.1 0.3 0.3 [29.1 32.0 9 | 41.8 436 —1.8 [36.7 434 -6.7
1) 40.3 27.8 0.3 27.3 27.1 0.2 26.1 4 0.7 0.7 268 293 5 1386 409 -2.3 34.3 40.7 —6.4
F 43 .8 29.7 —-1.3 29.7 30.6 -0.9 28.5 289 —0.4 —-0.6 282 32.8 6 40.8 44.4 —-3.6 35.7 44.2 —8.5
G 40.6 28.5 0.7 29.2 27 .4 1.8 28.0 25.7 23 2.3 | 288 2.6 8 1408 41.2 -0.4 [36.5 41.0 —4.5
Error: Average 0.2 0.3 0.7 0.7 —2.6 -2.1 -6.5
I 0.9 0. 0.9 1.0 1.2 1.1 1.2
Test System —0.2,0.5 —1.2 6.6 —~5.8,0.3 —4.5,0.4
- >
Difference 6.1,0.3
Distributions
7.5,0.2
Reference
System —0.2,0.3 -1.7 6.6 -2.7 -0.2
>
Difference 8.9
Distributions
1.4

0€L8
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ELECTRO-ACOUSTIC RATING SYSTEM 2731

on an orthotelephonic basis, is sharply bandlimited to 250-4000 Hz,
and has ‘0 dB of loss within this band. For example, test network
125 Hz HPF (sensation level = 100 dB) of Table V has an L, =
107.1 — 0.2 = 106.9 dBt. The loudness loss is then 89.4 — 106.9 =
—17.5 dB.

Entries in columns 4 through 9 were computed using the graphical
form of Fig. 22. Column 4 entries are essentially a repeat of the
column 3 entries, the difference being, as noted earlier, that the
former were computed using a linear loudness law while the latter
were computed using the loudness law of Figs. 6 and 8. Column 5
entries were computed without applying spread-of-loudness correc-
tions.

The reference spectrum for computing the values given in columns
3, 4, and 5 was bandlimited to 250-3000 Hz. For example, entries
of column 5 were obtained by plotting each of the responses on the
form of Fig. 22, then measuring the area (square inches) enclosed
by this response curve, the base line (designated 0 inches), and the
left-hand and right-hand boundaries (designated 100 Hz and 5000
Hz respectively). This area was then divided by the base (inches)
corresponding to the 250-4000-Hz bandwidth, and the equivalent
height (inches) converted to loudness rating (dB) using the left-hand
and right-hand ordinate seales. Entries of column 6 were obtained in
the same way as those of column 5 except that the area was divided
by the base (inches) corresponding to a 100-5000-Hz bandwidth.
Thus, the change between columns 5 and 6 was simply one of refer-
ence spectrum bandwidth.

Entries of column 7 were obtained in the same manner as those of
column 6 except that the area measured was restricted to the 300-
3300-Hz bandwidth characteristic of EARS, and the reference spectrum
was limited to the 300-3300-Hz band. Entries of columns 8 and 9
were obtained in the same manner as were entries of columns 6 and 7
respectively except that artificial voice/6-cm® coupler responses were
used for the former, orthotelephonic responses for the latter.

The entries of columns 9a and 9b were computed in a manner which
reflects the essential features of the EARS and, therefore, these en-
tries closely approximate (within the bounds of computational and
measurement error) what would be measured with the EARS on those
test and reference systems utilizing linear transducers. However,
column 9a and 9b entries of Tables XVII and XVIIT and column 9a
entries of Table XIX do not necessarily represent what would be
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measured with the EARS. The reason for this is that the systems for

these cases utilized carbon transmitters which are nonlinear devices.

Transmitter responses used in the computations, based on measure-

ments made with real speech, would probably differ from the re-
sponses pertaining during an KARS measurement because of the

highly different nature of speech and the EARS acoustic test signal.

This matter is now under study.

The error distributions corresponding to each of the seven compu-
tation methods exemplified by the column 3 through 9 entries are
summarized in Table XX. These distributions reflect the accuracy
of the computed ratings in predicting reference channel setting for
equal spcech loudness. The entries of column 1 are repeated from
Table IV. These show that the computational method provides an
accurate means of predicting subjective loudness balances for all of
the tests except the Steinberg linear system tests at a sensation level
= 39 dB. As noted ecarlier, received speech levels in a well-engineered
communications system will seldom be this low, and if they do occur,
are likely to represent trouble conditions.

Comparing the entries of column 2 to those of column 1, we note
that there is little change in the error distributions, indicating that
the graphical method is a close approximation of the computational
method. Exceptions to this are the results for the Steinberg tests, par-
ticularly at .the lower sensation level where the average error and
error standard deviation are somewhat greater than when using the
computation form. The reason for this is the change from the loud-
ness law of Figs. 6 and 8 to a linear loudness law.

Column 3 entries indicate a further reduction in accuracy due to
neglecting spread-of-loudness. The greatest change occurs for the
Steinberg tests which involved numerous filter conditions and the
Van Wynen telephone set tests which involved transducers with pro-
nounced resonances. Both of these represent instances where spread-
of-loudness effects would be important. Somewhat less change occurs
for the Van Wynen linear system tests which also involved filter
conditions.

The remaining columns show errors which might be expected using
the EARS as presently defined (column 7), and the EARS modified to
incorporate a wider measuring band (column 6). For the most part,
extending the band improves the accuracy appreciably with the ex-
ception of the Steinberg tests and the Van Wynen telephone set tests.
As regards the former, examination of Table XV indicates that extend-



TasBLE XX—ERROR DISTRIBUTIONS

1) (2) (3) 4) (5) 6) @)
GRAPHICAL COMPUTATION (Fig. 22)
Orthotelephonic Responses Artificial Voice/G-cm? Coupler Responses
Same as Computation Form Except
Computation Linear Linear Loudness Analysis Band = Analysis Band = Analysis Band = Analysis Band =
Form Loudness Law, No Spread-of- | Reference Band = | Reference Band = | Reference Band = | Reference Band =
Test Series Designation (Fig. 14) Law Loudness 100-5000 Hz 300-3300 Hz 100-5000 Hz 300-3300 Hz
Avg. T Avg. | s Avg. o Avg. I Avg. ' Avg. r Avg. o
Steinberg Linear System ‘
Tests-Sensation Level = 100 dB 1.4 1.1 2.4 1.0 3.6 1.9 3.7 1.9 2.5 3.6 3.8 1.7 2. 4.3
Sensation Level = 39 dB 4.0 2.2 5.7 3.9 7.0 4.6 7.8 4.6 6.0 5.3 71 3.9 5.7 4.6
Van Wynen Linear System
Tests —0.8 2.1 —0.8 2.0 —0.6 2.6 —-0.6 2.4 -3.5 3.1 0.1 2.9 —-3.3 3.6
Van Wynen Telephone Set,
Tests 0.3 1.1 0.1 0.8 2.7 0.5 2.8 0.7 1.6 0.7 5.2 1.2 2.5 1.0
Van Wynen Tie Line
‘ests —0.4 0.9 -0.1 1.1 0.2 1.0 0 1.0 0.3 1.4 0.1 0.9 0.8 1.2
Fraser Tests 0.2 0.9 0.3 0.9 0.7 0.9 0.7 1.0 —2.6 1.2 —2.1 1.1 —6.5 1.2
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ing the band substantially improves the accuracy for the low-pass
filter conditions but decrcases the accuracy for the high-pass filter
conditions.

The entries of columns 4 and 5, in a sense counterparts of columns
6 and 7 respectively, indicate what might happen if an EARS were
built to utilize an artificial voice and an artificial ear which were
accurate simulations of the human voice and ear within the context
of the orthotelephonic definitions (see Fig. 3), and the system were
calibrated in conformance with these definitions. Comparing columns
4 and 6, and 5 and 7, we see that the accuracy improves for the
Van Wynen telephone set tests and the Fraser tests, remaining about
the same for the other tests.

Let us now direct our attention to the difference distributions of
Tables XV through XIX. These are given at the bottom of the tables
together with arrows showing the computational methods compared.
To obtain the difference distributions, differences were obtained be-
tween numerical entries, condition by condition. The' first number
associated with an arrow represents the average difference, a positive
number signifying that ratings entered in columns at the right-hand
tip of the arrow are numerically larger than those at the left-hand tip
of the arrow. The second number, if given, represents the standard
deviation of the difference distribution. In many cases, a standard
deviation is not given because 1t was found to be of the order of 0.1
dB, insignificant for present purposes.

The difference distributions referred to above are summarized in
Table XXI. Note that there is a set of entries for each different
transmitter-receiver combination excepting the Steinberg tests for
which entries are given for each of the two sensation levels.

Column 1 of Table XXI indicates that the graphical method results
and computation method results differ very little except, as was noted
in discussion of Table XX, in the case of the Steinberg tests with the
sensation level = 39 dB. Differences in graphical ratings with and
without spread-of-loudness included are also seen to be relatively
small from entries of column 2. Entries of column 3 show that the
change in ratings due to changing the reference spectrum bandwidth
from 250-4000 Hz to 100-5000 Hz is essentially a constant, although
some slight variation from test to test is apparent.

The remaining columns, 4 through 7, show that (7) measuring system
bandwidth differences and (77) orthotelephonic versus artificial voice/
6-cim® coupler differences are highly dependent on transmitter-receiver



TaBLE XXI—DIFFERENCE DISTRIBUTIONS

1) 2) . (3) ) (5) (6) @
Linear Artificial Voice
Graphical Loudness Reference 300-3300 Hz G-cm? Coupler Responses
Loudness Law Without Spectrum Minus 100-5000 Hz Minus Orthotelephonic Responses
Rating Spread-of- 100-5000 Hz
Minus Loudness Minus Artificial
Computation Minus with Reference Ortho- Voice/6-cm?
Form Loudness Spread-of- Spectrum telephonic Coupler
Test Series Designation Rating Loudness 250-4000 Hz Responses Responses 100-5000 Hz 300-3300 Hz
Avg. Ed Avg. l il Avg. a Avg. I Avg. a Avg. o Avg. a
Steinberg Linear System Tests ‘
Sensation Level = 100 dB 0.2 0.5 —0.5 1.0 6.6 — —-3.3 1.8 —-1.0 3.1 8.7 1.0 11.0 2.1
Sensation Level = 39 dB —2.5 2.5 -0.3 1.0 6.6 — —3.4 2.2 —1.1 3.3 8.7 1.0 11.0 2.1
Van Wynen Linear System Tests 0 0.5 —-1.1 0.7 6.6 — —4.4 3.0 —3.0 3.9 8.1 0.9 9.4 0.8
Van Wynen Telephone Set Tests
Test Telephone Set A -1.0 0.5 —0.2 — 6.1 — -8.0 — —7.5 — 7.7 — 8.2 —
Test Telephone Set B —-0.6 0.5 1.0 — 7.0 — —-7.0 0.5 —6.6 0.5 8.8 — 9.1 e
Reference Telephone Set —-0.5 0.3 —2.0 — 6.6 — —6.1 0.7 —4.3 1.5 6.1 — 7.9 0.6
Van Wynen Tie Line Tests —0.8 0.6 —1.4 0.5 6.5 —_ —7.7 0.6 —-7.1 0.7 6.6 0.5 7.4 0.5
Fraser Tests
Test System —0.2 0.5 —1.2 — 6.6 -— —-5.8 0.3 —4.5 0.4 6.1 0.3 7.5 0.2
Reference System —0.2 0.3 -1.7 — 6.6 — —-2.7 — —0.2 — 8.9 — 11.4 —
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combinations. These differences appear to fall into two categories:
(7) the Steinberg and Van Wynen linear system tests and the reference
system of the Fraser tests for all of which linear, but different type,
transducers were used; (i7) the Van Wynen telephone set and tie line
tests and the test system of the Fraser tests for all of which nonlinear
transducers were used. The transmitter and receiver types were identical
(although the specific transducers were different) for the reference
telephone set of the Van Wynen telephone set tests, the Van Wynen
tie line tests, and the test system from the Fraser tests.

That the difference distribution standard deviations are relatively
small and there seems to be a strong dependence of average difference
on transmitter-receiver combination, suggests the possibility of apply-
ing correction factors to ratings computed by one method, e.g., the
EARS method, to obtain ratings for some other method, e.g., the
computational method. The average differences summarized in Table
XXT represent these correction factors.

Returning to Table XX, we note rather large errors in some cases
with the EARS method (see column 7) while the errors for the com-
putation method are rather small (see column 1). Obviously, applica-
tion of correction factors to the Steinberg, Van Wynen linear system,
and Van Wynen tie line tests will not improve the EARS method
error distributions since in each of the tests, the particular trans-
mitter-receiver combination was common to' the test and reference
channels. ‘

Different transducers were used in the test and reference channels
of the Van Wynen telephone set tests and the Fraser tests. Let us
examine the effect of application of correction factors to column 9
entries of Tables XVII and XIX on error distributions. The correc-
tion factors can be obtained from Table XXI. When the appropriate
entries of column 9 of Tables XVII and XIX are so converted, the
error distribution for the Van Wynen telephone set tests is changed
from one with average = 2.5 dB, ¢ = 1.0 dB to average = 0.3 dB,
¢ = 1.5 dB comparing favorably to the column 3 values (Table
XVII). Similar values for the Fraser tests are average = —6.5 dB,
¢ = 1.2 dB before correction, average = 0 dB, ¢ = 1.3 dB after
correction, comparing favorably to the column 3 values from Table
XIX for which average = 0.2 dB, ¢ = 0.9 dB.

Review of preceding discussion and the information contained in
Tables XV through XXI indicates that the EARS provides a simple
and reasonably accurate method of measuring telephone connection
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loudness loss. IFor a telephone plant utilizing telephone sets of a single
design, or of several similar designs, loudness ratings determined
following the EARS procedure can provide an effective tool in telephone
transmission engineering. In situations where the plant utilizes some-
what different telephone set designs, it appears that reasonably good
design can result from using the EARS method to determine perform-
ance with the individual set designs. Comparisons between designs
may then be made by application of correction factors. Determination
of these correction factors can be a time consuming and difficult task
as is evident from consideration of the orthotelephonic and artificial
voice/6-cm® coupler response definitions of Figs. 3 and 16 respectively,
but it is worth noting that such correction factors need be determined
only once for each transmitter-receiver combination mounted in a
particular handset configuration.
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A systemwide survey of the performance of Bell System toll connecting
trunks was undertaken tn 1966. Various results of this survey have been
used in other studies since that ttme. This paper collects the main results
i a single writing. The sampling plan and measurement procedures
are discussed briefly. Measurement results are presented in distributional
form and as estimates for the transmission parameters relating to loss,
message circuit noise, tmpulse noise, relative envelope delay, P/AR,
harmonic distortion, and physical characteristics. Some resulls are pre-
senled separately for major facilities and facility categories.

I. INTRODUCTION

The Bell System telephone network consists of a hierarchy of trans-
mission facilities available for connecting one subscriber to another.
These include the loops from the subscribers to their local telephone
office, toll connecting trunks from the local to the toll office, and inter-
toll trunks between these toll offices. Clearly, the transmission per-
formance of a toll connection is affected by each part of this built-up
connection. Overall measures of performance have been reported in
previous connection surveys''? and there has been a recently completed
1969-70 Connection Survey.’”® There is a concurrent need for detailed
knowledge of the specific parts of toll connections. This information
finds important applications in the setting of trunk objectives for
the various transmission parameters, and in the effort to simulate, on
a computer, a model of the Bell System transmission network. To this
end, this paper reports various population estimates of the transmission
performance of toll connecting trunks, based on a systemwide survey
undertaken in 1966. Individual portions of this information have been
used separately, and this paper serves to bring all the results together
in a single document. To the author’s knowledge, these data represent

2741
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the only published estimates of toll connecting trunk performance.
Although the mixture of facilities has changed with time, estimates
of parameters for individual types of facility are expected to be rea-
sonably stable.

A toll connecting trunk is defined as any trunk connecting an end
office (class 5) with a toll office (class 4, 3, 2, or 1). For purposes of
this paper each toll connecting trunk consists of the trunk facility
and any office equipment associated with the trunk. The office equip-
ment may be attenuation pads, hybrid transformers, repeating coils,
ete. Figure 1 shows the various types of toll connecting trunks used
in the Bell System.

In general, a toll connecting trunk consists of switching equipment
at both ends and transmission facilities in between. Consistent with
their application to trunk transmission objectives studies, trunks are
measured on a switch-through-switch basis (see Fig. 2). This enables
one to use these data in constructing estimates for overall connections.
In toll offices measurements are made from a toll testboard, master
test frame, or an outgoing trunk (OGT) board. In the end offices the
testing is done from a master test frame or OGT board. Thus, the trunk
includes (besides the actual facility of two-wire or four-wire voice-
frequency cable, or carrier channel) the trunk circuit, repeating coils,
four-wire terminating sets, and switching equipment, etc.

The toll connecting trunks in the survey were measured for the
following transmission parameters:

(7) 1000-Hz loss
(#7) Frequency response

INCOMING OUTGOING
DDD ACCESS TOLL COMPLETING _
TOLL
1
TSP (xBT) SWITCHING e TRIBUTARY -
SYSTEM
CAMA OPERATOR OFFICE'

RECORDING — COMPLETING

E TOLL SWITCHING
NOTE :

1. TOLL CONNECTING TRUNKS ARE ASSOCIATED
1-WAY EXCEPT FOR MANUAL TOLL
TRIBUTARY AND OPERATOR OFFICE. SWITCHBOARD

Fig. 1—Types of toll connecting trunks.
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| CABLE
| TesT OR TEST
| POINT CARRIER POINT
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Fig. 2—Composition and testing arrangement.

(#12) Relative envelope delay
(iv) Message circuit noise
(v) Impulse noise
(v7) P/AR meter readings
(vit) Harmonic distortion
(vir) Level tracking on compandored facilities.

All measurements were made in both directions of transmission with
the exception of impulse noise. It was measured only incoming to the
class 5 office. The frequency response and relative envelope delay were
measured at 17 frequencies from 200 to 3400 Hz. Bell Laboratories
personnel carried out these measurements, with one person at each
end of the toll connecting trunk.

In addition to actual measurements, information about trunk length,
type of switching, and type of facility used for the toll connecting
trunk was obtained from office records, such as circuit layout cards.

There are many different facilities in use as toll connecting trunks
in the Bell System. This survey encountered several separably iden-
tifiable types of facilities and, where there was a significant sample,
results are given for these facility subclasses.

II. SAMPLING PLAN

The sampled population consisted of all the Bell System toll con-
necting trunks in the continental United States and Canada. Although
the exact number was not known, it was estimated that there were
about 800,000 toll connecting trunks in service in 1966.

The sample of toll connecting trunks of this survey consisted of
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150 trunks from 15 end offices, each having less than 400,000 annual
outgoing toll messages (AOTM), and 242 trunks from 25 end offices
each having more than 400,000 AOTM. These 392 trunks were measured
for most parameters in both directions, thus yielding 784 population
elements in the sample.

The sample design consisted of a two-stage plan with first-stage
stratification and with the primary units selected with probabilities
proportional to a measure of size. (See Refs. 6, 7, or 8 for a general
discussion of sampling plans of this type.) The primary units were
Bell System end office (class 5) buildings. These end offices were strat-
ified into two disjoint subpopulations, according to the number of
annual outgoing toll messages originating in the end office. This was
done because a pilot survey in 1965 indicated that large end office
buildings usually have shorter toll connecting trunks than small end
office buildings. The large end offices also tend to use voice-frequency
cable (VI) toll connecting trunks rather than carrier. By stratifying
the population into two groups that tend to internal homogeneity
one can more efficiently procure the necessary estimates with the
desired precision. The confirmation of this rationale will be borne
out in a later section discussing the physical characteristics of toll
connecting trunks. '

The frame for the first-stage sample was a list of the 9052 Bell System
end office buildings in service on January 1, 1964. These end office
buildings were divided into two subpopulations, according to whether
they originated 400,000 AOTM or not. From stratum 1 of end office
buildings with less than 400,000 AOTM, 15 end office buildings were
selected. From stratum 2, twenty-five end office buildings were selected.
Each end office building was assigned a probability of selection propor-
tional to its AOTM. This measure of size had been used for the first-
stage selection of offices in the concurrently conducted toll connection
survey,” and practicality deemed its use again for the toll connecting
trunk survey. There is a strong correlation between the AOTM and
the number of toll connecting trunks in an end office building. The
sampling of end office buildings in each primary stratum was performed
independently.

For the second stage of sampling a listing of all toll connecting trunks
in each primary unit (i.e., the selected end office building) was obtained.
For controlling the complexity of the survey, a three-day visit was
planned for each office. This practical constraint indicated the ability
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to measure 8 to 12 trunks in each office. Therefore, where possible, 12
toll connecting trunks were chosen by simple random sampling, inde-
pendently in each primary unit. The toll connecting trunks thus selected
become the second-stage units of the sample design.

It is possible for an end office to have trunks to more than one toll
office building, requiring the tester at the toll office end of the trunks
to travel to more than one building. The goal of testing 8 to 12 trunks
from each end office was met except in three offices. In one office, only
seven toll connecting trunks existed, and in the other two offices practical
difficulties arose to limit the measurements to seven and five trunks.

The data analysis consisted of using estimation formulas appropriate
for the sample design described previously. These formulas yield esti-
mates of population parameters (i.e., mean, variance, standard devia-
tion, and 90-percent confidence intervals) based on the sample data.
The estimates are weighted to account for the structure of the sampling
plan, with ifs stratification and selection proportional to a measure of
size. Probability sampling of this type has the distinct advantage of
providing estimates of the important characteristics of the population
from which we sample, and at the same time providing a quantitative
measure of the sampling error.

III. PHYSICAL CHARACTERISTICS

For each of the toll connecting trunks of the sample a record was
obtained of some of its physical characteristics. This included the route
length of the trunk, the type of switching at each end of the trunk,
and the type of facility comprising the trunk. From these data, estimates
were made of trunk length distributions, facility composition of toll
connecting trunks, and percentages of different switching machines
used.

3.1 Trunk Length

The trunk length distribution is shown in Fig. 3. A substantial amount
(21 percent) of the trunks are intrabuilding trunks resulting from the
end office and toll office being in the same building. In these cases
the toll connecting trunk usually consists of a 2-dB pad and switching
equipment in tandem with a short length of cable.

Basically, toll connecting trunks span short distances. About half
the trunks are less than 10 miles long, and only 10 percent of the trunks
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Fig. 3—Trunk length distribution.

are longer than 30 miles. However, there were two trunks in the sample
that were 151 miles long. This resulted from indirect geographic routing
which added about 100 miles to their actual length.

As previously mentioned, the survey sample had a primary stratifica-
tion based on the belief that large and small offices were significantly
different with regard to the types and length of the toll connecting
trunks associated with them. These differences are corroborated in
Table I which shows the estimated length and type of facility in large
and small offices. The metropolitan offices (i.e., large, over 400,000
AQOTMs) tend to have toll connecting trunks much shorter than those
in small offices, and they utilize voice-frequency cable to a much
greater degree than the small offices.

A finer relationship between trunk length and type of facility is
shown in Table II, in terms of three specific length intervals, 0-15,
15-30, and over 30 miles. The estimated percentage of each facility
type used within each interval is given.

3.2 Facility Composition

The sample of 392 trunks contained many different facilities. Those
types appearing sufficiently often to be estimated reliably are shown
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in Table III. The percentages of both categories of facilities and single
types of facilities are estimated in Table ITI.

3.3 Switching Machines

The toll connecting trunk encounters some type of switching at
both the end office (class 5) and the toll office (class 4 or higher). In
this survey we noted the type of switching machine used at each end
of each toll connecting trunk in the sample. The numbers of the type
of switching machine used are classified by end office, toll office, and
stratum, and are given in Table IV. There were 40 end office buildings
and 66 toll office buildings in the survey, with some office buildings
having more than one type of switching system.

It should be noted that these numbers of switching machines are
only the types of switching that were found with the toll connecting
trunks of this survey. They should not be taken to accurately represent
the distribution of switching machines in the Bell System, since the
basic population element that was sampled in this survey was a toll
connecting trunk and not a switching machine. Also, even though the
end office buildings of the primary strata selections may be related to
switching machines, the same can not be said of the toll offices. In
many cases, all the trunks from an end office home on the same switch-
ing machine in the toll office, thus biasing any estimates at the toll
office.

At the toll offices there is a sizable amount of switching designated
as “switchboard.” This category is composed of those trunks for which
the transmission measurements were made at a switchboard. Therefore,
this category includes toll switching, recording-completing, and operator
office trunks (see Fig. 2). This category does not constitute manual
switching, where all of a customer’s calls to the toll office have to be
handled by an operator at a switchboard. In all the toll offices associated
with this classification there also was a switching machine. This type
of switching machine could have been used as an alternative designa-
tion to the switchboard classification. (In fact, operator office trunks
may have a multipled switching machine appearance, as well as the
switchboard appearance.) However, since the information recorded
was to reflect the type of switching actually used by the sampled toll
connecting trunks of the survey, the switchboard designation was
chosen.

In the class 5 end offices encountered in this survey about 54 percent
of the trunks utilized step-by-step switching systems, and 34 percent
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used No. 5 crossbar. These two types account for the bulk of the switch-
ing machines in use at the class 5 end of the sampled toll connecting
trunks. At the toll office, crossbar tandem systems were used most
frequently, followed by step-by-step systems and switchboards (with
the conditions mentioned above defining switchboards).

IV. TRANSMISSION LOSS

4.1 Frequency Response

The loss of toll connecting trunks was measured at 17 frequenecies,
from 200 to 3400 Hz. The measurements were made switch-through-
switch as shown in Fig. 1. At each frequency a tone at 0 dBm was
transmitted over the trunk and measured at the receiving end with a
25A Gain and Delay Measuring Set. This procedure was repeated for
each direction of transmission over the trunk. Since the design of the
measurement equipment precluded measuring losses greater than 31 dB,
it was not always possible to measure some trunks at the higher fre-
quencies. This was the situation in particular on carrier facilities,
such as N1, ON, and Lenkurt. FFor losses greater than 31 dB, the value
of 31 dB was used. This provides a conservative estimate of the mean
loss, but is more realistic than simply eliminating these readings. Also,
this effect occurred only at 3300 and 3400 Hz, and only on some carrier
facilities.

The frequency response statistics for all the toll connecting trunks
in the survey are shown in Table V. The results show the mean and its
associated 90-percent confidence interval, and an estimate of the
standard deviation for each distribution that is considered. Table V
also shows the loss estimates for the two types of facilities, carrier
and voice-frequency cable, used by toll conneeting trunks. It appears
that the loss responses for both types of facilities are similar throughout
most of the voiceband, with the carrier facilities having a sharper
cutoff at the high and low frequencies.

4.2 Loss Relative to 1000 Hz

For the individual types of facilities it is useful to present the loss
relative to 1000 Hz. This enables one to see the loss characteristics
of the facility itself more readily than examination of the absolute
value of loss does, since different loss design procedures are encountered
among the many trunks. Table VI shows the loss relative to 1000 Hz
for the more commonly used carrier facilities. Table VII shows the
loss relative to 1000 Hz for the major VI facilities.
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V. NOISE

The term noise is applied to a variety of electrical phenomena, all
of which are unwanted additive signals and tend to interfere with the
transmission of information. There are numerous sources of noise, some
man-made and some not. Man-made noise is generated by power
supply hum, faulty contacts, electrical apparatus, quantizing errors,
etc. The noise from non-man-made sources can originate within or
without the systems under measurement. All systems are prone to
thermal noise from the random motion of electrons in conductors,
as well as to atmospheric electrical disturbances.

The effects of these forms of noise depend, in part, on the type of
signal being transmitted over the telephone communication channel.
For analog speech signals the average power of the noise is of primary
concern. Interference from many noise sources contribute to this type
of noise, referred to as ‘“message circuit noise.” However, data signals
suffer more severely from noise voltage peaks (whether of short or
long time duration), which are classified as “impulse noise.” A different
procedure is used to measure these two noise parameters and each is
reported separately in the following sections.

5.1 Message Circuit Noise

The level of background noise was measured using the 3A Noise
Measuring Set (hence, the name 3A noise) with both C-message and
3-kHz flat weighting networks.’ The noise measurements were performed
for both directions of transmission on the trunk. The measurements
were made during the normal business day.

A summary of the noise measured with C-message weighting and
3-kHz flat weighting is shown in Table VIII in terms of the mean and
its 90-percent confidence interval, and standard deviation. Estimates
for specific facilities and groups of facilities are included where there
were sufficient data for useful statisties.

It can be observed that in all categories the 3-kHz flat noise level
is higher than with C-message weighting, since the 3-kHz flat weighting
does not, attenuate the low frequencies nearly as much as C-message
weighting. The flat noise on voice-frequency facilities was slightly
higher than on carrier, probably because carrier systems have a higher
cutoff frequency at the low end of the frequency band, below which
nothing is transmitted.

The estimates of flat noise were significantly affected by the direc-
tion of transmission being observed. A subelass analysis based on this
characteristic showed that average flat noise measured incoming to
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the end office (class 5) was considerably higher than that incoming
to the toll office end of the trunk. Estimated statistics for the parameter,
8, defined as the end office flat noise minus the toll office flat noise,
are given in Table IX. The difference in noise levels is more pronounced
on voice-frequency cable facilities than on carrier facilities because
there is less low-frequency energy transmitted on carrier facilities,
in either direction, due to the action of channel filters.

Since the end office noise level is higher it suggests that its noise
environment is worse than that of the toll offices. This could be due
to extraneous low-frequency components (primarily 60 Hz and its
harmonics) generated by office battery and other power plants. Reason-
ing that larger offices have more noise-producing loads one would expect
the larger end offices (strata 2) to have higher average noise levels
than the small end offices (strata 1). This is borne out in Fig. 4, where
a difference of about 6 dB is observed. There is further support for
these hypotheses in comparing the toll office flat noise of toll connecting
trunks with the toll office flat noise of short intertoll trunks' (0-62.5
miles). The result, with 90-percent confidence limits, is shown in
Table X.

The data for 3A noise with C-message weighting were also analyzed
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with respect to trunk length. For this purpose six mileage bands were
chosen, with each succeeding band being a doubling of the previous
interval. The ‘“‘double distance” criterion is chosen since previous
studies'*''* have shown a linear relationship between noise and double
distance on toll connections. The toll connecting trunks of this survey
are of relatively short length, but a similar linear relationship is evident,
as shown in Table XI. Not only is there the effect of longer trunks
accumulating more noise, but it should be recalled from Section III
that the longer trunks are predominantly on carrier facilities. Both
parameters, the length and facility type, contribute their effect to the
noise level observed. The flat-weighted noise was independent of trunk
length. This is still consistent with the past studies of intertoll trunks
which showed only a very slight increase in flat noise with length for
the shorter trunks.

5.2 Background Noise on Compandored Trunks

Since the syllabic compandor action on carrier facilities introduces
a large loss to the noise in the absence of speech, a background noise
reading with a quiet termination is not characteristic of a compandored
channel in normal use (i.e., with speech present). In order to measure
C-message weighted noise in a simulated speech condition, a holding -
tone was sent over the trunk in order to adjust the compandor gains,
and then it was filtered out at the receiving end.

Measurements were made at four different levels of holding tone,
in both directions of transmission on the trunk. The 1850-Hz tone
was supplied by a Western Electric KS-19260 Pushbutton Oscillator,
at levels of 0, —10, —20, and —30 dBm. After the tone was filtered
out, the C-message weighted noise readings were made.

Among the compandored toll connecting trunks there were those
using T1 carrier, a digital system."' This system uses instantaneous
compandors which are active whether speech is present or not. The
1850-Hz holding tone introduced distortion products into the measured
signal as the fundamental and harmonies of the 1850-Hz tone interacted
with the sampling frequency of the T1 system. Contrary to analog
systems, the noise on T1 is mostly quantizing noise introduced by the
encoder in the terminal, there being relatively small amounts of line
noise. For these reasons, the T1 data are treated separately from the
analog data.

Table XII shows estimates of the mean, its 90-percent confidence
interval, and the standard deviation of the C-message weighted noise
as a function of input holding tone power level. A majority of the analog
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compandored trunks were on N1 carrier, and their characteristics are
also listed separately. For the analog carrier systems the noise com-
ponents in the terminal equipment ave low compared to the line noise.
Hence, the measurements should reflect the expandor action at the
near end where the measurements are made. Since a compression
and expansion ratio of 2 : 1 is being used we would expect a 5-dB change
in noise level for each 10-dB change in input signal level. For the analog
facilities there is a ratio of about 10 : 7 between the 0- and —10-dBm
level inputs, and a ratio of slightly less than 10 : 5 for the level inputs
between —10 and —30 dBm. This compares to the theoretical 10 : 5
ratio for perfect companding action.

5.3 Impulse Noise

Impulse noise was measured on a switch-through-switch basis,
incoming to the class 5 offices. The measurements were made with the
6" Voiceband Noise Measuring Set using C-message weighting. The
four counters of the 6F Set were adjusted to cover the range of 4 to 45
counts in the 15-minute recording interval. Then, on each trunk meas-
ured, the recorded impulse counts and associated threshold levels are
used to interpolate the levels that would correspond to 45, 15, and 4.5
counts per 15-minute interval. The difference in the two levels that
yield 4.5 and 45 counts is defined as the slope (in dB per decade) of
the peak amplitude distribution. (See Ref. 12 for a discussion of these
parameters.) On compandored facilities an 1850-Hz tone at a level of
—14 dBm was applied to the trunk in the toll office in order to simulate
data transmission trunk conditions. At the end office the tone was
suppressed by a 90-dB band-reject filter with a 50-Hz bandwidth.

The results presented in Table XIII are estimates of the mean and
standard deviation of the 45- and 15-count level distributions, with a
90-percent confidence interval on the mean estimate. The same esti-
mates are shown for the slope. These data all apply at the switch at
the receive end of the trunk. The compandored carrier trunks have a
higher mean impulse noise level, but lower average slope, than the
voice-frequency cable facilities. A lower slope indicates a narrower
distribution of peak amplitudes, so that a smaller change in the reference
count level is required to produce a change by a factor of ten in the
impulse count. Figure 5 illustrates these points. With the exception
of the estimates for all toll connecting trunks, the data of Table XIII
and Fig. 5 result from trunks of less than 60 miles length. There were
13 trunks longer than 60 miles, all of them on compandored carrier
facilities.
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VI. RELATIVE ENVELOPE DELAY

In the transmission of complex waveforms a nonlinear phase shift
characteristic of the transmission medium results in the distortion of
the signal due to the differing amounts of delay of the different fre-
quencies present in the waveform. This delay distortion can be assessed
by measuring the relative envelope delay, which is the delay of the
envelope of a low-frequency amplitude-modulated voice-freqeuncy
carrier relative to the envelope delay at a reference voice-frequency
carrier. The relative envelope delay is an approximation to the derivative
of the phase characteristic, so linear phase would yield constant en-
velope delay. In this survey all the envelope delay measurements are
relative to 1700 Hz.

The measurements of relative envelope delay were made using the
25A Gain and Delay Measuring Set and KS-19260 Oscillator. A pair
of these was required at each end of the toll connecting trunk, so as
to measure both directions of transmission.

The relative envelope delay data were analyzed both for toll con-
necting trunks in general, and for various subclasses of interest. The
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results show the estimated mean and its associated 90-percent confidence
interval, and an estimate of the standard deviation of each distribu-
tion considered. Figure 6 presents the relative envelope delay char-
acteristics based on the sample of all toll connecting trunks. This
reflects the differing influences of different types of facilities. For
example, the nonloaded voice-frequency cable facilities have essentially
no relative delay at the higher frequencies, so the relative delay derives
from the carrier and loaded voice-frequency cable facilities. Also, in
all cases the office equipment associated with the transmission facility
is a major contributor to the delay at low frequencies.®

The difference in the relative envelope delay between carrier and
voice-frequency cable facilities is shown in Fig. 7. In general, the
carrier facilities exhibit more relative envelope delay at the low and
high frequency band-edges. The estimates for the carrier facilities are
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Fig. 6—Mean relative envelope delay (includes all types of facilities).
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only given up to 3200 Hz since excessive loss on the connection above
this frequency precluded making the envelope delay measurements on
the N1, ON, and O carrier facilities.

Tables XIV and XV show the estimates of relative envelope delay
for specific facilities. These subclasses were considered since a sufficient
number of trunks of each type was measured, and the trunks were
from a number of different offices. The seven types of facilities tabulated
represent the facilities more commonly used for toll connecting trunks
and they comprised about 85 percent of the total sample for this survey.
Among the carrier facilities the delay on T1 showed the least variability.
The delay on N1 has been reported in the past® where N1 was being
used as an intertoll trunk, and those findings are comparable to the
values reported here, with N1 now used as a toll connecting trunk.
Although all the voice-frequency cable facilities exhibit similar delay
characteristics at low frequencies, there is a marked difference between
loaded and nonloaded facilities at the higher frequencies. This accounts
for the higher variances of the VI facilities in the higher frequencies,
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with the loaded VF facilities contributing most of this variance. The
estimates of the variance for VI trunks with II6 or 23 repeaters are
larger than other categories due to the correlation between delay and
trunk length—the longer trunks exhibiting more delay. For example,
the 123 measurements came from eight different offices, of which four
offices supplied shorter trunks (5.3, 5.7, 6.2, 6.7 miles) and four offices
had longer trunks (10.2, 11.7, 12.8, 16.3 miles).

In considering toll connecting trunks in general, the correlation
between trunk length and relative envelope delay is neither significant
nor consistent. This is due to having many different facilities in the
total sample and also to measuring the combined effects of office equip-
ment and facility for each toll connecting trunk. Thus, there is only a
slightly discernible relation between delay and trunk length at low
frequencies (below 1700 Hz), since office equipment causes the pre-
dominant effect. Above 1700 Hz the “VI Loaded” facilities exhibited
a significant length correlation. These facilities were for trunks of
roughly 1 to 18 miles in length. A subclass analysis based on three
mileage bands is shown in Fig. 8. The 90-percent confidence interval for
each estimated mean value of delay (above 1700 Hz) is also shown.

VII. P/AR

The P/AR (Peak-to-Average Ratio) meter'® measures the ratio of
the peak and full-wave rectified average values of a low duty-cycle
pulse train transmitted over a transmission path. Its purpose is to
provide a measure of the overall transmission distortion that is present
from many different causes. The P/AR meter is most sensitive to
envelope delay distortion and is also affected by noise, bandwidth
reduction, gain ripples, nonlinearities such as compression and clipping,
and other impairments. The P/AR reading is a indication of the gen-
eral transmission quality of the voiceband channel. In particular, it
is a measure of the phase linearity of the toll connecting trunk. If
the P/AR signal were received entirely undistorted the P/AR meter
would read 100. Distortion normally causes readings lower than 100.

Four P/AR meter readings were made on each toll connecting trunk
in the survey. Both directions of transmission were measured, using
both polarities of the nonsymmetrical P/AR test signal. However,
since there was no significant difference between readings using the
normal and inverted polarity test signal, the average of the two was
used in deriving estimates. P/AR generators now in production have
eliminated this effect by inverting alternate signals. Table XVI shows
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the estimated values for the P/AR distributions of all toll connecting
trunks and a variety of other subeclasses based on types of facility.

Tt should be noted that different facilities have different distributions
of P/AR readings, so that the same numerical value may indicate a
lower than expected reading on one facility but be a higher than ex-
pected reading for a different facility. Hence, a comparison of subjective
quality between trunks should be made only within a particular facility
category, and not between categories. In general, comparing P/AR
readings indicates the relative amount of intersymbol interference to
be expected in each case.

Since the P/AR meter reading is affected by envelope delay and
frequency response it is not surprising that there is a relationship
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between these parameters and the P/AR readings. In fact, there is a
high degree of correlation between these characteristics, which implies
that a trunk’s relative performance in any of the three measures is a
good indication of its general transmission quality with relation to
other trunks of the same type.

To show the relationship between P/AR, envelope delay distortion,
and loss, consider the performance of the more commonly used facilities
with respeet to the three mentioned parameters. Besides the mean
P/AR reading for a category, the mean loss relative to 1000 Hz (dB)
and the relative envelope delay (us) at 3000 Hz will be used. These
values for the major identifiable categories are shown in Table XVII,

Since P/AR, loss, and envelope delay have different underlying
scales of measurement and unknown distributions, one method of
measuring their relationship is by a rank correlation test.'* This measures
the agreement between the performance with respect to the three
parameters. The seven categories of Table XVII can be ranked,* as
follows:

Delay P/AR Loss

no load L 1 1

no rptr
VI no rptr 2 2 3
T1 3 4 2
N2 4 3 4
VT loaded 5 5 5
VF repeatered 6 6 6
N1 7 7 7

This yields a coefficient of concordance' of 0.96, which is significant
beyond the 0.01 point (if one feels that such small probabilities are
significant). There evidently is a very high degree of correlation between
these three transmission characteristics. In other words, if for a given
facility one trunk exhibits a “better’” P/AR reading than another trunk,
it is also likely that it will have “better”’ loss and delay characteristics.

VIII. LEVEL TRACKING ON COMPANDORED FACILITIES

Of the 392 toll connecting trunks in the survey, 139 were on carrier
facilities and these were compandored. These 139 trunks terminated
in a total of 40 end offices.

* The number one (1) indicates lowest loss or delay, or highest P/AR reading.
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Compandor tracking was measured by transmitting an 1850-Hz tone
at each of four power levels (0, —10, —20, and —30 dBm) and then
measuring the received level. Measurements were made in both direc-
tions of transmission, using a standard oscillator and the 25A Trans-
mission Measuring Set (or 3A Noise Measuring Set for the —30-dBm
level).

The channel net gain for any given input power level can be taken
as the reference level, and the net gain for other input levels is then
referred relative to the reference level. For example, Table XVIII
shows the deviations from channel net gain, relative to a —10-dBm
input, at the other input levels. So at each input power, the variable
of interest is the net gain of that power level minus the net gain at
—10 dBm. Estimated mean deviations relative to any other power
level can also be obtained from Table XVIII.

IX. HARMONIC DISTORTION

The nonlinearities of the transmission path for the toll connecting
trunks caused harmonie distortion of the signals being carried. The
amount of harmonic distortion was determined by sending a 1000-Hz
tone at each of four power levels (0, —10, —20, and —30 dBm) and
measuring the power level of the received fundamental tone and the
second and third harmonics. The fundamental was measured with a
25A Set if above —25 dBm. Below this level, a 3A Set with C-message
weighting was used. The second and third harmonic measurements
used the 3A Set with a narrow bandpass filter, centered at 2 or 3 kHz,
in place of the C-message weighting network. The measurements were
adjusted to reflect the loss of the bandpass filters. There was also a
“measurement floor” to consider due to the sensitivity of the measuring
equipment. This was determined to be 48 dB (i.e., a fundamental-to-
harmonic ratio of 48 dB) so that harmonics more than 48 dB below the
1000-Hz fundamental were measured with increasing inaccuracy as
the level decreased. Measurements were made in both directions of
transmission.

The estimates of harmonic distortion are shown in Table XIX for
all the toll connecting trunks measured in the survey. The results are
presented as signal-to-harmonic distortion power ratios (S/D) showing
means, confidence intervals, and standard deviations. An analysis of
the data showed that the larger values of distortion (lower S/D ratios)
almost always occurred on compandored systems (i.e., all the carrier
facilities). The harmonic distortion on the noncompandored trunks
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(i.e., voice-frequency cable facilities) was usually below the ‘“measure-
ment floor,” resulting in only a few accurate measurements on these
facilities. Hence, they were not analyzed in detail. The results for
compandored toll connecting trunks (carrier facilities) are shown in
Table XX. Among these carrier facilities a subclass analysis of the more
commonly used facilities is shown in Table XXI. The estimates there
are for the signal-to-distortion ratio, i.e., the total harmonic distortion
below the fundamental.

In studying Table XIX and XX one notes that the average distortion
power is roughly the same for the second and third harmonics. However,
the second and third harmonic distortion power distribution are dis-
similar, as can be seen from the plot of their distributions in Fig. 9.
It shows clearly that for the high distortion levels, a greater percentage
of the trunks have second harmonic power exceeding a chosen level
than third harmonic power. About 20 percent of compandored facilities
have a fundamental-to-second harmonic distortion ratio less than 30 dB,
while only one percent have a fundamental-to-third ratio less than
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30 dB. Hence, when the total harmonic distortion is relatively large
it is usually due to the second harmonic component. This feature is
also evident in a distribution plot of the second and third harmonics
for all toll connecting trunks, and implies a positive skewness'®''® of
the population of third harmonic measurements.

X. CONCLUDING REMARKS

The 1966 survey of toll connecting trunks has supplied information
on the transmission characteristics of a key part of the built-up con-
nection between subsecribers. In addition, when combined with other
such data, this information has been useful in generating a transmission
model of the Bell System network.

Although ecarried out as a trunk survey, it was possible through
subclass analysis to derive estimates of the transmission performance
of toll connecting trunks using specific facilities. These included trunks
using voice-frequency cable pairs, loaded and nonloaded, and those
using voice-frequency repeaters, as well as the more commonly used
short-haul carrier systems, N1 and T1. These trunk data reflect the
effects of office equipment as well as those of the facilities.

Another use of the 1966 survey data has been in making comparisons
with data from the 1964 Intertoll Trunk Survey.'® Certain subclasses
of each survey are similar enough to warrant investigation. For example,
in both cases the trunks of 0 to 15 miles trunk length use voice-frequency
facilities for about 80 percent of the trunks. Since their makeup is so
similar their respective estimates for loss, noise, and delay can be
compared. The agreement of these estimates is very good, and this
lends mutual confidence to both estimates. The same is true if we con-
sider the collection of trunks 15 to 30 miles long where N1 carrier
was the predominantly used facility.

It should be remembered that although these results accurately
picture the transmission characteristics of toll connecting trunks in
1966, with the passage of time changes can occur in the sampled popula-
tion. Introduction of new facilities and the uneven growth of others
are two obvious oceurrences which create the need for continual updating
of transmission data.

XI. ACKNOWLEDGMENTS

The 1966 toll connecting trunk survey represents the combined
efforts of numerous people at Bell Laboratories, the American Telephone
and Telegraph Company, and the Operating Companies. D. T. Osgood



2762 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1971

of the American Telephone and Telegraph Company served as co-
ordinator between Bell Laboratories and the Operating Companies,
and the actual measurements were performed by more than 20 Bell
Laboratories people. T. L. Bequette, G. P. McNamara, and J. T.
Powers, Jr., as well as the author, supplied the data analysis associated
with the large body of information gathered by the survey. This task
was greatly facilitated by the use of computing programs and techniques
created by F. P. Duffy. Only through a lengthy, collective effort has
this survey been completed, and it is here duly acknowledged.

REFERENCES

1. Nasell, I., “The 1962 Survey of Noise and Loss on Toll Connections,” B.S.T.J.!
43, No. 2 (March 1964), pp. 697-718.

2. Nésell, I., “Some Transmission Characteristics of Bell System Toll Connections,”
B.S.T.J., 47, No. 6 (July-August 1968), pp. 1001-1018.

3. Balkovic, M. D., Klancer, H. W., Klare, S. W., and McGruther, W. G., “1969-70
Connection Survey: High-Speed Voiceband Data Transmission Performance
on the Switched Telecommunications Network,” B.S.T.J., 50, No. 4 (April
1971), pp. 1349-1384.

4. Duffy, F. P., and Thatcher, T. W., Jr., “1969-70 Connection Survey: Analog
Transmission Performance on the Switched Telecommunications Network,”
B.S.T.J., 60, No. 4 (April 1971), pp. 1311-1347.

5. Fleming, H. C., and Hutchinson, R. M., Jr., “1969-70 Connection Survey:
Low-Speed Data Transmission Performance on the Switched Telecommunica-
tions Network,” B.S.T.J., 50, No. 4 (April 1971), pp. 1385-1405.

6. Hansen, M. H., Hurwitz, W. N., and Madow, W. G., Sample Survey Methods and
Theory, Vols. I and II, New York: J. Wiley and Sons, 1953.

7. Cochran, W. G., Sampling Techniques, New York: J. Wiley and Sons, 1963.

8. Kish, L., Survey Sampling, New York: J. Wiley and Sons, 1967.

9. Cochran, W. T., and Lewinski, D. A., “A New Measuring Set For Message
Circuit Noise,”” B.S.T.J., 39, No. 4 (July 1960), pp. 911-931.

10. N&sell, 1., Ellison, C. R., and Holmstrom, R., “The Transmission Performance
of Bell System Intertoll Trunks,” B.S.T.J., 47, No. 8 (October 1968), pp.
1561-1613.

11. Fultz, K. E., and Penick, D. B., “The T1 Carrier System,” B.S.T.J., 44, No. 7
(September 1965), pp. 1405-1451.

12. Fennick, J. H., “Amplitude Distributions of Telephone Channel Noise and a
Model for Impulse Noise,”” B.S.T.J., 48, No. 10 (December 1969), pp. 3243-
3263.

13. Cochran, W. T., “Measuring Waveform Distortion With a P/AR Meter,”
Bell Laboratories Record, 43, No. 9 (October 1965), pp. 367-371.

14. Kendall, M. G., Rank Correlation Methods, 2nd ed., London: Charles Griffin
and Co., 1955.

15. Snedecor, G. W., and Cochran, W. G., Staiistical Methods, 6th ed., New York:
J. Wiley and Sons, 1967.

16. Mood, A. M., Introduction to the Theory of Statistics, New York: McGraw-Hill

Co., 1950.



TOLL CONNECTING TRUNKS 2763

TABLE I—IESTIMATED TRUNK LENGTH AND FaciLiry TYPE IN LARGE
AND SMmALL OFFICES

Trunk Length
(Miles) Type of Facility (%)
Voice
Office Size Mean + 909 C.I. Carrier Frequency
Small (<400,000 AOTM*)
Stratum 1 252 £11.2 63 37
Large (=400,000 AOTM)
Stratum 2 6.7+ 2.4 19 81

* AOTM: Annual Qutgoing Toll Messages

TABLE II—TruNk LENGTH vs Facinity Type

Percent of TCTs in Length Categories
Facility Type 0-15 Miles 15.1-30 Miles Over 30 Miles
N1 Carrier 5.8 42.0 27.0
T1 Carrier 10.2 4.6 —
Other Carrier* 1.0 32.1 73.0
Voice-Frequency Cable 83.0 21.3 —
100.0 100.0 100.0

* The facilities in this category consist of ON, ON/R, O, N2, and Lenkurt carrier
types.

TaBLE III—FAciLity ComposiTioN oF ToLnL CoNNEcTING TRUNKS

Percent of all TCTs
Facility Type Mean + 909% C.I.
1. Carrier:* 34
N1 13 £ 8
T1 8+8
Othert 10
2. Voice-Frequency Cable: 66
Nonloaded 23 £ 11
Loaded: 43 + 13
Loaded, nonrepeatered 65
Loaded, E6 repeater 26 + 10
Loaded, E23 repeater 76

* 39, of these are carrier facilities in tandem with a section of loaded voice-fre-

quency cable. .
T The facilities in this category consist of ON, ON/R, O, N2, and Lenkurt carrier
types in quantities individually too small for reliable estimates.
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TaBLeE IV—SwircHiNg Usep BY Torn CoNNEcTING TRUNKS oOF
SURVEY

Stratum 1 (<400,000 AOTM*)—15 Small End Offices

At End Office At Toll Office Total Both Ends
Type Trunks | Machines | Trunks | Machines | Trunks | Machines

SXS 120 12 34 4 154 16
5XB 20 2 48 6 68 8
SWBD 10 1 24 5 34 6
XBT — — 32 4 32 4
4A — — 12 2 12 2

Total 150 15 150 21 300 36

Stratum 2 (=400,000 AOTM)—25 Large End Offices

At End Office At Toll Office Total Both Ends
Type Trunks Machines | Trunks | Machines | Trunks | Machines
SXS 91 9 36 5 127 14
5XB 115 13 11 2 126 15
XBT — — 119 16 119 16
1XB 25 4 7 2 32 6
SWBD — — 44 13 44 13
4A — — 25 6 25 6
PANEL 11 3 — — 11 3
Total 242 29 242 44 484 73
Grand
Totals 392 44 392 65 784 109
Notes: SXS: Switchboard
5XB: No. 5 Crossbar
1XB: No. 1 Crossbar
SWBD: Switchboard * AOTM: Annual Outgoing
4A: 4A Crossbar Toll Messages

XBT: Crossbar Tandem



TaBLE V—FREQUENCY REsPoNsE orF Torr CoNNECTING TRUNKS

Switch-to-Switch Loss (dB)
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Mean =+ 909, C.1.
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TaBLE VI—Loss RELATIVE 10 1000 Hz (dB) FOR CARRIER I"ACILITIES
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TasLE VII—Loss ReLaTIvE To 1000 Hz (dB) FoR Voice-FREQUENCY CABLE
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TaBLE VIII—3A Noisg oN Torr CoNNEcTING TRUNKS

C-Message Weighting

3-kHz Flat Weighting

Mean 909, C.I. Std. Dev. Mean 909, C.I1. Std. Dev.
Facility Type (dBrn) (dB) (dB) (dBrn) (dB) (dB)
Carrier
N1 21.2 +0.9 4.8 34.7 +2.3 7.6
N2 17.5 — 8.1 38.8 — 7.9
T1 16.0 — 3.8 31.9 — 3.8
All Carrier 18.4 +1.7 6.4 33.3 +1.8 8.0
Voice-Frequency Cable
Nonloaded, nonrepeatered 5.5 +1.4 4.4 33.5 +3.1 14.3
Loaded, nonrepeatered 9.5 +4.2 7.8 37.0 +3.2 13.2
Loaded, E6 repeater 11.3 +2.1 7.3 35.9 +3.3 11.1
Loaded, E23 repeater 13.2 +2.8 6.9 39.4 . +4.4 11.4
AL VF 9.5 +1.5 7.2 35.7 +1.9 12.7
AUl TCTs 12.5 +1.4 8.2 34.5 +1.5 11.4

89L3
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TaBLE IX—3A Noise witg 3-xHz IFuat WEIGHTING

(6 = End Office Noise—Toll Office Noise)
Mean & 909, C.I. Std. Dev.
Facility Type (dB) (dB) (dB)
Carrier
N1 6.1 +2.9 9.2
N2 9.0 — 10.9
Tl 3.5 — 10.1
All Carrier 6.0 +2.7 9.9
Voice-Frequency Cable
Nonloaded, nonre-
peatered 18.7 +3.4 10.8
Loaded, nonrepeatered 19.5 +1.9 4.6
Loaded, E6 repeater 12.0 +2.9 9.2
Loaded, E23 repeater 13.9 +£7.8 12.4
All VF 15.2 +2.3 10.4
All TCTs 12.1 +2.2 11.1
TaBLE X—3A NoisE witH 3-kHz FraT WEIGHTING
Mean 909, C.I1. Std. Dev.
Survey (dBrn) (dB) (dB)
1964 ITT Survey
(0-62 .5 miles) 29.4 +2.0 9.0
1966 TCT Survey
(toll offices) 28.7 +1.4 9.0

TaBLE XI—3A Noise Wite C-MESSAGE WEIGHTING:
TRUNK LENGTH ANALYSIS

Mileage Mean 909, C.I. Std. Dev.
Category (dBrnC) (dB) (dB)
0.0- 2.0 5.5 +1.3 4.3
2.1-4.0 9.5 +0.8 7.9
4.1- 8.0 12.3 +1.9 7.3
8.1-16.0 15.6 +2.0 6.6
16.1-32.0 17.3 +3.0 6.8
Over 32.0 19.0 +2.2 7.1




TABLE XII—C-MEgssAGE Nois As A FunNcrioN ofF Inpur Houbping Tone Powkr

0LL8

Received Noise Level (dBrnC)
Analog Systems T1 Carrier
(Syllabic Compandor) N1 Carrier (Instantaneous Compandor)
Transmit Level
(dBm) Mean &+ 909, C.I. | Std. Dev. Mean =+ 909, C.I. | Std. Dev. Mean + 909,* Std. Dev.
0 39.2 1.8 6.3 41.9 £ 2.1 6.4 46.2 + 2.0
—10 32.24+2.0 6.5 35.1 2.2 6.5 39.9 & 2.1
—20 27.44+2.0 6.4 30.5+1.9 6.0 30.8 + 2.1
—30 22.2 4+ 2.1 6.3 25.7 = 1.7 5.2 21.2 + 2.0

* Confidence interval not shown because of small sample size.

161 HAGOIOO ‘IVNHNOL TYOINHOAL WAISAS TTdd THL



TaBLE XIII—IMPULSE CounT LEVEL DISTRIBUTIONS

45-Count Level (dBrnC) 15-Count Level (dBrnC) Slope (dB/decade)
Facility Type Mean = 909, C.I. Std. Dev. | Mean =+ 909, C.I. Std. Dev. | Mean & 909, C.I. Std. Dev.

N1 Carrier 62.8 £ 4.7 8.4 65.9 £ 4.7 8.4 5.8+ 1.0 2.1
T1 Carrier 57.8 4.3 7.6 58.7 £ 4.3 7.5 2.7+0.2 1.8
VF2W:

NL, NR 43.8 4.3 10.1 49.5 = 4.6 11.0 10.3 = 1.3 3.8

L, NR 44.1 + 4.2 10.2 54.1 = 4.8 10.9 8.5+ 2.6 4.3

L, E6 49.3 +£ 1.9 7.0 52.4 4+ 2.1 7.2 5.6 &= 0.6 2.0

L, E23 46.8 + 1.5 6.7 50.4 = 1.3 6.8 7.1 0.9 3.4
All VF* 46.0 £ 1.9 8.7 50.5 1.9 9.1 8.2 £0.7 3.9
All TCTs 49.4 4+ 2.0 10.2 53.3 1.9 10.0 7.3 +£0.8 3.8

SANNYL DNILOANNOD TIOL

Notes: Measurement interval 15 minutes
L = loaded cable
NL = nonloaded cable
NR = nonrepeatered cable
E6, E23 = E6, E23 repeaters
* Includes 2-wire and 4-wire

1.2



TABLE XIV-—RELATIVE ENVELOPE DELAY OF CARRIER FaAciLiTIES*

Delay (us)
N1 N2 T1
Frequency

(Hz) Mean + 909, C.I. Std. Dev. | Mean =& 909, C.I. Std. Dev Mean =+ 909 C.I. Std. Dev.
200 3390 £ 155 391 1602 £ 126 271 1707 4 70 269
300 2055 = 88 232 1245 + 144 157 1113 + 66 182
400 1134 4+ 64 140 773 £ 101 115 683 =+ 46 100
600 416 = 36 75 324 4 43 60 269 4 12 36
800 175 + 16 47 135 + 13 47 117 + 6 20
1000 63 + 16 47 102 += 27 69 50 = 5 18
1200 20+ 5 22 69 += 34 86 15+ 3 18
1400 64 5 19 17 4+ 10 28 0+ 3 12
1700 0 — 0 — 0 —
2000 17+ 7 18 41 4+ 24 89 9+ 1 7
2300 82+ 6 24 30 & 10 45 33 + 2 10
2500 159 &= 13 40 40 7 12 54 + 3 19
2700 242 + 13 49 108 = 12 76 92 + 3 9
3000 615 = 19 91 170 = 9 26 169 = 4 15
3200 698 £ 23 99 201 = 17 21 212 + 2 18
3300 — — 340 £ 15 53 238 + 3 18
3400 — — 429 + 5 57 271 = 3 16

* Includes office equipment.

CLLT
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TABLE XV—RELATIVE ENVELOPE DELAY OF VOICE-IFREQUENCY CABLE FAcILITIES®

Delay (us)

VF2W [ Nonloaded
Nonrepeatered

VEF2W-E6 Repeater

VF2W-E23 Repeater

VF2W [Loaded
Nonrepeatered

Frequency | Mean % 909, Mean £ 909, Mean =+ 909, Mean + 909,
Hz) C.I. | Std. Dev. C.I. | Std. Dev. C.I. | Std. Dev. C.I. | Std. Dev.
200 604 + 60 202 679 £ 227 505 973 4= 522 700 872 + 139 280
300 442 4 48 159 559 -+ 105 304 587 + 271 400 570 £ 87 219
400 251 + 30 92 297 £ 54 186 305 & 131 217 299 4 47 121
600 102 + 14 39 64 &= 29 83 42 £ 55 87 96 + 17 47
800 50 &= 7 21 — 4+ 26 55 5+ 28 76 27 + 11 25
1000 28 + 4 12 —23 &£ 21 45 —20 + 24 38 5+ 10 20
1200 13 + 2 9 —29 &£ 15 34 —41 + 13 47 —11 4+ 9 18
1400 6+ 1 7 224+ 9 24 —29 + 24 57 —104+ 8 17
1700 0 — 0 — 0 — 0 —
2000 — 6+ 2 7 46 + 16 39 57 &+ 26 63 21 + 13 20
2300 —10 £ 3 9 116 &= 36 76 142 &= 80 109 36 + 17 26
2500 —11 + 4 11 177 &+ 56 113 212 4 44 84 70 £ 27 45
2700 —13 + 4 12 256 + 75 156 299 + 122 181 121 &+ 43 68
3000 —13+ 5 13 501 & 148 310 576 + 188 265 217 &= 68 103
3200 — 94+ 5 13 772 + 229 470 899 4 347 464 320 & 126 167
3300 -8+ 5 13 957 =+ 309 627 1097 + 440 577 341 4+ 155 224
3400 — 9+ 5 13 1018 =+ 363 711 1275 £ 601 802 398 & 266 327

* Includes office equipment.

SYNAYL HONILDINNOD TIOL
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TasLe XVI—P/AR EsTIMATES

THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1971

Category

Std. Dev.

1. All toll connecting trunks
2. All carrier facilities:
N1 carrier
N2 carrier
T1 carrier
3. All voice-frequency cable:
VF-nonloaded
VI-loaded
VF2W-E23 repeater
VF2W-E6 repeater

VF2W-loaded, nonrepeatered

VF4W

Mean =+ 909, C.I.
93.6 =1.3
90.9 £ 2.2
88.8 1.7
96.2 + 2.6
96.1 £+ 0.7
95.0 = 1.7
98.6 £ 0.6
93.1 £2.5
92.4 4 3.8
92.3 + 3.8
97.0 £ 1.8
92.5

WA B O O 00 DI =T O O O =T
SO O S =T OO

3

TABLE XVII—ESTIMATED MEANS OF RELATED TRANSMISSION

PARAMETERS
Relative Loss* Relative
Mean Envelope To 1000 Hz
Facility Type P/AR Delay (us) (dB)
VF': no load, no repeater 98.2 —13 0.4
VF': no repeater 98.2 36 2.3
VF': loaded 93.1 475 3.6
VF: repeatered 92.5 522 3.8
Carrier: N1 88.8 615 4.8
N2 96.2 170 2.7
T1 96.1 169 1.9
* At 3000 Hz.

TaBLe XVIII—ComrPANDOR LEVEL TRACKING
(Estimated Deviations from Net Gain at —10-dBm Input)

Input Power (dBm)

Mean =+ 909, C.I. (dB)

Std. Dev. (dB)

0
—10
—20
—30

—-0.3 0.1
0

0.7+0.1
1.240.3

0.5
0.5
1.2




TaBLE XIX—SraTIsSTICS FOR THE RATIO OF F'UNDAMENTAL TO SECOND, THIRD, OR ToraL HarMONIC PowER
IN dB (AL Torn CoNNEcTING TRUNKS)

Transmitted Level (dBm)

0 —10 —20 —30
Mean £ 90% Std. Mean + 909, Std. Mean 4- 909, Std. Mean =+ 909, Std.
Harmonic C.I1. Dev. C.I. Dev. C.I Dev. C.I. Dev.
Second 471 2 .4 9.3 48.1 = 2.8 9.3 48.9 & 3.0 9.6 48.0 2.9 9.4
Third 46.6 = 2.0 9.0 47 9 £ 1.8 7.9 49.0 &=2.0 8.2 47.2 £ 2.0 8.4
Total 43.3 = 2.3 8.9 44.3 2.5 8.6 45.3 £ 2.8 9.0 43.9 £ 2.7 9.1

SYNNYL DNILOANNOD TIOL
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TaBLE XX—STATISTICS FOR THE RATIO OF FUNDAMENTAL TO SECcOND, THIRD, OR TorarL HaArRMoONIC POWER IN

dB (CARRIER FFACILITIES)

Transmitted Level (dBm)

0 —10 —20 —30
Mean + 909, Std. Mean =+ 909, Std. Mean + 909, Std. Mean + 909, Std.
Harmonic C.I Dev. C.I. Dev. C.I. Dev. C.I. Dev.
Second 36.0 1.2 6.5 37.0 2.9 7.3 37.9 3.9 8.2 38.9 +3.1 7.2
Third 35.6 +2.1 6.0 38.24+0.9 5.1 39.4+1.5 5.6 39.2 4+ 1.3 5.1
Total 32.0+1.3 5.2 33.5+2.0 5.5 34.4 £3.0 6.6 34.9+2.4 5.8

9LLT
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TaBLE XXI—S1eNAL-To-DisTorTION RATIiO FOR CARRIER Faciuimies (N dB)

Carrier Facility

N1 N2 ON T1
Transmitted | Mean =+ 909, Std. Mean + 909, Std. Mean =+ 909, Std. Mean + 909, Std.
Level (dBm) C.L Dev. C.I. Dev C.L Dev. C.L. Dev.
0 28.0 0.5 3.3 38.0%£1.0 4.2 325 4+1.0 2.8 34.1 0.2 3.7
—10 33.6 0.6 4.0 38.9+1.6 3.2 35.1 =1.2 3.0 20.3+0.5 4.5
—20 36.7 &2 0.6 3.9 38.2 0.8 4.7 35.6 1.5 3.2 28.0 0.4 4.7
—30 37.2 +0.6 3.5 37.0+1.1 4.6 36.5 + 0.6 3.2 30.0 0.5 4.0

SINAYL ONILDANNOD TIOL
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An Adaptive Echo Canceller in a
Nonideal Environment
(Nonlinear or Time Variant)

By E. J. THOMAS
(Manuscript received October 19, 1970)

In this paper we calculate a lower bound on suppression provided by an
adaptive echo canceller in either a nonlinear or time variant environment.
Spectfically, we examine the effects on performance of nonlinear echo paths
described by a Volierra integral equation [equation (18)] or time variant
echo paths caused by phase jitter on single-sideband suppressed carrier
systems.

I. INTRODUCTION

In a previous paper' we have described the performance of an
adaptive echo canceller in a linear time invariant environment. Qual-
itatively speaking, the environment in which an echo canceller will
operate appears to be mainly linear and time invariant; however,
some echo paths will be nonlinear and/or time variable. Some typical
causes of nonlinearity are the volume dependent gain in compandored
circuitst and harmonic distortion in amplifiers and repeaters. Time
variability, on the other hand, may be caused by spurious modulation
of the carrier of long-haul single-sideband suppressed carrier systems.
This is commonly referred to as incidental FM or phase jitter. In cer-
tain cases these anomalies are of sufficient magnitude to degrade the
performance of an adaptive echo canceller.

In this paper we examine the operation of an adaptive echo can-
celler studied previously in an ideal environment' in a nonideal
environment (nonlinear, time variant). We restrict ourselves to non-
linearities which do not possess infinite memory and to time varia-
bility caused by phase jitter. In both cases we derive a lower bound on
the suppression provided by the echo canceller and empirically verify

+This problem occurs when the compressor portion of the compandor is not
perfectly compensated for by the expandor.

2779



2780 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1971

our results. For the sake of brevity we restrict our discussion to a
digital implementation of the type shown in Fig. 1. However, one can
investigate other implementations of the echo canceller and obtain
similar results.

II. GENERAL CONSIDERATIONS AND NOTATIONAL FORMS

In Fig. 1 we show how an echo canceller would be connected in a
typical connection. The input signal x(t) produces an echo y(¢) cor-
rupted by noise, (). An approximation of y(¢), y.(t), is subtracted
from the actual echo and noise producing a cancelled echo e(t). Ex-
amining the echo canceller in a little more detail we find that it is
composed of M digital filters having the set of orthonormal impulse
responses {A;(k)}, and the set of outputs {w;(k)} to input z(k).t
Every tap has associated with it the adaptive network shown for two
taps in the figure. From Fig. 1 we conclude that the gain of the ith
tap at the k + 1 sampling interval is given by

g:(k + 1) = g.(k) + |K| e(k)w, (k). (1)
Let us assume that the response of the echo path to z(f) may be
given in the following form:

y(@ = 2@ * k(@) + ¢ O. 2
where A(t) is any square integrable function, (*) denotes convolution,
and ¢(¢)} is any function which is required to make equation (2) correct.
Qualitatively speaking we see from equation (2) that we are breaking
y(f) into a linear component x(¢) * h(¢) and a distortion term ¢ (). In
subsequent sections of this paper we will demonstrate that the nonlinear
or time variant echo paths that we choose to study yield y(¢) ’s of the
form of equation (2). We will therefore first examine the effect of a
system described by equation (2) on the performance of an adaptive
echo canceller. We will then calculate ¢(f) for a nonlinear or a time
variant echo path.

2.1 The Governing Equation

Since we hypothesized that A(f) was a square integrable function we
may represent it by a generalized Fourier series

W) = 3 Ca)

t z(k) denotes the value of z(¢) at the kth sampling interval; also, all sam-
pling is assumed to be at the Nyquist rate. . .
$y(¢) may depend on the absolute time when z(¢) is applied.
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2(t) TO ECHO PATH >
1
CONel!/EIRDTER
FAR END NEAR END
(k)
A (k) Apy ()
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\DELAY_ -7
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et)=y)-ya+ &) T F g+ ()

e)=e)+ () ECHO + NOISE
CANCELLED ECHO + NOISE

Fig. 1—An adaptive echo canceller.

where

. = f " RN dt.

0

Substituting D=, C.\;(t) for h(t) in equation (2) we obtain
y() = 2 Cav)) + ¥()

where w,(t) = z(t) * \;(t).
From Fig. 1 we see that

yat) = ; gi(Hw:().

Therefore,

M L]

e(t) = 2wt + 2 Cant) + ¥ + ¢t 3)

i=1 =
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where

Ti(t) = C,’ - gt(t)' (4:)
Combining equations (1) and (4) we obtain

rib + 1) = rik) — [ K | wi(k)e(k).

Squaring the above equation, summing over the M taps of the echo
canceller, and using equation (3) we obtain

; ik + 1) —rik) = —2 | K | Z ri(k)w; (@(Z . (kyw; (%)

T 3w+ v + )

i=M+
M

FIK T3 w3 n®u

T AR R X C) EC

j=M+1
In order to simplify our notation we make the following three
definitions:

o = > Canlh) + vib), (6a)
vl = 3 ui), (6
oB) = 3 ). (69

As a result we obtain

2 0l + 1) — rik)

= ~2 | K | @) + 6(kpE) + ¢(k)oE)
+ | K P’ (k) °(k) + 0°(k) + (k) + 26(k)o(k)
+ 2¢(k)u(k) + 2¢(k)6(k)} @)
The above equation describes the performance of the adaptive echo
canceller shown in Fig. 1 in the environment described by equation (2).

However, before we can apply equation (7) to the problem at hand
one final definition is required. We define the average value of a sam-
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pled function f(k) in the interval Qp + 1 =k = (p + 1)Q as

(»+1)Q

=% > f® p=012- ®

k=Qp+1

where @ is the number of samples per interval and is constant. Therefore,
R;) may be interpreted as the average value of f(k) averaged over the
pth interval containing @ samples. Note that for all p the p — 1 and
p + 1 intervals are adjacent to and do not overlap the pth interval.

2.2 Choices of | K | Which Allow Best Maich to the Echo Path Fourier
Coefficients

Let us now apply our averaging technique defined by equation (8)
to equation (7). We will assume that the circuit noise {(¢) is zero mean,
with variance ¢7. Also, we will assume that the noise is statistically
independent of the other variables in equation (7). This is justified by
virtue of the fact that we are assuming that K is small." Furthermore,
we will assume that the number of samples in the pth interval, @, is
large enough so that ¢(p) and {*(p) are good estimates of the true mean
and variance of the circuit noise. As a result of the above we obtain

1/Q 32 @p + 1) + @1 = £@p + D)
= —2| K|/ — 2| K| 66
+ 2K " 600’ ()
+ | K Fup®) + | K [ ()
+ | K " 00 ). ©)

From (9) it is clear that the sum of the 72 is reduced when the right-hand
side of the equation is negative.” In fact, it is continually reduced until
the right-hand side of (9) can no longer be negative. Therefore a suf-
ficient condition for convergence? can be written as

Alp) = | K " [(v(p) + 60(0))"w’(p) + oui’(p)]
— 2| K| @@ + 6@pm) <0 (10a)

t This may be more easily seen if =5 72 is considered to be the magnitude
squared of a vector whose components are {r:}. In this event the left-hand side
of the equation is proportional to the difference of the magnitude square of a
vector at some instant and @ samples earlier. When the right-hand side is
negative it indicates that the magnitude of the vector is smaller than it was @
samples ago.

¥ In this paper convergence is taken to mean the reduction of the sum of the
T2,
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or equivalently

AP = | K | [0 + 60 (p) + o’(p))]

— 20°(p) + 6(pv(p) < 0. (10b)
By defining
Bp) = (V(p) + 6(@)’U(p) + o2U"(p),
D(p) = (V(p) + 6(p)V(p),
we find

Alp) = | K |"Bp) — 2 | K | D(p).

From the above equation it should be clear that

Alp) £ 0
for

D)
0<|K|<2'B(p)

and

D) z 0.

Therefore we conclude that the echo ecanceller converges for D (p) >
0and 0 = |K | = 2D (p)/B(p). However, since | V(p)| is small in
the neighborhood of equilibrium, D (p) decreases quicker than B(p)
and as a result the upper bound on | K | is reduced while convergence
is taking place. Convergence ceases when

_2D().
K= B

On the other hand for D(p) < 0 there is no positive choice of K
which will allow convergence and therefore the canceller diverges until
D(p) becomes positive and 0 < | K | = | 2D (p)/B(p)|. As a result the
best choice of | K | which will allow the most convergence (the smallest
| D(p)| and therefore the best match to the Fourier coefficients C;) is
the smallest | K |. Ideally | K| — 0 will allow the best match to the
echo path Fourier coefficients. However, the smaller | K | is made the
longer it takes for the canceller to converge, and in practice a com-
promise is required between amount and speed of convergence.

2.3 A Lower Bound on Achievable Suppression
We have shown previously (Section 2.2) that choosing | K| very
small will allow the best match of the tap gains ¢;(k) to the Fourier co-
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efficients C;. Taking the limit of equation (10b) as | K| goes to zero
we obtain

lim A'(p) = —20"(p) + (@) = 0

| K|—0

or convergence takes place as long as

v(p) > —0(py() (11a)
and equilibrium is reached when
v'(p) = —0(p)v(p). (11b)

A sufficient condition for (11) to be true is

v’(p) = | 6(p)u(p) |.

From the definition of [-] [equation (8)] and applying the Schwarz
inequality, we obtain

| 60(p) | = | 8)e() | £ (@) (F°@)*

From the above two inequalities we see that a looser but still
sufficient condition for (11a) and (11b) to be valid is

(p) = O'O)'0°P))

or
v(p) = 6°(p). (12)

Equation (12) is a sufficient condition to insure convergence in the pth
interval. We therefore conclude that when | K | is made infinitesimally

small the echo canceller will reduce D, ., ;f@ at least until:

v(p) £ 0°(p). 13)
We will now use equations (13) and (11a) and (11b) to determine
a lower bound on the achievable suppression. Referring to Fig. 1 we
define the suppression S as

S=101 10_@_- 14
B o) as

From equations (3) and (6) it may be easily shown that

e’ (k) = v(k) 4 6(k)
or

€ @) = v*(p) + 20(p)6(p) + 6°(p).
Substituting equation (11b) into the above equation we obtain

@) = v(p)8(p) + 6°(p).
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Also, since

€@ = oo | + 6°(p), (15)
we can apply Schwarz’s inequality to the above and obtain

€ @) = YD) + 6 ®).
Substituting (13) and the above into (14) we obtain

S = 101 _yz(_p) =8 . 16
= 0Z10 202(p) 1 (16)

On the other hand, if for a given input signal

)0 = 0,
we see from (15) and (14) that

S = 10 logs, in;j—) =S, an

Equations (16) and (17) are lower bounds on the achievable
suppression which occurs when | K | is chosen to be infinitesimal. For
any other than infinitesimal | K | the suppression may or may not be
less than the values given by the lower bound [(16) and (17)]. How-
ever, as will be seen in a later section of this paper, for the choices of
| K | which allow reasonable settling times, (16) and (17) do form
lower bounds on suppression.

III. NONLINEAR ECHO PATHS

We will now become more specific and consider the effect of a non-
linear echo path. We will restrict our discussion to a class of nonlinear
echo paths which possess the following four properties:*

(1) They are time invariant.

(72) They are deterministic.

(777) They are “smooth.” Qualitatively speaking by smooth we mean
that the echo path cannot introduce any abrupt or switch-like
changes in the output. If such a change is evident in the output
then it must be due to a similar switch-like change in the input.

(fv) They possess noninfinite memory. That is the memory does not
depend on the remote past.

t For example, this occurs when 8 and v are independent and one is zero

mean. As will be seen this is the case for systems exhibiting phase jitter.

+ Most echo paths encountered in practice satisfy all the conditions except one
and these are handled separately in Section IV.
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Echo paths which possess the above four properties may be con-
veniently characterized by a Volterra integral equation.>-® As a result,
y(t) shown in Fig. 1 is related to x(¢) by the equation given below:

() = fo " h(eat — ) dn

+ j:o ./;” hao(ry , T)a(t — T)x(t — 7o) dry d7y

—l—g‘/:o---j;wh,,(rl---Tn)illw(t—fj)de. (18)

We may easily place equation (18) in the form of equation (2):

v® = 2@+ b + 3 [0 [Chaten o) TTate = =) dr,

Comparing the above equation with equation (2) we see that

W) = if: f:h,.(n ) ile(t— r) dr; .
{

As a result we conclude that the bounds given by equations (16)
and (17) are applicable to any nonlinear system possessing the prop-
erties outlined in the beginning of this section. We need only replace
6 (k) by

o) = > Con®

+ [ [t ) Wl = ryan . (9

In this case, 6 (k) is composed of that part of the linear portion of
the echo path which the echo canceller cannot compensate for due to
its limited number of taps and the nonlinear portion.

IV. TIME VARIABILITY

In this section we are specifically interested in time variability of
the type predominantly found on single-sideband suppressed carrier
systems and commonly referred to as incidental FM or phase jitter.t

t We use incidental FM and phase jitter interchangeably.
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We will show that the effect of incidental FM on suppression can be
caleulated directly from the index of modulation, B, which is easily
measured.

4.1 Carrier System M odel-Assumptions

In Fig. 2 we show a block diagram of a typical single-sideband
suppressed carrier system whose output will be corrupted by phase

my (t) =cos [w t+pe (L] m,(t)=cos ot

2O hg (t) [P GOE® T GO hg oty [

Tig 2—Single-sideband suppressed carrier system with phase jitter.

jitter. We will begin by making the following practical assumptions:
(7) The input signal z() is bandlimited to w,. That is,
X@) = {X(w) for |o| = w,
0  otherwise.
(77) The filter hz(t) is a low-pass filter bandlimited to wpg,
Halw) = {Hy(w) for |w| < wp where wp > w, + w;
, 0 otherwise.
(777) The incidental FM is narrow-band FM,
| Bo(t) | K 7/2 Vi
and
¢(l) = cos w;t w; K .

(i) The filter k. (¢) is an ideal bandpass filter, at carrier frequencies,
which passes the upper sideband,

< < .
H.() = {1 for w, 2 |ow| 2w +w + 0,0 >us

0 otherwise.

t Capital letters are reserved for functions of frequency, small letters for functions
of time.
.~ 2(t) has the Fourier Transform X(w).



ADAPTIVE ECHO CANCELLER 2789

(v) The filter hy. (¢) is a low-pass filter bandlimited to wg,
Hyw) = {HB,(w) for |w| < wp where wp > w, + w;
0 otherwise.
4.2 Derivation of the Relationship Between x(t) and y(t)

Consider Fig. 3 for a moment. H,(w) is an ideal, not physically
realizable, filter which passes only positive frequencies. That is,

1 >
H.@) = { ©=0 (20)
0 w<O.
cos [w t+pe (t)] e~Joct
. t
x(t) hg () b(t)@c(t)@d(t) H, (@) z(t) Re[z(t)]f(t) Ka (1) y(t)

Fig. 3—Mathematically equivalent to Fig. 2.

and Re(-) signifies the real part of (-). It may be verified by the
reader that Fig. 3 is mathematically equivalent to Fig. 2 as far as x(¢)
and y(t) are concerned. Therefore, we will use it for our analysis
since it reduces the manipulations required. From Fig. 3,

c(t) — L)% [ei(acz+ﬁ¢(t)) + e‘(f‘dct"‘ﬂd)(t))] (21)
and
) = ééi) PRty + Q;_t)_e—i%(t)e—ﬂuct. (22)

Since the second term in equation (22) is a high-frequency term and
. its effect will be filtered out by the filter Ay (¢) we will disregard it.
Using the assumption |B¢(t)| < 7/2 we expand e/*(¥ obtaining

a® = "2 (1 + jss(v). (23

Continuing, we obtain for z(¢) 1
P S

A t
() = () + d) = 20 BOND (00 | poObD). "y

t The reader is referred to Ref. 7 for the proof of equation (24).
t[-] denotes Hilbert transform of [-].




2790 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1971

Therefore,
S
0(t) = 1/4(b(t) — B (L)) (25)
and
P
y(@) = 1/40®)*hs (1) — BNDE)*hs- (D). (26)

Comparing equations (2) and (26) we conclude that they are of the
same form:

h(t) = 1/4hs(@)*hp(t)
and
S
Y() = 1/4B(6(1)b()*hs (¢).
As a result the bounds given by equations (16) and (17) are applicable
with 6(t) given by

. © » A :
0(f) = 2° Coawi(t) — 1/48@61)D®) * hs(2). @7

i=m+1

However, unlike the nonlinear problem, we may simplify the above
results considerably as shown below.

4.3 Simplification of Bound for Systems Displaying Thcidental FM
If we assume that the basis set {\;(k)} is complete we obtain from
equation (27) that

T~
0(t) = — 1/4 B@("D(A)*hs- ().

For the situation where incidental M is present we have found experi-

mentally that quantity »(p) 8(p) [see equation (6)] may be safely assumed

to be zero. Therefore the bound S, given by equation (17) is applicable.
For bandlimited signals sampled at the Nyquist rate,

lim 1 fhztdt
y2(p)w7}£r:° /Tl . y() .

AN 1/72f’02(t) dt
0

T 200

Since the effect of incidental FM on the circuits that we are dealing
with is a second-order effect and is quite small, it is reasonable to
assume that

- P
| () * hy(t) | 3> | B@BOYD) * hp (D) |
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9

Therefore,

lim 1/, fo " dt & i Qf’f}o 1 fo "’ (b(t) * By (0 dt)

T1%0

resulting in

7D, 1 tim 1/ [0 moF [ S de

T2 N 2 watwj
PO i 1 [ 6o hmr e © [ S0 do
T 2—00 0 —Wg— Wi
(28)
where S, (o) and Sy(») are proportional to the power spectral density
of y(¢) and 6 (¢) respectively.

We will now show that the two integral expressions in (28) are
approximately equal. In the frequency domain we have

ELG» =:I-BQQ P IIJB’@g P;
N
| SleObOIH5 () [ (29)
A~ ‘
| SlpbD] [* | Hpow) [
The Hilbert transform does not affect the magnitude of the Fourier
transform. As a result we obtain

So() = | Sled®] | * | Hp (o) | * (30)
We will now apply assumption 7 and assume that the phase Jltter
function ¢ (¢) is a cosine wave,}*

Se(w)

¢(t) = cos w;t

where o; is typically either 60 Hz, 80 Hz, or 120 Hz. Equation (30)
then becomes

Sy(w) =1/4| Blw — ;) + B(w + ;) |"| Hp(w) |~ (31)
Since the effect of ¢ (¢) is only to shift the spectrum B(w) to the

right and left a very small amount® relative to its bandwidth,’ it
should be clear from equations (29) and (§1) that

LTZS@WNfM“&@w )

—Ws—wj

t F(p(¢)b(¢)] indicates the Fourier transform of ¢(£)b(¢).

* In practice this is a good assumption.
§ Recall w, 3> w; . Typically w, is 3500 Hz and »; = 120 Haz.
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Using equations (28) and (32) in (17) we obtain

t

S g 20 loglo é' (33)

Equation (33) is what we have been striving for; it relates achievable
suppression to the modulation coefficient of the unwanted incidental
FM for an echo canceller with a complete basis set.

V. EMPIRICAL RESULTS

5.1 Time Variant Systems (Incidental FM)

Since it is difficult to accurately create a desired amount of inci-
dental FM on a working I. carrier system, an analog simulation
was used. For all practical purposes it is identical to a real system.
The only difference is that it allows a controlled amount of incidental
FM to be inserted.

We chose flatly weighted noise bandlimited to 4 kHz as our input
signal. A digital tape was made of the input and output of the L
terminal simulator and this tape was used as input to a computer
simulation of the adaptive echo canceller shown in Fig. 1. The results
are shown in Fig. 4.

From Fig. 4 we see that there is good agreement between the
empirical results and the analytical results for peak-to-peak phase
jitter angles above 4 degrees. Below 4 degrees the echo canceller per-
formance is limited by the fact that it utilizes a finite number of
taps. Recall in our derivation of equation (33) we assumed that the
echo canceller employed a complete basis set (i.e., infinite number of
taps). This assumption begins to fail in the vicinity of 4 degrees peak-
to-peak phase jitter and the performance of the echo canceller be-
comes limited by the incompleteness rather than by the incidental FM.

5.2 Nonlinear Systems

In order to verify our results we simulated the nonlinear echo path
shown in Fig. 5. We used various combinations of input signals and
feedback gain constants |K| and in all cases the results were com-
parable to those shown in Table I for a white noise input.

A word of explanation is needed to clarify Table I. Suppression was
calculated according to equation (14). The sampling rate was 0.1
ms and the averaging interval, @, consisted of 501 samples, ie., a
50.1-ms interval.* Forty such averages were computed during the two-

8 must be in radians.
 See equation (8).
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35 |

\<W——EQUATION (33)
30

\(ﬂ\

@

> |

Z 25 E— o~

z SIMULATION WITH \

g WHITE NOISE INPUT ‘

o ,

[+ 4

| | | N

2 INCIDENTAL FM P
15 FREQUENCY=80HZ

NUMBER OF TAPS=M=100

IK|=5.t x10-3

SETTLING TIME =1.0 SECOND

10 | | | |
0 2 4 6 8 10 12 14 16 18

PEAK-TO-PEAK PHASE JITTER IN DEGREES

Fig. 4—Time variant simulation.

second time period after the settling time had elasped. The minimum
and maximum suppression shown are those of the forty calculated
suppressions, and the average suppression shown is the ensemble
average of the forty calculated suppressions.

For all variation of input signals and feedback gain constants
tested, we found that S, was 3 dB closer to the actual suppression
than S; and within 5 dB of the actual suppression. However, as ex-
pected, the echo canceller always performed better than either bound.

VI. CONCLUDING REMARKS

We have obtained lower bounds on the suppression provided by an
echo canceller in either a nonlinear or time invariant environment.
Although theoretically the bounds are only valid when an infinitesimal
feedback constant is used, we have found empirically that they apply
for any practical choice of feedback gain constant. If one were able

x(t) LiNEAR | Z (1) ] o) | Linear ylt)
FILTER I FILTER
3 n a, = 0.684
oty=Y an [z(t)] as = 0.0211
n=1 a3 = 0.0361

Fig. 5—Nonlinear simulation.
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TasLE I—WHITE NoIsE INPUT SIGNAL

Feedback gain |K| 5.1 X 103
Settling time 1.0 second
Actual achieved suppression in dB Min., = 18.2, max. = 22.1, ave. = 20.4
Bound 8; [equation (16)] Min. = 10.6, max. = 15.1, ave. = 13.7
Bound 8; [equation (17)) Min. = 13.6, max. = 18.1, ave. = 16.7

to measure the time variability of echo paths or to measure echo paths
and then to separate the response into the linear and nonlinear por-
tions [equation (18)], one could predict the minimum achievable
suppression. Measurement of nonlinear echo paths has been the subject
of study of others.8?

For a nonlinear environment we have found that the nonlinear
portion of the response and hence the lower bounds are dependent on
the input signal. As a result, if this method is going to be used to pre-
dict the performance of an echo canceller for a speech input signal,
it will be necessary to design an interrogation signal which possesses
some of the same properties as does speech (syllabic rate, power
level, peak-to-rms ratio, ete.)

The derived equations which relate the effect of incidental FM on
suppression for the single-sideband suppressed carrier systems are
sufficiently general to provide lower suppression bounds for different
or more complex systems which exhibit incidental FM. One must
merely know an effective index of modulation, 8, measured between
the input and the output. The calculations for more complex systems
are rather involved and have been omitted.

Laboratory simulated echo cancellation for a nonlinear echo path
and for an echo path with incidental FM produced cancellations some-
what better than the calculated lower bounds. Knowledge of the type
of nonlinearity or time variability in the echo path environment may
permit one to empirically increase the lower bounds derived in this
paper.
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Some Considerations on the Application
of the Volterra Representation of Nonlinear
Networks to Adaptive Echo Cancellers

By E. J. THOMAS
(Manuscript received October 19,1970)

In this paper we apply the Volterra representation of nonlinear systems
to the echo control problem and propose a generalized adaptive echo canceller
which compensates for nonlinear echo paths. We prove that the proposed
echo canceller converges and reduces the echo to zero and finally we suggest
other applications for the system.

I. INTRODUCTION

The Volterra functional representation of a nonlinear system is a
generalization of the well known convolution integral used for linear
systems. The validity conditions for the Volterra model are suffici-
ently weak to be satisfied in many practical applications.

In this paper we apply the Volterra representation to the echo con-
trol problem and propose a generalized adaptive echo canceller which
compensates for nonlinear echo paths. We prove that the proposed
echo canceller converges and reduces the echo to zero in the absence
of noise. We also suggest other applications for the adaptive echo
canceller presented. '

II. THE VOLTERRA FUNCTIONAL REPRESENTATION OF A NONLINEAR 2-PORT

For linear systems it is well known that the impulse response com-
pletely determines the input-output relationship. The output signal,
y(t), is functionally related to the input, z(t), by the convolution
integral,

v = [ haget = 7 ar, Q0

where h(t) 1s the system impulse response. It has been demonstrated
by other investigators'~® that nonlinear systems, whose outputs do

2797
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not, depend on the infinite past, obey a more general functional rela-
tionship,

y(t) B hO(t) + j:l hl(Tl)x(t - 7'1) dr,
+ j:w j‘_w h2(7’1 ) Tz)x(t - Tl)x(t — 7.2) dTl de

+,;f_w'“f_wh"(ﬂ"“’T")Ex(t—n)dﬁ' (2)
|

n

This is an extension of the familiar power series representation of
a memoryless nonlinear system and provides for the system to have
memory. It is applicable to all nonlinear systems whose outputs de-
pend on the remote past to a vanishingly small extent. For example,
it is not applicable to hysterisis and/or switching systems. The terms
of (2) were first studied by Volterra* and are called Volterra func-
tionals. The kernels, h,(ry, -+ , ), are generally called Volterra
kernels.

For the systems that we are concerned with we will assume the
following:

(7) The zero input response, h,(t), is identically zero.
(77) The system is causal so that h, (74, 72, -+ + , 7,) = 0 for any =, < 0.
(741) The system is stable so that for all n,

f f a(ry , -, w)P dre, drs, -+ dro < .
0 1]
|

Because of ¢ we may rewrite (2) in the form

vO = 3 00, ®

where

0 L] n
= [ o [k, m) TG = ) dn). @
0 0 i=1
| | ‘
n
III. AN ADAPTIVE ECHO CANCELLER FOR NONLINEAR SYSTEMS

We will now generalize the adaptive echo canceller proposed by
Sondhi® to cancel the echo of a nonlinear echo path for which the
Volterra representation is applicable.
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Since the Volterra kernels are square integrable we may represent
them by an n dimensional generalized Fourier series,®°
=] el o0
(10, o0y 7) = Z Z Z Ciiinioveiin

i1=1 i.=1 in=1

‘T (m)T, () -+ - Ti(ra), )
where {T;(t)}* is an orthonormal set complete in the L2 space. The
coefficients of (5) are given by

ff fh(rl,ro,---,r,,)

’ Fix(Tl)I‘ﬂ'z(T?) e Fin(Tn) dTl e dTn . (6)
We will assume that the highest order nonlinearity is of order N. Then
substituting (5) into (3) we obtain

N 0

W) = XX S 3 Cooons [ Taealt — ) dn,

n=1 ;=1 i.=1 in=1 0

: f ()t — ) dra - fo Tt — r)dr . ()

Before we proceed it will be convenient to adopt a shorthand nota-
tion. We will define

>0

=1

C, = C',-,,iz,...‘,-,, , )
and
wio= [ Tueelt = ) d, ! (10)
Thus, (7) becomes
y(t) = i IZ Crw;,w;, *++ W, . 1)

Now consider the system shown in Iig. 1. It contains N subsystems
designated by the circled numbers. The filters having the set of mutually
orthonormal impulse responses {T',,({)} and the set of outputs {w.,}

* Some typical sets {I'.(¢)} are the impulse responses of tapped delay lines or
Laguerre networks.
t Note that w;, is a function of ¢ although it is not explicitly shown.



x(t)
wi wi w

b— Ty (t) —

Wi W, whotw,
N-1
W, Wy Wi W,
IL(t) ) W, W, W (w2 w,wy
2 Wiwi, T e e e e e Wiy Wi Wiy

p—t I‘L1(t)

hn(7 5 e1)

dt

i,EI GL1 (t)WL'

EPA

I NONLINEAR
I N N I ! SYSTEM
/ ~ - . -
I___L/.___ J‘GMLZ({') _//_ _]
(t) PN (2
dGiyip ety Glyizeeein +
dt
!
Wi, eeo W,
L thno LNL‘ LN
N
EJ(t)=n2=1 IEn Gln(t)wtiw-bz...w-tn

z(t)=yit)-g)

NOTE: CIn = Ci.1 lplyeesin

N
ylt) =n2=1 lﬁn CraWi Wigeee Wi,

Fig. 1—An adaptive echo canceller for nonlinear systems.
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due to the input x(¢) are common to all the subsystems. Subsystem 1
produces the output of the filters taken one at a time. Subsystem 2
produces all possible combinations of the product of the filter outputs
taken two at a time (i.e., w;,w;,), and subsystem N produces all possible
combinations of the filter outputs taken N at a time (i.e., w,,w,,w;;
w,,). Every output tap of every subsystem has associated with it two
multipliers and an integrator connected in the configuration shown in
Fig. 1 for only three taps. Other quantities pertinent to the discussion
below are also defined in Fig. 1.

We will now show that the tap gains, G;,(t), of the system converge
to the generalized Fourier coefficients C;, of (6) and, consequently,
that #{t) converges to y(¢) so that the residual echo, z(f), vanishes.

We first define ‘

R, () = Cr, — Gr,(D). (12)

Then, by inspection, the equation governing the gain of each of the
taps of the pth subsystem is

N
dGét(t) |K l Ce Wy, Z ZRln(t)wi,wiz Wiy, z 13)
n=1 T

From (12) we see that
dR.(8) _ _dGr() .

n

dt dt (14)
Also,

BB _ op, ) Pl (15)

Applying (14) and (15) to (13) we obtain

2 N
Bl — —o | K | Ri(ipwisoe, - wiy 3 2 Relywaws, = i,

n=1 In

(16)

Summing over all the taps within the pth subsystem, and over the
N subsystems, yields

Z ZR,,,G) = —2|K| (Z 2 R (wiw, - ) -

n=1 Ip

Note that the right-hand side of (17) is always negative or zero.

* Where the set (&8 *** 7,) are the components of I,.
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Also note that

Y(t) = Zl ;R?,,(t) = 0. (18)

Thus, we have a nonnegative function, whose derivative is always
nonpositive, and conclude that ¢(f) must be nonincreasing, It is
strictly decreasing whenever

N

> ¥ Ry (wiw,, - ws, # 0.
In

n=1

Since, in general

W, Wy, - w,, #Z 0,
it is clear that
lim y()) = 0. (19)
Since every term in ¢(t) is positive, we further conclude that
limR; () =0 for p=1,2,---,N. (20)

t—o0

Applying (20) to (12) we see that

limit G1,(t) = Cy, ; p=12--- N. (21)
t—0o0
Thus we have shown that the tap gains converge to the generalized
Fourier coefficients of h,(r;, -+, 7,), which is what we set out to
prove.

The reader can no doubt appreciate that solving (17) for anything
but the final value would be difficult and would only be valid for a
specific x(t). The solution for even a very simple input signal may
not be tractable. We will not attempt such an analysis here. However,
from (17) we see that the larger we make |K| the quicker the echo
vanishes. However, |K| cannot be made arbitrarily large because
doubling talking periods® will cause divergence problems.

IV. EFFECTS OF CIRCUIT NOIst AND OTHER CONSIDERATIONS

The previous analysis assumes a noiseless output signal y(£). When
circuit noise, n(¢), generated in the echo path is present equation (17)
would be written as

* Doubling talking is said to occur when both speakers in a telephone con-
versation are speaking simultaneously.
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-

2

v
% 2 2R, = —2|K| ( 2 Ri(ww,, - w>
I I

i=1 P n=1

N
— 2| K |n(t)< >R (Hw,; w;, - w,)

n=1 1In
By choosing |K| small so that the rate of change of the G;, is small,
it is reasonable to assume that n(f) is statistically independent of all
other variables in the equation. Then, assuming n(f) has zero mean,
upon taking the ensemble average of both sides of the above equation
we obtain

(£ zrio))
= —2| K| <(’Z1 ;R,n(t)w“w“ win>2>~ (22)

The same argument used before then yields

lim i ZR?D(t)> = 0. (23)

t—0 i=
Of course, before this limit is reached our statistically independent
assumption would no longer be valid, but at least we may conclude
that convergence will take place until the noise power becomes com-
parable to the echo power.

There are several other difficulties associated with the echo can-
celler. Recall that we represented the nth-order Volterra kernel by an
“n” fold infinite summation [equation (5)]. Obviously, if such a sys-
tem is to be implemented it cannot include an infinite number of
elements and (5) can only be approximated by

Ji1 Jao Ja
hn(Tl ) T Tn) ~ Z Z e Z (;i;.iz.~~-.1'7.F1'1(7'1)Fi:(7-2) e Pin(Tn)y
(24)

where the J’s are finite and as small as possible for an adequate deserip-
tion.

Furthermore, even if the J’s are small the system shown in Fig. 1
requires a large number of components. However, one point may not
be obvious. It can be shown that the Volterra kernels are symmetrical.”
As a result it may be verified that all the C,,,,...,, are equal for any
permutation of a specific set of numbers ,, #;, -+, 2,. For example,

Cias = Co3y = Cy15 = Cus, ete..
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Since the set of gains, G,,...;,, for any combination of a specific set of
integers 4, --- 7, are the result of the same physical operations, only
one tap is required to account for all such terms. For example, consider
the w,w, tap and the wqw, tap. From Fig. 1,

Gra = [ wanaly(® — 90 d,

Gy = fwﬂol[y(t) — Z}(t)] dt.

It is obvious that
Gy = Gy,
The contribution of G,; and G, taps toward #(¢) is given by
400 |1z = Grwws + Gowaw, = (Gyp + Go)wis = 2G 5wy,

Thus, the Gy, and G,; taps may be replaced by a single tap. Any set
of taps, Gi,....,, for any permutation of a specific set of numbers,
i, ++- 1,, can be replaced by a single tap. This considerably reduces
the total number of taps required.

V. OTHER APPLICATIONS

Although we have stressed the echo cancellation application, these
ideas may also be useful in other areas. Two possible uses are described
below.

5.1 Compensator for a Nonlinear System

Assume that we wish to linearize the nonlinear system shown in
Tig. 1, such that the resulting output, z(f), can be expressed by the
linear convolution integral,

o) = fo U (et — ) dm 25)

This ean be done by first allowing the adaptive system of Fig. 1 to
converge long enough so that the members of the set {Gy,(f)} can be
considered to equal the corresponding members of the set {Cy;} [equa-
tion (21)]. After convergence, the members of the set {G;,} are forced
to zero while the members of the sets {G,} , j # 1 are fixed at the values
determined previously. As a result the compensated output will satisfy
equation (25).
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5.2 Nonlinear System Synthesizer

Suppose one wishes to study the electrical characteristics of a non-
linear system which cannot be brought into the laboratory. He could
do this by making input/output tape recordings of the system, and use
these as an input to a computer simulation of the adaptive system of
Iig. 1. A good choice of an input signal would be white noise or any
other easily generated broadband signal. By allowing the simulation
to converge and then fixing the tap gains (;, at their final value, the
nonlinear characteristic can be identified. Then it can be determined
how the field system will behave for any arbitrary input by applying
this input to the computer simulation with the tap gains fixed at the
values determined previously.

VI. SUMMARY AND CONCLUSIONS

The Volterra representation is a concise method of characterizing
nonlinear systems with memory when the output does not depend on
the infinite past. It is a generalization of the convolution integral
used in linear analysis, and many familiar concepts may be extended.
Using the Volterra representation, we have proposed a generalized
adaptive echo canceller capable of nonlinear compensation. A dis-
advantage of the proposed echo canceller is its complexity. The pursuit
of these ideas would be greatly enhanced if an efficient means of meas-
uring the Volterra kernels of an unknown network could be found.
The author and other researchers are presently working toward this
end and several ideas have been proposed. To date, unfortunately,
they all suffer from the complexity problem.
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Some Comparisons of Load and Loss Data

With Current Teletraffic Theory*

By R. I. WILKINSON
(Manuscript received February 26, 1971)

Data are presented and compared with current traffic loss theory in three
trunking areas: high-usage groups; full (nonalternale routed) groups;
and final groups. Both single hour and average busy season busy hour load-
loss comparisons are made. Methods of estimating offered loads from carried
loads, and from the proportion of calls blocked, are considered. The blocking
which results from offering nonrandom trafic to overflow groups is dis-
cussed. Modifications in the theory commonly applied are indicated in each
case when mecessary to obtain satisfactory agreement with observed values.

I. INTRODUCTION

The ultimate test of theory is comparison with reality. The procure-
ment, of reliable and reproducible traffic data is relatively difficult
since little control can be exercised over the character and level of the
input to the load carrying system without invalidating the genuineness
of the input. There is then a continuing need to compare the com-
monly used load-loss relations with observations made under a variety
of trunking configurations and load characteristics. Data are presented
here and compared with loss theory in three trunking areas: high-
usage groups; full (nonalternate routed) groups; and final groups. The
various findings are summarized at the end of the paper.

1I. HIGH-USAGE GROUP STUDIES

2.1 Loads and Losses on High-Usage Groups

It is commonly” assumed that the requirements of a “random” or
Poisson input are met until originating traffic has passed through a
restrictive group of paths or switches. It would be difficult and cer-

* Substantially as presented at the Sixth International Teletraffic Congress,
Munich, 1970.
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tainly impractical in most operational situations to check such an
assumption by examining the call arrival instants or to analyze their
interarrival times, as well as make a corresponding study of their
service times. Since in any event exact conformity with the theoretical
assumptions could not be found, the question would remain as to the
relative adequacy with which they were met.

The traffic engineer’s usual wish is to describe the blocking which
will occur in real-life situations when a given average load is offered
to a group of paths or switches. It will generally suffice then to com-
pare observed load versus loss relationships with those theoretically
derived, rather than attempt an assessment of the agreement of more
basic requirements.

The simplest trunking situation occurs when a parcel of traffic
arising from an indefinite (but potentially large) number of customers
is offered to a full access high-usage trunk group. A high-usage group
is presumed here to receive calls quite directly from customers without
earlier significant constriction and serves them immediately if paths
are available. If, however, all of the high-usage trunks are busy, ar-
riving calls are alternate routed to other groups in the hierarchy; and
negligibly few calls return to the high-usage group for retrial. Thus the
conditions for the application of Erlang’s loss formula are apparently
well satisfied. How well do observations made in actual exchanges
agree with this theory?

Data of the above character have been obtained on many high-
usage groups, both interlocal and intertoll. For making comparisons,
hourly readings of three recording registers are commonly taken:

() Number of calls offered, m
(77) Number of calls blocked, n
(77) Average number of calls seen on trunks during the period by
switches-in-use counts taken every 100 seconds, giving an estimate
of the average load carried in erlangs, {.

Observations made by A. Descloux' indicate that a substantially un-
biased estimate a of the hourly offered load is obtained from

o=e/(1-%) ®

Typical results of plotting propoi‘tion blocked, n/m, versus load offered
a are shown in Figs. 1, 2, and 3. Figures 1 and 2 are for interlocal groups
studied at an Arlington, Massachusetts, No. 5 crossbar office, and at
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Kildare (Chicago), a No. 1 crossbar office. Figure 3 data are on intertoll
groups at Memphis, Tennessee, a sectional center in the toll hierarchy,

We know that over a long period an equilibrium load of a erlangs will
show a significant hour-to-hour variability in offered loads.? Also, when
such variable loads are offered to a trunk group, we should expect the
individual hour losses to tend to fall on the convex side of an arithmetic
plot of the long-run theoretical load-loss curve, since when aggregated
their average loss should just meet the theory. To examine this phe-

1.0
— — — OBSERVATIONS (NUMBERS ARE GROUP —HOURS OF DATA)
ERLANG E; THEORY ;
09k ©
o8

GROUP 23 ARLINGTON
GROUPS 6, 43 KILDARE

o
3
T

0.6 -

3 TRUNKS
GROUP 12 ARLINGTON
GROUPS 5,88 KILDARE

0.4

PROPORTION OF CALLS OVERFLOWING
o
(¢4

o
w

0.2

7 TRUNKS

20 GROUP 18 ARLINGTON
GROUP 38 KILDARE
GROUP 90 KILDARE

0.1

A=AVERAGE LOAD OFFERED IN ERLANGS

Fig. 1—Comparison of Erlang’s loss theory with observations on interlocal
high-usage trunk groups: busy hour, Arlington, 29 days; and busiest 3 hours,
Kildare, 20 days, 1958.
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TFig. 2—Comparison of Erlang’s loss theory with observations on interlocal
high-usage trunks: Kildare group No. 12, 14 trunks, 11-12 aA.m., 18 days, 1958.
(* single hour. © aggregated hourly values.)
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Fig. 3—Comparison of Erlang’s loss theory with observations on intertoll high-
1C1:slageltrl(link groups, Memphis, 1957-1958: 5 trunks to Milwaukee, 11 trunks to
eveland.
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nomenon under controlled conditions two simulations were run with a
designed offer of 1.50 erlangs comprised of 180-second exponential
holding time calls. The actual average offer observed was @ = 1.485
erlangs to 1 trunk for 400 hours, and 1.409 erlangs to 4 trunks for 100
hours. The results are displayed on Fig. 4. The individual hour losses,
while conforming generally to the shape of the theoretical curve, appear
to be slightly more linearly disposed. As longer summary periods are
used, the observed values would be expected to approach the Erlang
loss curve. This is seen clearly in the simulation results. A slight sem-
blance of this tendency is seen on Figs. 1 thru 3, but it is considerably
obscured by other fluctuations.

0.8
14
0.7 2z
a=1.485
E=0.601 ™\ 41
64
0.6
r SIMULATION 74 88
a 400 HOURS \
o \57
5
S o5 36 ERLANG
a THEORY
n
3
3 4
&an
o 1| TRUNK
z
o
I
% o3 r
o
[e]
['4
o
0.2
ERLANG
=1.409 THEORY
— — ~,
o4 E=0.0367 AN 10 giMULATION
== {00 HOURS
5 ~~50 2-HOURS
0 ] _‘\’/ | |
o 0.5 1.0 1.5 2.0 2.5 3.0

OFFERED LOAD IN ERLANGS

Fig. 4—Load vs loss simulation, with equilibrium offered loads, results summarized
by 1- and 2-hour periods. (Numbers at points show hours of data averaged; d and E
are mean values for all hours.)
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We are directed to the conclusion that although Erlang’s loss theory
is properly applied only to a system operating in statistical equilibrium
over a long period of time, for engineering purposes it is suitable for
describing conversation type traffic load versus loss results summarized
by periods as short as one hour (summary period =20 average holding
times).

2.2 Estimation of Hourly Offered Loads from Switch Counts

It is customary to furnish only a switch counting device on high-usage
trunk groups, and to depend on the accuracy of Erlang’s load-loss rela~
tion,

a’/x!
l+a+ a2l + -« +a/al’
to estimate the corresponding offered load by solving for a in

t =l — K ()] ()

where z is the number of trunks in the group. Descloux® has shown
that a certain amount of bias occurs by this method. The reason for
this is made clear by examining Fig. 5.

Figure 5a shows the loads offered, as estimated by equation (1), to
three 1-trunk groups during the 3 busiest hours of the day for 20 busi-
ness days. The load carried (= occupancy here), as determined by
switch counting, is plotted as the ordinate. The Erlang relation is
drawn as the solid line.

The points comprise a correlation scatter diagram. The classical
regression line of “y on z,” that is, the average value of carried load
for a selected average offer, would be expected to agree with the
Erlang loss relation, since the latter is derived on the basis of offered
load as the “independent variable.” The “y on «” regression line gen-
erated from the data is indeed seen on Fig. 5b (dashed broken line) to
conform nicely with the Erlang theory.

Unless there were perfect correlation, the “x on y” regression line
could not be expected to agree with Erlang’s theory, and this is
corroborated by the observed regression (solid broken) line on Fig. 5b.
At lower than median occupancies (and offered loads) this regression
line lies slightly below the Erlang theory, and for larger than median
occupancies, it lies consistently above. Thus when estimating offered
loads from carried loads by Erlang’s loss formula [equation (2)] we
should expect the values to be smaller than true for lower than aver-
age occupancies, and greater than true for larger than average occu-

K, {a) =
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Fig. 5—Carried vs offered loads, data on three 1-trunk high-usage groups,
Kildare, 1958, 3 hours per day, 20 business days. (a) scatter diagram, (b) observed
regression lines.
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pancies. For example, for one trunk at an observed load carried
(occupancy) of 0.75 erlang, Erlang theory would predict an offered
load' of 3.0 erlangs, while the observed regression line would more
nearly suggest an offer of 2.64 erlangs, a difference of 14 percent.

An appropriate theoretical expression for the “z on y” regression
in this circumstance is difficult to generate, depending partially as it
does on the day-to-day distribution of the offered loads, and this last
becomes a matter of observation of customer characteristics. Since the
regression lines may be decidedly nonlinear, the theoretical approaches
of simple correlation theory are inadequate. In the face of such dif-
ficulties, one reverts to the reduction of data taken in the field for
practical estimating results.

Figure 6 shows the ratio of two estimates of the offered load, as/a; ,
versus observed occupancy of several 1-trunk groups. Here a, is the
assumed unbiased estimate from equation (1), and a» is from equation
(2), the latter making use only of the carried load measurement. In
spite of the rather wide differences in loading among the five groups
shown, the as/a; ratios are quite similar and one would not have too
much difficulty in drawing a central ratio line through the field for
general correction of as values.

Figure 7 shows a similar chart for three trunks, indicating the ten-

2.0

ax/a,

0.5 | | | |
(o} 0.2 0.4 0.6 0.8 1.0

OCCUPANCY

_ Fig. 6—Ratio of estimates of single hour loads offered to 1 trunk. Estimate a,
1fs froril switch and call counts, estimate a. from switch count and Erlang’s loss
ormula.
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Fig. 7—Ratio of estimates of single hour loads offered to 3 trunks. Estimate a:
is from switch and call counts, estimate a» from switch count and Erlang’s loss

formula.

dency for the ratios to approach 1.0 with increasing trunk group size.
Figure 8 shows a rough summary of the occupancies at which the
ratios would exceed 1.05 with various-sized trunk groups. Thus one
might conclude, for example, that estimates by Erlang’s loss formula
of hourly offered loads on 12-trunk groups would not be acceptable
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PER TRUNK VS NUMBER OF
TRUNKS
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0.501— HIGH USAGE GROUPS SUP-
M PORTING EACH POINT
0.40 1 | 1 i | 1
o 4 8 12 16 20 24

= NUMBER OF HIGH USAGE TRUNKS IN GROUP

28

Fig. 8—Median occupancy (load per trunk) beyond which ratio as/a; for

single hours exceeds 1.05 (approx.). Kildare data for 3 morning hours.
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without correction (that is they would over-estimate by more than
5 percent) for occupancies greater than 0.75.

2.3 Estimation of Average Overflow Load from Average Offered Load During
a Busy Season

When an offered load @ varies from hour to hour in excess of the
amount expected in 1-hour segments of a longtime load in statistical
equilibrium,® the average overflow @ over a period of time will exceed
that estimated by entering the Erlang loss relation with @, that is,
a > a-F, .(@). This result is caused by the always concave upwards
shape of the offered load, overflow load curves. The amount of such
excess will depend strongly on the magnitude and character of the
offered loads; in any event as a gets larger, the effect decreases for a
given size of trunk group.

Numerous studies have shown that day-to-day busy hour variations
in the busy season tend to follow a Type III Pearson distribution,

0(a) = Ka'e ", 3)

in which the constants are determined from the mean @ and variance
v of the data, as

h=a/k—1

¢ = am
and K is the normalizing coefficient, ¢*+/T(h + 1). Typical is the
example shown in Fig. 9 for a 9-trunk interlocal group in which @ =
5.72, Var(a) = 1.61, yiclding & = 19.20, ¢ = 3.55.

Again, there is found a considerable correlation between the day-to-
day variance and the mean of such a distribution. Figure 10 shows on
a log-log plot the field of variances versus means of loads offered
during 3 hours each day for 20 days on 72 high-usage interlocal groups
at Kildare office. Summaries at other exchanges in the United States
confirm a similar association of variances and means. The general
line of regression of variance on mean for the corresponding scatter
diagrams is shown by the solid line, whose equation is approximately

Var (a) = 0.31a. (4)

(A dashed line has also been drawn to approximate the major axis of
the elliptical pattern of points. Its equation is

Var (a) = 0.13a"". ©)

It will be referred to in a later section.)
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If the Erlang loss formula can be used to estimate the proportion of
calls which overflow a high-usage group during a single hour, the average
load overflowing, &, over a series of hours is then calculable from

& = f m ali, (a)8(a) da. ©)

Similarly, the day-to-day variance of the overflow loads is determined
from

@

Var (@) = f  (aB, @)P0a) da — & )

a

Curves have been calculated by numerical integration, using the regres-
sion relation of Fig. 10, which give the ratio of & to a, , the latter being
the overflow corresponding to an offer of @, found according to

Q; = dEl’x(d). (8)
Values of @/a, are given on Fig. 11. At constant loads on the last

trunk (shown by dashed lines for 100 call seconds per hour, or CCS)
the ratios @/a, are relatively constant; hence a simple table, Table I,

0.98 Y

0.95 |
___OBSERVED 19 HOURS
0.90— “~ a=572, VAR (3)=1.61
0.80
070 -

_—TYPEIIT FITTING CURVE
-

0.50 |- h=19.20, c=13.55

0.30—
0.20—

0.10 -

0.05 [~

PROPORTION OF HOURS WITH LOADS >a

0.01 | | | | 1 | N |
2 3 4 5 6 7 8 9

d =OFFERED LOAD IN ERLANGS

Fig. 9—Variations in day-to-day busy hour loads, Kildare group No. 67, 9
trunks, 20 days.
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Fig. 10—Day-to-day variance vs average load in clock hours, 72 interlocal high-
usage groups, 3 hours, Kildare, 1958,

using the last trunk load as the index is adequate for many working
purposes. An example of the need for correcting by the factors of Table
I is shown in Fig. 12, In the left diagram, uncorrected e; values are
plotted against average overflow loads, &, , calculated by the believed
generally unbiased procedure

_ng/m;

Z O -9
where s is the number of hours summarized for each group. [Compare
with equation (1).]

After correction the overflow estimates are shown in the right diagram
to be in much better agreement with the &, values.

2.4 Estimation of Average Offered Loads from Average Loads Carried

To obviate the labor of calculating individual hourly estimates of
the offered loads from observed hourly carried loads on high-usage
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Fig. 11—Correction required in «; to estimate &.

groups (which would in turn require a correction as discussed in Section
2.2), the carried loads £ are commonly averaged first, and this average
£ is then entered in Erlang loss theory curves or tables to obtain a; from

L= a;]l — B, .(a7)].

One needs then to compare a; with the true offer a@. This is done as
follows. Choosing a value of @ as the offer to « trunks, & is obtained
by correcting «, employing the appropriate factor from Fig. 11. One

then obtains £ from

t=ad—a

(10)

(11)

TABLE I—CORRECTIONS IN a; TO ESTIMATE &

Load on the Last Trunk

Range of Corrections
Seen in Fig. 11

Corrections to as
for Practical Use

CCS erlangs
8 0.22
10 0.28
12 0.33
14 0.39
18 0.50

1.32-1.37
1.22-1.28
1.16-1.21
1.11-1.16
1.05-1.09

1.33
1.25
1.20
1.15
1.08
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Fig. 12—Effect of corrections by Fig. 11 on estimates of overflows from high-
usage groups of Kildare Tandem No. 1, 9-10 a.m.

since that load which does not overflow must naturally be carried.
Relation (10) then gives a7 . A field of values of a/a; have been calculated
and form the curves of Fig. 13. We see that the ratio is sensitive both
to proportion of overflow and to the number of trunks.

Corresponding data for Kildare groups are shown on I'ig. 14. Similar
forms of probability density distributions are observed.

It will be noted that there is a generally maximum ratio on I'ig. 13
which tends to occur roughly at ¥, .(a) = 0.2, that is, at an expected
overflow of 20 percent. It is interesting that this maximum correction
required on a; occurs squarely in the middle of the most common
economic high-usage group operating levels.

For practical use we have constructed the traces of the 3-dimensional
surface of Ifig. 13 which correspond to several values of “economic
CCS on the last trunk.” (For a discussion of economic CCS, see Ref. 3,
Section 7.6.) The theoretical a/a; ratios for 8, 14, 20, and 25 CCS on
the last trunk are shown on I'ig. 15. Comparison with data taken on
a number of intertoll high-usage groups at Memphis, Tennessee, is
shown in Fig. 16. Although the dispersion among individual groups is
considerable, the grouped average values show reasonable agreement
with theory. Table II shows the values of corrections to a; required
to best approximate the true offer @ for 20 days of data, for the four
selected last-trunk CCS. A brief study indicates that when the busy
season includes fewer than 20 days, the required correction is somewhat
smaller.



T I T T T I T T T I T ]

[ [ S S
A S LSS
SN
///////////C//////////

/'

11177
T e

Fig. 13—Theoretical corrections.required in a7 to obtain improved estimates of
offered load a.

Vivd SS0T ANV avoT

1282



1.7
) KEY
| - AVERAGE RATIOS FOR 0.10 BLOCKING INTERVALS
1.6~ - AVERAGE RATIOS FOR EACH TRUNK GROUP SIZE
NUMERALS AT SPIKES INDICATE NUMBER OF GROUPS AVERAGED .
BRACKETED NUMBERS ARE RATIOS LESS THAN 1.0
1.5
a3
1.4 \Oe\e(’
o Q§ R
o 15 PRV
> K&
1 14 &
1.3} 080
5 07 / 07/
y
Jq/ 0.6
Al o.s/
i AE /
4.7% ; 04,
Jii.sbe) | I/ 4 03
8, /1 12 J
. ol 3837 < I 23 0.2
3 1 2%l 9 T 8, 12 4 (-990) t
1| <L 0. — 9 _M"F %3 12 1415
T T 7 T 3 I i 3 (] 3 )il 3 5
) st /) 3 1 2
4 5 6 7 8 9 10 #© 12 13 14 15 16 17 18 19 20 21 22 23 24

NUMBER OF TRUNKS

Fig. 14—Observed corrections required in a7 to obtain improved- estimates of
offered load @, 100 high-usage groups in 3 tandems, Kildare, 1958, 3hours for 20 days.

(4414

1L61 ¥AGOLOO ‘TVNHMNOL TVOINHOAL WHLSAS TTHE THI



LOAD AND LOSS DATA

2823

1.16
142
‘!DQ
N 1.081-
1.04—
1.00 | I I ] 1
(o} -3 8 12 16 20

NUMBER OF TRUNKS IN HIGH USAGE GROUP

24

Fig. 15—Practical correction of a7 to estimate @, with dependence on engineering

level of load on ‘“last trunk.”

1.20

a KEY
© MEMPHIS 1
o A MEMPHIS 11
15 O GROUPED AVERAGE
150
@ 105
@ 105
1
1.00—
0.95—
A
0.90 | | 1 l
o 4 8 12 6 20

NUMBER OF HIGH USAGE TRUNKS

Fig. 16—Comparison of theory and data in corrections of az to estimate g, intertoll

data at Memphis, 1957-1958.



2824 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1971

TaBLE II—AvERAGE CORRECTIONS TO BE APPLIED TO a; TO OBTAIN
_IMPROVED ESTIMATES OF 4
(€ determined as 20-day average)

No. Trunks Correction Factors for y CCS on the Last Trunk
y = y = 14 y =20 y =25
1 1.16 1.14 1.11 1.07
2 1.10 1.09 1.08 1.06
3 1.07 1.07 1.07 1.05
4 1.05 1.06 1.06 1.05
5 1.04 1.05 1.05 1.04
6 1.04 1.04 1.05 1.04
7 1.03 1.04 1.04 1.04
8 1.03 1.04 1.04 1.04
10 1.03 1.03 1.03 1.03
12 1.02 1.03 1.03 1.03
15 1.02 1.03 1.03 1.03
20 1.02 1.02 1.02 1.02
25 and up 1.01 1.02 1.02 1.02

2.5 Estimation of Average Offered Loads from Average Overflow Ratios

To monitor the level of traffic flow in some systems, a pair of
registers which count numbers of calls offered m, and numbers of calls
blocked n, are provided instead of the more common carried load
meters. The value n/m is called the overflow ratio. Descloux® has
shown that, under the condition that the observation period is long,
say 20 holding times, little bias exists in estimates made of individual
hourly offered loads to high-usage groups when « is determined from
the Erlang loss relation

E, .(a) = n/m. (12)

To increase the reliability of such estimates, the overflow ratios for
a number of hours are commonly averaged and entered as for a single
hour in equation (12). We inquire whether the estimate of average
offer, a,;; , so obtained is unbiased, or requires correction. The expected
loss probability when a load a, varying from hour to hour according
to 6(a), is submitted to x trunks is

B = [ " B\ .(0)6(a) da. (13)

When a constant load equal to the average load @ is offered to z trunks,
a loss probability £’ will result,
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L' = E, (a). (14)
In general I will be different from 1.

Suppose that actual busy hour overflow ratios are observed over

a period of days, and averaged giving n/m. If a is estimated as a,
through equating n/m to I in equation (13) we should expect a, to
be unbiased since both n/m and I contemplate the presence of day-
to-day variations, the first in reality, and the second by the inclusion
of 6(a) in equation (13). However estimating a through substituting
n/m for B’ in equation (14) will yield a7 , containing a certain amount
of error since it merely determines the single hour load corresponding
to the average loss.

A range of offered loads to trunk groups of size 1-24, covering the
cases of 8 to 18 “CCS on the last trunk,” has been studied and a,/a;;
plotted against the numbers of trunks. This is shown in Fig. 17. For

1.20—1(®
NUMBERS IN CIRCLES ARE

118 APPROXIMATE CCS ON THE
LAST H.U. GROUP TRUNK

116
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Fig. 17—Correction required in offered load estimated from averaged n/m
readings.
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one and two trunks the estimation procedure based on equation (14)
considerably underestimates the average offered load; but beyond
four trunks, overestimates of the true average offer are generally made.
The cause of the inversion in the correction required lies in the shapes
of the Erlang load versus loss curves in the ranges of interest. The
one- and two-trunk curves are predominantly concave downwards
(see for example Fig. 1), while for the larger trunk numbers the curves
are concave upwards. Only for the one-trunk case are the corrections
sufficient in most practical situations to warrant their making. Here
a median correction is about 1.18.

Available data for groups having call and overflow counters, while
showing considerable dispersion, confirm the shape and location of
the correction curves of Fig. 17.

III. GROUPS WITHOUT ALTERNATE ROUTES

There has long been interest in the different theoretical formulas
used by American and European administrations for engineering inter-
local trunk groups. The former have relied on the cumulative Poisson
while the latter have favored Erlang’s loss formula. What do data
taken on such groups indicate?

In 1959 data were taken on some 30 direct trunk groups terminating
in the Arlington, Massachusetts, No. 5 crossbar office. Hourly observa-
tions comprised numbers of calls offered to each group, the number
blocked, and, by switch counting, the average load carried. Illustrative
of these is group No. 26 with 32 trunks observed for 4 hours a day for
29 business days. Offered loads were estimated for each hour by equa-
tion (1). The load versus blocking relationship observed for 116 hours
is shown in Fig. 18. Superimposed is the Erlang loss relation. The
agreement is seen to be very good.

On Fig. 19 are shown only the twenty-nine 10-11 a.M. busy hour
loads of Fig. 18. The agreement with Erlang’s theory is again under-
standably excellent. Other group data comparisons were nearly as
satisfactory. We are led to conclude that Erlang’s loss formula de-
scribes quite well the hourly blocking for conversation traffic on direet
groups which do not have alternate routes. Apparently the return of
blocked calls here was of a nature that caused little disturbance of
the Poisson character of the offer—or perhaps they contributed to it!

In the lower section of Fig. 19 is shown a distribution of the busy
hour loads offered to group No. 26 as they varied from day to day
over the 6 weeks busy season. For the average offer of @ = 21.37
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Fig. 18—Comparison of load vs loss data with Erlang’s theory: full group No.
26 of 32 trunks, Arlington, 4 busiest hours of each day for 6 weeks, 1959.

erlangs, a variance Var(a) = 20.3 was observed. Since the probability
of loss curve in this range is concave upwards, the average loss for
all the hours tends to exceed the loss at the average load. Thus the
theoretical single hour loss at 21.37 erlangs offered is 0.0074. However
the observed average loss was found to be 0.0197 when hourly losses
were given equal weight (as in American practice). (If the losses had
been weighted by the corresponding offered loads, the average loss
would be still greater at 0.0267.)

Clearly, if Erlang’s formula describes well the losses for individual
hours, it will not usually give an adequate estimate of the average loss
over a series of busy hours. However, when the more conservative
Poisson summation values,

are laid on Fig. 19, they are seen to pass directly through the (un-
weighted) average loss point, indicating that at least for the amount
of day-to-day variation present in this sample of hours, the Poisson
provides just the right amount of “improvement” to Erlang’s loss
formula.
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Fig. 19—Comparison of load vs loss data with Erlang’s theory: full group No.
26 of 32 trunks, Arlington, 10-11 A.M. busy hour each day for 6 weeks, 1959.
(Numbers at points are hours averaged.)

There is then a particular variance of day-to-day busy hour loads
which when applied to Erlang’s loss formula will just produce the
average loss of the Poisson formula. Figure 20 shows a field of curves
indicating the Var (a) required for average loads, @, such that at the
loss levels given, the Poisson summation will closely relate the average
busy season busy hour loss to the average offer. On the same field are
shown the actual variances versus averages observed for the trunk
groups in the Arlington study mentioned above. It is seen that the
variances found in practice are such that at commonly used interlocal
average busy season busy hour grades of service, 0.005 to 0.03, the
Poisson summation provides an excellent means of specifying group
average capacity. It may be noted that in American practice, the
objective grades of service are set to be met by the average (unweighted)
blocking in the busy season busy hours.

The dashed line on Fig. 20 is a centrally located curve which describes
the general relation seen between day-to-day variance and average
load offered. It is interesting — and reasonable — that its equation is
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Fig. 20—Variations in time consistent hourly loads on 32 direct groups of
trunks: Arlington, 4 busiest hours of each day for 6 weeks, 1959, compared with
“Poisson assumption.”

Var (a) = 0.13 @ where » = 1.58, identical with that of the central
axis line drawn through the high-usage group observations on Fig. 10.
The dotted line on Ifig. 20 results from choosing r = 1.50; it corresponds
nicely with Poisson blocking of 0.01 for loads of 10 to 100 erlangs.*

*It may be noted that Bell System traffic capacity tables for nongraded groups
carrying random and nonrandom offers have been generated at several blocking
levels, and contemplate the following hour-to-hour load variations: Single hour
blocking; “low” hour-to-hour variation (r = 1.50); “medium” hour-to-hour
variation (r = 1.70); “high” hour-to-hour variation (r = 1.84). At loads of one
erlang, these several traffic tables contain the same allowance for day-to-day
variations. Below one erlang the theoretical day-to-day variations, while inverted
from their relative positions at loads above one erlang, are small compared with
the momentary variations inherent in random traffic.
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IV. FINAL GROUPS

Much has been written in the past on estimation of the effect of
the nonrandomness (peakedness) of overflow traffic from high-usage
groups upon the trunking requirements in final groups.® Studies have
also been made (as in the previous section) showing the added trunks
required to accommodate the increased demand on groups whose
offered loads show significant day-to-day variations.

The two effects will usually appear simultaneously in the engineer-
ing of final groups. Moreover, loads offered to final groups may be
expected to show generally larger day-to-day busy hour variations
than do loads to high usage and direct groups not having alternate
routes. Figure 21 shows a field of variance versus average loads
offered to 28 interlocal final groups in which negligible first-routed
traffic was present. A central fitting line, having the equation

logy, Var (a) = 1.8404 log:, @ — 0.8861, (15)
has been drawn through the points, or equivalently,

Var (a) = 0.136"*. (16)

When this variation is assumed, the carrying capacities of 6 to 15

1000
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LOGyo VAR (@) =1.8404 LOG|p @ —0.8861—

200

100
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VAR (@) = DAY-TO- DAY BUSY HOUR VARIANCE

0.1 L b1 I L1
1 2 _ 4 6 810 20 20 60 100
A= OFFERED LOAD IN ERLANGS

Fig. 21—Variations in busy hour loads offered to final groups in 28 interlocal
alternate route systems.
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trunks at an 0.02 average blocking are shown illustratively on Fig. 22.
For 10 trunks, for example, the erlang capacity for random traffic is
reduced from 5.08 to 4.47 erlangs, a drop of 12 pereent resulting from
the day-to-day variations.

Similarly, if day-to-day variations are not introduced, but instead
a nonrandomness, characterized by a peakedness factor P.F. =
(variance) /(mean) = 1.5, is assumed, the capacity of 10 trunks is
reduced from 5.08 to 3.96 erlangs, a reduction of 22 percent.

When day-to-day variations and nonrandommess are jointly intro-
duced, the capacity of a group is further reduced; thus the 10 trunks
will now accommodate an offer of only 3.57 erlangs, a reduction of
30 percent from the basic Erlang loss formula value. It is clear that
each cause can produce substantial reductions in trunking capacity.

When the offer to a final group contains a significant fraction of
first-routed traffic, both the peakedness factor and the day-to-day
variations will commonly be lowered; the trunking requirements will
then be correspondingly reduced on both accounts.

An illustration of the importance of using theory which considers
both day-to-day variations and the peakedness of the traffic is given
in Fig. 23. The results are shown of observations on a Kildare final
group of 59 trunks, with 62 subtending high-usage groups plus 4 first-
routed traffic items. From high-usage group load and trunk configura-
tions the estimated peakedness factor of the final group offered load
is 1.93. The load-loss characteristics observed for the 20 days are:

Hour Average Day-to-Day Average
of Offer Variance of Blocking
Day (erlangs) the Offer Observed
9-10 a.Mm. 26.5 28.5 0.001197

10-11 A 44.0 180.3 0.04570

As seen on the figure, the simple Erlang loss values (dotted lines) are
an order of magnitude below the observed losses. Although allowance
for nonrandomness (dashed lines) makes a marked improvement, it is
still far from describing the actual losses. Nor is the Poisson model
(dots on Fig. 23), which might be expected to compensate partially
for day-to-day variations in the 0.01 to 0.03 loss range, a nearly
sufficient improvement. But employing the typical day-to-day vari-
ance magnitudes of Fig. 21 in conjunction with the estimated peak-
edness of the offer, the solid line load-loss curves for 58 and 60 trunks
exactly bracket the average loss values seen for 20 days for the 9-10
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Fig. 22—Final trunk group engineering with various assumptions as to the
character of offered loads. Average blocking = 0.02.

AM. and the 10-11 a.M. hours on the 59-trunk final group. Construec-
tion of such load-loss relations is described in Ref. 4.

V. SUMMARY

Examples have been given comparing observation, simulation, and
theory in various areas of traffic flow on trunks comprising direct and
alternate routed plans. Particular attention has been drawn to the
need for developing adequate relationships between offered, carried,
and overflow loads, both single hour and average busy season, suitable
to each operating condition. Where possible, a physical understanding
of the principal factors is followed by statistical theory which may re-
quire approximate numerical calculations. Further insight may be
gained from controlled simulations. In order for the relationships de-
veloped to be useful, they must finally be found to agree with the flow
of traffic in real situations.

The following particular results have been determined:

(7) Single hour load-loss relationships on high-usage groups are
found to be well described by Erlang’s Eq,, (a) loss formula. Com-
parisons are made with data and simulations (Figs. 1, 2, 3, 4).

() Estimating single hour loads offered to high-usage groups from
observed carried loads by use of Erlang’s loss relationship yields too-
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large values at the heavier occupancy levels, and slightly too-small
values at low occupancies. This is explained and illustrated by re-
course to regression theory (Fig. 5). The magnitude of the corrections
needed are indicated in Figs. 6, 7, 8.

() If busy season busy hour carried loads are first averaged and
this value entered in Erlang’s E,-relation the average offer will be
underestimated. Corrections required for a 20-day busy secason are
given in Table II and Figs. 13, 14, 15, 16.

(7v) Estimates of the average offer obtained from averaged hourly
blocking proportions show that both positive and negative corrections
may be required (Fig. 17). Except for the 1-trunk case, however, the
corrections indicated are small.
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TFig. 23—Comparison of blocking theories with performance of Kildare final
group No. 1, 62 high-usage groups plus 4 first-routed items, 59 trunks, P.F, =
1.93, 20 days, October-November 1958.
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{(v) When a series of busy hour loads is submitted to a high-usage
group, the true average overflow load will exceed that estimated by
entering Erlang’s relation with the average offer. Corrections are given
in Table I and Fig. 11.

(v?) For full groups (i.e., those without alternate routes) it is found
that Erlang’s formula describes well the load-loss relation for single
hours (Figs. 18, 19).

(vit) When busy hour loads offered to full groups are averaged for
the busy season, the corresponding average loss will usually be better
estimated by the Poisson summation formula, if the loss values are
in the common range from 0.005 to 0.03 blocking,

(vitt) Loads offered to final groups will normally be nonrandom
{peaked) and hence require special procedures for engineering. Ex-
amples are given in which both peakedness and day-to-day busy hour
variations are present. Unless both influences are allowed for, the
average load-average loss estimate may be far from that actually
observed (Fig. 23).

REFEREN CES

1. Descloux, A., “On the Variability of the Proportion of Unsuccessful Attempts
in Loss Systems,” Proc. Fourth Int. Teletraffic Congress, London, 1964.

2. Riordan, J., “Telephone Traffic Time Averages,” B.S.T.J., 30, No. 4 (October
1951), pp. 1129-1144.

3. Wilkinson, R. I., “Theories for Toll Traflic Engineering in the U.S.A.,” BS.T.J.,,
35, No. 2 (March 1956), pp. 421-514.

4, Wilkinson, R. 1., Nonrandom Traffic Curves and Tables for Engineering and
Administrative Purposes, Trafic Studies Center, Bell Telephone Labora-
tories, 1970.



Copyright © 1971 American Telephone and Telegraph Company
Tue BeLr SysteM TECHNICAL JOURNAL
Vol. 50, No. 8, October, 1971
Printed in U.S.A.

When Are Transistors Passive?*

By B. GOPINATHt and D. MITRAt
(Manuscript received December 8, 1970)

The paper presents results on the stability and dynamic behavior
under large signal conditions of networks consisting of transistors and
sources connected to a linear, passive, memoryless subnetwork. The tran-
ststors’ model incorporates various nonlinearities. A characteristic common
to the main results of the paper is that they relate to properties of the tran-
sistors alone and, hence, are tndependent of the passive part of the network.

Sufficient conditions are obtained for asymptotic and bounded input-
bounded output stability. The conditions Tmpose restrictions on some of
the physical constants of the transistors’ model. These condilions have
an nieresting physical interpretation tn terms of temperature differentials
in the transistor junctions. In particular, any transistor with the expo-
nential type of static diode characteristic is passive only if the ralio of the
junction temperatures lies inside an interval determined by the o’s.

In the state space of the network there exists a well-defined region R
specified by the transistors’ model with the property that constant terminal
states in R are independent of initial conditions. The region R is in a
certain sense maximal.

I. INTRODUCTION AND DERIVATION OF THE DIFFERENTIAL EQUATION

The network considered is shown in Fig. 1 and it consists of a number
of transistors connected to a subnetwork composed of voltage sources,
current sources, and linear, passive, memoryless devices such as resistors
and transformers. Sandberg’ has analyzed the dynamic behavior of such
networks and has defined a class which exhibit various features of
stability. The results of this paper are essentially different in that they
relate to properties of the transistors alone and, hence, are independent of
the passive part of the network.

The analysis is concerned with certain network-theoretic properties of

* This paper was presented at the 1970 IEEE International Symposium on Circuit
Theory, Atlanta, December 1970.
T The sequence of names was chosen by flipping a coin.
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TRANSISTOR 1 TRANSISTOR 2 [seeccccvcs
+

Fig. 1—General network containing transistors, sources, resistors, and transformers.

transistor models that are assumed in extensively used Network-Analysis
Programs, such as NET 1, CIRPAX, CIRCUS, etc., (see Ref. 2). The
intent of the paper is to study the large signal behavior of transistor
networks using this model and certain generalizations of it. Each transis-
tor is represented by a model of the type shown in Fig. 2 which takes into
account the nonlinear de properties as well as the presence of nonlinear
junction capacitances. Six parameters are associated with the model:
Qy, s, T1, T, €1, and ¢y, all of which are positive; also o, @, < 1. The two
nonlinear static diode functions are denoted by f,(-) and f.(-). Initially
it is assumed that f,;(-) and f,(-) are monotone, strictly increasing
mappings of the interval (— w0, «) into itself; f,(0) = f,(0) = 0, and
71(+) and f.(-) are continuously differentiable on (— %, o). Further
assumptions are made about f,(-) and f,(:) in the course of the paper.

Suppose the network has n transistors and with the polarity indicated
in Fig. 2 let v;;-, and v,; respectively denote the emitter-to-base voltage
and collector-to-base voltage of the 4th transistor. Similarly, let 7,,_,

= alp —aplf

\_/ /
_,'Li —bLf=f|(V|) Lr=f2 (Vo)== i_2<—
3 N, 2

Fig. 2—Transistor model.
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and 7, respectively denote the emitter current and the collector current
of the 7th transistor. An identical scheme of subscripting is used to
define f;(-), ¢;, and 7, for< = 1,2, - -+ | 2n. v, ¢, and F(-) are 2n-column
vectors formed by arranging {v;}, {#:}, and {f:(-)} respectively. In
applying the current law to the transistors’ model it follows that

i=2c0) + 1r0) )

where
[CW)];: = cv; + 7))
and T =T, DT, P - @ T, the direct sum of n 2 by 2 matrices 7'; in

which
T 1 —a{
—oc; 1

The subnetwork to which the transistors are connected is assumed to
impose a constraint of the form

i=—Go+b ©)

forj =1, ---,n.

in which (7 is the conductance matrix and hence G = 0,* and b is an
element of all real bounded continuous 2n-vector-valued functions of ¢
on [0, «).

From (1) and (2),

%C(v) + TF@) + Go = b. ®)

The above equation is also derived in Ref. 1. Since all of the ¢; and 7,
are positive and each of the f;(-) is continuous and monotone increasing,
C7'() exists; obviously C7'(-) is also strictly monotone increasing
and C7*(0) = 0.

II. ASYMPTOTIC STABILITY FOR THE UNFORCED SYSTEM

In this section we show how to prove an intuitively reasonable result
concerning the asymptotic stability of the system. A Lyapunov function
with a simple energy interpretation is introduced and used to prove

* ¢ = O indicates that G is a positive semidefinite matrix. Unless otherwise stated,
G will only be assumed to be positive semidefinite.
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stability. Let

Le) & Zf 07 0) do. @)

Since C,;(-) defines the charge-voltage relationship in the nonlinear
junction capacitances, L(v) is the total stored electrical energy in the
network. It is easily verified that () L(v) = 0, equality holding only
when v = 0, and (72) L(v) — « as [[v|]| — . Thus L(v) is a Lyapunov
funetion if (d/dt)L(v) < 0. For the unforced network

4 L) = —'TFG) — v'Go. (%)

Clearly if v'TF(v) = 0 with equality holding only if v = 0 then L(v) is a
Lyapunov function since @ has been assumed to be positive semidefinite.
It then follows from a Well-knbwn result in stability theory® that
v(t) > 0ast-— .

Note that for constant v the term o*TF(v) expresses the net power
flow into the transistors and if all the transistors are passive then
certainly o' TF (v) > 0. However it is shown later that in certain abnormal
conditions the transistors are not all passive and the judicious choice of
the passive network allows one to extract energy from the transistors.
To show this we first prove the following:

Lemma 1: Given two real 2n-vectors x and y such that x'y > 0, there exists a
G > 0 for which the following holds

y = Gz. (6)

Proof. Define a 2n by 2n — 1 matrix Z such that the columns of Z span
the (2n — 1)-dimensional subspace orthogonal to x. Then Z‘z = 0.
Since by assumption y is not orthogonal to z, ¥ is not an element of the
range space of Z and, hence, the columns of Z together with y span E*".
For these reasons the following construction of @,

1 t t
G—;tyjyy + Z7°, ()

suffices to prove the lemma.
When for some v, , »{TF(»;) < 0 then by Lemma 1 there exists a
@ > 0 such that

TF(v,) + Gv, = 0. ()

Hence with initial condition »(0) = v, the solution of the network
equation (3) with b = 0 is,
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v(®) = w 9)

and the system is not globally asymptotically stable.

The above results may be summarized in the following:
Theorem 1: If v'TF(@) > 0 Vv 5 0 then the network is globally asymp-
totically stable. Furthermore, if there exists a vy such that viTF(v,) < 0
then there exists a G > 0 for which the system s not globally asymptotically
stable.

2.1 Sufficient Conditions for Asymptotic Stability

Consideration is given to the positivity of »*TF(v). Due to the quasi-
diagonal structure of T' we need only consider in detail the behavior of

1 —Ol:) [fﬁ—l(v%—l)
foi(vas)

For notational convenience of, @i, ¥si_1, Vs, f2i—1(+), and fy;(+) are
respectively denoted by a;, as, vy, vs, fi(-), and f5(+).

Note that when v, £ 0, ¢(v) = 0 and ¢(v) = 0 only if v, = v, = 0.
Let v; #£ 0, v, = pvy, and p = 0. Then

o) = vifi(v)) — awifa(vs) + Vafa(vs) — agvsfi () (11)

¢(Uzi—1 ,vzi) = (Uzi—l ,1)21'){

J : (10)

—as 1

and
s e _ 4 f2lpvs)
g(P) - vlfl(vl) - (1 pa2) + fl(vl) (p al)* (12)
If p = o, then g(p) > O since 1 — ey, > 0. If p 5 g, g(p) = 0if and
only if
1 — pay _ fz(Pvl)_
ar—p  h) (13)

(1 — pag)/(as — p) is plotted as a function of p in Fig. 3. The salient
features of the function for p = 0 are:

]._paz
a; — p

1\%

1 for 0=5p< a
[¢4]

A

0 for ay <op

IIA

i—j : (14)

< ay for l<p<°0
%]

Now [fz(ov1)/{1(v1)] is & monotone, strictly increasing function of p and
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1-po¢2

a, /————
p

Fig. 3—Plot of (1 — paz)/(as — p).

(f2(0v1) /f1(v)]|s=0 = 0. Clearly if
falaw) _ 1

and he) Tl o g (15)
1
fZ(az 1)1> -
L) =77

then no solution of (13) exists. Since g(p) is continuous in p, g(0) > 0,
and g(p) # 0 V p > 0, it follows that g(p) > 0 V p = 0. Hence sufficient
conditions for the positivity of v'TF(v) are:

fm(alv)
and f2| l(v) Vv¢0 and ’i: ]_, 2, cee , N, (16)
fZI(U) i
foie 1(0427))
Remark:
ffn(ﬁé})) P ftor 0 < pE a
2{—1 V v O (17)
>___—1—p62 for ‘1‘§P< *®

a — p (22

is both necessary and sufficient for »'TF(») > 0. However, the practical
value of such a condition is limited.
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2.2 Necessary and Sufficient Conditions for the Exponential Type of
Nonlinearities

The functions f;(-) in the conventional Ebers-Moll model and in the
charge-control model* are of the following form:

f:(v) = a; (exp \p — 1). (18)

Such exponential nonlinearities are subsumed in a class of nonlinearities
with the following properties:

@) f.(:) = afQw), ¢ = 1,2, -+, 2n, where a, and \; are positive
constants.
(21) f(-) is a monotone, strictly increasing function.
(#iz) f(0) = 0.
(@) lim,_, f(») = —1.
(v) lim,~, [f(pv)/f(¥)] = 0 for all p where 0 < p < 1.

When the transistors’ static diode characteristics fall under this class
then the following is true:

necessary and sufficient conditions for v'TF(@) = 0 ('TF@®) = 0
only when v = 0) are

i Ooi—1 Nsioy 1
e N (19)
fore =1,2, -+, n.

Sufficiency follows from the definitions and (16). For the necessity
part consider the case when v,,_; — — o with the remaining 2n — 1
variables fixed. It is necessary that the coefficient of v,;_, in the expansion
of »'TF (v) approach a nonpositive value, i.e.,

li{n {f2ic®) — a;fzi(v)} =0 (20)
fore =1,2, -+ | n.
Similarly,
lim {f,;@) — a;fzi—l(v)} =0 (21
fori=1,2, ---, n. Hence
—0y—1 + aIazi £0
and,

—0z; + ;1 =0
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or
i o Qo 1

af £ TS (22)
Q25 Qs

fori=1,2, -+ -, n. To obtain the remaining conditions consider equation

(12) in the notation of this section. By property (v),

. fzi(lwzi—l)
lim J202%im g
v,.‘l—rlr—l—»oo fzi—l(vzi—l)

for all p such that p < )\;"“ and ¢=1,2 - n.

2%

Hence, a necessary condition for the positivity of o' TF(v) is: 1 — pas > 0
is implied by p < Azi—1/As: ; L€,

Aais 1
Ao = a; (23)
fori = 1,2, ---, n. Repeating the argument with the roles of v;;_; and
vp; interchanged yields
o < N (24)
AZ;’
forz = 1,2, --- , n. This concludes the proof.

Remark 1: It is clear from the derivation that the conditions stated
in equation (19) with the ratios replaced by the appropriate limits
are necessary for the positivity of »'TF(v) when {f,(-)} are general
monotone, strictly increasing functions.

Remark 2: If condition (19) is violated then there exists a vy, || v, || < o,
such that v;TF (v;) < 0. The proof is as indicated below.

Consider equation (12) and say A;/X2 > 1/as; then for p such that
1/a; < p < A\ /A, it follows from property (v) that there exists a ¥ such
that for v, > V, g(p) < 0. Likewise, for a;/a; > 1/a; and p(p > 0) such
that (1 — ey(az/a,)) + p(a/a, — a») < 0.t follows from property (i)
that there exists a V such that for v, < V, ¢g(s) < 0. For the remaining
possibilities the proof follows by interchanging the roles of v, and v, in
the definition of ¢g(p) and proceeding as above.

III. PASSIVITY

This section is devoted to a discussion on condition (19) which has
been shown to be both necessary and sufficient for the passivity of
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transistors for which the static diode characteristics are of the form
f:(:) = a;(exp A, — 1) (25)

in which a,; and \; are positive constants. When the temperature in the
transistor is uniform, then from the well-known physical model,® \; =
(¢/KT) where ¢, K, and T are respectively the electron charge, Boltz-
man’s constant, and temperature. However, when a temperature dif-
ferential exists in the transistor junctions, for instance in a p-n-p
transistor the temperature in the neighborhoods of the p-n and n-p
junctions are respectively 7, and T,, then the same physical model
holds® and

_ 9 -9
Apimy = KT, and N\ KT,
so that
Agi1 _ 21:
e T (26)

Hence when the ratio of the temperatures at the base-collector and
emitter-base junctions of at least one transistor, say the th, lies outside
the interval [«} , 1/a;] then there exists a 2n-veetor v, such that v: TF (v;)
< 0. Furthermore, by Lemma 1, there exists a positive definite matrix
G such that the solution of the network equation (3) with b = 0 and
initial condition v, is () = v, . Then,

power delivered to the} = Gy = —TF@) > 0.

passive subnetwork

The temperature dependence of the a.’s may similarly be exploited to
deliver power. The phenomenon of differential heating of transistors as
described above is the basis of the thermocouple effect and thermo-
electric generators.”

IV. BOUNDED INPUT—BOUNDED OUTPUT STABILITY

It is shown in this section that for a positive definite matrix @, bounded
inputs, and passive transistors there exists a bounded neighborhood of
the origin which, loosely speaking, is sure to contain the forced response
of the network. The norm used is the Euclidean norm.

Now

V'TF@) >0 Vo0 27
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and let
160 || < K. (28)
L(v) is as defined in equation (4). For the forced system, v = 0,
%L(v) = —'TF@) — v'Gv + v'b
< —=v'Gv 4+ | 0D |
< —v'Gv+ K ||v || by Schwarz’s inequality (29)
= A

where A\, is the smallest eigenvalue of G and is positive by assumption.
Hence when |[v]| = X/, (d/df)L(v) < 0. Thus there exists a T such
that for ¢ > T,

K .

)\m'ln

He@ Il <

V. A PROPERTY OF TRANSISTOR NETWORKS

Let R = {v/ | @ — v)'T[FQ@') — F@)] > 0 Vo  ¢'}. Then: () if G
is positive definite, v’ and b’ are constant vectors such that TF(@’) +
Gv' = b, and ¢’ ¢ R, then for all inputs which approach b’ as t — «,
the state vector approaches v’ independent of initial conditions; (#z) there
exists a passive subnetwork for which the overall network is such that
if the terminal state corresponding to an input approaching a constant
vector is not in R, the closure of R, then there exists another input
approaching the same constant vector for which the terminal state is
different.

Remark: It has been pointed out by Sandberg' that the independence of
the steady state from initial conditions is a basic property, and in Ref. 1
it has been proved that if (7', G) belongs to a certain class then the region
R in statement 7 extends to the entire state space of the network. How-
ever, the region R defined here is independent of G.

In switching circuits with “memory” the dependence on initial
conditions is a salient feature. Statement (z) observes that the design of
such circuits be such that the steady states lie outside the region R, i.e.,
the steady state bias voltages violate the conditions which define the
region R. Of course, the fact that the transistors are passive merely
implies that R is non-empty, and their use in switching circuits with
“memory’’ is not precluded. Statement (¢7) states that in a certain sense
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the region R is maximal.

Proof: (7)
TFQ@) + GV =V (30)
and
2 0) + TFG) + o — b =2 (C0) — Co )
di dt
+ T{F@) — FO"} + G — ')
= b(t) — b’ @31)
from (3) and (30). Define
ey — (32a)
Cw) = Cw) — CE'), (32b)
and
F@) £ Fp) — F'). 33
From (31),
%C@+TMW+%=M0—U. (34)
Note that C;(+) fori = 1,2, -+, 2n are monotone, strictly increasing

mappings of the real interval (—o, «) onto itself and C:.(0) = 0;
also there exists C;*(-). Since v’ ¢ R, 5'TF (%) > 0. Also by assumption
for any e¢ > 0 there exists T such that .

0@ — b (] € Amm e for t=T (35)

where A,;, is the smallest eigenvalue of G. On applying the results on
bounded input-bounded output stability, as stated in Section IV, to the
system described by equation (34) it follows that there exists a 7' such
that for ¢ > T,

l19) 11 = [1o() — o' || < 222 = (36)

min

and the proof is complete. }
(#7) It will be shown that if v, ¢ R then there exists a G > 0 such that

TF () + Gvo = b (372)
TF() + Gv, = by, (37b)
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and
Vo # V. (370)

In (37a) v, denotes the terminal vector corresponding to an input
approaching the constant vector b,. The solution of the network equa-
tion (3) with b = b, and initial condition v is v(f) = v,.

The proof is by simply observing from the definition of R and Lemma 1
that there exist v, and G > 0 such that

T{F(ve) — FO')} + G, — V') = 0. (38)

At least when the static diode characteristics are of the conventional
exponential type the region R is easily obtained as shown below:

@ — 0)'T{FQW) — F@)} = 3'TD, F(7) (39)
where
7= —v
and
D, = diag (exp Mo}, exp Avh , -+, €XD A, 0%,).

The necessary and sufficient conditions for the positivity of #‘TD,.F(#)

’
Vai

Te—— a.: al
-1 Ln{ 20 %
2l

7’
Vai-1

* [ 11\\ dai
IR o o}
Nai-1 8pi-1 2Lt Bi-103

Fig. 4—Region R for the ¢th transistor (exponential diode characteristics).
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are, from (19),

; Noie Aoi—1 €XP (Noi—102;
a1§21, 2i—1 €XP (Nos 121)§__ (40)
A2y a2; €XP ()\21‘1)21') Qz
fori =1,2, ---, n. (40) is equivalent to
ai £ )\—;i_l = —17
21 (&2 (4:1)
Az 1 Qi
In {—2&} = ()\25—102,5—1 - )\2iv2,i) =In {—_2—1
(2i-1 A2i—1002

fori = 1,2, +--, n. The region R is plotted in Fig. 4.

REFERENCES

1. Sandberg, I. W., “Some Theorems on the Dynamic Response of Nonlinear Tran-
sistor Networks,”” B.S.T.J., 48, No. 1 (January 1969), p. 35.

2. Shichman, H., “Integration System of a Non-linear Network Analysis Program,”’

IEEE Trans. Circuit Theory, August 1970, pp. 378-386.

3. LaSalle, J. P., and Lefschetz, S., Stability by Liapunov’s Direct Method, New York:
Academic Press, 1961.

4. Koehler, D., “The Charge-Control Concept in the Form of Iquivalent Circuits,
Representmg a Link Between the Classic Large Signal Doide and Transistor
Models,” B.S.T.J., 46, No. 3 (March 1967), pp. 523-576.

5. Feynman, R. P,, Leighton, R. B., and Sands, M., The Feynman Lectures on

Physics, Quantum Mechanics, Vol. I11, Reading, Mass.: Addison-Wesley, 1965.

. Gummel, H. K., private communication.






Copyright © 1971 American Telephone and Telegraph Company
Tue BELL SySTEM TECHNICAL JOURNAL
Vol. 50, No. 8, October, 1971
Printed in U.S5.A.

A Fast Amplitude Approximation
For Quadrature Pairs

By G. H. ROBERTSON
(Manuscript received April 13, 1971)

This paper giwes an algorithm from which an approrimation lo the
amplitude of a quadrature pair can be obtained simply and without re-
quiring more bits than are needed to represent the largest allowable ampli-
tude, A.

If A cos 0 and A sin @ are a quadrature pair, the amplitude is
A = (A% cos® 6 + A sin® 9)*.

If AX is the larger magnitude of the pair and AY the smaller, an ap-
proximation to A 1is

A" = AX + 14Y.

Computations using this algorithm with random values of 8 showed that
when the true amplitude was A, the mean obtained was 1.087 A, with stand-
ard deviation 0.031A.

When A consists of a signal appreciably contaminated with noise so
that several estimates are required before the stgnal can be detected reliably,
no stgnificant degradation (0.1 dB S/N) in detectability was found using
the algorithm described above.

I. INTRODUCTION

When a discrete Fourier transformation is applied to samples from
a data segment the results are usually desired in the form of phase
and amplitude estimates of the components into which the data is
resolved. When FET? algorithms are used to perform the transforma-
tion the information from which these estimates are obtained is
usually produced in the form of quadrature pairs of numbers 4 cos 0,
and A sin 6, where A is the amplitude and 4 the phase of the estimate.
Obviously

A = (A% cos® § + A” sin® 6)%. Q)
2849
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The intermediate step in this computation of squaring the com-
ponents of the pair requires in general twice as many bits as are
required to represent A. Computing the squares requires appreciable
time as does the final square root computation. The situation is ag-
gravated by the fact that there are as many pair members as the
original data samples.

This paper describes the use of an algorithm which gives an
approximation that in many if not all cases is adequately accurate
and greatly reduces the computation time as well as promoting effi-
ciency in the use of hardware by not requiring more bits than are
needed to represent the final estimates.

II. DISCUSSION

Let the larger of cos?d, sin24, be represented by X2 and the smaller

by Y2 Then
2\}
4 = AX (1 + %)

1y 17 )
(1+2X2— ¥t )

where 1 = Y/X.
An approximation to A is thus

, Y
= AX 4+ }AY <§> , 3
which suggests the computationally more attractive form

A" = AX 4 3AY. 4)

Note that AX and AY are magnitudes and (4) implies that the ampli-
tude of a Fourier component is approximately the sum of the larger
and half the smaller of its quadrature pair magnitudes.

III. EVALUATION

Curve (a) in Fig. 1 shows a plot of (4) as 6 ranges from zero to
#n/4 where the curve is reflected to § = /2. The pattern is then re-
peated for the remaining three quadrants. The corresponding plot for
(3) is shown in curve (b).

From the samples displayed on this figure the mean and standard
deviations were calculated and found to be:
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For (3), mean = 1.01, standard deviation = 0.0157, and
for (4), mean = 1.087, standard deviation = 0.031.

The algorithm described by (3) thus gives more accurate estimates
(as expected) than that described by (4) which, however, is easier to
implement and requires less computation.

When the Fourier analysis is carried out in an attempt to detect
signal components contaminated by noise it is important to determine
how processing techniques affect the detectability of such signals. In
order to check this a program was prepared to compute performance
estimates when the algorithm based on (4) was used. These estimates
were plotted on standard ROC curves? for a linear detector and no
significant degradation in detectability was observed. Extensive com-
putations using the proposed algorithm have produced spectrograms
of noise-contaminated signals that are undistinguishable from those
obtained conventionally.

Use of the algorithm described in equation (4) results in a phase-
dependent variation of the detector output. However, when the phase
is uniformly distributed in the range (0, 27) the amplitudes are quite
densely clustered around the mean because of the shape of the modu-
lation characteristic. Eighty-five percent of the amplitudes lie within
a range of about 0.4 dB. The accuracy obtained using the fast ampli-
tude algorithm based on (4) may thus be adequate even when the esti-
mates are not corrupted by noise.

IV. CONCLUSION

An algorithm has been described for computing the approximate
amplitudes of Fourier harmonics from their quadrature pairs. The

115
X = Ccos 8

(a) X+ivy—<
2 > Y =sINg

GAIN FACTOR
3
I

°
&

(o) x+Lv (v/x) ~

INE]

-— ) ——

Fig. 1—Algorithm modulation characteristics.
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algorithm is fast and does not require the use of more bits than are
required to represent the largest permissible result. Use of the
algorithm does not significantly degrade the detectability of signals
contaminated by noise, compared with use of a perfect linear detector.
Estimates obtained using the algorithm are amplitude modulated
depending on their phase but the total modulation range is less than
1 dB. Representing the magnitude of the larger component of a quad-
rature pair by AX, and the smaller by AY, the algorithm is

A" = AX 4 34Y.
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