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Fig. 7—An experimental waiting time jitter spectrum with p = 0.372.

termed multiple stuffing, is also apparent when looking at oscilloscope
traces of waiting time jitter waveforms. Occasionally stuffs will be
made when they quite obviously should not be (for instance, twice
in a row with p < 1/2). The actual M12 used to record the spectra
of Figures 6, 7, and 8 was an experimental model having an asynchronous
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Fig. 8—An experimental waiting time jitter spectrum with p = 0.333.
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delay line’ elastic store rather than the usual commutator type (see
page 617 of Ref. 4). It was used because it exhibited slightly less multiple
stuffing.

In Tables I, II, and III the powers of the lines in the experimental
and theoretical waiting time jitter spectra are tabulated for the stuffing
ratios 0.186, 0.372, and 0.333 respectively. To obtain the theoretical
powers listed in Tables I and II, equation (2) for Q(f) was used. The
rational stuffing ratio formula (5) for Q(f) was used in computing
the theoretical powers listed in Table III.

The entries in the columns headed uncorrected experimental power
were simply read off Iigures 6, 7, and 8. For ease of comparison cor-
rected experimental powers are also listed. These entries were obtained
by multiplying the corresponding uncorrected powers by 0.817 (to
correct the vertical scaling) and subtracting 42.0 (to add an absolute
reference). The constants 0.817 and 42.0 were chosen by a least squares
procedure.

The differences between the theoretical and corrected experimental
powers are listed in the last column of Tables I, IT, and IIL. The agree-
ment is to within 0.5 dB except in a few cases where discrepancies are
easily explained in terms of the low frequency and small amplitude
limitations of the spectrum analyzer.

IV. THE RMS AMPLITUDE OF FILTERED WAITING TIME JITTER

4.1 Theoretical

Since
on(t) = h()*¢s(1),
TaBLE I—SpECTRAL LINE POWERS FOR p = 0.186
Power (dB)
Normalized Experimental | Experimental

Line | Frequency | Theoretical | Uncorrected Corrected Difference
1~ 0.186 —16.5 31.0 —16.6 —0.1
2~ 0.372 —24 1 22.3 —23.7 0.4
3~ 0.558 —30.5 14.1 —-30.4 0.1
4~ 0.744 —38.2 5.6 —~37.4 0.8
5~ 0.930 —52.5 — — —
1+ 0.814 —29.3 15.2 —29.5 —0.2
2+ 0.628 —28.6 16.1 —28.8 —-0.2
3+ 0.442 —28.5 16.3 —28.6 -0.1
4+ 0.256 -29.0 15.8 —29.0 0.0
5+ 0.070 —-30.0 14.3 —30.3 —0.3
Ss.p 1.000 —30.6 13.5 —30.9 -0.3
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TaBLE II—SpPEcTRAL LINE POWERS FOR p = 0.372

Power (dB)
Normalized Experimental | Experimental
Line | Frequency | Theoretical | Uncorrected Corrected Difference
1- 0.372 —18.0 29 .4 —17.9 0.1
2= 0.744 —32.2 11.8 —32.3 —0.1
3~ 0.116 —25.7 20.1 —25.5 0.2
4- 0.488 —31.8 11.8 —32.3 -0.5
5~ 0.860 —46.0 1.2 —41.0 5.0
1+ 0.628 —22.6 24.0 —22 .4 0.2
2+ 0.256 —22.9 23.8 —22.5 0.4
3+ 0.884 —43.3 2.0 —-40.3 3.0
4+ 0.512 —32.1 11.6 —32.5 —0.4
5+ 0.140 —30.2 14.0 —30.5 —0.3
Ss.p 1.000 —24.6 21.3 —24.6 0.0

the spectrum S,(f) of filtered waiting time jitter is given by
Sp() = [H( |* Ss(h
where H(f) is the Fourier transform of A(f), that is,
H(f) = s{h®)}

=f h(t)e ™7 dt.

Only the low frequency components of Sg(f) will not be significantly
attenuated by | H(f) |*

The power Pr(p) in ¢,(¢) (that is, the rms amplitude squared of
¢5(t)) is given by

Poo) = [ 8o df

I

= [ 180 1 540) 0

[1m0 P ssawar+ [ 1HO P S0u0) di

£ Py 4(p) + Pp 5(p).

Typically, h(f) cuts off at frequencies much smaller than 1 cycle per
stuffing opportunity where the lowest frequency speectral line in Sy, z(f)
is located, and, therefore, P, 5(p) is quite small in comparison to
Py 4(p). Since P, 4(p) is symmetric about 1/2 (that is, Pp 4(p) =
Py 4(1 — p)), it is to be expected that P,(p) will be essentially sym-
metric also.



TaBLE III—SpPECTRAL LINE POwERS FOR p = 0.333

Power (dB)
Normalized Experimental Experimental .
Line Frequency Theoretical Uncorrected Corrected Difference
1-, 2+ 4-, 5+ ... 0.333 —16.0 31.4 —16.3 - 0.3
1+, 2 4+ 5= ... 0.667 —22.0 242 —22.2 - 0.2
3-, 3+ 6, 6%, --. 0.000 —20.3 12.6 —31.7 —11.4
S.B 1.000 —25.5 20.2 —25.5 0.0

8L1
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Fig. 9—A theoretical graph of the rms amplitude of filtered waiting time jitter as
a function of p with H(f) assumed to have a double pole at 0.12 cycle per stuffing
opportunity.

A computer program was written to plot P,(p) for various filter
transfer functions H (f). Two sample graphs appear in Figures 9 and 10.
The assumed transfer functions were respectively

50 = (7 ¢55)

and
0.06

H() = (jf + 0.06) '
The first transfer function is a good approximation to that of the
filter in the M12*. The cutoff frequency of the second transfer function
is 1/2 that of the first. In both graphs the predicted symmetry is quite
apparent as are the expected peaks at rational stuffing ratios. The
peaking is more pronounced with the sharper filter.

For both filters there appears to be significant benefit to be gained
by choosing p intelligently. Actually, as will be discussed more fully
in Subsection 5.2, this conclusion is misleading because the effect of
jitter on the input DS-1 signal has not been considered.

* As noted in a previous footnote, the phase-locked loop in the M12 has been re-
cently redesigned and now has a lower cutoff.
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Fig. 10—A theoretical graph of the rms amplitude of filtered waiting time jitter
as a function of p with H(f) assumed to have a double pole at 0.06 cycle per stuffing
opportunity.

4.2 Fxperimental

An experimental recording of P,(p) versus p for p € [0, 1] appears
in Figure 11. As in the experimental spectra of Figures 6, 7, and 8
the dB scale is only approximate and relative. With this fact taken
into account, the agreement with Figure 9 is good.

The vertical lines at the tops of the peaks are caused by the low-
frequency cutoff of the true rms voltmeter used in making Figure 11.
The unit used cutoff at 107" cycle per stuffing opportunity (0.5 Hz).

V. INPUT JITTER

5.1 Generalized Spectrum

It is possible to generalize the spectrum derivation of Appendix A
to allow for jitter already present on the signal at the input to the
synchronizer. This jitter will indeed usually be present. If the signal
at the input to the synchronizer is coming from a moderately sized
T1 line, it will be degraded by significant repeater jitter.””'' In addition,
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it will be degraded by filtered waiting time jitter if it has already passed
through a syndes (synchronizer-desynchronizer pair).

Let ¢,(t) denote the jitter on the signal at the input to the synchronizer
and ¢5(t) and ¢,(f) again denote the jitters on the outputs of the syn-
chronizer and desynchronizer. All of these jitters will be assumed to
be defined with respect to an unjittered reference signal and to be
positive if their associated signals are ahead of it. In Section III the
output of the phase comparator and the jitter on the output of the
synchronizer were identical, and we denoted them both by ¢s(f). When
there is input jitter, these two jitters are no longer identical and a new
symbol must be introduced for one of them. We have chosen to still
call the jitter on the output of the synchronizer ¢¢(f). The symbol
¢spc(t) will be used for the output of the synchronizer’s phase com-
parator. We have

¢spc(t) = ¢s(t) - ¢I(t)'

In Appendix B it is shown that with input jitter accounted for the
spectrum of waiting time jitter is given by

Ss(f) = sinc® {-Q(f) + ; <73%%) 6(f —n) + &(f +n)
+ sinc® f-rep S;(f)
= 85,400 + Ss.z(f) + Ss.c(f), (6)
14
12—
D 10f-
2
OO 0[.1 0}2 0!3 OJ.4 Ol.s 0!6 O.L7 OlAB 0!9 1.0

STUFFING RATIO

Fig. 11—An experimental graph of the rms amplitude of filtered waiting time
jitter as a function of p.
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where

0 = 3 (1) ep 2.6 —np) 410 2.0 +me) (@

= \2mn
Z,(f) = Flz.(0)}

0

—.:f 2, (e T dt,

2.(8) = Elexp {—2mn(e:(8) — ¢:(0)}},
S:(f) is the spectrum of the input jitter, and £ denotes expectation.
The input jitter ¢;({) will usually only have significant power in
frequencies that are quite small in comparison to 1 cycle per stuffing
opportunity. When this is the case, the approximation (see Figure 12)

il

Si(¥)

REP St (f)

AVAW/WAWAWA

SINC2(f)

SINC?F- REP S ()

O N / OO . i
-1 o]

1 2 3
FREQUENCY IN CYCLES PER STUFFING OPPORTUNITY

Fig. 12—Approximating sinc?f -rep S;(f) by S;(f).
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sine® f-S;(f)
S:(f)

Il

sine® f-rep S;(f)

can be used to simplify (6) to
Ssh = sind’ £-00) + 35 (2 ) @6 —m + a0+ ) + S0, ©®

The input jitter makes its presence felt in two ways. The first way
is simply in the appearance of the feedthrough term S:(f) (or, more
precisely, sinc® f-rep S;(f)). The second way is in the smearing of
spectral lines. The function Q(f) has the same functional form as Q(f),
but the envelope functions Z,(f) replace impulses.

The envelope functions Z,(f) are difficult to compute in general.
Evaluating them requires evaluating the same type expressions that
must be evaluated to find the spectrum of exponentially modulated
carriers. This latter problem has been a traditionally difficult one.
Exact evaluations for the special cases of Gaussian input jitter and
sinusoidal input jitter and approximate evaluations for small amplitude
input jitter are possible.

5.1.1 Gaussian Input Jitter

If ¢,(t) is Gaussian with zero mean and covariance C,(t), then the
random variable ¢;(f) — ¢:(0) is Gaussian with zero mean and co-
variance 2(C;(0) — C;(t)). By the well known formula for the char-
acteristic function of a Gaussian random variable,

z.(t) = E{exp {—j2mn(d:(t) — ¢:(0))}}
= exp {—(2m)*(C:(0) — Ci(1))}.
Using the infinite series expansion for the exponential function, we have
z.(f) = exp {—(2mn)’C1(0)} exp {(2mn)*Cy(t)}

= o (—@mYC0) 3 G cro.

Therefore,
Z.(f) = Fla(®)}
exp {— (2nm)’C1(0)) ZO (2"") F(CHD)}.
exp {—(2mn)’C:(0)} 3(f)
o (~CmrCO) X s0x 18,0, ©)

k= —_——
k terms
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- The envelope Z,(f) is composed of an impulse at the origin (the
carrier line in exponential modulation theory) and an infinite sum of
kth order convolutions of the input jitter spectrum with itself.

5.1.2 Sinusoidal Input Jitter

If the input jitter is sinusoidal, exact results are also possible. Sinus-
oidal input jitter can be modeled by the random process

¢:() = Bsin (2xFt + 6),

where 8 and F are constants and 6 is a random variable distributed
uniformly on [0, 27). [Introducing 6 is necessary to randomize the
epoch and make ¢,(-) stationary.]

By direct substitution,

2,(t) = E{exp {—32mn(¢:(t) — ¢:(0))}}
= E{exp {—72mnBsin 2rFt + 6)} exp {j21rn§ sin 6}}
= E{exp {j2mnBsin (—2xFt — 6)} exp {j27nBsin 6}}.
Using the expansion
y)‘slnz - Z J ()\)eﬂv;z

where the J,(\) are Bessel functions of the first kind (see, for example,
equation 7.53 of Ref. 12) in this equation, we have

Z,,(t) — {z Jk(zwnﬁ)eﬂk(zrmw) Z: J(27mﬁ)e’”}

k=—c l=-o

L Ju(2mB) ] ms) B )

k,

Z Jk(27rn6)e—1k21rF¢
Therefore,

Z.(f) = Z Ji(2mnpB) o(f + kF). (10)

k=-~c0

The transform Z.(f) consists of a string of 1mpulses'stretching from
— o to 4+ and separated from each other by F cycles per stuffing
opportunity.

5.1.3 Small Signal Approximaiions

Small signal approximations for the Z,(f) can be derived easily
using the power series expansion for an exponential function. We have
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2.(t) = Elexp {—j2rn($:(t) — ¢:(0))}}
1 — j2mnE{¢:(t) — ¢:(0)}

+ % (—j2m)’E{(¢:(5) — #:(0))*} +

1 — 3@m)°E{($:() — ¢:(0)°} + ---
1-— (QWn)Z(CI(O) -G+ -,

I

i

and
Z.(f) = Flz.(8)]
= 8(f) — @mn)*(C:(0) 8(H) — S:(N) + --- . (11)

If n and the input jitter are small enough, it will be reasonable to
approximate Z,(f) by the first few terms of this expansion.
The simplest such approximation is

Z,(f) = 8(f). (12)
Taking one more term gives the better approximation
Z.(f) = &(f) — 2mn)*(C(0) 8(f) — S:())

= (1 — 2m)*C1(0)) 8(f) + (2mn)*Si(f). (13)

Both of these approximations have the desirable property of preserving
total power.

The power in the term (277)°S;(f) can be used as a guide for deter-
mining which of these approximations (if either) is reasonable. For
all n, the total power in Z,(f) is 1. If

Ce)* [ S,0) af £ @oP,
is very small in comparison to one (say < 0.01), the approximation

Z.(f) = o(f)

will be adequate. For moderate power (say 0.01 < (2xn)°P; < 0.1),
the second approximation will still be reasonable.

For a given input jitter power, either of these approximations is
better for small n than large. For weak input jitter

Z.(f) = o(f)

will be reasonable for small n, but not for large. Thus, the effect of
weak input jitter is to smear the high order n-lines. [The feedthrough
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term will be negligible because if Z,(f) = &(f) is reasonable for even
small 7, sinc2 f-rep S:(f) will be negligible in comparison to sinc® f- Q(f)].

5.2 Filtered Waiting Time Jitter Power with Gaussian Input Jitter

When the effect of input jitter is cohsidered, the power in filtered
waiting time jitter is again given by

Poe) = [ 1H( P S5 d,

but with Ss(f) as defined by equation (6). Let Py 4(p), Py 5(p), and
P, ¢ denote the components of Pp(p) due to Ss .(f), Ss.z(f), and
Ss,c(f) respectively. The power P, . is a constant independent of p. If

sinc® f-rep S:(f) = S:(f),
then

Poc= [ LHQ)F S

which is the power of the jitter that would be present at the output
of the syndes (synchronizer-desynchronizer pair) if its only effect
were to filter the input jitter. The jitter power added to the bit stream
by pulse stuffing is to within this approximation

AP,(p) = Po.4(p) + Pp.s(p).

Computer-drawn graphs of AP,(p) for Gaussian input jitter appear
in Figures 13 through 16. The transfer funection H(f) was assumed to
equal that of Figure 9 for Figures 13 and 15 and that of Figure 10 for
Figures 14 and 16. For Figures 13 and 14

SL(iy 02
5 = 27 \10 0.1)° + £

and for Figures 15 and 16

Both of these spectra are RC with a cutoff at 0.1 cycle per stuffing
opportunity. The rms amplitude of the jitter of the first is 1/10 slot,
and of the second, 1/4 slot. The first jitter spectrum is felt to be repre-
sentative of what will typically be encountered in the field.

A comparison of Figures 9, 13, and 15 and of Figures 10, 14, and 16
shows that the effect of input jitter is to erode the peaks and valleys
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Fig. 13—A theoretical graph of the jitter power added by pulse stuffing as a
funetion of p. The jitter on the input to the syndes is assumed to be Gaussian with
an rms amplitude of 1/10 slot and an RC spectrum with a corner frequency of 0.1
cycle per stuffing opportunity. The transfer function H(f) is assumed to have a
double pole at 0.12 cycle per stuffing opportunity.
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Fig. 14—A theoretical graph of the jitter power added by pulse stuffing as a
function of p. The jitter on the input to the syndes is assumed to be Gaussian with
an rms amplitude of 1/10 slot and an RC spectrum with a corner frequency of 0.1
cycle per stuffing opportunity. The transfer function H(f) is assumed to have a
double pole at 0.06 cycle per stuffing opportunity.
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Fig. 15—A theoretical graph of the jitter power added by pulse stuffing as a
function of p. The jitter on the input to the syndes is assumed to be Gaussian with
an rms amplitude of 1/4 slot and an RC spectrum with a corner frequency of 0.1
cycle per stuffing opportunity. The transfer function H(f) is assumed to have a
double pole at 0.12 cycle per stuffing opportunity.

of the no input jitter graphs. It is felt that this erosion will oceur for
almost all input jitter and not just for Gaussian input jitter with a
spectrum of the above form. Thus, the choice of p is not so critical
as it appears to be in Figures 9 and 10 when, as is usually the case,
input jitter is not negligible. Notice, however, that even with non-
negligible input jitter, there is still an advantage in using a narrow
phase-locked loop. The graphs of Figures 14 and 16 are typically 3 dB
below those of Figures 13 and 15.

5.3 A Bound on the Power in Filtered Waiting Time Jitter

By neglecting the effect of the filter in the desynchronizer, it is
possible to obtain a simple bound on the power in filtered waiting time
jitter. This bound is quite weak, but will be useful in the next section
to bound the accumulation rate of filtered waiting time jitter in chains

of syndes.
Let
H.. = max | H() |.
fe(—o0,00)
Then

P, £ H.. Pg

max
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where

o= [ sy

[ssawar+ [ Ssayar+ [ Soc)a

£ Psa+Psa+ Pso.
From equations (32), (31), and (33) of Appendix B
Ps.4 = 1/12,
Ps.s = p°/12 £ 1/12,

and
P s,.c = P, ’
where P; is the input jitter power. Therefore
Py < H...(1/6 + P)). (14)
If there is no peaking,
Hp.=H@0) =1

and
P, £1/6 + P;. (15)
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Fig. 16—A theoretical graph of the jitter power added by pulse stuffing as a
function of p. The jitter on the input to the syndes is assumed to be Gaussian with
an rms amplitude of 1/4 slot and an RC spectrum with a corner frequency of 0.1
cycle per stuffing opportunity. The transfer function H(f) is assumed to have a
double pole at 0.06 cycle per stuffing opportunity.
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VI. WAITING TIME JITTER ACCUMULATION

6.1 Theoretical Bound

A question of much engineering interest is how fast filtered waiting
time jitter accumulates in tandem connections of syndes. Although
the bound (15) is quite weak, it does guarantee that when there is no
peaking in any of the transfer functions of the desynchronizers in the
chain, the rms amplitude of the jitter on the output of the Nth syndes
is no greater than VN /6,* and thus that the rate of accumulation
of filtered waiting time jitter is no faster than +/N. Notice that to
obtain this bound on the growth rate, it was not necessary to assume
the stuffing ratios at each of the synchronizers identical nor the transfer
functions of each of the desynchronizers identical.

6.2 Experimental Data

The power of the filtered waiting time jitter at the output of a chain
of M12 syndes was measured for chain lengths N of 1, 2, 4, 8, and 16
and six different stuffing ratios. The recorded powers are listed in
Table IV and plotted in Figure 17.

The upper bound?

PD,N éN/6

is plotted for comparison in each of the six graphs. The bound is typically
about 15 dB above the data. No data are inconsistent with it.
The other line plotted in each of the graphs is

P,y = NP, (16)

where P;‘l is the theoretical power in filtered waiting time jitter from
just one syndes. The values used for Pi_l were taken from the computer
program that produced the graph of Figure 9 and are listed in Table IV
for convenience. This line was plotted because it seems to be a reasonable
empirical approximation to the data.

The fact that P, < Py, for low stuffing ratios is rather surprising.
We do not have a completely satisfactory explanation. For the stuffing
ratios where this decrease in power occurs, the 1 -lines and 1*-lines

* It is of course being tacitly assumed here that the input to the first syndes is
jitter free and that no other jitters (such as repeater jitter) are being introduced
along the chain. A bound including the effects of other jitters could easily be obtained
from (15) also.

t There is about 0.15 dB peaking in the phase-locked loop of an M12 so we should
strictly be using a bound based on (14) rather than (15). For this slight amount of
peaking and the chain lengths considered here, the difference is negligible.
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TABLE IV—AccumMuraTIiON DaTA

Jitter Powers in dB (0 dB = 1 Slot Squared)
Stuffing :
Ratio Theoretical Experimental
p N=1 N=1 N =2 N =4 N=8 [N =16
0.018 —11.8 —10.9 —-13.1 —10.0 — 6.1 — 2.2
0.092 —17.3 —-14.8 —20.7 —-17.1 - 9.5 |— 5.7
0.167 -21.5 —20.7 —18.4 —-19.0 —16.8 | —10.3
0.241 —22.9 ~21.8 ~19.6 —16.8 —~12.8 | — 6.6
0.316 —22.6 —-20.5 —15.2 —14.9 —-11.7 | — 9.1
0.391 —24.5 —20.7 —-19.8 —-15.6 —-12.5 | — 9.6
p=0.167
BOUND

p=0.241 p=0.316 p=0.391

o — —

BOUND BOUND BOUND

POWER IN' DECIBELS (0 dB =1 SLOT SQUARED)

T~~Po,n=NPp}

Fig. 17—Experimental accumulation data as a function of log N.
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of Q(f) are within the passband of H(f). It is felt that an explanation
lies partly in the fact that Z,(f) may (and the approximation of Sub-
section 5.1.3 suggests it will) throw much of the power in these lines
out of the passband of H(f). If this idea is pursued and calculations
made, however, it appears that while this phenomenon helps, it cannot
be solely responsible. Multiple stuffing may possibly have played a
role here also.

VII. SUMMARY

Expressions giving the spectrum of waiting time jitter both when
there is and is not significant input jitter have been found. Using
these theoretical expressions, graphs of the jitter power added by pulse
stuffing versus the stuffing ratio have been drawn. These graphs indicate
that when there is no input jitter there is much to be gained by intel-
ligently choosing the stuffing ratio, but that with a typical amount
of input jitter present, much of the advantage is lost.

Bounds on the power in filtered waiting time jitter have been found,
and it has been shown that when there is no peaking in the desyn-
chronizers of a chain of syndes, the rms amplitude of filtered waiting
time jitter accumulates at a rate no faster than the square root of the
number of syndes in the chain.
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APPENDIX A

In this appendix the spectrum Ss(f) of ¢s(f) is calculated. As noted
previously, the procedure used will be to (¢) write an equation desecribing
waiting time jitter waveforms, (#7) introduce initial condition random
variables into this equation in such a way that a stationary ensemble
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of waiting time jitter waveforms is defined, (¢7Z) compute the covariance
of the waiting time jitter random process, and () Fourier transform
this covariance to obtain the power spectrum.

Let [-] denote the greatest integer function, that is, let

z <0

l
\.D—‘
I
—
I\

I\

[¢] =41 0, 0z <.

VD—‘
[y
I\

r <2

In Figure 18 a waiting time jitter waveform is drawn assuming stuffing
opportunities oceur at integer times and that just after stuffing at
time { = 0, ¢s(-) equals A — 1. With the aid of the greatest integer
function an equation describing the waveform of Figure 18 can be
written. It is

bs(t) = (A — 1) + pt — [p[d]]. 17

Obtaining this equation is the key step in finding the spectrum of
waiting time jitter. The constant term A — 1 is needed to make ¢5(0) =
A — 1. The second term p¢ generates the linearly increasing portion
of the waveform ¢g(t). Stuffs are made by [p[t]]. The reader should
convince himself that this nesting of greatest integer functions puts
stuffs in the proper locations.

Equation (17) defines ¢5(-) at a stufﬁng tlme to be equal to its value
just after a stuff has been made if one is to be made. In other words,
it makes the function ¢5(-) continuous from the right. This convention

¢s (L) IN SLOTS

TIME IN STUFFING OPPORTUNITIES

Fig. 18—A waiting time jitter waveform starting at A — 1 at time ¢ = 0.
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is as good as any. For the purposes here it makes little difference how
¢s(+) Is defined at switching times.

A waiting time jitter waveform drawn at random from a stationary
ensemble of waiting time jitter waveforms (see Figure 19) will not in
general (in fact almost surely will not) have stuffing opportunities
coming at integer times. Define the random variable 7 as how long
before time ¢ = 0 a stuffing opportunity last occurred. Over the ensemble
7 will be distributed uniformly on the interval [0, 1).

Define the random variable ¢ as by how much ¢5(-) exceeded A — 1
at time ¢ = —7" (see Figure 19). The random variable { must exist
in the interval [0, 1). It cannot be less than 0 because ¢s(-) never is
less than (A — 1). It must be less than 1 because if ¢5(-) exceeds A
just before the stuffing opportunity at time ¢ = —r, a stuff will be

A —’:‘7aij__—/ |

A= — el
4| l L | )
A"‘_‘i— T i i 1 I

;{
Kl&
\

|
o
N
w
i
o

Fig. 19—An ensemble of waiting time jitter waveforms.
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Fig. 20—Graphs of the functions u(x), v(z), and w(x).

made. Over the stationary ensemble, ¢ will be independent of r and
distributed uniformly over [0, 1).
A modified version of equation (17) that allows for nonzero ¢ and r is

¢s) = A —=1) + ¢+ pt +7) — [+ plt + 7]l (18)
Define (see Figure 20a)
u@) =z — |z]
= z mod 1.
An equation equivalent to (18) is
¢s(t) = (A — 1) + u@ + plt + 7)) + pult + 7). (19)

The next step in the procedure is to find the covariance of the random
process ¢s(-). By definition the covariance Cs(¢) of ¢s(+) is given by

Cs(t) = E{(¢s(s + 8) — us)@s(s) — ns)},



196 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1972

where

us = E{os(D)}

and I denotes expectation.
The mean ug is not difficult to evaluate. We have

rs = E{¢s(0)}
= E{(A — 1) + u(¢ + ol7]) + pu(n}
= E{(A — 1) + u§) + pu(n)}
=A—141/2+ p/2.
Define (see Figure 20b)
v(x) = ulx) — 1/2.
Then, for all ¢
és(t) — ps = v + ot + 7]) + po(t + 7). (20)
Returning to the evaluation of Cs(t), we have
Cs(t) = E{(ps(t) — ps)(@s(0) — us)}
= B¢ + plt + 7Do(s + ol7D} + E{o(¢ + plt + 7])pv(n)}
+ E{pv(t + Do + plr)} + Efpv(t + 7)pv(7)}
= E{(¢ + olt + 7DD} + Elo(¢ + plt + 7D pv(r)}
+ Ef{po(t + Do)} + E{ev(t + npv(n)}.

The second and third terms in this expansion (cross covariances) are
zero. Indeed,

Efo(r + plt + wDev(n)} = pE{E{u(¢ + plt + 7Do() | 7}}
pE{w(DE @ + o[t + 71) | 7}}
= B {u(r)-0)

=0

and

Efpv(t + Do(9)}

PEE( + ) | 7))
pE 0t + DEWG) | 7))
pElu(t + DB ()]
= Blu(t + 7)-0)

= 0.
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The fact that
Elo(t +plt + 1)) |7} =0

follows once it is observed that v(-) is periodic with period 1 and that
the integral of v(-) over any unit length interval is zero. Therefore,

Cs(t) = Cs,4(8) + Cs,5(D),

where

Cs.4() = Elo(¥ + plt + 7)o(5)}

and

Cs () = pZE{v(t -+ T)U('r)}.
The covariance Cg z(t) is the easier to evaluate. We have

0 2Cs.5(t) = Elv(t + Do(r)}
- f "ot + Do) dr

- fol ot + 7)(r — 1/2) dr

= [ 60+ A6 - 12 ar

+ ) @ty + 17— D — 1/2)dr

1—u(t
1

- f O + DG — 1/2) dr — f (r — 1/2) dr

—u(t)

- [e-1pa- [ -1

—u(t)

1/12 — (1/2u®)d — u(f)).

Define
wt) = 1/12 — (1/2)u@®)(d — u(f)).
Then,
Cs.5(t) = pw(t). (21)

A graph of w(t) appears in Ifigure 20c.
Turning to the calculation of Cg ,(f), we have

Cs.a(t) = Elw(¢ + olt + 7Do(9)}
= E{E{o(t + olt + Ho(®) | 7}}.
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The same manipulations that were used to find an expression for

Cs.5(t) show
Efv@ + plt 4 7Do(©) | 7} = wlp[t + 7).

Therefore,

Cs.4(t) = E{w(plt + 7))}

- f wiplt + 7] dr

1-u(t) 1
= [ wbltyar+ [ wle+ 1) dr

= (1 — u(@®)w(plt]) + u®wlplt + 1]).
A typical graph of Cg, 4(t) is shown in Figure 21.

CS,A(t)
w({)=1/12

(22)

w(3p)

Fig. 21—The covariance Cg,4(¢).

It is convenient before calculating Sg(f) to mention an equivalent

formula for Cs 4(t). Define

— <
A(o — {1 |tl' It[ = 1'
0, [t]>1

Then (see Figure 21),

0

Cs.a() = 22 w(pm)A(t — n)

n=—c0

= A(t) * (w(pt) rep &(1)

where # denotes convolution and for any function X (f)

rep X() = > X(f — k).

k=—c0

(23)

(29)

The Fourier transform of Cs(¢) is the spectrum of ¢5(¢). As a matter
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of definition
Ss() = F{Cs(0)}
= F{Cs,.(0} + F{Cs.5(0}
= Ss.4() + Ss.5().

The transform Sg p(f) is the easier to take. The function w(-) is
periodic with period 1 and has zero mean. Thus, it has the Fourier
series expansion

o0
w<x) — Z CneJZ'rrnz

n=-—0c0

where for n = £1, £2, - --

1
=f w(x)e > de
0

fl (1/12 — (1/2)u(x)(1 — u(x)))e'—i21rnz du

—(1/2) f w@ — u@)e ™ d

Il

—(1/2) f o1 — 2™ iy

(27n)~?

It

Therefore,
Ss.5(f) = F{Cs,5(1)}
F{p"w(?)}

oo £ (o

n#0

4 n;w (%rn) ()

n#=0

- £ () =

n#0

I

ll

lI

©

" 2 <27m) (8(f — ) + o(f + n)). (25)
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Ss.4(f) is only slightly more difficult to compute. Using equation
(24) for Cs,4(?), we have
Ss.4(f) = F{Cs a0}
F{AQ)* (o) -rep 8(2)}
F{AWD}- Flw(pt) rep 8(2)}

1

F{AD] - (Flw(en)}*F{rep 5(1)}).

The evaluations

= Sg:;)gf L sine® f

5(40)

and
5 {rep 6(t)} = rep 4(f)

can be found in most Fourier transform tables. Proceeding as in the
evaluation of Sg 5(f), we have

< _1__ 21'27rnﬂt
¥ =Z_,, 2mn ¢

n#0
> 1 : i2wnpt
= <21rn> Fte }

i (§1lr—n>2 8(f — mp)

n=—c0
n#=0

F{w(pt)}

I
™

L

= 2 (—1—)2(60 — np) + 8(f + np)).

n=1 271’%

Assembling these three evaluations, we obtain

Ss.A(f) = sine” fQ(f); (26)
where
QW = rep a0y 33 (55 ) @ = ne) + ¢ + no)
= 2 (571;) (rep 6(f — np) + rep 8(f + np)). 27)
APPENDIX B

In this appendix the arguments of the previous appendix are gen-
eralized to allow for input jitter. Rather than trying to write an equation
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for ¢s(t) directly, it is easier to first write an equation for ¢gpc(t).

With the jitter sign convention of Section V, the instantaneous
frequency of the signal at the input to the synchronizer is fy -+ ¢:(¢)
and the instantaneous stuffing ratio is p — ¢;(¢). As in Appendix A,
let A denote the stuffing threshold, let 7 be a random variable denoting
how long before time { = 0 a stuffing opportunity oceurs, and let ¢
be a random variable denoting how far above A — 1, ¢spc(-) was
just after the stuffing opportunity at time { = —7. The random variables
¢ and 7 will again be independent and distributed uniformly on [0, 1).
If there were no stuffing, ¢spc(t) would evolve as

berc® = (= D+ £+ [ (o= i) ds. ©3)

In actuality there is stuffing, and at every stuffing opportunity a
pulse is stuffed if ¢sp.(t) is greater than A at that time. An equation
describing ¢gpc(f) when stuffing is taking place is*

bsre®) = A=)+ £+ [ (o= i) as

~w4 [ o= b o

= (A - 1) + ¢+ P(t + T) - ‘251(0 + ¢1(_‘7')
= +oplt+ ] =t + 7] — 1+ &:(—7]. (29

A more convenient form for (29) can be obtained by again introduéing
the function u(-). It is

Pspe(®) = (A — 1) +uw(d + plt + 7] + ¢2(—7) — &u([t + 7] — 7))
+ ooult + 1) + o[t + 7] — 1) — &:(0).

Since

¢S(t) = ¢sz’c(t) + ¢I(t);

* Actually, this equation stuffs more than one time slot if the waveform ¢spc(t)
immediately before a stuffing opportunity has not only increased to a value above A,
but is also above A + 1 (see Figure 22). A related problem arises if ¢pspc(l) immedi-
ately before stuffing is below A — 1 (see Figure 23). The first situation will not
oceur if the sum of p and the negative of the maximum possible negative change
of ¢;(t) in one time slot is less than 1. The second situation will not occur if p minus
the maximum possible positive change of ¢;(¢) in one time slot is greater than zero. In
other words, the model will not deviate from actuality if p is not close to 0 or 1 and
¢1(t) is a low-frequency jitter. These conditions are reasonable and will be assumed
to be met.
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we have
¢st) = (A — 1) Fu@+ plt + 71 — ([t + 7] — 7) + ¢u(—1))
+ ooult + 1) + ot + 7] — 7).

The mean pg of ¢s(t) is not difficult to compute. The integral of
u(x) over any unit length interval is 1/2, and therefore

Efput + n)} = p/2.
Similarly,
Efu(t + plt + 71 — ¢u([t + 7] — 7) + ¢1(— 7))}
= E{E{u(¢ + plt + 7] — ([t + 7] — 7) + ¢2(—7) | 7, 6:2(*) }}

= E{1/2}
= 1/2.

—

35
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DESCRIBED BY MODEL ACTUAL WAVEFORM

1 1 1 | | | 1 | ! Il 1 !

¢spc (L) WITH
INPUT JITTER, WAVEFORM

TIME IN STUFFING OPPORTUNITIES

Fig. 22—Deviation of the model from actuality when p = 1-,
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Pspc (L) WiTHOUT
INPUT JITTER
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Fig. 23—Deviation of the model from actuality when p = 1+,
Therefore,
ps = 1/2 4 p/2
and
¢s(t) — s =v(C + plt + 7] — ¢t + 7] — 7) + ¢i(— 7))
+ ot + 1)+ @[t + 7] — 7)) — ) (30)
where

M = E{d’l(t)}-

The three terms in this equation for ¢s(f) — us are easily shown
to be uncorrelated. Thus,
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Cs(t) = E{@s(t) — 1) @s(0) — ps)}
= E{o(r + plt + 7] — &2([t + 7] — 7) + or(—1)u($)]}
+ E{p(t + 7)pv(n)]}
+ E{@¢:([t + 7] — 1) — w)@:(—7) — p1)}
= Cs,4(0)
+ Cs.5(D)
+ Cs.0().
From Appendix A we have
Cs.s®) = E{pv(t + nv(r)}
= p'w(t) 62))
where
wt) = 1/12 — (1/2Du()(1 — u@)).

The evaluation of Cg 4(f) is similar to the evaluation of the cor-
responding term in Appendix A. We have

Cs.4(0)
= F{o@ + olt + 7] — o[t + 7] — 7) + d1(—D)v(D)}
= E{E{( + plt + 7] —¢:([t + 7] — 7) + (=)o) | 7, &:1(+)}}
= E{w(p[t + 7] — ¢([t + 7] — 7) + ¢:(—7)}.
Since ¢;(t) is assumed stationary,
Cs.a(t) = B{w(plt + 7] — ¢u([t + 7]) + ¢:(0)}
= E{E{w(plt + 7] — &:([¢ + 7]) + ¢:(0) | ¢:()}}
= (1 — u@)E{w(p[t] — ¢:([t]) + ¢:(0)}
+ u(OE{w(olt + 1] — ¢:([¢t + 1]) + ¢:(0))}
= A (1) -rep 8(1)), (32)
where
r(t) = E{w(pt — ¢:1(t) + ¢:(0))}.

Turning to the final term, we have again using the stationarity of

o:(t)
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Cs.c(t) = E{(@:([t + 7]) — 1) (6:(0) — pn)}
= E{E{(¢:([t + ) — w)(®:1(0) — 1) | ¢:()}}
= (1 — u@E{@:([t]) — 1) (:(0) — n1)}
+ u(OE (o[t + 1) — p)(@:(0) — p1)}
= AO*E{(¢:(t) — p)@1(0) — un)} -rep 8(1))
= A()*(Ci(t)-rep §(1)). (33)

The spectrum Sg(f) of the random process ¢ () is the Fourier trans-
form of Cs(t). Let Ss. 4(f), Ss.5(f), and Sg c(f) denote the Fourier
transforms of Cg 4(f), Cs x(t), and Cg (f). From Appendix A

Ss,6(t) = F{Cs,s(1)}

= (2 ) @ =) + 8+ . (3)

n=1

The next easiest Fourier transform to take is that giving Sg .(f).
We have

Ss.c()

F{Cs.c(}
F{AD*(Ci(?) rep 5(1))}
FLAWD}-(F{C1 (O} *F {rep 3(D})
sine® f-(S;()* rep &(f))
= ginc® f-rep S;(f). (35)

The evaluation of Sg 4(f) is the most difficult. We have

Ss.a() = F{Cs.4(0)}
= F{AD*@(0) rep 8(2)}
= S{A®}-F{r(®) rep 3(1)}
= sine’ 1-Q(f),

Il

where
Q) = F{r(t)-rep 5(1)}
F{r()}* rep &(f).

The periodic function w(x) has the Fourier series expansion (see
Appendix A)

Il

i
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w(z) = i (L>2e"””’.

W \2mn
Therefore,
50} = 3 (55) 5Btesn 12en(ot = 4,0 + 6,0)1})
= (1) i .

= 3 (5%) 50— mesiBlew (—2me,0 — 6O}

= 3 (o) 50— mezo

- X (on)zu—m 9
where ”

Z,(f = SF{z,,(t)}

and

z.(t) = Elexp {—j2mn(e:() — ¢:(0)}}.
It is convenient to obtain another form for equation (36). Clearly,
z.(t) = Elexp {—j2r(—n)(@:(8) — ¢:(0)}}
= Efexp {—j2mn(#:(0) — ¢:(D))}}.
Since ¢;(-) is stationary,
z—n(t) = E{ exXp { _.727rn(¢1(_ t) ,_ qSI(O)) } }

= z,(—1).
Therefore,

e

Z_.() = Fle_.(t)}

0

=f 2(Be T dt
=f Zn(_t)e—i:hrft di

— f zn(t)e—izr(—/)t dt

Z(=1).
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Using this last relation in equation (36), we have
F{r@} = ; (gjr—n) Z.(f — ) + Z_.(f + pn))
= g; (511;1) (Z.(f — pn) + Z.(—1 — pn)).
Therefore,
0 = rep s 35 (55 ) @0 — o) + 21 — )

5 (o) tep 2,0 — o) + vep Zu—f — ). (3

n=1
In summary,

Ss(f) = sinc® 1-Q()

+ g <ﬁ) (8(f —n) + 8(f + n)) + sinc® f-rep S;(f)  (38)

where Q(f) is as above.
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Coupled Line Equations with
Random Coupling

By J. A. MORRISON and J. McKENNA
(Manuscript received August 23, 1971)

The coupled line equations for two modes traveling in the same direction
are constdered. The covariances of the mode transfer functions are cal-
culated in the case of random coupling. Exact results are obtained when
the coupling s a function of a finite state Markov chain, and also when
the coupling is white noise. Perturbation results are oblained in the case
of weak, zero mean, wide sense stattonary coupling. It is also shown that
perturbation results are valid in the case of strong coupling, if the cor-
relation length 1s short.

I. INTRODUCTION

We consider the coupled line equations for two modes traveling in
the forward direction,’

d, '
ot Tl = c@L),

D
dd_Izl + T L,(z) = je(@)1o(2),

subject to the initial conditions
I,(0) = 4, ’ 11(0) =1 . (2)

The time dependence exp (2wjff}) has been suppressed. Here c(z) is
the real coupling coefficient, which we take to be a random function
of 2, and the loss and phase constants are

P0=ao+jﬁn,r1=a1+j/31- (3)

These equations provide an approximate description of a variety of
physical systems®*** such as optical fibers®® and metal waveguides.”*
Typically, with the choice i, = 1, 7, = 0, I,(2) represents a desired
mode launched at z = 0, and 7,(2) an undesired spurious mode.

209
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Rowe and Young'® have studied these equations with c(z) taken
to be white noise. When ¢(z) is white noise, equations (1) are symbolic,
and Rowe and Young interpret them by a limiting process, and with
the aid of a matrix technique obtain exact expressions for the means
and covariance functions of the solutions. With the aid of these solutions
they studied pulse distortion caused by the coupling, and provide
additional verification of Personick’s'® interesting result that in some
cases tncreasing the random coupling can improve the impulse response.

This article has three main purposes. The first is to show that there
is another class of stochastic coupling coefficients for which the means
and covariances of the solutions of (1) can be calculated exactly. These
involve Markov processes which can assume only a finite number of
values. We set up the equations satisfied by the covariance functions
and means for a general coupling of this type in Section II, and solve
them in a special case in Section III.

The second purpose of this paper is to show, with the use of Ito
integrals and the Ito calculus, that the interpretation of equations (1)
by Rowe and Young when c(z) is white noise is consistent with the
interpretation due to Stratonovich.'' This is the subject matter of
Section IV.
~ The third purpose is to apply a perturbation technique developed
by Papanicolaou and Keller'” to the coupled line equations. It is shown
that this method can be applied not only to the case of weak coupling,
but also to the case of strong coupling if the correlation length is short.
This is the subjeect of Section V.

In the remainder of Section I, we define the quantities of interest,
introduce notation, and discuss some of the previously mentioned
points at greater length.

The differential loss and phase constants are given by

AT = Ty — Ty = Aa + jAB. 4)
We write the coupling coefficient in the form
¢(z) = CN(2), 6

where N (z) is dimensionless. Following Rowe and Young'*® we assume
that A« is independent of the frequency f, but that A8 and C are odd
functions of f. We further assume that C is an odd function of AB.
Also, let

Golz, AB) = e"**Io(2), 1 (2, AB) = " 1,(2). (6)

Note that our g,(2, AB) corresponds to Rowe and Young’s G,(z) and
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our ¢;(z, AB) to their G,(z). Then, from (1), (4), and (5),

9o _ s0(aBN@ gz, AB)

- @
90— Arge, 48) + ICOBNQante, 48),
with initial conditions
900, A8) = 7o, (0, AB) = 1y . (8)
Now define the correlation functions
Ri(z) = (gu(z, AB + 0)g%(z, A8)), (k, ¢ =0, 1), )

where * denotes complex conjugate and { ) denotes stochastic average.
Rowe and Young'*® have calculated R,.(z) exactly for the case of white
noise coupling, with spectral density D, ,

(N@N(E)) = Dodz — ), (10)

in the case of initial values 7, = 1 and 7, = 0, corresponding to the
signal and spurious modes respectively. They have also calculated
the average of the squared envelope of the impulse response, which
involves a double integral with respect to AB8 and ¢ of Ry (2). The
calculation was exact for frequency-independent coupling' (i.e., C =
co sgn AB), and approximate for moderate fractional bandwidths for
frequency-dependent coupling.’

In this paper we will be concerned with the calculation of R.(z)
only, and will not consider the time domain statistics. We note that
the average powers in the two modes are given by

Py(z) = €7 Roo(2) |s=0, Pi(2) = € """ R11(2) |,-o0. (11)
We first consider the case

NG@) = FIMG), 2), (12)

where M(z) is a finite state Markov chain'® which has, in general,
a nonstationary transition mechanism. Using the results of a paper
by Morrison,'* we obtain a system of ordinary differential equations,
with preseribed initial conditions, for calculating R,,(z). If the process
M(z) has a stationary transition mechanism, and F is a function of
M (2) alone, these equations have constant coefficients. In the particular
case in which N(2) = T'(2), where T'(2) is the random telegraph process,'’
we obtain the Laplace transforms of R;, explicitly.
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Next we investigate the case of white noise coupling by means of
the Tto calculus.'® This approach differs from that used by Rowe and
Young,'® who consider the line as the limit of discrete sections, of
vanishing length, of uncoupled ideal lines, with discrete mode converters
at the end of each section. The quantities R,,(2) are calculated exactly
for white noise coupling, in agreement with the results of Rowe and
Young.'”’

Finally, we turn to the asymptotic calculation, for long lines, of
the quantities R,,(z), in the case of weak coupling, weak attenuation,
and narrow fractional bandwidth. The coupling is assumed to have
zero mean and to be wide sense stationary, so that c(z) is given by
(5), where

(N@) =0, (NRN(E)) = oz — 9). (13)

The asymptotic equations for R,(z) are determined, first for the
nonresonance case, and then for the resonance case, in which the
differential phase constant is small. There is an alternate interpretation
of the resonance case, for which the correlation length is short. It turns
out that for white noise coupling (which has zero correlation length),
corresponding to (10), the asymptotic equations for Ry (2) and R,,(z)
are exact, in both the nonresonance and resonance cases, and those for
Ro1(2) and Ry4(2) are exact in the resonance case.

II. MARKOV CHAIN COUPLING

We begin by writing down the equations satisfied by the quantities

7nk£(z) = .(Il;(z, AB + U)qﬁ;(z; AB)) (ky ¢ = O; 1) (14)
Let

Co = C(aB), C, = C(AB + o). (15)
Then, from (4) and (7), for sufficiently smooth N(2), it follows that
% = ING(Crvo — Caror), (16)
% = jN(Z)(C,,T” - C()T()()) + AP*Tnl ) (17)
%’;—“ = ING(Cure — Corn) + (AT + jo)rue as)

dry

dz iN@)(Coror — Cirro) + (AP* + AT + joyry, . (19)
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These equations do not hold when N(2) is white noise, as will be dis-
cussed later. From (8) the initial conditions are

r(0) = wa%, (k€ = 0, 1). (20)

We now consider the case of coupling corresponding to (12), and
first state some properties of the finite state Markov chain.'® The
sample functions M (z) are defined on the half line 0 £ z < =, have
right-continuous paths, and can take on only a finite number N of

distinet values a,(p = 1, --- , N). An initial probability distribution
is given:
X, = Prob {ZM(O) = an}: (p = 1; e ’N)y (21)
where X, > 0 and
N
X, = 1. (22)
p=1

The transition probabilities are defined, for 0 £ = £ y, by
qu(l‘, y) = Prob {]l[(y) = A, | ﬂf(,}‘) = ap}?
(P; q = L, ‘N) (23)

We consider only those processes which can be defined by means
of a continuous, bounded infinitesimal generator. Thus, we assume
given an N X N matrix function

=(2) = (150(2)), (24)
satisfying the conditions
Tpa(z) g 0: P b q, Tpp(z) é 0: (py q = 1) ) N)a (25)
and
N
;qu(z) =0) (p= 17 ;N) (26)
Then®®, for 62— 0 +, (p,qg =1, --- , N),
P,z 8) =14 7,,() o2 + 0o(é2), 27
P, (z,z + 62) = 7,,(2) 82z + 0(62), p # q. (28)

If the matrix = is constant then the process 1/ (z) is said to have a
stationary transition mechanism.
Stochastic matrix differential equations of the form
dW

o = AR, IWE, W) = ¢[MO)], (29)
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where W and ~ are n X m matrices, and A is an n X n matrix, have
been considered by Morrison.'* Equations were obtained for calculating
the stochastic average (W(2)), in the case that A and ¢ are real, but
it 1s easily verified that these equations are still valid for complex
valued A and y. This may be shown by writing the system (29) in
real form, and then combining in complex form the equations for
calculating the stochastic averages of the real and imaginary parts of
W(z).

Let Ey denote the row vector with all N elements equal to 1, and let

X =&, Xy (30)

be the row vector of initial probabilities given by (21). Note, from
(22) and (26), that

E,X! = 1, Ey'(z) =0, (31)
where ¢ denotes transpose. Let
(ree(@))y = (ree(®) | M(2) = a,) Prob {M(z) = a,}, (32)
(k,£=0,1), (p =1, ---, N), and introduce the column vectors

Rii(z) = col <<7"kt(z)>1 y T <Tkl(z)>N)) (k, ¢ =0, 1). (33)
Then, from (9) and (14),

Ri(2) = (1,(2)) = ExRy0(2), (k, £ =0, 1). (34)
We define the N X N diagonal matrix D(2) by
D(z) = diag [F(a, , 2)], (35)

and denote the unit matrix of order N by Iy . Then, for the system
(16) through (19), with N (z) given by (12), it is found that'

IRy

7 = IDACRy — CRw) + ='@Roy (36)
dRo; . . ,

-d7 = ]D(Z)(CvR]l - C()R(m) + [AP IN + = (2)]R01 , (37)
ddRzm = jD@E)(C.Ryw — CR,) + [(AT + jo)Iy + = (?)]Ry0 , (38)
d_dlzl—l = jDE(C.Ryi — CiRi) + [(AT* 4+ AT + jo)Iy + ﬂ:‘(z)]R” . (39)

From (20), (21), (30), (32) and (33), the initial conditions are
R,.(0) = 7,0%X", (k, £ = 0, 1). (40)
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If the process M (z) has a stationary transition mechanism, and if
the coupling coefficient (5) depends on z through A/ (z) only, then the
differential equations (36) through (39) have constant coeflicients.
We consider a particular example of this in more detail in the next
section.

IIT. RANDOM TELEGRAPH COUPLING

We now consider the particular case when N(z) = T(z), the random
telegraph process,'® which is one of the simplest finite state Markov
chains. It is an ensemble of square wave functions {7(z)}, such that
each sample function 7'(z) can assume only the values +1. For fixed z,
a sample function chosen at random will equal +1 or —1 with equal
probability. The probability p(n, z) of a given sample function changing
sign n times in an interval of length z is given by the Poisson process

p(n; 2) = (b?z?je_bz; (n =012, -- '): (41)

where b is the average number of changes per unit length. The process
T (2) has zero mean and is wide sense stationary,

(T@) =0, (T@TE)) =exp {—=2bfz— ]|} (42)

The states of the process T'(z) are ¢; = 1 and a, = —1, and the
veetor of initial probabilities is

X = (1) = 1B = 3E. 43)

The process has a stationary transition mechanism, with infinitesimal

generator
= [_b b} = ', (44)
b —b

Since N(2) = T(z), we have, from (12),
F(ap ) Z) = a4, = (_l)p—l’ (p = 1: 2) (45)

Hence, from (35),
D= [l 0}- (46)
0 —1

D*=1,=1 E< =0, ED¢ = —2bED. (47)

Note that
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Let
Qi:(2) = EDRy,(2), (k, £ =0, 1). (48)

Then, multiplying equations (36) and (39) by E, and equations (37)
and (38) by ED, we obtain, from (34), (47), and (48),

dRey .\

dz JH(Co@10 CoQo1), (49)
dRy . . .

_d7 = j(CiQo — Coro) + (AT* 4 AT + jo)R,: (50)

and

Do _ iRy — CoR * — 2l 1
—d7 = ](Cv 1n — Lo oo) + (AF - )Qol ; (5 )
% = j(C,Ros — CoRy)) 4+ (AT + jo ~— 2b)Q,, . (52)

Similarly, multiplying equations (37) and (38) by E, and equations
(36) and (39) by ED, we obtain

dR .

“EO] = ](CaQu - CoQon) + AT*R,, ’ (53)

dR,, . .

W = j(CoQop — CoQu1) + (AT 4+ jo)Ry, (54)
and

Koo _ (0 Ry ~ CoRa) = 20Q , (55)

% = j(CgRol - CORIO) + (AP* + AI‘ + jO" - Zb)Qu . (56)
From (34), (40), (43), (46) and (48), the initial conditions are

Ry (0) = 4%, Qu(0) =0, (k,¢=0,1). (57

Equations (49) through (56), subject to (57), are solved by means
of Laplace transforms in Appendix A. The Laplace transforms Roo(s)
and RB,,(s) of Re(z) and Ry, (2) are given by (128) and (129), where
A(s) is given by (130), and d, , d, and 5 are defined in (125). Note
that d, and d, are linear in the Laplace transform parameter s. Thus
A(s) is a quartic in s, and we denote the roots of A(s) = 0 by s =
8:(AB, @), k = 1, 2, 3, 4. Inversion of the Laplace transforms in (128)
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and (129) leads to

Ro(z) = ,; Ao (AB, o) exp [s.(AB, 0)z] (58)
and
R.() = Z A1(AB, o) exp [si(AB, 0)2], (59)

the coefficients A, and A, being the residues at s = s, of the expressions
in (128) and (129) respectively.

Similarly, the Laplace transforms Ry (s) and Ro(s) of Ry (z) and
Rio(2) are given by (138) and (139), where E(s) is given by (140),
and e; and e, are defined in (135). Note that e; and e, are linear in s,
so that E(s) is a quartic in s. We denote the roots of E(s) = 0 by u, =
wlAB, a), k = 1, 2, 3, 4. Inversion of the Laplace transforms in (138)
and (139) leads to

Rol(z) = ; BOk(Aﬂ) 0') exp [:uk(AB; U)ZJ) (60)
and
Rlo(z) = kz=; Blk(ABy U) exp [l—‘k(Aﬁa 0)2]7 (61)

the coefficients By and B, being the residues at s = u, of the expressions
in (138) and (139) respectively.

IV. WHITE NOISE COUPLING

In this section we investigate the case of white noise coupling, cor-
responding to (5) and (10), by means of the Ito calculus. We begin
by considering the vector equation

@ _ Au+ Bu(), (62)
dz
where A and B are constant matrices, and £(2) is Gaussian white noise,
with zero mean and spectral density 1. According to Wonham,'” the
Tto differential equation corresponding to (62) is

du = (A + 1B*udz + Buduw, (63)

where w is a Wiener process. The result is stated for real equations,
_ but it may be verified that it holds for complex A, B and u, by con-
sidering the equations for the real and imaginary parts.
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The integral equation corresponding to (63) is

u@) = u® + &+ 38) [ u@ s+ B [ u@ du@). 69

The second integral in (64) is an Ito integral, and it has the property
that its stochastic average is zero." Thus,

@) = @O) + (& + 38) [ @) d, (65)
or, in differential form,

2 (@) = (& + 1B ). (66)

We will also make use of the Ito calculus for the product of differentials,'®

namely
(dw)® = dz, dwdz = 0, (dz)* = 0. (67)

We now consider the line equations for white noise coupling, so
that, from (5) and (10),

¢ = CV'D, (). (68)
Hence, from (1), (62), and (66),
L 1,) = (0 + 1CDNLE), (69)
and
L (1,@) =~ + 1D, (10)

These equations agree with those obtained by Rowe and Young.'’
From (2), (69), and (70),

(I.(2)) = i, exp [= (T, + 3C°Dy)z], (¢ =0, 1). (71)
Also, from (5), (7), (62), (63), and (68),
dgo = —1C*Dygo dz + jCN/D, g, dw,
dg, = (AT — 3C*Dy)g, dz + jCN/ Dy go dw.
But, from (14),
dri(2) = dgi(z, AB + 0)g¥(z, AB) + gulz, AB + o) dg¥(z, AB)
+ dgi(z, AB + o) dgi(z, AB). (73)

(72)
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Hence, from (4), (14), (15), (72), and (73), making use of the relation-
ships in (67),

drOO = DO[COCarll - %(Cg + Ci)roo] dz

+ j \/ Do (CUTIQ - Cgr()l) dw, (74)
droy = [AT* — %(C% + C:)Do]rm dz 4 CoCyDyry d2
+ §V Dy (Cyriy — Corgo) dw, (75)
drlo = [(AP + ](T) - %(0(2) + Ci)Do]rlg dz + Coc‘,DgrOl dz
+ j\/Do (Coroo — Corny) duw, (76)
dry, = [(AP* + AT + jo') - %(C?) + Cz)Do]Tn dz + CoCyDyroo dz
+ ]\/E (Coroy — Cyrryo) dw. @7
From (9), (14), (63), and (66), it follows that
ROO 2 2
C—ldj = —3(Cy + Co)DoRoo + CoC,DoR:yy (78)
R . ‘
P — CiCDuRes + [(AT* + AT + jo) — 4(C + CODR, ,  (79)
and
dROl F 1 2 2
? = [AF - 7(00 + CV)Do]Rol + COCvDORIO (80)
dR10 . 1 2 2
& = CoC,DyR;; + [(AT 4 jo) — L(Cy; + C,)Dy]Ry, . (81)

These equations for R,, are consistent with those obtained by Rowe

and Young.''® The initial conditions are given by (57), and the solutions

of (78) through (81) are easy to write down. The characteristic roots

corresponding to (78) and (79) are, from (4),

N = (Aa + %jo) — 3(Co + CO)D, £ [CiCD; + (Aa + 4jo)°),  (82)

and those corresponding to (80) and (81) are

N = (A + 3jo) — 3(C5 + €D, £ [C5CID5 — (A8 + 30)°]L. (893)
We now return to the random telegraph coupling and consider a

case where the coupling is large but has a short correlation length.

We define the correlation length of the random telegraph process to be

l = (84)

e
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which is just the separation at which the covariance drops to 1/e of
its peak value. This also agrees with a more general definition of the
correlation length of a wide sense stationary process, due to C. L.

Mallows:"
2
} ) (85)

L = 191—?.1 {27rf_gn | $w) | dw/‘ ‘/j; $(w) dw

where 8$(w) is the spectral density function. We set
Co = VbS,, C,=VbS,. (86)

If we substitute (86) into the expression (130) for A(s), and (140)
for E(s), as b — =, A(s) has the roots

= (Bt i) — 405+ 50 = (a3 + S50 +0(F) @)
s = —2b+ (Aa + jo) + (S, + 8.
=188 — @8+ 3P+ of), @9
and F(s) has the roots
k= (ot bio) — HSo+ ) £ 15,5, — 8+ 3071 +0(3), (39)
k= =26+ (da + Hio) + 1(5+ S)
= 1508, + (da + 3o +0o(}) o)

With the aid of (87) through (90), it is straightforward to calculate
limyoe Rie(2), (k, £ = 0, 1). These limits are just the corresponding
expressions for white noise coupling, if in the expressions for white
noise we set

C;Do = So, CCZ,D() = S¢ . (91)
But (91) is consistent with (86), in view of (10), since
* 1
[ e+ or@)a: =1, 92

from (42).

VI. PERTURBATION THEORY

We now assume the random coupling is described by a zero mean,
wide sense stationary process N(z), with an autocorrelation function
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satisfying (102), but which is otherwise arbitrary. We assume in addition
that there is a characteristic length ¢, e.g., the correlation length £, ,
and an ¢, 0 < e < 1, such that

Col = 0(e), C.t = 0(e), Aal = 0("), of = 0(), (93)
and in the first instance
ABC = 0(1). (94)

This can best be described as a case with weak coupling, weak atten-
uation, and narrow fractional bandwidth.

We consider the asymptotic calculation of R,,(2) for small e. The
asymptotic results are valid for z/£ = 0(1/¢°). We begin by stating,
in a form which will suffice for our present purposes, some results of
Papanicolaou and Keller'” on stochastic differential equations.

Thus, consider the linear vector stochastic differential equation

B~ A + A, WO) =W, (95)
where A,(z) is a randon matrix with zero mean,
(Ai(z)) = 0, (96)

A, is a constant nonstochastic matrix, and w, is a nonstochastic vector.
Define

AA = lim [% [ ’ [ aeaw a dz]- 97)

Z—x

Then asymptotically, for 0 < ¢ < 1,
d e
7o (W) & e (AiA + A)(wE),  w(0) = wo . (98)
We now apply the above result to equations (16) through (19) for

7..(2), subject to the assumptions (93) and (94), where AT is given by
(4). Thus, we let

w = (roo , ™ ,eiMzrm ,6_iAﬁz7'10)’, (99)
where { denotes transpose. Then,
0 0 —Coe % 0
-iAB: oy ,idB:
A = iNO| 0 G Ce™ 1, (100)
_CoeiAﬁz CVGJAﬂz 0 0

C,e_iAﬁz _Coe—iAﬂz 0 0
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and
0 0 0 0
FA, = 0 RAa+3jo) O 0 . (101)
0 0 Aa 0
0 0 0 (Aa + jo)

Note that A;(z) as given by (100) satisfies (96), by virtue of (13).
The calculation of AA, , defined by (97), is carried out in Appendix B,
under the assumption that

lim [IZ [ ei0w] dr] — 0, (102)

where p(¢) is given by (13). Let

«©

S() = f ¢ p () di. (103)

Since, from (9) and (14), Ry (2) = (r:.(2)), it follows from (98), (99),
(101), (148), and (149) that, asymptotically,

Tho ~ —(C38(~88) + 2S00 R0 + CoC.IS(8) + S(—A0) R ,
(104)
s 0 CLCASB8) + (B8 Roo

+ [(24a + jo) — C5S(AB) — CoS(—AB)IRy: ,  (105)
and, from (150), that

dRy,
dz

d_dll'gzE R [(Aa + jAB + jo) — (C5 + CS(—AB)IRw . (107)

~ [(Aa — jag) — (C3 + C)S(8B)IR.: (106)

The initial conditions are given by (57).
Now,

o

[ eos o s@as =4 [ cos@swas =1 ao9)

f:sin @) 8(0) dt = O.
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Hence, from (103), for p(¢) = Dys(¢) we have S{w) = 1/2(D,). Note
that the asymptotic equations (104) and (105) for R, and R,, are,
in fact, exact for white noise, as is seen from (4), (78) and (79). However,
from (57), (106) and (107), for S(w) = 1/2(D,), we have asymptotically

Roy(e) 2 dgtf exp {[AT* — 3(CT + Co)Dole}, (109)
Rio(2) = 143§ exp {[(AT + jo) — $(CG + C7)Dole} . (110)

It is readily verified that these results are asymptotically consistent
for 0 < z/t < 0(1/€°), to lowest order in ¢, with the exact equations
(80) and (81) for white noise, under the assumptions in (93) and (94).
The characteristic roots corresponding to (80) and (81) are, from (83),
) . 0(<*
N = (88 + bo) + (da + Fio) — 3(CE + €ID, + XL
The above results are valid under the assumptions (93) and (94).
Suppose now that instead of (94) we have

(88)t = 0(¢), (112)

which we refer to as the resonance case. Note if we set b = b,/¢" and
¢ = €, = 1/2b, the correlation length, the random telegraph case
considered at the end of Section IV is a special example of this resonance
case. The resonance case can thus correspond to large coupling, moderate
attenuation and fractional bandwidth, and small correlation length.
Corresponding to (16) through (19), we take

W = (Too , 711, Tor , T10)", (113)
so that, from (93), (95), and (112), we now have
| 0 0 —-q C,
0 0 c, —C,

A,(2) = iN (@) : (114)
' -C C, 0 0

and
0 0 0 0
* )
CA, = 0 (AT + AT +jo) O 0 (115)
0 0 AT* 0

0 0 0 (AT + jo)
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Note that A;(2) as given by (114) satisfies (96), by virtue of (13).
The calculation of A,A, , defined by (97), is carried out in Appendix B.
It follows from (98), (113), (115), (152), and (153), with R,.(2) =
(rr(2)), that asymptotically

Tow v — (€3 + CYSOFss + 20,CSORu (116
s 20, CSORo + [(AT* + AT + jo) = (G + CHSOR., , (117)
and

dR()l 2 2:

Tt &/ (AT = (G + C)SOIRn + 20,CSORs0 (11s)

Lhs 2 2C,C.8ORn + (AT + jo) = (€3 + CYSOIRsy . (119)

Thus, in the resonance case, the asymptotic equations (116) through
(119) for R;.(2), (k, £ = 0, 1), are exact for white noise, for which
S(0) = 1/2(Dy), as is seen from (78) through (81).

APPENDIX A

We here solve equations (49) through (56), subject to the initial
conditions (57). The Laplace transform of F(z) is

o0

) = fo eF) de. (120)
Taking the Laplace transforms of equations (49) through (52), and

using (57), one finds that
sRoo + §CoQor — §C.Qu0 = ot (121)
(s — AT* — AT — jo)Ry, — §C, Q01 + §Co Q1o = 113%,  (122)

and
(s + 20 — AT%Qu = jC.Ru — jColos (123)
(s + 2b = AT — j0)Qio = jC.Roo — jCoRR1, . (124)
Let
di=s+ 2 — AT*, d, = s + 2b — AT — jo,

7 = 2Aa + jo. (125)
Then, substituting for Q,, and Q,, from (123) and (124) into (121)
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and (122), it follows that

< + + )Roo COC( + )Ru = ol ) (126)

d,
COC< >R00 -+ (s — 9 + —I— C, >Rn = 7,1¥. (127)
Hence
Roo = {[(3 — ) did, + Cg d, + C: doligtd + COCa(dl + d?)iliik}/A(S);
(128)
Ry = {CoCo(dy + do)ioi¥ + (sdids + Cidy + C: di)iiF}/A(), (129)
where
A(s) = [s(s — n) di d + (Cg + C’?)S(dl + dy)
— 9(C7 dy + Codo) + (C7 — CO)°. (130)

Similarly, taking the Laplace transforms of equations (53) through
(56), and using (57), ‘

(s — AT®Ry + jCoQu0 — §C.Qu = toif, (131)
(s — AT — jo)Rio — §C.Qu + iCoQu: = isi¥ (132)
and
(s + 2b)QAoo = jCaRm - jCoRm ’ (133)
s+ 2b — 9)Qu = jC.Rey — jCoRs , (134)
where 5 is defined in (125). Let
¢ =s+2, e =542 —n (135)

Then, substituting for Q. and Q,, from (133) and (134) into (131)
and (132),

2
(8 — AT* + + C, )Rm - C,C (6 + _1>Rw = i, (136)

€2

—COC.,(:— + })Am + (s — AT — jo + -I- Co >R = 1,1 . (137)

1

From (136) and (137) it follows that
ROI = {[(s - AI‘ - j0)6162 + Cgel + Czeg]igiik
+ CoCu<el -+ eZ)ilil;k}/E(s)$ (138)
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and
RIO = {COCv(el + ez)itﬂ.ik -+ [(S - AF*)eleZ + 0362 + Cielliﬂak}/E(s),
(139)
where

E@s) = (s — AT — jd)(s — AT%)ee, + (Cg -+ 03)3(61 + e;)
— [C3AT* + CUAT + jo)les — [Co(AT + jo) + CiAT*]e,
+ (- Cy’. (140)

APPENDIX B

We here carry out the calculation of A,A, , defined by (97). Cor-
responding to (100) we have, from (13),

2 F 0
EMOMD) = —ple — g-)[ } , e
0 G
where
F = l:[Cge-iA?<z—r> + Cl'*01 —2C,C, cos AB — ¢) J (142)
—20,C, cos ABE — §)  [CZ/PCD 4 Q2midstD)
and
G = [(cg + PO 00,0, D } (143)
—20,CLTH (G 4 R
Now,

foz foz ¢ o — ) di de

= [ [ ewasie= [ @ - ot i (a

Hence, for real w, from (102) and (103),

. 1 1% 7% .. ,_
?_rz [Zfo j; e s — ) dt dz] = S(w). (145)
Also,
Z 2 zZ . z .
[ [ een—oyarde= [ & [ ane) ds s

1

Z . . .
- 5 f @7 ¢ — FNp() di. (146)
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Hence, for real w # 0,

: 1 z : jwl(z+
lim [2 f fo ¢CC 0 — 0 di dz:l - 0. (147)

Z-%

Thus, from (97), (141) through (143), (145), and (147),

RA, - [X(Aﬁ) 0 } L (@B = o), (149)
0 Y(a8)
where
X(a8) = [— [C38(—88) + C2S(A8)]  CoClS(48) + S(—Am] (149)
CoC.[S(4B) + S(—4B)] —[CaS(AB) + C2S(—4B)]
and
Y(a8) = (C3 + Ci)[S(AB) 0 J (150)
0 S(—48)
Now consider A,(z) as given by (114). Then, from (13),
(ARA() = —ple — ()[H OJ ) (151)
0 H
where
H - [(03 +C)  —20,C, ] (152
—20,C, (C7 + C)
Hence, from (97), (145), (151), and (152),
CAA, = —S(O)[H 0} , (AB)E = 0(é). (153)
0 H

Note, from (148) and (150), the nonuniform behavior of €’A,A, in
the neighborhood of resonance, which arises from the discontinuity
of the limit in (147) at w = 0.
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Derivation of Coupled Power Equations

By D. MARCUSE
(Manuseript received August 6, 1971)

The modes of a multimode dielectric waveguide are coupled by im-
perfections of the waveguide structure. The propagation of the coupled
modes 1s described by coupled wave equations involving the wave amplitudes.
If the coupling functions are random variables the interaction belween
the modes can be described more eastly by coupled power equations. The
derivation of the coupled power equations from the coupled wave equations
s accomplished with the help of perturbation theory.

I. INTRODUCTION

The interaction of the modes of a multimode waveguide can be
described by coupled wave equations."’*** The coupling between the
waves is caused by imperfections of the waveguide structure. These
imperfections are either deviations of the refractive index from the
index distribution of the perfect waveguide or they are departures
of the waveguide geometry from its nominal value. Changes of the
core diameter of an optical fiber causes coupling between the guided
modes and also coupling of the guided modes to the radiation modes.

Solutions of the coupled wave equations are hard to obtain for
many modes since not only the wave amplitudes but also their relative
phases enter into the description.

In most problems of practical interest the coupling coefficient is
a random function of distance and only the exchange of power between
the modes is of interest. A description of this problem in terms of
coupled wave equations yields more information (phase information)
than is required and consequently is quite complicated. One might
expect intuitively that a description in terms of power exchange between
the modes should exist.* If it were permissible to add power instead
of amplitude one would be tempted to write down power rate equations
that account for the incremental loss of power of one mode in terms of
the power that is transferred per unit length from this mode to all
the other guided modes while an increase in power can be expressed

229
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by the power that is transferred per unit length from all the other
modes to the mode under consideration. Coupled power equations
for two modes have been derived from the coupled wave equations
that admit just this intuitive kind of interpretation.” Our derivation
of the coupled power equations from the coupled wave equations is
not mathematically rigorous. It is based on ideas of perturbation
theory and on the assumption that the coupling coefficients can be
described by correlation functions with Gaussian shape. No attempt
has been made to solve the difficult problem of estimating the accuracy
of the approximate theory.

II. COUPLED WAVE EQUATIONS

Many problems of coupling between the modes of multimode wave-
guides or the coupling between several different transmission lines

can be expressed in terms of coupled wave equations'**®
da, <
% S e W
=

The amplitude of the »th mode is @, ; ¢,, is the coupling coefficient that
describes the interaction between mode x and ». The diagonal elements
of the matrix of coupling coefficients represent the propagation con-
stants of the modes

Cyy = _Z.Bv . (2)

The system of equations (1) is the starting point of our discussion.
In the absence of loss, power must be conserved. We thus require
a N
w2 lal =0 ®3
With the help of (1) we obtain

d N N d 3: d ) N N
25 aar=3 (0% )2 3 T entadaar. @

v=1 v=1 v=1 pu=1

The asterisk indicates complex conjugation. In order to write the
last part of (4) in its indicated form the » and u labels of the second
term had to be interchanged. Since (4) must vanish for any possible
choice of the amplitude coefficients (which at any point along the line
can be chosen arbitrarily by means of initial conditions) we obtain
the following condition for the coupling coefficients.

C;ﬁ = —Cuy - (5)
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It is advantageous to separate the rapidly varying z-dependent
part exp (—iB,2) from the wave amplitudes by the relation

a, = A,e . (6)
The coupled wave equations now assume the form
‘% = ;C,FA“eiAﬁ”“’, ©)
with the abbreviation
Ay = By — Bu- 8)
It follows from this definition that
ABye + AByu = BB,y )

III. DERIVATION OF COUPLED POWER EQUATIONS

The coupling coefficients are functions of the z coordinate that
measures distance along the waveguide axis. In metallic as well as
dielectric waveguides the coupling coefficients assume the form

o = K, f(2). (10)

K,, is independent of z. The function f(z) often describes the actual
shape of the deformed waveguide boundary or the bent waveguide
axis. From (5) we obtain the condition

Kvt = _K!“' M (11)

The function f(2) is supposed to be a stationary random variable whose
correlation funection is assumed to be Gaussian

F@fe — w) = o’ (12)

¢’ is the variance and D is the correlation length of f(z). Since we aim
at deriving coupled power equations we use the fact that the average
power carried by each mode is '

P, = (la,|% = (|4,]%. (13)

The symbol ( ) indicates an ensemble average. From (7) and (13)
we obtain

P, [ ., dA, dA%
dz <A:"< dz> + <A” dz
= 2 K, (J@AFAN " + KifR) A, Ax)e 2P}, (14)

nEv
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Let us assume that the waveguide begins at z = 0. At a point z suffi-
ciently close to z = 0 we obtain the following approximate solution
of the wave equations (7) ' '

40 = A0+ X 40K, [ 1@ w09

The solution of the wave equations (15) is based on first-order per-
turbation theory. It applies if the coupling is sufficiently weak or if z
is chosen sufficiently small so that A,(z) is only slightly different from
A,(0). The input values A4,(0) are not subject to statistical fluctuations;
their value is thus identical with their average value. Neglecting terms
of higher than second order in K,, we obtain by substitution of (15)
into (14)

> {E KL KEAXOAO [ (@) gy

pEY pFEY

KK ATOAO [ GOI@ S e o -

(16)

Terms proportional to the first power of K,, are absent from (16)
since '

(f@) = 0. (17)

The abbreviation “c.c.” indicates additional terms that are the complex
conjugate of the terms shown in (16).
Using (12) and the relation

ABI-U’ = —Aﬁﬂu7 (18)

we can write

z z
f <f(z)f(x)>e€(Aﬁuz+Aﬂupx) dx — UZGi(Aﬂyy—Aﬂpp)z f e—(u/D)’eiAB“u du. (19)
0

0

We must now assume that z >> D requiring simultaneously that ¢
is sufficiently small so that (15) is a good approximation. We can then
write ' '

z L]
f e—(u/D)’eiAﬁppu du = f e—(u/D)zeiAﬁwu du
0 . 1}

_;_,\/; De 12/ 88641 + F(D, AB,,). (20)
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The function F'(D, AB,,) is real and independent of z. It is thus clear
that the expression in (19) depends on z only through the factor
exp [¢(8, — B,)z]. Oscillatory terms do not contribute appreciably
to the right-hand side of the differential equation (16). This fact be-
comes apparent if we integrate (16) with respect to 2. The functions
A,(2) are slowly varying compared to the oscillatory terms. Integrals
over sine and cosinc functions contribute very little compared to
integrals over slowly varying functions. This consideration allows us
to neglect the oscillatory terms in favor of the nonoscillatory terms.
We thus consider only the term (19) with 8, = 8, . In an exactly anal-
ogous manner we obtain also

z
[ @ty sssn
0
- o_?gi(Aﬁyp—AByp)z fz e—(u/D)zeiAﬁy,;u du
0

= ’[3Vx De” "V 4 GF(D, AB,))e T (21)
By the above argument, that only nonoscillatory terms contribute
to the differential equation (16), we keep only the term with 8, = 8, .
Equation (16) now assumes the form

> {[KWK:aA“<0>A;*<0> + KK 4,0 A30)]

[—%E De™ P/ @81 | ip(D. AB”)] + c.c.}- (22)

Because of our assumption that the coupling is sufficiently weak so
that the wave amplitudes do not change very much over the distance 2
we replace 4,(0) with A,(2) and obtain from (22) with the help of (11)
and (13)
N
d—f;”zﬁ = Vrd'D Z} | K,, |?e PR E=0P () — P,(2).  (23)
=
The complex conjugate terms cause the imaginary part of (22) to
disappear.

Our derivation of equation (23) provides us with the derivative of the
power of the »-th mode essentially at z = 0. However, we could have
followed the same procedure by assuming that the wave amplitudes
or the power carried by each mode was given at some point 2z’ and
could have calculated the power derivative at some adjacent point
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2" + Az. With the assumption of weak coupling we would then have
obtained the derivative of the power of the »th mode at an arbitrary
point 2’ along the waveguide in terms of the power in all the other
modes at (or near) that same point. In a strict sense, the procedure
just described contains the flaw that the wave amplitudes 4,(2') are
statistical quantities. At 2 = 0 we used the fact that the wave amplitudes
could be arbitrarily but definitely prescribed to take A4,(0) out of the
ensemble average. This cannot be done if we replace 4,(0) with 4,(2").
However, we can use the following device to escape from this dilemma.
Instead of considering the full ensemble of waveguides we select sub-
ensembles in such a way that within each subensemble the wave am-
plitudes 4,(z") have the same complex value (within a certain prescribed
narrow range). Our derivation of (23) then holds for each member of
the subensemble. By regrouping the full ensemble into subensembles
in such a way that the amplitudes A,(2’) within each subensemble
are all very nearly identical we find that equation (23) holds for each
of the subensembles. We now average (23) over the subensembles
and obtain an equation, equal in form to (23), that applies to the
average power of the full ensemble. (See Appendix.)

For a given value of the rms deviation ¢, (23) is obviously more
accurate for smaller values of the correlation length D. For D — 0
the length of guide needed for an approximate solution of the wave
equations shrinks to zero and the only approximation left in our deriva-
tion consists in neglecting the oscillatory terms in (16). FFor finite values
of D we must impose a restriction on the allowed values of ¢. Let K*
and P indicate the maximum values of | K,, |° and | P, — P, | while
AB indicates the smallest value of 8, — B, . Equation (23) yields the
inequality

dP,

"5 S V' DNKPe 0, 24)

N is the number of guided modes in the waveguide. According to our
approximate derivation we had to require that P, change only slightly
over a distance in the order of the correlation length D. We integrate
(24) over a distance kD with x being a number close to but larger than
unity and obtain

P,z + «D) — P,(2) < V7 D NEKe™ P800 (25)
P = '

Since the right-hand side of (25) must be much smaller than unity
in order for our approximate derivation of (23) to be valid we obtain
the following inequality for the square of the rms deviation
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((D/2)AaB]*
Vr kD’NK*
We have found the interesting result that the approximate coupled
power equations hold for large values of ¢ not only in the limit of very

small D but also in the limit of very large D. The minimum value of
the right-hand side of (26) as a funetion of D is obtained for
2
D= 25 27
which is the least favorable correlation length in terms of the validity
of the coupled power equations. The inequality (26) with D given by
(27) becomes

o K (26)

e(AB)°
47 «NK*
If ¢° remains below the value given by the inequality (28) the coupled
power equations hold for all values of D.

We have assumed so far that the waveguide modes suffer no loss.
This assumption is an idealization that can easily be extended to the
more general case. The waveguide modes do not only suffer heat losses
but also lose power by radiation. In fact the same mechanism that
causes coupling between the guided modes also causes coupling to
the radiation field so that losses are inevitable if the modes are coupled.
If mode » suffers the power loss «, we obtain the coupled power equations
in the presence of loss in the obvious form'

dpP,

dz
Equation (29) has a simple intuitive interpretation. The decrease of
power per unit length in mode » is caused by the loss of power «,P,
per unit length to heat and radiation, by an outflow of power to all
the other modes indicated by the index w, and finally there is an influx
of power from all the other modes to mode » that tends to offset the
power loss.

PAR<S (28)

_ N
= —a,P, + V7 o'D Y| K, P PREp Py (29)
p=1

IV. CONCLUSIONS

TFor randomly coupled waves the coupled wave equations can be
transformed into coupled power equations. In this paper we derived

t The assumption of a Gaussian correlation function (12) is not essential for our
derivation. In general /7 2D exp {—[(D/2)(8, — B.)]*} can be replaced by the
Fourier transform of the correlation function {(f(2)f(z — u)).



236 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1972

the coupled power equations for the special case of coupling coefficients
that can be expressed as the product of a constant term times a function
f(z) that is independent of the mode labels. We further assumed that
the correlation function of the coupling coefficients have Gaussian
shape. The derivation of the coupled power equations from the coupled
wave equations is based on perturbation theory. The coupled power
equations are thus only approximately valid. An inequality was derived
that limits the allowable values of the rms deviation ¢ of the coupling
function f(z). The coupled power equations are easier to use than the
coupled wave equations since the cocflicient matrix of the coupled
power equations is constant, real, and symmetric so that the theory of
symmetric matrices can be used for their solution.

The accuracy of our approximate derivation of the coupled power
equations is not known.

APPENDIX

It is the purpose of the argument involving the subensembles to
prove that we can use in (16)

(AN AIE + M) + 2 + 82))
= (A3 ARNIE + 8fE@ + 2 + A7) (30)

We abbreviate the product of the wave amplitudes by z and the product
of f with itself by y and write (30) in the simplified form

(zy) = (@)()- @31)

To show that (31) holds we introduce the probability W, of finding
any member of the full ensemble, the probability P; of finding a par-
ticular subensemble and finally the conditional probability p, ; of
finding the member ¢ of the full ensemble in the subensemble j. These
three probabilities are related by the equation

W,' = pi.iPi . (32)
We can now write the ensemble average in the form

(wy) = Z Wy = Zpi,ipixiyi . (33)

The sum over the full ensemble can now be rearranged to be extended
first over a particular subensemble (this sum is indicated by a prime
on the summation sign) followed by a sum over all the subensembles
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(xy) = Z P; Z'Pi,ixiyi . (34)

The subensembles were selected on the basis that z; was constant
(or nearly so) in any given one of them. We can thus take x; out of
the sum over the members of each subensemble and obtain

(xy) = Z Py . (35)

The symbol ( ), indicates an ensemble average over the members of
the jth subensemble. The subensembles were selected such that members
with equal amplitude values are grouped together in each subensemble.
This grouping does not affect the function f(z). The average of y over
the subensemble should thus be identical to an average of y over the
full ensemble. We assume

W) = W), (36)
and obtain from (35) the desired result
(zy) = (=) y)- 37
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Buffering of Data Generated by
the Coding of Moving Images

By J. 0. LIMB
(Manuscript received August 20, 1971)

- Data are generated at a fairly uneven rate when video telephone signals
are coded by transmitting only the parts of the picture that change from
frame to frame. Complete smoothing of these data is impracticable because
of the size of the required buffer. Obviously, even a small buffer provides
some advantage however. The object of this paper is to explore the relation
between buffer requirements and channel rate under varying experimental
conditions. ‘

The study was made by recording three minutes of data (covering a
range of action) on a digital computer and simulating buffer behavior
for various channel rates and operating conditions.

With little or no buffering, a large rate 1s necessary. As the size of the
buffer is increased, the required channel rate typically decreases quite
rapidly until the buffer is large enough to smooth the data over an eniire
field. Beyond this point there 1is relatively little improvement until the
buffer is large enough to smooth the data generated by a moving user from
one movement to the next.

At times data are generated at a faster rate than can be handled by the
buffer-channel combination. Reduction of the rate of data generation during
these periods can be controlled either by using the amount of activity in the
picture as a conlrol or by using the state of the buffer as a conirol. Both
methods have distinctly different effects on the buffer-size versus channel-
rate curve. The two modes of control can be effectively combined in developing
a successful control strategy. v

The buffer size required to achieve within-field smoothing can be reduced
dramatically if the data within the field are not taken in the order in which
these dala are generated but instead are interleaved in a systematic manner;
this is because of the nonuniform rate of data generation within a field.

I. INTRODUCTION

Although most coding schemes for pictures have considered only
a single frame at a time, it has long been realized that if only the changes
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between frames were transmitted the average bit rate could be reduced
significantly.””® Tor Picturephone® service this is particularly true
because most of the time the person using a Piclurephone set sits quite
still or only moves his mouth. However, extreme movement can occur
when a camera is panned, when a user leans forward to adjust the
controls, or when he stands up and moves out of the field of the camera.
In such instances the amount of movement can exceed even that
which would be expected in-movies or broadcast television. But even
if such extremes were unimportant, it would still be necessary to buffer
the data generated during normal human movement in order to take
advantage of the large reduction in average bit .rate which occurs
when one transmits only those parts of the picture which change.

Movements exceeding one second in duration are probably not
unusual during videotelephone use. To smooth the peaks in data
generated during such movement would require a large buffer, capable
of storing a significant fraction of the data generated during the move-
ment. Even if buffers were cost-free items, it would probably not be
feasible to smooth, completely, the flood of data generated during
movement because of the delay introduced into the signal path by
the buffer. (The maximum round-trip delay that can be tolerated
in a conversation is between one-half second and one second.?)

J. C. Candy, et al.,, describe experiments with a frame-to-frame
buffered coder operating with feedback control to reduce the accuracy
(both spatial and amplitude) with which the picture elements are
reproduced.’ They use a 67,000-bit buffer and assume a 2-megabit/
second channel. The algorithm for selecting those points to be trans-
mitted differs from the one used in this study and will affect the results
somewhat. -

The object of this study is to explore the relation between channel-
rate and buffer requirements and to determine how much smoothing
the buffer can achieve. The effects of two different buffer control tech-
niques for reducing the spatial resolution in moving areas are compared
and the saving in buffer capacity, using a technique of interleaving
data (which in effect uses the frame memory of a coder to obtain some
smoothing), is investigated.

II. DESIGN OF EXPERIMENT

There is currently no adequate statistical model to describe the
movements of videotelephone users. If there were, transforming this
to a data rate and then obtaining overflow statistics for the buffer
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would still be a difficult task. Therefore we studied buffering by simula-
tion.

A repeatable source of data is a necessity if required buffer sizes are
to be computed and compared for many channel rates and under
different conditions. This precludes the use of a live subject for each
experiment, since variations between runs could mask the effect being
studied. We would like to have recorded several minutes of a typical
videotelephone signal in binary form but this would have required
much more storage than was available. Instead the signal was recorded
in a reduced data form which could still yield the necessary information
for the study. This is described more fully below.

The picture was divided into moving and stationary areas using
a moving area detector.” A typical segmentation is shown in Fig. 1.
For each horizontal line in the picture two measurements were made
to represent quantitatively the moving (or changing) area. First, the
elements falling in the moving area were counted; second, the number
of moving area segments was counted. These two figures were each
represented as 8-bit numbers, packed into one word, transmitted to
the computer, and stored on a digital disk pack. Knowing these two
numbers, we can calculate the number of bits generated per line by
many different coding schemes. Buffer simuations can then be performed
by incrementing a counter (each line) with the data generated during
the line, and then decrementing the counter by the amount the channel
transmits during the line.

In calculating the buffer requirements for a particular channel rate
the only important variable is the ratio between the number of bits
used to transmit information about the address of each segment and
the number of bits used to transmit the amplitude of each pel (picture
element) within the segment. For example, if 16 bits are used to denote
each segment and 4 bits are used to denote the amplitude of each
pel within a segment, the ratio is 4. If we have the buffer-size versus
channel-rate curve for this allocation of bits and want to find the curve
for a coding scheme which allocates 32 bits to each segment and 8 bits
to each pel within the segment, we need only halve the scales of the
axes. Most results have been obtained assuming 16 bits per segment
and 4 bits per element. The 16 bits allocated to each segment can be
distributed in many ways. For example, 8 bits can be used for a starting
address, 4 bits for an error-correcting code, and 4 bits for a terminating
code. Or, the 16 bits can be used just for a starting address and a
stopping address. The 4-bit amplitude code can be used for an clement
difference code or a frame difference code. Of course, the actual allocation
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Fig. 1—(a) Picture showing moving head against stationary background; (b)
Flags showing area deemed moving.
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of bits is rather immaterial as far as a buffer study is concerned. Book-
keeping bits which oceur every line, such as synchronization words
and some forms of forced replenishment, were not explicitly incorporated
in the simulations. These can be simply incorporated by modifying
the channel rate to take these factors into account. Incrementing the
buffer at a line rate rather than at an element rate makes little difference
when we are interested in studying the smoothing that takes place
over a frame and from frame-to-frame rather than over a line.

A rather basic assumption in comparing the buffer requirements
of various schemes is that the operation of the movement detector
does not change with the type of processing that is done (e.g., sub-
sampling). This is almost true of the 2-dimensional movement detector
that was used, and further sophistication in the design of movement
detectors should make them even less sensitive to the type of coding
employed. In any event the required buffer size is not strongly de-
pendent on the segmentation criterion used because during periods of
rapid movement when the buffer is most likely to be full it is quite
easy to pick out the moving area.

2.1. Recording of Dala

An RCA vidicon camera was used having a signal format roughly
equal to that used in Picturephone service: 248 elements and 271 lines
with 24 blanked elements in the line and 16 blanked lines in the frame;
a 30-Hz frame rate with a 2-to-1 interlace. The signal was fed to a
7-bit quantizer via a 1-MHz low-pass filter. The frame difference
signal was formed by subtracting the frame delayed signal from the
undelayed signal. The difference signal was then fed to the movement
detector which decided whether a point belonged to either the moving
area or the stationary area. In order to make a decision the movement
detector examined the frame-difference threshold signal of a block
of 24 samples: 8 from the line being coded, 8 from the line above, and
8 from the line below. The frame-difference threshold signal is unity
for those samples whose magnitude, as compared with the previous
frame, changed by more than a threshold value; otherwise it is zero.
In our experiment the threshold was set at 3/128ths of the peak signal
value. The movement detector will change from the stationary to the
moving mode when 8 or more of the 24 samples currently being eval-
uated have a frame-difference threshold signal of value 1. The move-
ment detector will change back to the stationary mode when two or
less of the 24 samples have a frame-difference threshold signal of value 1.
Thus the decision is hysteretic, and, consequently, the movement
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detector yields a reasonably contiguous moving area (see Fig. 1).
If a stored signal is updated in only the segmented area then the resulting
picture is of reasonable quality.

Just over three minutes of data were recorded. During the first
minute (inactive data sample) the subject was asked to talk naturally
but quietly, keeping his head and body relatively still. During the
second minute (medium activity data sample) the activity was in-
creased with the subject making occasional hand movements and
more pronounced head movements. The subject was most active during
the third minute (active data sample) making exaggerated head move-
ments and hand movements but no large body movements such as
standing or moving out of the field of view. Some characteristics of
the data are given in Table 1.

The statistics shown in Table I are (7) the mean value, (¢7) the value
which was exceeded only 1 percent of the time, and (¢i7) the maximum
value. The mean number of segments in a line increased from less
than 1 to 1.5 as the activity inereased from inactive to active. The
number of pels in the segmented area increased proportionately
more — from 18 to 75. The small increase in the average number of
segments is probably caused by short segments combining to form
a single longer segment as the amount of movement increases. The
maximum value and the 99-percent value do not show such a marked
increase with movement as does the mean. Notice, however, that
the maximum value of the number of pels for the active data cannot
increase further, since it is equal to the number of pels in a line.

For the coding techniques in which we were interested, the required
buffer size was more dependent on that portion of the data used for
describing amplitudes of pels than that portion used for positioning

TaBLE I—MEeaN, 999, VALUE, AND MAXIMUM OF THE NUMBER OF
MoviNG AREA SEGMENTS AND PELS IN A LINE.

Inactive Medium Active
Seg. Pel Seg. Pel Seg. Pel
Mean rate per
line 0.7 17.6 1.3 44 1.5 75
999, value per
line 3.0 100 4.0 122 5.0 183
Maximum rate
per line 7.0 119 9.0 224
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segments. This does not necessarily mean, however, that the segmenting
criterion should be changed so as to decrease the number of pels at
the expense of increasing the number of segments. Such a policy
could lead to an increase in the overall data rate since the reduction
in data rate due to the decrease in the number of pels to be transmitted
could be more than offset by the increase in data rate due to the in-
creased number of segments. The segmenting criterion which gives
the minimum buffer requirement will depend on other factors such
as whether or not subsampling* is used, what buffer control,’ if any,
is employed, and so on. Thus, at this early stage we have simply de-
manded that the segmenting give a reasonably contiguous coverage
of the moving area, leaving the fine tuning until the basic structure
of the coder is known.

III. RESULTS

Figure 2 shows a number of results relating required buffer size to
channel rate. The channel rate is specified in bits-per-line. Thus a
channel rate of 1 bit per pel corresponds to a channel rate of 224 bits
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Fig. 2—Channel rate vs buffer state for medium activity data. Curves are for
maximum buffer state, 99-percent point (1 percent overflow), and mean buffer
state.
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per line, excluding line address and line synchronizing bits. The simula-
tions assume no data are generated or transmitted during the vertical
blanking interval. This period can be used for the transmission of
periodic data such as forced picture updating.*

The buffer size is specified in kilobits and plotted on a logarithmic
scale to accommodate a large range of values. The term ‘‘state of the
buffer” will be used to mean the fullness of the buffer at a particular
instant. “Capacity of the buffer” will be used to denote the number
of bits the buffer can store before overflow occurs. In this study the
buffer was always .large enough so that, for the channel rates used,
the buffer never overflowed and hence may be regarded as infinite.
Three statistics of buffer state were measured: (¢) the mean, (¢7) the
buffer state which was exceeded only one percent of the time, and
(277) the maximum buffer state.

It is difficult to decide what measure of buffer state is appropriate
in determining the capacity required for a buffer in a real system.
The 99-percent point would probably result in too frequent buffer
overflow although, of course, it depends ecritically on what actually
happens to the received picture when the buffer does overflow. Note
that using the 99-percent curve would result in less frequent overflow
of a finite buffer than of an infinite buffer* since a finite buffer will
cease to overflow as soon as the data generation rate falls below the
channel rate. However, it may be a while before meaningful data can
again be transmitted after overflow has occurred.

Conversely, the maximum buffer state is severe as a measure of
practical buffer requirement because overflow would never occur.
However, if the buffer in a working system were to overflow just once
every minute (this curve was obtained for a 1-minute sample), then
overflow would probably be too frequent. In the results that follow,
the maximum buffer state is the measure that is most generally used
as an indication of buffer capacity requirement.

The one-way signal delay through the send and receive buffer is
assumed to be

A = buffer capacity/channel rate. 1

Thus, if the round-trip delay, 24, is to be kept less than 0.5 second
then the send buffer and the receive buffer must each have a capacity

* Of course an infinite buffer, strictly speaking, will never overflow; however, we
regard overflow as occurring whenever the simulated buffer size is exceeded. An
infinite buffer continues to operate normally after the simulated buffer size is ex-
ceeded.
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less than that given by the dotted limiting curve [derived from equa-
tion (1)] of Fig. 2.
The curves of I'ig. 2 have two distinguishing features:

(7) A sharp change in slope at high channel rates.
(77) A gradual turnover of the curves at lower channel rates.

This is most apparent in the maximum buffer-state curve. The change
in slope, at the far right of each curve, is the point at which the buffer
ceases to smooth over a whole field and we hypothesize that the upper
change in slope is the point at which the buffer ceases to smooth signifi-
cantly between one movement of the user and the next. The curves
obtained from data interleaving (see later) provide evidence relating
the “rightmost” change in slope (elbow) to the transition from intrafield
to field-to-field smoothing. _

Regarding the upper change in slope, we can calculate approximately
the number of frames stored in the buffer during periods of peak data
generation in the following manner: about 325,000 bits are generated
per frame when the subject is active. If only 70,600 bits are transmitted
per frame (275 bits per line) then the buffer has to hold about 255,000
bits for the frame, and if the buffer were full (1.4 million bits) then
about 5-1/2 frames of active data would be stored in the buffer. The
difference in data generation rate between two frames, five frames
apart, is probably sufficient to explain the change in slope of the curves
for large buffers.

From the elbow of the maximum buffer state curve to where the
curve turns over at the top the slope is very steep. In reducing the
channel rate from 400 bits per line to 300 bits per line the buffer size
increases from 15,000 bits to 830,000 bits, an increase of 55 times.
Thus, the elbow seems a suitable compromise for an operating point,
enabling one to obtain the advantages of within-field smoothing for
a reasonable buffer size. Of course, the actual operating point that is
chosen will be 2 measure of economics, balancing the cost of the channel
against the cost of the buffer.*

3.1. Relation Between Actwity and Buffer Requirements

The maximum buffer state is plotted as a function of channel rate
in Fig. 3 for the first, second, and third minutes of recorded data.
It is assumed that each pel in the segmented area is specified with

* Or if the channel costs are relatively high the operating point will be determined
by the maximum tolerable signal delay.
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Fig. 3—Channel rate vs buffer state for three different amounts of activity in the
data sample. The lower elbow moves upward and to the right as the amount of
activity increases.

4 bits and each segment is specified with 16 bits. The average rates
are again shown by arrows on the abscissa.

The active sequence has more than four times the average data
rate of the inactive sequence, while the average data rate of the sequence
having medium activity falls roughly midway between the other two.
These three curves have much the same shape with the same pronounced
elbow. As the amount of activity decreases, the slope of the segment
to the right of the elbow becomes steeper and the position of the elbow
shifts downward. This increase in the slope of the curve below the
elbow is probably attributable to the fact that for inactive data human
movements are shorter in duration and the segmented areas are less
clumped than in active data, making smoothing within a field less
profitable. Thus larger benefits are obtained with smaller buffers
(below 10° bits) leading to smaller benefits as the channel rate is reduced
to approach the elbow point in the curve. ,

A coder should be capable of handling the data generated during
the active data sample with only occasional overflow since this type
of movement could easily be encountered in practice. Thus, if we have
a buffer of 50,000 bits, a channel rate of 490 bits per line would be
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required, according to the curve, for active data. To determine what
the buffer is buying us in this instance, compare this with the data
rate required by a simple in-frame coder which transmits 4 bits for
each picture point. The picture quality of the two schemes would
certainly be comparable but the required channel rate for the simple
in-frame scheme would be 890 bits per line. Thus, simple frame-to-frame
coding with a 50,000-bit buffer in this instance has enabled us to almost
halve the required channel-rate.

3.2. Change of Buffer Requirements as Segment-to-Data Ratio Varies

The curve labeled (16, 4) in Fig. 4 indicates the maximum buffer-
state versus the channel-rate for the medium activity data sample
(also shown in Figs. 2 and 3). If all conditions are left the same except
for the number of bits used to denote the amplitude of each data point,
which is reduced from 4 bits to 2 bits, then the curve labeled (16, 2)
results. To compare these curves assume that we have a 50K-bit buffer
and determine what channel-rate will just fill this buffer. For the
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(16,4). Also shown is the effect of subsampling when the buffer state exceeds 25,000
bits. Percentage points show time spent in full-resolution mode.
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(16, 4) curve the rate is 367 bits per line and for the (16, 2) curve the
rate is 185 bits per line, a reduction by almost half (0.504). This is
not too surprising in that the average data generation rate is reduced
by nearly half (0.556), and reflects the fact that the part of the gen-
erated data which specifies the segments is but a small fraction of the
total data generated [12 percent for the (16, 4) case].

If, on the other hand, we double the bits used to specify each segment,
from 16 to 32 the curve labeled (32, 4) results, and as we would expect
gives a negligible increase in channel rate for a given buffer capacity
(4.6 percent). Consequently, it may prove well worthwhile to transmit
additional error protective bits with each segment in an effort to limit
the degrading effects of channel errors. '

3.3 Buffer Feedback

One method for reducing the required buffer size is to use some form
of feedback so that when the buffer exceeds a certain capacity the
accuracy with which the data is coded is reduced. This may be either
a reduction in the accuracy with which the amplitude of the data is
specified (reduction in contrast resolution) or a reduction in the number
of picture points transmitted (reduction in spatial resolution).” The
form of the reduction in resolution is not particularly important for
this simulation, but we have found that reducing the spatial resolution
by a factor of two in moving areas has very little effect on the picture
quality.***° '

The dotted curve in TFig. 4 indicates what happens when feedback
from the buffer is used to halve the number of samples transmitted in
the segmented area (or alternatively, to halve the number of bits used
to specify the amplitude of each element within the moving area).
In this case a barrier was put at 25,000 bits; whenever the buffer state
exceeded this amount the bit rate assigned to elements within the
segmented area was halved. The figure shows rather dramatically
how the curve first follows the (16, 4) curve until the buffer state
reaches 25,000 bits and then moves over to follow the (16, 2) curve.
Thus, the buffer control has effectively limited the maximum buffer-
state to approximately 25,000 bits for a large range of channel rates.
As the channel rate is reduced, the amount of time spent in the lower
data-rate mode increases. Percentage figures beside points on the
curve indicate the percentage of time the coder was in the high data-
rate mode for that particular channel rate. '

The percentage of time spent in the low-resolution mode is quite
low until the curve approaches the (16, 2) curve. Thus, assuming a
buffer of say 40,000 bits, subsampling enables the channel rate to be
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reduced from about 375 bits per line to about 225 bits per line. At
this level the low-resolution mode is still only used about 10 percent
of the time.

The subsampling eurve of Fig. 4, however, only gives the story for
one level of activity. In Fig. 5 the curves show the effect of subsampling
for three amounts of activity. Before one can decide on an operating
point for a coding system, that is, a channel rate and a buffer size,
one must decide on the maximum level of activity which will be tolerated
before additional degradation of the signal takes place either in the
form of buffer overload, or, for instance, further reduction in resolution.
If a curve is available for this level of activity then an operating point
can be selected, for instance, just below the sharp upward turn of
the curve.

A corollary of the above is that given a buffer of a particular size
the position of the barrier beyond which subsampling is used should
be placed as close to the top of the buffer as is possible without overflow
occurring (over the allowed range of data activity), or before another
stage of resolution-reduction is invoked. In this way the amount of
time spent in the high-resolution mode will be maximized. If two
stages of subsampling are used then the barriers associated with each
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transition should be placed close together and near the top of the
buffer. However, if the barriers are too close together then aectivity
rates which would normally be handled by the first stage of subsampling
will be handled by the second stage of subsampling. If on the other
hand the barriers are too far apart then the first stage of subsampling
will be entered prematurely.

For practical reasons one may want to change control only at the
beginning of each field. Thus the whole field would be either subsampled
or not depending on the state of the buffer prior to the start of the
field. This condition was simulated and the results, which are shown
in the dashed curve of ¥Figure 6, indicate the importance of being able
to change from one mode to another within a field. Without this pro-
vision an increase in buffer size of up to 70 percent is required, depending
on the operating point.

3.4 Actwity-Controlled Subsampling

Reduction of spatial resolution by subsampling in the moving area
affects picture quality very little because the image is already blurred
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Fig. 6—The effect of activity control on subsampling (dotted curve) is compared
with buffer control (dashed curve). With activity control, subsampling is invoked
when more than 50,000 bits are required to code the previous field. The active data
sample was used.
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by the camera.* Also, the human observer is quite tolerant of blurring
in 9 moving image.

The state of the buffer provides some measure of the amount of
movement in a picture, but this measure is delayed in time because
the buffer acts like an integrator and responds after the fact. A better
estimate of the amount of activity is the amount of data generated
in a field.

In order to simulate activity-controlled subsampling, the amount
of data generated during a field was compared with a threshold. If
it exceeded the threshold, subsampling was introduced in the next
field. In Fig. 6 the buffer-state versus channel-rate curve for this con-
dition with a threshold of 50,000 bits per field is shown as a dotted
curve. Of course, for activity-controlled subsampling the amount of
time spent in the high-resolution modes does not vary with channel
rate or buffer state and in the example considered it was 84 percent.

One cannot speak of within-field activity control because a single
activity figure is derived for the whole field. Subsampling active fields,
in effect, alters the structure of the data being smoothed by the buffer,
converting it into lower activity data but with a higher mean-to-peak
ratio. Thus, the resulting channel-rate versus buffer-state curve should
be similar in shape to the curve obtained without control but shifted
to the left and down, as shown in Fig. 3 for decreasing amounts of
activity.

The result, shown in Fig. 6, is inconsistent with the above in that
the activity-controlled curve converges with the curve obtained with-
out control as the channel rate increases. The reason for this is arti-
factual and stems from the way the control is derived. If one field is
active enough to introduce subsampling in the next field, the sub-
sampling will reduce the amount of activity so that the following field
will not be subsampled. Thus, with active data, fields will alternate
between subsampling and no subsampling. For operating points to
the right of the elbow of the uncontrolled curve there will not be enough
smoothing to carry the surplus generated in the field that is not sub-
sampled into the next field, and one would expect the curves in the two
cases to coincide.

One could overcome this problem by deriving an activity control
that was based on the data rate prior to subsampling or (as was used
by Candy, et al., in the buffer control case*) build hysteresis into the
threshold so that the decision to stop subsampling would not be made

* The camera target integrates light falling on it over one frame period and in
that time a fast moving object can move a distance of 4 or 5 pels.
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until the data rate fell to about half the threshold used in the decision
to switch to subsampling in the first place. The dot-dash curve is an
estimate of what the channel-rate versus buffer-state curve would
look like if this modified type of activity control was employed.

In comparison, we see that buffer-controlled subsampling introduces
a horizontal platform between the fully sampled curve and another
curve with half the number of amplitude bits assigned to the segmented
pels. On the other hand, activity-controlled subsampling produces
a horizontal shift of the fully sampled curve to the left.

The curves of I'igs. 4 and 6 suggest the interesting possibility that
perhaps buffer-controlled subsampling could be added to activity-
controlled subsampling. This would give the advantage of having the
subsampling phased with the data peaks when the amount of activity
is moderate, but having the powerful limiting effect of buffer-controlled
subsampling for active-data sources. From knowing the effect of both
of the methods of subsampling one could estimate quite accurately
the curve resulting from the combined strategy. The results of a simula-
tion of the combined strategy is shown in Fig. 7 where all the conditions
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are the same as for the results of Figs. 4 and 6, and control is only
exercised at the end of a field.

3.5. Data Interleaving

As mentioned previously, an efficient operating point for a coder-
buffer combination is likely to be just below the elbow of the channel-
rate versus buffer-state curve. At this point the buffer is smoothing
within a field but providing very little smoothing from field-to field.
As one would expect the average data generation rate for Piciurephone
schemes is not uniform within a frame but peaks toward the bottom.

The data generation rate as a function of vertical position within the
field is shown in Fig. 8 for a single field of data. The data rate of this
particular field is a local maximum, taken from the active data sample.
The peak data rate is 850 bits/line occurring toward the bottom of the
picture (probably associated with the model’s shoulders) while the
average rate is 517 bits/line giving a mean-to-peak ratio of 0.61. For
less-active data samples the ratio is even more favorable, 0.47 and 0.35
for a local maximum taken from the medium-activity data sample and
the inactive data sample respectively. Plots of the vertical distribution
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of data for adjacent fields, as one would expect, are very similar. Pre-
smoothing of the data can be achieved if instead of reading out the data
in the order in which they are generated the data are read so that a line
coming from an area having a high average-data-generation rate will be
succeeded by a line from an area having a low average-data-generation
rate. This arrangement could only be achieved, in general, by having a
memory capable of storing an appreciable portion of a frame of coded
data at the transmitter to interleave the data and a similar arrangement
at the receiver to put the data back in the correct order. In such a
situation the advantage to be gained over spending the same amount of
money on additional buffer capacity may be quite negligible.

In certain types of coders such as conditional PCM replenishment’
and conditional in-frame encoding® the signal is stored in the transmitter
frame memory in much the same form as the transmitted signal. In
other coders such as the conditional element-line encod}er8 the signal
stored in the frame memory can be converted to the same form as the
transmitted data without a great deal of storage (a line memory in
the case of the element-line encoder). Thus the frame memory can
also be used to interleave the data by providing readout taps at points
within a field. In such situations additional memory is required to
label the information which is to be transmitted but this only amounts
to an increase of about 5 percent in the size of the frame memory.

It is a simple matter to simulate data interleaving since the complete
data is recorded on a digital disk in the form of two 8-bit numbers
for each line and the data can be read from the disk in any order. The
lines were taken in the order 1, 33, 65, 97; 2, 34, 66, 98; 3 ... 127;
32, 64, 96, 128; 129, 161, 193, 225; 130 --- 160, 192, 224, 256. Some
small improvement may be obtained by using the order 1, 65, 33,
97; - -- over the one above.

The effect of 4:1 data interleaving is shown in Fig. 9, for the medium-
active data sample. As would be expected, data interleaving has little
effect with large buffers where smoothing takes place over many frames.
However, at the elbow the curve for interleaving continues to fall
until at a channel rate of 450 bits per line the maximum buffer states
with and without data interleaving differ by more than a factor of 10.
The difference in the 99-percent points (1080 bits as against 55 with
data interleaving) is even larger.

IV. DISCUSSION AND CONCLUSIONS

With little or no buffering a frame-to-frame coder requires a large
channel rate. As the size of the buffer is increased, the required channel
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Fig. 9—Compared with normal buffering (solid-line curve) 4:1 data interleaving
reduces the required buffer size by a factor of ten at higher channel rates.

rate decreases quite rapidly until the buffer is large enough to smooth
the data over an entire field. Beyond this point there is very little
improvement until the buffer is large enough to smooth the data from
one period of active movement to the adjacent inactive period. Buffers
large enough to do this (greater than 10° bits), however, introduce
transmission delays which are intolerable in normal conversations.

The curve of maximum buffer-state versus channel-rate summarizes
the buffer requirement of a coder for a particular level of activity and
enables one to explore possible tradeoffs in the selection of a suitable
operating point for a coder. For active movement and a 50,000-bit
buffer, the use of simple frame-to-frame coding results in nearly a two-
to-one saving over the channel rate required by an in-frame coder
giving roughly equal picture quality. Further reduction is obtained
if the rate of data generation during periods of peak activity is con-
trolled by using either the amount of activity in the picture or the
state of the buffer as the controlling variable. ‘

It is assumed that the coder can switch between one of two modes—a
normal mode and a reduced resolution mode, which has about half
the data generation rate. A simple buffer threshold control effectively
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clamps the buffer state to the value of the threshold until the coder
is operating predominantly in the reduced resolution mode. If the
control signal is only permitted to change the coder mode at the end
of a field then the clamping action is less effective, since the buffer,
in the worst case, may have to accommodate a large amount of data
generated in a busy field prior to switching. This results in an increase
in required buffer size of up to 70 percent depending on the channel
rate. - ‘

Activity control, on the other hand, does not change the basic shape
of the buffer-state curve but instead makes the coder appear as though
it has a lower overall data rate. Activity control is also an effective
method of reducing the average data rate which is the most important
parameter in TASI-like channel-sharing schemes.

Ideally one would like to use the speed of the moving object as the
control signal rather than the data generation rate because the reduced
data-rate mode would then be used only when the subjective effect
on picture quality is very small.

Buffer control and activity control can be combined so that when
either the buffer threshold or the activity threshold is exceeded the
coder switches to the reduced data-rate mode. The activity control
operates more rapidly than the buffer control, enabling the reduced
data-rate mode to be restricted more to the periods of peak activity.
For small buffer sizes, however, the addition of activity control would
probably help picture quality very little. The combined operating
mode may find application where a channel sharing and buffer sharing
arrangement is applied to a small number of users. In such an arrange-
ment both the average data rate and the peak data rate are important.

+ Most of the advantage in buffering is obtained by smoothing data
over a field. This gain is poSsible'Only because the data are not generated
at.a uniform rate throughout the field but tend to be concentrated
near the middle and bottom of the picture. If data from different places
in the field are interleaved the resulting bit stream can be smoothed
with a much smaller buffer. A four-fold interleave was simulated and
the size of the buffer at the elbow point was reduced by a factor ‘of
four. For slightly larger channel rates the reduction in buffer size was
greater than a factor of 10. The frame memory can only be used to
obtain the temporary storage required for data interleaving when the
data in the frame memory is in the same form as the transmitted data
or when the data can be converted economically to-be of the same
form. A small, but interesting class of coders. falls in this category.
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Buffer and Channel Sharing by Several
Interframe Picturephone® Coders

By B. G. HASKELL
(Manuscript received August 5, 1971)

Simulations are described which test the feasibility of several conditional
replenishment type Picturephone coders sharing the same transmission
channel. Channel sharing takes advantage of the fact that many different
users are rarely tn rapid motion at the same time. Thus, when the dala
from several sources is averaged together prior to transmission, it is much
more uniform than that from a single source. Since the peaks in the averaged
data are smaller than with a single source, less buffering is required,
and the channel rate required for transmission is much closer to the average
data rate generated. Results indicate that by combining twelve sources
prior to transmission, a 2:1 reduction in the bit rale of the system described
by Candy, et al.,' can be obtained. This means that twelve Picturephone
sources could share a 12 megabits per second (one way) itransmission
facility.

I. INTRODUCTION AND SUMMARY

In Ref. 1 a frame-to-frame coding system for Picturephone signals
is described which operates at 2 Mb/s and uses a number of techniques
to reduce the bit rate required for transmission. For the most part,
only picture elements that change significantly are transmitted in
each frame period.” These elements are addressed in clusters and trans-
mitted as frame differences; and since information is generated at an
irregular rate, the data is buffered prior to transmission. When the
buffer starts to fill, indicating active motion, only every other changed
picture element is transmitted,®’* the unsampled elements being re-
placed by the average of their neighbors. When the buffer fills com-
pletely, replenishment is stopped for one frame period allowing the
buffer to empty before resuming transmission.

Two-to-one subsampling in the changing parts of the picture has
been shown to be subjectively invisible during rapid motion.""* Frame
repeating on the other hand, is quite visible, but since it is rarely used
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(only during periods of camera panning or violent motion) it is not
too objectionable.

The rate at which data is generated by the system is very irregular
due to random spacing of changed elements within the field and due
to variations in movement on the part of the subject. It is practical
to provide enough buffering to smooth the data over a field time.
However, it is not practical to smooth the data between peaks in
human movement because of the expense involved and because of
the transmission delay which such a large buffer would introduce.’'’
Thus, the channel capacity which must be provided to accommodate
active movement is much larger than the long-term average data rate
generated by the system, and unless some sort of stuffing information
is generated,’ such as forced replenishment, the transmission channel
is idle much of the time.

An obvious method to utilize the channel more efficiently is to
transmit the data from several interframe coders over a shared channel,
allocating more capacity and buffer space to those sources which happen
to require it at a given moment and less to those which are producing
relatively little data. Since separate Picturephone conversations can
be assumed to be independent, the combined data on a per source basis
should be much less peaked than that from a single source, or in sta-
tistical terms, if the data from N4 independent, identically distributed
sources is averaged, then the variance is reduced by a factor of Ng
(the mean is unchanged). This will not only reduce the required channel
capacity, but it will also reduce the required buffering.

A number of schemes have been proposed.®” Most of them are
variations of the system shown in Fig. 1. Unbuffered data from the
various sources is first stored in individual prebuffers, then trans-
ferred to the principal buffer via the multiplexing switch, and finally
transmitted over a single high-capacity data channel to the receiver
where the inverse operation takes place. The switch may rotate either
sequentially or nonsequentially and either at a constant rate or at
a variable rate. In any event, some source labeling information must
be sent so that at the receiver a given block of data is identified with
the correct source.

If the individual sources are far removed from the high-capacity
channel and its associated multiplexing switch, then it may be desirable
to buffer the data as in Ref. 1 prior to transmission to the prebuffers
of Fig. 1. In this case each prebuffer should be preceded by a device
which removes the stuffing information from the incoming constant-
rate data stream before it is fed to the prebuffer.
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Fig. 1—Channel and buffer sharing system for sources which generate data at an
irregular rate.

In order to simulate the system of Fig. 1, one hour of unbuffered
data from a single source was stored on a digital disk. The data included
all types of activity in the proportion in which they could be expected
to occur in actual Picturephone conversations. The simultaneous
occurrence of Ng independent conversations was then simulated by
starting each conversation at a different point on the digital disk.
This method of simulation avoids the necessity of constructing a
reliable statistical model for the data; however, it does require a large
amount of random access storage.

Controlling the coding mode of a single source according to the
number of bits in a buffer as is done in Ref. 1 reduces the peak data
rate considerably, but it does not result in the minimum long-term
average data rate, a more important parameter where channel sharing
is concerned. Furthermore, if the prebuffers were the only ones available,
they would probably not be large enough to perform this task effectively.
Thus, in the simulations the number of significant changes per field
was used to control the transitions between full sampling in the changed
area, sampling every other changed picture element (2:1 subsampling),
and sampling every fourth changed picture element (4:1 subsampling).

Sections IT and III describe the method of acquisition of the data
and various statistical results obtained from it. Section IV describes
simulations of single interframe coders using different techniques to
control the coding mode according to the amount of activity in the
scene. Required buffer size versus channel rate curves are obtained
under the assumption that the buffer is at least, large.enough to smooth
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the data over a field period. Simulation results for shared-buffer/shared-
channel systems are described in Section V.

The simulations indicate that there is indeed considerable advantage
in several interframe coders sharing a buffer and a channel. Using
the techniques of Ref. 1, a channel rate of 2.0 Mb/s (one way) is re-
quired to transmit the data from a single Picturephone source. However,
with a moderate amount of buffering (about the same as that of a single
frame-to-frame coder'), combining five sources prior to transmission
reduces the required one-way channel rate to 1.2 Mb/s on a per source
basis, i.e., five sources over a 6-Mb/s transmission facility.- With 12
sources per shared channel a transmission rate of 1.0 Mb/s per source

can be achieved with relatively little buffering. Significantly more
savings in channel rate is obtained only by sharing a very much larger
number of sources. As the number of sources per shared channel in-
creases, the bit rate per source approaches 0.6 Mb/s asymptotically.

II. ACQUISITION OF DATA

Frame-to-frame television picture coders are, at present, only in
the experimental stage. Thus, it is not possible to test in real time the
feasibility of sharing transmission channels. Computer simulations
can be carried out, however, by storing a long sample of unbuffered
data from ‘a single source on a digital disk and simulatingb the
simultaneous occurrence of Ns Picturephone conversations by starting
each conversation at a different point on the digital disk. As long as
the starting points are not close together the conversations 51mulated
in this manner will be independent.

The apparatus used to generate the data was essentially the same
as in Ref. 1. The picture was scanned with 271 lines at 30 frames per
second (two interlaced fields per frame) producing a nominally 1-MHz
signal. This was sampled at about 2 MHz and coded as 8-bit PCM
(0 --- 255) so that all processing could be done digitally. A picture
element was deemed to have changed significantly if the magnitude
of its frame-to-frame difference was greater than four out of a possible
255. However, two exceptions to this criterion were made: (¢) if a
significant change was preceded and followed by two insignificant
changes, then the change was deemed insignificant, and (i) if two
clusters of significant- changes were separated by three or less 1ns1g-
nificant changes, then the clusters were joined by relabeling the in-
tervening elements as significant changes.

For each field, two numbers were recorded: the number of significant
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changes and the number of clusters requiring addressing. These were
then stored on a digital disk via a Honeywell DDP-224 digital computer.
Other data such as line sync words are generated, at least in these
simulations, at a constant rate and, therefore, do not require storage.
The bit rate for each field can then be computed by assigning four
bits to each significant change, 12 bits to each cluster requiring ad-
dressing, and then adding the bits which occur at a constant rate.

Storing only two numbers per field makes it impossible to simulate
phenomena that occur because of the irregular distribution of data
within fields. It also requires that in all simulations buffers must be
large enough to smooth these irregularities over a field time. More
will be said about this point in later sections.

It was intended that these data should represent as much as possible
those that would result in practice. To accomplish this goal, product-
trial video tapes of actual Picturephone conversations were obtained
and used as a guide as to the amount of motion which could be expected.
A subject was placed in front of a TV camera whose output was being
coded by the interframe coder, and, at the same time, the product-
trial video tape was played through a monitor which was visible to
the subject. The subject was then instructed to mimic as much as
possible the motion displayed on the monitor.

Violent activity such as camera panning or flipping the mirror to
display printed material was simulated by waving a large eard in
front of the camera. Such behavior occasionally caused changes in
nearly 90 percent of the picture area. Simultaneous movement by
more than one person in the scene (this rarely occurred) was simulated
by the subject moving closer to the camera to more nearly approximate
the area in motion. : '

Data were recorded for one hour, using two subjects; the scene for
both the simulation and the product trial was a standard office with
average lighting. The dress of the subjects was somewhat more colorful
than that of the individuals in the video tape, however. But since this
will tend to make the results conservative, if anything, it was not
considered to be a drawback.

ITI. STATISTICAL CHARACTERISTICS OF THE DATA

The long-term average characteristics of movement by the typical
single Picturephone user are shown in Fig. 2 where the probability of
the number of changes per field exceeding n versus n is plotted, i.e.,
1 — probability distribution function of number changes per field.
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Fig. 2—Probability that the nurﬁber of qhangés per field exceeds the threshold
value n. Points lie very close to the exponential e~* with A = 4 X 1074,

The curve is very close to the exponential ¢ (for A = 4 X 107%)
over much of its range. The exponential shape agrees with results
obtained by Seyler® for certain types of commercial television material,
but, as reported by Pease,’® the curve tends to be much lower (i.e.,
a smaller proportion of the picture changing on the average).

Inactive conversation (less than 11 percent of the picture changing)
comprises about 70 percent of the data. Active motion (between 11
percent and 25 percent of the picture changing) comprises about
24 percent of the data, and violent motion (more than 25 percent of
the picture changing) comprises the remaining six percent of the data.
Thus, an interframe coder which was designed to accommodate active
motion would fully use the required channel capacity only about
6 percent of the time. For the remainder of the time, stuffing informa-
tion would have to be transmitted to maintain synchronization within
the system. ;

Figures 3 to 6 show the curves corresponding to Fig. 2 when data
streams from more than one source are averaged together prior to
transmission. Simultaneous occurrence of several Picturephone con-
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versations was simulated by starting each conversation at a different
point on the digital disk. The multiplicity of curves in each figure
results from various choices for these starting positions. The number
of changes per field per message source is obtained by adding the number
of changes per field contributed by each message source and dividing
by Ns , the number of sources. The probability of this quantity ex-
ceeding 7 versus 7 is plotted in Figs. 3 to 6 for Ng = 2, 5, 12 and 20
respectively. As the number of sources increases, the variation of the
data from the mean decreases indicating that the data are becoming
more and more uniform.

When the starting positions of the separate conversations on the
digital disk are changed, the results vary, especially in the tails of
the distribution. This occurs because the tails are determined com-
pletely by the alignment of movement peaks in the data from each
of the several sources, and when the relative positions of these peaks
are changed the alignment will also change.

Figures 3 to 6, which were obtained experimentally, are very close
to those obtained analytically using the exponential \e™™* as the prob-
ability density function of n for the single-source case. For more than
15 sources (Ng = 15) the central limit theorem begins to come into
effect and 7 is very nearly Gaussian with mean A7, i.e., 2500 changes,
and variance (N g\%) 7.

The large spread and consequent large possible deviation from the
mean of the data from a single source is only one reason why buffering is
difficult. The other reason is the high field-to-field correlation in the
data due to the fact that motion in successive fields is very much the
same." Figure 7 shows the normalized autocorrelation function of the
number of changes per field (this function is independent of Ng).
According to the curve there is still a 50 percent correlation between
fields which are as much as one second apart.

For a single source, transmission channels become saturated and
buffers become filled only during periods of rapid motion. Thus, one
is less interested in the long-time average correlation in the data as
shown in Figure 7 and is more interested in how long the large peaks
in the data rate are going to last. Figure 8 indicates the average durations
of data peaks for a single source. If n, the number of changes per field,
rises above some threshold value T during field 7 and does not go below T'
again until field j, then the duration of the peak is (j — 1) fields. From
Fig. 8 it is seen that although periods of high data rates are quite rare,
when one does occur chances are that it will last for at least several fields.
In fact, for human conversations large peaks in the data can last for a
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few seconds, a period much too long to allow complete smoothing by a
buffer because of the transmission delay that would be introduced.''®

Combining data from several sources prior to transmission reduces
the impact of these peaks considerably. Figures 9 to 12 show the average
durations of peaks in 7%, the number of changes per field per source,
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Fig. 8—Average duration of peaks in the number of changes per field. A peak
starts when n rises above 7' and ends when n falls back below 7.
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when Ny = 2, 5, 12, and 20 sources. As before, the multiplicity of
curves represents changes in the digital disk starting positions. As
N , the number of sources per shared channel increases, the magnitudes
of large data peaks decrease due to the probable misalignment of
peaks from the several data sources.

IV. SIMULATION OF SINGLE INTERFRAME CODERS

A number of simulations were carried out of frame-to-frame coders
operating by themselves without channel or buffer sharing. These
simulations differ from those of Ref. 5 in that the data used represent
all types of motion in the relative proportions that could be expected
in Picturephone transmission, whereas in Ref. 5 each segment of data
represented a particular level of activity. Also, two stages of data-
rate reduction were employed in these simulations, whereas in Ref. 5
only 2:1 subsampling was used.

Several features of real-time interframe coders could not be simulated
using the data deseribed in Sections IT and III. First, since the number
of changes and the number of clusters were recorded on a per-field
basis, behavior within a field could not be simulated. Thus, it is always
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assumed that buffers are large enough to smooth the data over a field
period. For a bad case suppose that all of the data for a busy field
occurred in the bottom half of the picture. Then for a 2 Mb/s trans-
mission rate (*33,000 bits per field), a buffer capable of storing 16,500
bits would be required to smooth over a field period. Even assuming a
large buffer, however, small queue lengths cannot be represented
accurately in systems where extra stuffing information is generated
during periods when the buffer is empty.

Second, raising the threshold, which determines a significant frame
difference during periods of violent motion, as was done in Ref. 1
requires feedback to the interframe coder; this was not employed
during the collection of these data. However, the absence of this feature
should not affect the results very much since during periods of high
activity it is not a particularly effective technique for data reduction
(see TFig. 16 in Ref. 1). IFurthermore, use of a constant threshold in
the simulations would tend to make the results conservative, if anything.

A third effect which could not be simulated adequately was switching
between the various stages of data-rate reduction. Switching from
2:1 subsampling to full sampling, for example, requires that extra
information be transmitted to update those picture elements which
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were previously being derived through interpolation. This switch
need not take place in one frame-time, however. In a bad case where
60 to 70 percent of the picture changes during subsampling and the
interpolation is completely unsuccessful, only about 600 extra picture
elements per field need be transmitted to produce a full resolution
picture in 0.5 seconds. When switching from 4:1 subsampling to 2:1
subsampling, only 300 extra picture elements per field need be trans-
mitted. In view of these facts, it is felt that the switching itself can be
carried out in practice in such a way as to have little effect on simulation
results. :

Initially, schemes similar to Ref. 1 were simulated where the number
of bits in the buffer, i.e., queue length, was used to determine the usage
of 2:1 subsampling or frame repeating. Twelve bits were assigned to
each cluster that required addressing and four bits to each frame dif-
ference that was transmitted. When the buffer was more than 20
percent, full, 2:1 subsampling in the changing area was switched in.
When the queue length exceeded some higher threshold value, a whole
frame was repeated thus requiring no transmission for the duration
of that frame.

In the first simulation, the queue length at the end of the previous
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field was used to control subsampling and repeating in the present
field. Using the channel rate and buffer size of Ref. 1, namely 2 Mb/s
and 67,000 bits, overflow occurred during 0.11 percent of the frames,
1.e., about 1 second in a 15-minute conversation. IFor other channel
rates, Fig. 13 shows the buffer sizes and threshold values required to
maintain a 0.11 percent probability of visible degradation due to buffer
filling.

If instead, one controls the subsampling and repeating by the queue
length requirements in the present field, the results are changed very
little, as can be seen by comparing Figs. 13 and 14. This is due to the
high correlation in the amount of movement in successive fields.

The effect on the picture of frame repeating during periods of violent
movement is quite noticeable,’ and it is speculated that this degradation
might be made less objectionable if 4:1 subsampling were used instead
of frame repeating.''* A simulation was carried out to see what the
effect on buffer requirements would be of switching to a 4:1 subsampling
mode when the queue length at the end of the previous field was above
some threshold. Figure 15 shows the buffer size and threshold versus
channel rate required to maintain a 0.11 percent probability of buffer
overload. The buffer sizes are significantly larger than those of Figure 13.

With 4:1 subsampling, however, a higher usage of this mode may be
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Fig. 14—Buffer requirements versus channel rate for a single source and 0.11-
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(Curve is very close to that of Fig. 13.)
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Fig. 15—Buffer requirements versus channel rate for a single source and 0.11-
percent probability of overload. 4:1 subsampling used in overload. (Curve is higher
than that of Fig. 13.)

tolerated since the degradation is expected to be less than with frame
repeating. Exactly how much can be tolerated is not known, but if
the frequency of usage is allowed to rise to 0.23 percent, then the curve
of Fig. 16 is obtained (which matches very closely the buffer require-
ments of Figure 13 where frame repeating is used).

In the above schemes a drastic data-rate reduction is made if buffer
overflow threatens. This has the effect of emptying the buffer so that
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Fig. 16—Buffer requirements versus channel rate for a single source and 0.23-
percent probability of overload. 4:1 subsampling used in overload. (Curve is close
to that of Fig. 13.)
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the next few fields can be sent with good resolution even though rapid
motion is oceurring., Thus, during violent movement only 1 in 4 or 1 in
8 frames is degraded. The visible degradation is annoying, however,
during the whole period of violent motion. Thus, although only 0.11
percent of the frames are degraded, the visible impairment may be
objectionable during all violent motion (0.88 percent of the time)
since the intervening unimpaired frames do not reduce the visibility
of the phenomenon.

When channel sharing is contemplated, system performance depends
on the long-term average data rate. Thus, 2:1 subsampling should be
employed not only when the buffer starts to fill but during all periods
of active movement,; similarly, 4:1 subsampling should be used during
all periods of very violent movement. To simulate techniques of this
type the number of significant changes in the previous field was used
to control the coding in the present field. If the number of changes
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Fig. 17—Buffer requirements versus channel rate for a single source where sub-
sampling is controlled according to the number of changes in the previous field.
If the number of changes exceeds 7';.; then 2:1 subsampling is used; if the number
of changes exceeds 7., then 4:1 subsamplmg is used. Variations in 7’21 do not
affect the results if Ty < Ti.1. Also shown for each value of 7T';. is the percentage
of the time in overload, i.e., when 4:1 subsampling is used.
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exceeds the value T,. then 2:1 subsampling is used; if the number
of changes exceeds T,. , i.e., during violent motion, then 4:1 sub-
sampling is used. In practice, only frame differences corresponding
to sampled picture elements should be examined since the interpolation
itself introduces frame differences independent of movement. Buffer
size versus channel rate curves for various values of T',., are given in
Fig. 17 along with the percentage of time that overload, i.e., 4:1 sub-
sampling, is used. Variations in T',., do not seem to affect these results
as long as T, is much smaller than T, .

The value of T,. for which the buffer requirements most closely
approximated those of Figures 13 and 16 where queue length control
is used is between 13,000 and 14,000 changes per field. This corresponds
to very violent motion (about half the picture changing) and oceurs
only about 0.5 percent of the time (see Fig. 2). Statistics of the bit
stream with T,., = 13,400 changes per field and 7,., = 3000 changes
per field are given in Figures 18 and 19. From these figures it is again
apparent that large peaks in the bit rate occur very rarely, but when
they do occur they can last for an appreciable period of time.
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Fig. 18—Statistical characteristics of the single-source bit stream with subsampling
controlled by the number of changes in the previous field. 7’».; = 3000; 7., = 13,400.
Probability that the number of bits per field exceeds =n is plotted versus n. Also shown
is n in Mb/s.
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Fig. 19—Average duration of peaks in the bit rate above T for a single source with
subsampling controlled by the number of changes in the previous field. 75, = 3000;
Tsaq = 13,400.

Smaller values of T, require smaller buffers; however, the picture
degradation will be more objectionable. Just how small T,.; can be
made depends on the actual 4:1 subsampling scheme used and on the
subjective requirements of the viewer. However, as we shall see in the
next section, when combining sources prior to transmission, variations
in T,., do not seem to affect the results significantly. T’., then becomes
much more important in the performance of the system.

V. SIMULATION OF SHARED BUFFER-SHARED CHANNEL SYSTEMS

The system that will be considered in this section is shown in Fig. 1.
Unbuffered data from each interframe coder or buffered data from
which the stuffing information has been removed enter the prebuffers
at the left to await transfer to the principal buffer via the time division
multiplexer. The prebuffers should be capable of storing one or two
lines of coded information if excessive transmission of source identifica-
tion bits is to be avoided. The multiplexing switch can either rotate
at a constant rate or stop at the output of each prebuffer only long
enough to transfer data. A variable rotation rate will, in general,
require less buffering and alleviate certain synchronizing problems.
Similarly, the switch can access each prebuffer either sequentially or
nonsequentially according to some control strategy which gives higher
priority to more active sources. Nonsequential access will, in general,
require smaller buffers; however, some means must then be provided
for preventing one source from hogging the channel. Other configura-
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tions are also possible; e.g., with a nonuniform switeh rotation rate
the principal buffer might be removed by making the prebuffers larger.

On rare occasions the combined data from all sources will be too
much for the system to transmit, and some data will have to be deleted.
If the coder itself can be told that data are being deleted, then it can
be done without introducing too much picture degradation in the same
way as in the single-source coder." However, if rapid feedback to the
coder is not feasible, then the responsibility for minimizing picture
degradation in the event of buffer overflow falls entirely on the various
receiver systems. This could happen in the situation depicted in Fig. 20,
where the signal has successfully passed through N shared channel
transmission systems and upon reaching the Nth switching station
it finds that there is a momentary shortage of transmission capacity
requiring the deletion of data according to some predetermined strategy.
For example, half the transmitted samples along a line might be deleted,
thus requiring interpolation at the receiver, or an entire line of data

oo |

SHARED CHANNEL
TRANSMISSION
SYSTEM 1

l———.

— N

SHARED CHANNEL
TRANSMISSION

SYSTEM 2
SWITCHING I
STATION N o

SHARED CHANNEL
TRANSMISSION
SYSTEM N+1

Fig. 20—Cascaded shared channel transmission systems where feedback to the
original coder is impractical.
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might be dropped at the Nth switching station and replaced by the
average of the line above and the line below at the receiver."!

In the simulations which were carried out to study the channel
sharing system of Ifig. 1, 2:1 or 4:1 subsampling was assumed to have
already taken place for each incoming field in which the number of
significant changes exceeded T',.; = 3000 or T',., = 13,400, respectively.
A value of three thousand changes per field represents moderate to
active motion on the part of the subject and is probably near the
minimum value which could be used to control 2:1 subsampling in
practice, since subsampling during slow movement results in noticeable
aliasing defects in the picture. A value of 13,400 changes per field
corresponds to violent motion, where nearly 50 percent of the picture
area is changing. The choice of 7', .; should not be crucial to the picture
quality as long as it is in the range of violent motion; thus, for com-
parison purposes it was chosen so that the resulting single-source buffer
requirements approximated those of Fig. 16, where subsampling was
controlled by the queue length in the buffer. The effects of varying
T,.. and T,., will be discussed later.

Since the data were recorded only at the field rate, the queue length
within the transmitter buffer could be examined in the simulations
only at certain times. Thus, as in the single-source case, small queue
lengths are not represented accurately. Unlike the single-source case,
however, a certain amount of in-field data smoothing takes place
because of the data interleaving’ mechanism at the multiplexer switch.
If more than just a few sources are combined, it is highly unlikely
that television lines from the various sources will come from the same
area of the picture. Thus, while one line from one source may come
from an active area near the bottom of the picture, other lines from
other sources will come from quiet areas near the top of the picture.
Furthermore, as the transmission rate per source is reduced, the amount
of buffering per source required for in-field smoothing decreases. Thus,
if the data from each source occurred in the bottom half of the field,
and all the sources were more or less in vertical synchronism, then
16I< of buffering per source would be required for in-field data smoothing
at 2 Mb/s per source. However, only 8K of buffering would be required
at 1 Mb/s per source, and much less is required if, as seems likely,
the sources are not in vertical synchronism.

The maximum queue length per source is plotted versus the channel
rate per source in Figures 21 to 25 for systems in which 1, 2, 5, 12 and
20 sources respectively share the same transmission channel. As before,
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Fig. 21—Buffer requirements versus channel rate for a single source. (Same as
Fig. 17 with T4y = 13,400, T, = 3000.) 4:1 subsampling used when the number of
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the simultaneous occurrence of several conversations is simulated by
starting each one at a different place in the data. Different sets of
starting positions yield different curves. 2:1 subsampling was assumed
when the number of changes per field exceeded T,., = 3000, and 4:1
subsampling was assumed when the number of changes per field ex-
ceeded Ty, = 13,400. If buffer sizes of the order of 70,000 bits per
source are not considered unreasonable, then the approximate channel
rate per source required to transmit Ng sources, without buffer over-
flow, is given in Table 1.

In every case where more than one source was simulated, changing
the starting positions in the recorded data caused significant variation
in the maximum queue length measurement. Results differing by a
factor of ten were obtained in some cases. This occurs because the
maximum queue length depends crucially on the lining up of data
peaks from separate sources, and this is likely to be quite erratic as
the starting position for each source is varied.

When more than four sources shared a channel, variations in 7', ,
the number of changes per field beyond which 4:1 subsampling was
assumed, had little effect compared with the effect shown in Fig. 17
on a single source. Variations in 7', ., , however, had more and more of
an effect as the number of sources per shared channel increased, whereas
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TABLE I —CHANNEL RATE VERSUS NUMBER OF SOURCES
(Burrer Size = 70,000 BiTs/s0URCE; No OVERFLOW)

1Number of Sources, Ng Channel Rate per Source (Mb/s)
1 2.0
2 1.7
5 1.2
12 0.90
20 0.85

with a single source no effect was observed at all. This occurs because
of the higher sensitivity to the average data rate as opposed to the
peak data rate when the number of sources per shared channel is large.

The curves also tend to become much steeper as the number of
sources is increased. This is to be expected since as the rate of the
combined data becomes more and more uniform, buffering will become
less and less effective in reducing the required channel rate. If the
principal transmitter buffer is reduced in size to the point where it is
barely large enough to smooth data peaks within a field (the simulations
are invalid for buffer sizes smaller than this), then the approximate
channel rate per source required to transmit Ng sources, without
buffer overflow, is given in Table II. Comparison with Table I shows
that for more than five sources, large buffers result in relatively little
improvement in bit rate.

Exactly how large the principal buffer must be to smooth the data
within a field is difficult to specify because of the many factors that
were discussed earlier in this section. In the simulations, however,
the data are already smoothed over a field period regardless of the
buffer size. Thus, the results in Table II can be obtained by simply
setting the size of the principal buffer equal to zero in the simulations.

TaBLE II—CHANNEL RATE VERSUS NUMBER OF SOURCES
(BUFFER LARGE ENOUGH ONLY FOR IN-FIELD SMOOTHING;
No OVERFLOW)

Number of Sources, Ng Channel Rate per Source (Mb/s)
1 2.4
2 2.0
5 1.3
12 1.05
20 0.92
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Up to now only the maximum queue length attained during the
simulation has been considered. This maximum occurs only once,
however. For nearly all the remaining time the queue length is much
less than this. Thus, if a small probability of buffer overflow is allowed,
the buffer size which would be required in practice could be somewhat
less than is indicated in Figs. 21 to 25. Or, equivalently, for a given
buffer size the required channel rate could be somewhat less.

Queue length probability distributions for 5, 12, and 20 sources
and various channel rates are given in Figs. 26 to 28 for various starting
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Fig. 27—Probability that the buffer queue length exceeds @ when data from
twelve sources is combined. Channel rate = 1.0 Mb/s.
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positions on the digital disk. These channel rates, which are also shown
in Table III, were chosen so that with buffering of only a few thousand
bits/source, i.e., enough for smoothing the data over a field period,
overflow occurred less than about 0.1 percent of the time. Compared
with the 0.5 percent probability of 4:1 subsampling, buffer overflow
occurred one fifth as often.

Comparison of Tables IT and III shows that as the number of sources
per shared channel increases, the bit rate saving obtained by allowing
a small probability of buffer overflow becomes less and less. This result
further substantiates the fact that as the number of sources increases,
the combined data become umform enough so that buffering is of very
little importance.

TaABLE III—CHANNEL RATE VERSUS NUMBER OF SOURCES.
(BUFFER LARGE ENOUGH ONLY FOR IN-FIELD SMOOTHING. BUFFER
OVERFLOW OCCURRED LESS THAN 0.1 PERCENT OF THE TIME.)

Number of Sources, Ng Channel Rate per Source (Mb/s)
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VI. CONCLUSION

The basic concept of sharing a buffer and a transmission channel
between several interframe coders has been discussed with particular
reference to the system in Ref. 1, which requires 2.0 Mb/s to transmit
a single Picturephone signal. Several simulations were described, and
it was coneluded that five sources could be combined and transmitted
on a 6-Mb/s facility with about the same amount of buffering as in
Ref. 1;i.e., 1.2 megabits/second and 70,000 bits of buffering per source.
With a minimal amount of buffering (a few thousand bits per source)
a 2:1 reduction of the bit rate in Ref. 1 can be obtained if twelve sources
are combined prior to transmission; i.e., 1.0 megabits/second per
source. Combining more than twelve sources results in relatively
little reduction in the required channel rate.

As in Ref. 5 the results of this paper can be used with appropriate
scaling for other coding schemes as long as the ratio of addressing
bits per cluster to amplitude bits per significant change (12 bits/4
bits, here) is maintained and the 2:1 and 4:1 subsampling is brought
in at about the same time. Thus, if 9 bits were to be used for addressing
a cluster and 3 bits per significant change, then the channel rate and
queue length scales should be all multiplied by 2/3.

The simulations could have been carried out more easily had there
been available a reliable statistical model of human movement in
Picturephone scenes. Section IIT goes a long way toward providing
such a model. For a single source the number of significant changes
per field has an exponential probability density function in the region
of interest; however, there is a strong field-to-field correlation resulting
in large data peaks which ean last for many fields. It is this characteristic
that makes channel sharing so effective in reducing the required bit
rate.
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Optimal Test Point Selection for
Sequential Manufacturing
Processes

By M. R. GAREY
(Manuseript received June 23, 1971)

Consider a manufacturing process, such as the production of complex
semiconductor devices, which conststs of the sequential application of n
posstbly unreliable operations, t, , &, - -+ , t, . Let ¢; be the cost incurred
. performing operation t; , and let p; be the probability that t; will be
performed successfully. Clearly one would prefer to reject immedialely
any ttem as soon as a faulty operation has been performed wpon 1t in
order to avoid the unnecessary cost of further processing that item. For
this purpose, we shall assume that, tmmediately following each operation
t; , it 18 possible to apply a perfectly reliable test T; , for determining
whether or not the item should be rejected at that point, where the cost
curred by applying T depends only upon the point i of test application
and the last previous point at which such a test was applied. Since the
application of tests entails additional costs, careful analysis is required
lo determine which tests are sufficiently useful to justify that additional
cost. Using a dynamic programming approach, we derive a useful and
efficient algorithm which utilizes the test and operation costs, along with
the operation failure probabilities, to determine a set of lesting poinis
which will result in the minimal expected manufacturing cost. We then
show how 1t is possible to further tmprove wupon our algorithm for the
particular case in which all test costs depend only upon the point of test
application.

Certain types of products, such as many semiconductor devices,
are manufactured by performing a linear sequence of individual opera-
tions, where many of the individual operations have a nonnegligible
probability of yielding an undesired result. In such cases it would be
preferable to immediately reject a faulty item to avoid the unnecessary,
and useless, cost of further processing that item. However, the in-
troduction of tests into the manufacturing process, for determining

291
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whether or not an item should be rejected, will itself introduce ad-
ditional costs in such a way that the total expected cost of the manu-
facturing process may increase. In addition, certain choices of test
points, though reducing the total expected cost, may be considerably
more costly than certain other choices of test points. We shall present
an efficient and useful algorithm that uses the various test and operation
costs, along with the operation failure probabilities, to determine an
optimal set of testing points, which minimizes the expected cost of
the entire manufacturing process.

Consider a manufacturing process consisting of n individual opera-
tions, or tasks, {, , ¢, , -+ , t, , which are to be performed sequentially
in the fixed order of their indices. Associated with each task ¢; are the
cost ¢; > 0 incurred by performing ¢; and the success probability p; ,
0 < p; £ 1, that operation ¢; will have the proper result, assuming
all previous operations were successful. Immediately after any opera-
tion ¢; it is possible to perform a perfectly reliable test 7'; which deter-
mines whether or not all previous operations, including ¢; , have been
successful, that is, whether or not the item should be rejected at that
point. The cost for performing test T; is given by C; > 0. We justify
this simple testing cost by noting that in many manufacturing pro-
cedures of this type the major determinant of testing cost is merely
the cost of removing the item from the assembly line and preparing
it for test application. However, we shall later generalize the testing
cost to allow a dependence upon the previously untested operations.
We now develop an algorithm which uses the knowledge of these costs
and probabilities to determine a choice of test points (a subset of the T';)
which results in the lowest possible expeeted manufacturing cost per
item processed. This is equivalent to minimizing the expected cost per
fault-free item produced, because the introduction of tests into the
process does not change the probability, given by []?., p: , that an
item is successfully processed by all n tasks. The tests merely serve to
reject already faulty items to avoid the cost of useless additional
processing.

We solve this problem by the method of dynamic programming.'
TFFollowing each operation ¢; it is necessary to decide whether or not
test T'; should be applied. To make this decision we need only compute
the minimal expected costs for completing the process assuming that
T; is or is not utilized and choose the smaller. The computations of
these two expected costs use the cost of T'; , the probability p that the
item is not faulty at this point, and the cost of ¢;,, . For the case that
T; is used, we also need the minimal expected cost for completing the
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process under the assumption that the item is fault-free before ¢;,,
is performed. For the case that 7'; is not used, we need the minimal
expected cost for completing the process under the assumption that
the item is not faulty with probability p before t;,, is performed.

Formally, let a state of the process be described by [j, p], with
1 =j=nand0 < p = 1, where the process is in state [j, p] if and
only if operation {; has just been applied and the resulting item is
fault-free with probability p. There is also a “reject’” state B entered
when a test rejects a faulty item. The initial state of the process is
[1, p,], and the final states are all those states of the form [n, p],
0 < p = 1, plus the reject state R. The transitions between states
are determined by the decisions on whether or not to apply a test
before the next operation. If the process is in state [j, p] and test T'; is
not applied, the next state will be [j + 1, p-p;.1]. If the process is in
state [4, p] and test T'; is applied, the next state will be either [j + 1, p; ],
with probability p, or R, with probability 1 — p. The problem is to
find a sequence of states to transform the process from the initial state
to any final state, with minimal expected total process cost.

Let K[j, p] be the minimum expected cost to get from state [j, p]
to a final state and let S[j, p] be the corresponding optimal set of test
points T, . We then have

K[j, p] = min {Cf + 2@ + Kl + 1,p50)
¢+ K[j+ 1,pp;4]

and S[j, p] equals either S[j + 1, p,;.,] Y {T;} or S[j + 1, p-pi.l,
depending upon whether the first or second expression is smaller. For
a final state [n, p], 0 < p = 1, we have K[n, p] = 0 and S[n, p] empty.
(In our basic model, the final test will never be applied, since it can
only increase the total expected cost. However, the results can also
be applied if test 7', is always required as a final product quality check,
in which case K[n, p] = C, and S[n, p] = {T.}.)

The difficulty with using these equations to obtain an optimal
solution is that, since p can take any value from 0 to 1, there are an
infinite number of equations to solve. Fortunately, for states of the
form [j, p], p can take only a finite number of possible values, [[i, p:,

I H§;=,~ P , depending upon the last test which had been
applied. Thus, if none of the tests T, , T;.,, --- , T;_, were applied,
and either 7 = 1 or T';_, was applied, then p = []i_; p. . Accordingly
we shall now describe a state of the process by (4, 1), ¢ £ j, where the
process is in state (4, ) if and only if
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(7) operation ¢; has just been applied,

(#7) none of the tests T; , T;,,, -+, T;_, were applied, and

(itr) either ¢ = 1 or T,_, was applied.
The initial state is then state (1, 1) and the final states are of the form
(n, 1), 1 £ ¢ = n, plus the reject state R. If the process is in state
(j, 7), the next state will be either (j 4 1, j 4 1), with probability p,
or R, with probability 1 — p, if T'; is applied or (j + 1, 7) if T'; is not
applied. With K(j, ©) and S(j, ) defined in the same way as previously,
the dynamic programming equations become

¢, + (1T p) oo + KG+ 1,5+ 1)

Ci+1 + K(] + 17 7')

and S(j, 7) equals either SGG + 1, + 1) U {T,} or 8§ + 1, 7), de-
pending upon whether the first or second expression is smaller. We
also have K(n, 7) = 0 and S(n, ?) empty for 1 £ ¢ £ n. This set of
equations can be solved iteratively to determine the optimal solution.

Observe now that no additional complications arise if we generalize
the test costs to allow a dependence upon the state (4, 7). Accordingly
we redefine the cost of test T'; , when the previously untested operations
are t; , tivy, -+, t; , to be given by C; ; > 0, allowing the additional
dependence upon . We can then rewrite our dynamic programming
equations as

K(], ’L) — min Ci,,' + (H plc)'(ci+1 + K(J + 1, .7 + 1))

¢+ KG+ 1,9)
with K(n, 7) = 0 for 1 £ 7 £ n, with S(j, 7) corresponding as before.
The following algorithm uses these equations to iteratively solve for
the optimal set of test points.

K(j, 7) = min

Algorithm 1. Computation of Optimal Testing Points
(a) Foreach,1 =7 < n, set
K(n, 1) « 0 and S(n, 1) «— & (empty set).
(b) Set j«—n — 1.
(e) Set 7« jand P « 1.
(d) Set P«— P-p, .
(e) Compute

anzmmrm+P@u+MHﬁd+D)
cion+ KG+ 1,9)
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and set S(j, 2) to SG + 1,7 + 1) U {T,} or S(G + 1, 7), de-
pending, respectively, on whether the first or second expression
is smaller.

(f) If 7> 1,set 77— 1 and go to (d).

(g) If j > 1,set j«— j — 1 and go to (c).

(h) The optimal set of test points is given by S(1, 1) and yields a
manufacturing process with total expected cost per 1tem processed
of ¢; + K(1, 1).

Notice that it is not necessary to actually construct and save all
the optimal partial sets S(j, ©) but merely to note whether or not test
T; is included in S(4, 2). The optimal test set can be constructed directly
from this information upon completion of the algorithm. The number
of operations performed by the algorithm is at most proportional to
the square of the number of tasks in the manufacturing procedure
under analysis. Thus the algorithm can be economically - used for
extremely large problems when programmed for a digital computer,
and many problems can be reasonably solved by hand calculation.
The details of the algorithm are illustrated with a small example in
Appendix A.

Notice that if physical constraints prevent the application of a test
following certain tasks, this can be handled in the algorithm merely
by automatically setting K(j, ) to ¢;., + K(j + 1, ¢) whenever T
is not allowed. This is equivalent to combining tasks ¢; and ¢,,, into a
single task having cost ¢; + c¢;,, and success probability p; p;.1 .

We now return briefly to the original case where the cost of test T';
depends only upon j and show how Algorithm 1 can be improved for
this case. We let

DG, = C; + (TT) o + KG+ 1,5+ 1) = 00— KG+ 1,5,

Thus D(j, #) is merely the difference of the two expressions which must
be compared in order to determine whether or not to apply test 7,
when in state (j, 7). An optimal solution is formed by choosing to apply
test T; from state (5, 7) if and only if D(j, 2) < 0. We can then prove
the following theorem.

Theorem 1: For all j, 1 < j < n, and dall 7, 1 < © < j, D(j, 7)
Zz D@1 — 1).

The proof of Theorem 1 is given in Appendix B. Simply stated,
Theorem 1 tells us that, for fixed j, the difference function D(j, 7)
changes sign only once. In particular, it implies that if test T'; is to be
applied in state (4, 7), then test T'; should also be applied in each of the
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states (,7 — 1), (j, ¢ — 2), -+, (j, 1). This enables us to modify step
(e) of Algorithm 1, when all test costs depend only on j, to omit the
computation of ¢;.; + K(j 4+ 1, 7) in determining K(j, ©) whénever
T; e 8(j, ¢ + 1). In fact, for very large problems, one might consider
using a binary search, for each j, to discover the value ¢ = 4, at'which
D(j, 7) changes sign. Once that point has been found, each K(j, 7)
can be computed by evaluating only one of the two expressions in the
minimization, the proper one being determined by whether 7 is less
than 7, or greater than 7, . Though the number of operations required
will still increase proportlondlly to n°, this method will substan‘clally
reduce the actual number of operations performed.
" A related problem with tests which merely test for the success or
failure of a single operation, all of which must be applied, but which
are not restricted as to point of application in the process sequence is
solved as a special case.in Ref. 2. The algorithm given there requires time
bounded by the square of the number of tasks in the production
sequence. A more general problem has tests which each determine the
success or failure of some particular subset of the tasks. Any one of the
tests may be applied at any point in the manufacturing process and
will determine the success or failure of all operations which belong to
its test set and which have already been performed. The problem solved
in this paper had those test sets restricted to being of the form {¢, ,
to, -, &}, which enabled us to give an efficient optimization algo-
rithm. The best known algorithms for the general problem, however,
require an amount of time which may be exponential in the number
of tasks, restricting their usefulness to only very small problems.
Another related problem has been considered by T. S. Ellington.’ In
his problem, one has a number of alternative methods for accomplishing
each task, the alternatives having different cost and success probabilities,
and one would like to select the best method for each task in order
to obtain the minimum expected- cost. Though Ellington was able to
give an efficient algorithm for making this selection, it was based on
the assumption that each task ‘is automatically tested immediately
after it is applied. If, however, we also allow choice as to test points,
the problem becomes more complicated. One cannot merely combine
our algorithm with Ellington’s, though both are dynamic programming
algorithms, because they work from opposite ends of the process
sequence. The development of an efficient, dlgorithm to simultaneously
select optimal test points and optimal task alternatives remains an
open problem which could have substantial practlcal 1mportance in
the design of actual manufacturing processes
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APPENDIX A

Optimization Algorithm Example

We illustrate the application of the optimization algorithm with
the following small example:

C; Di C;
4 10 9 7
t, 10 8 8
by 25 9 4
I 20 .8 12
ts 30 .8 10
ls 15 9 12

If no tests are applied, the expected cost of the process is simply
the sum of the ¢; or 110. If all tests, except the last (which can only
increase the total expected cost), are applied, the expected cost of the
process is

¢+ Cy + pl(Cz + C, + p2'(03 + C; + pz’(C4 + Oy + Pa

We now show the successive computations performed in applying the
optimization algorithm.

K(®6,1i) = 0 for all i no test
K(5, 5) = min (10 + .8(15), 15) = 15 no test
K(5, 4) = min (10 + .64(15), 15) = 15 no test
K(5, 3) = min (10 + .576(15), 15) = 15 no test

K5, 2) = min (10 4+ .4608(15), 15) = 15 no test
K(5,1) = min (10 + .41472(15), 15) = 15 no test
K4, 4) = min (12 + .8(45), 45) = 45 no test
K4, 3) = min (12 + .72(45), 45) = 44.4 test
K(4,2) = min (12 + .576(45), 45) = 37.92 test
K(4, 1) = min (12 + .5184(45), 45) = 35.328 test
K(3, 3) = min (4 4 .9(65), 64.4) = 62.5 test
K(3,2) = min (4 + .72(65), 57.92) = 50.8 test

K(@3,1) = min (4 + .648(65), 55.328) = 46.12 test
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K(2,2) = min (8 + .8(87.5), 75.8) = 75.8 no test

K(@2,1) = min (8 4+ .72(87.5), 71.12) = 71 test
K(1, 1) = min (7 4+ .9(85.8), 81) =81 no test

These all are computed by simply following the optimization algo-
rithm as given, noting by “test’” or “no test”’ whether the first or second
value was smaller. The optimal solution has expected cost ¢, + 81 = 91,
which is- appreciably smaller than the two ‘“obvious” solutions. We
remind the reader that the cost per fault-free item produced is obtained
simply by dividing the cost per item processed by []7., p. , the prob-
ability that the processed item is fault free. Thus, in this case, the
optimal solution has cost per fault-free item approximately equal to
233, compared to 282 if no tests are used and 261 if all tests are used.
Considerably greater benefits may be derived when the algorithm is
applied to processes with a larger number of tasks.

To determine which tests are applied in the optimal solution, one
notes first that T, is not applied since ‘“no test” was indicated for
K(1, 1). Since T, is not applied, we go to K(2, 1) which indicates that
T, should be used. Since 7', is applied, we go to K(3, 3) which indicates
that T'; should be used. Since T is applied, we go to K(4, 4) which
indicates that 7', should not be applied. Next, since T, is not used, we
go to K (5, 4) which indicates T'; is not used. Finally, K(6, 4) indicates
that T'; is not used. Thus, the optimal solution uses only two tests,
T,and T, . .
 If one is required to apply T, the optimal solution can be computed
similarly to have expected cost 98.6. It uses only tests T, , T, , and
Ts . In this case, the solution which uses no tests other than T, has
expected cost 122, and the solution which uses all the tests has expected
cost 106.75. We emphasize again that, even though the gain from
applying the optimization algorithm to this small example is not
insubstantial, considerably greater savings can be obtained with larger,
more realistic problems.

APPENDIX B
Proof of Theorem 1
Let
DG, ) = €+ (T o) o + KG+ 1,7+ 1) = cjos = KG 1,1,

Theorem 1: For all j, 1 < j < n,and all 1,1 < ¢ = j, D(j, 1) = D(j,
1 — 1).
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Proof. Suppose D(j, ©) < D(j, ¢ — 1). Then
DG, i~ 1 = DG, = (1)@ = Dieros + KG+ 1,54 1)

+KG+1,9) —KG+1,7—1) > 0.
Then
KGi+ 1,9 —-—KG+1,:7i—1)

> (kI;ka>(1 — D) i + KG+ 1,7+ 1)).

We shall show that this inequality is never satisfied; that is, for all
5,2 < j=mn,and forallz,1 <7 £ j,

® KG9 - KG,i~ 1 = (T p)a - oo + KG, ).

We prove (*) by induction on 4, running from n down to 3. If j = n,
we have that K(n,7) = K(n, 7 — 1), so that the left side of (¥*) is zero.
Since the right side is nonnegative, the inequality is clearly satisfied.

Now suppose that (*) holds forall j, m < j £ n,and allz,1 < 7 < j.
We shall show that it must then hold for j = m.

To do this, we first prove a useful intermediate inequality,

Pm(Cmir + K(m + 1, m + 1)) £ ¢,, + K(m, m).
We consider two cases. If D(m, m) < 0,
Cm + K(m, m) = ¢ + pulCns + K(m 4+ 1, m + 1))
Z PulCnss + Kim + 1, m + 1)).

If D(m, m) 2 0, ¢,, + K(m, m) = ¢,, + Cns1 + K(m + 1, m). By the
induction hypothesis, we have

Km+1,m+1) — K(m + 1, m)
< (A — pa)ens: + K@m 4+ 1, m + 1)).
Rewriting, we obtain
CmiriK(m 4+ 1, m) = plens, + Kim + 1, m + 1)),

which completes the proof of the intermediate inequality.

We now prove (*) for j = m, using two cases.
Case 1. D(m, 7 — 1) < 0. 8ince D(m, 7 — 1) < 0,

Km,i—1) = C, + ( I pk)(c,,,“ 4 Km 4+ 1, m + 1).

k=i—1
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It is always the case that

K(ml ,I:) é Cm + <k11 pk>(0m+1 + K(m + ]., m —I- ]_)).

Thus,
K(m, 1) — K(m,t — 1)

(kﬁ pk)(l = Pn-1) Cnsr + K(m + 1, m + 1))

IIA

= (m_A p")(l - pM—l)[pm(CmH + K(m + 17 m -+ 1))]

ki
< (T19)t = paclen + Klm, m,
using the intermediate inequality proved earlier. This completes the
proof of (*) for Case 1.
Case 2. D(m, 7 — 1) = 0. Since D(m, 7 — 1) = 0,
Km,i—1) =c¢cpy+ Kim+ 1,7 —1).
It is always the case that K(m, ¢) < ¢,.., + K(m + 1, 7). Thus, K(m, 1)

— K(@m,7— 1) £ K(m +1,7) — K(m 4+ 1,7 — 1). By the induction
hypothesis,

Km+ 1,9 — Km + 1,7 — 1)
s (kﬁ pk>(1 — i) Cnir + K(m + 1, m + 1))

= (:ﬁ m)(l = i) [PnCnss + K(m + 1, m + 1))]

= <ﬁ m)(l — piy)len + K(m, m)],

again using the previously proved intermediate inequality. This com-
pletes the proof of (*) for Case 2.
Theorem 1 follows by induction.
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The General Second-Order Twin-T and Its
Application to F requency-Emphasizing
Networks

By E. LUEDER

(Manuscript received June 8, 1971)

The general conditions for reducing the third-order lransfer function
of a twin-T by one are derived using Euclid’s algorithm. The conditions
presently used tmpose narrower constraints than necessary on the twin-T,
thus leaving fewer free parameters to optimize the circutt. With the new
method the zeros of the twin-T transfer function can be placed in both
the left- and the right-half s-plane.

The advantages of the twin-T with additronal free paramelers in second-
order RC-active filters are appreciable. For example, in the medium-
selectivity frequency-emphasizing network (MSFEN), the gain needed
to realize a gien pole Q may be up to 70 times smaller than that required
with previous methods, while the stability of the pole is tmproved typically
by a factor of 2. Thus, an MSFEN with the general second-order twin-T
s capable of realizing a wider range of pole Q’s than was possible pre-
viously, while the sensttivity of the pole @ is reduced.

I. INTRODUCTION

The twin-T as represented in Fig. 1 consists of the three resistors
R, , R, , R; and the three capacitors C, , C; , C; . A straightforward
analysis provides its Y-matrix as

as’ +5b+H+sc+g) +1 as’ + bs” + s + 1

Y = R,(R,Css + 1)(R;Cs + 1) - R(R,Css + 1)(R:C,s + 1)

e b s+ 1 ass + b +d) +sc+e +1
R,(R,Css + 1)(RsC,s + 1) R.(R,C3s + 1)(R:C,s + 1)

(1a)

301
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Ij—> Ry Rz ~ Iz
© VNV AV —0
Cy Cz
Vi —— e Va

Rz ==GC3
o —0

Fig. 1—The twin-T.

where
a = R,R,R,C,C,C, e = R,C; + R.C, 1
b = RSR;;Cng f = RZCB(RICI + R3CS)
c = R;;Ca g = RsCI + RZCS . (lb)
d = RIC3(R2C2 + RSCs) R, =R, + R, 3 C,=0C +C,
_ RR,
R, = R,
The transfer function of the unloaded twin-T is
7 3 2
T(s)=b =_Y21= as’ + bs" +es + 1 ©

Vilr.=o Yoo o + (b + ) + (¢ + e)s + 1

The elements of ¥ and the transfer function 7'(s) are of the third
degree in s. The properties of the twin-T are very useful in second-order
RC-active filter sections."'® One of these properties is to allow right-
half-plane zeros of T'(s) in the unshaded region of IFig. 2 which is bounded
by the line with an angle of 60 degrees.” An important application
in RC-active filters is based on the fact that one needs less gain of the
amplifier to realize a high-pole @ if T'(s) has right-half-plane zeros.*
However, as is well known, for the RC-active filter applications,
the degree in s of either T'(s) or of the elements of ¥ has to be reduced
to second order by creating a common divider in the numerator and
the denominator of 7'(s) or the elements of Y. To achieve this several
special solutions are known,” some of which will be listed later. All
of them, however, either impose more constraints than necessary
on the values of the components of the twin-T, or they destroy the
possibility of right-half-plane zeros. Some solutions are approximations
which hold only in the neighborhood of the imaginary axis. This paper
will derive the general condition for the reduction by one of the degree
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in s. This will lead to only one constraint, leaving additional free
components of the twin-T. This fact has a variety of applications in
network theory. As an example it will be used in Section V to optimize
and to extend the capabilities of the second-order FEN. Another
application is the precision tuning of second-order RC-active filter
sections.® The reduction of the degree of T(s) by one will be dealt with
in the following section. ‘

II. THE TRANSFER FUNCTION T(s) OF SECOND DEGREE

The degree of T'(s) in equation (2) is reduced by one by creating
a common divider in the numerator and the denpminatpr of T(s) or,
in other words, by creating a coinciding zero and pole of T'(s) which
can be cancelled. The condition under which a pole and a zero coincide
may be found by using Euclid’s algorithm.” This algorithm and its
application to T'(s) are presented in the Appendix. The result is the
following: T'(s) is of second degree in s if

d(d® + ) — e(e’a + c¢d®) = 0. 3)
The common divider of T(s) is
D(s) = s + % 4)

Dividing the numerator and the denominator of T(é) by D(s) and
considering equation (3) provides the transfer function of second degree

in s
ek

sl

a

T(s) = 6)

Now we have to check the condition (3) in further detail. Inserting

®

7|

60°

~

602

N

Fig. 2—The possible location of zeros of 7'(s).
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a, b, ¢, d, and e from (1b) in (3) and then rearranging equation (3)
yields

(Rlecs - R3Rs0v)<<%> - R1R30103> = 0. (6)

Obviously equation (6) provides two separate conditions for the pole-
zero cancellation; namely,

(%) = RR.C,C, G

or
R1R203 = R3RsCsb . (8)

The coeflicients of T'(s) in equation (5) depend upon the choice of
condition (7) or (8). The two solutions are:

. 2
Case 1. T(s) as in equation (5), with <‘—i) = R,R;C,C; . (9a)

Case 2. T(s) as in equation (5), with
RlR-gC;; = RngRs . (gb)
Case 2 should be worked out in further detail. Inserting (8) in (5)
yields the result
s+ a

ae

d

T(s) = -
§4+=s+ 4
a ae

(90)

[where-again constraint (8) holds].
In Case 1 the zeros of T'(s) may be in the left- or in the right-half plane
since in the numerator the coefficient of s can be positive or negative.
The zeros of T(s) in Case 2 however always lie on the imaginary axis.
As can be seen, the cancellation of poles and zeros is guaranteed
in all cases by only one condition; namely, either equation (7) or equa-
tion (8). Thus from the six parameters of the twin-T, five are left at
our disposal.

III. THE Y-MATRIX OF SECOND DEGREE

The condition for the reduction of the degree in all four elements
of ¥ in equation (la) is obvious. One of the two first-order factors
of the denominator has to be contained in all numerators. We divide
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the numerators by one of those first-order factors and set the rest of
the division equal to zero. This provides the one condition

R,C; = R,C, ; (10a)
that is, the two first-order factors of the denominator are equal. In-
serting I, from equation (1b) in (10a) yields

R.R.C; = R;R.C,, ' (10b)
which is the same condition as equation (8). Dividing all numerators

in Y by (sR,C; 4+ 1) and inserting R, = (R,R.C;/R.C,) from (10b)
vields the second-order Y-matrix

s"R,R,C.C, —g—3 + s(R,C: + R.(C3) 41 sS'R\R,C,C, g—3 +1

. R.GR.C + 1) R.GR.C: + 1)
SRR.C,C, g— + 1 SRERCC, g— T s(B.Co ++ RiCY) + 1

R.(sR,Cs + 1) R,(sR,Cs + 1) )
1)

Again the pole-zero cancellation is guaranteed by only one constraint
leaving five parameters of the twin-T at our disposal. Before we con-
sider an application, let us look at some special cases for the constraints
(7) or (10b).

IV. SPECIAL CASES

We fulfill the condition (7) or (10b) by selecting one or more of the
remaining five free parameters of the twin-T in a special way. This
will simplify sometimes the equations for T'(s) and Y. We shall list
the following six special cases.

@) Ri=R=2R =R, C=C=2=(
With this choice of values the conditions (7) and (10b) are satisfied
simultaneously. So we shall obtain a second order T'(s) with zeros on
the imaginary axis and a Y-matrix of second order.
From (9¢) we get
2 1
s+ piae

T = —

2 _ e ——

ST Ret T RC
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and from (11) we get

SRC® 4 4RCs + 1 _ _S'RC* + 1

v | 2RGRC+ D) SRGRC + 1)
_SRC° + 1 $SR*C* + 4RCs + 1

2RGRC + 1) SRGRC + 1)

This symmetrical twin-T with the two free parameters R and C has
been used in the filters described in Refs. 1 and 2.

R; =% 0=0c2F 50
1+, p P
The conditions (7) and (10b) are again satisfied simultaneously. Thus
we get a T'(s) of second degree with zeros on the imaginary axis. From
(9¢) we obtain

(i@) Rz = pRl ; R3 =

T(s) = S
p+1 1 +(1)
R.C,° T \R,C,

This so-called potentially symmetrical twin-T has been used in Ref. 5.
With this choice of values only condition (7) is satisfied. We, therefore,
expect a T'(s) of second degree. Since condition (10a) is not fulfilled,

the Y-matrix will remain of third-degree. In this case we get from (5)
with (7)

s+ 2

1

8+R0ms+RmM%

R b
| S+ Ro\2 +1+R@8+R%£2
Obviously, only zeros in the open left-half plane are possible.
(7/7)) R202 = Rg(cl + Cz) = R](Cz + 03).

This choice satisfies only (7) and yields the transfer function

T(s) =

s* 4+ s +

2)
mm wal+

9 1 1 ’
s+[R203+R02(1+ >] +R202(1+ )

where again no right-half-plane zeros are possible.
(7)) RICI = RZCZ = R303 .

T(s) =
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Again this special choice satisfies only constraint (7). Equations (5)
and (7) yield

2 1 3 R3 1
s .RCH( R2 >8+R202 _
s2+R1101<1+ B L )s+RCz

Obviously this transfer function is capable of realizing right-half-plane
Zeros.

T(@s) =

V' C,C;-

) R, = R; = R; C
w?) 1 3 2 R—I—R2

This choice satisfies (7) and yields the transfer function

R(C 4+ VC.C) + B(C, = C) (R + R)(C + VC\(Cy)

T = St RRCC, + VO RR.C(C, + VCC)VET
&4 [R(c, + VOO + RAC =€) | R +R)C + VC, c,)] (R + R)C. + VCCy)
RR,.C{(C, + VC.C) RR.C,V/C\C R'RC(Cs + VLY VO

which is capable of realizing right-half-plane zeros. An application
for the general second-order twin-T will be demonstrated in the following
section.

V. FREQUENCY-EMPHASIZING NETWORKS (FENS) WITH GENERAL TWIN-TS

The so-called medium-selectivity FEN (MSIFEN)® is shown in
Fig. 3. Its transfer function is

.VL‘” — TO(S) — _]if_' ; , (12)
V. Ro 1+ ubT()
/Bll T
s 5 v
Rg
O—ANV h o
V|N| Vout

o]

Fig. 3—A frequency-emphasizing network.
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where 8 = 1 is the gain of the noninverting amplifier in the feedback
loop,

=7 (13)

is the gain of the inverting amplifier in the forward path, and T(s)
designates the transfer function of the unloaded twin-T. Inserting
T(s) from (9a), which enables realization of right-half-plane zeros,
we get from (12)

e, (b_e @ a
Ry 8+(a d+a>s+ae
T = R, b e d_ 1 d (14)
(1+#ﬁ)[82+<5—3+51+#ﬁ)s+@:|

with constraint equation (7). We want to realize the following transfer
function of a FEN

w
4+ =2s+ wh

&4+ L+ o
P
| Typn (jo) | has a maximum at « = w, where | Trpy (Gwo) | = | /4. |.
In order to get a frequency-emphasizing network
@& > g (15b)

We immediately get from equation (15a) the following requirements
for (14a):

wy = % , (16a)
%=§~§+§, (16b)
e T (16¢)
and from (14b):
(%)2 = R,R;C,C; . (16d)

The last requirement K = Ry/Rg[1/(1 4+ uB)] can always be satisfied
by R which does not occur in (16a) through (16d).
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We simplify the equations (16a) through (16d). Inserting (16b)

into (16¢) we get
d ( 1) <1 1> A
T {14+ =)ol - =) 2 2.
u + B) Py x (17a)

Inserting (17a) in (16a), (16a) in (16d), and (17a) and (16a) in (16b)
we get

ewy = 1, (17b)
RuR,C\C, = d'ul, (170)
NI S (17d)

a  aw, = q,
With a, b, d, e from (16) we obtain, finally,
(R.Cy + B;C, + R,(,) -2

x, (18a)
R2R3CICQ
(R103 + R102 + RQCQ)CU?) = x, (18b)
(Rx -+ RQ) 2 Wo
— LT RO =2 =g, 18
R.E.C, + 2w + 7. X ( C)
1 = R1R§R3010§C30)‘(‘) ) (18(1)

where (18d) has been used to simplify (18c). This nonlinear system
of four equations with the seven unknowns: R; ,7 =1,2,3,C, ,7 =
1, 2, 3, and uB contained in x may be solved by choosing three unknowns
in such a way that all solutions are realizable, that is they are positive
real numbers. Picking R, , R, , C; and solving for B; , C, , C,, and z
does not give a feasible solution. We pick now R, , C; and « and solve
for B, , R; , C; and C; . From (18b, ¢) we get

RCy = % — RiCy — RiC, = 1 £
Wo R2

1

. (19)
% + RyCo2 — 2

The equation on the right side of (19) yields

X

<_§ - R'zCz)(ﬂ + chgwg - ’L> -1
R, = " g : (20a)
- + C?(? + R, 20-’(2) - l)

From (19) we obtain, further,
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R +R, 1

¢, = (20b)
R.R !
. ? + Rzozwg — X
with R, in equation (20a).
Eliminating C; in (18a) and (18d) and solving for R; yields
1
xr — m —_ (RzCz)znglc;g
R, = , 20
: RRC2C it (209)
while (18d) provides
1
= ———. 20d
' RRICIR,Cut (20d)
From (17a) we obtain
1
= —— (20€)
g -1

G—2)
W\ — — —
q. &
The solution for R, , B; , C, , Cs and pB has to be positive. C, is positive
if

?+R&d—x>0 (21a)
With equation (21a) the denominator of (20a) is positive; thus the
numerator also has to be positive, which yields
ng202

q.

2 x(% n 2ng202) A T WRICE < 0.

This is satisfied for

Wa 2 1 w 1
| X e [2_% + OJ(,RQCQ - wo‘\/a—q—z — ]_’ 2—q02 + (JJngCz + Cg)c,\/4qz — 1]-

(21b)

The square root in (21b) is always real since the numerator of equation
(14a) or (15a) belongs to a passive RC-two port where ¢, < & always
holds. For the requirement u8 = 0 we get from (20e)

1 1
T > w <-— — —) 21¢)
Ne. ¢ (
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which, with (15b), is always satisfied as long as | ¢.| < ¢, . Finally
R; > 0 yields

1
r > —RE; + (R202)2R1030)3 .
With R, in equation (20a) and Cj; in equation (20b) we then obtain

2 2 wo) 1 2 Wy
= +2) =+
v x(Rzoz Qz RECZ “0 + QZR2C2

This is fulfilled for

< 0.

Wo 1 —_ 1 Wo 1 1
“<2q, T RG T Ngg ~ Lag TRG T °’°\/4—qg ~1) @)

We now have to check the compatibility of the inequalities (21a)
through (21d). It can be shown easily that the upper bound in (21b)
guarantees (21a), which must no longer be considered. The inequalities
(21b) and (21d) have a range in common if the upper bound of (21b)
is higher than the lower bound of (21d) and if the lower bound of (21b)
is lower than the upper bound of (21d). This is satisfied if

1(1_ |1 ) 1 ( 1 \/ 1
EoCr e [wo (2(], \/ZE -1/, wy \2¢, + 4—qf - 1) ) (22a)
Then the common range of (21b) and (21d) is z ¢ {max [lower bounds
of (21b) and (21¢)], min [upper bounds of (21b) and (21d)]}. This yields

@ 4 opo |1 @ -1 / 1 ]
°E [qu Helale = oz — 15 TR, TeNE

it R, > - . (22b)
Wo
and
wq ,_1__ _ \/_14 _ Wo_ 2 : \/—]_ _ ]
xre [292 + RZC2 Wo 4qz 1) qz + woRzCZ + Wy 4q‘: 1
it ORC, <~ (220)
Wo

The inequality (21c) may be satisfied if the upper limit of (22b) and
(22¢) respectively is larger than the limit in (21¢). This yields for (22b)

L @ @ \/_1 _
RC,” 2. g “Nig L (22d)
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and for (22¢)

lp_Jl__g.
R202 > @o 2q2 493 1 @ (228)

Obviously (22a) also guarantees (22e); (22a) and (22d) are compatible
if the lower bound of (22a) is lower than the bound for R,C, in (22d).
Again, this is always satisfied as can be easily shown. Thus we get the
two following sets of constraints:

Case 1.

RCy > L (23a)
Wo

(1 1 ig_Ji_ﬂ.
R.C, ¢ [wo <2q, 4qf 1) ' e (2(12 -+ 4(13 1 (23b)

S Ky N E NS ¢g_]
re [qu + wnRQCQ Wy 4qf 1, 2qz _I_ R202 + Wy 4(]3 1 (230)

11 :
v > <— — —)- 23d
PN\ T 6 23d)

Case 2.

RQCQ < i' (243)
Wy

, [N S I TR O B TR B A
11/202 2 |:(.00 <2qZ 4q3 1) y @0 <2q, + 4qf 1):' (241))

8 TR W TP Jff}
[ [2qz + R202 Wo 4qf 1} Q. + wORZCZ + [OF) 4qf 1 (24:0)

v > wo(i - i)- (24d)
, e ¢
Equations (20a) through (20e) and the constraints (23) and (24)
represent the solution to the design of an FEN. For a given ¢, the gain
uB should become as small as possible. This enlarges the bandwidth
of the amplifier and provides a more stable gain. As equation (20e)
shows, ufB becomes small if @ is chosen as large as possible.

G. Malek® has written a computer program which provides solutions
to equations (20a) through (20e) satisfying the constraints (23) and
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(24). The user may specify the spread in the values of the resistors
and the capacitors that can be tolerated. The program will give him
a solution with the given spread and with a minimum value of the

gain pp.

With G. Malek’s program the following FENs have been designed.
(?) Given: w, = 5 X 10* 1/second; ¢, = 60; tolerable spread in the
values of the Rs and Cs is 1:9.5; g8 should be as small as possible.
The result is

R, = 16.821K R, = 50.00K R; = 22.556K uB =114
C, = 546pF C, = 320pF C, = 3010pF g¢. = 0.3.

(¢) Given: w, = 5 X 10* 1/second; g, = 60; tolerable spread 1:4.5;
and again u@ as small as possible. The result is

R, = 256K R, = 500K R, = 16.5K uB = 134
C, = 647pF C, = 375pF C, = 1674pF ¢, = 0.3.

(@) Given: w, = 5 X 10* 1/second; g, = 500; tolerable spread 1:3;
and B as small as possible. The result is

R1 = 41 .4K R2 = 50.0K R3 = 22.5K #,8
C, = 413pF C, = 370pF C; = 1208pF ¢,

Il
Il

20.16
0.25.

fl
Il
I

A great variery of further solutions may be found by G. Malek’s pro-
gram. If we would realize the three FENs with potentially symmetrical
twin-Ts with the same spread in values, we would require a gain p8 =
133 'in the first case, u8 = 153 in the second, and u8 = 1499 in the
third case. Thus the gain in the new circuits is a factor of 10 to 75
times smaller, resulting in increased bandwidth and stability.

The deviation of ¢, with respect to temperature has been measured
by G. Malek®. In the temperature range of 10°C to 70°C, q, of the new
circuit changed by 9 percent in comparison to 19.5 percent in the case
of a potentially symmetrical twin-T.

VI. CONCLUSIONS

Conditions have been derived which guarantee that the transfer
function or the Y-matrix of a general twin-T is of second degree in s.
As a result, five parameters of the twin-T are at our disposal. Since
this number is larger than in the commonly used approaches, more
effective use can be made of a twin-T. It has been demonstrated in the
case of an MSFEN that the gain required to realize a given pole @
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may be reduced by a factor up to 70, while the stability of the pole
may typically be improved by a factor of 2. The topological structure
of the MSFEN, however, is the same as in the building blocks presently
used.

APPENDIX

Given the two polynomials N,(s) and N,(s) where the degree of N,
does not exceed that of N, . We wish to find the largest common divider
of N, and N, using Euclid’s algorithm.” This algorithm is deseribed
below by the (a) equations, while the (b) equations are only used for

the proof.
We form
Nos) _ N,(s)
N - MY N #w
or
No(s) = Ai(s)N(s) + Na(s). (25b)

where the degree of N, is smaller than the degree of N, .

A common divider of N, and N, is a zero which both have in common.
At those zeros, N, and N, vanish; thus N, in equation (25b) also must
vanish. So the common zero is also contained in N, and N, . Thus we
continue by

m N 3(3)
Na) A + M. (26a)
or
Ni(s) = A5(s)N2(s) + Ni(s). (26b)

With the same reasoning as before, the common zero is contained in
N, and N; where the degree of N, is smaller than the degree of N, .
Continuing in the same manner we get

N, 1(3) = A v+1(3) 27
N (8) + N9 (272)
or
N,_i(s) = A,(s)N,(s) + N,..(s). (27b)

If N,,.(s) = 0 then N, is the largest common divider. This can be
seen, considering that N,_, and N, have the same common divider
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as Noand N, . For N,,, = 0 we get from (27b)
N,-1(s) = A,(s)N,(s), (28)

which shows that the largest divider N, is also contained in N,_; .
If we want the common divider to be of the first degree in s then we
continue dividing as above until an N,(s) of the first degree and a rest
of zero degree remains. Now we put the rest N,,,(s) = 0 from which
we derive the one condition for a common factor of the first degree
in Ny and N, .
We apply this technique to T'(s) in equation (2), where

Nos) = as® + (b + d)s’ + (c + e)s -+ 1,
Ni(s) = as® + bs® +¢cs -+ 1.

We ask for the one condition for which a common divider of the first
degree occurs. Applying the algorithm, we get

Step 1: N, = 4(ds" + es) = +ds<s + 5)

Step 2: N, = (b — fi—a>82 + es 4+ 1.

At this point we may use a shortcut, which is always possible and which
saves a considerable amount of time. We are to find the common divider
of N, and N; . Since N, is of the second degree we may factor it as
shown above. One of the roots of the first order must be the common
divider; ds cannot be a root of N,(s), thus

D) =s+75 (29)
must be the divider we are after. Dividing N, by s + e¢/d we get the
following rest which we set equal to zero

d(d® + €’b) — e(d’c + é°a) = 0. (30)

Equation (6) is the constraint guaranteeing that D(s) is the common
divider of Ny(s) and N,(s). Dividing No(s) and N,(s) by D(s) and
considering (30) we get

No@s) = (s + §)<a§ + (b +d— Z—“>s + ‘—é) , (31a)

N = (s + g)(af + (b _ j—la)s + %) , (31b)



316 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1972

and
2 € d
as b—5 a)s =
N,() + ( A
T = No(s) N ea d' B1e)
0
a32—|—<b+d———)s-|——
d e
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