






















































































































































































































































































































































































































































































1796 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1972

The amplitudes A, are understood to have the argument 2’. The last
term was obtained by using the lossless coupled equations for the average
power derived in Ref. 4. The power coupling coefficient is defined as*

hvp = [ Kvu |2 F(ﬁv - Bﬂ)‘ (13)

The power spectrum F(8, — 8,) is the ensemble average of the absolute
square value of the Fourier coefficient of f(2).

The next step in the derivation is based on the realization that only
nonoscillatory terms contribute appreciably to the growth of the
variance as a function of z. We thus neglect all but the nonoscillating
terms in (12). This procedure is reinforced by the fact that the ensemble
averages of cross terms of amplitudes are likely to be smaller than the
ensemble averages of absolute squares of the amplitudes. The first
term in (12) causes some concern since it appears that there may be
several combinations of u and 6 in addition to u = & = » that contribute
nonoscillatory terms. However, the uneven spacing of the modes along
the B axis makes it appear unlikely that combinations of modes can be
found for which the exponent of the exponential function in front of
the integral vanishes. However, even if a few such combinations could
be found, we could still consider the term belonging to such combinations
as small because of the lack of correlation between the amplitude coeffi-
cients belonging to different modes. Since K,, = 0, we find that the
first term in (12) does not contribute appreciably to the derivative of
the variance and can be neglected. The integrals can be expressed in
terms of the power spectrum of the function f(z) as was shown in Ref. 4,
We thus obtain, with the help of (5) and (13), and dropping all oscillatory
terms

d 2 - 5P 2

é (AP,,) =2 ; hl‘#[2<PvPM> - PVP# - (AP,.) ]' (14)
Assuming that P,(z') & P,(z), we use z as the argument of P, . Finally,
we introduce losses into the theory. The example of the coupled power
equations serves well to illustrate the procedure. Neglecting losses we
obtain*

A

T X P~ P, (15)

According to our derivation, we have used the approximation P, =
(| A, |*). Using (7), we obtain
(] A

dzv | > — (ayp,, + ddi;v)eav(z—z’). (16)
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The left-hand sides of (15) and (16) are identical according to our
derivation. By substituting (16) and assuming again that a(z — 2’) < 1,
we obtain

N
Wb, + e = S h P, D). a7

Equation (17) is identical with equation (29) of Ref. 4. There, we
introduced the loss simply as a phenomenological parameter. Our
present treatment shows how the loss term can be obtained directly
from the derivation based on perturbation theory. By applying the
same reasoning to (14), we obtain

N
L AP = —e(APY +2 3 h,IX(P, — P)P.— P)+ PP (18)
u=1
The parameter «, is defined as
N
K, =20, +2 > h,, . (19)
n=1

We regrouped the terms under the summation sign in (18) in order to
express (P,P,) in terms of the cross correlation (P, — P,)(P, — P))).
Integration of (18) yields, finally, the desired expression for the variance
of the mode power

(AP,)? = (AP, + 27°*

[ e 3 hl2(P, — PP, — PY) + PP
" (20)

Equation (20) is the solution of the variance problem. The expression
in brackets under the summation sign can be positive or negative, so
that the variance can increase or decrease with increasing z.

III. EVALUATION OF THE VARIANCE FOR SPECIAL CASES

In order to be able to evaluate the general expression (20) for the
variance, we would need to know the cross correlation and the average
power as functions of z. The average power can be obtained by solving
the coupled power equations. However, the cross correlation is not
known. It appears reasonable to assume that the cross correlation may
be small in many cases of practical interest. One would not expect to
obtain small values of the cross correlation for only two modes because
as one mode gains power the other must lose an equal amount of power.
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However, for large numbers of modes, it appears reasonable to expect
that the cross correlation between different modes may be small.

It is known from the theory of coupled power equations that the
distribution of power versus mode number settles down to a steady
state.” Once the steady state is reached, each mode decays with the
same attenuation coefficient. The shape of the distribution of average
power versus mode number remains unchanged, but its level decreases
exponentially with a power attenuation constant «,. If we launch a
power distribution at z = 0 that corresponds to the steady-state distri-
bution, we obtain power averages that do not change with z except for
a common exponential decay term. Assuming, therefore, that the cross
correlation 1s negligible and that the steady-state power distribution
is launched into the guide, allows us to solve (20) immediately. Using
P, = P,.e”**" we obtain for (AP,)?_, = 0

AP, e P“,,}
P {2 K 2 o P, @1

v 2&3 p=1

[

with «, given by (19). Equation (21) represents the relative fluctuation
of the power of mode ». It shows clearly that the relative fluctuations
build up from zero to a constant value which is reached when the
z-dependent exponential function in (21) becomes negligibly small.
The shape of the steady-state power distribution depends on theinterplay
between the coupling between the guided modes and the loss of power
to radiation. The loss coefficient @, that appears in the coupled power
equations (17), depends on the mode number. Usually higher-order
modes suffer more losses than lower-order modes. Modes with a large loss
coefficient carry only little power once the steady-state power distri-
bution is reached. Modes with small average power are of little interest.
Concentrating on those modes that carry appreciable amounts of power
allows us to neglect the attenuation coefficient «, that appears implicitly
in (21) through relation (19). If all the guided modes couple strongly
to each other, they are also strongly coupled to the radiation field, thus
losing a large amount of power by radiation. Since reasonably low loss
operation is of most interest in practical applications, we can limit our
discussion to the situation where only neighboring guided modes are
coupled to each other. This means that &,, is small for large values
of | u — »|. The sum over &,, thus extends only over those values of
which are close to ». The steady-state power distribution is continuous
in the sense that neighboring modes carry nearly equal amounts of
power. Neglecting the small steady-state loss coefficient «, compared
to the sum over the coupling coefficients h,,, and using the fact that
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the power of neighboring modes is nearly equal, allows us to obtain
for z — o from (21) the important relation
AP,

— ~ 1. 22
5 22)

IV. DISCUSSION OF THE RESULT

The relative fluctuation of the power of those modes that carry
appreciable amounts of power is approximately 100 percent. Such
fluctuations are not unusual, however. The short-term time-averaged
power carried by a narrowband electrical signal, the voltage of which
is a Gaussian random variable, is known to fluctuate in the same way.
The probability distribution for P, can, in analogy to the electrical case,
be assumed to be

1 P,

wP,) = pv exp ( P,.) (23)
From this analogy we can immediately state that the relative fluctua-
tions of the power of M modes (assumed to be uncorrelated) is equal
to M~V2,

The fluctuations that we are considering do not occur in time at the
output of any given waveguide. They are fluctuations of random vari-
ables in an ensemble sense. If we were to measure the power in a given
mode for each of a large number of similar waveguides, we would
expect to obtain results that fluctuate according to (22). Equation (22)
thus tells us the accuracy of predieting the value of the power in a given
mode on the basis of the coupled power equations. Since it is very hard
to measure the power carried by one individual mode of a multimode
waveguide, we are more likely to observe the power P, in a fairly large
number of M modes simultaneously. In this case, we expect to obtain
fluctuations aceording to the law

AP, 1

Py VM 24)
It is helpful to remember that the power of all N modes does not fluc-
tuate at all.

V. CONCLUSIONS

We have discussed the problem of the relative fluctuations of the
power in individual modes of a multimode waveguide in the case that
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the modes are coupled by a random coupling function. OQur discussion
was limited to the c.w. case and does not directly apply to pulsed
operation. We derived the general expression (20) for the variance of
the power in terms of the cross correlation and the average power carried
by the modes. Under the assumption that the modes are approximately
uncorrelated among each other, and assuming further that only neigh-
boring modes are coupled, we found that the relative fluctuations are
nearly 100 percent. This result is reminiscent of the fluctuations of the
short term time averaged power of a narrowband electrical signal the
noise voltage of which is a Gaussian random variable.

Cross correlation between the modes can either increase or decrease
the fluctuations depending on the sign of the cross correlation term
in (20). It is reasonable to assume that the sign would tend to be nega-
tive. As stated earlier, coupling between only neighboring modes is
necessary for low loss operation. If mode » should, at a given point on
the z axis, carry more than the average amount of power, we conclude
that this power has been transferred from the neighboring mode (or
modes) u so that this mode is expected to have less than the average
amount of power. The sign of the two factors in the cross correlation
term must thus be different so that the term assumes a negative sign.
This qualitative discussion indicates that correlations among the modes
would tend to reduce the variance (AP,)*. I have observed fluctuations
of the mode power as large as those predicted by this theory in numerical
solutions of coupled line equations with random, band-limited coupling
function. This “‘experimental’’ result confirms the assumption that cross
correlation between modes does not appreciably reduce the variance
of the power fluctuations.
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Higher-Order Scattering Losses in
Dielectric Waveguides

By D. MARCUSE
(Manuscript received April 17, 1972)

This paper discusses the scattering losses of dielectric slab waveguides
that are caused by higher-order grating lobes of the sinusoidally distorted
core-cladding interface. The results of this paper are used in a companion
paper to evaluate the radiation losses of multimode guides with intentional
mode coupling. An exact system of equations is derived for the amplitudes
of all grating orders. This system is used to derive first- and second-order
approximations that hold for small amplitudes of the sinusoidal interface
distortion. The theory s used to dertve formulas for the average power loss
coefficient for first- and second-order scattering processes.

I. INTRODUCTION

Scattering losses in dielectric waveguide caused by core-cladding
interface irregularities have been studied extensively by means of
first-order perturbation theory. The principle result of this theory can
be stated as follows:" Two modes with propagation constants 8, and 8,
are coupled only if a Fourier component of the core-cladding interface
function exists the mechanical frequency of which, ¢, satisfies the
relation

¢=I6r_ﬁlll' (1)

The propagation constants 8, and 8, may both belong to guided modes
or one may belong to a guided mode while the other belongs to the
continuum of radiation modes. Coupling of a guided mode to radiation
modes results in power loss of the guided mode. This first-order coupling
process is very strong and leads to high radiation losses if suitable
Fourier components of the mechanical core-cladding interface irreg-
ularity function exist.

The result of first-order perturbation theory can be understood by
viewing the core-cladding interface as a diffraction grating.” Since it

1801
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modulates the phase of the incident wave passing through it, the dielec-
tric interface acts as a phase grating. The guided modes of dielectric
waveguides can be decomposed into plane waves.® This decomposition
is particularly simple in the case of the modes of a slab waveguide.
The following discussion is thus applied to this structure. Two plane
waves are superimposed to form a traveling wave in the z direction—the
direction of the waveguide axis—and a standing wave in the direction
transverse to the z axis. The coupling coefficients for guided mode
coupling and the radiation loss coefficients can be calculated by solving
the plane wave scattering problem at the dielectric interface.* The
geometry of the problem is shown in Fig. 1. For clarity of discussion,
it was assumed that the incident plane wave approaches the interface
at right angles. The actual plane waves making up the guided mode
of the slab waveguide approach the interfaces at grazing angles. Figure 1
is drawn with a sinusoidally distorted core-cladding interface. In this
case, the incident plane wave decomposes into a wave that continues
to travel in the original direction after passing the interface and into
a reflected wave plus a series of side lobes that are labeled by positive

0
_—TRANSMITTED
s WAVE

SCATTERED
WAVES
MEDIUM 2 )
INDEX ny -2
(CLADDING) -3 3 2w "
) ]
/\/\/\/\W
| r4
-3 3 !
MEDIUM 1 BACKSCATTERED
INDEX n, -2 2 WAVES
(CORE) - .

[<~~— — REFLECTED
WAVE

0

l¢—— INCIDENT PLANE
WAVE

Fig. 1—A sinusoidally deformed dielectric interface functions as a phase grating.
The figure shows the propagation vector of an incident plane wave (labeled 0) and
reflected as well as transmitted plane waves of the higher-order grating lobes.
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and negative integer numbers. These are the lobes of first, second, and
higher order of the phase grating. If the incident plane wave make as
grazing angle with the interface, the situation is essentially the same;
the only difference being that some of the grating lobes form imaginary
angles and are consequently evanescent instead of traveling waves.
The zero-order lobe does not pass if the incident wave meets the inter-
face at less than the critical angle for total internal reflection. Its
angle is thus imaginary and only an evanescent wave exists on the far
side of the interface while the incident wave is strongly reflected. The
transmitted first-order grating lobes may both have imaginary angles.
In this case, there are only scattered reflected waves in the core of the
waveguide that can combine to a new guided mode provided that their
angles correspond to one of the allowed directions for guided modes.
If one of the transmitted first-order side lobes emerges on the far side
of the interface with a real angle, it causes power to radiate into the
space outside of the waveguide core. This radiation is lost to the guided
wave and must be counted as power loss.

For small amplitudes of the sinusoidal core-cladding interface irreg-
ularity, the amplitudes of the grating lobes decrease rapidly with
increasing grating order. The first-order grating lobe corresponds to
the contribution of first-order perturbation theory and is indeed the
only contribution of real interest if the core-cladding interface irreg-
ularity has a small amplitude. With increasing amplitude of the interface
irregularity, the higher-order grating lobes become increasingly im-
portant. Their importance is enhanced by the fact that the angles of
the second-order grating lobes may be real even when the transmitted
first-order lobes both have only imaginary angles. This means that, to
first-order of perturbation theory, no scattering loss exists. It is thus
necessary to study the higher order grating responses in order to obtain
information about scattering losses in ease the first-order theory predicts
no scattering loss at all.

The study of these higher-order grating lobes and the derivation of
power loss coefficients for the higher-order processes is the object of this
paper. It is possible that the grating problem has been solved before
to the accuracy that is attempted here. Because of the enormous volume
of literature that exists on scattering problems, relevant papers may
have escaped the author’s attention. However, the application of the
grating theory to the waveguide loss problem is probably new.

We derive coupled equation systems for the amplitudes of the grating
lobes and use these exact equations to obtain first- and second-order
approximations in a straightforward way. Perturbation solutions of
the exact equation system are particularly appropriate, since each
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higher-order solution can be computed from the known lower-order
solutions with no need to recompute the lower-order solutions each time
the order of perturbation theory is increased by one. Formulae for the
first- and second-order scattering loss process from a sinusoidal core
cladding interface irregularity are derived. The results of this paper
will be used in a companion paper’ to calculate the loss penalty for
intentional mode mixing in multimode waveguides.

II. PLANE WAVE SCATTERING AT A SINUSOIDAL INTERFACE

We consider the problem of a plane wave that impinges on the
interface between two dielectric media. The interface is described by
the function

f(2) = asin ¢z. (2)

If only first-order scattering is considered, more general shapes of f(z) can
be synthesized by superposition of sinusoidal functions. For higher-order
processes, mixing of the sinusoidal terms occurs so that the deserip-
tion of scattering from more general interfaces becomes complicated.
The incident plane wave is given by (the time dependence is ¢'“*)

E” — Ae—i(xixﬂ?iz) (3)
H, — _wiio Ae—i(xizﬂiiz) (4)
Hz — j:_; Ae——i(x.'x-(-ﬂiz). (5)

The coordinate system is shown in Tig. 1. It is assumed that no variation
of either the field components or the material parameters exists in y
direction so that we can symbolically write

d
o 0. (6)
The remaining three field components E,, E,, and H, vanish. The
parameters k; and 8; are connected by the following equation

ko = (mk* — B @)

The refractive index n, belongs to the medium from which the plane
wave approaches the interface, and & is the free space propagation
constant.

The reflected and scattered waves are expressed as superpositions of
plane waves. We thus have in medium 1
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E, = ﬁ B(B)e' = dg ®)
]- ® i(oz—-Bz
H, = —- [ sB@e = d ©)
H o=~ [ oBERe 4, (10)
with
o= (nik* — )", (11)
and similarly in medium 2
Ey — f C(B)e—-i(liz+ﬁz) dﬁ (12)
— _L ® —i(pz+B2)
Ho= - [ po@e o= as (13)
_ l ® —i(pz+Pfz)
Ho= - | oCe)e o dg, (14)
with
p = (k" — )" (15)

The boundary conditions at the dielectric interface require the
tangential component of the eleetric field £, and the tangential com-
ponent of the magnetic field

_ 1 r
Ayttt oyt

to be continuous [f' is the z derivative of the interface function (2)].
The boundary conditions thus lead to the two equations:

Ht %Hz_i_ (16)

Ae—i(xefﬂhz) +£ B(ﬁ)ei(a)’—ﬁz) dﬁ — f C(B)e—i(ph—ﬁz) d,B (17)

and

(Kt- — 6i]tl)Ae~i(x;f+ﬁfz) _ f‘” (U + Bf,)B(B)ei(af—ﬂz) dﬁ

= f i (0 — BINCPBe " ds.  (18)

In order to remove the 2z dependence from the equation, we multiply
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with exp (—%8’z) and integrate over z from — « to «. This procedure
transforms the equations to the following form:

AF(k; , B: — B)
+ [ BOFo 8- a8 = [ COFG 8- s, 9
and

AG(Kz' ’ Bi ’ B,)
+ [ BOG(—a,8,6)d8 = [ COGG,88)d8  (20)

with
F(Tl’ ﬁ _ B,) — f e—-’[nf(z)+(8—ﬁ')zl dz, (21)

and

Gn, 8,8) = [ [n— BI@E OO g (29)

It is shown in the Appendix that F and @ are related in the following
way:

6n, 8, 8) = "L 5y, 5 - ). (23)
Substitution of (2) into (21) yields
Flo, 8 — ) = [ cminsg 000 gy, 29

The first exponential function under the integral sign can be expressed
as a series in terms of Bessel functions with the help of the generating
function of the Bessel functions. The remaining integration yields delta
functions so that we obtain

Fln, B — 8) = 25 32 J,(na) 318 — B’ + vs). (25)

V=—00

Substitution of (23) and (25) transforms the equation systems (19)
and (20) to the form

3 (—BE).(00) + CB_)T (00)}

y=—00

A k) 6B — B 4+ vd),  (26)

y=—0c0
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2 — B8 ok — B_B
5 {’ikgﬂ B3, (o) + = () ~("-”“)}

—»

=4 i mk = BB’ ;) 58: — B + o). (27)

v=-—00 K¢

The following abbreviations were used

B, =8+ (28)

o, = ik’ — B3} (29)
and

p, = (k> — B (30)

We know from the theory of phase gratings® that only discrete plane
waves appear in the reflected and transmitted beams. This and the
appearance of the delta funetions on the right-hand side of (26) and (27)
suggest that the solutions should be of the form

B@ = 3 b, 56 — 6 — u), Q)
and
0®) = 3 o0 o6 — B — b ()

Substitution of (31) and (32) into (26) and (27) and comparison of the
coefficients of the delta functions of equal arguments leads to two
infinite equation systems for the unknown coeflicients b, and c, .

o0

Z {—bn+vJ_v(6n+va) + cn—vJv(pn—Va)} = AJ”(Kia)’ (33)
and
i {an — V(ff(ﬂ‘ + n‘b) bn+va(o'"+"a‘)
+ £ + Vd;)(ﬁi + n¢) Cn—vJv(pn—ya)} = EL_K—w& AJ"(Kia)- (34)

The equation system (33) and (34) is exact. An exact solution appears
impossible to obtain. However, the equation system is very convenient
for obtaining perturbation solutions of arbitrary order. It is also possible
to obtain a solution that is exact in the limit ¢ — 0.
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The reflected and transmitted fields follow directly from (8), (12),
(31), and (32). In medium 1 we obtain for the reflected field

o0

E, = Y be ™, (35)

p=—00

The field in medium 2 is

-Ey — Z cue—i(pyz+ﬂ“z). (36)

p=—00
The parameters ¢, and p, are defined by (29) and (30). However, now
we must use these equations with 8, = 8; + u¢.
III. SOLUTION FOR ¢ — (

In the limit ¢ — 0, an exact solution of the equation systems (33)
and (34) can be obtained. If ¢ = 0 is assumed, we use the facts that

o, = K; @7
Py = Po (38)
to write (33) and (34) in the form

0

2 {=bannd () + e (po0)} = AT (k) (39)
g: {kibnrnd(k:0) + poCazid (po0)} = k: AT (ki0). (40)

It is now possible to eliminate ¢, from the equations and obtain an
equation system for b, alone,

> bn+v']v i =Ki—p0A n\RilW/.
Z_,, (x:0) T J (ki) (41)

Similarly, we obtain by eliminating b,

0 2 :
Z c,,_,,J.,(poa) = .

P T AJ . (k.a). (42)

These equations can be solved with the help of the addition theorem for
Bessel funetions

3 @@ = TL(R)E, (43)

v=—00

with
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R = (" + 4° — 2ay cos 0)'% (44)
With 8 = 0, we obtain B = z — y so that we see immediately that

K; —
ki +
is the solution of (41). Since J_,(z) = J,(—x) (for integer values of »)
it is also apparent that

b, =

PO AT, (2x.a) (45)
Po

2Ki

PR AJ [(k; — po)a] (46)

C, =
is the solution of (42).

The solutions (45) and (46) are exact for ¢ = 0. One might expeect
that ¢ = 0 describes a plane dielectric interface so that no side lobes
should be expected. Even though it is true that all the sidelobes coincide
for ¢ = 0, the solutions (45) and (46) do hold approximately even if
¢ # 0. The sinusoidal shape of the interface is apparently built into
the equation system (41) and (42) even though ¢ does not appear
explicitly. The solutions (45) and (46) are approximations that hold
if k¢ <« 1. These solutions show that the amplitudes of the side lobes
are proportional to Bessel functions. This result is well known from the
theory of phase gratings.?

IV. PERTURBATION SOLUTIONS

For our purposes, the solution for k¢ << 1 is of little use. Therefore,
we proceed to derive approximate solutions that hold for

ka < 1. (47)

We use the following approximations for the Bessel functions of small
argument

Jol@) = 1 — xZZ 48)
7@ = ~J @ =£(1-Z) ()
T = Jae) = & (50)

In addition, we assume that b, and ¢, are zero-order terms, b,, and c.,
are of first order, and b,, and c., are of second order.

By neglecting all but zero-order terms in (33) and (34), we obtain
to zero order of approximation for n = 0,
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—by+c=4 } (51)

oobo + poce = k:A

Taking n = 1, we obtain to first order

—b 4o =

[RESY

(KiA — oobo — PoCo) |

[\SRRS]

aiby + pier = 2 (3 — ¢8)A + [oF + ¢(8; + ¢)]bo[' (52)

- [Pf + ¢(8: + ¢)lco}

The corresponding equation system for b_, and c¢_, is obtained by
using n = — 1, It has exactly the same form as the equation system (52)
and is obtained by replacing b, with —b_, , ¢, with —¢_, and ¢ with —¢.

Finally, we obtain the second-order approximation by setting n = 2
and keeping only terms up to second order

2
—by 4= % (KiA + Ugbo - cho) - g(ﬁlh =+ P101)

2
o2bs + paty = % fra(? — 208)A — aolo? + 26(8: + 26)]bo 53)

- Po[Pg -+ 2¢(8; + 24’)]00}

+ 5 ([0} + 6(8: + 200101 — [0} + 6(5: + 201}
The equations for b., and c., are obtained by replacing b, with b_,,
¢, with c_, , b; with —b_, , ¢; with —c_, , and finally ¢ with —¢ in (53).

It is immediately apparent that each order of approximation follows
from the preceding order. We can thus solve all the equations (51),
(52), and (53) in succession. Each time we need solve only two equations
with two unknowns. The result of the previous approximation is then
used to obtain the next higher order of approximation from the next
equation system.

The solutions of these equations are listed below.

It
=
!
©
5]
NS
[x)
[S)
Ii

2k A (54)

b
? K + po

b, = kilke = po) o 4 ¢ = b (55)
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a’A Ki — Po

i + Po]

_ad4 o — o) Kt po

b, 10 T p [Po + p2 + 2(x; — po) o py 6
! K.-—pOI: Ki+P0]

=TT, Po—ffz'l"Q(Ki—Po)'—'—a,l_i_pl

The coefficients b, and ¢_, are obtained from (55) by changing the sign
in front of the terms and changing the subseripts 1 to —1 on the right-
hand side of the equation. The signs of b_, and ¢, are the same as those
of the coefficients in (56). We obtain these coefficients by changing
the signs of the subseripts on the right-hand side of the equations. For
ka < 1 and k¢ < 1 the equations (45) and (46) can be shown to be
identical with (54), (55), and (56).

The amplitudes may belong to plane traveling waves or to evanescent
waves. Whether a wave is of the propagating or evanescent type depends
on whether the parameters ¢, and p, are real or imaginary. For real
values we obtain traveling waves while imaginary values indicate that
the field decays exponentially with increasing distance from the interface
indicating an evanescent wave. The propagation constant in z direction,
8., is obtained from (28) by replacing ' with 8, . We thus have for
traveling as well as for evanescent waves

Bu = Bi +I~‘¢ B = 0) :tla :*:2, R (57)

V. CALCULATION OF SLAB WAVEGUIDE LOSSES

Since the guided modes of the slab waveguide can be expressed as the
superposition of two plane waves, whose propagation vectors form
equal but opposite angles with the z axis, we can use our present results
immediately to calculate the radiation losses suffered by the guided
slab waveguide modes.* Our calculation applies to TE modes. However,
for slight index differences the losses of TE modes and TM modes are
nearly identical. The slab waveguide geometry is shown in Fig. 2.

The radiation losses of slab waveguide modes have a somewhat
complicated dependence on either frequency or slab width, since the
interference of the waves scattered at one of the two dielectric interfaces
with the radiation from the other interface—and also the interference
with radiation that is reflected at the opposite interface-has to be taken
into account. However, these interference effects cause only fluctuations
about an average value. If we content ourselves with establishing only
the average loss value, disregarding the fluctuations, the description of
radiation losses is greatly simplified. We also gain the advantage of
obtaining simpler mathematical expressions. In the spirit of this sim-
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Fig. 2—Cross section of the slab waveguide.

plification, we consider all scattered power as lost—-with the exception of
those waves that are captured in the core-disregarding incomplete
reflection from the other dielectric interface and interference with the
directly scattered radiation. The amount of power scattered per unit
length of the waveguide is

S, =3 |E XHY). [+ 3| E XHY, | (58)

The electric and magnetic fields in this expression are only the scattered,
untrapped part of the field, exclusive of the incident field. The sub-
scripts 1 and 2 refer to the fields in mediums 1 and 2. With the assump-
tion that only one side lobe is instrumental in dissipating power by
radiation we can write

1 2 2
8. = gm0 [ oo [ o o ), (59)

The subscript » assumes the values 1 and 2 for first- and second-order
light scattering. The negative values must be used (v is now assumed to
be positive) because o_, and p_, must be real since evanescent waves
do not carry power.

The power attenuation is

S,
28.d

S, is the power pe runit length (unit area in the three dimensional case)
that is carried by the plane wave in z direction. The total power carried
by this one plane wave component in z direction inside of the waveguide
core of width 2d is thus 28,d. The ratio of the power lost (per unit
length along the waveguide axis) divided by the power carried by the
wave is the power loss per unit length. Actually, two plane waves are
needed to describe the guided mode in the slab waveguide. However,
thus far we have considered only the scattering loss from one of the
two interfaces. It is sufficient to consider that each of the two plane
wave components scatters from one interface. Inclusion of the scattering

o =

(60)
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from both interfaces introduces a factor of two in the numerator of (60).
However, another factor of two is introduced in the denominator by
adding the power of the other plane wave to the total power carried by
the guided mode. The expression (60) thus holds for the scattering
loss of the guided modes provided that both interfaces contribute an
equal amount to the power loss. Using the following expression for the
power flow density in z-direction,

S.=Lojarp, 61)

T 2w,

we obtain the general expression for scattering losses from a dielectric
slab waveguide with sinusoidally deformed core-cladding interfaces

1 2 2
@ = g5 T afa o | b I e Lo ). (62)

The index » indicates the order of the scattering process. Taking v = 1,
we obtain with the help of (55) the scattering loss contribution from
the first-order grating lobes
kimy — mo)k®
= e g®,
o 26:’(0—1 + P—1)d
We used the fact that ; is real, while p, is imaginary, so that we have
[ ki 4+ 0o I* = &5 — po = (n] — n3)k".
The loss contribution of the second-order side lobes follows from (56)
and (62) with v = 2.

. = a'’(n} — )k’
? 32ﬁi(0—2 + P—z)d
The y parameters are defined by the equations

yi = ip, = (87 — n3k?)"” (65)

(63)

[4031 + o2 + (v — 2‘)’;1)2]~ (64)

and
Yo = Gpy = [(B: — 4’)2 - n§k2]1/2' (66)

We have tacitly assumed that the first-order side lobe belongs to an
evanescent wave if the loss contribution of the second-order side lobe
is being considered. The parameters v; and y_, of (65) and (66) are
consequently assumed to be real quantities. If the first-order side lobe
propagates in medium 2 as a traveling wave, the second-order side lobe
also gives rise to a traveling wave. However, since the contribution
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from the grating lobe of first order is much stronger than that from the
second-order lobe, we can neglect the loss contribution (64). If first-
order scattering does occur, it is the predominant effect. Only if first-
order scattering contributes only an evanescent wave, and does not
cause radiation loss, must the second-order loss process (64) be con-
sidered.

VI. DISCUSSION

We have calculated the loss contributions that result from the grating
lobes of first and second order when a plane wave impinges on the
sinusoidally deformed interface between two different dielectric media.
Not all grating orders belong to traveling waves. Some grating orders
cause evanescent waves in medium 2 and guided waves in the core so
that they do not contribute to radiation loss of a guided wave in medium
1. The first-order radiation loss coefficient (63) is proportional to (ak)®
while the second-order radiation loss coefficient (64) is proportional
to (ak)*. If both processes are effective simultaneously, the lower order
process is dominant. Whether the second-order process is the only cause
of radiation loss, or whether both first- and second-order processes are
acting simultaneously depends on the magnitude of the mechanical
frequency ¢ of the sinusoidal interface distortion. If v_; of (66) is real,
the first-order side lobe belongs to an evanescent wave, and only the
second-order side lobe is causing radiation losses. When v, is imaginary,
both first- and second-order side lobes carry away real power. Equation
(64) is not applicable in this case since it was derived under the assump-
tion that (65) and (66) are both real. However, if first-order radiation
losses are possible, the second-order loss coefficient gives only a small
contribution to the total radiation loss.

It is interesting to compare the result of our present theory with
earlier results obtained from a modal analysis of the slab waveguide
problem. From equation (79) of Ref. 1, we obtain in our present notation

_a’kE'(n — o) p_ cos’ o_,d
- po1 cos® o_d + o>, sin’ o_,d

1
4B,~d(1 + m)

+ pP-1 SiIl 0'_1d ] . (67)

o2y sin’ o_,d + o, cos’ o_,d

Equation (67) is modified for the case that both interfaces are sinusoi-
dally distorted, but with a random phase relationship between the two
sinusoidal functions. The radiation loss (67) is considered to be an
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ensemble average over slab waveguides with all possible phase relation-
ships between the sinusoidal distortions of the two interfaces. In
addition, we used the expression

2 . Ki
Ccos Kl-d = (n? — ng)kz (68)

which represents the eigenvalue equation of the even TE modes of
the slab waveguide.

It was shown in equations (39) and (40) of Ref. 6 that the average
value of the expression in brackets of eq. (67) is given by

2/(0'—1 + P—1)- (69)

Combining (69) with (67) makes it apparent that the average value of
the slab waveguide radiation loss is identical to the loss coefficient (63)
that was derived from the plane wave model. The only remaining
difference can be explained as stemming from the fact that the actual
width 2d of the slab must be replaced by the effective slab width

1
2d<1 + " d) (70)
which is caused by the exponential field tail reaching out into the

cladding.

The plane wave model used in this paper does not include the inter-
ference effects of waves originating from the two interfaces, and from
the reflection of the scattered light from the opposite interface. But the
averaging processes that were involved in converting the precise
scattering loss coefficient of the slab waveguide theory into the loss
coefficient derived from the plane wave model may be expected to be
effective in a real waveguide. If the phase of the sinusoidal interface
distortion varies slowly and randomly along the waveguide, the phase
average that is already incorporated in (67) may actually occur. The
average over the expression in brackets in (67) would occur either with
randomly changing slab half width d, or with randomly varying mechan-
ical frequency ¢ of the sinusoidal interface changes. The loss formula (63)
is much simpler than (67), and is of actual practical value for the
indicated reasons. The same averaging process involved in the first-order
loss coefficient (63) is also implicit in the second-order loss coefficient
(64).

Second-order scattering couples two modes » and g, if their propagation
constants satisfy the condition

I Bv - 6;& l = 2¢' (71)
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Mode v is a guided mode, while mode p can be either a guided or a
radiation mode. Equation (71) replaces eq. (1) for first-order scattering,
Higher-order processes have similar coupling laws with the order of
the process multiplying the mechanical frequency ¢.

Second-order scattering losses are of importance for intentionally
coupled multimode operation. Mode coupling reduces the pulse delay
distortion that is caused by the different group velocities of the modes.
It is possible to design the core-cladding interface irregularities in such a
way that all guided modes (with the exception of the last) are coupled
to each other without coupling to the continuous spectrum of radiation
modes by first-order processes.” However, radiation losses via second-
and higher-order processes are still possible. The discussion of second-
order losses for intentionally coupled multimode operation is the subject
of a companion paper.®

APPENDIX
Proof of the Relation (23)

We begin by using the fact that a sinusoidal function with an infinite
argument can be regarded as zero. This assertion is the basis for the
following definition of the delta function:

5a) = lim 1824
A~ T X

(72)

vanishes everywhere except at the point « = 0. The singularity of the
delta function at x = 0 is caused by the appearance of z in the denomi-
nator. Without this denominator, we are justified to define

lim sin z4 = 0. (73)

A—o0

Using eq. (73), we write the following identity

0 = lim — 2¢sin [nf(4) + (8 — B)A]
A—-w0
Y d it e eopa
I W —ilnf(2)+(B-B")z
= [ =il 4 6= B (74)
It was assumed that f(—z) = —jf(z). From the last line of (74), we

obtain immediately



HIGHER-ORDER LOSS PROCESSES 1817

il (B—B")z] ! ( ( ]

- -B’ 6 6 —ilnf+(B—B’

f f’e iafs “de = — f e’ A dz
—c0 n -0

or
-]
f [1, —_ Bfr(z)]e—i[vf(z)+(ﬁ—B')z] dz
—0

_ 77_2+ 6(6 _ B’) * —ilnf(2)+(B=B")z2]
=, f_w e dz. (75)

IFrom the definitions (21) and (22) it follows that (75) is identical
with (23).
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Higher-Order Loss Processes and the
Loss Penalty of Multimode Operation
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Pulse spreading caused by the different group velocities of the guided
modes of a multtimode waveguide can be reduced by providing intentional
coupling between the modes. Coupling among the guided modes inevitably
leads to radiation losses. This loss penalty is discussed for two types of
loss processes. We consider that the highest-order mode loses power by
second-order coupling to the continuous spectrum of radiation modes. We
also consider a loss process that is caused by nonresonant coupling of
guided modes to lossy neighboring modes. Both loss processes can cause
a substantial loss penalty. However, the loss penalty can always be reduced
by limiting the intentional coupling to fewer of the guided modes, allowing
the highest-order modes to die out. The discussion s based on a slab wave-
guide model.

I. INTRODUCTION

Higher-order loss processes have been discussed in a previous paper.!
The idea of loss processes of different orders is based on perturbation
theory. Two modes of a dielectric waveguide are coupled if their pro-
pagation constants obey the relation'

Iﬁv —6#| =m¢' (1)

¢ is the mechanical frequency of the Fourier spectrum of the coupling
function; m is a positive integer that specifies the order of the coupling
process. If m = 1, mode » is coupled to mode u by a first-order process,
m = 2 indicates a second-order process, ete. For small values of a/X, ,
(a is the Fourier amplitude that belongs to the mechanical frequency ¢;
)\, is the free space wavelength of the light in the waveguide) the coupling
strength is proportional to (a/A,)™ so that the coupling decreases with
increasing order of the coupling process. If mode » represents a guided
mode, mode u may either be a guided or a radiation mode. In the latter

1819
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case, mode » loses power by radiation. An explanation of the coupling
process in terms of diffraction gratings is given in Ref. 1.

There is a different loss process that cannot be understood in terms
of higher-order grating lobes. Consider two guided modes. Mode 2 is
inherently lossless, while mode 1 suffers high loss. If we couple these
two modes by means of a first-order process, a large amount of loss
will be transferred from the lossy mode to the hitherto lossless neighbor.
However, even if we couple these two modes by means of a sinusoidal
coupling function the mechanical frequency of which does not satisfy (1)
for any integer m, some loss will be imparted from the lossy mode to the
inherently lossless mode. If both modes were lossless, no significant
amount of power would be interchanged among them if (1) is not satisfied
for m = 1 (or any other integer). We call such a coupling process
“nonresonant coupling.” The small amount of power that flows momen-
tarily from mode 1 to mode 2 is returned in the next instant because
the phase relationship required for continuous power flow from one
mode to the other does not exist. However, if mode 1 is lossy, mode 2
transfers a small amount of power to mode 1 (even via the nonresonant
coupling process) that ean not be returned since some of the power is
already dissipated in the lossy mode 1. This nonresonant coupling
process has the effect of imparting some of the high loss of one mode
to a neighboring mode. The attenuation coefficient that results is derived
in the Appendix.

In this paper, we calculate the loss penalty that stems from intentional
mode coupling in a multimode slab waveguide caused by these higher-
order processes. Reference 2 presents the theory of pulse propagation in
multimode waveguides in the presence of first-order coupling between
the guided modes. The purpose of the coupling is to reduce pulse
distortion.® It was pointed out that it is possible to couple all the guided
modes by a first-order process without causing first-order radiation
losses.” This possibility arises from the fact that the modes of a slab
waveguide are arranged in 8 space, such that the spacing between
neighboring modes increases with increasing mode number. Because of
the coupling law (1) with m = 1, it is possible to couple all the guided
modes, cxcept mode N, by providing a spectrum of mechanical fre-
quencies that has a proper Fourier component for coupling at least the
nearest neighbors of all the modes. However, mode N is not coupled
to mode N — 1 if the Fourier spectrum has an abrupt cutoff so that
no mechanical frequency exists that satisfies the relation

By-1 — By = ¢. 2)

Residual losses result from the fact that it is unrealistic to assume a
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Fourier spectrum with an abrupt cutoff. Residual coupling between
mode N — 1 and mode N is then possible via the tail of the Fourier
spectrum. Mode N is necessarily coupled by first-order processes to the
continuous spectrum of radiation modes so that mode N — 1, being
coupled to mode N, suffers loss which causes power loss to the entire
ensemble of coupled guided modes. We must now consider the effect
of higher-order processes. Even with a Fourier spectrum with perfectly
abrupt cutoff, mode N — 1 is coupled to the spectrum of radiation
modes by second- and higher-order processes. Assuming small amplitudes
for the Fourier coefficients, we neglect processes of third- and higher-
order and discuss radiation losses caused by the second-order process.
We shall see that substantial losses can result even via the second-order
loss mechanism. However, luckily, we can readjust the intentional
coupling between the guided modes to prevent first-order coupling not
only to mode N but also to mode N — 1. The distance (in 8 space)
between mode N — 2 and the continuum of radiation modes is then
greater than 2¢ so that the second-order loss process is no longer possible.
The uncoupled modes (uncoupled from the remaining guided modes)
lose power by being coupled to the radiation field. Mode N loses power
very rapidly because it is coupled by means of a first-order process.
Mode N — 1 loses power by means of a second-order process. If the
loss caused by coupling of the guided modes to mode N — 1 was bother-
some, its loss is certainly sufficient to prevent pulse distortion by power
flowing along in this mode. It is thus clear that radiation losses can be
reduced by limiting the intentional coupling to the lower-order guided
modes leaving a few of the higher-order modes to die out because of
their high radiation losses.

In a similar manner, nonresonant coupling between the lossy mode N
(coupled by a first-order process to radiation modes) and the neigh-
boring guided modes N — 1, N — 2, ete., influences the loss behavior
of the intentionally coupled guided modes. The loss penalty caused by
this nonresonant coupling mechanism is considered separately from the
higher-order loss process mentioned earlier in order to assess the separate
influence of each mechanism. Again, it is advantageous to uncouple
some of the higher-order modes from the lower-order guided modes
since the nonresonant coupling process decreases in strength with
increasing distance (in 8 space) of the guided modes from the lossy
mode N.

II. SUMMARY OF COUPLED POWER THEORY

The coupled power theory presented in Ref. 2 was based on the
stochastic partial differential equation for the average power of the modes
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1 9P,
v, ol

N
= —a,P, + > h (P, — P,). 6))
u=1

The power loss coefficient «, , for mode v with group velocity v, , incor-
porates heat losses as well as radiation losses. However, heat losses will
be ignored in our present discussion. For slab waveguides with random
core-cladding interface perturbations, the coupling coefficient assumes
the form

. .2
nk”® sin® 0, sin” 6,

2d2(1 4+ 71d><1 -+ ;y%) cos 8, cos 0,

The mode angle 6, is defined in terms of the refractive index n, of the
core, the free space propagation constant k and the propagation con-
stant 8, of the »th mode.

ho =

F(Bv - B;&)- (4)

cos 6, = 16” . (5)

The parameter v, appearing in (4) is (n, = cladding index)
= (8} — mk*)"” (6)

and d is the slab half width. The function F(¢) is the ensemble average
of the square of the Fourier transform of the core-cladding interface
function. It will be referred to as the “power spectrum.” For the purpose
of this paper, we assume that F(¢) is constant from zero to the cutoff
value ¢, of ¢. For ¢ > ¢, we assume that F(¢) =

For sufficiently large values of 2z, we obtain the following approximate
solution of (3)*

(1) —aolt)z _ t — Z/U)z]
P,z t) = — kB, e exp [ ( ALJ2 , @
with the full width of the Gaussian pulse given by

= 2(7° + 4aiV2)"% (8)

The input pulse is determined by its half width 7 and amplitude G,
2
P.0, ) = G, exp (—5): ©
The coefficient k, is given by

Z GBS, (10)
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B{) and «!" are defined as the first eigenvector and eigenvalue of an

eigenvalue problem the details of which can be found in Ref. 2. The

parameter o appearing in (8) is the second-order perturbation of the

eigenvalue:
A (&~ s}

( — v
azn = Z = ovz“" _ a;l) ' (11)

i=2 0

The superscript j identifies B!} and «!” as the jth eigenvector and
eigenvalue of the eigenvalue problem; v is the average group velocity.

It is convenient to use the parameter (r — 0 is assumed)

po A 4Ve®
AT (1 1) — (12)
Ev B Uy \/L

that was introduced in Ref. 2 as a measure of the improvement of the
pulse distortion of coupled modes compared to the uncoupled case for a
guide of length L. AT is the length in time covered by the signal arriving
in the many uncoupled modes traveling with different group velocities.
It is desirable to make R as small as possible by means of coupling
between the guided modes.

Finally, we quote the formulas for the power loss coefficients. From
Ref. 1 we obtain for the second-order loss attributable to the second-
order grating lobe
_av(n] — n)k’
"~ 328,(0-2 + p_2)d

In addition to the parameters already defined earlier, we have

(24

[40'?-1 T+ o pe + (v — 2’)’—1)2]~ (13)

B8, = propagation constant of the guided mode,

f(z2) = a sin ¢z, core-cladding interface distortion, (14)

d = slab half width,

k = (mik® — B3, (152)
o = [k* — 8, — )T, (15b)
o, = [nik* — (8, — 2¢)°T, (15¢)
v = (B, — ¢)° — nkT, (15d)
pos = [k — (8, — 20)°T", (15¢)

y = (6 — mk™P. (15f)
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The mode power loss coeflicient «, for nonresonant coupling is derived
in the Appendix.

_ l N IK“, IZ a?
T Z (@/27 + B, — B, — ) ™ (16)

uEe

The power loss coefficient of the uth mode is @, , | K,, |* is the factor
of F(¢) in (4) and a is defined in (17).

III. POWER SPECTRUM OF A SINE WAVE WITH RANDOM PHASE

The second-order radiation loss formula and the loss formula for
nonresonant coupling to lossy modes were derived for sinusoidally
deformed core-cladding interfaces. We expect that these results remain
valid, at least approximately, even if the sinusoidal interface variation
has a random phase. This random phase assumption is important to
ensure the validity of certain averaging procedures that were involved
in deriving equation (13). A purely sinusoidal interface variation with
constant phase is not likely to occur in practice. For this reason, we
derive the relation between the amplitude a of the sinusoidal interface
variation, and the power spectrum F(¢) of the Fourier spectrum of
the sinusoidal process with random phase. We are using the idea of a
sinusoidal core-cladding interface distortion and the concept of a flat
power spectrum of this function with a definite cutoff “frequency’”
as though they were compatible with each other. It appears possible
that a suitable probability distribution for the random phase of the
sinusoidal process could be found that would approximate the desired
flat power spectrum. However, we make no effort to investigate the
compatibility of these ideas, and use them simultaneously in order
to gain an order of magnitude estimate of the loss penalty from higher-
order loss process that results from intentional, ideal coupling between
the guided modes.

In order to establish the desired relation between the amplitude
a of the sinusoidal function f(2), describing the core-cladding interface
irregularity and the power spectrum of this function, we introduce

1(2) = asin [¢z + ¥(2)], 17

with the mechanical frequency ¢, amplitude @, and random phase
¥(2). The power spectrum is related to (f*) by the following equation

(@ sin® gz + ) = & [ 1) aw. 1s)
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The symbol ( ) indicates an ensemble average. We assume (without
justification) that the power spectrum has the shape
F = const for 0 =< ¢ = ¢,

0 for ¢’ > ¢, .

F') = { (19)

Since the ensemble average of the square of the sine function is 1/2,
we obtain from (18) and (19)

_ma’
24,

The assumption of the flat power spectrum with cutoff, (19), ensures
that to first order of perturbation theory no power loss occurs provided
that ¢, 1s chosen such that

Iﬁn—l - Bn | > ¢c . (21)

All modes with mode number » < n are coupled to each other, while

no first-order coupling to the guided modes N = v = n and to the

radiation modes is possible. The residual losses that still exist are thus

caused by the higher-order processes that are the object of our study.
We are using ¢ = ¢, in the eqs. (15) through (16).

r

(20)

IV. DISCUSSION OF THE EFFECT OF SECOND-ORDER LOSS

We are now ready to calculate the loss penalty that has to be paid
for coupling the guided modes with a coupling function the power
spectrum of which is given by (19). We assume that the loss mechanism
is second-order coupling of mode N (the highest-order guided mode)
to the continuous spectrum of radiation modes. We are ignoring the
fact that the highest-order mode is usually coupled to the radiation
modes by means of a first-order process. However, our assumption is
not unrealistic since we can regard mode N as the last of the guided
modes that is still coupled to all the other modes, but which is not
the mode nearest to the continuous spectrum of radiation modes. If,
for example, mode N is to be taken as being the next to last guided
mode, it need not be coupled to the last mode by a first-order process,
but can itself be coupled to the continuous spectrum of radiation modes
by means of second-order coupling. We are thus using the loss coefficient
of equation (13) for ay appearing in (3) while setting o, = 0 for » = N.

Figure 1 shows the loss penalty for the 3, 5, 10 and 20 mode case.
Since our model is a slab waveguide, the guided modes are the TE
modes of a slab. Both core-cladding interfaces of the slab are considered
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Fig. 1—Loss penalty caused by second-order radiation losses of mode N. « is the
power loss coefficient. B is the improvement factor (ratio of pulse width of coupled
modes to pulse width of uncoupled modes). N is the number of modes.

to be distorted with the power spectrum of the distortion function given
by (19) and (20). We assume in our model that the index ratio of core-
to-cladding index is n,/n, = 1.01 with n, = 1.5. The values of kd are

kd = 16.5 for 3 modes
kd = 35  for 5 modes
kd = 70  for 10 modes
kd = 145 for 20 modes.

The loss is the steady-state loss per kilometer. We thus assume implicitly
that the steady-state distribution is reached, and that the loss is the
decrease in power of the steady-state power distribution. (See Ref. 4
for an explanation.) The steady-state loss is plotted as a function of
the improvement factor R defined by (12). R = 0.1, for example,
means that the width of the pulse carried by the coupled guided modes
is ten times narrower than it would be in the absence of coupling. The
loss penalty increases rapidly with the number of modes. If the third
mode of a total of three modes is coupled by the second-order process
to the radiation field, an improvement by ten, B = 0.1, causes very
little radiation loss. However, we see from Fig. 1 that the loss penalty
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for the 20-mode case is already more than 100 dB/km. This shows that
even the losses caused by second-order coupling of the highest-order
mode to the radiation field can cause intolerably high losses if the coupl-
ing between the guided modes is strong enough for R to reach B = 0.1.

However, to keep the proper perspective, it is important to note
that the loss caused by this second-order mechanism would be reduced
to zero simply by uncoupling the highest-order mode, and restricting
the coupling between the guided modes [by reducing the width of the
spectral distribution (19)] to mode 1 through N — 1. There are still
other losses to contend with. One of these mechanisms will be discussed
in the next section. However, second-order losses can be rendered
harmless by this device.

It is of interest to know how large an amplitude of the sinusoidal
core-cladding interface distortion with random phase is required to
cause a given improvement factor E. This question is answered by
Fig. 2. The curves of this figure extend below the value B = 1, since
values of B > 1 are of no interest. They are also limited to values of
ka < 1, because for larger values of ka our perturbation theory becomes
meaningless. The figure shows clearly that an improvement factor of
R = 0.1 can only be reached for fairly large values of ka. In the 20-mode
case, we find ka = 1 for B = 0.1 so that we are approaching the limit of
applicability of the second-order perturbation theory used to derive
the coupling coefficient (4) and the loss coefficient (13).

V. DISCUSSION OF THE EFFECT OF NONRESONANT COUPLING

We are now considering the nonresonant loss mechanism that led to
eq. (16). We are using this equation in the following way. We assume

/7]
o/

A FUNCTION OF ak

I ~
R IMPROVEMENT FACTOR R AS \\
\

[/

10-3
10-3 10-2 5 1077
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-
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Fig. 2—Improvement factor R as a function of ak. (¢ = amplitude of sinusoidal
core-cladding interface distortion, k = 2x/X,).
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that the highest-order mode, mode N, is coupled strongly by means of a
first-order process to the radiation field. The loss coefficient for this
case can be found in equation (63) of Ref. 1. Next, we consider the
loss that is transmitted from this high-loss mode to its neighbors. We
use eq. (16) to compute the losses of mode N — 1, N — 2, ete., sue-
cessively substituting the loss value of each successive iteration to
obtain the loss of the next lower mode. We stop at the last mode that
is already coupled by a first-order process to the remaining guided
modes. The loss penalty that results from coupling this mode to all
the other guided modes is being considered here.

Figure 3 shows the loss coefficients for the 10-mode case. The curve
on the extreme left is the loss coefficient of mode 10 that loses power
via the first-order process to the radiation modes. The modes labeled
s = 9,8, 7, ete., suffer loss because of nonresonant coupling to mode
10. The different slopes of these two sets of curves is caused by the
fact that the first-order loss process is proportional to (ak)® while the
nonresonant losses are proportional to (ak)’. For a given value of
ak, the losses decrease rapidly with decreasing value of s. However,
it is surprising how high the losses caused by nonresonant coupling are
if ak = 1. Figure 4 shows the same data for the 20-mode case.

108

y
LlOSS COIEFFI(3I|ENT OF !o.(ml ////
- kd = 70 / / ///

10% A
FIRST ORDER LO%
OF MODE 10
108

JERRZENRY, ;/)V
) /A

10-3 2 5 1072 2 5 19-1 2 5 1 2 5 10

0
S

a,dB PER km

Fig. 3—Mode loss as a function of ak. s is the mode number. The loss is caused by
nonresonant. coupling of the modes N — 1, through mode s to the lossy mode N.
The first-order loss of mode N(N = 10) is the curve on the left of the figure.
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Fig. 4—Same as Fig. 3, with N = 20.

Tigure 5 shows the loss penalty that results from nonresonant eoupling
of mode N — 1 to the lossy mode N, while modes 1 through N — 1
are coupled to each other by the resonant first-order process. The loss
penalty is again plotted as a function of the improvement factor R.
Figure 5 shows an interesting phenomenon. Whereas the curves for
N = 3 and N = 5 are straight, the curves for N = 10 and N = 20 are
bent. The reason for this difference in behavior can be explained if we
consider the shape of the steady-state distribution of mode power P,
versus mode number ». All along the curves for N = 3 and N = 5,
the steady-state power distribution is flat; that means we have equal
power in all the modes. On that portion of the curve labeled N = 10
that is parallel to the curves with N = 3 and 5, we find also that equal
power is carried by all the modes in the steady state. However, when
the curve begins to bend over, we enter a region where the steady-state
power distribution begins to change, favoring the lower-order modes.
The loss penalty is correspondingly far less in that region than it would
be if the original slope of the curve had been maintained. This is not
surprising if we consider that only very little power remains, even in
the steady state, in the higher-order modes that couple strongly to the
lossy mode N — 1. By redistributing the steady-state distribution, the
multimode waveguide manages to operate with lower losses. We thus
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Fig. 5—Loss penalty caused by mode coupling among all N — 1 modes and
nonresonant coupling of mode N — 1 to mode N. The independent variable is the
improvement factor R.

find the paradox that, for equal values of R, the 5-mode guide can be
lossier than the 10- and 20-mode guide. However, the improvement
in the value of R is obtained not by stronger coupling of all the guided
modes, but primarily by a reduction in the number of modes that still
carry power.

The remaining figures show what happens if we couple fewer guided
modes to each other allowing the higher-order modes to die out due to
radiation losses. Figure 6 shows the 5-mode case with 4 and 3 guided
modes coupled to each other. The improvement in the loss penalty
that results from dropping mode 4 from the set of coupled guided modes
is substantial.

The same behavior is shown for the 10-mode case in Fig. 7. Again
it is apparent how much improvement in the loss penalty can be gained
by dropping successively the higher-order modes from the set of coupled
guided modes. Only the curve with n = 9 behaves anomalously. The
change in slope can again be explained by the change in the steady-state
distribution. The region with gentler slope corresponds to a steady-state
distribution that no longer carries equal power in all the modes but
favors the lower-order modes.

This tendency to flip from a steady-state distribution with equal
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power in all the modes to one that favors lower-order modes is even
more apparent in the 20-mode case shown in Figure 8. We also see in
this figure that if we want to operate with an improvement factor of
R = 0.1, and tolerate a loss of 1 dB/km we must uncouple 6 modes
from the total of 20 modes allowing only the lowest 14 modes to couple
among each other.

VI. CONCLUSIONS

We have studied the loss penalty that results from higher-order loss
processes. We have considered two different cases. In both cases, we
let most of the guided modes be coupled by a first-order resonant process.
In the first case, we assumed that the highest-order mode is coupled
to the radiation modes only by means of a second-order process. High
losses can still result if we want to achieve a good pulse spreading
reduction by means of strong coupling of the guided modes. The loss
penalty increases very rapidly with increasing mode number for a
fixed value of the improvement factor E. However, by limiting the
coupling to one less guided mode, allowing the highest-order guided
mode (or more accurately the two highest-order guided modes) to die -
out, the loss penalty from this second-order process disappears.
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There are other processes that still cause a loss penalty even if we
drop the two highest-order modes. The lossy modes impart some of
their loss to their neighbors via a nonresonant coupling process. The
loss penalty from this mechanism can still be high. Again it helps to
limit the coupling to fewer of the lower-order modes by reducing the
width of the power spectrum of the coupling function. By proper design
of the coupling process, the loss penalty for a given improvement factor
can be kept in tolerable limits. By uncoupling some of the higher-order
modes, we pay an additional loss penalty in the transient before the
steady-state distribution has established itself, provided that all modes
are excited equally at the beginning of the waveguide.

Our results were obtained by using the model of the slab waveguide.
However, they allow an estimate of the performance of the round optical
fiber if we keep in mind that the total number of modes of the round fiber
is the square of the mode number of the slab waveguide. The 10-mode
case of the slab waveguide thus corresponds to a 100-mode round optical
fiber. The members within each family of modes with equal circum-
ferential field distribution (the same value of v in cos v¢) are coupled
among each other by diameter changes of the fiber core. Each family
of this kind behaves similarly to the modes of the slab waveguide studied
here. We are thus able to use the results of the slab waveguide to draw
conclusions about the expected behavior of round optical fibers.

APPENDIX

Derwation of Equations (16)
As a starting point we use the coupled wave equations.’

N
L o B+ 3, (22)

uEy

The propagation constants 8, are assumed to be complex quantities,
¢,, are the coupling coefficients and a, are the mode amplitudes. With
the slowly varying mode amplitudes A, defined by

a, = A,e " (23)

the system of coupled wave equations is transformed into the following
form
dA,

N - -
e ; Cou(2) A et PP, (24)

uHEy
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We now assume that only one of the modes, mode s, is strongly excited
at z = 0, while all the other mode amplitudes vanish initially

4,00 =0 »#s (25)
In the vicinity of z = 0, we thus obtain approximately
% = c,,(z)A,ei(E"E’)z for v s (26)
and for v = s (since B, is assumed to be real we write 8, = 8,)
N -
D NI LI (27)
ds =

u#*s

In analogy with the Wigner-Weisskopf method,” we next assume that
the 2z dependence of the mode amplitude 4, is given by

A,(z) = A,(0)e 1. (28)

The determination of the unknown constant «, is the objective of the
following calculation. Substitution of (28) into (26) and subsequent
integration results in

A,,(z) — As(O)f cu,(x)eli(ﬁ"—ﬂ')_(“'/2”” dx. (29)

At this point it becomes necessary to specify the 2z dependence of the
coupling function ¢,,(z). We want to determine the effect of nonresonant
coupling but are, nevertheless, interested in the influence of a periodic
coupling function. For simplicity it is convenient to assume that the
coupling coefficients are of the following form

Cu(2) = % K, . (30)

It is a well-established fact that the coupling coefficient can be decom-
posed into a constant part K,, times a function of z. If mode coupling
is caused by core-cladding interface irregularities of dielectric wave-
guides, the z-dependent function describes directly the shape of the
core-cladding interface deformation.* Ordinarily, we would expect to
see a sine or a cosine function instead of the exponential function that
appears in (30) provided that the core-cladding interface distortion
is purely sinusoidal. But a sinusoidal function can always be decomposed
into two exponential functions. We keep only one of these two terms.
This approximation is justified if we consider near-resonant coupling.
Only terms with small values of 8, — B, — ¢ will be seen to give a sub-
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stantial constribution. The term 8, — B, + ¢, that would result from
the neglected part of the sinusoidal function, is large and therefore
makes only a slight contribution to the coupling process.

With the help of (30), we obtain from (29)

Li(Bu—Bs—$)—(as/2) ]z __ 1

A4,0) = =K, 4.,0)° @31)
V2 - a,
z(ﬁy - 488 - ¢) - E
It can be shown that for lossless guides the relation ¢,, = —¢X is re-

quired.” We use this relation in our present case since it must be ap-
proximately true even for lossy guides. We then obtain from (30)

_ O gk iss
Gw =~ K*e™*, (32)
Substitution of (28), (31) and (32) into (27) yields
N 1 — eli(ﬁ:—5u+¢)+(ds/2)]z
a, = 2 | K, I? a’. (33)
:“;‘}‘ 1(5# - Bs - ¢) - %

In order to proceed further, we assume that mode s was inherently
lossless prior to being coupled to the other modes. We also assume that
the losses of the remaining modes are high. Since it appears reasonable
to expect that o, must be smaller than any of the loss coefficients of
the other modes (these loss coefficients are the imaginary parts of §,)
we can neglect the exponential term in (33) for large values of z so that
we obtain

N 2 2
@, = ; - | K. " a a. (34)
s B — B, — ) —

The coefficient a, is a complex quantity. Its imaginary part contributes
only a slight change to the propagation constant of 8,. We are in-
terested only in its real part. We write

Bo=B—i%y (35)
In the denominator of (34), we negleet «, compared to «, and obtain
finally for the real part of «, (which we write again «, for simplicity)

a=l 3 Il{us|2a2 (414
T2 (@/2)° + (B, — B, — )" "~

(36)
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Equation (36) is the desired approximation. We assume that

but require 8, — B, # ¢ in the spirit of the nonresonant coupling as-
sumption. Even for high loss modes we assume that the following rela-
tion applies

a, K ¢. (38)

It is apparent that replacement of 38, — 8, — ¢ in the denominator of
(36) with 8, — 8, + ¢ would lead to much smaller values of «, . If we
had used the sine or cosine function instead of the exponential function
in (30), we would have obtained an additional term with 8, — 8, + ¢
(in the denominator) in (36). This additional term is much smaller
than the leading term of «,, so that our approximation (30) appears
justified.
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A Linear Phase Modulator for a Short-Hop

Microwave Radio System

By S. R. SHAH
(Manuscript received May 16, 1972)

A linear phase modulator is a useful component in a short-hop radio
system using digital modulation. Such a modulator has been designed,
butlt, and tested for 4-level operation at a carrier frequency of 300 MHz and
for a line rate of 20 megabits.

In this paper, the design and the performance of the modulator are
presented. Measurements on the phase modulator show that the performance
18 tn agreement with the theory.

I. INTRODUCTION

A linear phase modulator is a useful component in a short-hop radio
system using digital modulation.”®> A possible application of this
modulator in a digital radio system is shown in a block diagram in Fig. 1.
A shared delta modulator multiplex operating at a line rate of 20
megabits is an example of a digital multiplex which could be used in
such a system.” The output binary signal of this multiplex can be
converted into a baseband pulse sequence by a 4-level block coder.*

The modulator described in this paper satisfies the requirements for
the above application. It is based upon the original Armstrong circuit,
which is well suited to large baseband bandwidths and is reasonably
linear for low modulation indexes.® An analysis of distortion for the
type of baseband signal used in this application is discussed by C. L.
Ruthroff and W. F. Bodtmann in Ref. 1.

The output of the phase modulator is at an IF frequency of 300 MHz.
It can be converted in a linear mixer to any desired RI frequency in the
microwave or millimeter-wave range, and can be amplified for trans-
mission by an injection-locked oscillator amplifier.’

II. DESCRIPTION OF THE MODULATOR

A block diagram of the modulator is shown in Fig. 2. A quartz crystal
oscillator provides a 300-MHz stable carrier frequency. The baseband

1837
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Fig. 1—Block diagram of a solid state transmitter for a digital radio system.

signal is modulated in a double-sideband suppressed-carrier amplitude
modulator. At the output of this modulator another carrier, 90 percent
out of phase with the first, is added to the sidebands. The combined
low-index phase-modulated signal then passes through an amplifier
and a times-four frequency multiplier. The output signal from the times-
four multiplier is converted in a double-sideband balanced mixer to the
original carrier frequency of 300 MHz as described in Ref. 1. The
unwanted output frequencies from the mixer are eliminated by a lowpass
filter, and the required phase-modulated signal is obtained. A limiter is
not used as indicated in Ref. 1 because sufficient amplitude compression
oceurs in the harmonic generator.

2.1 Double-Sideband Suppressed-Carrier Amplitude Modulator

Carrier suppression by a double-sideband balanced mixer is a well
known technique.” By using a conventional mixer, an isolation of about
30 dB between any two ports can be obtained. The spectrum of the

BASEBAND
SIGNAL DSB-SC
—1 AMPLITUDE + AMPLIFIER x4
MODULATOR
PHASE
MODULATED
90° Low PAss o ONAL
PHASE SHIFT MIXER FILTER -
300 MHz
CARRIER [3
SOURCE

Fig. 2—Block diagram of linear phase modulator.
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double-sideband suppressed-carrier amplitude-modulated signal with a
modulation index of 0.2 is shown in Fig. 3. The suppression of the carrier
is not sufficient, and could cause distortion, particularly if the quadrature
carrier is to be reintroduced at the receiving terminal.’ This can be
explained best by considering the phasor diagrams of Fig. 4. Figure 4a
shows the ideal case, in which the carrier is totally suppressed and the
quadrature carrier is added without causing any distortion. Figure 4b
shows a case in which the carrier is not sufficiently suppressed, and the
remaining component of the carrier changes the phase of the quadrature
carrier resulting in a phase error. To suppress the remaining component
of the carrier, a signal of equal amplitude and 180 degrees out of phase
with the carrier is added to the output signal of the mixer. This is
illustrated in a block diagram in Iig. 5. The carrier from the local
oscillator is divided into two parts, one of which goes to the mixer, and
the other, after undergoing the required changes in amplitude and phase,
is added to the output signal from the mixer. The spectrum of the
resultant signal from the adder is shown in Fig. 6. Note that the carrier
is suppressed by 58 dB. The carrier suppression is insensitive to changes
in oscillator level; a change in the amplitude level of the erystal oscillator
signal by 1 dB results in a change in the amplitude level of the carrier
by a fraction of a decibel.

2.2 Frequency Multipliers

2.2.1 Times-Four Multiplier

A maximum peak deviation of +-3x/4 radians is required in a 4-level
PSK system. If the modulator output is multiplied by four, the required
peak deviation in the modulator before multiplication is then 3x/16

AMPLITUDE IN DECIBELS

FREQUENCY IN MHz

Fig. 3—Carrier suppression of a double-sideband balanced mixer.



1840 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1972

;) uss ; usB
CARRIER—< CARRIER _—<
] LSB ) (K]

CARRIER AND SIDEBANDS BEFORE SUPPRESSION

;) uss > usB
< CARRIER
> LS8 p} LSB

CARRIER AND SIDEBANDS AFTER SUPPRESSION OF THE CARRIER

> uss ) UsB
CARRIER
\ Lss , LsB
QUADRATURE QUADRATURE
CARRIER CARRIER

REINTRODUCING QUADRATURE CARRIER
h
4

) usB uss

, LSB LsB
QUADRATURE QUADRATURE

CARRIER CARRIER

RESULTANT SIGNAL

(a) TOTALLY SUPPRESSED (b) PARTIALLY SUPPRESSED
CARRIER CARRIER

Fig. 4—Phasor diagram of the phase-modulated signal. (a) Totally suppressed
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Fig. 5—Block diagram of double-sideband suppressed-carrier amplitude modulator.
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Fig. 6—Carrier suppression by improved double-sideband suppressed-carrier
amplitude modulator.

radians. To obtain this magnitude of deviation, a resistive multiplier
circuit is used. The conventionally designed circuit employs two Schottky
barrier diodes. The input and the output matching sections are five-
element 0.1-dB-ripple Tschebyscheff filters.” Variable air trimmer
capacitors and hand-wound coils of No. 14 bare copper wire are the
elements of the filters and the idler networks.

The performance of the multiplier is measured by applying the
phase-modulated sine-wave with a carrier frequency of 300 MHz. The
frequency of the baseband signal is varied from 5 MHz to 25 MHz in
5-MHz steps. The peak phase deviation is kept constant at 0.1 radian.
The output spectrum of the multiplier corresponding to each baseband
signal frequency is recorded on the same photograph, which is shown in
Fig. 7. Ideally, the conversion loss of the multiplier should be the same
for each baseband signal frequency. The frequency response of the

JANEEEEEEEN

RELATIVE
CONVERSION LOSS IN DECIBELS

FREQUENCY IN MHz

Fig. 7—Frequency response of the times-four multiplier.
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mixer used in the double-sideband suppressed-carrier amplitude mod-
ulator is not flat for these baseband signal frequencies; this is shown in
Fig. 8. The frequency response of the mixer is reflected in the output of
the multiplier shown in Fig. 7.

2.2.2 Times-Three Multiplier

A times-three multiplier is used to convert the output carrier fre-
quency of the times-four multiplier to the frequency of the carrier source
as shown in Fig. 2. This multiplier need not have a broad bandwidth.
The technique used for the design and fabrication of the times-three
multiplier is the same as that used for the times-four multiplier.

2.3 90-Degree Phase Shifter

An accurate 90-degree phase shifter is made from twisted wire
distributed elements using the method described in Ref. 10. The coupler,
which has a crossover frequency of 300 MHz, is made of twisted pairs of
FORMEX wire separated from the ground plane by polyethylene
dielectric.

2.4 Lowpass Filter

A three-element 0.1-dB-ripple Tschebyscheff filter is used to eliminate
the unwanted output frequencies from the mixer. Two variable air
trimmer capacitors and a hand-wound coil of No. 14 copper wire are
the elements of this lowpass filter.

IIT. MEASURED PERFORMANCE

The performance of the phase modulator was measured for sine-wave
and square-wave baseband signals with various output phase deviations
from 0.1 to 3x/4 radians. For any specific input phase deviation, the

14

CONVERSION LOSS
IN DECIBELS
S
—-

10 ! l 1 I
0 10 20 30 40 50

FREQUENCY IN MHz

Fig. 8—Frequency response of the mixer.
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290 295 300 305 310
FREQUENCY IN MHz

Fig. 9—Output spectrum of the phase-modulated signal from the adder. (a) 0.1
radian phase deviation. (b) 37/16 radian phase deviation.

amplitude levels of the carrier and the sidebands of the phase-modulated
signal can be computed (see Appendix A); the spectrum of the output
signal from the adder can then be inspected to verify the input phase
deviation as shown in Fig. 9. When the signal passes through the times-
four multiplier, the required output phase deviation is obtained. The
output spectra of the modulator for a 5-MHz baseband signal with
output phase deviations of 0.4 and 3x/4 radians are shown in Fig. 10.
The detected phase-modulated signal can be compared with the input
baseband signal by using a phase detector as shown in a block diagram
of Fig. 11. The output signal of the detector is calculated as described in
Appendix B; TFigure 12 shows the calculated results for sinusoidal
baseband signal with the phase deviation of =/4 and 3w/4 radians. The
measured results for 5-MHz and 20-MHz baseband signals with 0.4

and 3= /4 radians phase deviation are shown in Fig. 13.

N
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Fig. 10—Output spectrum of the phase modulator for 5 MHz sinusoidal baseband
signal. (a) 0.4 radian phase deviation. (b) 3w/4 radians phase deviation.
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MODULATOR MIXER FILTER
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Fig. 11—Block diagram of the phase detector.

IV. CONCLUSIONS

Comparing the calculated and the measured results, particularly of
Figs. 12b and 13b, it is clear that the phase modulator is performing as
expected. Further, it has been demonstrated that this phase modulator
is suitable for a line rate of 20 megabits. The carrier frequency is stable
as it is derived from a quartz crystal oscillator. All these aspects make
this phase modulator a useful component in a short-hop radio system-
especially in coherent phase-shift-keyed PCM systems.
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APPENDIX A

The expression for a carrier which is phase-modulated by a sinusoidal
signal can be written in the general form:

M@) = A, cos (vt + X, cos w,t). (1)

@ / /

N/ NV N %Y vV
(b) ©

Fig. 12-—Calculated output signal from the phase detector. (a) w/4 radian phase
dl()aviation. (b) 3w/4 radians phase deviations. (¢} Curve (a) is imposed on curve
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Here, X, is the peak phase deviation in radians. Now

M@t) = AC{JO(XI) cos w.t + J1(X)) cos [(wc + wa)t + %:I
+ J1(X,) cos [(wc — wn)t + g:l — Jo(X)) cos (w. + 2w,)t

+ Jx(X) cos (0. — 2wa)t + } )

Equation (2) shows that the magnitudes of the sidebands, relative to the
carrier, can be determined by the Bessel coefficients.®®
For a peak phase deviation of 0.1 radian,

Jo(X,) = 0.9975
Jl(Xl) = 0.04994’.
Jo(X,) = 0.00125

JoXy) _ Jo(Xy) _
(X = 1097306 i = 798,

Converting in decibels,

20 log (ﬁglg) = 26 dB

20 log (%) = 58 dB.

In other words, the difference in the cnergy level between the carrier
and the first sidebands is 26 dB, and between the carrier and the second
sidebands is 58 dB for 0.1 radian peak phase deviation. This is shown in
Fig. 9a.

Similarly, for a peak phase deviation of 37/16 radians,

Jo(X1) = 0.9149, J,(X,) = 0.2823, J,(X,) = 0.04226

and

J o(Xl)) _
20 log (JI(X,) = 10.2dB

Jo(X1)> _
20 log (JZ(XI) = 26.65 dB.

Note that the difference in the energy level between the carrier and the
first sidebands is 10.2 dB, and between the carrier and the second
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sidebands is 26.65 dB as shown in Fig. 9b. Values of J,(x) are obtained
from Ref. 11.

For the phase deviations of 0.1, 0.4, 3x/16, and 3/4 radians, the
calculated difference in the energy level between the carrier and the
sidebands are shown in Table I.

TABLE I—THE CALCULATED DIFFERENCE IN THE INERGY LEVEL
BETWEEN THE CARRIER AND THE SIDEBANDS FOR VARIOUS
PHASE DEVIATIONS

Difference in the energy Difference in the energy

level between the carrier level between the carrier

Phase deviation and the first sidebands and the second sidebands
in radians in dB in dB

0.1 26 58

0.4 13.8 33.7
3r/16 10.2 26.7
3r/4 —26.3 —24.3

APPENDIX B
The phase-modulated signal can be expressed by

. e, = sin [w,t + X; cos w,t]
where

we = 2rf., .

w, = 27f,, f. = baseband signal frequency

carrier frequency

and
X, is the peak phase deviation in radians.

In a phase detector, e, is multiplied by cos w.t, and the low-frequency
part of the output is

e, = sin (X, cos w,t).

The values of e, are calculated with respect to ¢, and are plotted for the
following cases

@) X, = n/4, . = 300 MHz and f,, = 5 MHz
(@i) X, = 3w/4, f. = 300 MHz and {,, = 5 MHz.
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Figures 12a and b show the curves plotted for case (¢) and (47) respec-
tively. For comparison, the curve of case (z) is imposed on the curve of
case (i7), which is shown in Fig. 12¢.
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A Doped Surface Two-Phase CCD
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The successful operation of an n-channel two-phase charge-coupled
device has been achieved. The asymmelry in the surface potential profile
necessary to force the charge to move unidirectionally was obtained by ion
implanting a nonuniform doping distribution in the St substrate under each
gate. An eight-stage shift register with a length per stage of 80 um was made,
and was operated as both a digital and an analog device. There are two
ways to clock the device. Either both clock lines are driven with square waves,
out of phase by one half of a period, or one clock is held at a fixed DC
potential while the other is driven with a square wave. Using the latter
method, the charge transfer efficiency was better than 99.9 percent per
transfer over the clock frequency range of 10° Hz to 6.5 X 10° Hz.

I. INTRODUCTION

In a charge-coupled device, as described by Boyle and Smith,' charge
moves successively from the semiconductor region under a given elec-
trode to the region under the next electrode. For information to be
transferred from one end of the resulting shift register to the other, it
is necessary that the charge always move in the same direction. Until
now, the way this directionality has been typically achieved is by the
use of three or more clock lines.”™ In this type of structure, when charge
is transferred from one electrode to the next, the electrode behind the
one transferring charge is kept at a potential which repels the free
charge and thereby prevents backward flow. The electrode to receive
charge, meanwhile, is made more attractive to charge than the one
giving up its charge. It can be seen that this arrangement requires three
electrodes (at least) for each packet of charge and that each one must
be driven by a different clock line.

The use of three clock lines (as opposed to two) has significant
topological disadvantages because with three clock lines there must be
crossovers. These have been fabricated by a diffusion into the semi-
conductor surface.” This diffusion must be contacted once for every bit
which is undesirable from the standpoint of yield and packing density.

1849



1850 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1972

This problem is exacerbated when connection is made to a three-phase
shift register in a serpentine layout. Since the serpentine layout typically
provides the most compact register, the three-phase device is normally
limited to applications in which a straight layout is permissible, as for
example, in an imaging device.

The serpentining problem can be overcome if a CCD with four clock
lines is employed;®* however, this device requires two layers of metal-
lization, and fabrication problems may occur due to the present state
of development of that technology.

In view of these difficulties, the fabrication of a two-phase CCD is
considered an important goal in the development of charge-coupled
devices; it requires no crossovers, utilizes only one layer of metallization,
and can be easily laid out in a serpentine configuration.

The design, fabrication and operation of a simple eight-bit two-phase
shift register will be discussed in the following three sections of this
paper. A final section is devoted to conclusions.

II. DEVICE DESIGN

In a two-phase CCD, when an electrode is giving up its charge, both
adjacent electrodes are biased to attract that charge. Moreover, they
must be equally attractive to the charge because every other electrode
is tied together; consequently, directionality must be achieved by
associating a potential barrier with each electrode. The directional
transfer imposed by such a barrier is shown schematically in Fig. 1.
The potential barrier near the left end of the region under each electrode
prevents backward flow of charge. While its asymmetrical location under
the electrode is important, the shape of the barrier is not critical in
determining whether charge flow will be directional or not, but higher
speed would be expected if the right side of the barrier is sloped to
encourage charge flow in the forward direction.

The desired surface potential barrier can be obtained by implanting
into the p-type silicon substrate a shallow layer of boron ions in a
narrow stripe geometry as shown in Fig. 2. Charge-coupled device
operation requires that the entire region under each gate be in deep
depletion, so the boron implant must be light enough to be totally
ionized and depleted. The resulting negative charge layer assures that,
for a given value of applied voltage V, , the surface potential, ¢, , has
a lower value in the implanted region than in the unimplanted region.
The height of the potential barrier Ag, is simply the difference between
these values.
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Fig. 1—Sequence of plots of surface potential vs position with free carrier density
shown cross hatched. The height of the barrier is typically ~5V. One complete
transfer is shown.

A one-dimensional solution of Poisson’s equation can be obtained to
give ¢, as a function of V4 for the deep depletion condition. It is assumed
here “that the doping profile is characterized by a constant density
N 4, highly doped region to a well defined depth z, , and the background
density, N 4, (see Fig. 3). This approximate profile is sufficient to show
the major consequences of a shallow charge layer. The results of the
calculations are

Va— Vs = ¢, t V1<§'D’_> ) T =X

Ps1

VA—VFB=§03+V1— Vz{l—'\/l'l‘%_jl(%_'—l)}:
2 21
g
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Fig. 2—Cross section of the two-phase charge-coupled device which was fabricated
(the actual device made has 8 bits, only 4 are shown here).

where Vg is the flat-band voltage and

Vv, = ex, dN 4,
€ox
Vv, = ex; dN 4
GOX
_ efo,n
¢al 26,

where ¢, and e, are the permittivities of the Si substrate and the SiO,
film respectively and d is the SiO, thickness.

] Nai

DOPING DENSITY IN ARBITRARY UNITS

A2

X4
DISTANCE FROM SURFACE IN ARBITRARY UNITS

Fig. 3—Doping density vs distance from semiconductor surface.
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Fig. 4—Curves of surface potential vs applied voltage for various values of surface
doping.

The parameters ¢,, and V, are the voltage drops across the Si deple-
tion region and SiO, , respectively, when the depletion layer width «,
is the same as x; . The results of eq. (1) are plotted in Fig. 4 for several
values of N, ;it was assumed that N4, = 1 X 10 em ™ 2, = 2 X 107°
em and d = 1 X 107° em. Each curve has two regions of distinctly
different behavior: the first extends from the origin to the knee, shows
¢, varying slowly with respect to V, , and corresponds to the condition
zs £ x,; beyond the knee, the curve is nearly linear and corresponds
to z; > z, . The point indicated on each curve corresponds to z;, = z, ,
and the associated value of @, = ex;N,, is the total charge per unit
area in the heavily doped region.

The effect of increasing N, for a given z is to increase the height of
the barrier between implanted and unimplanted regions. The barrier
height also depends on applied voltage. It is zero for an applied voltage
equal to the flat-band voltage, but it is essentially constant for voltages
large enough to insure 2, > x, . Operation with V4 dropping into the
region where the barrier is lower than its maximum is permissible, even
though an instantaneous decrease in V, (and consequently V) during
the transfer process, would permit some of the charge to flow backwards
over the shrinking barrier. Actually, ¥V, has a finite time derivative so
some charge is transferred forward before V, reaches its minimum. This
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initial transfer of charge is extremely fast. Using calculations made by
Strain and Schryer®, an n-channel device with 25u electrodes, half of
the charge is transferred in 5 ns. For a 10u electrode, only 1 ns is required.
Therefore, if the pulse generators driving the clock lines have rise times
of several ns, the barrier can shrink by at least a factor of two with no
loss of charge. This is because the amount of charge being held back
by the barrier decreases faster than the barrier height decreases.

Typical surface potential values during operation are illustrated in
Fig. 5. Two curves are shown; one is for the unimplanted region (1 X 10"
em™® p-type), and the other is for the implanted area (7.5 X 10'° em™
p-type, z; = 2 X 107° em). The circled points A, B, C and D determine
the operating parameters of the CCD: the peak-to-peak variation in
the clock voltage is determined by the voltage difference AV, between
points B and C, while the potential well depth A¢, is determined by
the separation of points A and B or of C and D.

The lower value of applied voltage (V4 — Vg = 3 volts) was chosen
to make the barrier approximately half of its maximum wvalue. The
larger value of V,(V, — Ves = 11 volts) was chosen to make the
surface potential at the top of the barrier under the receiving electrode
equal to the surface potential in the unimplanted region under the

20

N, = 10'%/cm3

_.
=)
|

NOT IMPLANTED
|

-
N
|

©
I

BORON
IMPLANTED
1.5 x 10'2/cm?

¢g, SURFACE POTENTIAL IN VOLTS

E
I

0 4 CH 12 16 20 24
V,—Vgg IN VOLTS

Fig. 5—Curves of surface potential vs applied voltage for both implanted and
unimplanted regions (implant 7.5 X 10%¢/cm?, depth 0.2u). Also indicated are the
driving voltage used and corresponding surface potentials. These are the parameters
of the device fabricated. L
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electrode giving up charge. Any value of V, — Vyp greater than 11 volts
could also be used. Since these values of V4 are convenient, the values
of Nay, Nay, and z, (10", 7.5 X 10, 2 X 107° em) used for Fig. 5
were also used in the device that was fabricated.

In the design of the device, transfer across the spaces between the
electrodes had to be considered also. Calculations made by Krambeck®
have shown that for a p substrate with a doping of 10*/em® and a
thermally grown $iO, insulator, the gaps should not interfere with
transfer. The interelectrode spacings were made 5u, and the width of
the electrodes was made 35u. The implanted regions were offset from
the left edges of the gates by 5u and were 5u wide. These parameters
give a device which is practical to fabricate and is capable of moving
useful amounts of charge at high rates. The construction, testing and
operation of this CCD will be described in the next section.

III. EXPERIMENTAL RESULTS

3.1 Processing

The fabrication of the device involves five steps requiring photo-
lithography. Four of these use standard planar processing: diffusing
the input and output diodes, diffusing the channel stop, etching the
contact holes and etching the metallization. The fifth photolithographic
step is needed to obtain the ion implanted pattern. For this, the photo-
resist is used as the mask and 1.5 X 10'°/em® of boron is implanted.
The boron is activated with a high temperature anneal.

A photograph of a completed device is shown in Fig. 6. Along with
the shift register itself, several test structures have been fabricated
as well. Two MOS capacitors appear in the lower left-hand corner of
the photo, one in which the entire region under the gate has been
subjected to the ion implantation, and the other which is completely
devoid of any implant,.

3.2 Prefest

The MOS capacitors were used to determine the operating charac-
teristics of the shift register. The three major measurements that are
required are: (¢) surface potential ¢, as a function of applied voltage V, ;
(#7) generation time 7', for the buildup of an inversion layer in the Si
and (é27) surface state density N,, . The first measurement gives infor-
mation regarding the height of the potential barrier, the second gives
an indication of the low frequency limit of device operation, and the
third relates to the charge transfer efficiency.*

The measurement techniques are based on the use of ramps for
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Fig. 6—Photograph of a completed device.

capacitance measurements. Surface potential as a function of applied
voltage is obtained by integrating the deep depletion C-V eurve as is
indicated in the following equation’

V) = eV = [ (1 - FE)av ©

VREF
where Vygr is some convenient reference voltage and C(V) and C,, are
the capacitance at some voltage V and the oxide capacitance respec-
tively. The deep depletion C-V curve is obtained using the “fast ramp”
technique® and the integration is done by simply operating the elec-
trometer used to measure the displacement current as a coulombmeter.
Surface potential curves for the test structures are shown in the photo-
graphs in Fig. 7. The curve in Fig. 7a is for the unimplanted sample,
and that in Fig. 7b for the implanted specimen. These curves are similar
in appearance to the calculated curves in Fig. 5. At large positive values
of V4, the difference in surface potential Ae, for a given V , is essentially
constant and equal to 6.3 volts. This value for the potential barrier
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height corresponds to a total implanted charge density of approximately
1.3 X 10" em™* which is 80 percent of the original dose.

In order to obtain a value for the generation time T, , the square
wave response of the surface potential was measured. The positive-
going portion of the square wave causes the MOS capacitor to be
driven suddenly into deep depletion, and ¢, assumes a large value,
then while the applied voltage remains at its peak value, an inversion
layer builds up at the silicon surface, causing ¢, to decay toward its
equilibrium level. The negative-going portion of the square wave drives
the sample into accumulation, and ¢, is a constant throughout this half
cycle at a level which is approximately one volt below the inversion
equilibrium value. Photographs of ¢, as a function of time are displayed
in Fig. 8. The response curves show the decay of ¢, followed by an abrupt
change to a constant value corresponding to the accumulation condition.
The signals for both capacitors to 1/e of their initial value in 7, = 0.1 s
which implies a lower frequeney operating limit of a few hundred Hz.

The surface state density N,, in the implanted test capacitor was
determined by the method of comparison of high frequency (10° Hz)
and low frequency (quasistatic) C-V curves.” The derived distribution
is shown in Fig. 9. As shown in the Appendix, this surface state density
is too low to cause visible loss in an 8-bit CCD.

The above tests showed that while the properties of the oxide-silicon
interface were not ideal, they were good enough to permit operation of
the CCD. In particular, the tests of ¢., vs V. showed that a 6-volt
potential barrier does exist between implanted and unimplanted regions
under the same electrode. Also the —3-volt flat band voltage indicated
that the positive charge in the oxide (~5 X 10"'/ecm®) was in the range

+¢

5V/cm

Fig. 7—Measured curves of surface potential vs applied voltage. (a) unimplanted,
(b) implanted 1.5 X 10%/cm? boron.
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Fig. 8—Surface potential vs time after application of a step in voltage applied.
(a) implanted, (b) unimplanted.

which insured transfer across the gap between electrodes.® The value
of flat-band voltage is quite convenient since, from Fig. 5, it permits
the use of 0 volt as the lower value of V4 .

3.3 Shift Register Operation

To find if the device actually worked as predicted, the circuit of
Tig. 10 was used. This circuit includes two diodes; one at each end of
the shift register. These provide a convenient way of introducing
minority carriers at one end, and of removing and sensing that charge
after it has passed through the entire register. The operation of the
device is as follows: the two diodes are normally held in reverse bias

12

o

Ngg x 10710 (ev—'em™2)

0 | 1 | | |
0 0.2 0.4 0.6 0.8 1.0 1.1

Ey ENERGY IN eV Ec

Fig. 9—Calculated values of surface state density vs position in the forbidden gap.
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Fig. 10—Circuit used to test the device.

of about 15 volts to prevent injection of charge. The clock bias can be
driven in either of two ways. These are shown in Figures 11a and 11b
respectively. In one of these modes, both clock bias are driven with
square waves, while in the second, only one square wave is used. This
latter mode has the obvious advantage that no synchronization is
necessary. The two modes give the same operation because charges move
in response to differences in potential. Inspection of Figure 11a and 11b
shows that the difference between voltages on the two clock lines as a
function of time is essentially the same for both. As long as the input
diode is held at a fixed voltage of 15 volts, no charge is injected, and
ZERO’s are sent through the shift register. The only output is that
caused by capacitive coupling between the clock lines and the output
diode pad.

To provide charge input, a negative pulse is applied to the input
diode while a positive pulse is being applied to the first electrode in
the shift register. Electrons will flow out of the n-diffusion into the
region under the electrode at a rate dependent on the relative voltage
between the two. The process is illustrated in Fig. 12. The surface
potential under the first electrode ultimately becomes equal to that in
the diode. When the negative pulse ends, any excess charge flows back
into the diode. The resulting packet of charge is then transferred step
by step to the other end of the shift register, and is finally transferred
into the second diode when the last electrode is driven to the substrate
potential. This charge changes the diode voltage by an amount depen-
dent on the total capacitance between the diode and ground. This
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Fig. 11—Voltages used to drive the clock lines. (a) Two clock method and (b) One
clock method (this was actually used to drive the device).

voltage decays to zero with a time constant dependent on the resistor
R, in Tig. 10.

If a series of intermixed ONE’s and ZERO’s is fed into the shift
register, the output should show a temporary voltage drop AV = Q/C,
where @ is the stored charge and C is the output capacitance. For this
device, Q is determined by the activated implant density (1.2 X 10**/ecm®)
and the area of the region which stores charge (107° e¢m®). Therefore,
Q is 1.9 X 107'* coulombs and change in output voltage should be
1.9/C volts where C is in pF.

The results, with a clock frequency of 1.5 MHz, are shown in the
top photograph in Fig. 13. The lower trace shows the pulses applied to
the input diodes, and the upper trace is the output voltage. The output
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swing caused by @ is 0.02 volt. It is clear that shift register action has
been obtained since the output is delayed 8 cycles as it should be. This
confirms the feasibility of guiding charge in a charge-coupled device
by the implantation of properly chosen amounts of boron.

Measurements of transfer efficiency were carried out at several
frequencies, two of which are shown in Fig. 13, and the results are shown
in Fig. 14. The loss is too small to measure at 6.5 MHz, and it is esti-
mated that a loss of 0.1 percent per transfer. Thus the loss increases
from less than 0.1 percent per transfer below 6.5 MHz to 2 percent
per transfer at 17 MHz.

So far the device has only been discussed as a digital shift register.
However, intermediate amounts of charge may also be injected to
demonstrate operation as an analog shift register. To accomplish this,

NEGATIVE .,/
PULSEON £
INPUT DIODE "\

Fig. 12—Surface potential at input of shift register during injection of charge.
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Fig. 13—Top photo: Input (lower trace) and output (upper trace) during operation
ONE at 5MHz and 17 MHz respectively.

of the shift register at 1.5 MHz.
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it is necessary to modulate the height of the input pulses so the rate of
charge flow and the total amount of charge injected during each cycle
have values between those previously used. This modulation was ac-
complished by placing a ramp generator in parallel with the input pulse
generator. The resulting input waveform is shown on the bottom trace
of Fig. 15. The output shows a ramp delayed eight periods of the
clock frequency.

20 mV/cm

20 SEC/cm

Fig. 15—Input and output (top trace) during operation as an analog device.
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IV. CONCLUSION

The successful operation of an 8-bit n-channel two-phase CCD fabri-
cated using ion implantation has been achieved. The device performed
in the frequency range of 1 kHz to 6.6 MHz with no discernible loss
(50.1% /transfer). At 17 MHz, it was 2% /transfer. The shift register
was also operated as an analog delay line.

The surface potential barrier under a portion of each gate necessary
for unidirectional charge transfer was realized by ion implanting
1.5 X 10 boron ions/em? This gave rise to a measured barrier height
of approximately 6 volts.

The use of the ion-implanted barrier makes possible considerable
simplification of the structure. There is only one layer of metallization
and no crossovers or crossunders. Moreover, the simplification caused
no sacrifice in performance, since the device showed more efficient
high-frequency operation than any previously reported CCD.
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APPENDIX

Previous calculations* have shown that when the charge in a ZERO
is a substantial fraction of the charge in a ONE, and square waves are
used to drive the clock lines, there is virtually no loss caused by surface
states. However, the implanted barrier represents a new feature with
respect to surface state loss analysis.

The region that was implanted, and as a result contains a potential
barrier, is exposed to a high concentration of free carriers only when
transferring a ONE. There is essentially no free charge in this region
at other times (refer to Fig. 1). As a result, when a ONE passes the
barriers, some of the surface states in that region eapture charge. This
charge may be divided into three parts. Part one is charge which is
re-emitted before the ONE has completed its transfer. This charge
rejoins that in the ONE, and has no effect on loss. Part two is charge
which is emitted too late to catch up, and is therefore dropped into
the ZERO or ZERO’s following the ONE. The remaining charge is still
trapped when the next ONE arrives. The charge lost by this second
ONE is the difference between the charge in the traps when it arrives,
and the trapped charge when it leaves. This is the charge referred to
as part two above.
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Let us follow what happens to the charge whieh is trapped as a ONE
crosses the barrier. The charge rejoining the ONE needs no further
consideration. Charge which is emitted during the succeeding half cycle
can travel either forward or backward, since the barrier region in ques-
tion is at a potential maximum. As a result, one half of the charge
emitted during this half cycle is lost. The amount of this charge can be
determined as follows: Assume that all of the traps, the time con-
stants of which are between 7/2 and 7 (where 7 is the period of the
clock frequeney), will emit their captured charge during this half cycle.
The number of such traps is N, () -kT-In(r/0.57), where N,,(F) is
the density of traps, per eV and per em? the position of which in the
forbidden gap makes their emission rate 1/7. (It will be assumed that
N, (E) does not vary significantly for a few £T.) Then the charge lost
per unit area of potential barrier during this half cycle is

2 N (E)-kT-In 2. 3)
The formula to convert position in the gap to period of the clock line is
f = N, exp [—(E, — E)/kT]
or
f=3X10"exp [—(E, — E)/kT], 4)

where N, is conduction band effective density of states, ¢, is the capture
probability, and £, — I is the depth of the state below the conduction
band edge. Formula (4) can be used to determine the appropriate value
of £ in formula (3).

Suppose 7 ZERO’s now follow the ONE. During the = cycles required
for these to pass, no free carriers cross the barrier. However, the surface
states continue to emit trapped charge. This goes on from ¢ = 7 to
t = (n + 1)7. The total amount of charge emitted during this period is
therefore

N..(E)-kT-In ((n + 1)7/7)
or
N (E)-kTIn (n + 1).

Not all of this charge is lost however, because the charge can flow
backward or forward. The charge which flows backward during the
time between (n 4 )7 and (n + 1)7 will join the ONE following the
n ZERO’s and therefore does not contribute to loss. This backward
flowing charge is

INLE)Y-ET -In{(n + Dr/(n + D7).
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The net loss per unit area of potential barrier is
L, = IN,(E)-kT-n2 + N..(E)-kT-In(n + 1)
— 3N, (E)-kT -In(n + 1/n + 2)
or
L = N (EYET[In(2n + D(n + D] )

Equations (4) and (5) can now be used to calculate expected loss
per transfer vs frequency. For the experimental measurements of loss
per transfer, n = 1. Therefore

L = 1.3N,,(E)kT.

As an example at E, — E = 0.3 ¢V, from Fig. 10, N,, = 10" /em® —
eV. Therefore L = 0.33 X 10'°/em?®. From (4), the frequency is 2.7 X
10° Hz. Since the area of the potential barrier is 2.5 X 107° cm?, the
charge lost per transfer is 0.13 X 107'* coulombs. The charge storage
capacity is 2 X 107'* coulombs which gives a loss per transfer figure
of 0.07 percent. This compares to the “measured’” loss of less than
approximately 0.1 percent. This low loss is directly attributable to the
two-phase structure, since only a small fraction of the surface states
(those in the implanted region) can cause any loss.
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Almost-Coherent Detection of
Phase-Shift-Keyed Signals Using an

Injection-Locked Oscillator

By M. EISENBERG
(Manusecript received August 18, 1971)

We analyze a proposed scheme of detection of phase-shift-keyed signals
ustng an tnjection-locked oscillator the bandwidth of which is much less
than the modulation rate. The output of the oscillator is a carrier with
essentially all of its modulation removed. We analyze the effect of noise and
signal modulation on the phase of this reference tone and compute its effect
on the probability of detection error. If a suitable encoder and decoder are
used for the transmaitted signal, this technique can provide nearly ideal
coherent demodulation.

I. INTRODUCTION

The two generally recognized methods of detection of phase-shift-
keyed (PSK) signals are coherent detection and differential detection.
Coherent detection has been shown to be optimum in the presence of
Gaussian noise,’ but, due to the difficulty of storing an absolute phase
reference at the receiver, it is seldom used in practice.

In a recent paper,” B. Glance showed that an injection-locked oseil-
lator, the locking bandwidth of which is much less than the modulation
rate can, under certain conditions, be used to derive a phase reference
from the input signal itself. This is actually a form of a quadrature
reference system, where the phase of one quadrature remains essentially
unkeyed, and is used to provide the reference tone.>'* In this paper, we
examine the effectiveness of this scheme for a two-phase PSK system
where the modulation is a random digital signal and additive Gaussian
noise is present. We derive an expression for the probability distribution
of the reference phase, and from this calculate the average probability of
a detection error. We find that if the modulation rate is much greater
than the bandwidth of the oscillator, and if a suitable encoder and
decoder are used, the method very nearly approaches the ideal perform-
ance of coherent detection.

1867
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II. LOCKING EQUATION ANALYSIS—ZERO ORDER SOLUTION

A portion of the received signal is used as the input to the injection-
locked oscillator. This signal may be represented as

z(t) = V2 A cos [wt + 8(1)] + n(t), 1)

where A is the signal power, w is the carrier frequency, and 6(¢) is the
phase modulation. The received signal is assumed to be contaminated by
additive white Gaussian noise, n(t), with double-sided spectral density
N,o/2. If v is sufficiently close to the natural oscillator frequency, w,,
locking will occur and the output of the oscillator will be

y(@) = V2 B cos [wt + 6(t) — &(D)], 2

where B can be assumed to be constant.® ¢(f) is the phase difference
between the input and output signals of the oscillator. In the case of
interest, the total phase modulation of the oscillator output, 5(f) =
0(t) — ¢(1), s small, and y () is used as the phase reference in the coherent
detection of the remaining portion of the received signal.

In the absence of noise, the phases of the input and output signals of
the oscillator are related by the well-known locking equation®

d¢(t) do(t)
TG @

+ Asin¢(t) = w — wo + —5-
where 2A is the locking bandwidth of the oscillator. This equation takes
the same form as that for a first order phase-locked loop.” The effect of
the noise at the input has been analyzed by Viterbi.® The effect is to add
an additional term to eq. (3),

d¢(t) do(t) A

+ Asing(d) = 0 — wo + —* n’(t), )

where n’(t) has the same statistics as n(f). We rewrite eq. (4) in terms of
().

B 4 Asin (7)) — 00)] = wo — & + 5 (0. ®)

For the case of zero input phase modulation, i.e., 8(f) = 0, eq. (5)
becomes

d"(t) + Asin () = wo — w + %n’(t). ©)

Using Fokker-Plank techniques, Viterbi derived from this equation
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p(n), the steady-state probability density of 4. For w = w, the solution is
ea’ cos

p(n) = IToe) )

where I,(-) is the zeroth order modified Bessel function of the first kind,
and o® = 44°/N,A is the signal-to-noise ratio in the bandwidth of the
oscillator. For « >> 1, this distribution for 5 small is nearly Gaussian
with mean zero and standard deviation 1/a. For » 5 w, the distribution
becomes centered about the point 8 = sin™' (w, — w)/A. In the case,
a>1and |[(wo — w)/A| K1, 8~ (wo — w)/A and for 4 small, the
distribution is very nearly equal to

a? cos (1—B)

p(n) ~ oL@ 8)

We now consider the case 6(¢f) # 0. In a binary PSK signal, 6(t) is a
waveform of the form

ot) = 3 ap(t — n), ©

where a, = =1, and p(t) is assumed to be a pulse which is nonzero only
over the range 0 < t < T. For the moment we assume zero noise. The
resulting equation is

B 4 Asin (1) — 60] = wo — (10)

which we rewrite as

d—zi% 4+ Asin 5(f) cos 6(f) — A cos 5(£) sin 8(t) = wo — w. 1)
Our technique for the solution of this case will suggest a method of
handling the stochastic problem when the noise term is reintroduced.

The exact solution to eq. (11) is difficult or impossible to obtain for
general 6(t). Let us therefore take advantage of the fact that T' << 1/A to
derive a differential equation, the solution of which approximates that
of eq. (11).

We assume that there exists an interval of length = with the property
that T' << 7 < 1/4, and we take the average of eq. (11) over 7. Letting ( )
denote this averaging operation, i.e.,

t+(7/2)

) =1 [ o du (12)

t-(1
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there results

ﬂl%t»  Afsin n(t) cos 6(8) — Alcos n(t) sin 6(5) = wo — w. (1)
Choosing 7 << 1/A insures that #(f) is very nearly constant over the
interval of averaging, for, from eq. (10), we have |dn(t)/di| < A +
|we — w| = 2A. Consequently, n(t) = (»(f)) and the quantities sin 5 (%)
and cos 5(f) may be taken outside the averaging operator.

ﬂzl(t@ + Asin (())cos 6(D) — A cos (n(D)sin 60) A wo — w.  (14)
On the other hand, the choice 7 >> 7' insures that there will be many data
pulses over the interval of averaging. Thus the quantity {cos (¢} is very
nearly constant and is equal to

C = (cos 6(t)) = IT " cos p(t) dt. (15)

(Table I lists the value of this quantity for three important pulse shapes.)

Since we usually have no control over the transmitted message, the
quantity (sin 6(¢)) will not, in general, be time-independent. However, a
scheme has been suggested by C. L. Ruthroff and W. F. Bodtmann® in
which, through the use of a simple encoder and decoder, this quantity
can be made very nearly equal to zero.

TABLE I—VALUES oF C AND ¢ FOR THREE PULSE SHAPES

17 1 .
p(?) C = T]; cos p(t) dt ¢ = T,/; sin p(t) dt

raised cosine

0 |1 _ pos 27t (0_) [ (0_) in 0o
2[1 cos T] J02 cos 5, J02 sin <,
positive sine
T é = _J_2k+1(90)
oosmTt Jo(6) - ;; k-1
rectangular

0,0t T cos 6, gin 6,
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The encoder is a device which stores a block of N bits of the message,
and counts the net difference of --1’s and —1’s contained in the block.
It also keeps a separate count of the net difference in +1’s and —1’s
which have been sent over the entire past history of the message. The
entire block is transmitted either with normal polarity, or with reversed
polarity, in such a way as to cause the accumulated count to come as
close as possible to zero. Preceding each block is a single “code’ bit which
specifies the polarity of that block. (The code bits are included in the
counts.) The decoder decodes the message in an obvious manner.

We assume that 0(£) is the output signal of such an encoder. Assuming
7> NT, we have

(sin 6(t)) =~ 0, (16)
so that our approximating differential equation becomes
B0 4 ACsin no()) = o — o (17)

We call the solution to this equation the “zero-order approximation to
n(8)".

We note that this equation has the identical form as eq. (10) for the-
case of zero modulation. Thus the “zero-order effect’’ of the modulation
is to reduce the effective value of the locking bandwidth by a factor C.

In Figs. 1 and 2, we demonstrate the above results. In both figures,

1.0

0.8

_ SQUARE-WAVE MODULATION
-~ (ZERO—ORDER APPROXIMATION)

K
0.6 \ I
\ _~SQUARE-WAVE MODULATION
\ i (EXACT)

e .

ik
x

0.4 »
- \ “s(s\
02 AN R
\\ WW%W alaa
0 [ 7 B
d
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-0.2
1] 20 40 60 80 100 120 140 160 180 200

TIMEINUNITSOF T

Fig. 1—»(t) with square-wave modulation.
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Fig. 2—n(t) with random modulation.

A = 7/807T. The lower curve of Fig. 1 shows the behavior of 5(¢) versus
time for the case of zero modulation, i.e., 6(t) = 0. The saw-tooth wave
shows the behavior of 5(t), that is, the exact solution to eq. (10), for the
case where 6(f) is a square wave with amplitude 37/8 and period 47.
The smooth curve drawn over the saw-tooth wave shows the zero-order
approximation obtained from eq. (17). As can be seen, the main effect of
the modulation has been an increase in the decay time of the resulting
curve. This is a result of the decrease in the effective locking bandwidth
caused by the modulation, as predicted above.

In addition to this, the true curve has a “wiggle” which seems to
increase in size as the curve approaches zero, and which reaches a
maximum magnitude of about 0.02 X =/2.

Figure 2 shows the true curve and the zero-order approximation where
the phase modulation is a random binary signal with Prob (41) =
Prob (—1) = 1 which has then been passed through an encoder with
N = 5; and a rectangular pulse shape of amplitude 3x/8 is used. We
note the curve follows the same overall path as in Fig. 1. The “wiggles”
are now random in character; we note that their amplitude again appears
to grow as the curve approaches zero.

ITI. FIRST ORDER SOLUTION

To better understand the behavior of these “wiggles” we now derive a
correction term, u,(f), which, when added to #4(t), improves the accuracy
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of our solution. We call 7,(f) + #,(¢) the “first-order approximation to
n(t).”

We define »'(t) = n(f) — 5(t). Subtracting cq. (17) from eq. (10),
there results

dncggt). + Asin 7/(t) cos [50(t) — 6(t)]

= ACsin no(f) — A cos 7'(8) sin [7o(t) — 6(H].  (18)

If the assumptions we have made above are valid, the error in the zero-
order approximation will be small, [’ ()| < 1, and we may linearize cq.
(18).

DD 4 i) cos [ne) — 60)

= AC sin 7,(t) — Asin [54(8) — 6(D)]. 19)

Since |7/ (f)| < 1, the second term on the left-hand side may be neglected,
and we have approximately

v~ [ 18Csinn) — Asin[n) — 001} dt, (@0

where we assume the initial conditions are accounted for in 54(2). 70(¢)
varies slowly compared to 8(¢), so we treat it as a constant in the integral.
Our correction term is

n(f) = Asin po(t)
-ft [C — cos 6(t)] dt + A cos n(t) ft sin 6(t) dt. (21)

Equation (21) explains the behavior of the “wiggles” in Figs. 1 and 2.
If rectangular pulses are used, cos (1) = C, and

n(@® = A cos no(0) f sin 60 dt. (22)

For a square wave of period 4T and amplitude 37/8, »,(¢) is a saw-tooth
wave with amplitude AT cos 7,(f) sin 37/8 = 0.924 AT cos 1,(t). The
amplitude of the saw-tooth wave is seen to vary as the cosine of 7,(f),
and reach a maximum amplitude of 0.924 AT, which is 0.023 X /2 for
Fig. 1. This behavior agrees with our earlier observations. The accuracy
of our approximation in this case is quite good. A plot of 7,(t) + 7:(t)
superimposed on the figure can not be distinguished by eye from the
true curve 7(t).
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We remark that the first term of eq. (21), which is zero for a rec-
tangular pulse shape, may in general be ignored relative to the second
term. The first term equals zero at the beginning and end of each pulse,
and never achieves magnitude greater than AT sin 7,(t). The second
term, however, increases monotonically during a positive pulse and
decreases monotonically during a negative pulse. The magnitude of this
term can reach a maximum of 2 NATs cos 7,(t), where

- = % fo " sin p(0) dt. (23)

(The factor £ arises because of the possibility of having a message block
consisting of N +1’s followed by a block consisting of N/2 +1’s and
N/2 —1’s). For the case of interest, 1,(t) will be near zero and N will be
greater than about 10 or 20. This means that the second term of eq. (21)
will predominate, and thus eq. (22) may be used for arbitrary pulse
shapes. (Table I lists the value of ¢ for three important pulse shapes.)

IV. THE EFFECT OF NOISE

We now consider a system where both noise and modulation are
present. We saw in eq. (17) that the zero-order effect of the modulation
was simply to reduce the locking bandwidth by a factor C.

Accordingly, we take as our zero-order approximation the solution to
the stochastic differential equation

@C#) + ACsin ny(t) = w0 — @ + 5 /(D). (24)
In this case, we are interested in the steady-state probability density for
70, P(no). By comparison with egs. (6) and (8), the solution can be
written down immediately.

ae? cos (no—Pe)

P(n0) R ol (25)

where o, the effective signal-to-noise ratio in the presence of modulation,
is higher than the zero-modulation signal-to-noise ratio by a factor of
1/C.

2 2
2 _ .CL _ 4A .
% =T =N,AaC (26)
The average phase shift due to frequency offset is increased.
B, =sint Ly B @7)

AC T AC T C
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To get a correction term in our solution, we proceed as before, by
taking the difference between egs. (24) and (5). We notice that the
noise term cancels, and we again obtain eq. (18) and the approximate
solution, eq. (22). For the case of large signal-to-noise ratio, «, , 7, will,
with high probability, be in the vicinity of zero (assuming 8, X 0). Since
7, effects n; only as the cosine, 7, is essentially independent of 3, in this
case and is equal to

@) = A f sin 0(0) dt. (28)

7:(() depends on the particular digital signal being transmitted.
However, the use of the encoder described earlier insures that

|7]1(t)| < 3 NATo. (29)

Thus if each of the components is small, the output phase is seen to
consist of the sum of three essentially independent parts:

(¢) A constant (w, — w)/AC resulting from the difference between
the carrier frequency and the natural oscillator frequency.
(¢7) A time varying part which depends upon the digital modulation,
and which has a maximum magnitude of $ NATq.
(422) A random part, due to noise, the distribution of which has a
standard deviation of 1/a, = V/N,AC/24.

Thus we can write the probability distribution of the reference phase
approximately as

ae? cos (9—¥)

p(n) = T onToed) (30)

where ¢, the nonrandom portion of the phase, has a magnitude less than
or equal to § NATes + [(w, — w)/AC).
V. CALCULATION OF ERROR PROBABILITY

If 4 has a known value, the probability of a decoding error, assuming
equal likelihood detection, is

P, = % erfe (p cos 9), (31)

where p° is the signal-to-noise ratio in the bandwidth of the signal.'® If
the receiving filter has a bandwidth 2W, then

32)
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where A is the rms signal amplitude, and No/2 is the double-sided
spectral density of the noise. The average error probability P,, is
obtained by averaging the quantity in eq. (31) over the possible values
of 7.

ae? cos (1—¥)

_ 1
P, = f_, 3 erfc (p cos 7) e—QEO(aT dny. (33)

This integral was performed using an expansion technique similar to
that described in Ref. 10.

VI. DEMONSTRATION OF RESULTS

In order to reduce the noise as much as possible, the bandwidth of
the receiving filter in a PSK system is usually set at the value which
allows the signal to pass essentially undistorted. This bandwidth 2W
is roughly given by

1.6
Thus the signal-to-noise ratio in the bandwidth of the loop, ol =
(4A%/N, AC), is related to the signal-to-noise ratio of the received
signal, p® = (A*/N2W), as
o = 04
« T ATC "

The effect of noise on the output phase is thus reduced by a factor of
ATC/6.4 from its input value. We have already seen that the effect of
the phase modulation on the output phase was proportional to ATg.
Thus the size of the quantity AT is important in determining the per-
formance of the system: it should be kept as small as possible. The extent
to which this can be done, however, is limited by the need to keep the
difference between the carrier frequency and the natural oscillator
frequency small relative to AC. This frequency difference may be re-
duced by the use of a negative feedback loop.'* A reasonable value of AT
presently obtainable in the laboratory for which these conditions can be
satisfied is AT = 107°.

Using the value AT = 107%, and the relationship of eq. (35), the
methods of the preceding section were employed to compute the average
error probability. Under the assumption that the nonrandom portion of
the output phase is 10 degrees, the results of this computation for a
raised cosine pulse shape are plotted in Fig. 3. Also plotted in the figure
are the curves representing true coherent detection, P, = % erfc (p), and

(35)
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Fig. 3—Probability of error as a function of signal-to-noise ratio.
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differential detection P, = e *".'* As can be seen, the curve comes
quite close to the ideal of coherent detection. The curve corresponding
to a nonrandom phase shift of 5 degrees was also computed but is not
plotted in Fig. 3 because it comes so close to the coherent curve that the
two cannot be distinguished on the scale of the drawing.

By taking the nonrandom part of the output phase to be zero, it is
possible to determine the increase in error probability (over the coherent
case) which is due to noise. We found the error probability to be virtually
identical to coherent detection in this case. This indicates that the
effect of the noise on the output phase shift is negligible.

For reasonably small values of AT(=£107°%), and for the range of
signal-to-noise ratios usually of interest (>5 db) the output phase shift
resulting from noise may be safely ignored: the increase in error prob-
ability of the proposed system over coherent detection is almost entirely
due to the effects of modulation and the offset in the carrier frequency.
Consequently, under these conditions an approximate expression for the
error probability, which is very nearly correct is P, = 1 erfc (p cos ¢),
where ¢ is the phase shift resulting from the modulation and carrier
offset. In Fig. 3, for example, the plotted curve is almost identical to
1 erfe (p cos 10 degrees).

Tor AT = 107% a total of 289 consecutive raised-cosine pulses of
maximum amplitude 7/2 with the same polarity are needed to shift the
output phase by 10 degrees. For AT = 107>, this number is reduced to
29. For positive sine pulses of maximum amplitude #/2, the correspond-
ing numbers are 241 and 24 respectively. We remark that increasing AT
from 107 to 107? also increases the effect of the noise on the output
phase, but that this effect remains negligible.

In order to demonstrate the effect of the noise on the output phase, we
must consider an extremely high-noise example. Figure 4 plots the
average error probability versus the signal-to-noise ratio over a range of
from —7 to +7 db, for the case AT = 107'. Nonrandom phasc shifts
of zero and 10 degrees were assumed respectively. As can be seen, the
zero-phase shift curve almost coincides with the coherent curve for
p = 4 db, even for this large value of AT.

VII. CONCLUSIONS

We have analyzed the proposed system of PSK detection for the case
of random modulation and additive Gaussian noise. If the modulation
rate is much greater than the bandwidth of the oscillator (AT <« 1),
and if a suitable encoder and decoder are used, we have shown that the
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system will perform as almost a perfect coherent detector. For a binary
system, this means a power savings of about # db over the presently
employed method of differential detection. This is not very great.
However, with only a slightly more complex encoder and decoder, this
same technique may be utilized for higher level systems. (The analysis
requires only minor modifications.) For a 4-level system, for example,
the power savings over differential detection is about 3 db which is
significant.
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Construction of an experimental encoder and decoder is presently

being carried out in the laboratory, and tests of the system are planned
to confirm the theoretical results.
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Analysis of a Dual Mode Digital
Synchronization System Employing
Digital Rate-Locked Loops
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We examine a data-rate synchronization system capable of operating
in two modes: (1) in master-to-slave mode when the data stations are con-
nected by digital transmission facilities, and (it) in slave-to-slave mode
when the data stalions are connected by analog transmission facilities.
The first part of this paper determines the steady-state behavior and the
transient response in the master-to-slave mode. The results show that the
system 1s well behaved in the transient stage, and that the steady-state
behavior is satisfactory. From the transient analysis, the buffer size require-
ments of the system and the counter size requirements of the rate-locked
loops are determined. Formulas are developed from which the start-up
time of the system can be estimated.

The second part of this paper examines the behavior of the system in
the slave-to-slave mode. It vs shown that the data stations can settle to the
same steady-state signaling rate, and this signaling rate is delermined.
The dependence of this signaling rale on other system parameters is ex-
amined. It is shown that the system can be easily designed such that the
steady-state signaling rate will lie within desired limits. (This is so regard-
less af the starting sequence, the tnitial system conditions, and time delays
in the communicalion channels.)

I. INTRODUCTION

When data stations are connected by wholly digital transmission
facilities, it is most efficient to slave the clocks at the data stations
to a master clock. To perform this operation, hereafter referred to as
master-to-slave operation, an interface unit at the data station extracts
timing pulses from the incoming data stream. These timing pulses
are passed through a phase-locked loop to eliminate noise and jitter.
The output of the phase-locked loop controls the signaling rate of the
data station.

1881
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Unfortunately, a technical problem arises when data stations are
synchronized in the above manner. Before digital systems evolve into
a well-connected network, data stations are also often connected by
wholly analog transmission facilities. When two data stations equipped
to operate in the master-to-slave mode are connected by analog facilities,
each station will regard the clock at the other station as the master
clock, and the two stations will attempt to mutually synchronize each
other. This mode of synchronization can be called ‘“‘slave-to-slave.”
Conventional phase-locked loops' which perform well in the master-
to-slave mode may not perform well in the slave-to-slave situation,
being unusually sensitive to path-length delays and other system
parameters. This technical problem can be solved by avoiding the
slave-to-slave situation in the following manner:

() Informing the data stations when analog transmission facilities
are used. This will permit the stations to break up the slaving
paths in the data sets and use their own clocks as the timing
source.

(#7) Providing a looped connection within the analog system con-
taining appropriate buffers, and a clock of sufficient accuracy
to serve as the master for the data stations.

Unfortunately, these schemes reduce the economic attractiveness
of the system. Consequently, there is a need for a synchronization
scheme capable of operating in both the master-to-slave and the
slave-to-slave modes.

We analyze a synchronization system which employs digital rate-
locked loops to determine if it can operate successfully in both modes.
The phase detector in the rate-locked loop is a multistage counter that
counts the difference between the number of zero crossings of the input
signals. Because of this nonlinear counting process, the operation of
the synchronization system is determined by nonlinear differential-
integral equations. Such equations do not appear in earlier synchroniza-
tion studies’™* which considered different phase detectors. As will be
shown, a digital rate-locked loop locks to neither the phase nor the
frequency of the timing signal, but to the zero-crossing intervals. This
difference complicates the analysis. We have examined the problem
without making linear approximations.”™ In a previous paper,’ we
analyzed, in a rigorous fashion, the steady-state behavior of the system
in the master-to-slave mode and proved that, in the absence of filtering
in the rate-locked loop, the slave oscillator will lock to the master
oscillator exactly. In this paper, it is proved rigorously that if the
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filter in the loop satisfies a simple condition, the system will reach
equilibrium (that is, data stations cannot add or delete bits from a
customer’s data stream). Based on this, it is demonstrated that in
the presence of RC filtering in the loop, the slave oscillator will lock
to the master oscillator exactly. Following these analyses, this paper
determines the transient response of the system in the master-to-slave
mode, and examines the behavior of the system in the slave-to-slave
mode. Sections I and III of this paper examine the master-to-slave
mode. Transient response, buffer-size requirements of the system, and
counter-size requirements of the rate-locked loop are determined.
Section IV considers the slave-to-slave mode. Steady-state signaling
rate of the system is determined, with its dependence on the other
system parameters examined. A simple method of designing the system
to ensure satisfactory steady-state signaling rate is presented. Section V
summarizes the results of this paper and may be read next.

II. MATHEMATICAL MODEL

In this and the following two sections, we examine the master-to-
slave mode. Consider two communication stations as depicted in
Fig. 1. Station 1 (with slave clock) represents a data station. Station 2
(with master clock) represents a station in the digital transmission
facility. The master clock at Station 2 emits a timing signal which
controls the transmission of data from Station 2 to Station 1 (for
example, Station 2 transmits a digit to Station 1 at every second zero
crossing of this timing signal). Station 2 transmits to Station 1 at some
standard rate, say, f, digits per second.

Station 1 receives data from Station 2, and derives from the received
data a timing signal s,(!) = sin (w.t + 6,), where w, = 27f, and 6, is

STATION 1 STATION 2
TRANSMITTER - TRANSMITTER
AND RECEIVER »| AND RECEIVER

4
SLAVE MASTER
CcLOCK CLOCK

Fig. 1—Master-to-slave operation, block diagram.
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an arbitrary phase angle. The signal s,(¢) and the output s,(Z) of a local
oscillator are compared in a digital phase detector (Fig. 2). The digital-
phase detector is a counter which counts the zero crossings of s,(¢)
and s,(f), and produces an output proportional to the difference between
these two counts. Mathematically, this operation can be specified as
follows. Let it be assumed that the digital phase detector is activated
at ¢ = 0. Let N,(¢{) and N,() be, respectively, the number of zero
crossings (both upward and downward zero crossings) of s;(f) and
s,(t) in the time interval 0 to ¢; then the output of the digital phase
detector is

w () = eNo(t) — N.(t)] 1)

where ¢, is a positive constant (volts/count) and may be called the
gain of the counter. As depicted in Fig. 2, u,(f) is passed through a
filter, and the filter output v,(¢f) controls the frequency of a voltage-
controlled oscillator (VCO,). Let w, = 2af, be the free-running radian
frequency of VCO, , then the output of VCO, is

s(t) = sin [wlt + fo “n(e) dr + el] @)

where a; is the gain of VCO, (radians/volt X second). The signal s,(¢)
is used to control the transmission of data from Station 1 to Station 2
(for example, Station 1 transmits a digit to Station 2 at every 2nd
zero crossing of s,(£)). Note that 6, in (2) represents the phase of s, (f)

Sq(t) Salt)

DIGITAL

PHASE e o o . o
DETECTOR

e o e o

us(t)
Vil
L vcoy ! F(S)

Fig. 2—Digital phase detector and the rate-locked loop at Station 1.
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S2(0 =SIN [wot+67]

/TN .

7y 0 v T

Yalt

o

7 t

t 0 t+T t

l(———— T e G em T = ——

Fig. 3—Illustration of Sa(t), Na(t), and ¥a(t).

at ¢ = 0. Without loss of generality, we may assume 0 < 6, £ m, and
06, =

Let us derive an analytic expression for the number of zero crossings
of s;(t) from ¢ = 0 to a particular time instant . As illustrated in Fig. 3,
¢’ is the time instant at which the last zero crossing prior to ¢ = 0 takes
place, and ¢” is the time instant at which the last zero crossing prior
to ¢ = r takes place. It is obvious from Fig. 3 that the number of zero
crossings in the time interval 0 to = is

Nur) = %L#z ®)

Note from (3) that the phase cumulated from ¢ to 7 does not con-
tribute to the value of N,(r). This residual phase (or phase quantiza-
tion error) will be designated ¢.(7), i.e.,

¥o(r) = wor — wot”. 4)

Equations (3) and (4) hold for all 7 > 0; therefore, we can replace their
7 by the time variable . The variation of ¥,(¢) with ¢ is illustrated in
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Fig. 3. Note that ¥,(¢) increases from 0 to =. When y,(f) reaches =
radians, a zero crossing takes place; and ¥,(f) drops to zero and increases
from zero again. Clearly, 0 < ¢,(f) < . Since s,(f) is a pure sine wave,
¥, (1) is a sawtooth wave.

From (3) and (4), we have

Ng(t) —_ wzt + 02 - ‘I/Z(t)‘ (5)

™

Similarly, one can write the number of zero crossings of s, (¢) as

wt + 011_/; vi(7) dr + 0, — ¥i(D)

™

Ny = (6)
where ¢,(f) is the residual phase as illustrated in Fig. 4. As can be
seen, 0 = y,(t) = =. Note that y¥,(f) is not shown as a sawtooth wave
in Fig. 4 because s,(¢) is not a pure sine wave in the transient stage
after t = 0.

In this paper, the filter F(s) in Fig. 2 is assumed to be the usual RC
filter (Fig. 5). Thus, its transfer function F(s) is 1/(1 4 sCR). Sub-
stituting (5) and (6) into (1), and rearranging the equation, we obtain

Sqlty= SlN[a)1t+a|fo$I1(T)dT+€']

Yty

Fig. 4—Tllustration of Si(t), Ni(t), and ¢(t).
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| , |
x 1 X

Fig. 5—RC filter in the rate-locked loop.

u,(t) = kl:&t — o j: vy(r) dr + 0, — 6, + ¥, (t) — 1[/2(t):| @)

where
_a
k== @®
é = Wy — Wy . (9)

We shall use one-sided Laplace transform in the analysis (the words
one-sided will be omitted). As usual, the Laplace transform of a time
function will be consistently denoted by the appropriate capital letter.
For instance, U,(s) will denote the Laplace transform of w,(¢). The
symbol L[f(f)] denotes the Laplace transform of f(t), and the symbol
L™'[F(s)] denotes the inverse Laplace transform of F(s). Taking the
Laplace transform of (7), we obtain

S

Uys) = k[fa — a LS(—S)- + L % 4 ¥, (s) — ‘1’2(3)] : (10)

Multiplying both sides of (10) by F(s), using F(s)U,(s) = V.(s), and
rewriting the resulting equation in time domain we obtain

n(®) = L"‘[H(s) ;3] + L“[H(s> %] - L-l[ms) {i—]

— LTHEY6)] + L' HEY(s)], ¢t>0 (11)
where

ks
CR(s + r)(s + 13)

H(s) =
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_ 14+ V1 — 4CRka,

n= 2CR
. _ 1= V1~ 4CRkay,
2= 2CR

The two roots r, and r, are real numbers when 1 — 4CRka, > 0, and
are complex numbers when 1 — 4CRke;, < 0. It can be shown that in
the second case the frequency of s;(f) overshoots that of s,(¢) before
it finally settles. Such an overshooting should be avoided because
Station 1 may be required to operate in the slave-to-slave mode (see
Seetion V). Therefore, throughout this paper we assume

1 — 4CRkey > 0. (12)

III. STEADY-STATE AND TRANSIENT ANALYSES

In the master-to-slave mode, we have to consider the following
questions:

(7) Can the signaling rate of Station 1 lock to that of Station 2
in the presence of phase quantization errors?

(#7) What is the steady-state frequency of VCO, ?

(7%7) During the transient stage after ¢ = 0, the signaling rate of
Station 1 can be higher than that of Station 2. Therefore, data
can be transmitted from Station 1 to Station 2 faster than it
can be transmitted out of Station 2. Consequently, a buffer
storage is required at Station 2. What should be the size of this
buffer?

(@) The digital phase detector is a counter that counts the dif-
ference between the number of zero crossings of s,(f) and s,(Z).
How many stages are required in the counter to avoid overflow
(i.e., to ensure pulling in)?

We shall first determine the transient response of the system in
Section 3.1, and then consider these questions in Sections 3.2 to 3.4.

3.1 Transient Response and Settling Time

We evaluate the first three inverse transforms in (11) to obtain

-1 ._5. i _](?5_____ i - —rit —7rat
L [H () 82] = CRroars = 1) [(ry — 75) + 700 re "] (13)
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L‘I[H(s) %] - L'II:H(s) %:I - H [ — Y. (14)

The fourth inverse transform L™'[H (s)¥,(s)] is more difficult to evaluate.
We obtain after lengthy manipulations

L H$)T(9)] = a@®) + p@®) (15)

where

k I:wZ 7I_er;lls ] ot
a(l) = —F/————— [/} e
® V1 — 4CRka, L 2+ 1 —eT

k I: s Wergts ] —rat
— | 224, - e, 16
+ /1 — 4CRkey L 72 + 1—e" (16)

p(t) = a periodic function of period 7', identical with py(¢) in the time

period0 =t = T (17)

Tits

Ws ke

o T NI 40Rka (1 — &™)

Po(t) = [—14+ (1 —e™Nult — t)le ™

Tots

ke

1
t I = ik (1 —¢) [

Note that a(f) is the sum of two decaying exponential terms. When ¢
increases, a(f) approaches zero, and only the periodic steady-state
response p(t) remains. It can be shown that p(¢) has zero mean.

Now consider the last inverse transform L7'[H(s)¥,;(s)] in (11).
Since ¥,(s) is the Laplace transform of ¢,(t), L™'[H(s)¥,(s)] can be
evaluated if ¢:(f) can be determined. As illustrated in Fig. 4, ¢,(t)
depends on the positions of the zero crossings of s,(f). Furthermore,
because we are dealing with a closed-loop control system, ¢, (¢) and the
phase of s, (t) must satisfy the integral equation (7). In order to determine
¥, (t), one must simultaneously consider (7) and the zero crossings of
s;(#). The mathematical problem is extremely complex and it is im-
possible to obtain a closed-form expression of y,(f) for all ¢, Con-
sequently, the inverse transform L™'[H(s)¥;(s)] cannot be evaluated
in closed form. However, we have obtained a tight upper and lower
bound for its value as follows:

— 1 =Dt — )l (18)

L' H ()T, (9)]] < 26, . (19)
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We have obtained the closed-form expression of the first four com-
ponents of v;(t), and tightly bounded the fifth component of »,(¢). This
gives the transient response of the system. Note from (13) to (19)
that transients in v,(f) either decay exponentially or can be bounded
by a small number. Thus, the system is well behaved in the transient
stage. Furthermore, from these equations, one can plot v;(f) vs ¢, and
easily estimate the settling time of VCO, . The settling time of VCO,
can be rather long when CR is large. For example, consider the first
term L™'[H(s)6/s’] in v,(t) (this is usually the dominating term in
v;(#)). From (13) it can be rewritten as

L_I[H(S) s“a] - [1 —en r_<e_—__>]

1 s — T

Since r, > r, > 0, the last term in the right-side bracket is negative
for all ¢. Thus, the convergence of L™'[H(s)8/s’] is even slower than the
convergence of the time function 1 — e ™. This clearly shows that
v, (t) converges slowly when the filter time constant CR is large.

3.2 Steady-State Frequency of VCO,

Now we answer the first two questions at the beginning of Section III.
First, we have found that the signaling rate of Station 1 will lock to
that of Station 2 in the presence of phase quantization errors. The
proof of this is complicated, and is given in the Appendix. In this
section, we examine the steady-state frequency of VCO, , and point
out an important difference between digital and analog phase detectors.
The instantaneous frequency of VCO; is [w; + ai2,()/27]. In order
to see if it approaches a fixed steady-state value, we evaluate
lim,. v;(¢), which can be found by evaluating the limits of the five
inverse transforms in (11). As shown in the Appendix, when signaling
rate of Station 1 locks to that of Station 2, the zero crossings of s;(¢)
and s,(t) will alternate with probability one, and ¢,(f) will be a periodic
funetion of period 7. This means that L7 [H(s)¢.(s)] also approaches
a periodic function of period 7. Let this periodic function be denoted
by ¢(t). Then, one can show from (11) that

(Instantaneous fre-

oy oi
quency Of 'V()()1 ) = f2 - gﬂ(t) + - q(t) (20)

When signaling rate of Station 1 locks to that of Station 2, zero
crossings of s,(f) and s,(¢) alternate. Therefore, ¢¥,(f) # y.(f) and
p(t) #£ (). Thus, from (20), instantaneous frequency of VCO, does
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not lock to the master clock frequency f, . Instead, it is a periodic
function f, — (en/27)p() + (@1/2m)q(t). The output s,(¢) of VCO, is
a periodic wave with the same period as s,(f); however, it is not a pure
sine wave as one would expect from experience with analog-phase
lock loops. The digital loop locks to neither the instantaneous frequency
nor the phase of the incoming signal s,(f). It locks only to the rate of zero
crossings of s,(¢). For this reason, it should be referred to as a digital
rate-locked loop, rather than a digital frequency-locked loop or a digital
phase-locked loop. This difference between digital and analog loops
should be noted in the applications.

3.3 Size of the Data Buffer at Station 2

As described in Section II, Station 2 transmits to Station 1 at a
standard rate of f, digits per second. In general, Station 1 is also re-
quired to transmit to Station 2 at this standard rate. To achieve this,
Station 1 transmits a digit to Station 2 at every second zero crossing
of s,(f) [this enables station 1 to transmit also at the standard rate
when s,(f) is synchronized to s,(?)].

Usually, Station 2 relays the data it receives from Station 1 to another
station at the standard rate of f, digits per second. Thus, when the
system is in synchronization, data is transmitted to Station 2 at the
same rate as it is transmitted out of Station 2. However, when Station 1
is first synchronized (that is, during the transient stage of synchroniza-
tion), the transmission rate of Station 1 can be higher than f, . Con-
sequently, during the transient stage, data can be transmitted from
Station 1 to Station 2 faster than it can be transmitted out of Station 2.
This means a data buffer is required at Station 2. In this section, we
determine the size of this buffer.

As defined in Section II, N,(f) is the number of zero crossings of
s1(¢) in the time interval O to f. Since Station 1 transmits a digit to
station 2 at every second zero crossing of s;(¢), the number of digits
transmitted from Station 1 to Station 2 in the time interval 0 to ¢ is
N,@®)/2 or N,(t) — 1/2, depending on whether N,(f) is even or odd.
To simplify our discussions, we shall use the following definition through-
out this paper.

Definition: For any positive number a, (a) denotes the integer im-
mediately less than @ when @ is not an integer. (a) = @ when a is an
integer.

Using this definition, the number of digits transmitted from Station 1
to Station 2 in the time interval 0 to ¢ is {(N,(f)/2). The number of
digits Station 1 should transmit in this time interval is (NV,(t)/2). If
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(N,(t)/2) is larger than (N,(t)/2), a buffer would be required at Station 2
and the buffer size is (W,(t)/2) — (N.(f)/2) digits. It can be shown
from the previous equations that

[el s 3] < Nit) — Ny() < é‘f’;—l +3. @1)

Since the buffer size is (N,(t)/2) — (Nz(t)/2>, we obtain from (21)

Buffer Size < + 2. (22)

2 1 1
Equation (22) gives an upper bound for the buffer size. It can also be
shown that in order to prevent overflow the buffer size must be greater
than («’/2¢;¢,) — 1. Combining this with (22), we have

7
- 1 < Buffer Size <
26101y 2 €101
Let us define B = {w'/2e;e; + 2). It can be seen from (23) that the
buffer size is B, B — 1, or B — 2. Thus, the buffer size is determined
to within two digits. Since the two-digit difference is negligible, one
may use the simple formula

+ 2. (23)

Buffer Size = B = < + 2> digits. 24)

2e,0,

As explained at the end of Section II, in this paper we use the con-
straint 1 — 4CRka; > 0. From this constraint, we can rewrite (24) as

Buffer Size = <2‘;R‘°

+ 2> digits (25)

where 8, = 4CRe,a;/. Clearly, 0 < B, < 1. Equation (25) will be
used in later discussions.

3.4 Counter Size of the Digital Phase Detector

The counter in the digital phase detector counts the difference between
N,(¢) and N,(t). Now we determine the counter size so that the counter
will not overflow when the maximum positive count or negative count
is reached. Consider first the case of negative counts. It can be shown
that N,(f) — N,(¢) can be larger than w'/e;e; . It has been shown in
the preceding subsection that N,(f) — N,(f) must be less than o'/e;ay
+ 3. Thus, if we define

< +> 4CRw >
€10
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the integer N;(f) — N.(t) can be as large as N — 2, but will not exceed
N. Therefore, the counter will not overflow if it can count N,(f) — N.(¢)
up to N,(t) — N,(t) = N.

Next, consider positive counts. One can show that the counter will
not overflow if it can count N.(f) — N,() up to N,({) — N,(f) = N.
Combining the two cases, we see that the counter will not overflow if

4CRw’

Counter Size = +N counts = 4+{ ——
B

+ 3> counts (26)
where 8, is defined after (25).

IV. SLAVE-TO-SLAVE SYNCHRONIZATION USING DIGITAL RATE-LOCKED
LOOPS

In this section, we consider mutual synchronization between two
data stations where each station regards the clock at the other station
as the master clock. Such a mutual synchronization is usually called
slave-to-slave synchronization.

A mathematical model of slave-to-slave synchronization is depicted
in Fig. 6. The local oscillator at Station 1 (VCO, in Fig. 6) emits a
timing signal 8,;(¢) which controls the transmission of data from

STATION 1 STATION 2
S1t{t) S22(t)
DELAY 712 DELAY ™21
St} S21(1) St S22(t)
s'1(t) e e e LN 3 LR 3 L 3 szz(t,
L4 s Xy XX
VCO1 VCO2
vy (t) uq(t) ualt) va(t)
Fi(s) Fals)

Fig. 6—Slave-to-slave synchronization with digital rate-locked loops at both stations.
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Station 1 to Station 2. [For example, Station 1 may transmit a digit
to Station 2 at every second zero crossing of S;,(f).] Station 2 derives
from the received data a timing signal S;,(t) and compares S;.(f) with
its local oscillator output S.,(¢f) at the digital phase detector. The
digital phase detector is essentially a counter which counts the zero
crossings of S;,(f) and S,,(f) and produces an error signal u,(¢) pro-
portional to the difference between these two counts. The error signal
u,(t) is passed through a filter F,(s) to control the frequency of VCO, .
Thus, in this fashion, Station 2 adjusts its clock rate toward that of
Station 1. Similarly, as depicted in Figure 6, Station 1 regards the
clock at Station 2 as the master clock and adjusts its clock rate toward
that of Station 2.

Practically, it is impossible to activate the two counters at the two
different stations at the same time instant. Therefore, in this study,
we consider an arbitrary starting sequence as follows:

(Z) At an arbitrary time instant ¢, , either the counter at Station 1
or the counter at Station 2 is activated.

(72) The other counter is activated at an arbitrary later time instant
to(ts > ).

For analytical purpose, we shift the time origin such that ¢, = 0.
We shall analyze the behavior of the system for ¢ > 0.

Let w, be the free-running radian frequency of VCO; , then we can
write

su(t) = sin pyy(8)

sin [wlt + o j; v(7) dr + 011] 27)

and
Sl2<t) = sin [Pu(t - le)] (28)

where 7, is the time delay introduced by the channel. Similarly, the
free-running frequency of VCO, is denoted w, and

S52(f) = sin pyy(2)

sin [wzt + ay f vo(7) dr + 022] (29)
0

and

821(1) = sin [paa(t — 721)]. (30)
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We define N,;(f) as the number of counts from s;;({) in the time
interval 0 to ¢. Let us first derive an analytical expression for N;(¢).
From (27), we can write

wit + oy ft 111(7') dr + 0,; = MWNu(t) + IA[/ll(t) (31)

where the parameter M is defined by: M equals one when the counters
at the two stations count both the upward and downward zero crossings;
M equals two when the counters count only the upward (or downward)
zero crossings. The last term ¢,,(¢) in the above equation represents
phase quantization errors and 0 =< ¢;,() < Ma. From the above
equation we have

Nu@) = Miw [wlt + f Co(e) dr + 0 — ¢ll(t):| )

Similarly, one can write analytical expressions for N,,(f), N2 (?), and
Ngz(t).
At Station 1, the digital counter output.is

u () = u(0) + e[Nau(t) — Nu(@)] (33)

where u,(0) is the initial count at ¢ = 0. Let us define

- &
kl - M7l' (34)
6 = Wo — W) (35)
6, = 0 — 6y (36)
0
Rus) = ¢ f ua(e™" dL. @7)

The filters F,(s) and F,(s) in Fig. 6 are assumed to be the usual
RC filters, i.e.,

1

F\®) = T30k, (38)
1

Fy(s) = 1+ Ok, (39)

At Station 2, the digital filter output is
() = u2(0) + €[ N12(t) — Noo()] (40)
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where u.(0) is the initial count at ¢ = 0. Furthermore, we define

[2)

ky = ‘M_ﬂ_‘ (41)
0y = 015 — O (42)
0
Ru@ = [ e d. 43)

From the previous equations, we can determine V,(s) and V,(s).
The results are:

A(s)
B(s)

LA A A | AlE) (44)

Vils) = B(s) " B(s) ' B(s) ' B(s)

where

a0 = [ WOPO | BG4 00k p, (9 4 RO |
-[1 + gy - 28(3)]

Ax(®) = [—ha(&)F(s) + kl\I/n(s)Fl(s)][l + Ty & 23(8)]

Ay = | HOPO | RO | 0,55, + ROl |

Ai0) = [~RTOFAE) + BEuF(0) l:klaz <y (s)]

As(s) =k, 6 F (s) [1 + oty F2(3) a-— eT,r,,)]

F (s)

r 2(3)

B(3)=1+k11 + ko, ——

+ kl 1k2a2 Fl(s) FZ(S) [1 —-3(1’13+721)].

Similarly, we obtain

_ A3 | A | Ass) |, Ass) | Aw(s)
V) =B T Be T B T BE T B (45)
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where
A0 = [HOPO L BORO | 010, 1 + euleOFO) |
Fy(s)
) I:]- 'l" k1051 P ]
Ar(s) = [= ko)) + kzwn(s)Fz(s)][l + ke FT(S)]
4,9 = [WORO 4 WG 4, 010,51 + befaOT0) |

—8T12 F2
. I:kzozle —s(i)]

A4(8) = [=bZn@F:) + BT OFO) [’%ale-‘“’ Es(i)]

Note that our problem is not solved. Equation (44) is not a closed-
form solution of V,(s) because ¥,;(s), which appears in A,(s) and
A.(s), depends on V(s) and V,(s) (the phase quantization errors y,;(t)
depends on v,(¢) and v,(t)). Similarly, (45) is not a closed-form solution
of Vy(s). These equations will, however, enable us to examine the
steady-state behavior of the system in the following sections.

4.1 A Steady-State Solution of Signaling Rates

As described previously, the zero crossings of sy, (t) are used to control
the transmission from Station 1 to Station 2 (for example, Station 1
may transmit a digit to Station 2 at every second zero crossing of
s1:(8)). Similarly, the zero crossings of s,,(¢) are used to control the
transmission from Station 2 to Station 1. Therefore, to determine the
steady-state signaling rates of these two stations, it suffices to determine
the steady-state distribution of the zero crossings of s,,(f) and su.(f).
To facilitate our discussion, let us first introduce the following definition.
Definition: s,(¢) denotes a sine wave sin w,t with

1
k1a1 + k2012 + k1a1k2a2(7'12 + 71

+ w1k1a1k2a2T12 + w2kla1k2a2721
+ [ (0) + %.6, 4 ki0R2:(0)]kscicx,
+ [uz(o) + k.0, + k2a1R12(0)]k1a1042]- (46)

Wy =

) [w1k2a2 + kalal
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Based on (44) and (45), a steady-state solution of the zero-crossing
distribution has been obtained.'® In order to conserve space, let us
omit the lengthy derivations and write only the results as follows:
A Steady-State Solution: When the counters at the two stations count
both the upward and downward zero crossings of s;;(?), 7, 7 = 1, 2,
the upward and downward zero crossings of s;(¢), 2, 7 = 1, 2, are
uniformly spaced when ¢t — « and the time interval between each two
consecutive zero crossings of s;;(¢), 7, j = 1, 2, is identical with the
time interval between each two consecutive zero crossings of s,(t).

If the counters count only the upward (or downward) zero crossings,
the above solution should be modified: When the counters at the two
stations count only the upward (or downward) zero crossings of s;;(t),
1, § = 1, 2, the upward (or downward) zero crossings of s;;(t), 4, j =
1, 2, are uniformly spaced when ¢ — «, and the time interval between
each two consecutive upward (or downward) zero crossings of s;;(t),
4, § = 1, 2, is identical with the time interval between each two con-
secutive upward (or downward) zero crossings of s,(Z).

4.2 Analysis of the Steady-State Signaling Rate

In this section, we show that the system can be easily designed such
that the steady-state signaling rate lies within desired limits.

Before the two stations are mutually synchronized, s,,(¢) is sin w;t
and the signaling rate of Station 1 is hw, digits/second. (h is a pro-
portionality constant. For example, & = 1/27 when Station 1 transmits
a digit at every second zero crossing of s;;(f).) Similarly, before the
two stations are synchronized, s,,(t) is sin w,f and the signaling rate of
Station 2 is hw, digits/second. When the two stations are mutually
synchronized, s;;(¢) and s,,(f) have the same zero-crossing distribution
as s,(t) = sin w,t and the signaling rates of the two stations are hw,
digits/second. The syrnchronization is satisfactory if hw, is sufficiently
close to hw; or hw, . More specifically, the steady-state signaling rate
is satisfactory if

hw1 - € < hwo < hw2 + € (47)
when o, < w,, and if
hw2 - € < hwo < th + € (48)

when w, < w; . The number ¢ is a prescribed small number.

As can be seen from (46), », depends on w, , w, , and the following
parameters: gains e, and e, of the two counters, gains o, and a, of the
two oscillators, initial counter outputs u;(0) and u.(0), initial phases
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0, and 0, , initial filter outputs v,(f) and v,(t), and the time delays 7,
and 7, in the communication channels. Since w, depends on so many
parameters, it is not immediately clear whether w, satisfies the specifica-
tions in (47) and (48). In the following, we derive simple design con-
straints such that when these constraints are satisfied, w, will satisfy
the specifications in (47) and (48).

So far, we have considered the arbitrary starting sequence described
at the beginning of this section. Since we may always designate the
station that is started first as Station 1, we need to consider only the
following starting sequence in the sequel: At an arbitrary time ¢, < 0,
the counter at Station 1 is activated. The counter at Station 2
is activated at { = O.

There are two cases to be considered: w; £ w, and w;, > w, . Our
analyses of these two cases yield the same design constraint; hence,
we describe only the case w; = w, .

Note from the starting sequence that for ¢ < 0, Station 2 is the
master and Station 1 is the slave. We therefore ean use the results in
Section III to bound v,(t) for ¢ = 0. From this, we can show that w,
always satisfies the following inequalities:

(klal + k1011k20127'21)(w2 - wl)

w0 > @1 + k1a1 + kzaz + k1a1k2az(712 + T21) (49)
_ [8ko0e + kioiksaa715)6e500
k1a1 + ko, + klalkzaZ(TIZ + 721)
and
Wy < wy 4+ [§koos + kionkso715]6€104 (50)

ko, + Ky, + klalk2a2(712 + 7'21).

It should be clear from (49) and (50) that, regardless of the values
of the time delays 7., and 7,, , one can easily select the gain e;o; of
the first station so that w, will satisfy the constraint in (47). To show
this more explicitly, we further simplify (49) and (50) (this simplifica-
tion will, however, make the constraint on e;e; slightly more stringent).
Since w, satisfies (49) and (50), w, will definitely lie in the following
broader range

w; — 661(21 < Wy < Wa + 661&1 . (51)

Comparing (51) with (47) shows that w, satisfies the specification
in (47) if

61051 < (52)

<.
6h
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From (52), one can easily determine the value of e,; . Since we have
designated the station that is started first as Station 1, and since either
station can be started first, (52) should be applied to both stations.
To emphasize this, we replace (52) with the following two constraints

€10 < 6672' (53)
ety < (54)
202 6h

Now, to summarize this section: we have shown that if the gains
of the two stations are designed to satisfy the simple constraints in
(53) and (54), w, will satisfy (47) and the steady-state signaling rates
will be satisfactory. Since (53) and (54) can be easily satisfied, and
are independent of all the other parameters in (46), we conclude that
the steady-state signaling rate can be easily made satisfactory re-
gardless of the starting sequence, the initial system conditions, and
the time delays in the communication channels.

V. SUMMARY AND CONCLUSIONS

Sections IT and IIT examine the behavior of the system in the master-
to-slave mode. The station with the slave clock (Station 1 in Fig. 1)
represents a data station, while the station with the master clock
(Station 2) represents a station in the digital transmission facility.
The slave clock at Station 1 employs a digital rate-locked loop which
consists of a digital counter, an RC filter, and a slave oscillator (Fig. 2).
The counter is not restricted to have only one stage. A mathematical
model of the system is formulated in Section II. Transient response
of the system is determined in Seetion 3.1. It is shown that, under
the condition 1 — 4CRka; > 0 in (12), the signaling rate of Station 1
approaches that of Station 2 in a monotone fashion (transients either
decay exponentially as shown in (13), (14), (15) and (16), or can be
tightly bounded as shown in (19)).

From the transient response, settling time of the slave oscillator
can be easily estimated. As discussed at the end of Section 3.1, this
settling time can be rather long when the RC filter has a large time
constant. For fast start-up purpose, it may be desirable for Station 1
to transmit data before the slave oscillator is completely settled. Thus,
during the start-up period, data can be transmitted from Station 1
to Station 2 faster than it can be transmitted out of Station 2. Con-
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sequently, a buffer storage is required at Station 2. This buffer size is
determined and is given in (25). Section 3.4 examines the size of the
counter in the rate-locked loop (counter size determines the pull-in
range of the rate-locked loop). In order to avoid counter overflow
(that is, to ensure pulling in), the counter must have a certain minimum
size. This minimum size is determined and is given in (26).

As emphasized in Section 3.2, the slave oscillator in the rate-locked
loop locks to neither the instantaneous frequency nor the phase of
the master oscillator. It locks only to the rate of zero crossings of the
master oscillator. For this reason, we refer to this control loop as a
rate-locked loop, instead of a frequency-locked loop or a phase-locked
loop. This difference, while immaterial in the present application,
should be carefully noted in other applications.

Section IV examines the behavior of the system in the slave-to-slave
mode. The two stations to be mutually synchronized represent two
data stations connected by analog transmission facilities. A rate-
locked loop is used at each station, and an RC filter is included in
each loop. A random starting sequence is considered where either
station can be started first, with the other station activated at an
arbitrary later time. When the two stations are mutually synchronized,
the two stations settle to the same steady-state signaling rate hw,
(h is a proportionality constant and w, is given in (46)). Equation
(46) shows that w, depends on the gains of the counters and oscillators,
the initial conditions of the counters, filters, and oscillators, and the
time delays in the communication channels. It is shown that, although
w, depends on so many parameters, the steady-state signaling rate
hw, will lie within desired limits if the simple design constraints in (53)
and (54) are satisfied (these conditions can be relaxed by using the
more complicated equations (49) and (50)). These results show that
the steady-state signaling rate of the system can easily be made satis-
factory regardless of the starting sequence, the initial system conditions,
and the time delays in the communication channels. Therefore, there
is no need to attempt to activate the two stations simultaneously or
to equalize the delays and gains of the communication channels.

In conclusion, the detailed transient and steady-state analyses
show that a synchronization system employing digital rate-locked
loops can be designed to operate successfully both in the master-to-
slave mode and in the slave-to-slave mode. Such a synchronization
system, therefore, is useful in applications where both digital and
analog transmission facilities are utilized in connecting data stations
or other types of terminals.
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APPENDIX

In this appendix, we first introduce the concept of equilibrium.
The system is said to be in equilibrium if, corresponding to every
digit received from Station 2 (the station with master clock), Station 1
(the station with slave clock) also transmits a digit back to Station 2.
Then we prove a general theorem which states that the system will
reach equilibrium if the arbitrary filter F(s) (not necessarily an RC
filter) satisfies a simple condition. Based on this general theorem, we
then show that when an RC filter is used, the signaling interval of
Station 1 will lock to that of Station 2 exactly.

For brevity, we define p;(f) as wit + oy [o vi(7)dr + 6, . The lowpass
filter transfer function F(s) can always be normalized such that F(0) = 1.
Clearly, any useful lowpass filter must cut off as frequency approaches
infinity; therefore, we can write F() = 0. By changing units, we
can and shall set ¢, = 7 and @; = 1. Without loss of generality, we
assume that w, — w; > 0, and that the counter counts both upward
and downward zero crossings. The zero crossings of s,(¢f) and s.(t)
control the signaling rate of Station 1 and Station 2, respectively.
Let T be the time interval between each two consecutive zero crossings
of s,(f), that is, T = 7/w, . When the time interval between each two
consecutive zero crossings of s;(f) also becomes T, signaling rate of
Station 1 locks to that of Station 2. Thus, to determine the locking
behavior, we need only to examine N,({) when { — . Since N()
can be deduced from p,(¢), »:(f), or u,(f), we shall examine either p,(?),
or v;(t), or u,(f) in the following analysis (depending on which one is
the most convenient).

The behavior of the system is governed by the equation

p() = wnt + [ [l dr + 0, (55)

where * denotes convolution, and the symbol u,(p,) indicates that w,
is a function of p; . Since u, depends on p, through the nonlinear zero-
crossing counting process, (55) is a nonlinear differential-integral
equation. It is impossible to solve this equation for all ¢, so we shall
first examine »,(f) and u,(f) to obtain a steady-state solution of this
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equation. Then we shall consider the uniqueness of this steady-state
solution.
From the mathematical formulation in text,

ul(t) = [(0)2 - wl)t - j;t 7)1(T) dr + 6, — 6, + ‘l’l(t) - %2(0] : (56)

Let U,(s), Vi(s), ¥,(s), and ¥,(s) be the Laplace transforms of u,(?),
v, (t), ¥1(f), and ¥, (t), respectively. From (56) and V,(s) = F(s)U,(s),
we obtain

Wy — Wy 02 - 01 s
U6 = 55701 T e i e YO — 5T rm B 6D
and
_ F(s)(we —wi) |, F(s)(0— 6,) F(s)s F(s)s
Vi) = el T e Tk e PO i i -

(58)

~ We wish to determine the N,(¢) that satisfies the system equation

(55) when ¢t — . For brevity, such a solution is called a steady-state
solution. From (58), a steady-state solution is obtained, and is stated
in the following theorem.

Theorem 1: At steady-state (that is, when ¢ — ), (55) s satisfied if
Ni@®) = Nyt — 7o) (59)
where 7, is such that the mean value of u,(t) 78 wz — w; .

Proof: Since ¢,(t) and ¢,(f) do not approach a limit when { — <o,
one cannot apply final value theorem to the last two terms in (58).
However, final value theorem can be applied to the first two terms.
This yields

_ _ F(s)s o F(s)s
0 = o=+ [ {5500 - [ w0)
t— oo, (60)

The condition { — « applies to the rest of the proof. Clearly, (59)
is equivalent to the statement that

P1 (t) = w + ﬁl(t) (61)

where p,(t) 1s a periodic function of period T'. Thus, to prove Theorem 1,
one needs only to show that the right side of (55), when computed
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from (59), is identical with the right side of (61). From (59), ¢, (f) is a
periodic function of period 7. Consequently, £7{[F(s)s/s + F(s)]¥,(s)}
is a zero-mean periodic function of period T. Since ¥,(t) is a period
function with period 7T, £ {[F(s)s/s + F(s)]¥.(s)} is also a zero-
mean periodic function of period 7. Thus, from (60)

() = 0 — o + 5i(t) (62)

where #,(f) is a zero-mean periodic function with period 7'. Substituting
the »;(t) in (62) for the integrand [f * u,(p;)] in (55), we see that the
right side of (55) is identical with the right side of (61). This proves
Theorem 1.

Equation (59) in Theorem 1 implies that signaling rate of Station 1
locks to that of Station 2. Now we consider the problem of uniqueness
(that is, whether (59) is the only steady-state solution). We first prove
that, under a simple condition, Station 1 cannot add or delete bits
from a customer’s data stream.

As described in Section II, the zero crossings of s,({) and s,(f) eontrol
the signaling rates of Station 1 and Station 2, respectively. More
specifically, Station 2 transmits the mth digit to Station 1 at the mn,th
zero crossing of s,(f); and Station 1 transmits the mth digit to Station 2
at the mn,yth zero crossing of s,(¢) (in practice, n, = 1). Thus, Station 2
transmits a digit to Station 1 every n,T seconds. We say that the
system is in equilibrium if, corresponding to every digit received from
Station 2, Station 1 also transmits a digit back to Station 2. More
precisely, the system is in equilibrium if we can partition the time
axis into N,T-second time intervals such that Station 1 will transmit
a digit back to Station 2 in each of the n,T-second time intervals.
Theorem 2: The system will reach equilibrium f

- < £—l[s—+§—F_(5 ‘1/1(8)] <. (63)

Proof: The condition ¢ — « is implied throughout this proof. Using
the final-value theorem, one can show from (57) that when { — «,

() = wp — wy — a3(t) + o1(t) (64)

where
os(t) = £[s—3;87(5 %(s>] (65)
o) = ee[s—Jr“’—ms—) ws)] (66)

and £7' denotes inverse Laplace transform.
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Since y¥,(t) is periodic with period T, o.(f) is a zero-mean periodic
function of period 7. Let max ¢.(f) and min o,(f) be the maximum
and minimum value of ¢, (t), respectively. We now determine max o,(f) —
min o,(f). Note that y¥,(¢) can be written as

¥a() = (0ot + 62) — Dot — (' + 4T)] (67)

where u(f) is the unit step function defined by
u(t) = 0, t<0
=1, t>0. (68)

When ,(t) is applied to a network with transfer function [s/s + F(s)]
(hereafter called network A), the output is ¢.(f). Clearly, when the
first term w,t + 6, in (67) is applied to network A, the output is a
continuous time function for ¢ > 0. The second term in (67) consists
of unit step functions. It can be shown that, when a unit step function
u(t) is applied to network A, the output is unity when { = 0%, ap-
proaches zero when ¢ — o, and is continuous for 0 < ¢ < . From
these results, it is clear that

max o5(f) — min o,(f) = 7. (69)

We have set e, = =. Therefore, u,(f) is a multiple of =. We are con-
sidering the case w, — w; > 0. As illustrated in Fig. 7, let n be an integer
such that

nr = w— w < nr 4o (70)

It is clear from (70) and (69) that there is a ¢ at which w, — w; — a2(2)
equals nr or (n + 1)« (let this ¢ be denoted by ¢,). Note that w, — w;, —
o,(f) may intersect only the level nm, or only the level (n + 1), or
both the levels. For this proof, we need to consider only the first case.
Since o,(f) is periodic with period T, w, — w, — o2(f) is also periodic

(n+ 1)

w2—-un

nT * ® . .

t1-T t t+T t1+2T

Fig. 7—Illustration for the proof of Theorem 2 (showing the definition of # and
the partition of the time axis into successive T-second intervals).
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with period 7. Thus, w, — w; — 02(f) must intersect the level nr also
at time instants ¢, + T, ¢ = =1, &2, --- . These intersections are
illustrated in Fig. 7.

Now consider the value of u,(¢) at an intersection ¢, + <7, ¢ = 0,

+1, 2, .-+ . From (63), we have, at ¢t = {, + T
nr— < wu@) <ar+ (71)
Since u;(¢) must be a multiple of 7, (71) implies that
u, (1) = nw (72)
att =t 4+ iT,7 =0, £1, £2, --- . Since N,(t) increases by one every

T seconds, (72) requires that N,(¢) increase by one in cach of the T-
second intervals illustrated in Fig. 7. This proves Theorem 2.

Now we consider the case where the filter F(s) is the usual RC filter.
We first prove that eq. (63) is satisfied in this case (consequently, the
system will reach equilibrium).

When RC filter is used,

1
F(s) = T+ CR (73)
s v 1
s + F(S) ‘I’l(s) = ‘I’l(s) - CR(S + 7”1)(8 + 7,2) \I’l(s) (74)
where
_ 14+ V1 —4CR
"= 2CR (@)
1— +1—4CR
2= 2CR ' (76)
The system is designed such that
1 — 4CR > 0. )

Therefore r, and r, are real numbers and
1 > T > 0. (78)
Let [1/CR(s + ) (s + 7,)] be denoted by G(s), then

o) = £7166) = g =y 7 — €. (79)

From (78) and (79),
g(t) >0, t>0. (80)
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From (80), we can write

L7, (5)G(E)]
- f (gt — 1) dr < fo 2ot — ) dr < fo T wg@) dr. (8D)

Clearly, [% g(r)dr = (¢(0) = 1. From this and (81), we have
0 < &7, ()G (s)] < . (82)
From (82) and (74)

—r < ,e‘l[ﬁsﬁ,(s—) \Ifl(s)] <. (83)
Hence, (63) is satisfied and the system will reach equilibrium.

Next, we examine the detailed behavior of the rate-locked loop.
Note that there are two basic variables in the rate-locked loop, namely,
u,(t) and v,(¢). Let the u,(¢) and v,(¢) corresponding to the steady-state
solution in (59) be denoted by u%(f) and v*%(f), respectively. First, we
sketch u%(¢) and v%(f). From Section II in text, s,(f) = sin [wst + 6]
To simplify our graphs, let us omit 6, . Then Ny(f) jumps by 1 at ¢ =
IT,1=0,1,2, ---.From this and (59), we see that u*(¢) is as sketched
in Fig. 8, where ! denotes an arbitrary integer. The pulse width y*
in Fig. 8 is such that the mean-value of u%(?) is w, — w; . Therefore,

T
y* = 7': [wz — w; — n’ll'] (84)
ug* (1)
/
(n+1)7r
) " ¥
.—__vﬂ d *
W — Pl I PR Pae
a7 g R 2
\\ -
nwT vit(t)
| I | I
| I | [
-y "> feyr>
| I | [
I |
l |
' [
| | >t
27T LT+T

Fig. 8—Sketch of w*(t) and v *().
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Since u*(t) is periodic with period T, v*%(f) is also periodic with period 7.
As can be seen from »%(f) in Fig. 8, u%(f) charges the capacitor C in
the time interval IT" to {T 4 y* and the capacitor C discharges in the
time interval [T 4 y* to [T 4+ T. Let »* denote the value of v*%(¢)
at t = IT + y* Clearly, »* must have such a value that v%(¢) has a
mean-value of w, — w; .

In order to show that u%(f) and v%(¢) are the only steady-state solu-
tion, we begin by assuming different u,(t) and »,(f), and demonstrate
that they must approach «%(f) and v%(¢) as ¢ increases. We have proved
that the system must reach equilibrium. From (72), when the system
reaches equilibrium, u,(t) = nratt =t + ¢T,7 = 0, £1, &2, -+,
[As can be seen from the discussion after (70), u,(f) may assume the
other value (n + 1)m at such time instants. However, these two cases
are similar and we need to consider only the first case.] Therefore, u, ()
can assume only one of the two forms in Fig. 9 in each of the time
intervals t; + 2T to {; + 4T + T. The first form is illustrated in the
time interval ¢; to ¢, + T in Fig. 9, while the second form is illustrated
in the time interval ¢; + 7 to ¢, 4+ 27'. In the first form, the zero crossing
of s;(f) (represented by the downward arrow) takes place prior to the
zero crossing of s,(f) (represented by the upward arrow). The order
is reversed in the second form. Note that, if u,(¢) always assumes the
first form, one would have v,(f) < nm. From this, one can easily show
that u,(¢) cannot always assume the first form in the successive 7T-
second intervals. Next, consider the width of the pulse when wu,(f)
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Fig. 9—Illustration of the two forms of Ui(¢).
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Fig. 10—Sketch of w;(¢) and vi(2).

assumes the second form. This width, designated by y in Fig. 9, may
vary from one T-second interval to the next. If this width were always
less than y*, v,(¢) would be less than »* for all ¢. From this, one can show
that this width cannot always be less than y*. From these results,
there must be some T-second intervals in which w,(f) assumes the
second form and the pulse width y is equal to or greater than y* We
shall select one such time interval (say, the time interval ¢, + T =
t < t; + <T + T illustrated in Fig. 10) and examine u,(f) and v,(¢)
for ¢t > ¢, + ¢7. We need to consider only two cases (refer to Fig. 10):

Case 1: v, () < »v*

Case 2: u,(8;) = v

The instantaneous radian frequency of VCO, is w; + ayv,(f), where
w; is the free-running radian frequency and «,v,(f) is the correction
term, In data communications, w, is very close to the radian frequency
wz of the master clock. (For example, it may be specified that the
maximum difference between w, and w, be limited to 0.005 percent
of w,.) Consequently, only a very small correction term a,v,(¢) is needed.
For this season, the time interval between each two consecutive zero
crossings of s,(f) is essentially determined by the term w;¢ in p,(f).
Therefore, the pulse width y changes only very slightly from one pulse
to the next (in other words, in Fig. 10 y,,, is very close to y,).

For the purpose of illustration, in Fig. 10 »,(¢) is shown to increase
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and decrease quite rapidly in each T-second interval. In practice, the
filter time constant RC is several orders larger than the time interval T
(for example, RC = 107" seconds, T = 107° seconds). Thus, v,(t) is
essentially a constant in each T-second time interval.

Now consider y,,; and v,(¢;+;), § = 1, 2, 3, --- . It can be shown
rigorously that if there is an & such that

Yien = Y*
vi(tan) = »*

then y;.; = y* and v,(t;,;) = v* for all j > h. Therefore, to show that
u,(t) and v,(f) approach u*(¢) and v%(f), we need only show that y,,;
and v,(¢,+,) approach y* and »* respectively.

Now consider Case 1; after ¢, + T, y,.; and v,(¢;,;) approach y*
and »* in three stages. Immediately after ¢, + 4T, v,(¢,.;) is less than
v*. Consequently, the time interval between each two consecutive
zero crossings of s, (¢) is slightly larger than 7', and y, ., ; increases slowly
with j. (Note from Theorem 2 that y;.; must remain less than T.)
Since v,({;+;) is less than »* and y,,; remains larger than y*, v,(¢;.;)
must increase slowly with j. The second stage starts when v,;(¢;,;)
reaches »* Since the pulse width y,,; is larger than y*, v,(f,,;) keeps
increasing with j. (Note from Theorem 2 that »,(¢;,;) cannot exceed
(n + 1)7.) This implies that v, (¢, ;) will be larger than »*. Consequently,
#:+; must decrease with j. Clearly, when y;.; decreases, the rate of
increase of v,(t;,;) decreases. The third stage starts when y,.; de-
creases to such a value (still larger than y*) that »,({,,;) ceases in-
creasing. Since v,(f;+;) is now larger than v*, y,,; must keep decreasing.
Clearly, this must also reduce v (¢;,;). Consequently, y,.; and v,(t,.;)
approach y* and »* respectively.

The above discussion is for Case 1. It can easily be extended to
Case 2. Thus, when the system reaches equilibrium, the time interval
between each two consecutive zero crossings of s,(t) will be exactly T'
seconds.
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Extension of Multidimensional Polynomial Algebra to Domain
Circuits with Multiple Propagation Velocities

By S. V. AHAMED
(Manuscript received May 26, 1972)

I. INTRODUCTION

Multidimensional Polynomial Algebra' is a new technique for the
analysis of circuits in which a finite and distinet time interval is neces-
sary for the propagation of binary bits of data from one location to
the next. These conditions exist specifically in magnetic domain cir-
cuits.”’® The algebra expands the basic concepts of the coding theorists,*"®
and includes the representation of both time and space in the algebraic
representation of data streams. A set of algebraic transformations' has
been developed to correspond to the subfunctions in the circuit, and
the overall function is thus modeled by a series of algebraic transforma-
tions. Such an analysis predicts the location and the value of all the
binary positions at any prechosen instant of time, thus leading to the
algebraic verification of the operation of a proposed circuit. In the
foregoing technique for analysis, one velocity of propagation was as-
sumed. However, the circuit designer may depend on more than one
velocity for the successful operation of the circuit, and the technique
suggested here accounts for different propagation velocities. Further,
the analysis proposed determines the relationships between such
velocities.

In discrete circuits, multiple velocities are generally derived from
clock sources driven at different rates. The movement from one location
to the adjoining location is finite, but the duration for the movement
is derived from different clocks.

II. REPRESENTATION OF MULTIPLE CLOCKS

In Ref. 1 it was proposed that the number of clock cycles between
a prechosen origin of time and a given instant of time be represented as
the exponent of X; X being defined as the carrier of the time dimension.
In multiple clock systems it is proposed that X be subscripted to denote
the various clocks available in the system. Hence, if one adopts the
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notation of Ref. 1 to denote the binary values of data bit positions
(i.e., ap, @y, *++ a,—, for the first, second, - - - , nth, data bit positions),
and to denote their spatial locations (i.e., Yi°, Y}, Yi», ... | Y!* for
the first, second, --- , nth locations in the kth element of a circuit),
then a stream of data, n bits long after j, clock cycles at the first clock
(denoted by the subscript 0 and X), may be represented as

i=n—1

u = (J;n E a; Yllci, (1)
i=0
where [, indicates the location number of the 7th data position.
If this stream traverses for m, clock cycles in the forward direction,
and is propagated at the first clock rate, then the final condition is

i=n—1

u 1o+mo Z l,+m° (2)

1=0

Now if the data stream is propagated at a second clock rate (denoted
by the subscript 1 for X) for m; clock cycles, the binary data is then
represented as

i=n-—-1

u = X(:)o-)-moXm: Z Yl¢+mo+m1 (33)
In general, the stream (1) after m, , m,, --- , m;, --- m; clock cycles
at Xo, X,, Xz, -+, X; -+, X, clocks, having been propagated from

an element k£ to an element ¢, with their intersection located at Y;
and Y7 , may be represented as

i=38 i= n 1 (,+’ism, -z
w=Xr [ xr X - (3b)
=0 i=0
Similar expressions for streams after looping, duplicating, logical
gating, etc., may also be written (Ref. 1), and it is thus possible to
model a series of functions in the circuit with multiple clocks by a
series of algebraic equations, as was indicated for circuits with a single
clock.

IIT. RELATION BETWEEN CLOCK RATES

The functional constraints on the circuit demand that bubble posi-
tions or streams be physically present at certain predefined locations
and at preselected intervals of time. Ifor example, it may be necessary
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for a binary stream to have completely circulated a loop (p periods)
once and advanced one additional period* before the arrival of the
next data bit.! If the incoming data is assumed to arrive every X, clock
cycle, and the data in the p-period loop is being propagated one location
every X, clock cycle, then one cycle at the rate X, should correspond to
(p + 1) cycles at the rate X, . This leads to the conclusion that

X7t =X, (4)

and this equation should be construed to imply that the propagating
clock at X, runs (p + 1) times faster than the clock at X, .

IV. APPLICATION OF ALGEBRA TO THE DESIGN OF A (30, 20) DOMAIN
ENCODER

The application of the algebra to the design of a (30, 20) domain
encoder’ shown in Fig. 1 has yielded all the design parameters, the
relation between different clocks, and the instants of synchronization of
the various clocks to obtain a satisfactory operation of the encoder.
It is foreseen that such an algebraic analysis of discrete circuits will
help engineers to check the operation of the devices before they are
constructed and reduce the debugging time once they have been made.
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Blooming Suppression in Charge
Coupled Area Imaging Devices

’
By C. H. SEQUIN
(Manuscript received June 23, 1972)

An intense spot of light projected onto the photo-sensitive surface
of an imaging device can cause this device to saturate locally. Excess
carriers generated by the light source can diffuse into the neighboring
area which may also be driven into saturation. In the display the light
source will then appear as a white area that can be considerably larger
than its image in the true geometrical proportions. This effect, known
as blooming, is present in most TV camera tubes, and demands special
care by the operator to avoid bright objects in the scene being imaged.
For the Picturephone® camera, which often has to operate in less than
ideal conditions, the design of a camera with limited blooming is thus
more than desirable.

The camera tube presently used in the Picturephone station set has
a silicon diode array target scanned by an electron beam. Blooming
is produced by the diffusion of carriers in the bulk silicon, leading to a
circular spreading of the saturated area. In solid-state imaging devices,
blooming can take on even more objectionable forms. The complicated
potential distribution at the silicon surface can cause excess carriers
to move along a preferred axis, generating quite irregular blooming
patterns in the display.

In a recently demonstrated 128 X 106-element charge coupled array’
the excess charge spills preferentially in the vertical direction. In this
n-channel frame transfer” device the isolation between adjacent CCD
channels is achieved by a p-type channel stopping diffusion which keeps
the potential at the Si-Si0, interface close to zero. Due to the negative
flatband voltage of this particular MIS-system, the potential under-
neath a grounded transfer electrode, separating two adjacent potential
wells in the vertical direction, is a few volts positive, and this barrier
is thus distinctly lower than the one produced by the channel stopping
diffusion. No negative voltage can be applied to the transfer electrodes
because they are connected to diffused crossunders or to protection
diodes. In this device, blooming appears in a very objectionable form.
Bright light spots bloom out into a vertical line that quickly extends
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the length of the picture and then, with increasing light intensity,
starts to widen.

The basic idea behind blooming protection consists in providing an
overflow drain for excess carriers. This drain can consist of a reverse
biased diffused junction of the same polarity as the output diode. In
area imaging devices with frame transfer organization these overflow
channels can be placed between the vertical transfer channels and
interconnected and accessed at the top of the device (see Fig. 1).
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Excess carriers can reach the overflow drain by passing over a poten-
tial barrier (Fig. 2a). This overflow threshold is established either by a
light channel stopping diffusion or implant (Fig. 2b), by a thick oxide
region (Fig. 2¢), or by a special threshold electrode (Ifig. 2d).

The centers of charge collection are the deep potential wells under-
neath the electrodes biased at Vp, generating an initial interface
potential ¢, (Fig. 2a). The resolution elements are isolated in the
vertical direction by electrodes kept at V, , producing interface poten-
tial ¢ . This potential barrier has to be higher than the overflow
threshold ¢, . The potential well is filled when its interface potential
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has reached ¢, and additional carriers will then escape laterally into
the overflow drain. Ideally, an overflowing cell should thus not affect
its neighbors.

The overflow drain will directly collect a certain percentage of all
generated carriers, thereby reducing the light sensitivity of the device.
To a certain extent, the sensitivity can even be modulated by changing
the potential in the overflow channel.? On the other hand, the horizontal
resolution might be somewhat improved since the overflow drain reduces
the overlap of the sensitivity functions of adjacent resolution elements.

It is not anticipated that the introduction of a large area of p-n
junction will lead to a problem with increased dark current. Excess
current generated in the junction area should not influence the operation
of the device but be swept away through the overflow drain.

A preliminary experiment performed on the described 128 X 106-
element area CCD showed that the migration of excess carriers can be
controlled. One of the protection diodes in the imaging section has been
burnt out so that one of the sets of electrodes can be biased negatively.
This drives the Si-SiO, interface underneath into accumulation and
generates a potential barrier equal in height to the barrier produced by
the channel stopping diffusion. As expected, when a negative potential
of a few volts was applied to the unprotected cleetrode set, blooming
in the display changed from a vertical line into a circle of about 200 yum
radius, corresponding to the diffusion length of the minority carriers.

The described protection scheme could also be applied to an electron-
beam-scanned target if in biasing the overflow drain special care is
taken not to increase the target-to-ground capacitance, which reduces
the signal-to-noise ratio. In a charge transfer device the substrate is
normally grounded and the additional capacitance is of no concern.
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Data Transmission Performance in the Presence of Carrier
Phase Jitter and Gaussian Noise

By E. Y. HO and D. A. SPAULDING
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I. INTRODUCTION

In the operation of data transmission systems over voice-grade
telephone channels, phase jitter' is a commonly observed transmission
impairment. It appears in the form of low-index angle modulation of
the received data signals. It is believed that phase jitter is a very
important parameter in determining system performance. Therefore,
many complicated methods®® have been developed to recover the
jittered carrier. However, recent field measurements' show that the
phase jitter in Bell System carrier systems has improved significantly
over the past few years. As a result of this improvement, the following
question naturally arises: How much phase jitter recovery is required
for two-level and four-level systems?

In this B.S.T.J. Brief, we analyze the system performance degradation
caused by phase jitter. The results suggest that for two-level systems,
jitter need not be recovered and that for four-level systems, a coarse
jitter recovery system would provide acceptable performance.

II. GENERAL CONSIDERATIONS

A simplified block diagram of a general VSB-AM data system is
depicted in Fig. 1. A random message sequence {a,} is used to modulate
an identically shaped pulse train, which is then transmitted over a
voice-grade telephone line. The received random pulse train is corrupted
by additive Gaussian noise and intersymbol interference;* the latter
is slowly time-varying and is caused by the phase jitter in the carrier
system which causes crosstalk between the in-phase and quadrature
channels. The received pulse train is processed and sampled to provide
the estimates of the transmitted message sequence {d,}. A useful
measure of the performance of such a data system is the error prob-
ability, P.{d, # a,}.

III. THE PROBABILITY BOUND

If the peak-to-peak phase jitter is small, then the pulse train presented

* Channel amplitude and delay distortion are assumed to be removed by an
equalizer and other impairments such as nonlinear distortion and impulse noise
are neglected.
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Fig. 1—Block diagram of a general VSB-AM system.

to the sampler at the receiver in the presence of additive Gaussian
noise may be approximated by

() = ; axf(t — KT) + ¢() ; axft — KT) +n(t), (1)

where the ax are the transmitted symbols, f(f) and f(t) are the basic
in-phase and quadrature pulse response of the system, 1/7T is the baud,
n(t) is a zero-mean Gaussian noise process and ¢(f) is the phase jitter
which is the sum of slowly varying sinusoids, ¢(t) = »_; P; cos (w;t + 6;).
We assume the ag are identically and independently distributed random
variables with probabilities

Plac=2i+1) = 5=, j=—M, =101, (0~ 1). 2
The probability density of n(?) is
P(n(t)) = (2na2)7"* exp (—n’(t)/202). 3)

The mth transmitted symbol is determined by sampling r(f) at ¢t =
t, + mT,i.c.,

"'(to + mT) = amf(to) _I' K#Z aK—mf(tO - KT)
+ ¢(t + mT) ; ax—mf(to — KT) + n(to + mT). “)

The error probability is defined to be
P, = P {4, # an}

= 2L P T a e = KT) + g0t + m)

51?“ ax-nflty — KT) + n(to + mT) > f(t)}.  (5)

Assume the sampling instant is perfect and that there is no channel
amplitude or delay distortion, i.e., f(t, — KT) = 0 for all K < 0, and
f@,) = 1. This is a reasonable assumption if an adaptive equalizer is
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incorporated in the system. Thus, (5) can be rewritten as

2M — 1

P. = =31

P.{n(ty + mT) + ¢(t, + mT)
2 axwfle — KT) > f)}. (6)
Applying the Chernoff bound*
Pr{z >y} < exp {—My}{fexp (N\2)]), allx >0 (7a)
and the following inequality
(exp {ax-2}) < exp (2-03/2) = exp {a®- (2M — 1)(2M 4 1)/6}, (7b)
to (6), we obtain an upper bound on the conditional error probability

2M — 1
Pe|¢(to+mT) é M

() 1
- exp J'— — .
| 2@+ o' + mr)-CYM + 1)3(2M b. 3 7t — K1)

®

From (8) it can be seen that an upper bound of the error probability is

< 2M -1

P, £ =
f(t)

I 2(os + ¢35 3 b. ; Fto — KT))

where ¢p is the maximum phase.

IV. EXAMPLE

A multilevel single-sideband AM system is used as a vehicle to
determine the performance degradation caused by the phase jitter. The
system signal-to-Gaussian noise ratio is assumed to be 24 dB and is
defined as

2 2
-1
S/N = Q@U_%M. (10)
The power of the signal is normalized to unity, ie., f*(f{,) = 1 and

>k F*ty — KT) = 1. Figures 2 and 3 are plots of the probabilities of
error bound versus peak-to-peak phase jitter for two- and four-level
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Fig. 2—The probability of error bound versus peak-to-peak phase jitter f2({,).04%/c?
= 24 dB, two-level system.

signaling. It can be seen from these curves that if the peak phase jitter
for two- and four-level systems is limited to less than 20 and 6 degrees
respectively, a probability of error less than 107° is achieved.

2k .
Sk _
vy /o'

sk /I/
_eL_7|L___

-8 | | | 1 1 | | ] | | 1
6 7 8 9 10 1 12 13 14 15 16
(P—P) IN DEGREES

LOG,4 P,

Fig. 3—The probability of error bound versus peak-to-peak phase jitter f2(¢,) - 6.2/o?
= 24 dB, four-level system.
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V. CONCLUSIONS

An upper bound of the error probability of a VSB-AM data system
operated in the presence of additive Gaussian noise and phase jitter is
presented in this correspondence. By restricting our attentions to these
two parameters alone, it has been possible to calculate curves which can
be used to estimate the accuracy required of a phase jitter recovery
system.
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