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Note that the variance is always larger than the mean in this case. 
Note also that, as h approaches 1, the second term on the right-hand 
side of eq. (30) is of higher order and vanishes in the limiting case. 
Another interesting thing is that it is possible to show that the right­
hand side of (30) is minimized at p = 1, and as p approaches 1, the 
limiting distribution is Poisson. 

Branching renewal processes have been suggested in the literatureS 
as a model for series of events. The basic structure for branching 
renewal processes can be described in terms of our problem as follows: 
The series of primary events (bursts) are generated by a Poisson 
process. Each of these primary events generates a subsidiary series 
of events (bit errors), separated by the waiting time Y1, Y2, "', Y s, 
where S is random. If we assume that these subsidiary series of events 
take no time, then the branching renewal process reduces to the com­
pound Poisson process. 

VI. CONCLUSIONS AND FURTHER EXTENSIONS 

(i) The burst noise model of Gilbert discussed in this paper pro­
vides a vehicle for studying the robustness of some fixed sample size 
statistical procedures. The general result is that the presence of 
dependence increases the variance of the random variable Zn, for 
the case where the bit error rate p is fixed and the case in which p 

= [Jlo + o(I)J/n. Thus, use of statistical tests based on the assump­
tion of independence increases the power at the cost of rej ecting more 
satisfactory channels than would be rejected if dependence were 
absent. The use of blocks does reduce the covariances among errors 
compared with bits or smaller blocks. However, the covariance 
structure among the blocks is essentially the same as that among 
the bits. 

(ii) Although the dependence structure of the Gilbert's burst noise 
model is a simple one, it is by no means a trivial one. In fact, from the 
insight gained through this study, many results obtained in this paper 
have generalizations in error processes defined over an s-state Markov 
chain as well. A unified treatment on channels with Markov type of 
memory will be reported elsewhere. 

(iii) The second largest eigenvalue (in absolute value) of the 
(s X s) transition matrix of the underlying Markov chain is a param­
eter which should not be overlooked. It can be viewed as a measure 
of dependence of a Markovian model. The effect of this parameter 
( =;\ in this work) is visible in many important formulas, for example, 
in (14). 
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(iv) Another important question to ask is what kind of stochastic 
process can be used to approximate the error process of a binary 
channel with memory. If the bit error rate is small, we can extend the 
proof of Theorem 6 (in a nontrivial way) to find an important con­
elusion: the compound Poisson process can serve the purpose. 

(v) The by-products of this work are also fruitful. For example, 
the variance formula of Z n can be generalized to find the variance of 
Tn = f(X 1) + ... + f(X n) where {X d is an s-state Markov chain, 
s ~ 00, and f is an arbitrary function. Since many continuous sampling 
plans, such as CSPl, CSP2, CSP3, can be described as random walks 
of the form Tn (see Refs. 9 and 10), the application of this formula to 
quality assurance is evident. 

(vi) Mathematically speaking, there is an essential difference be­
tween Gilbert's original treatment and our generalizations to the 
s-state Markov chain. More specifically, Gilbert viewed his problem 
as one of the renewal type whereas the s-state Markov case should 
be handled by the semigroup property (of taboo probabilities) . We 
remark here that many results of the theory of recurrent events (see, 
for example, Ref. 11) can be applied to Gilbert's model. We also 
remark that the renewal process is a one-state semi-Markov process. 
A general question can be raised at this point: What is the behavior 
of an s-state semi-Markov channel? Since it is known that distri­
butions other than the exponential (for example, the Pareto distri­
bution, see Ref. 12) describe the waiting time distribution well, the 
question raised is a realistic one and should not be merely considered 
as an attempt at mathematical generality. 
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APPENDIX 

A.l Proof of Theorem 1 

Consider Y n = (X n, Zn) as a three-state Markov chain with transi­
tion matrix 

(G,O) 
(B,O) 
(B,l) 

say. We have 

(B,O) 
hP 

h(l - p) 
h(l - p) 

(B,l) 

(1 - h)P ] 
(1 - h) (1 - p) = Q = 
(1 - h)(l - p) 

(31) 
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EuZn = EUZl+Z2+" '+Zn 

= LyO LYl LY2 ••. LYn U Zl+' . . +znqYn_lYn 

• qYn-2Yn-l ••• qYOYl' AyO' (32) 

where AyO = P[Yo = Yo]. Note that the value of Zt is completely de­
termined by the value Y t = Yt. Let 

and let 
R = (rij). 

Relation (32) can then be written as 

where 
').' = (A(G,o), A(B,O), A(B,I»), 

I' = (1, 1, 1), 

R = (rij) 

= Q[~ ~ ~J' o 0 u 

(33) 

We remark here that eq. (33) can be extended to the case of an s-state 
Markov chain easily. Letting u = 0 in eq. (33), the PGF of Zn, we have 

P[Zn = OJ = l'[ QG ! D ]"1 0 (34) 

The last column of the 3 X 3 matrix in eq. (34) is always a zero vector 
for every n ~ 1. Hence, the right-hand side of (34) is essentially the 
nth power of a 2 X 2 matrix. The explicit formula for gn in eq. (4) 
follows from (34) by straightforward calculations. 

A.2 Proof of Theorem 2 

The z's are conditionally independent if the values of the X's are 
given. Hence, 

P[Zn = OJ = E{P[ZI = Z2 = ... = Zn = 0 lXI, X 2, "', XnJ} 

= Ej,Il. P[Z' = 0 IX,J I 
n 

= E II hXi- 1 

i =1 

= EhXl+X2+" .+Xn-n. (35) 
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Similarly, 
EuZn = E{E[uZl+Z2+"'+znIXI, X 2, "', XnJ} 

= E 1,1]:, E[u'; IX i ] I 

= E L1]:, [h + (1 - h)U]Xi-'j 

= EHXl+X2+" .+Xn-n, (36) 

where H = h + (1 - h)u. By comparing eqs. (35) and (36), Theorem 
2 follows. 

A.3 Proof of Theorem 3 

Byeq. (10), 

Hence, 
Cov (Zi, Zi) = P[Zi = Zi = IJ - p2 

AA Proof of Theorem 4-

= (1 - h)2 P[ Xi = Xi = 2J - p2 

= (1 - h)27r2C1T'2 + 7r1~li-il) - p2 

= 7r1'71"2(1 - h)2~li-il. QED. 

Let us compute a special case first. Consider P[Tl = 0, Tn = OJ. 
A typical path of the underlying Markov chain {Xl, X 2, "', X kn } 
may be of the following form: 

b(Xk, Xk+l, X(n-l)k, X(n-l)k+l) 

= (XIX2'" XkXk+I' .. X(n-l) kX (n-l) k+IX(n-l) k+2' .. Xnk). (37) 

1 +- -->1 
first block 
of size k 

I+-
last block 
of size k 

-->1 

The rest of the x's in b (and in WI, W 2 later) are omitted for typo­
graphical reasons. Note that the values of Xk+2, .. " X(n-l)k-l are 
deliberately unspecified; also, n > 2 is assumed pro tem. 

For fixed first block and last block, there are four different kinds of 
paths, according to the values of Xk+l, X(n-l)k. Let m denote the number 
of 2's in the first and last blocks together. We have 

P[Tl = 0, Tn = 0 I b (Xk, Xk+l, X(n-l)k, X(n-l)k+l) J = hm (38) 
and 

P[b(Xk, Xk+l, X(n-l)k, X(n-l)k+l)J 

= WI (Xk)PXkXk+lP£i:l;(~~~;~'l]PX(n_l)kX(n_l)k+l W 2 (X(n-l) k+l), (39) 
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where 

and 

W2(XCn-l)k+l) = P[X Cn- I)k+2 = XCn-l)k+2, ... , X nk = Xnk 

I X Cn-I)k+1 = XCn-l)k+l]. 

We may also find P[TI = OJ ·P[T n = OJ by considering their 
conditional probabilities over the first and the nth blocks. It is not 
difficult to see that 

P[TI = OJP[Tn = OJ = L hmW I(Xk)W2(XCn-l)k+I)·7r X(n_l)k+1l (40) 

where the summation ranges over all 22k possible blocks. The expression 
for P[TI = 0, Tn = OJ can be obtained by taking the product of 
(38) and (39) and summing over all 22k+2 possibilities. The 22k+2 terms 
in this form of P[TI = 0, Tn = OJ outnumbered the terms in (40) 
by a margin of 4 to 1, and there is an obvious 4: 1 correspondence 
between these terms. Consider 

Cov (TI, Tn) = Cov (1 - T I, 1 - Tn) 

= P [T I = 0, Tn = OJ - P [T I = ° JP[ T n = 0]. (41) 

For fixed first and last blocks, a typical difference between the (4: 1) 
correspondent terms is 

hm[W I (Xk) W 2(XCn-I)k+I) ][P XkIPHn-2)k-l]Plx(n_l)k+l 

+ [(n-2)k-l] + [(n-2)k-l] 
PXkIP12 P2X(n_l)k+l PXk2P21 Plx(n_l)k+l 

+ [(n-2)k-l] J PXk2P22 P2x(n_l)k+l - 7r X(n-l)k-l • 

By (10), it can be shown that the third factor of (42) becomes 

P " (n-2)k+l 
p+P 

_ ~ ,,(n-2)k+l 
p+P 

__ P_ ,,(n-2)k+l 
p+P 

_P_ ,,(n-2)k+l 
p+P 

if 

(1, 2) 

(2, 1) 

(2,2). 

(42) 

(43) 

N ate that in all terms we have a common factor" (n-2)k+l. By factoring 
out this common factor, Theorem 4 follows immediately. 
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We may even push the computations further to find an exact 
expression for the constant CI in Theorem 4. Note that we have four 
types of combinations of blocks, according to the values of Xk and 
X(n-k)+l. The quantity in (42) becomes 

(1,1) => hmW I(1)W2(1) p ~ P A (n-2)k+\ 

P 
(1,2) => - hmW I(1)W2(2) p + P A (n-2)k+l, 

(2,1) => - hmW I(2)W2(1) p ~ P A(n-2)k+l, 

(2,2) => hmW I(2)W2(2) p ~ P A (n-2)k+1, 

and Cov (T I, Tn) is the sum of all 22k terms in (44). 
Let 

(44) 

(We should use T~ = Z(n-I)k+2 + ... + Znk; however, the distribution 
of T~ is independent of n so we may take n = 2.) Then 

P[T~ = ° /Xk = 1JP[T~ = ° /Xk+l = 1J 

L hmp[XI = Xl, "', X k- l = Xk-l/Xk = 1J 
22(k-1) 

where m denotes the number of 2's in the sequence Xl, X2, "', Xk-l, 
Xk+2, .. " X2k, which is equal to the number of 2's in the sequence Xl, X2, 
.. " X2k in the case Xk = Xk+l = 1. Thus, the sum of terms of the type 
(1, 1) in (44) is simply 

7rIP[T~ = O/Xk = 1JP[T~ = O/Xk+l = 1}7r2A(n-l)k+l. 

Similarly, we may find the sums of other types of terms in (44). 
We have 

(1,2) => - 7rlhP[T~ = O/Xk = 1JP[T; = 0/Xk+1 = 2J7r2A(n-2)k+l 

(2,1) => - 7r2hP[T~ = O/Xk = 2JP[T; = O/Xk+l = 1}7rIA(n-2)k+1 

(2,2) => 7r2h2P[T~ = O/Xk = 2JP[T~ -= O/Xk+1 = 2J7r IA (n-2) k+1. 



Thus, if n > 2, i ~ 1, 

Cov (Tl, Tn) 
= Cov (Ti, T i+n- 1) 

BURST NOISE 

= 71"rlr2A(n-2)k+l{P[T~ = 0 IXk = IJP[T~ = 0 IX k+l = IJ 

- hP[ T~ = 0 1 X k = 1 JP[ T~ = 0 1 X k+l = 2 J 
- hP [T~ = 0 1 X k = 2 JP [T~ = 0 1 X k+l = 1 J 

1321 

+ h2P[T~ = 0IXk = 2JP[T~ = 0IXk+1 = 2J}. (45) 

The case n = 2 should be considered separately; this is because 
(n - 2)k - 1 < 0 if n = 2 so that (39) simplifies to 

(46) 

In this case, the number of terms in P[T1 = 0, T2 = OJ equals the 
number of terms in the product P[T1 = OJP[T2 = OJ and there is 
an obvious one-to-one correspondence between the terms. Consider the 
difference P[T1 = 0, T2 = OJ - P[T1 = OJ P[T2 = 0]. For fixed 
first and last (second) blocks, the term-wise difference is 

hmWl(Xk)W2(Xk+l)[PXkXk+l - 71"Xk+J· 

The last factor in (47) can be computed. We have 

P 
if (Xk, Xk+l) = P XkXk+l - 71" Xk+l = P + pA 

P 
---A 

p+P 

-_P- A 
p+P 

P 
P + pA 

(47) 

(1, 1) 

(1, 2) 

(2, 1) 

(2,2). (48) 

Note that (43) reduces to (48) if n = 2; hence, all arguments leading 
to (45) hold true even if n = 2. 

Let C2 be the quantity in the large square bracket of (45); we may 
write (45) as 

(49) 
if i ~ j. 

It is possible to find the value of C2 through an argument similar to 
that of finding gn in Theorem 1. However, we shall be satisfied with a 
crude estimate 

1 71" 171" 2C2 1 ~ 1, 

which follows from 71"171"2 = 71"1 (1 - 71"1) ~ i trivially. 
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A.5 Proof of Theorem 5 

Let H = (1 - h)u + h and let &1, &2, AI, A2, p be the quantities 
obtained from aI, a2, A 1, A 2, P by replacing each h with H respectively. 
As n ~OO, H ~ 1. Hence, 

&1 ~ 1 

&2 ~ 1 - p < 1 

Al~O 
A2~0 
p~O. 

It follows from Theorem 2 that 
Al&ln+l 

lim Eu Zn = lim . 
n--+<Xl n--+<Xl 1 - &1 

(50) 

Let A2 = [1 - P - H(l - p)J2 + 4pPH in the expression of &1. 

An important step in our argument is to find the value of A. By 
substituting (24) into the expression for A2, we have 

<Xl <Xl 

A2 = p2 + L I'nXn + L onyn + €xy + o(xy), (51) 
n=l n=l 

where 

I'2n = (1 - p)2(1 - u)2(a; + 2ala2n-l + 2a2a2n-2 + ... 
+ 2an-lan+l) + 2p(1 - p) (1 - u)a2n 

I'2n+l = (1 - p)2(1 - u)2(2ala2n + 2a2a2n-l + ... + 2anan+l) 

02n = b; + 2blb2n- l + 2b2b2n- 2 + ... + 2b n- lbn+l 

02n+l = 2blb2n + 2b2b2n- l + ... + 2bnbn+l 
€ = - 2(1 - p)(1 - u)alb l - 4p(1 - u)alb l. 

Let 
00 

A = P + L (dnx n + enyn) + fxy + o(xy). (52) 
n =1 

By comparing the A2 in (52) with the same quantity in (51), it is not 
difficult to see that 

dk = (1 - p) (1 - u)ak 

ek = bk 

for k = 1, 2, .... Also, it is easy to find that 

(53) 

(54) 
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Using (53), it can be seen that in the expression of &1, the coefficients 
of Xk, yk are zero for all k. Hence, recall that xy = lin, 

J!> 1 (1 - u)a l b1 + ( ) 
ttl = - xy 0 xy 

p 

= 1 - (1 - u)a1b1 + o( ! ) . 
np n 

(55) 

By (55) and (24), it can be seen that 

Al = a l bl (1 - u) + o(!). 
pn n 

(56) 

By (50), (55), and (56), we have 

1· E Z (albl(U - 1») 1m U n = exp , 
n~~ p 

which is the PGF of the Poisson distribution with mean equal to 
albt/p. 

A.6 Proof of Theorem 6 

Using (26), we may express &1, &1 in terms of powers of lin as 

&1 = 1 - ~ + o( 1) n n' 
(57) 

Al = - + 0 -A a (1) 
n n' 

where 
bl(I - H) 

a = ---=::--= 
1 - H + pH 

(58) 

H = (1 - h)u + h. 

Byeqs. (50), (57), and (58), we have 

lim Eu Zn = lim A 1 A lim &1 nH 
n~~ n~~ 1 - al n--+C() 

= exp [- a] 

[ 
bl(1 - H) ] 

= exp - 1 - H + pH . (59) 

This proves Theorem 6. 
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The Metallurgy of Remendur: 
Effects of Processing Variations 

By IVI. R. PINNEL and J. E. BENNETT 

(Manuscript received May 14, 1973) 

A recent development effort in telecommunications switching apparatus 
has been directed toward the production of a remanent reed, dry, sealed 
contact (remreed). Remendur, a medium-hard magnetic alloy nominally 
composed of equal parts iron and cobalt and 2.7-wt. percent vanadium, 
was chosen as the reed material in this contact. However, the application 
required the alloy to possess rather specific magnetic and mechanical 
properties and considerable difficulty was experienced in consistently 
processing Remendur into wire with these specified properties. To as­
certain the sensitivity of these properties to variations in processing times 
and temperatures, and vanadium content, two melts of Remendur (2.5-
percent V and 3.0-percent V) were processed with selected alterations in 
annealing temperatures at several stages. Microstructures were char­
acterized following each step by light microscopy and were correlated with 
the appropriate ternary equilibrium diagram. Results demonstrate that 
microstructures developed by anneals between 900°C and 950°C are 
extremely sensitive to the precise temperature of the anneal and composi­
tion of the alloy. The microstructure, which strongly influences magnetic 
and mechanical properties, can be varied over the limits of the two-phase 
0:1 + 'Y region by variations in vanadium content of only 0.5 wt. percent 
and by the small 50°C temperature range. 

1. INTRODUCTION 

Historically, considerable difficulty has been experienced in con­
sistently processing the Fe-Co-2.7-wt. percent V alloy (Remendur) 
into wire with specified magnetic and mechanical properties. A major 
cause for these problems has been that the metallurgy of this ternary 
system was not sufficiently understood. A number of investigations 
have provided information on various aspects of phase equilibrial - 5 and 
kinetics and mechanisms of phase transformations6- 1o in this system. 

1325 
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The most notable of these are the work of Koster and Schmid1 on the 
phase equilibrium of the system and the work of English6 and Martin 
and Geisler2 on the (FCC):q (BCC) transformation. However, dis­
crepancies still exist on aspects of phase equilibrium,l,2,4,7 mechanical 
ductility,2,6,7,11 transformation kinetics,2,6,7 ,10 and the influence of these 
factors on the development of magnetic properties.2,6,7,lO,12,13 These 
discrepancies made analysis of the sensitivity of the mechanical and 
magnetic properties to composition and to heat treating times and 
temperatures during processing unreliable with further investigation. 
This analysis is vital since 2.7-percent V Remendur is being used as 
the reed material in the remreed contact. 14 This paper describes the 
characterization of low-vanadium (2-3-wt. percent) Remendur, mainly 
by light microscopy, for the various processing steps from 6.35-mm 
(O.25-inch) rod through O.53-mm (O.021-inch) wire to O.18-mm 
(O.007-inch) flattened strip. Correlation of the microstructures with 
the equilibrium phase diagram of Koster and Schmidl is provided. 
Aspects of the microstructures in relation to cold ductility and mag­
netic properties are discussed. 

II. MATERIALS AND EXPERIMENTAL PROCEDURES 

Two melts of Remendur, each with a different vanadium content, 
were used in these experiments. The alloys were prepared by Battelle 
Memorial Institute with nominal compositions of 2.5-percent V-balance 
equal Fe/Co and 3-percent V-balance equal Fe/Co. The actual 
analyses as determined by atomic absorption spectroscopy are given 
in Table 1. The typical Remendur processing sequence from melting 
through final reed fabrication is outlined in Fig. 1. The influence on 
cold ductility, yield and tensile strength, resistivity, and magnetic 
properties of several steps in this processing sequence was unclear. 
These steps included temperature of and rate of cooling from the 
6.35-mm rod anneal, the need for intermediate strand anneals, and the 
temperature of the O.53-mm wire strand anneal. Also, the influence of 
the stamping operation relative to the unworked shank on final reed 
properties was of interest. 

TABLE I-REMENDUR COMPOSITIONAL ANALYSES 
(wt. %) 

v Co Fe 

3% V Battelle 2.97 48.70 47.34 
2.5% V Battelle 2.46 48.36 48.27 
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MEL TING - CASTING HOT ROLL TO 6.35 mm ROD 
6.35 mm ROD ANNEAL 

Fe - 48.5% Co - 2.7% V f--+ 1100-1200 0 C IN AIR, f---.+ 900-950 0 C IN AIR, 
I--

3 x 3 INCH INGOTS AIR COOLED 
30 MINUTES, QUENCHED 

IN ICED BRINE 

SURFACE CONDITIONING 

~ 
OF 6.35 mm ROD 

f--+ COLD DRAWN TO 
~ 

INTERMEDIATE STRAND 
MECHANICAL AND/OR 1.27 - 1.52 mm WIRE ANNEALS (OPTIONAL) I--

CHEMICAL 

COLD FINAL STRAND ANNEAL 
~ 

STAMP AGING ANNEAL 

L-., DRAWN 
~ 

900 - 950 0 C IN DRY H2, 
f--+ 

AND 
~ 

600 - 620 0 C IN DRY 
TO 0.53 mm 30SECONDS,COOLED IN CUT H2,2 HOURS,FURNACE 

WIRE WATER-CHILLED H2 CHAMBER REEDS COOLED IN H2 

Fig. I-Typical Remendur processing. 

An experimental program was developed to provide clarification of 
the influences of these factors. A synopsis of this program is given in 
Fig. 2. It involved carrying two compositions of Remendur through the 
entire processing sequence with appropriate variations in parameters 
at each critical stage. For temperature variation, a matrix of tem­
peratures between 900°C and 950°C was investigated. This range was 
based on previous statements by Gould and Wenny that cold ductility 
could be obtained by an iced brine quench from 925°Cl2 and the current 
use of this temperature by K. Olsen (Bell Laboratories-Murray Hill) 
for wire processing. l5 

Microstructures were evaluated primarily by optical microscopy. 
Metallographic preparation was routine with a 5-percent Nital solu­
tion used to lightly etch (10-50 seconds) the polished surfaces. Ob­
servation and photography were carried out on a Ziess Ultraphot III 
metallograph using N omarski Differential Interference Contrast 
(DIC). Indications of the ductility of both hot-rolled and annealed 
6.35-mm rod were provided by the drawability of the material. 

III. RESULTS AND DISCUSSION 

3.1. Hot-Rolled 6.35-mm (O.25-inch) Rod 

A vertical section through a portion of the Fe-Co-V ternary equilib­
rium phase diagram (Koster and Schmid)l near the nominal com­
position of Remendur is given in Fig. 3. At 2.7-percent vanadium and 
temperatures above 950°C the alloy is single-phase FCC ('Y). This is 
the structure of Remendur during hot rolling. The typical micro-
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Fig. 2-Synopsis of Remendur processing experiment. 

structure developed by cooling from the hot-rolling stage is shown in 
Fig. 5a. This microstructure is irregular and unconventional. English 6 

and Chen7,s have amply reviewed the characteristics of this structure 
and only the most pertinent factors will be restated. Although this com­
position passes into the two-phase al + 'Y field on cooling, the trans­
formation is sluggish. As a result, with rapid cooling a nonequilibrium 
single-phase structure which is entirely BCC (al), supersaturated in 
vanadium, is developed (Fig. 5a). No retained 'Y was detected by 
X-ray analysis. This has been referred to as a "massive" transforma­
tion by English6 and designated as the a2 structure. This phase, being 
a nonequilibrium structure, does not appear on a conventional equilib­
rium phase diagram. Chen7 ,s proposed that the transformation is 
actually the more common "martensitic" type. However, the structure 
of the transformed material is similar for both types6 and, hence, this 
will not be discussed here. 

The ductility of Remendur with the all a2 microstructure and as air 
cooled was tested in a qualitative manner. An attempt was made to 
draw 6.35-mm rod in this condition (i.e., as hot rolled) into O.53-mm 
wire by successive reductions of approximately 20 percent in area. 
The rod could not survive the first draw pass due to extreme brittleness. 
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Fig. 3-Vertical section through Fe-Co-V ternary phase diagram, from the work 
of Koster and Schmid. 1 

3.2 Annealed 6.35-mm (O.25-inch) Rod 

The brittleness of the air-cooled a2 microstructure dictates the need 
for an additional heat treatment to create drawability. A treatment of 
one-half hour at 925°C (in the two-phase al + 'Y field) followed by an 
iced brine quench had been found satisfactory in producing cold 
ductility.12.15 However, the sensitivity of ductility to this precise time 
and temperature and the influence of the structure produced by this 
anneal on subsequent properties developed in the drawn wire had 
yet to be investigated. 

Samples of both the 2.5-percent V and 3.0-percent V alloys in the 
hot-rolled and air-cooled condition were annealed at 950°C, 925°C, 
and 900°C for one-half hour and quenched in iced brine. The cor­
responding microstructures are shown in Figs. 4 and 5. It is apparent 
that a significant variation in structure occurs as a function of tem­
perature over the relatively small range of 900 to 950°C. At the same 
annealing temperature, a significant variation as a function of the 
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'I 

't 

" 

Fig. 4-Quenched microstructures of 2.5% V-6.35-mm Remendur rod in hot­
rolled and various annealed conditions; etched; DIe; 600X. (a) Hot-rolled. (b) 
Annealed; ! hour; 950 0 e. (c) Annealed; ! hour; 925°e. (d) Annealed; ! hour; 
900 0 e. 

small difference in vanadium composition (2.5 to 3.0 percent) is also 
obvious. 

Analysis of the equilibrium phase diagram for this ternary system is 
necessary to understand the critical nature of temperature and com­
position for transformations in this range. Based on the vertical sec­
tions of the ternary space diagram provided by Koster and Schmid,! 
isotherms (horizontal sections) at temperatures of interest were con­
structed by the authors. The Fe-Co-rich portions of isotherms at 950, 
925, and 900°C are drawn in Fig. 6. The nominal composition of 
Remendur (2.7-wt. percent V-balance equal Fe/Co) is represented by 
an X. At all three temperatures the equilibrium structure is in the 
two-phase (al + 1') region, but the amount of each phase can be seen 
to change radically with temperature. This is a consequence of the 
l' phase field shrinking rapidly toward the Co corner and the al + l' 
phase field increasing significantly in area as the temperature decreases 
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Fig. 5-Quenched microstructures of 3.0% V-6.35-mm Remendur rod in hot­
rolled and various annealed conditions; etched; DIe; 600X. (a) Hot-rolled. (b) 
Annealed; ! hour; 9500 e. (c) Annealed; ! hour; 925°e. (d) Annealed; ! hour; 
900 0 e. 

from 950°C to 900°C. This al phase (BCC) is an equilibrium solid 
solution of V in Fe-Co, in contrast to the supersaturated a2 structure. 

The microstructures of Figs. 4 and 5 can be correlated with these 
diagrams (Fig. 6). At 950°C, the compositions are near the 'Y phase 
boundary, hence the two-phase structure is primarily 'Y with some al 

(Figs. 4b and 5b). *.t The 3.0-percent V material is practically all 'Y 

* The/' phase formed by these anneals transforms to a2 on quenching identical to 
the transformation from the single-phase/' region after the hot-rolling stage. There­
fore, the two-phase microstructure is actually al + a2 at ambient temperature as 
photographed. However, the point of interest is the percentage of each phase formed 
at the elevated temperature which is identical to that existing at ambient for a 
quenched sample. Thus the designation/, + al will be maintained for clarity in 
relating the microstructures to the phase diagrams. 

t The al etches preferentially to the a2(/,) using the Nital etch. And, under the 
interference contrast conditions used in all cases, the a2 phase (raised) appears 
bright on the top edge as if the light source were shining from the 12-0' clock posi­
tion. Therefore, for example, in viewing Figs. 4b and 5b the primary or major phase 
should appear raised, whereas in viewing Fig. 5d the minor phase or particles should 
appear raised. 
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(Fig. 5b) as this composition almost coincides with the phase boundary. 
At 900°C, the alloys are near the £Xl phase boundary, hence the two­
phase structure is primarily £Xl with some 'Y (Figs. 4d and 5d). In this 
instance the lower-vanadium (2.5-percent) alloy is apparently all £Xl 

(Fig. 4d) as this composition almost coincides with the £Xl phase bound­
ary. For anneals at 925°C, these alloys should have nearly equal 
proportions of £Xl and 'Y. This can be seen to be the case for the higher­
vanadium alloy (Fig. 5c). However, very little 'Y is present in the low­
vanadium material (Fig. 4c). This may be an indication of a non­
equilibrium character in these anneals. Apparently, the more highly 
strained £X2 lattice of the 3.0-percent V alloy aids sufficiently in the 
kinetics of nucleation of the 'Y phase, such that this alloy approaches 
equilibrium more rapidly than the 2.5-percent V alloy. 
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Fig. 7-Quenched microstructures of 2.5% V-O.53-mm Remendur wire; etched; 
DIe; 600X. First anneal indicates temperature of i hour anneal of 6.35-mm rod. 
Second anneal indicates temperature of i minute strand anneal of O.53-mm wire. 
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A second influence of the higher vanadium content is apparent in 
comparing Figs. 4 and 5. A significant degree of grain size refinement 
occurs for the 3.0-percent V alloy. 

All six of the annealed microstructures were found to be ductile. 
They were drawn from 6.35-mm rod to 0.53-mm wire by successive 
20-percent reductions (23 passes) without any failures or evidence of 
cracking. This result clarifies several points with regard to ductility 
in Remendur. It has previously been shown that the air-cooled 0:2 

phase is brittle. English has shown that the 0:1 phase orders (o:~) on 
. other than very rapid rates of cooling9 and alludes to the enhanced 

brittleness of this microconstituent. 6 Stoloff and Davies presented 
more complete evidence of the significant loss of ductility due to 
ordering. ll Chen8 and Davies16 have shown that some degree of ductility 
also can be created in the 0:2 constituent by the rapid cooling provided 
by a quench. However, Chen8 demonstrated that the quenched single­
phase 0:2 structure does not provide the degree of ductility of the 
quenched two-phase structure. The influence of the quench on the 0:2 

constituent may also be related to the ordering phenomena although 
this has not yet been verified. Thus the two-phase structures developed 
by anneals between 900 and 950°C and followed by a quench are be­
lieved to provide the maximum degree of ductility attainable in this 
alloy. Anneals at temperatures below 900°C but above the ordering 
temperature (~720°C) followed by a quench may also produce a 
ductile structure. However, structures produced by lower-tempera­
ture anneals for drawability may be undesirable for developing proper 
magnetic properties in the final reed. 

3.3 Annealed O.53-mm (O.021-inch) Wire 

Remendur rods of both compositions and all three annealing tem­
peratures were drawn directly to 0.53-mm wire (6 samples). Sections of 
each sample were strand-annealed at furnace set temperatures of 
900, 925, and 950°C for 30 seconds to produce a series of 18 samples 
with different combinations of composition, 6.35-mm anneal tempera­
ture, and 0.53-mm anneal temperature. The actual peak temperatures 
as determined by drawing a thermocouple through the furnace were 
935°C, 913°C, and 890°C. The appropriate microstructures are shown 
in Figs. 7 and 8. The most significant points to be noted are as follows: 

(i) For the low-vanadium alloy (Fig. 7) the second anneal uniquely 
determines the percentages of 0:1 and 'Y. (Compare the identical micro­
structures of each horizontal row.) This is due to the fact that, con-
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Fig. 8-Quenched microstructures of 3.0% V-0.53-mm Remendur wire; etched; 
DIC; 600X. First anneal indicates temperature of ! hour anneal of 6.35-mm rod. 
Second anneal indicates temperature of ! minute strand anneal of 0.53-mm wire. 

trary to the case for the anneals of the 6.35-mm rod, the anneals in 
the 0.53-mm wire apparently produce a nearly equilibrium two-phase 
structure. This is likely a consequence of the aid to kinetics of nuclea­
tion provided by the deformation of wire drawing. 

(ii) For the high-vanadium alloy (Fig. 8) the second anneal also 
primarily determines the percentages of al + 'Y in qualitative agree­
ment with the equilibrium diagrams (Fig. 6). The first anneals have 
little effect on phase percentages in the annealed wires indicating the 
O.53-mm, 3D-second strand anneals may produce equilibrium structures. 

(iii) The same refinement in grain size of the high-V alloy compared 
to the low-V alloy previously noted is again present. An additional and 
substantial refinement occurs in the reduction of the wire from 6.35 
to 0.53 mm (compare Figs. 5 and 8). 
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3.4. 600°C-Annealed O.53-mm Wire and O.18-mm Ribbon 

Each of the 18 samples was cut into two lengths. One length was 
rolled to a thickness of 0.18 mm (0.007 inch) and the other length 
remained as 0.53-mm wire. These conditions simulate the paddle and 
shank, respectively, of a typical reed. All 36 samples were given the 
standard 600°C, two-hour anneal in dry H2 which is used to produce 
a square magnetic hysteresis loop with a specified range of coercive 
force. 

The values of the coercive force developed for the various combina­
tions of strand-annealing temperature and vanadium content in the 
round and flat sections are listed in Table II, and representative micro­
structures for both round and flattened sections are shown in Figs. 9 
and 10. The details of the phase transformation which occurs during 
this 600°C anneal are presented in another paper17 and will not be 
restated here. It is sufficient to note that the final microstructure 
developed in the round (undeformed) wire by this anneal is a strong 

TABLE II-COERCIVE FORCE IN OERSTEDS OF 0.53-1\11\1 ROUND WIRE 
AND 0.18-1\1:1\1 FLAT RIBBON IN THE 600°C-ANNEALED CONDITION 

~ 
Cl) 

950°C ~ 
~ 
~ 
"'C 

925°C 
~ 
0 900°C <:) 
Cl) 

w. 

~ 
Cl) 

950°C ~ 
~ 
~ 925°C 
"'C 
~ 
0 900°C <:) 
Cl) 

w 

(2.5 wt. % V) 
First Anneal 

950°C 925°C 

F 

22.9 

21.8 
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R F 

11.9 23.7 

11.0 22.9 

11.9 22.9 

(3.0 wt. % V) 
First Anneal 

R 

11.9 

11.5 

8.3 

950°C 925°C 

F R F R 

29.7 18.2 30.8 20.2 

30.8 23.7 32.0 24.9 

30.5 17.0 30.8 17.8 

900°C 

F R 

24.1 11.5 

23.7 11.5 

23.3 5.1 

900°C 

F R 

30.8 20.6 

32.0 24.6 

31.3 21.0 
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Fig. 9-Microstructures of O.53-mm round wire and O.IS-mm flattened ribbon 
following 600°C, 2-hour anneal of 2.5% V alloy; etched; DIC; I500X. Sub captions 
specify temperatures of first and second anneals prior to 600°C anneal. 

function of the microstructure from the strand-annealed state. This 
may be seen by comparing Fig. 7 to Fig. 9 and Fig. 8 to Fig. 10 for the 
low- and high-vanadium alloys, respectively. For the low-V alloy strand 
annealed at 900°C (Fig. 9a) the large grain a~ matrix with particles 
of l' at the grain boundaries produces a coercive force of only 5.1 
oersteds. The other structures show a coercive force of approximately 
11.0 oersteds with a maximum value of only 11.9 oersteds. This demon­
strates the significant influence of vanadium content on coercivity and 
the need to keep the minimum permissible vanadium content above 
the 2.5-wt. percent level to achieve the required minimum value of 18 
oersteds on the round section of the reed for remreed applications. 

The high-V alloy shows a clear correlation between magnetic proper­
ties after the 600°C anneal and the prior strand-annealed microstruc­
ture. As shown in Table II a peak in coercivity of the round wire is 
attained for the 925°C strand anneal of 0.53-mm wire. This is the 
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Fig. 10-Microstructures of 0.53-mm round wire and 0.18-mm flattened ribbon 
following 600°C, 2-hour anneal of 3.0% V alloy; etched; DIC; 1500X. Subcaptions 
specify temperatures of first and second anneals prior to 600°C anneal. 

state of a nearly equal distribution of the two-phase al + a2 structure 
(Fig. 8) which produces a more uniform distribution of a~ (ordered al) 

and 'Y (Fig. lOb) during the subsequent 600°0 anneal. Ooercivity de­
creases for strand anneals at higher or lower temperatures where the 
al or a2 phase predominates. 

The flattening operation eliminates most of the microstructural 
influence on final magnetic properties as shown in Table II. For the 
high-V alloy, all values are in the range of 30 to 32 oersteds and for the 
low-V alloy in the range of 22 to 24 oersteds. All microstructures are 
similar to that shown in Figs. 9d and 10d which consists of the very 
fine distribution of 'Y in an a~ matrix~ 

IV. CONCLUSIONS 

The primary conclusion from this study is that the microstructure 
of 2-3-wt. percent vanadium Remendur is extremely sensitive to 
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annealing temperature and vanadium content. Magnetic characteristics 
of Remendur wire and the remreed contact and the mechanical proper­
ties, particularly drawability, of the material are dependent on the 
precise microstructure developed during processing. More specific 
conclusions are listed as follows. 

(i) Anneals in the range of 900 to 950°C produce a two-phase 
al (BCC) + 'Y (FCC) structure which changes to a two-phase al (BCC) 
+a2 (supersaturated BCC) structure on rapid cooling. The percentages 
of al and 'Y formed are a strong function of temperature with increasing 
temperatures yielding greater percentages of 'Y (a2). 

(ii) The one-half-hour anneal of low-vanadium 6.35-mm rod does 
not produce the equilibrium two-phase structure defined by the phase 
diagram. Increased vanadium content assists in producing a nearly 
equilibrium structure as does the deformation of wire drawing for the 
anneal of 0.53-mm high- and low-vanadium wire. 

(iii) The percentages of al and 'Y (a2) formed in the 0.53-mm wire 
are primarily a function of the temperature of the anneal. The tem­
perature of the 6.35-mm rod anneal has little influence on determining 
these final percentages. 

(iv) The all a2 structure created by slow to moderate rates of cool­
ing from the 'Y phase region is brittle and cannot be cold drawn. How­
ever, a two-phase mixture of al + a2, developed by quenching from 
anneals in the range of 900 to 950°C (the two-phase a + 'Y region), 
is sufficiently ductile to be drawn from 6.35-mm rod directly to 0.53-
mm wire. If the rate of cooling is not sufficiently rapid from the 900 to 
950°C range, the al structure orders9 to form a~ which has also been 
shown to be brittle and, therefore, nondrawable to wireY 

(v) Increased vanadium content and the deformation of cold drawing 
both are influential in refining the grain size of the two-phase Remendur 
structure. The refined grain size and higher vanadium content in­
fluence the magnetic properties of 0.53-mm Remendur wire which has 
been annealed at 600°C for 2 hours by increasing the coercivity. 
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Optimum Mean-Square Decision 
Feedback Equalization 

By J. SALZ 

(Manuscript received April 20, 1973) 

In this work we report new results relating to decision feedback equaliza­
tion. The equalizer and the transmitting filter are optimized in a PAM 
data communication system operating over a linear noisy channel. We 
use a mean-square error criterion and impose an average power con­
straint at the transmitter. Assuming correct past decisions, an explicit 
formula for the minimum attainable mean-square error is given. The 
possible advantages of signaling faster than the Nyquist rate while de­
creasing the number of levels to maintain the same information rate are 
investigated. It is shown that, in all cases of practical interest, signaling 
faster than the Nyquist rate, while keeping fixed the information rate, 
increases the mean-square error. Finally, to illustrate the use of the 
results, application is made to a cable channel where the loss in dB varies 
as the square root of frequency. Various asymptotic formulas and curves 
are provided to exhibit the relationships between the quantities of interest. 

I. INTRODUCTION 

A great deal of research, particularly in the past decade, has been 
expended on the problem of linear equalization. This has yielded a 
considerable body of theory and technology making possible the design 
of apparatus for successfully combating intersymbol interference in 
PAM data transmission systems operating over noisy linear channels 
where delay distortion predominates. Since linear equalizers must com­
pensate for the channel characteristics in the presence of noise, they 
cannot be expected to perform well over severely frequency-attenuating 
channels or channels possessing nulls in the amplitude characteristic. 

Interest in the high data rates over voiceband and cable channels 
inevitably leads to the search for more effective equalization methods. 
Faster pulse rates place signal energy well within the badly attenuated 
portion of the transmission spectrum, resulting in severe intersymbol 

1341 
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interference correctable by linear methods only at the expense of a 
significant enhancement of the noise. 

A "bootstrap" technique, commonly referred to as "decision feed­
back," when combined with linear equalization can yield significant 
performance improvement.1 ,2 In this method the samples of the pulse 
tails (postcursors) interfering with subsequent or future data symbols 
are subtracted without incurring a significant noise penalty. The effect 
of pulse tails (precursors) which occur prior to detection and inter­
fere with past symbols is minimized by a conventional linear equalizer. 

Much has been written about this subj ect. In a fundamental paper 
where an excellent bibliography can be found, Robert Price3 demon­
strated quantitatively the merits of decision feedback equalization in 
certain applications. 

In this work we jointly optimize the receiving and transmitting 
filters in a PAM data transmission system employing decision feed­
back. The chief difference between our work and Price's is in the choice 
of performance criterion. We minimize mean-square error while 
Price maximized the signal-to-noise ratio under the constraint that the 
overall intersymbol interference be zero. Our criterion is not as strin­
gent as Price's and allows trade-offs between added noise and inter­
symbol interference. Monsen4 also investigated some aspects of our 
problem but did not arrive at a complete solution. Our chief contribu­
tion is an explicit formula for the minimum mean-square error (MSE). 
The simplicity of the formula makes possible detailed investigation of 
optimized system performance. 

In Section II the model is stated and the problem is formulated. 
In Section III the receiving filter is optimized and in Section IV the 
transmitter filter is optimized. In Section V we examine the problem 
of signaling faster than the Nyquist rate and finally in Section VI 
we use our results to investigate in detail the performance of a data 
system operating over a cable channel. 

II. THE MODEL AND PROBLEM FORMULATION 

The system model under investigation is depicted in Fig. 1. The data 
signal denoted by D (t) is passed through the transmitting filter having 
an impulse response set) and giving rise to an average transmitted 
power P. The data symbols {an} ~oo are independently picked at the 
rate liT and take on values with equal probability from the set 
{± 1, ± 3 ± 5 ... ± (L - 1)} where L is an even integer. The 
resulting signal is admitted to a linear channel characterized by an 
impulse response h(t). The received signal plus noise is processed by 
the equalizer which is comprised of a linear filter having impulse 
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response wet), a sampler, a decision rule, and a feedback digital filter 
characterized by the infinite set of real numbers {b n } i. The added 
noise n (t) is a zero-mean white random process with double-sided 
spectral density N 0/2. The output data symbols are denoted by an. 

The general problem we would like to solve is the minimization of 

MSE = E{Vk - chP 

with respect to the set of square integrable functions {s(t), w(t)} and 
the infinite sequence of numbers {b n }. This is to be carried out when 
the channel impulse response h(t), transmitted power P, and a decision 
rule are given. The symbol E ( .) denotes expectation with respect to 
all the random variables. 

The nonlinear relation between the estimated symbols {an} and the 
input symbols {an} makes this problem mathematically intractable. 
However, by assuming that past decisions have been correct, we can 
begin to approach the problem. The resulting MSE must then be 
interpreted as a lower bound on the true MSE. Alternatively, if no 
errors have occurred in the past, the MSE under this assumption 
provides an indication of the noise immunity of the system (including 
residual intersymbol interference). 

Let ret) = set) *h(t) *w (t) denote the overall impulse response, 
where * denotes convolution. Under the assumption of correct past 
decisions, the received sample taken at time t = kT is 

00 00 

Vk = L: rnak-n - L: bnak-n + n(t)*w(t) I !=kT 
n=-oo n=l 

and the mean-square error is then by definition 

J -1 00 

MSE = E 1 n=~ 00 rnak-n + n~l (rn - bn)ak-n 

+ n(t)*W(t) I t-kT + (To - l)a, r 
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A straightforward calculation gives 

-1 00 

MSE = (]"~ L r; + (]"~(ro - 1)2 + (]"~ L (rn - bn)2 + (]"2, 
n=-oo n=l 

where 

and 

N°fOO (]"2 = _ w2(t)dt. 
2 -00 

It can be immediately concluded that the mean-square error is 
minimized by setting bn = r n , n = 1, 2, ... , which eliminates the 
feed back coefficients {b n} from further consideration. 

The problem we now confront is the dual minimization of 

[ 

0 (]"2 ] 
MSE[s(t), wet)] = (]"~ n~ 00 r; - 2ro + 1 + (]"~ 

with respect to set) and wet) when a constraint is imposed on the 
average transmitted power. 

The above expression indicates that, under the assumption of 
perfect past decisions, the mean-square error is minimized by minimiz­
ing both the pulse precursors in the overall impulse response and the 
output noise power, while keeping ro close to unity. 

We give a precise formulation and solution to this problem in 
Section III. 

III. RECEIVER OPTIMIZATION 

Writing the MSE in detail we obtain 

MSE 
~-

where 

1 + n~ 00 [i: w(r)p(nT - r)dr r 
- 2 f-: w(r)p( - r)dr + ~o~ i: w2(r)dr, 

pet) = set) *h(t). 

(1) 

Keeping set) fixed, and using a standard calculus-of-variation ap­
proach, results in an integral equation for wet) 

p( - t) = N~w(t) + i: w( r) ( n~ 00 penT - r)p(nT - t)) dr, (2) 
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where 

If in eq. (2) we set 

N~ = No. 
20"~ 

Un = i: w(r)p(nT - r)dr, 

1345 

we see that the optimum solution must have a representation in the 
form 

o 
w(t) = L gnP(nT - t), (3) 

n=-CfJ 

where 

1 
go = N~ (1 - Uo) 

and 

n=~-1. 

In (3) is revealed the structure of the optimum receiving filter. It is 
composed of a matched filter having impulse response p (- t) followed by 
a one-sided (anticausal) tapped delay line with weights equal to gn. 

Linear equations involving the set {Un} can be obtained by first 
multiplying both sides of (2) by p(kT - t), k ~ 0, then integrating 
from minus to plus infinity. The resulting linear system of equations is 

o 
Rk = N~Uk + L Rn-kUn, k = 0, - 1···, (4) 

n=-oo 

where 

Rk = R-k = f_: p( - t)p(kT - t)dt. 

The system of eqs. (4) can be solved by standard Wiener-Hopf tech­
niques and the details are given in Appendix A. The solution in terms 
of the discrete Fourier transform of the sequence {Un} ~ 00 is 

o 
U(O) = L U ne inO 

n=-CfJ 

(5) 
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where 
n=oo 

M(O) = M+(O)M-(O) = R(O) + N~ = L M nein8, 
n=-CIO 

00 

M+(O) = L 'Ynein8, 
n=O 

and 
M-(O) = M+( - 0). 

This is standard procedure making use of the well-known factoriza­
tion property of covariance functions. Methods for obtaining the 
sequence {'Yn}; from the given sequence {Rn}~oo are well documented 
in the literature. One method is summarized in Appendix A. 

Having specified the optimum receiving filter, we now obtain a 
formula for the minimized mean-square error. The availability of this 
simple formula will allow further optimization of the transmitting 
filter. 

Let wo(t) be the impulse response of the optimum receiving filter. 
[This function solves the integral equation (2).J Substitute wo(t) 
into (2), multiply both sides by wo(t), and integrate from minus in­
finity to plus infinity to obtain 

i: p( - t)wo(t)dt = N~ i: w5(t)dt 

+ n:f 00 (i: p(nT - t)wo(t)dt)2. (6) 

Putting this into (1) with w(t) replaced by wo(t) we get a formula for 
the optimized MSE 

MSE[wo(t) J = CT~(l - U 0) = N~ CT~ go. (7) 

This result was obtained by Monsen4 but unfortunately he did not 
go any further. As it turns out, a much richer formula than (7) can be 
obtained since U 0 can be expressed directly in terms of the spectrum 
of the channel characteristics in cascade with the transmitting filter. 
To carry this further, observe from (5) that 

and consequently 

Uo = dc term in U(O) 

N' 
=1--.!l 

'Y5 

MSE = q~N2~· 
'Yo 

(8) 

(9) 
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As it turns out, 1'0 is functionally related to M (0) in a rather simple 
manner. This relationship can be found in the literature but the deriva­
tion is short and so we briefly outline the approach. 

Under very mild conditions on M(O) (see Doob,5 pp. 159-161) 

M(O) = 1 t I'neinli 
1

2

, 
n=O 

(10) 

where 1'0 is real and positive. Since M (0) > 0, consider 

i: In M(O)dt = i: In [ 1'0 + Ell'neinli ]dO 

+ i: In [ 1'0 + n~l 'Yne- inli ]dO. (11) 

When the In's on the r.h.s. of (11) are expanded in a power series 
and the integrations are carried out (recognizing that all integrals 
involving powers of exp {inO}, n ~ 0, vanish) we get 

(12) 

where 
00 

R(O) = L Rneinli, 
n=-oo 

Rn = 100 dw 
I pew) 12eiwnT - , 

-00 27r 
and 

After minor algebraic manipulations and changes of variables we 
obtain by substituting (12) into (9) 

I T 17r'T ) MSE = CT~ exp - -2 In[Y(w) + 1Jdw , 7r -7r/T (13) 

where 

Yew) = ~ tip (w _ 27rn)12. 
NoT n=-oo T 

(14) 

This formula, as far as can be determined, is new and its simple 
form will enable us in Section IV to carry out an additional optimiza­
tion with respect to the transmitting filter. 

It is instructive at this point to compare this formula with the one 
obtained for a linear equalizer without decision feedback. Berger and 
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Tufts 6 have found such a formula and from their paper we have that 

T j7rIT 
(MSE)linear = <T~ 2- [Yew) + 1J-1dw 

7r -7r/T 

(15) 

where 
T j7rIT ( .) = <T~ - [ • Jdw. 

27r -7r/T 

In terms of the same notation, (13) can be put into the form 

MSE = exp{ -(In[Y(w) + 1J)} (16) 

from which we get immediately that 

MSE :::;; (e- 1n
[Y(W Hll ) = < 1 ) = (MSE) (17) - Yew) + 1 linear· 

As expected, the mean-square error with decision feedback is always 
smaller than the MSE of a linear equalizer. Comparing (15) with (16) 

1.00r---------::~..:__----------------_., 

0.75 

0 
W 
II: 
<x: 
::> 
0 
en 
w 0.50 
0 
::> 
I-
:i 
c.. 
:2 
<x: 

0.25 

o 5000 
FREQUENCY IN HERTZ 

Fig. 2-Amplitude-squared characteristic of typical voiceband channel. 
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O~----------------------------------------------~ 

-10 LOG N'o::::::;40 dB 
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~ 
w 
en 
~ 

-30 

-40~------~~~----~--------~--------~--------~ 
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Fig. 3-MSE in dB vs binary data rate for channel shown in Fig. 2 without dc 
transmission. 

shows that both equalization methods yield the same MSE if and only 
if Yew) is a constant, i.e., there is no intersymbol interference. 

Prior to optimizing the transmitting filter we wish to illustrate the 
behavior of (15) and (16) for a typical voiceband channel as the signal­
ing rate l/T is allowed to increase. An amplitude-squared character­
istic for a typical voiceband telephone channel is shown in Fig. 2 
(the dashed line with zero transmission at zero frequency is typical). 
Figure 3 shows the resulting MSE vs pulse rate for both a linear equal­
izer and a decision feedback equalizer when CT~ = 1 (binary data) and 
- 10 log N~ ~ 40 dB. The calculations were done numerically by 
using (15) and (16). We note that the performance of the linear 
equalizer deteriorates rapidly when the rate is greater than ~ 3000 
bits/second while the decision feedback equalizer deteriorates grace­
fully. The reason the linear equalizer shows such a poor performance 
is that it must compensate for the missing energy around dc. In 
practice, of course, modulation is used to pJace the data energy at a 
more suitable location in the passband spectrum to avoid this severe 
null. To make the comparison fair, we artificially extended the channel 
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Fig. 4-MSE in dB vs binary data rate for channel shown in Fig. 2 with dc 
transmission. 

characteristic from about 300 Hz to 0 Hz to a constant transmission. 
This is indicated in Fig. 2 by the dashed line parallel to the frequency 
axis. Figure 4 shows the comparisons for this atypical channel. As 
expected, the linear equalizer has a sharp threshold at approximately 
the Nyquist rate but, as before, the decision feedback equalizer 
deteriorates much more gracefully. 

IV. TRANSMITTER OPTIMIZATION 

The problem we address here is the optimization of (13) with 
respect to the transmitting filter characteristics subject to an average 
power constraint. 

Let Sew) and H(w) be the Fourier transforms of set) and h(t) re­
spectively. The average power at the output of s (t) is 

P = CT~ foo s2(t)dt = CT~ ~ 100 

S2(w)dw 
T -00 T 27r -00 

= CT~ ~ f7rIT ( t 82 (w - 27rn)) dw (18) 
T27r -7r/T n=-oo T ' 

where by 82(w) we mean IS(w) 12. 



DECISION FEEDBACK EQUALIZATION 1351 

The problem at hand is to maximize the functional 

f
7rIT 

I = _7rITln[K ~ S;(w)H;(w) + 1Jdw 

j 7rIT 
+ A -7rIT[ ~ S~(w)Jdw (19) 

with respect to the infinite set of functions {S~(w), n = all integers}. 
Where 

K = l/N~T 

and A is a Lagrange multiplier to be determined from the constraint 
on the average transmitted power. Observe that these functions 
are independent over the range - 7r/T ~ w ~ 7r/T and therefore 
consider the variation of I with respect to, say, S](w) 

j 7rIT \ KH~(w) I 
0)1 = -7rIT K L S~(w)H;(w) + 1 oS;(w) + AOS;(W) dw. 

n 

When S;(w) ~ 0, setting (20) to zero implies 

KH](w) 
K L S~(w)H;(w) + 0 + A = 0 

n 

(20) 

(21) 

for all w E [-7r/T, 7r/T]. Now, assume that H;(w) > H?n(w) for 
I n I < I m I and w E [ -7r / T, 7r / T]. When this condition is satisfied it 
is not possible to solve the system of equations given in (21) unless 

S;(w) = 0 for all n ~ j 

in which case we get 

KH](w) = - A[KS}(w)H}(w) + 1J. (22) 

Substituting this into (20) indicates that the largest value is obtained 
when SJ(w) = S5(W) = S2(W) and furthermore A must be negative. 

So far we can conclude that for channels possessing monotonically 
decreasing amplitude characteristics, i.e., H?n(w) > H;(w), - 7r/T 
~ w ~ 7r/T, when I n I> I m I, the optimum transmitting filter cuts 
off at the Nyquist frequency 7r/T. The optimum system allows no 
transmission outside the band I wi> 7r / T. The restrictions imposed on 
the channels are mild and are expected to be satisfied in most situa­
tions of interest. However, removing these restrictions makes the 
problem slightly more complicated, and it is left up to the reader to 
reason how it can be solved. 
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Making use of this partial solution permits writing the mean­
square error in the simplified form 

(
MSE) T f 7r

'T - In -2- = -2 In [KH2(W)S2(W) + l]dw 
(fa 71" -7rIT 

(23) 

and the functional now to be further maximized with respect to the 
inband structure of S2(W) reduces to 

f
7r'T (7rIT 

I[S(w)] = _7rITln [KS2(w)H2(W) + l]dw + A J-7r/T S2(w)dw. (24) 

As can be seen from (20) and (22), eq. (24) is maximized when 

(25) 

where A = - Ao. 
To determine the Lagrange multiplier Ao, two cases must be dis­

tinguished. 

Case 1: KH2(W) - Ao > 0, for all I w I ~ 7I"/T 

In this case, we get 

p. = K/Ao, 

which when substituted into (23) results in an explicit expression for 
the optimum MSE 

(
MSE) T f 7r

'T - In -2- = In p. + - In H2(w)dw. 
(f a 71" 0 

(26) 

The factor p. is determined from the average power constraint in the 
following manner. Use (25) and (18) to write 

(f~ ( 7r I T [ p. 1 ] 
P = T7I" J 0 K - KH2(W) dw 

(f~ 
= KT2 (p. - A), (27) 

where 
T (7rIT 1 

A = ;: Jo H2(W) dw. 

Substituting the parameters K = 1/ T N ~ and N ~ = N 0/2(f~ into (27) 
gives explicitly 

p. = p+A, (28) 
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where 

p= 
p Average transmitted signal power 

( ~ 0 ~ ) ~ Average noise power in the Nyquist band 

Thus (26) and (28) provide a complete solution for this case. 

Case 2: There exists a set of w for which KH2(W) - Ao ~ 0 

The optimization procedure in this case involves the standard water­
pouring argument. To illustrate the nature of the solution we take 
the situation where H2(W) is strictly monotonically decreasing in the 
Nyquist band. This implies that there exists only one frequency w 0 

for which KH2(w) = Ao and consequently we get 

1 
J.L=---' 

H2(WO) 
(29) 

This gives one relation between the unknowns J.L and Wo and another is 
obtained from the power constraint. Since the optimum filter char­
acteristic is zero when w > Wo, the signal-to-noise ratio is 

T (WO [1 1] 
p = -; ) 0 H2(wo) - H2(w) dw (30) 

and an explicit formula for the mean-square is 

[ 
MSE] T fWO T - In -2- = - In H2(w)dw - - Wo In H2(WO)' 
~ r 0 r 

(31) 

We now briefly summarize how these optimized formulas are to 
be used: 

(i) For a given transmitted average signal-to-noise ratio p, solve 
eq. (30) for woo 

(ii) If Wo < r/T, use formula (31) to compute MSE. 
(iii) If Wo ~ r/T, use formula (26) to compute MSE. 

In Section VI we shall illustrate numerically the use of these 
formulas. 

V. SIGNALING FASTER THAN THE NYQUIST RATE 

Here we examine the behavior of the optimized mean-square error 
when the frequency support of an ideal unity-gain channel is smaller 
than the Nyquist rate !T. After deriving the optimized MSE for this 
situation, the possibility of further optimization relative to the signal­
ing rate when the information rate per unit bandwidth is held fixed 
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will be investigated. This has been an open question thus far and the 
issue is whether increasing the signaling rate beyond the Nyquist rate 
while decreasing the number of levels to maintain a fixed information 
rate is ever beneficial. 

Consider a channel having the characteristic 

H2(W) = J 0, 
1 1, 

(32) 

where the sets El and E2 form a partition on the frequency interval 
E = {w: ° ~ w ~ 7r / T}. By frequency support we mean the measure 
of the set E2 denoted by m(E2). 

For this channel it is easy to calculate explicitly the mean-square 
error. Observe from eq. (22) that for a piecewise constant channel the 
optimum transmitting filter is a constant when w E E2 and zero other­
wise. The minimum MSE is then calculated from (23) 

- In [ M~E] = 2T f 7r
'T In [KS2H2(W) + IJdw 

(Ja 7r -7rjT 

=! r In [K82 + 1 Jdw 
7r ) wEE 2 

T = - m(E2) In [K82 + IJ, (33) 
7r 

where 8 2 is a constant to be determined from the power constraint 

(34) 

From this equation and the definition of K = 1/ (N ~T) it can be 
checked that 

p = KS2 = Average signal power . 
Average noise power in a band = m(E2) 

Substituting this into (33) gives the simple desired formula 

where 
MSE = (T~(1 + p)-a, 

m(E2)T 
a = -'----'--

7r 

= Chann~l ba~dwidth ::s 1. 
2 X SIgnalIng rate -

(35) 

For fixed p, MSE ~ (T~ when a = ° and, as expected, MSE ~ (J~(1 + p)-l 

when a = 1. It is curious that as long as a ~ 0, MSE ~ ° as p ~ 00. 
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vVhen the set E2 is the interval I = {w:O ~ w ~ 7r/To < 7r/T}, it 
is referred to as being less than the Nyquist band. Since there is no 
mathematical reason for making this distinction we shall refer to 
"signaling faster than the Nyquist rate" whenever a < l. 

We now investigate whether it is ever advantageous to signal 
faster than the Nyquist rate. Clearly, for fixed (T~ = (L2 - 1)/3, or a 
fixed number of levels, (35) shows that MSE degrades rapidly with 
decreasing a. An interesting question, first raised by R. W. Lucky,7 is 
the possibility of trading L with a to further minimize the mean­
square error. This is the problem we address. 

Let the source information rate be R = 10g2L/T bits/second. 
The available bandwidth is equal to 1/ (27r)m(E2) cycles/second. Thus 
the normalized information rate is 

R 2 
8 = 1 = [Tm(E2) ] log2L 

2
- m(E2) 

7r 7r 

2 bits = -log2L --. 
a cycle 

(36) 

Writing (35) in terms of this quantity gives 

2ae - 1 1 
MSE(a) = 3 (1 + p)a (37) 

Letting C = log2(1 + p) be the ultimate attainable rate according to 
Shannon's theory, eq. (37) can be put into the form 

MSE(a) = (2-a (c-e) - 2-aC)1. (38) 

Note that, since L = 2ae /2 and the minimum allowable L is equal to 2, 
the parameter a must be in the range (2/8, 1). 

The problem initially posed can now be stated as follows. Find a 
set of a's, 2/ 8 ~ a ~ 1, which minimize eq. (38). We begin by setting 
the derivative of (38) to zero, 

dM~~(a) = _ (C - 8)2-a (c-e) + C2-aC = 0, 

from which we find a unique stationary point 

a = -log2 -- . 2 [C]! 
8 C - 8 

(39) 

Since MSE(O) = 0 and MSE(a) > 0, the value of a found above 
must be a point where MSE attains a maximum. If this maximum is in 
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the range (0 ~ a ~ 2/ &), then the minimum value of MSE is attained 
at the boundary (a = 1). The condition for this to be the case is 
determined from (39). 

log2 [ C ~ & r ~ 1. (40) 

From this we deduce that as long as & < lC, a = 1 minimizes MSE. 
For this region of & and C there is no advantage gained by signaling 
faster than the Nyquist rate. Since C is channel capacity, &c = lC 
seems to be a critical rate. If the rate is greater than this critical rate, 
the maximum point lies within the allowable range of a(2/ &, 1) thus 
raising the possibility that either a = 2/ & or a = 1 is a minimum point. 
Suppose a = 2/ & is a minimum point. Equation (38) gives for this 
case 

MSE (a = ~) = 2-2C / 8 ~ 2-8
/ 3 ~ 0.157. (41) 

Thus we have found a region for which signaling faster than the N y­
quist rate appears to be beneficial. But at this high level of MSE, we 
are no longer justified in assuming that the feedback decisions are 
correct most of the time. In fact, what is more likely to happen is 
that errors begin to occur resulting in a larger value of MSE than 
predicted by the error-free model. Weare therefore led to the con­
clusion that a minimum point other than at a = 1 will render an MSE 
to be outside the range of practical utility. To emphasize this point 
further substitute (41) into (38) to get 

MSE(a = 1) = [MSE(2/ &)J8/2 2
8 

- 1. (42) 
3 

Thus a = 1/ & is a minimum point whenever 

or 

[MSE(2/ &)J8/2 (2
8 
;; 1 ) > MSE(2/ &) 

MSE (2/ &) > ( _3 _ )2te-2. 
28 - 1 

As an example of the use of these inequalities, suppose that & = 3 
and C = 3.5; therefore, a = i is the minimum point and the achievable 
MSE = 0.198 which can be obtained with a binary system (L = 2). 
On the other hand, M(a = 1) = 2-3 .5(7/3) '"" 0.206 which can be 
achieved with (L = 21.5 = 2.8)!! 

It is interesting to see what MSE can be achieved when only a 
linear equalizer is used. Using formula (15) and following the same 
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reasomng as before yields an expression for the optimized mean-
square error 

_ 2 (1 - a)p + 1 
(MSE)linear - U a p + 1 . (43) 

In this case, unlike in the decision feedback case Ceq. (35)J, as p ~ 00, 

MSE ~ 1 - a, when a > O. Thus the mean-square error cannot be 
made vanishingly small as the signal-to-noise ratio increases without 
bound. 

Expressing (43) in terms of the normalized rate 8 we get 

2a8 
- 1 [p(l - a) + 1 ] 

(MSE) linear = 3 p + 1 . (44) 

Again we seek to minimize (44) with respect to a in the range 
(2/8, 1). It can be checked that (44) has at most one stationary point 
in the range 0 ~ a ~ 1. Since a = 0 is a minimum point, the minimum 
in the range (2/8, 1) must lie on the boundary. Thus the condition for 
achieving a smaller MSE when signaling faster than the Nyquist rate 
(a < 1) is 

p(l - 2/8) + 1 ~ 2
8 

~ 1 

or 
28 - 1 1 

p = 2c 
- 1 ~ -3-1 - 2/8· (45) 

Is it possible to find an 8 === C, 8 > 2 which satisfies the inequality 
(45)? A straightforward analysis reveals that the answer is negative. 
In other words, the Nyquist rate is optimum provided the information 
rate is less than channel capacity. 

VI. APPLICATION TO A CABLE CHANNELt 

This section will illustrate the use of the formulas developed in 
previous sections in a particular application. For this purpose we 
choose a cable channel having frequency characteristic 

H(f) = exp {~ - 2iaf}. (46) 

We shall develop in detail the applicable formulas, provide asymptotic 
behaviors, and exhibit numerically the relevant parameter trade-offs. 
For comparison purposes, the applicable formulas for the optimum 
linear equalizer will also be developed. 

t I am indebted to Dr. Robert Price for calling my attention to Ref. 8 where 
related work is reported. The paper is in Japanese; however, Dr. Price has an English 
translation. 
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We begin by first considering a suboptimum system where the 
transmitting filter is flat across the Nyquist band and zero outside. 
For this case, the minimum attainable mean-square error is Ceq. (23) ] 

Md = exp {- ~ f.'IT In [S'Ke-"'·a'r + l]dw}, (47) 

where 

and K = 2<T~/TNo 

are to be determined from the average power constraint. Since the 
transmitted power P = (<T~/T)S2, we find that S2K = 2PTINo = p, 

the transmitted signal-to-noise ratio, where the noise is measured in 
a band = liT. Substituting these constants into (47) and making 
some changes of variables result in 

Md = exp {- 2 fin [pe-AA + l]dY}, (48) 

where (3 = al T. The parameter "2(3 is seen to be proportional to the 
loss of the cable in dB at the Nyquist frequency ~T. 

We are interested in the behavior of (48) when p and (3 are varied. 
While it is not possible to express this integral in a closed form, it is 
possible to obtain a rapidly converging series in the two parameters of 
interest from which asymptotic behaviors can be deduced. Appendix B 
shows the details of the development. Different power series apply in 
different regions. The first series applies when In p < "2ri and the 
second In p ~ ~. The results are as follows 

l:~~lnp>O 

(In p)3 + 7r2 1n p ~ 00 [pe-~Jn 
- In Md = - -I: (- l)n+l =----=--

6(3 (3 n=l n2 

(49) 

2: In p ~ "2r3 > 0 

2 ~ 00 1 [e~]n - In M d = In p - - "2ii + -I: (- 1) n+l 2 -
3 (3 n=l n P 

1 00 1 [1 (e~)n] +-:E(-l)nH- -- - . 
(3 n=l n3 pn p (50) 

It can be checked that (49) equals (50) when In p = -{2{3. The first 
asymptotic behavior is deduced from (50) when p ~ 00 and -{2{3 is 
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held fixed. For this case we get 

e!..m 
Md rv --. 

p 

1359 

(51) 

Another asymptotic behavior is deduced from (49) as (3 ~ 00 while 
p is held fixed. In this case 

(52) 
where 

g (p) = (In p) 3 + 71"2 In p + £. (_ 1) n+l ! ~ . 
6 n=l n3 pn 

In order to make possible performance comparisons, we develop 
similar formulas and asymptotes for a system employing only a linear 
equalizer. The minimum mean-square error applicable in this situa­
tion is obtained from eq. (15). After substituting the cable char­
acteristic we obtain 

(53) 

where 

M - (MSE) linear 
L - 2 • 

O"a 

Here, as in the decision feedback case, rapidly converging series can 
be developed from which asymptotic formulas are deduced. The 
detailed calculations are also given in Appendix B. The desired results 
are 

1: "2r3 ~ In p > 0 

M L = 1 - 3 (In p~; + 71"2 + ~ In [1 + pe-~J 

(54) 

2:lnp> "2r3 > 0 

(55) 

The asymptotic formulas are readily deduced from (54) and (55). 
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When p ~ 00 and {3 is fixed we get 

where 

1 
M L "-' Q ({3) p' 

[ f2 1 e-~] 
Q({3) = e~ '\}~ - ~ + -{3- . 

On the other hand, when {3 ~ 00 and p is kept fixed, 

M "" 1 _ 3(ln p)2 + 71"2 + Q 
L 6{3 {3 , 

where 

(56) 

(57) 

At this point it is possible to make some judicious performance 
comparisons between the two schemes. The first observation is that, 
in order to get a small mean-square error, p must be large and greater 

than e~. In this case, (51) and (56) apply. On the other hand, when 

~ > In p, and {3 ~ 00, performance deteriorates rapidly as can be 
seen from (52) and (57). Suppose now that a large signal-to-noise 
ratio is available and we wish to obtain the same mean-square error 
in both schemes. How do the signaling rates compare? 

Equating (51) and (56) shows that {3d/{3L "-' 9/4 when these quanti­
ties are large. In other words, asymptotically, the signaling speed of 
the cable may be increased by more than a factor of two with the 
use of decision feedback. Clearly when {3 is small no significant ad­
vantage can be obtained from using decision feedback equalization. 

To exhibit these phenomena further, we have used numerical 
integration to evaluate (49) and (53) and checked the accuracy by 
summing terms in the various power series. The results of these 
calculations are exhibited graphically in Figs. 5 through 9. A striking 
feature in all these curves is the manner MSE degrades as {3 increases. 
The linear MSE exhibits a sharp threshold while the MSE for the 
decision feedback equalizer degrades much more gracefully. 

N ext we wish to examine the possible payoffs when the inband 
characteristics of the transmitter filter are optimized. To do this 
explicitly, we follow the procedure outlined in Section IV. Equation 
(30) must first be evaluated for the cable characteristics. (We omit 
all straightforward integrations and algebraic manipulations.) Re-
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writing eq. (30), 

(58) 

where 

(30 = a/To, Wo = 7r/To, (3 = a/T, 

and 

F(x) = e-Vx(-{X -1)+1 r-..Jx/2whenxissmall. 
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The explicit evaluation of MSE is as follows: For a given p, /3 solve 
(58) for /30. If /30 > /3, calculate MSE from eq. (26), 

- In -2- = In Md = In f..I. + - In H2(w)dw. [ 
MSE] T f1l"'T 

(fa 11" 0 

An explicit evaluation gives 

/30 2:: /3. (59) 

On the other hand, if (58) yields a /30 < /3, use formula (31) to compute 
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MSE. The explicit evaluation for this case gives 

{3o ~ {3, (60) 

r 
1 r<I'O/l') 

p f, + F(2{3o)/{3o J ' 
where e~ was obtained from (58). It can be checked that when 
{3o = {3 in (58), eq. (59) equals (60) as it must. 

Let us now pause and examine what these optimized results are 
telling us. Suppose {3 is fixed in (58) and p is allowed to increase. 
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Eventually a {30 will be found which satisfies (58) and which ultimately 
will be greater than {3. The physical implication of finding a {30 which 
is less than {3 is that the transmitting filter cuts off before the Nyquist 
frequency !T. This will occur only when p is relatively small and thus 
results in a poor MSE. Practically, the region of interest is when p 

is large such that (30 ~ (3, in which case the filter cuts off at the Nyquist 
frequency. In this region (59) applies and, upon comparing (59) with 
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60 

the asymptotic suboptimized result, (51) shows that 

e 1.J2iJ e 1.J2iJ 
<--

+ 
F(2{3) = p 

p --
{3 

Since min~ [F({3)/{3] = 1, the optimized result appears to be 
asymptotically equal to the suboptimized result. In other words, in 
the region where In p > ~ and p ~ 00 no benefits are obtained from 
inband optimization. This is also evident from eq. (25) since when In p 

is large relative to ~ the structure of the optimum transmitting 
filter is a constant. The situation where {3o < {3 is slightly more com-
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plicated to compare. Here inband optimization should perhaps be 
beneficial. However, comparisons in this case between the optimized 
MSE and the suboptimized ones must be made on the basis of the 
same transmitted power rather than signal-to-noise ratio because the 
systems operate over different bandwidths. 

Again for comparison purposes, we summarize the formulas that 
apply when the inband characteristics of the transmitting filter in a 
system using only linear equalization are optimized. Berger and Tufts6 

carried out such an optimization and the procedure is similar to the 
one carried out in Section V. Adopting our notation and the same 
definition of parameters as above we can obtain explicitly the follow­
ing formulas applicable for a linear system. 

Choose a p and a {3 and solve for flo in the equation below: 

p = {3o [ ! F ({3o/2)eYfM - 1 F (2{3o) ] . 
{3 {3o {3o 

If {3o > (3, calculate 

[ ~ F({3/2) r 
p + F(2{3) , 

{3 

If {3o in (61) is < {3, calculate 

{3o > {3. 

{3o 4 _ r;;-;; 
M L = 1 - 7i + ~ F({3o/'2)e--vfJo/2• 

(61) 

(62) 

(63) 

It is now possible to cross plot the formulas derived in this section ad 
nauseum. We shall show only two sets of graphs. Figures 10 and 11 show 

four curves of MSE/ (T~ in dB vs 42i3 where E = 2aP / No and P is the 
transmitted power divided by the parameter N o/2a. In each case we 
plot the optimized results and the suboptimized results. The optimized 
decision feedback equalizer results were evaluated from equations 
(58), (59), and (60) and from equations (61), (62), and (63) for the 
linear equalizer. The nonoptimized results are given in (48) and (53) 
respectively. In all cases E = p/ {3 in dB. Marked on the curves is the 

value of ~ where the transmitting filters cut off. We show two 
cases, 10 logloE = 60 and 10 logloE = 100. It appears that inband 
optimization does not provide a great deal of performance enhance­
ment. As expected, inband optimization yields more improvement in 
the linear equalization scheme than in decision feedback. 

We have also evaluated the optimized results as a function of the 
actual signal-to-noise ratio p, where the noise is measured in whatever 
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band happens to be optimum. We found insignificant differences 
between these and the suboptimized results shown in Figs. 5 through 
10. 

In concluding this section we wish to stress that in practice error 
propagation problems may negate the indicated theoretical results for 
this channel. Wh~n the MSE is large, errors will result. In addition, the 
tap gains of the feedback filter may become quite large causing those 
errors which do result to propagate. 
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APPENDIX A 

Solution oj the W iener-H opj Equations 

We wish to solve the set of linear equations 

o 
Rk = L M n-kSn, k = 0, - 1, - 2···, (64) 

n=-oo 

where {Rd ~oo and M n-k = R n- k + N~Dn-k (Dn-k = 1, n = k; Dn-k = 0, 
n ~ k) are given. 

Since {M n} ~ 00 is a correlation sequence with positive Fourier 
coefficients it is well known that it can be represented as the discrete 
convolution of a sequence {M;}~oo and a sequence {Mj-};, namely 

Mn = t MtM:;;:-J for all n. (65) 
i=O 

Let the sequence {X n} ~ 00 be determined from 

Rk = t MtXk- h all k. (66) 
i=O 

Substituting (65) and (66) into (64) gives 

.f Mt !Xk-i - t SnM;;-k-J} = o. 
J =0 n= - 00 

(67) 
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Clearly a solution of 
o 

X k = L SnJJf;;_k, k ~ 0, (68) 
n=-oo 

is also a solution of (67). 
Define the two-sided discrete Fourier transform of a sequence {Xn} ~ 00 

by 
00 

X(O) = L XneinIJ . 
n=-oo 

Take the transform of both sides of (66) to obtain 

R(O) = M+(O)X(O). 

The one-sided transform ( n=~ 00 ) of (68) is 

X-CO) = S-(O)M-(O) 

and X-CO) is obtained from (69) as 

- [ R(O) ] 
X (0) = M+(O) _' 

(69) 

(70) 

(71) 

where [. J- stands for "projection to negative integers only." To 
obtain the projection, expand [. J in a two-sided Fourier series and 
retain only the part of the series containing negative/positive coeffi­
cients (including zero). 

Thus the desired solution is 

S-(O) = M!(O) [ :i~~) ]_. 
To proceed further, observe that since M(O) = M+(O)M-(O) 

M(O) = R(O) + N~ it is possible to calculate explicitly 

[ 
R(O) ] = M-(O) + N~ 

M+(O) - 'Yo' 

where 'Yo is the dc coefficient of M+(O). 
The final solution for S-(O) is therefore 

N' 
S-(O) = 1 - M-(;)'Yo. 

(72) 

and 

(73) 

(74) 

As pointed out in the text, there are various methods available for 
calculating M±(O) from a known function M(O). We briefly outline 
one such approach. Since M (0) > 0, 0 ~ 0 ~ 271", In M (0) may be 
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expanded in a two-sided Fourier series 

In M (0) = t 'Y;;e inO + f. 'Y;[e inO
• 

n=-oo n=O 

Knowing the sequence {'Yg=} ~oo we can get immediately 

M+(O) = cxp 1 ,~o 7te;" I 
and 

M-(O) = exp 1 n~~. 7;;-e;" \. 

(75) 

(76) 

Notice that the dc term of ]:[+(0) equals the dc term of M-(O). 

APPENDIX B 

Evaluation of Integrals 

B.1 Decision Feedback 

The detailed evaluation of 

(77) 

is accomplished as follows: Change the variable of integration to 
x = (-{.4jiy - In p) which gives 

1 j.,f2f3-In p 
I = -{3 In[l + e-xJ[x + In p Jdx. 

-In p 

(78) 

Assume ~ > In p > 0 and write (78) as 

I = ! (fO + r.,f2f3-In p ) 

{3 -In p i 0 

1 en p 1 tn p 

= ~ io x(Inp - x)dx + ~ io (Inp - x) In [1 + e-xJdx 

1 r.,f2f3-In p + ~ io (x + In p) In [1 + e-xJdx (79) 

= (In p)3 _ (In p)3 +! tn p (In p _ x) In [1 + e-xJdx 
2{3 3{3 {3 i 0 

1 r.,f2f3-In p + ~ io (x + In p) In (1 + e-x)dx. 
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Since x > 0 in the range of integration, expand 
00 e-nx 

In [1 + e-xJ = L (- 1) n+l -
n=l n 

and substitute into (79) to obtain 

I = (In p)3 + ! t (_ l)n+l lIn p An(In p) _ Bn(In p) 
6/3 /3n=l n n 

+ B n (~ - In p) + In pAn (~ - In p») (SO) 
n /3 n ' 

where 

and 

Collecting terms and recognizing that 

00 1 2 
L (- 1) n+l 2 = ~ 

n=l n 12 
we finally get 

I 
__ (In p)3 + 7r2 In p ~2 00 (pe-m ) n --'------- - - L (- 1) n+l ---'------'---

6/3 /3 n=l n2 

+ - L (- l)n+l- - - (pe-m)n . 1 00 1 [ 1 ] 
/3 n=l n3 pn 

When In p > ~ > 0, (77) can be expressed in the form 

1 /0 I = ~ -lnp (x + In p) In [1 + e-xJdx 

1 r-(ln p- m) 
+ ~ J 0 (x + In p) In [1 + e-xJdx 

1 t np 

= ~ Jo (In p - x)[x + In(l + e-x)Jdx 

1 r1np
- m 

- ~ Jo (In p - x)[x + In (1 + e-x) Jdx. 

(Sl) 

(S2) 

At this stage In (1 + e- x ) is again expanded in a power series and when 
the terms are collected we obtain 

2 ~ 00 enm I = In p - - "2ti + - L (- 1) n+l -
3 /3 n=l n2p n 

1 00 1 + - L (- l)n+1 3n [1 - en~]. (S3) 
/3n=l np 
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B.2 Linear Equation 

The integral we wish to evaluate here is 

I = 210; (1 + pe-~)-ldy. (84) 

We follow the identical procedure as in the previous case. First change 
the variable of integration to obtain 

1=- dx. 1 1..J2fJ-1n 
p (X + In p) 

{3 -In p 1 + e-x 
(85) 

Assume that ~ > In p > 0 and write 

I = ! (10 
+ r..J2fJ-

In
p) 

{3 -Inp Jo 
_ 1 r..J2fJ- In p (x + In p) 1 r inp e-x(In p - x) 
- ~ J 0 1 + e-X dx + ~ J 0 1 + e-X dx 

= ;{3 (~- Inp)(~ + lnp) 

1 00 + ~ n"f
1 
(- l)n[Bn(~ - In p) + Bn(ln p)] 

In p 00 + 73 n~l (- 1)n[An(~ - In p) - An(In p)] 

= 1 - (In p)2 _ 7T"2 + ~ In [1 + pe-..J2fJ] 
2{3 6{3 

+! f (- 1)n+1l (1. + (pe-~)n). (86) 
(3 n=l n2 pn 

When In p > ~ > 0 we get 

1 fIn p e-X(In p - x) 1 fIn p-~ e-x(ln p - x) 
1=- dx - - dx 

{3 0 1 + e-X {3 0 1 + e- X 

1 00 

= ~ n"f
1 
(- 1)n+l{ln pAn(In p) - Bn(ln p) 

+ In pAn(ln p - ~) + Bn(ln p - ~)} (87) 

and after collecting terms we finally obtain 

J [ e..J2fJJ 1 00 1 [1 (e..J2iJ )n] I = -In 1 + - + - L (- 1)n+l - - - - • 
{3 p {3n=l n2 pn p 
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Traffic Measurement Biases Induced by 
Partial Sampling 
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(Manuscript received March 22, 1973) 

Under equilibrium conditions, the sample average of the delays en­
countered by all the calls submitted during a given time interval is an 
unbiased estimate of the mean of the delay distribution. If some of the 
delays are not observed, the resulting sample average need no longer be 
an unbiased estimator of the corresponding population mean. This is the 
case when, for instance, only a limited number of delays can be timed 
simultaneously. The purpose of this paper is to investigate these biases 
for queuing systems when only one clock is available and thus one delay 
only can be measured at a time. It is shown that, regardless of the order 
of service, the expected value of the observed average delays is always 
smaller than the mean waiting time for all calls. 

Although the average delay on all calls is independent of the order of 
service, the measurement biases resulting when only one delay can be 
measured at once depend on the queue discipline. In particular, we shall 
show that the average delay for all calls is always larger than the average 
delay of the observed calls even if these calls are always served last (ob­
served-call served-last). 

I. INTRODUCTION 

The following remarks due to J. F. C. Kingman appear in the 
Proceedings of the Symposium on Congestion Theory held at the Uni­
versity of North Carolina in 1964 (Ref. 1, pp. 314-315) : "To illustrate 
the pitfalls of inference from congestion systems, let me tell a (more 
or less true) story. It was desired to estimate the mean waiting time 
in a particular queuing system, and for technical reasons, only one 
customer could be timed at once. Thus the waiting time Wl of a customer 
was measured. When he entered service, the next customer to arrive 
was observed and his waiting time W2 was noted. This procedure 
continued, the waiting times W3, W4, ••• being measured, and, for 

1375 
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large n, 
n-1 (Wl + W2 + ... + wn ) 

was used as an estimate of the waiting time. It is, however, strongly 
biased and inconsistent, because of the selection of the customers to be 
observed. The mean waiting time is overestimated by a factor which 
becomes arbitrarily large as the traffic intensity approaches one." We 
stress that, according to this sampling procedure, a customer is observed 
if and only if it arrives when the clock is free. 

Another instance of biases induced by the measurement procedure 
is reported by Oberer and Riesz. 2 These authors have investigated the 
possibility of estimating blocking probabilities in telephone networks 
by means of test calls generated by a single source repeatedly calling 
a dedicated number. Their study shows that the proportion of blocked 
test-calls does not yield a suitable estimate of the grade of service as 
it is markedly biased downwards. As expected the bias becomes larger 
as the intervals between consecutive (nonoverlap ping) test-calls 
becomes smaller. It is also established in Ref. 2 that the relative 
test-call biases increase as the blocking probability decreases. 

It is worth noting that the biases studied in Ref. 2, as well as here, 
are of a different sign than those referred to by Kingman. Much more 
important, however, is the fact that measurement techniques which, 
superficially, appear to be adequate may prove to be very unreliable. 
It is thus becoming increasingly clear that great care is required in the 
design of performance measurements for stochastic service systems 
so that unanticipated biases are not encountered. 

The purpose of this paper is to investigate the effects of partial 
sampling on the estimate of the mean (overall) waiting time obtained 
by averaging measured delays. The biases induced by such limitations 
will be studied here for M/G/1 and GIIMI s when at most one call 
can be observed at once and the estimation procedure is as described 
by Kingman. We shall see that, in these systems, the equilibrium 
average delay of the observed calls is always smaller than the equi­
librium average delay for all calls. 

It is well known that the average delay for all calls is the same for 
all queue disciplines which are independent of the lengths of the 
individual calls (no other type of queue disciplines will be considered 
here). As we shall see, this is not true of the mean measured delay when 
only one delay can be recorded at a time. In this case, both the un­
conditional and the conditional average delayst are (as expected) 

t As customary, unconditional and conditional delays pertain to arbitrary and 
delayed calls respectively. 
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smallest when the observed calls are served first and largest when they 
are served last. (In particular, the second extreme case occurs in 
systems with first-come last-served queue discipline.) Furthermore, 
in view of the general inequality mentioned at the end of the preceding 
paragraph, the upper bound for the unconditional average delay of 
the observed calls (which is reached when the observed calls are served 
last) is always a strict lower bound for the unconditional average delay 
for all cans! 

The preceding result pertains to unconditional delays and does not 
always hold for the average delay of those sampled calls which en­
counter a delay. Thus for M/M/s, the conditional average delay for 
all delayed calls is equal to the conditional average delay of the ob­
served delayed calls so long as these are always served last. (Note that 
for M/M/ s, the average delay of the delayed calls is equal to the 
average length of the busy period, and that the waiting-time distri­
bution of the observed calls coincides with the busy-period distribution 
for the observed-served-last measurement procedure.) In contrast, 
for the M/rk/1 queue, the upper bound for the conditional average 
delay of the observed delay calls is larger than the average conditional 
delay for all delayed calls when k > 1, the inequality being reversed 
whenever 0 < k < 1. (rk is used here to designate the gamma distri­
bution with mean 1 and variance k-1• Thus M/rI! s is identical to 
M/M/ s. When k is an integer, r k is the Erlangian distribution often 
designated Ek.) 

Expressions for the moments of the equilibrium delay-distribution of 
the observed calls are given for M/G/1 and first-come first-served 
queue discipline. The equilibrium delay-distribution of the observed 
calls is also derived for M/MI s with order-of-arrival service. (Cor­
responding results for the "observed-call served-first" and the "ob­
served-call served-last" measurement procedures are immediate.) These 
formulas are used to show that the biases induced by partial sampling 
can be quite substantial. 

When the average service-time is unity, an assumption made 
throughout, the average delay, EW, for the single-server queue 
M/G/I is given by the formula (Ref. 3, pp. 46-50) : 

EW = am2/2(I - a), 

where a is the server occupancy and m2 is the second moment about 0 
of the service-time distribution. Since m2 can be arbitrarily large, no 
bound can be placed on the value of EW. But when only one delay 
can be timed at once, we shall see that the expectation of the observed 
delays cannot exceed 1/ (1 - a). Therefore for any prescribed value 
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of a, it is always possible to find service-time distributions for which 
the ratio of the average delay for all calls to the average delay of the 
observed calls exceeds any given bound. 

To simplify the exposition we restrict ourselves to full-access delay 
systems with recurrent inputs in which delays are measured by means 
of a single clock. Some of the results obtained below can, however, 
be extended to more general situations. 

(In the sequel, W, with or without affix, is used to designate the 
waiting time of an arbitrary call while W *, with or without affix, is 
used as the generic symbol for the observed delays when only one 
clock is available.) 

II. A GENERAL DELAY FORMULA 

Consider the queuing system GI/G/s and suppose that the arrival 
and service-time distributions are such that equilibrium can be 
reached. (To avoid trivial qualifications we assume throughout that 
the mean interarrival time is finite. For the same reason, the under­
lying distributions are also supposed to be such that simultaneous 
occurrences of events need not be considered.) The purpose of this 
section is to derive a formula relating the average delay of the observed 
calls to the equilibrium probability, cf>, that an observed call has 
immediate access to a server. To this end we prove first that 

<I> = (1 - B)(1 + A)/[ (1 - B) (1 + A) + B], (1) 

where B is the equilibrium blocking probability for all calls and A is 
the expectation of the number of unobserved calls originating during 
the waiting time of an arbitrary observed delayed call. 

It follows from (1) that the probability that an observed call is 
blocked is always (strictly) smaller than the overall probability of 
delay (so long as B ¢ 0 or B ¢ 1, two trivial cases that we exclude 
from our considerations). This, of course, is a consequence of the fact 
that all nonblocked calls are observed whereas, with one clock only, 
some delays may not be recorded. 

We turn now to the proof of (1). Consider an infinite sequence of 
consecutive calls and for the ith call (i = 1, 2, ... ) let 

X. = {O if the ith call is delayed, 
, 1 if the ith call is not delayed, 

{

o if the ith call is not observed, 
Y i = 0 if the ith call is observed and not delayed, 

1 if the ith call is observed and delayed. 
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Let e > 0. Then assuming that the system is in equilibrium when 
the first call arrives, we have, by the integral stationarity theorem 
(Ref. 4, p. 419), 

EXI 

E(XI + Y I) + e (2) 

and 
lim (Xl + YI) + ... + (Xn + Y n) = E(XI + Y I) (3) 
n-H) (X I + e) + ... + (X n + e) EX I + e ' 

with probability 1. However, since (Ref. 4, p. 421) 

. XI+···+Xn hm = EX I = Pr [X I = 1] > 0, 
n->CXl n 

with probability 1, there is, for almost all realizations of the process, 
an integer n such that the ratios 

m ~ n, 

are well defined. Hence, by (2) and (3), we have 

EXI < r XI+···+Xn 
E(XI + YI) + e = n~~ (Xl + YI) + ... + (Xn + Y n) 

< EXI + e 
= E(XI + Y I)' 

with probability 1 and, letting e tend to 0, 

r XI+···+Xn 
n~ (Xl + Y I) + ... + (Xn + Y n) 

(4) 

with probability 1. 
[The preceding derivation makes use of the fact that the station­

arity-and hence the integral stationarity-of the processes {Xi, 
i = 1, ... } and {Xi + Y i , i = 1, ... } follows from the property that 
the random variables Xi and Y i, i = 1, ... , whose means are finite, are 
"translates" defined on the stationarity queuing process (Ref. 4, 
p. 417 ff.). 

[The formulas in Ref. 4, p. 419, Theorem A, involve conditional 
expectations with respect to fields of invariant events. Under the 
present circumstances these expressions can be simplified. Indeed 
let us specify the state of the system, '1't at time t, by means of the 
vector whose components are the arrival time of the last request 
placed before t and the elapsed portions of the service-times in progress 
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at time t. Then the only invariant sets (Refs. 4 and 5) of the process 
{ 'ft, - 00 < t < oo} are the whole space and the null-set. This 
property, in turn, implies that the conditional expectations of the 
random variables X, and Xi + Y i relative to their invariant fields 
can be replaced by the unconditional expectations EX, and E(X, + Y i ), 

respectively. These and other similar substitutions are made here 
without formal justification. ] 

Consider now an infinite sequence of observed calls and let 

z. = {o if the ith observed call is delayed, 
, 1 if the ith observed call is not delayed. 

Then (Ref. 4, p. 421) 

(5) 

Since (4) and (5) are both equal to the proportion of observed calls 
with zero delay over an interval of infinite length, we have 

(6) 

We note that EX l is equal to the probability that a call (observed 
or not) is not delayed. Hence 

EX l = 1 - B, (7) 

and to complete the proof of (1) we have to show that 

EY l = B/(l + A). (8) 

To this end consider again a stationary sequence of observed calls and 
let Ai be the number of unobserved calls placed during the waiting 
time of the ith call that is both observed and delayed. Then we have 
(Ref. 4, pp. 419-421) 

1. n 
1m 

n-+ co n + A 1 + ... + An 
1 1 

1 + EAl 1 + A' 
(9) 

with probability 1. 
Furthermore, by the integral stationarity theorem (Ref. 4, p. 419) 

and a simple e-argument of the type used in the proof of (2), we have: 

(10) 

with probability 1. 
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Since the left-hand sides of (9) and (10) are both equal to the propor­
tion of delayed calls that are observed, we have 

EYI = E(1 - X 1)/(1 + A) = B/(1 + A). 

This completes the proof of (1). 
Our next step will now be to relate A to the average delay, EW *' 

of the observed calls. Let W i* be the delay of the ith observed call 
and let Vi be the interval between the end of the ith and the beginning 
of the (i + l)st measurement. Let also In be the interval between 
the arrival epochs of the nth and (n + l)st call (in the whole sequence 
of calls, observed or not). Then we have: 

(W 1* + VI) + ... + (Wn* + Un) = II + ... + I Kn , (11) 

where K n, a random variable, is equal to the number of calls placed 
during the interval that starts with an observed call and ends just 
before the beginning of the (n + l)st measurement. By the stationarity 
theorem, we have (Ref. 4, p. 421) : 

lim (W1* + VI) + ... + (W n* + Un) = E(W
1
* + VI), (12) 

n->OO n 

with probability 1, and, by the strong law of large numbers (note 
that the In's are, by assumption, independent random variables with 
finite means and that Kn ~ n), 

1· II + 12 + ... + I Kn _ -1 
1m K -a, 

n->oo n 
(13) 

with probability 1, where a-I is the expected interarrival-time. 
Furthermore, 

Kn = [ZI+ (1 - ZI) (1 + AI)] + ... + [Zn + (1 - Zn) (1 + An)], 

so that 

lim Kn = E[ZI + (1 - ZI)(1 + AI)] = <I> + (1 - <1»(1 + A), (14) 
n->oo n 

with probability 1. 
Combining (11)-(14) we find that 

aE (W 1* + U 1) = 1 + A (1 - <1». (15) 

In particular, when the input is Poissonian, EV 1 = a-I and (15) 
reduces to 

(16) 
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Thus, taking (1) into account, we find that: 

EW* == EW1* = (<1> + B - 1)la(1 - B). (17) 

It should be noted that the preceding relation is valid regardless of 
the order of service. 

When the calls are served in order of arrival, (16) is an immediate 
consequence of the fact that the waiting time of any given call is not 
affected by the stream of requests placed after its arrival epoch. This 
is also true when the observed calls are always served first and (16) 
can then be written down with equal ease. 

We note that (17) can be obtained quickly whenever the epochs 
at which measurements begin or terminate constitute a renewal 
process. In such cases, the expected number of observations in time t 
is (asymptotically) 

(EW* + a-l)-l·t + 0(1), t large, (18) 

and the expected number of arrival points at which the system is 
empty in time t is 

a(1 - B)·t + 0(1), t large. (19) 

The long-term proportion of observed calls with no delay is given by 
the ratio of (19) to (18) with probability 1 (cf. Ref. 6, p. 264, alter­
native form of Theorem IV) : 

(20) 

Since the probability <1> that an arbitrary call is not delayed is in­
dependent of the past, a simple application of the strong law of large 
numbers show that (20) may be equated to <I> and (17) therefore holds. 
An instance where the preceding argument can be applied is the 
MIGII system with observed calls always served last. With this 
order of service, there is exactly one call in the system at the termina­
tion of each measurement. These epochs constitute a renewal process 
since they also coincide with the beginnings of the service-times of 
the observed calls. With an obvious change, the previous argument 
remains true for MIMI s with observed-calls served-last. 

III. TWO EXTREME CASES 

In this section we show that if only one clock is available then the 
expected average delay of the observed calls is largest when the 
observed calls are served last and smallest when the observed calls 
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are served first. These relations are not statistical: They are satisfied 
by all the realizations of the process over any finite or infinite time 
interval regardless of the arrival and service-time distributions. (To 
avoid ambiguities, we assume that the timing device is free at the 
beginning of the realizations.) 

We note first that under any measurement procedure, all the calls 
which arrive when all the servers are busy, but no request is waiting, 
are observed. These calls are the only delayed calls that are observed 
when the observed calls are served last. Therefore (i) the number of 
observed delayed calls takes its smallest value for the observed-served­
last procedure and (ii) during the measurement of a delay, D, under 
this particular procedure any observed delay under any alternate 
single-clock measurement procedure cannot exceed D. Combining these 
two facts and taking into account that all calls with zero delay are 
observed we may conclude that the observed average delay takes 
always its largest value when the observed calls are served last, as is 
the case for the first-come last-served queue discipline. 

When the observed calls are served first, we note that (i) the number 
of observed delays over any busy period (initial or not) is never smaller 
than for any other single-clock measurement procedure and (ii) to 
each observed delayed call there corresponds, under any other single­
clock measurement procedure, one call whose delay is at least as 
large and this correspondence involves all the observed delays under 
the alternate procedure. All calls with zero delay are again observed 
and the average delay of the observed calls takes therefore its smallest 
value when the observed calls are served first. 

Clearly the conditional average delays of the observed calls do have 
the same property. 

IV. BOUNDS FOR THE AVERAGE DELAY OF THE OBSERVED CALLS IN 

M/G/l 

The object of this section is to determine the upper and lower 
bounds for the average delay, EW*, of the observed calls in M/G/I. 
These bounds, as we have seen, are reached when the observed calls 
are served last and first respectively. Under the present conditions, 
formula (17) may be written as follows: 

EW* = (el> + 0: - 1)/0:(1 - 0:). (21) 

For a given server occupancy 0:, EW * is a monotone increasing function 
of el> = el>(o:). Since el> < 1, (21) implies that EW* < (1 - 0:). Hence 
for 0: < 1, EW * is always bounded (but EW is not). 
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It will be convenient to define here the service backlog, at a given 
instant t, as the sum of the service-times of all waiting requests plus 
the residual of the service-time of the request being served. [When 
calls are served in order of arrival, the service backlog is equal to the 
virtual waiting time (Ref. 3, p. 59 ff.).] 

Now let F ( .) be the stationary cumulative distribution of the 
service backlog at the end of a measurement. The probability, <P (a), 
that an observed call does not suffer a delay is simply the Laplace­
Stieltjes transform of F ( . ) evaluated at a since it is equal to the proba­
bility that no call originates during a time interval whose length is 
that of the service backlog: 

<P(a) = IorYJ e-atdF(t). 

Writing 0-(.) for the Laplace-Stieltjes transform of the service-time 
distribution we have the following inequality: 

<P(a) ~ o-(a). (22) 

This inequality is a consequence of the fact that, at the conclusion of a 
measurement, the service backlog may be represented as the sum of 
two independent random variables, one of which is the full service-time 
of the request whose delay has just come to an end while the other is 
equal to the sum of the service-times of all the waiting requests. 
Writing R ( .) for the c.dJ. of the latter and S ( .) for the service-time 
distribution, we have: 

<P(a) = IorYJ e-atd lot R(t - v)dS(v) 

= o-(a) irYJ e-atdR(t) ~ o-(a). 

When the observed calls are served last, 

and 

R(t) = {~ for 
for 

<P(a) = o-(a). 

t ~ 0, 
t < 0, 

We can therefore conclude that 

EW ~ 0- (a) + a-I. 
* - a(l - a) 

(23) 
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We are now in a position to prove that the average delay, EW*, is 
always smaller than the average delay for all calls (observed or not). 

Since the service-time is unity, we have: 

where 1n2 is the second moment of S about the origin. Hence, substi­
tuting 1 - a + a 2md2 for u (a) in (23) we find that, irrespective of the 
service order: 

am2 
EW* < 2(1 _ a) = EW. (24) 

By (23) and the equality in (24) we also have: 

EW/EW > am2 
* 2' 

so that, for any given a, we can always find a service-time distribution 
such that EW / EW * exceeds any preassigned value. 

We now derive an absolute lower bound for EW *. As shown above, 
this bound can be found by assuming that the observed calls are 
served first. Our first step here is to determine A. 

For the observed-served-first procedure, the circumstances under 
which a positive delay can be observed are as follows: at some time 
the clock is not in use and a service-time begins, and during this service­
time a new call arrives. Thus A is the conditional expectation of the 
number of arrivals minus 1 during an arbitrary service-time given that 
at least one call is placed during a service-time. A, therefore, is given 
by the formula 

j "J <Xl (at)n / j"J A = L (n - 1)-, e-atdS(t) (1 - e-at)dS(t) 
o n=l n. 0 

= /o"J [at - 1 + e-atJdS(t) / /o"J (1 - e-at)dS(t) 

= [a - 1 + u(a)J/[l - u(a)]. 

By means of (1) and (21), it is now readily shown that, for the ob­
served-calls-served-first procedure: 

(1 - a) 
2 - a - u(a) 
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and 

EW = 0" (a) + a - 1 
* a[2 - a - ~(a)] 

Summing up, we have the following inequalities for CP and EW *, 
regardless of the measurement procedure: 

2 1 - a ( ) ~ <P(a) ~ O"(a), 
-a-O"a 

(25) 

and 

0" (a) + a - 1 ~ EW ~ 0" (a) + a-I. (26) 
a[2 - a - O"(a)] - * - a(1 - a) 

For exponential service-times, (25) and (26) reduce to 

(1 - a2)/(1 + a - a2) ~ cpI(a) ~ 1/(1 + a), 

a/(1 + a - a2
) ~ EW*I ~ a/(1 - a2

). 

(The subscript 1 is added to <P and EW * to indicate that the service­
times are exponentially distributed.) 

v. THE SINGLE-SERVER QUEUE M/G/1 WITH ORDER-OF-ARRIVAL 

SERVICE 

In this section we consider the M/G/1 queue under the assumption 
that the calls are served in order of arrival. Our principal aim here is 
to determine <P = CP(a) and then, by means of (17), EW*. To this end 
let pn be the probability that there are n calls in the system immediately 
after the conclusion of a measurement. Then, relating the state proba­
bilities at two consecutive conclusions of delay measurements, we 
find that 

PI = f:. pn ('fJ e-atdS(n) (t) + f:. pn (00 ate-atdS(n) (t), 
n=1 Jo n=1 Jo 

00 /00 (at)k Pk = L pn -,- e-atdS(n) (t), 
n =1 0 k. 

k > 1, 
(27) 

where sen) is the nth convolution of the service-time distribution, S, 
with itself. 

Now let 

Equations (27) yield: 
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00 (<Xl [ 00 (atx)m ] 00 

= ];1 pn J 0 rEI m! e-at dS(n) (t) + X n~1 Pnun (a) 

= ntl pn 1o<Xl e-at(eatx - I)dS(n)(t) + x nt pnun(a) 

00 00 

= L Pnun[a(I - x)] - (I-x) L Pnun(a) 
n=1 n=1 

= G{u[a(I - x)]} - (1 - x)G[u(a)]. 

Summing up, we have the relation 

G(x) = G{u[a(I - x)]} - (1 - x)G[u(a)]. (28) 

Note also that 

<p(a) = f. pn (<Xl e-atdS(n)(t) = G[u(a)]. 
1 Jo 

Let Xo == u(a) and Xn == u[a(l - Xn-l)], n = 1, 2, .... 
Since 0 ~ a < 1, we have Xo < Xl < ... ~ 1 and limn-+ooxn does 

therefore exist. With this notation, we obtain, from (28) : 

<P(a) = G(Xl) - (1 - xo)cf>(a), 

G(Xl) = G(X2) - (1 - xl)<P(a), 

Adding up these relations, we find that: 

and, by passing to the limit, 

(29) 

(30) 

(Note that limn-+ooG (Xn) exists since the Xn constitute a positive 
monotone-increasing sequence bounded by 1. By letting n ~ co in the 
last of the relations (29) it follows immediately that limn-+ooxn = 1 so 
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long as cp (a) ~ O. This last condition is however clearly satisfied 
whenever a < 1.) 

In particular, when the service-times are negative exponential, we 
have: S (t) = 1 - e- t

, t ~ 0, O"(s) = (1 + s)-1, and (1 - Xm) = a mH/ 

(1 + a + ... + a m+1). Hence, by (30), 

(31) 

We examine briefly the case where the service-times have a gamma 
distribution with parameter k (the subscript k is added to the symbols 
considered earlier in order to stress their dependence on k). We have, 
in this case: 

O"k(a) = [k/ (k + a) J. 
Then 0" k (a) is a strictly decreasing function of k (> 0) as can be seen 
by taking the derivative of In O"k1(a) = In (1 + a/k)k and using the 
inequality In(1-x»x/(l+x), x>O (Ref. 7, p. 68). This 
monotonicity property of O"k implies that 

Xkl > Xk+h.l,· . " k > 0, h > 0, 

and we have, therefore: 

co co 

L: (1 - Xkm) < L: (1 - Xk+h.m), h > 0, 
m=O m=O 

so that 

and from (21) 
EW *k > EW *.k+h, k > O. 

For k = 1 (exponential service-time) the conditional average delay 
for the delayed calls under the observed-last-served procedure is equal 
to the average length of the busy period. To see this one need only 
note that each positive observed delay begins with an arrival that 
occurs when there is exactly one customer in the system and ends 
when, for the first time thereafter, there is no waiting customer. 
Hence, for k = 1, the conditional delay distribution of the observed 
calls is the same as the busy-period distribution (Ref. 8, p. 32). Since 
the average length of the busy period and the average of the condi­
tional waiting times of all the delayed calls are both equal to (1 - a)-l 
(Ref. 3, p. 63), we have 

E_W_l = ETV*l 
1 - O"l(a) 

O"l(a) + a-I 1 
[1 - 0"1 (a) Ja (1 - a) = 1 - a ' 

(32) 
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where EW *1 designates the average delay when the 
are served last. 

Clearly, the inequalities (22) and (23) imply that 

EW*k < O"k(a) +a -1 
1 - cP k = [1 - 0" k (a) Ja (1 - a) 

1389 

observed calls 

(33) 

We note that if the service-times have a gamma distribution with 
transform O"k(S) = (k/k + S)k, then the conditional average delay on 
all delayed calls is given by the formula (Ref. 3, p. 50) : 

EWk [k + 1] 1 
-a-= -k- 2(I-a)· (34) 

Substituting (k/k + a)k for O"k (a) in (33) we obtain the following 
upper bound for the conditional average delay of the observed delayed 
calls (this bound, as we know, is reached when the observed calls are 
served last) : 

[k/ (k + a) Jk + a-I (35) 
{1 - [k/ (k + a) Jk}a(1 - a) 

Subtracting (34) from (35) we find that the difference is of the same 
sign as 

a - {1 - [k/ (k + a) Jk} [1 + (k + l)a/2J. (36) 

The two factors in the second term of (36) are both increasing func­
tions of k and since (36) vanishes for k = 1 [a fact that we already 
know from (32) J we may conclude that (35) is smaller than (34) for 
o < k < 1, and greater than (34) for k > 1. This proves that, for 
k < 1, the conditional average delay for all delayed calls is still larger 
than the conditional average delay for all observed delayed calls even if 
these calls are served last. For k > 1, the conditional average delay 
of the observed delayed calls for the observed-served-last procedure 
is larger than the conditional average delay of all the delayed calls. 

Expressions for the higher moments of the observed calls delay­
distribution are also readily obtained. Let F be the equilibrium cumu­
lative distribution of the virtual waiting time, V, at the conclusion 
of the measurement of a delay (this delay, of course, may be equal to 
zero). The delay distribution, K, of the calls whose delays are observed, 
can be readily expressed in terms of F. Indeed we have: 

K(w) = Pr [W. ~ w] = a j,w { f.~ exp - a(y - t)·dF(y) ldt 

+ 1000 

e-aydF (y). (37) 
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TABLE I-MEANS AND STANDARD DEVIATIONS OF THE DELAY DIS­

TRIBUTIONS FOR ALL CALLS AND FOR ALL OBSERVED 

CALLS (1 CLOCK) IN M/M/1-FIRST-

COME FIRST-SERVED 

ex EW1 SWl EW*l SW*l 

0.1 0.11111 0.48432 0.09259 0.42264 
0.2 0.25000 0.75000 0.17840 0.58463 
0.3 0.42857 1.0202 0.26684 0.72360 
0.4 0.66667 1.3333 0.36669 0.87308 
0.5 1.0000 1.7321 0.48958 1.0590 
0.6 1.5000 2.2913 0.65554 1.3188 
0.7 2.3333 3.1798 0.90754 1.7310 
0.8 4.0000 4.8990 1.3659 2.5191 
0.9 9.0000 9.9499 2.5808 4.7519 
0.92 11.500 12.460 3.1398 5.8266 
0.94 15.667 16.637 4.0284 7.5793 
0.96 24.000 24.980 5.6974 10.987 
0.98 49.000 49.990 10.243 20.776 
0.99 99.000 99.995 18.393 39.434 

The problem of finding the distribution K of the observed delays 
is thus reduced to the problem of finding F. The distribution F satisfies 
the following integral equation: 

F(t) = f: t dS(n)(u) r~ e-ay (a y:
n 

dF(y) 
n=l Jo Jo n. 

+ lot dS(u) 1000 
e-aydF(y), (38) 

where S(n) stands for the nth convolution of S with itself. Equation 
(38) follows immediately upon noticing that, at the conclusion of a 
measurement, the only calls in the system are (i) the call whose delay 
has just been measured and (ii) all the calls which arrived during the 
measurement interval (we note that the preceding argument makes 
essential use of the assumption that calls are served in order of arrival). 

Let <p and u be respectively the Laplace-Stieltj es transform of F 
and S. Then transforming (38) we obtain 

<p(s) = £ un(s) (00 e-ay (ay:
n 

dF(y) + u(s) (00 e-aydF(y) 
n=l Jo n. Jo 

= cp{a[1 - u(s)J} + cI>(a)[u(s) - 1]. (39) 

This formula may be used to derive recurrence relations for the 
moments of V. Let n!fJ.n = EVn and 

n!vn = (_ 1)n
d
d

nu (s)i = (00 tndS(t), 
s 8=0 J 0 
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so that n !v n is the nth moment of the service-time distribution. Using 
Faa di Bruno's formula for the derivative of a composite function 
(Ref. 9, p. 36) we find that: 

"" k ! k lei. • • vlen + .:f.. ( ) J.Ln = L.J kd ••• kn!J.Lkex VI n '±' ex V n, (40) 

with k = kl + ... + k n and the sum over all solutions in non-negative 
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Fig. 2-Conditional average delay for MIMl1 vs occupancy. 

integers of kl + 2k2 + ... + nkn = n (note that VI = 1 since the 
average service-time is assumed here to be equal to 1). 

In particular, for n = 1, 2, and 3 we have: 

J.Ll = EV = cI>(a)/ (1 - a), 

EV2 
J.L2 = 2! = cI>(a)v2/ (1 - a) (1 - ( 2), 

EV3 
J.L3 = 3! = cI>(a)[2a2v~ + v3(1 - ( 2) J/ (1 - a) (1 - ( 2)(1 - ( 3), 

where cI> (a) is the probability that an observed call is not delayed. 
When the service-time distribution is exponential (with mean 1) 

we have Vi = 1, i = 0, 1, ... , and (40) becomes: 
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n~l. 

Equation (37) may be used to express the moments of K in terms of 
the moments of V. We have: 

EW~ = 1000 

wndK(w) = a 1000 

wn Loo 

exp - a(y - w)dF(y)dw, 

and, upon integrating by parts, we obtain 

1 
EW = EV - - [1 - <P(a)] 

* a ' 
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and 

n> O. 

Thus, in particular, we have 

EW = cI>(a) + a-I 
* a(l - a) , 

EW2 = 2a2cI>(a)v2 - 2[<I>(a) + a - 1J(1 - a2) . 
* a2 (1 - a)(l - a2) 

The moments of W * depend only on the moments of the service-time 
distribution and on cI>(a). 

As a numerical illustration of the biases induced when only one 
clock is available, the means and the standard deviations of W 1 and 
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1.0 

W *1 are given in Table 1. (The standard deviations of WI and W *1 

are designated by SW 1 and SW *1 respectively.) For further quanti­
tative results, see Figs. 1-6. 

VI. THE SINGLE-SERVER QUEUE MIMII 

In this section we consider a single-server delay system and assume 
that: (i) calls arrive in a Poisson process of intensity a; (ii) the 
service-times are independent random variables with the same negative 
exponential distribution; and (iii) calls are served in order of arrival. 
We again suppose that only one delay can be measured at a time. Our 
purpose here is to derive the delay distribution of the observed calls. 

Let F ( .) be the equilibrium cumulative distribution of the virtual 
waiting time at the conclusion of the measurement of a delay; the 
measured delay may of course be equal to zero. From (38), the distri-
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bution F ( .) satisfies the following integral equation: 

F(t) = [t J [~t e-ay (ay)n u
n
-

1 
e-UdF(y») du 

Jo 1 Jo n=l n! (n - I)! 
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This relation implies that F ( .) is continuous and that the virtual 
waiting time, at the conclusion of a measurement, has a density func­
tion f(·) [at t = 0, the latter is defined as the right-hand derivative 
of F ( . )]. W e have therefore 

!c
oo 00 (ay) n tn- l !coo 

f(t) = e-t f(y)e-av L -- . dy + e- t f(y)e-aVdy 
o n=l n! (n - 1)! 0 

= aie-tt-! 1000 

f(y)e-avy!fI[2(ayt)!]dy + e- t 10
00 

f(y)e-aVdy, (41) 

where 11 ( .) is the modified Bessel function of order 1 (Ref. 7, p. 374). 
The preceding relation implies that f(·) is of the form 

f(t) = h (t) + ce- t, 

where c is a constant. Substitution of this expression in (41) yields, on 
taking relation 29.3.81, p. 1026, of Ref. 7 into account: 

fl(t) = ale-tti (00 h(y)e-aVy!fI[2(ayt)l]dy + cae-
t 

eatl(1+a). (42) 
} 0 (1 + a)2 

Thus h ( .) is of the form 

Ca 
h(t) = h(t) + (1 + a)2 exp - t/(l + a), 

and substituting this expression in (42) we find that f2 ( . ) is of the form 

ca2 

f2(t) = faCt) + (1 + a + (2)2 exp - t/(l + a + (2). 

Proceeding in this manner, we define successively f4('), f5('), .. " and 
it is readily shown, by induction, that: 

Cam 

fm(t) = fm+l(t) + '(I + a + a2 + ... + am)2 

. exp - tl (1 + a + ... + am), m = 0, 1, 2, ... ; 

fo(') = f(·)· (43) 

Passing to the limit, we obtain, in this manner: 

00 am 

f(t) = foo(t) + C mr;,o (1 + a + ... + am)2 

. exp - tl (1 + a + ... + am), 

where f 00 ( .) = limm-+oof m ( .) satisfies the integral equation: 

foo (t) = a!e-tt-! 1000 

foo (y)e-avy!f 1[2 (ayt)!]dy. (44) 



1398 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1973 

Note that, by virtue of (43), fm(t) > fm+l(t) for all t and that 
limm-+oofm (t) does therefore exist and is non-negative since f m > 0 for 
all m. 

We shall prove now that the only non-negative solution of (44) 
is foo(t) == 0. 

Let 

Then, transforming the previous relation, we have by Ref. 7, p. 1026, 
equation 29.3.81 : 

O(s) = a! 1000 

e-Bte-tt-! 1000 

foo(y)e-avy!I1[2(ayt)!]dy·dt 

= allooo foo(y)e-avy!(ay)-!(eaV/HB - l)dy 

10
00 

foo (y) exp - ay ( 1 - 1 ~ s)dy 

- 1000 

foo (y) exp (- ay)dy 

= 0 (1 ~ s) - O(a). 

Setting s equal to zero in the preceding relation, we find that O(a) = ° 
which implies that foo(t) == ° and we have, therefore, for exponential 
service-times: 

00 am 
f(t) = C L 

m=O (1 + a + ... + a m )2 

. exp - t/ (1 + a + ... + am), t ~ 0, 
00 am 

1 - F (t) = C m~o 1 + a + ... + am 
(45) 

. exp - t/ (1 + a + ... + am), t ~ 0, 

f(t) = F(t) = 0, t < 0, 

where the constant c is determined by the condition F (0) = 0. 
By means of (37) and (45), it is readily seen that the conditional 

delay distribution is given by the following formula: 

00 am+1 
Pr [W * ~ t I observed call delayed] = c' Eo 1 + a + ... + am+! 

. exp - t/ (1 + a + ... + am), t > 0, 
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where c' is determined by the requirement that the preceding expres­
sion be equal to 1 for t = O. 

The effect of partial sampling on the delay distribution is illustrated 
in Fig. 6. 

VII. THE MULTISERVER QUEUE M/M/ s 

In this section we consider a full-access multis~rver delay system 
with Poisson arrivals and exponential service-times. Our purpose here 
is to determine the probability <PiS) that an observed call is served 
without delay and the expected delay EW~i of the observed calls 
(<pP) = <PI, WW = W *1). This is easily done. Indeed, under the present 
assumptions, A is) the expected number of nonobserved calls during 
the measurement of a positive delay is: 

A(S) _ aEW*1 
1 - s(1 - <PI) , (46) 

where EW *1 and <PI pertain to the single-server queue with load a/ s. 
Equation (46) is an immediate consequence of the fact that in an 
s-server system with demand rate a and service rate 1, the conditional 
average delay of an observed call, EW~U (1 - <PiS»), is equal to the 
conditional average delay of an observed call in a single-server queue 
with offered load a/sand service rate s, i.e., EW *1/ s(1 - <PI)' 

Hence, by (46) and (1) we have 

<p?) = (1 - B)[(a/s)EW *1 + 1 - <PI] 
(1 - B)[(a/s)EW*1 + 1 - <PI] + B(1 - <PI) 

so that, by (17), 
EW(S) _ B·EW*1 

*1 - s(1 - <PI) + a(1 - B)EW *1 
We note that 

EW~l _ (1 - a/ s)EW *1 
EW1S) - 1 - <PI + (1 - B) (a/ s)EW *1 

For a/ s fixed, the blocking probability B is strictly decreasing and 
tends to 0 as s increases. Hence 

EW~l EW~tm) 
EWiS) > EWis+m) ' m > 0, 

and 
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We stress that the preceding relations are valid regardless of the order 
of service. 

Numerical values are given in Table II. They show, in particular, 
that, for a given server occupancy, the magnitudes of the relative 
biases become larger as the number of servers, s, increases but remain 
bounded. 

VIII. AN INEQUALITY FOR GI/M/s 

For the M/G/I queue we have seen that the average delay on all 
calls, EW, is always larger than the expected delay EW * even if the 
observed calls are served last. It will be shown here that the same 
relation also holds for the multiserver queue GI/M/8. 

When the observed calls are served last, the waiting times of the 
observed delayed calls have the same distribution as the busy period 
whenever the service-times are exponential. Writing EW~i for the 
unconditional average delay for the observed-served-Iast procedure 
we have therefore: 

EW~i = (1 - <I»/s(I - b), (47) 

where b is the root of smallest absolute value of the equation (Ref. 10, 
p. 225 ff.) 

z = A*(I - z) 

and A* is the Laplace-Stieltjes transform of the interarrival distri­
bution A. We note here that b is also the blocking probability in the 
associated single-server queue GI/M/I with A as interarrival distri­
bution and exponential service-time distribution with mean 1/ s. 

By means of (1) we can rewrite (47) as follows: 

EW~i = B/s(I - b)[(1 - B)(I + A) + B], (48) 

where B is the probability of delay in the GI/M/8 queue. 
When the observed calls are served last, 1 + A is equal to the 

expected number of calls served during a busy period of GI/M/ s 
which, in turn, is equal to the expected number of calls served during 
a busy period of the associated single-server queue GI/M/I. Hence, 
we have (Ref. 10, p. 286) : 

1 + A = (1 - b)-I, 

and on taking this relation into account, (48) reduces to 

EW~i = B/s[I - B + B(l - b)]. 



a/s EW*l 

0.1 0.093 
0.2 0.178 
0.3 0.227 
0.4 0.337 
0.5 0.490 
0.6 0.656 
0.7 0.908 
0.8 1.37 
0.9 2.58 
0.95 4.71 

TABLE II-AVERAGE DELAYS IN M/M/s-FIRST-COME FIRST-SERVED 

EW*l/EWl EW~~) EW~~) /EW~2) EW~~) EW~~) /EW~4) EW~~) EW~~) /EW~8) 

0.83 0.008 0.82 
0.71 0.029 0.70 0.002 0.69 
0.62 0.059 0.60 0.008 0.58 0.0004 0.57 
0.55 0.099 0.52 0.018 0.49 0.0019 0.48 
0.49 0.151 0.45 0.037 0.42 0.0059 0.40 
0.44 0.224 0.40 0.065 0.36 0.0146 0.34 
0.39 0.336 0.35 0.111 0.31 0.0316 0.28 
0.34 0.541 0.30 0.199 0.27 0.0665 0.23 
0.29 1.09 0.26 0.438 0.22 0.166 0.19 
0.25 2.06 0.22 0.866 0.19 0.349 0.17 

-- - - - -- -

[EW*l/EWl l", 

0.82 
0.69 
0.57 
0.48 
0.39 
0.31 
0.24 
0.16 
0.086 
0.045 

-- --

t-3 

~ 
~ 
~ 
~ 
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l::= 
trJ 
~ 
rfl 
c:::! 
;0 
trJ 
l::= 
trJ 
Z 
t-3 
t::d 
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~ 
rfl 
trJ 
rfl 

I--' 
t+:­o 
I--' 
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But the average delay for all calls is given by the formula (Ref. 11, 
p. 383): 

EWiS
) = Bls(l - b) 

so that 
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By R. D. COLEMAN 

(Manuscript received April 18, 1973) 

We consider an N -server queuing system with Poisson arrivals and 
exponential service, in which arriving customers must pass through a 
gate into a waiting room before becoming eligible for service. Customers 
who find the gate closed wait outside until the gate opens; customers 
inside the waiting room are served at random. When the last customer 
inside acquires a server, the gate admits all those outside and then closes 
again. If no customer is waiting outside when the gate opens, the gate 
remains open until there is a queue of k waiting customers. 

Service offered by this system is intermediary between random service 
and order-of-arrival service. As long as the gate is open and fewer than 
N + k customers are in the system, service is purely random. The param­
eter k can be regarded as a threshold at which the queue is Judged too long 
to permit random service to continue. 

Our main results are (i) the Laplace-Stieltjes transform of the equilib­
rium distribution of the waiting time of an arbitrary customer and (ii) 
a comparison of the second moments of the waiting time for different 
values of k with those of the waiting time under random service and order­
of-arrival service. The service is shown to be "nearly random" at low 
loads and "not quite order-of-arrival" at high loads; for higher values of 
k this transition occurs at higher traffic intensities. 

1. INTRODUCTION 

Switching systems, particularly electromechanical switching systems, 
are often constructed so that if several customers are awaiting service 
simultaneously, they will receive service in what is essentially random 
order, i.e., a server which becomes idle will choose its next customer 
at random from the queue of customers awaiting service. Such an 
arrangement may be satisfactory when the traffic intensity is low, 
but as the intensity increases, a progressively greater number of 

1403 



1404 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1973 

customers will have to wait an undesirably long time, and the quality 
of service may become unacceptable. 

There are available, however, methods of providing service other 
than "random service"; the most obvious one is service in order of 
arrival. The quality of service, which depends in part on the variance 
of the waiting time, will still diminish as the traffic intensity increases, 
but not as quickly as when random service is used. In fact, order-of­
arrival service is the "best" discipline (at least when the order of 
service does not depend on individual service times) in the sense that, 
for a given traffic intensity, and hence mean waiting time, the variance 
of the waiting time is smallest. l Unfortunately, it may not be worth­
while (or even possible) to build a system which offers service in order 
of arrival. One is therefore led to consider an intermediary queue 
discipline, one for which the variance of the equilibrium waiting time 
lies between that of random service and that of order-of-arrival 
serVIce. 

Suppose we have an MIMI N queuing system with customers arriv­
ing at rate A and requiring a mean service time J.L- l . Suppose further 
that customers must first pass through a gate into a "corral," or 
"waiting room," before becoming eligible for service. So long as there 
are not more than N customers in the system, the gate remains open; 
an arriving customer enters the corral immediately and, if some server 
is idle, begins service. As soon as a customer has to wait (having 
found N customers in the system), the gate closes until that customer 
enters service. 'The gate then opens to admit all those who have 
accumulated outside the corral, and immediately closes again, re­
maining closed until all those inside have acquired a server, and so on. 
Thus the customers are admitted in bunches to the corral, and once 
inside, they are served at random. It is assumed that the corral has 
an unlimited capacity. If there is no customer waiting when the gate 
opens, the gate remains open until there is again a customer who has 
to wait. 

A gated queuing system merits consideration, not only because of 
the anticipated improvement over random service, but also because 
it can overcome design problems in certain telephone equipment which 
might otherwise lead to poor service for some customers. For example, 
in some switching equipment, each server hunts in a fixed sequence 
over a group of customer-sources; when a customer is found, the 
server stops to provide service and then resumes hunting from that 
point. Such a hunting procedure may be desirable from a hardware 
viewpoint, but it can result in unequal service among customers. 
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Gates have been successfully used to improve service in the manner 
described above, that is, by temporarily blocking subsequent bids 
for service until all those customers present have been served. 

Some discussion of the gated queuing system is given in a 1953 
paper by Wilkinson. 2 Theoretical results were summarized in 1958 
by Beckwith,3 although he gives few details as to how the results are 
derived. The model we consider in this paper is more general than the 
one described above. We shall assume that as soon as there are k 
customers (rather than one) waiting, the gate closes until all k cus­
tomers have entered service. Thus the parameter k can be thought of 
as a threshold at which the queue is judged to be too long to permit 
purely random service to continue; the system enters the "gating 
mode," and the gate admits customers in bunches as described pre­
viously. If the gate opens and there is no customer waiting outside, 
then the system leaves the gating mode and the gate remains open 
until there is again a queue of k waiting customers. 

In Section II we obtain a recurrence relation for the probability­
generating function of the nth bunch-size and, after that, the generat­
ing function and moments of the equilibrium bunch-size distribution. 
Using these results we determine in Section III the Laplace-Stieltjes 
transform of the distribution of the equilibrium waiting time of an 
arbitrary customer. In Section IV we obtain the first two moments of 
the equilibrium waiting time, and we make some comparisons of the 
second moments of gated service for different values of the parameter 
k with those of random service and order-of-arrival service. 

In several places in the text, we specialize a general result to the 
case k = 1, since that is the simplest of our gated systems. This 
allows us to verify that our results then agree with Beckwith's, and it 
often reduces a complicated expression to one that is more easily 
comprehended. 

We can assume, without loss of generality, that the system is 
initially empty. Since we assume that the traffic intensity, p = XI N J1., 

is less than unity, the number of customers will always return to zero 
in a finite length of time, regardless of how many customers may be 
present at the beginning. Consequently, our equilibrium results do 
not depend on the initial conditions. 

Several other authors have considered systems which operate in a 
manner similar to ours, but they all take k = 1 and assume that the 
underlying system is an MIGII queue. The "generations" in the 
MIGII queue, as described by Kendall4 and later studied by Neuts,5 
correspond to the bunches in our model. Nair and Neuts6 •7 subse-
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quently consider the waiting time distribution for the MIGll queue 
under the assumption that the queue discipline was either longest­
processing-time-first or shortest-processing-time-first. 

II. DISTRIBUTION OF THE EQUILIBRIUM BUNCH-SIZE 

Let X n be the number of customers in the nth bunch; that is, there 
are N + X n customers in the system the instant after the gate closes 
for the nth time. Thus X n is the number of customers waiting outside 
if that number is positive, and is k if there was no one waiting, when 
the gate was opened for the (n - l)st time. Let Tn be the time it 
takes to serve X n customers. Then, denoting by pd (T n = t) the 
density of Tn at t, we can express the distribution of X n in terms of 
that of X n-l by 

P(Xn = .i) = L: P(Xn- 1 = i) P(Xn = .1IXn- 1 = i, T n- 1 = t) '" foo 
i =1 0 

. pd(T n-l = t 1 X n-l = i)dt. (1) 

But, given that X n-l = i, T n-l has a gamma distribution with param­
eters i and N J1.; and 

P(Xn = .1IXn - 1 = i, T n- 1 = t) = P(Xn = .11 T n - 1 = t) 

l
(Xt)i -At ---yr e , 

= (Xt)k e-At + e-At 

k! ' 

j~k 

j = k. 

The extra term e-At in this expression is the probability that no one is 
waiting when the gate opens; when this happens, the next bunch-size 
is necessarily k. Substituting these expressions into eq. (1) gives 

. '" . ( 1 )i P(Xn = J) = i~ P(Xn- 1 =~) 1 + p 

where p = XIN J1. and 0ik is the Kronecker delta. Now, letting 

00 

Pn(U) = L:P(Xn = j)uj 
j=1 

be the probability-generating function of the distribution of X n, we 
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have 

P n(U) = P n-l (1 + p(~ _ u) ) + (Uk - l)P n-l ( 1 ~ p)- (2) 

Starting with P1(u) = Uk, we can determine successively the P n(U). 
When k = 1, eq. (2) agrees with Beckwith's eq. (1). 

We wish to obtain the distribution of the equilibrium bunch-size 
X = limn-+oo X n. To see that an equilibrium distribution exists, we 
observe that the bunch-sizes X n form a Markov chain which is ir­
reducible and aperiodic. Since we are assuming p < 1, the number of 
customers in the system cannot grow without bound, so the states are 
not all transient or null. Therefore all states are ergodic, and there is 
a unique equilibrium distribution. 8 The distribution of X = limn-+oo X n 

has a probability-generating function P(u) = limn-+oo P n(U), which 
satisfies 

P(u) = P (1 + p(~ _ U») + (Uk - l)P (1 ~ p)-

This can be written in the form 

by setting 

and 

P[r(u)] - P(u) = F(u) 

r(u) = 1/[1 + p(l - u)] 

F(u) = (1 - uk)P[l/(l + p)J. 

The solution to this functional equation is9 

00 

P(u) = 11 - L F[rn(u)], 
n=O 

where rn is the nth iterate of rand 11 is a constant. To evaluate this 
expression, we first need to find rn(U). We have ro(u) = u and 

1 
rn = . 

1 + p - prn-l 
(3) 

Letting Y n be such that 

r n = Y n+1 + 1 + ! 
Yn p 

transforms eq. (3) into a linear homogeneous difference equation, 
which is easily solved. Thus we determine that 

1 - pU + (u - 1) p n 
rn(U) = ( . 1 - pu + u - l)pn+l 
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The solution to our functional equation is therefore 

00 1 [1 - pu + (u - 1) p n ] k I ( 1 ) 
P(u) = 1] - Eo 1 1 - pu + (u - l)pn+l P 1 + p . 

Since P(l) = 1, we must have 1] = 1; since no bunch-size can be zero, 
P(O) = o. This determines P[l/(l + p)], so that finally 

P(u) 

00 1 [1 - pu + (u - 1) p n ] k I };o 1 - 1 - pu + (u - l)pn+l 
1 - ----~--~~------------~~--~ 

h(u) 
= 1 - h(O)' 

.to 11 - [ / --;.:, rJ 
(4) 

where h(u) is the numerator in the second term of P(u) above. By 

NPe· )x 
N+k+lIN SYSTEM • 

NP( ) 

N + k IN SYSTEM (.)~x ........ A 

Np X "" 

N + k - 1 IN SYSTEM, GATE CLOSED • "". 
NP( ) NP( ) N + k - 1 IN SYSTEM, GATE OPEN 

N + k - 2 IN SYSTEM, GATE CLOSED • X • X N + k _ 2 IN SYSTEM GATE OPEN 

NP(: ) x NP(: ) x ' 

. . 
NPC·)X NPe·)x 

N + 2 IN SYSTEM, GATE CLOSED • N • N + 2 IN SYSTEM, GATE OPEN 

NP( ) x P( ) X 
N + 1 IN SYSTEM, GATE CLOSED. • 

\, NPe ) x N + 1 IN SYSTEM, GATE OPEN 

Np "-

N~ • ) X N I N SYSTEM 

C
."i N - 1 IN SYSTEM 

(N-l)p )x 

2P(·) x 

pC ·)x 1 IN SYSTEM 

• 0 IN SYSTEM 

Fig. I-Possible states of the system and the transition rates between states. 
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setting k = 1, we can reduce eq. (4) to Beckwith's result, his eq. (2): 

where 

1 [U-l (I-U)] P(u) = - -- + g(l) - g --
g(l) 1 - pI, 

--u 
p 

00 p1l 

g(u) = U n~o 1 _ p1l+1U 

The moments of X are obtained by differentiating P(u). We find 
that 

and 

k 
E(X) = P'(I) = (1 - p)h(O) 

k [k p k] 
Var (X) = h(O) (1 - p) 1 + p + 1 - p - h(O)(1 - p) . 

III. DISTRIBUTION OF THE EQUILIBRIUM WAITING TIME 

Let W be the waiting time to the point of entering service of an 
arbitrary customer when the system is in equilibrium. The distribution 
of W depends on which state the system is in when the customer 
arrives; i.e., it depends on the number of customers already in the 
system and on whether the gate is open or closed. These states, to­
gether with the transition rates from one state to another, have been 
enumerated in Fig. 1. Let 

Pi = P[j customers in the system], j ~ 0, 
pj = P[j customers in the system, gate closed], 

j = N + 1, N + 2, ... , N + k - 1, 

pj = P[j customers in the system, gate open], 
j = N + 1, N + 2, ... , N + k - l. 

Obviously, pj + pj = Pi. It is also clear that when j ~ N, the gate is 
open, and that when j ~ N + k, the gate is closed. The values of the 
Pi are just the equilibrium state probabilities of an MIMI N queue, 
which are 

(AI p,)i (pN)i 
Pi = -.-,- po = -.-,- po, j = 0, 1, ... , N 

J. J. 

, , (pN)N J' > ° PN+i = PPN+i-l = pJpN = pJ -----w! po, 

_ [N-l (pN)i (pN)N ]-1 
Po - ,L -.,- + N'(! _) . 

J =0 J. . p 
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To find pj, we equate the rates at which the sydem leaves and enters 
the state {j customers in the system, gate open}. From Fig. 1, we see 
that 

J = 1, 2, ... , k - 1, 

with PN+t = 0 and PN = PN, where PN is known from the above. 
The solution to this equation is 

j = 0, 1, ... , k - 1. 

It then follows that 

j = 1, 2, ... , k - 1. 

To find the distribution of the waiting time W, we shall consider 
what happens when an arriving customer encounters one of the 
following conditions: 

HI: < N customers in the system, 
H 2: the gate is closed, 

H 3.;: N + j customers in the system, and the gate is open, 
j = 0, 1, ... , k - 1. 

From the above computations, 

00 1 
P(H 1) = 1 - :E p3PN = 1 - --PN 

j=O 1 - p , 
(5) 

k-l 00 kpk 

P(H2) = ;~l P};+J + ;"fk PN+; = 1 _ pk PN, (6) 

and 

j = 0, 1, ... , k - 1. (7) 

An arriving customer who encounters HI immediate1y gains access 
to a server, so 

peW = tlHl) = {I, 
0, 

t = 0 
t > o· (8) 
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~ _ ---GoC~~~-=--=i w ------1 
I ~--z--~---y--_1 

---0 0 0 0----
LAST CUSTOMER GATE CUSTOMER 

GATE-CLOSING ARRIVES OPENS ENTERS SERVICE 
to 

Fig. 2-Relations among the variables used. 

An arriving customer who encounters H 2 will have to spend some 
time, Z, outside the gate waiting for the gate to open (see Fig. 2); 
once he gets inside, he will then have to spend some additional time, 
Y, waiting to be chosen for service from the bunch he entered with. 
The total amount of time the customer spends waiting to enter service 
is therefore W = Z + Y, where Z can be regarded as the residual 
lifetime of an interval Go during which the gate is closed. Thus we 
can write 

pd(W = t1H2) = i:o fu:o pd(Z + Y = t, Go = y, Z = x)dydx 

i:o i:opd(Y = t - xlGo = y, Z = x) 

. pd(Z = x I Go = y)pd(Go = y)dydx. (9) 

We first need the distribution of Go. Disregarding our arbitrary cus­
tomer temporarily, let G be the equilibrium length of the time in­
terval during which the gate is closed. If we are given that j customers 
entered the waiting room when the gate last opened, then the gate 
will remain closed for j service times. Since the equilibrium probability 
that j customers entered when the gate last opened is P(X = j), 
we have 

IX> 

pd(G = y) = L P(X = j)b*i(y), 
i=l 

where bey) = N fJ exp (-N fJY) and the asterisk denotes convolution. 
The mean of this distribution is easily found to be 

E(X) k 
E(G) = N jJ. = N fJ(l - p)h(O) 

Let to be the epoch at which the arbitrary customer arrives, and let 
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Go be the length of the G-interval containing to. Then (see Ref. 10) 

G Y pd( 0 = y) = E(G) pd(G = y) 

= ~ N f-Ly(1 - p)h(O) j~l P(X = j)b*i(y). (10) 

Next, the distribution of Z, given Go = y, is uniform on (0, y), so 

pd(Z = xlGo = y) = {t, 
0, 

We also have 
x> y. 

pd(Y = t - x I Go = y, Z = x) = pd(Y = t - x I Go = y) 

00 

= L pd(Y = t - x I n arrivals in (0, y), Go = y) 
n=l 

.pd(n - lather arrivals in (0, y) I Go = y) 

L - L b*l(t - x) . y , e-'A y , 
00 1 ( n ) ('A) n-l 

n=l n l=l (n - 1). 

(11) 

(12) 

where the first factor in each summand reflects the fact that the ar­
bitrarily chosen customer has probability lin of waiting one service 
time, lin of waiting two service times, .. , , and lin of waiting n 
service times. Substituting eqs. (10), (11), and (12) into eq. (9), we 
obtain 

pd(W = t1H2) 

= ~ N f-L(1 - p)h(O) j~l n~l P(X = .1) ltl i~o b*l(t - x) 

1
00 ('Ay)n-l 

• y=x b*i(y)e-'AY -n-!- dydx. (13) 

Notice that the range of integration of the inner integral was reduced 
from (0, 00) to (x, 00) because of eq. (11), and that of the outer in­
tegral was reduced from (0, 00) to (0, t) because b*l(t - x) = 0 for 
x > t. By setting k = 1, N f-L = 1, and 'A = p in eq. (13), we can ob­
tain Beckwith's expression for the corresponding density in his model, 
the density of W given that the arbitrary customer finds more than 
N customers in the system. 

We can calculate the Laplace-Stieltjes transform, t/;(s), of the dis­
tribution (13), but the algebra is long and tedious. The results are 
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given below, one in terms of P(X = j) and the other explicitly: 

t/I(NjJ.8) 

= (1 - p)h(O) jP(X = 1) 10 (1 + s)(1 + s + sp) 
pks2 g (1 + s + p) (1 + s) - p 

1413 

<Xl 1 . [ (1) j-l ( 1 + s ) j-I + jL;2 j - 1 P(X =.7) 1 - 1 + s - 1 + s + sp 

_ ((1 - pn+l) (1 + s + sp) )m 
1 + s - p - 8pn+2 

( 
(1 - pn+I)[(1 + S)2 + sp] )m] I 

+ (1 + S)2 - P - s(I + s + p)pn+l 

1 j (1 + s - p - spn)k 
- 1 - pn+1 (1 - p) - (1 + s _ p _ spn+l)k-1 

1 (1 + s - p - spn+l)k 
- 1 + 8' (1 + s - p - Spn+2) k-I 

(14) 

+ 1 [(1 + S)2 - P - s(I + s + p)pn]k I] (15) 
1 + s '[(1 + S)2 - P - 8(1 + s + p)pn+l]k-l . 

When k is set equal to 1 in eq. (15), the sum from 2 to k is trivially 
zero, and the expression in the last pair of braces collapses to zero; 
the transform then reduces to 

[ 
(1 + s - p - spn+l) (1 + s - p - spn+2) ] 

X log (1 _ p)[(1 + S)2 - P - 8(1 + s + p)pn+l] , 

(k = 1). (16) 
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The final portion of the waiting time distribution needed is 
/i(t) = pd(W = tIH3• j ), j = 0, 1, ... , k - 1. Let W j be the waiting 
time of a customer who arrives to find the gate open and N + j in the 
system. Then W j has the density /i(t), and, letting E>.(t) denote the 
exponential density Xe->'t, 

.i = 0, 1, ... , k - 2 

The reasoning behind these equations is that, if an arriving customer 
finds the gate open and j( < k - 1) customers waiting, then either 
the next event is an arrival, in which case he waits until that event 
plus an additional time distributed as W j+1, or else the next event is a 
departure, in which case he waits until that event, after which either 
he is served immediately [with probability II (j + 1) ] or someone 
else is chosen and our customer must wait an additional time dis­
tributed as W j - 1 [with probability jl(,j + 1)]. If, on the other hand, 
the arriving customer finds the gate open and k - 1 customers waiting, 
then the gate shuts behind him and he waits either 1, 2, ... , or k 
service times, each having probability 11k. Taking Laplace-Stieltjes 
transforms of the equations, and denoting the transform of !j(t) by 
c!>j(s), we obtain 

!
PJ'c!>i(N p.s) = (11 + P + S)jc!>i-l (N p.s) - (j - 1)c!>i-2(N p.s) - 1, 

j = 1, ... , k - 1, 

c!>k-l(Np.s) = ks [1 - (1 ~ s )k]-
(17) 

For any particular k, this set of equations can be solved explicitly by 
successive substitution. Finally, using eqs. (5), (6), (7), and (8), we 
can represent the Laplace-Stieltj es transform of the distribution of 
the waiting time W as 

1 k-lpi_pk 
c!>(N p.s) = 1 - -- PN + PN :L -- c!>i(N p.s) 

1 - P i=O 1 - pk 
kpk 

+ 1 _ pk PNtf;(N p.s), (18) 

where c!>i(N p.s) is given by eq. (17) and tf;(N p.s) is given by eq. (14) 
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or eq. (15). When k = 1, eq. (18), with the help of eq. (16), can be 
written explicitly as 

1 1 (1 - p)2 00 p» 
<p(N p.s) = 1 - 1 _ P PN + 1 + 8 PN + 82 PN nL;o (1 _ pn+l)2 

[ 
(1 + s - p - spn+l) (1 + s - p - sp)n+2] (k = O. 

·log (1 - p)[(1 + s)2 - p - s(1 + 8 + p)pn+l] , 

IV. MOMENTS OF THE EQUILIBRIUM WAITING TIME 

Since the mean waiting time does not depend on the queue dis­
cipline (see Ref. 11), the mean is the same as for a simple queue with 
service in order of arrival, i.e., 

00 • j + 1 PN 
E(W) = L PNpJ-N = N (1 )2 

j =0 P. P. - p 

The second-moment computations are fairly lengthy, finally yielding 

E(W2) = 2PN [M'(p) + M(p) - pk-lM'(I) - pk-lM(I)] 
N p.(1 - pk) 

+ kpNpk-l(I - p) 1 (k - l)(k - 2) [2 + 2p + 3p2 ] 
(Np.)2(I- pk) 6 I- p 3 

+ (k _ 1) [2 + 3p + 3p2 - p4] + 2 + 4p + 5p2 + 2p3 + p41, 19) 
(1 - p2)(1 - p3) (1 - p)(1 - p2) (1 - p3) 

where M is a function defined by 

k-l k-l 

M(x) = - L x i¢; (0) = L x iE(WIH 3 • j ). 
i=O i=O 

The variance of W is obtained by subtracting the square of the mean 
of W: 

For comparison purposes, we also need the second moments for 
order-of-arrival service and for random service. When service is in 
the order of arrival, we obtainll 

E(W2) = E(W21 W > O)P(W > 0) = (Np.);(~N_ p)3 (20) 

When service is at random, the second moment can be written asll 

E(W2) = 2PN ._2_. 
(N p.)2(1 - p)3 2 - p 

(21) 
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Observe that the second moments depend on N only through the 
factor PN/ (N J1.)2, assuming the value of p is fixed. This is true also 
for the second moment in eq. (19), since each of the M-terms con­
tains a factor (N J1.)-I. It is therefore convenient to consider the ratio 
of E (W2) for the gated system Ceq. (19)] to the second moment for 
the order-of-arrival system Ceq. (20)], i.e., 

R(k, p) = NJ1.
1
(1 - :)3 [pM'(p) + M(p) - pk-lM'(I) - pk-lM(1)] 
-p 

+ kpk-l(1 - p)4 J (k - 1)(k - 2) [2 + 2p + 3p2 ] 
2(1 - pk) 1 6 1 - p3 

+ (k _ 1) [2 + 3p + 3p2 - p4 ] + 2 + 4p + 5p2 + 2p3 + p4j. (22) 
(1 - p2)(1 - p3) (1 - p)(1 - p2)(1 - p3) 

Because this ratio is independent of N, it provides a useful tool for 
examining the effect of the value of k on the second moment of the 
waiting time W. Thus we shall be interested in determining its 
properties. 

The function R (k, p) has been plotted in Fig. 3 on the interval 
o < p < 1 for a variety of values of k. We observe that R (k, p) is 
bounded from below by unity, increases as k increases, and is bounded 
from above by 2/ (2 - p), the ratio of eq. (21) and eq. (20), which 
corresponds to k = 00. This general behavior is, of course, just what 
we expected a priori. In order to demonstrate analytically that 

1 ~ R(k, p) ~ 2~ , 
-p 

we first introduce the inequality 

_1 j+2~E(WIH .)~~j+2_2_ 
NJ1. 2 - 3.J -NJ1. 2 2-p' 

(23) 

j = 0, 1, ... , k - 1. (24) 

The left half of this inequality is demonstrated by considering what 
happens when an arriving customer finds j others waiting, but no 
more arrivals are permitted to enter the system: the customer's 
expected waiting time will decrease to (j + 2)/2N J1., since the customer 
will have to wait either 1, 2, ... , or j + 1 service times, each with 
probability (j + 1)-1. The right half of the inequality is demonstrated 
by considering what happens when there is no gate at all to block 
future arrivals when a threshold k is reached: the mean waiting time 
E (W I H 3.j) would then increase to the corresponding mean in a system 
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0: 
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p 

Fig. 3-Ratio of second moments. 

employing purely random service. In a random service system, a 
customer who arrives to find j others waiting has an expected delay of 

1 j + 2 2 
NJ.I.·-2-·2-p' j = 0, 1, ... , k - 1, 

a fact which is derived in the appendix. 
Using the left half of eq. (24), we can substitute U + 2)/2N J.I. for 

E(W I H 3• j ) in R(k, p) and combine terms, obtaining 

R(k, p) ~ 1 

+ kpk+l(I - p) J 2 + 3k(1 - p)(1 - p2) + k2(1 - p)21 ' 
12(1 - pk) 1 (1 + p)(1 + p + p2) 1 + p + p2 

from which it is obvious that R(k, p) ~ 1. Similarly, using the right 
half of eq. (24), we can substitute U + 2)/NJ.I.(2 - p) in R(k, p). 
Combining terms, we obtain 

R(k, p) :s _2_ _ kpk(1 - p) J k2(1 - p)2(2 + 3p2) 
- 2 - p (2 - p)(1 - pk) 1 12(1 + p + p2) 

+ 1\(1 - p) (2 + 2p + 5p2 + p4) + 2 + 7 p + IOp2 + Spa + 3p41 
4 (1 + p)( 1 + p + p2) 6 (1 + p)( 1 + p + p2) , 
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from which it is clear that R(k, p) ~ 2/(2 - p). Thus, eq. (23) is 
established. 

Perhaps the most striking feature of Fig. 3 is that all the curves 
approach the same value, 7/6, as p -7 1. It is easy to demonstrate, 
by using eq. (22), that this must occur. Since the conditional means 
E(WI H 3• j ) remain bounded as p -71, M(p) -7 M(I) and both are 
finite. Thus the first term of R (k, p) approaches zero as p -7 1. In the 
second term, the factor (1 - p)4 in front causes all but the last term 
in braces to approach zero. Thus, 

k k-l 2 + 4p + 5p2 + 2p3 + p4 7 
R(k, 1) = ~i~2(1 + p; ... + pk-l) (1 + p)(1 + p + p2) 6· 

In order to gain some insight as to why the curves meet at a common 
point at p = 1, we will find it helpful to consider a supplementary 
variable, the fraction of time the system spends in the gating mode. 
When the system is in equilibrium, this is simply the probability that 
an arriving customer finds the gate closed, and is given by eq. (6): 

P(system is in gating mode) = 1 kpk k PN. 
-p 

This quantity has been plotted in Fig. 4 as a function of p, for the 
arbitrarily chosen value N = 7. It can easily be seen (and is intuitively 
obvious) that when p is very close to 1, the system spends almost all 
its time in the gating mode. But when the system is in the gating mode, 
the system's operation is independent of the value of k; it is only 
when the gate is open that the threshold value k can have any effect. 
Thus, as p approaches 1, the system becomes independent of k; so we 
can expect the curves in Fig. 3 to be independent of k at p = 1. 

Another feature of the curves in Fig. 3 is that the slope at zero for 
k ~ 2 is the same as the slope of 2/ (2 - p) ; but the slope for k = 1 
is zero. The reason for this becomes clear when we realize that when 
k = 1, order-of-arrival service is guaranteed until there are N + 3 
customers in the system, while k ~ 2 makes it possible for passing to 
occur as soon as there are N + 2 customers in the system. For small 
p, N + 3 in the system is much less likely than N + 2. 

The ratio in eq. (22) is convenient because it is independent of N. 
The variance of a distribution, however, is also frequently of interest. 
It is clear from Fig. 3 that the second moments, and therefore the 
variances, increase with increasing k. There is, therefore, a similar 
family of curves, one family for each value of N, obtained by computing 
the ratio of the variance with threshold k to the variance with order-of-
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Fig. 4-Equilibrium probability that gate is closed eN = 7). 

arrival service. In Fig. 5 we have plotted some of these curves, again 
for N = 7. It is obvious that these curves have the same general 
shape as those in Fig. 3. The main differences are (i) that the ratio of 
the variances when k = 00 (random service) goes to 3 as p ~ 1, while 
the ratio of the second moments when k = 00 goes to 2, and (ii) that 
the ratios of the variances for k < 00 go to 8/6 as p ~ 1, while the 
ratios of the second moments go to 7/6. These facts are easily verified 
analytically by letting p ~ 1 in the actual expressions for the ratios. 

Since the second moments (and variances) increase as a function of 
k, there arises the question of why one might consider a threshold 
value k greater than 1. Clearly, if the queuing systems were otherwise 
equivalent, one would prefer k = 1 to any larger value of k. But it is 
equally possible that a queuing system would be more costly to operate 
when it is in the gating mode, since more bookkeeping is necessary: 
each waiting customer must be classified as "inside" or "outside" 
the waiting room, and these labels must be changed when the gate 
operates. One would then prefer a system in which the gate were used 
as little as possible (large k), consistent with an acceptable quality 
of service. The resulting tradeoff between cost and quality of service 



1420 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1973 
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p 

Fig. 5-Ratio of variances (N = 7). 

can be resolved only by examination of the particular application at 
hand. 

v. CONCLUDING REMARKS 

In summary, our main result is the specification of the distribution 
of the equilibrium waiting time of an arbitrary customer in a queuing 
system whose service discipline is a compromise between service in 
order of arrival and random service. Our model contains a parameter, 
k, which determines how "close" the discipline is to order-of-arrival 
service or to random service. We have seen that the variance of the 
waiting time is bounded from below by the variance for order-of­
arrival service, and that as k increases, the variance increases, ap­
proaching the variance of the waiting time when random service is 
employed. We also found a convenient quantity, R(k, p), which is 
independent of the number of servers, and which, together with Fig. 3, 
allowed us to examine the effect of the threshold k on the waiting time. 
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Figure 3 shows how, for fixed k > 1, the service changes from "nearly 
random" to "not quite order-of-arrival" with increasing load, and how 
this transition occurs at higher loads as k increases. 

There are, of course, other variables which can be derived from the 
system we have described; for example, in studies of equipment life, 
it might be useful to know the distribution of the number of gate­
closings that occur in an interval of length t. It did not seem worth­
while to pursue such questions in the present study, which deals with 
gating from the viewpoint of traffic performance. 

APPENDIX 

Suppose we have an M/lVI/ N queuing system employing random 
service, with arrival rate A. and mean holding time J..L- 1• The mean wait­
ing time to the point of entering service of an arbitrary customer in 
such a system is 

m=NJ..L(1_p)2' 

where p = A./N J..L < 1 and PN is the known equilibrium probability 
that there are exactly N customers in the system. We wish to deter­
mine the mean waiting time, mj, of a customer who arrives to find 
N + J other customers in the system. The m/s satisfy 

1 A. NJ..L J 
mi = A. + N J..L + A. + N J..L mi+l + A. + N J..L' j + 1 mj-l, j ~ O. (25) 

The rationale for this equation is that a customer must wait at least 
until the next change of state; the mean of this initial delay is 
(A. + N J..L)-l. If the change of state is caused by an arrival [which 
occurs with probability A./ (A. + N J..L)], then the customer will have to 
wait an additional period of time whose mean is lnj+1. If, on the other 
hand, the change of state is caused by a departure [which occurs with 
probability N J..L/ (A. + N J..L)], then with probability j/ U + 1) our 
customer will not be chosen from the group of j + 1 customers, and 
he will have to wait an additional period of time whose mean is mj-l. 

We now introduce the function 
00 

H(x) = L mjx j . 
j=O 

This series converges for x ~ P, since the mean waiting time of an 
arbitrary customer is 

NJ..L(I-p)2 
(26) 
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Multiplying eq. (25) by (1 + p) (j + l)x i and summing on j, we can 
obtain a first-order differential equation: 

, l+p-x 
H (x) + (1 _ x)(x _ p) H(x) 

1 1 
N J.I. (1 - x)3(x - p) 

The solution to this equation is 

(
1 - x)l!O-P) 2 - x 

H(x) = C(l - x)p x _ p + NJ.I.(1 _ x)2(2 _ p). 

Using eq. (26) as the boundary condition, we see that C must be zero 
in order that H (x) remain finite as x ~ p. Thus 

H(x) = 2 - x 
N J.I.(l - x)2(2 - p) 

The power series expansion of this function is found to be 

00 • + 2 . 
H(x) = L N )(2 ) xJ; 

j=O J.I. - p 

therefore, the means we desire are given by 
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The coupling coefficients of the modes of a parabolic index fiber with 
randomly curved axis are derived and are used to compute its excess losses 
and impulse response. It is found that bends with a period comparable 
to the natural ray oscillation period in the parabolic index medium are 
catastrophic. The average radius of curvature Rc of a guide composed of 
circular sections with an average length of 1 cm 111Ust not decrease below 
approximately Rc = 1 m. Mode coupling by random bends has the tend­
ency to reduce the width of the impulse response function. However, this 
improvement is accompanied by losses. Reducing the width of the impulse 
response for coupled mode operation to half its uncoupled width causes 
0.7 dB additional loss, a ten-fold reduction of the pulse width costs 18 dB. 

I. INTRODUCTION 

Optical fibers with parabolic refractive index profile1 ,2 have less 
pulse delay distortion than conventional fibers with piecewise con­
stant, discontinuous index distribution. 3 The width of the impulse 
response increases in direct proportion to the length of the fiber. It 
is well known that an improvement of the impulse response results if 
the modes are coupled among each other. 4 ,5 In the presence of mode 
coupling the width of the impulse response increases only propor­
tionally to the square root of the length of the fiber. 

Pulse propagation in multimode parabolic index fibers is studied in 
this paper by means of converting the coupled power equations to a 
partial differential equation. 5- 7 Random changes of the direction of 
the waveguide axis are considered as the coupling mechanism. 

The problem is simplified by assuming that the modes of the para­
bolic index fiber are essentially the same as the modes of an infinitely 
extended square-law medium. The fiber boundary is included in the 

1423 
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description by requiring that modes interacting with it suffer high 
losses so that an effective cutoff exists. Modes below the cutoff value 
propagate as if they were in an infinitely extended medium. At cutoff we 
demand that the modes do not carry power. The effect of the wave­
guide wall is thus taken into account as a boundary condition that 
has to be satisfied by the solutions of the partial differential equation. 

This formalism provides information about the width of the impulse 
response function and the losses associated with the coupling mecha­
nism. The achievable improvement in pulse width due to mode coupling 
can thus be expressed in terms of the associated loss penalty. We 
conclude that mode coupling is capable of improving the already 
favorable impulse response of the parabolic index fiber. However, 
this improvement of the width of the impulse response is accompanied 
by excess losses. The product of the square of the pulse width ratio 
(width of the impulse response of coupled modes to the uncoupled 
pulse width) times the loss penalty is independent of the waveguide 
parameters and the statistics of the axis deformation. There is thus 
no hope of reducing the loss penalty of delay distortion improvement 
by optimizing the waveguide parameters. 

II. MODES AND COUPLING COEFFICIENTS 

We use the modes of the infinite square-law medium. The refractive 
index distribution is assumed to be of the form 

n 2 = n5 (1 - 2.1 ~ ) . (1) 

The fiber radius is at r = a. However, the modes are assumed to be 
unaffected by the fiber boundary if their mode number remains below 
a cutoff value. We use linearly polarized modes and obtain for the y 
component of the electric field 8 

E _ 2 ( $'; p r H p (V1; ) H q ( V1 ~ ) e-"Iw' e-i~'. 
pq - (no7T2 p+qp! q!)!w (2) 

There is also an electric field component in axial direction. But, for 
small refractive index changes, it is negligible. The functions H p and 
H q are Hermite polynomials of order p and q, the radius r is defined by 

(3) 
and the mode radius w is 

( 
V'la )! 

w = nok-{K (4) 
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with the free-space propagation constant 

k = W~EOfJ.O. 

1425 

(5) 

The propagation constant of the mode is given by the expression8 

[ 
2~ J! {3 = nok 1 - -- (p + q + 1) . 
noka 

(6) 

The orthogonality of the modes and their normalization follows from 
the following equation: 

(7) 

The asterisk indicates complex conjugation. 
The cutoff condition for the guided mode has been derived in Ref. 9. 

The permitted maximum values of p and q are defined by the relation 

rx a2 

(p + q)c = \j2" noka = w2 • (8) 

Any deviation of the parabolic index fiber from its perfect geometry 
can be expressed by a change of its refractive index distribution. 

Changes in the direction of the waveguide axis can be expressed by 
the following index distribution: 

n' ~ ni 11 - 2 ~ [(x - f(z»' + y2]). (9) 

vVe consider waveguides bends in only one plane for simplicity. The 
results thus obtained can easily be extended to the general case. The 
appropriate coupling coefficient for this type of index change is 10,11 

WEO fOO 100 an2 
* 

Kpq,p'q' = 4P({3pq - (3P'q') -00 -00 Tz 8pq 8 p'q,dxdy. (10) 

Bends of the waveguide axis couple even modes to their immediate 
odd neighbors and odd modes to their immediate even neighbors. 
Only the following coupling coefficients are different from zero: 

dj 

nokw.1 .C dz . nokw.1 .r ( ) 
Kpq,P±l,q = --2 - ""p {3 {3 = ~ --2 - ""pj Z • 

a p - p±l a 
(11) 

Because we restricted the waveguide curvature to the x - z plane 
there is no coupling between the modes with different values of q. 



1426 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1973 

All coupling coefficients with different q values vanish. The derivative 
of fez) was replaced by the function itself with the help of the relation 

1 df .f( ) 
{3 - {3' dz ~ 1- z. (12) 

This replacement is permissible since it is the spatial frequency {3 - (3' 

of fez) that is responsible for the coupling process. 

III. COUPLED POWER EQUATIONS 

Pulse propagation in multimode optical fibers can be described by 
the following set of coupled equations for the average power P II 

carried by the modes :5 

The single label v indicates both p and q. The power coupling coeffici­
ents hvJ.I are defined by 5,6 

(14) 

The coupling coefficient (11) enters the power coupling coefficients 
via the definition 

(15) 

The power spectrum F ({3J.1 - (3v) is defined by the equation 

(16) 

The symbol ( > indicates an ensemble average. 
Coupling between the modes of the parabolic index fiber is an ideal 

application for a diffusion theory of the power coupling process. 7 

Since only nearest neighbors couple directly to each other, power 
redistributes itself by jumping frorn mode to mode in the same way 
as particles diffuse through real space. If the mode number is very 
large we can consider the set of discrete modes as a quasi-continuum 
and change the equation sy~tem (13) into a partial differential equation. 
To accomplish this transformation we consider the following expres­
sion using hJ.lv = hvJ.I: 

N 

L hJ.lv(Pv - PJ.I) = hJ.l+l,J.I(PJ.I+l - PJ.I) - hJ.l,J.I-l(PJ.I - PJ.I-l). (17) 
v=1 
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Considering J.L as a continuous variable J.L = 0 we use the approximation 

h/-l+ 1 .J.I (P J.I+l - P /-I) - hJ.l./-I-l (P /-I - P /-1-1) 

= 1l81h(8 + 1l8) (~~t., - h(8) (~~),) 

= (AO)2 :0 (h ~~). (18) 

With AO = 1 we can write (13) as a partial differential equation 

ap 1 ap a ( ap) az + v at = - exP + ao h ao . 

The propagation constant (6) can be approximated as follows: 

{2K 
{3 = nok - - (0 + q + 1) 

a 

(19) 

(20) 

with p = O. The difference of the propagation constants of adjacent 
modes, 

{2K 
A{3 = (3(O + AO) - (3(O) = - a = - Q, (21) 

is independent of O. The power spectrum entering (14) contributes to 
the coupling process only at one fixed spatial frequency and is in­
dependent of the variable O. The power coupling coefficient (14) can 
be expressed with the help of (4), (11), and (21) as follows (p = 0): 

h(O) = v'2no~~! F(Q)O. 
a 

(22) 

With (22) the partial differential equation (19) assumes the form 

(23) 

with 

K = v'2nok~! F(Q). 
a3 

(24) 

We assume that the attenuation coefficient ex in (19) is constant and 
describe the high loss, that we must attribute to modes interacting 
with the waveguide boundary, by means of the boundary condition 

P(z, t, 0) = 0 for (25) 
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The cutoff value e = ee follows from (8): 

e _ a2 _ n oka4X 
e - w2 - q - V1 - q. (26) 

The slope ap / ae determines the rate of power diffusion. Since no 
power can be lost at e = 0 we must also require 

ap = 0 
ae 

IV. STEADY-STATE POWER LOSS 

at e = o. (27) 

We begin the discussion of the solutions of (23) by neglecting the 
fact that each guided mode has a slightly different group velocity and 
consider v (e) = const. We construct a solution of (23) by introducing 
the trial solution 

P(z, t, e) = e-(u+a)zG(e). (28) 

Substitution of (28) into (23) yields the ordinary differential equation 

d2G dG (j 

e de2 + de + K G = o. (29) 

The normalized solutions of this equation that satisfy the boundary 
conditions (25) and (27) are 

_ 1 Jo (u.~) 
GJI(e) - J;; J ( ) 

-vee 1 U JI 
with 

U = 2~~e JI K e· 

The parameters U JI are determined as the roots of the equation 

Jo(u JI ) = o. 
The functions GJI(e) are mutually orthogonal. 

(30) 

(31) 

(32) 

(33) 

The general solution of the power equation (23) is obtained as the 
superposition of the trial solutions 

ao 

P (z, t, e) = e-az L cvGJI(e)e-u•z• (34) 
JI=1 

The expansion coefficient CJl can be determined from the power dis-
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tribution at z = 0 with the help of the orthogonality condition (33), 

{'}c 
Cy = Jo Gy(O)P(O, t, O)dO. 

The eigenvalues O"y are obtained from (31) and (32), 

Ku2 

O"y = 40
c

Y

' 

(35) 

(36) 

The eigenvalues increase with the increasing values of the roots U Y ' 

It is thus apparent that only the first term in the series (34) needs to 
be considered for large values of z. The steady-state power distribu­
tion is thus described by the equation 

(37) 

After an initial transient has decayed, the power distribution (versus 
mode number 0) assumes the steady state (37). The power loss in the 
steady state is the sum of the constant loss a, that was assumed to be 
the same for every mode, plus the loss value 0"1 that stems from mode 
coupling due to waveguide curvature. With 

Ul = 2.405 (3S) 

we obtain the steady-state curvature loss from (24), (26), and (36), 

0"1 = 2.045~nokLl! F(n). 

( 
noka-vK ) 3 V2 - q a 

(39) 

Because of our assumption that the waveguide is curved only in one 
plane the steady state losses depend on the mode number q. For small 
values of q we find low curvature loss 

0"1 = 2.S9Ll F (n) for q = O. 
a4 

(40) 

With increasing values of q the losses increase until they reach in­
finitely high values. 

In any actual cases it is unrealistic to assume that the waveguide 
would be bent in only one plane. Bends in the perpendicular plane 
couple modes with different q values. The total steady-state loss is 
thus a weighted average of the losses (39). The weight factor is the 
number of modes for each value of q. According to (S) we have 

p = N (q) = ~ noka - q (41) 
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different modes for each value of q. The average loss that results from 
coupling all the modes by random bends in both planes is thus (see 
appendix) 

4 r noka~ 5.8LS 
81 = (noka)2LS ) 0 (fIN (q)dq = ~ F (ft). (42) 

Comparison with the loss coefficient (40) for the mode group with 
q = 0 shows that the total fiber loss (42) is just twice as large. The 
loss coefficient (40) is representative of a slab waveguide. The actual 
loss of the round fiber can thus be deduced from the slab waveguide 
model. That the loss coefficient of the fiber is twice as large as the slab 
waveguide loss might be expected, since F(ft) stands for the ampli­
tude of the power spectrum for bends in only one plane. The fiber is 
assumed to be bent in both planes with equal power spectra. The 
effect of both bends add, doubling the loss coefficient. 

In a fiber cable the fibers may (or may not) be twisted around each 
other. Such twists could introduce an almost sinusoidal deformation of 
the fiber axis. The length A of the period of sinusoidal deformations 
that should be avoided follows from (21), A = 27r/ft. For numerical 
estimates we are using a fiber with radius a = 4.85 X 10-3 cm and 
LS = 0.014. The critical period for this fiber is A = 0.18 cm. If such a 
period should be built into the fiber by the method of cable construc­
tion we can estimate the losses that would be caused by a given ampli­
tude. F(ft) has the dimension of cm3• It can be interpreted as the ratio 
of the square of the amplitude of the sinusoidal deformation and the 
spatial bandwidth that may be caused by random phase changes. 
With ft = 34.5 cm-1 let us assume a spatial bandwidth of ~ft = 3 
cm-1• An excess loss of 81 = 10 dB/km = 2.3 X 10-5 cm-1 would re­
quire F (ft) = 1.57 X 10-13 cm3• The square of the amplitude A is 
given by the product of F (ft) with the spatial bandwidth. We thus 
obtain the amplitude of the sinusoidal deformation of the fiber axis 
that causes an excess loss of 10 dB/km: A = [F(ft)~ftJ! = 6.9 
X 10-7 cm = 69 A. Sinusoidal axis deformations at the critical wave­
length are thus seen to be extremely dangerous. 

v. LOSSES FOR A STATISTICAL MODEL 

Even though it is only one spatial frequency of the power spectrum 
F ({3 ~ - (3 v) that determines the steady state loss (42), it is hard to 
guess the amplitude F (ft) that might be expected at this spatial fre­
quency ft. In order to gain insight into the expected steady-state 
curvature losses it is necessary to consider statistical models. We 
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consider a model consisting of waveguide sections with constant 
curvature whose magnitude and sign varies randomly. 

The power spectrum can be written as follows: 

(43) 

The step from the function J(z) to its second derivative involved two 
partial integrations. The end points of the integration range do not 
contribute if we assume that the randomly disturbed guide is con­
nected to two perfectly straight waveguide sections so that J(z) and its 
first two derivatives vanish at z = 0 and at z = L. 

For waveguides that are only slightly bent we can consider the second 
derivative of J(z) as the curvature function lIRe(z). We denote with 
C(u) the autocorrelation function of the curvature function, 

(44) 

It is well known that the power spectrum of a function is equal to the 
Fourier transform of its autocorrelation function. 12 We may thus write 

1 foo F(n) = Q4 -00 C(u)e-ifludu. (45) 

The autocorrelation function of waveguide sections with piecewise 
constant curvature and fixed length D is 

{

D - lui 2 

C(u) = 0 D K 
lui ~ D 

lui> D. 
(46) 

The parameter K2 is the variance (square of the rms value) of the curva­
ture II Re. Substitution of (46) into (45) results in 

2K2 
F = Dn6 (1 - cos nD). (47) 

An average over this expression, that allows us to consider D as an 
averaged quantity, leaves us with 

(48) 
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From (21), (42), and (48) we obtain the following expression for the 
steady-state loss of our statistical waveguide model: 

(49) 

As a numerical example, we consider a parabolic index waveguide 
with the following parameters: 

A = 1 J,tm, free-space wavelength (k = 6.28 X 104 cm-I ) 

a = 4.85 X 10-3 cm, waveguide radius 
no = 1.56 
X = 0.014 (50) 
w = 7.69 X 10-4 cm, mode radius 

~ = 6.3 
w 

With these data we have (K in cm-I, D in cm) 

(51) 

We may now ask for the rms value of the curvature that is required 
to cause a steady-state loss of 2.3 X 10-5 cm-I = 10 dB/km with an 
average length of the waveguide sections of D = 1 cm. We find from 
(51) K = 0.0116 cm-I or 1/ K = 86 cm. Our result tells us that a wave­
guide composed of individual sections of constant curvature of average 
length D = 1 cm with Rc ~ 1 m radius of curvature has 10 dB/km 
additional loss. For our derivation we assumed that the high-order 
modes suffer very high losses since their fields reach into the vicinity 
of the waveguide wall. Whether the interaction with the outer wave­
guide boundary causes high losses depends on the construction of the 
waveguide. If the outer surface is rough or coated with an absorbing 
material to reduce crosstalk, the losses are high and our estimate 
applies. 

VI. PULSE DELAY DISTORTION 

It was shown in Ref. 5 that the width of the impulse response of a 
multimode fiber with coupled modes is given by t.he equation 

At = 4-{pL. (52) 

L is the length of the waveguide and p is the second-order perturbation 
of the eigenvalue 0"1 defined by (36). For the discrete case we write 
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(53) 

The average group velocity Vo actually does not contribute to (53) 
on account of the orthogonality of the vectors G(v). With the assump­
tion of a continuum of modes we obtain instead of (53) 

p = £. 1 ~ [['lc ( (10) - ~) Gl(O)Gv(O)dO]2j' (54) 
1'=2 (J'v (J'l Jo V Vo 

The inverse group velocity is obtained by approximating (6), 

rv ~ is 2 
{3 rv nok - - (p + q) - -k 2 (p + q) , 

a no a 
(55) 

and taking the derivative. With Vo = clno we obtain (with p = 0 and 
c = light velocity in vacuum) 

_1 __ ~ = l d{3 _ ~ = ~ (02 + 20q + q2). (56) 
v (0) Vo c dk c cnok 2a2 

The term with q2 does not contribute to the following integral because 
of the orthogonality relation (33): 

Io°C 

(vtO) - k) G1(O)Gv(O)dO 

= 16iSOc UvUl 10 [1 _ 12(u; + un ] + q) . (57) 
cnok 2a2 (u; - un2 

C (u; - un2 

Each mode group with a given value of q has a different spread of 
the group velocities of its uncoupled modes. However, we have seen 
that the waveguide losses could be obtained from the simpler slab 
waveguide model. This simplification is expected to apply also to the 
pulse distortion problem. The slab model is obtained by setting q = O. 
The spread of inverse group velocities is largest for q = 0 since the 
allowed 0 range is largest in this case. However, even though the spread 
of the group velocities is reduced for increasing values of q, the mode 
groups with different q values arrive at different times. This delay 
distortion is reduced by coupling of the different mode groups by 
means of waveguide bends in the perpendicular plane (perpendicular 
to the plane coupling the modes with different p values). The mode 
group with q = 0 can be excited by shining light into the fiber that 
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is collimated in one plane but spreads in the plane of the bends in 
such a way that all modes with q = 0 and p values in the range 
o < p < n oka(.1/2)! are excited. The bends in one plane do not 
cause coupling to modes with different q values but reduce the delay 
distortion of the modes with different p values. From this physical 
picture we see that the delay distortion problem is reduced to studying 
delay distortion in a slab waveguide. Bends of the fiber in the perpen­
dicular plane couple the modes with different q but fixed p values. 
Their velocity spread is the same as that considered in the first problem. 
We thus expect to obtain the correct result by considering the delay 
distortion reduction for the mode group with q = o. 

With q = 0 we obtain from (26) and (57) 

iBc (vtO) - ~) G1(O)Gp(O)dO 

= 8no.12 
UpUl [1 _ 12(u; + ui) ] . (58) 

c (u; - ui)2 (u; - ui)2 

Using (24), (36), (54), and (58) we have 

p = 128n~a4.13 J co u;ui [1 _ 12(u; + ui) ]2] 
c2F(Q) 1];2 (u; - ui)5 (u; - ui)2 

n 2a4.13 

= 2.26 X 10-4 c2F(Q) . (59) 

The width of the impulse response follows from (52), 

(60) 

From Ref. 9 we obtain the width of the impulse response for uncoupled 
modes 

(61) 

The improvement that is caused by mode coupling is the ratio of the 
widths of these two impulse responses 

~t 0.12a2 

R = ~T = [F(Q)L~J! (62) 

For the statistical model of a sequence of circularly bent waveguide 
sections we obtain with (48) and (21) 

(63) 
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We may ask for the average radius of curvature that is required to 
cause a ten-fold improvement of the width of the impulse response 
due to mode coupling. Using L = 1 km and an average length of the 
bent sections of D = 1 cm and the numbers in (50) we obtain for 
R = 0.1, K = 0.022 cm-l or an average radius of curvature R = 11K 
= 45 cm. This relatively small radius of curvature may cause very 
substantial excess loss according to the loss example in Section V. 

In order to relate the excess loss to the delay distortion improvement 
we consider the loss penalty that must be paid for a given amount of 
improvement in the width of the impulse response. Both the loss 
formula (40) and the improvement factor R, (62), contain the power 
spectrum of the distortion function j(z). By taking the square of R 
and multiplying it with the loss per length L, u 1L, we obtain t 

R 2uIL = 0.042 = 0.18 dB. (64) 

This important formula is independent of any of the waveguide 
parameters and of the statistics of the axis deformation. This means 
that the loss penalty, u 1L, for parabolic index fibers depends only on 
the delay distortion improvement that one wants to achieve. For 
R = 1 we have a loss of u l L = 0.18 dB. Clearly, the range of ap­
plicability of (64) is exceeded in this case since R = 1 means that 
there is no improvement at all. For R = 0.5 we pay a loss penalty of 
0.7 dB, R = 0.1 increases the loss to 18 dB. The already favorable 
delay distortion of the parabolic index fiber can be improved by 
intentional curvature of the waveguide axis. 

VII. DISCUSSION 

We have studied the performance of the parabolic index fiber with 
randomly curved axis. The curvature of the waveguide axis has the 
tendency to force a light beam inside of the fiber towards the fiber 
boundary. In terms of wave optics this means that the wave field 
begins to interact with the boundary of the fiber. If this boundary 
is perfectly smooth no particular harm may be done except that the 
impulse response of the fiber is likely to deteriorate. However, the 
interfaces between two dielectric regions tend to be rough. Surface 
roughness leads to scattering losses. We have thus assumed that the 
interaction of the mode fields with the fiber boundary causes signif­
icant losses to high-order modes. On this basis we were able to calculate 
the fiber loss caused by random bends of the waveguide axis. For 
bends that approach a sinusoidal shape, with a period comparable to 

t \Ve use 0"1 of (40) instead of 0"1 of (42) since R was computed for q = O. 
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the ray oscillation period in the parabolic index medium, the excess 
losses are extremely high. Bending of the waveguide axis with a period 
equal to the ray oscillation period must be avoided. For a statistical 
model, based on the assumption that the waveguide is composed of a 
sequence of circularly bent sections with random length and random 
radius of curvature, the waveguide losses have been predicted. We 
conclude that average radii of curvature of approximately 1 m can be 
allowed if an excess loss of 10 dB/km can be tolerated. The waveguide 
sections were assumed to have an average length of 1 cm. 

It is possible to reduce the width of the impulse response of a 
parabolic index fiber by coupling its modes by random bends of the 
fiber axis. The impulse response of parabolic index fibers is already 
quite favorable compared to the impulse response of the conventional 
optical fiber with a discontinuous but piecewise constant index dis­
tribution. Our analysis shows that additional reduction of pulse delay 
distortion is accompanied by losses. A reduction of the pulse width 
to half its uncoupled width increases the loss by 0.7 dB, a ten-fold 
pulse width reduction increases the fiber loss by 18 dB. 
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APPENDIX 

The averaging process used to obtain (42) can be justified as follows. 
Each mode group characterized by the mode number q comprising 
all modes with 

has the loss coefficient (Jl(q). By definition this can be written 

(Jl (q) = !J.P(q). 
P(q) 

!J.P(q) is the power lost from the mode group per unit length and P(q) 
is the power carried by these modes. If we assume, for simplicity, that 
each mode carries the power P we can write P(q) = N(q)P so that we 
have 

!J.P (q) 
(Jl(q) = N(q)P' 

with N (q) indicating the number of modes in the group. The total 
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loss is 
L !1P(q) L O"l(q)N(q) 
q q 

L P(q) L N(q) 
q q 

Replacing the sum by an integral yields formula (42). 
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Analysis and computations l1wde here, corroborated by experiment, 
determine the effects of axial displacement and angular misalignment on 
the power coupled between butt-Joined, single-mode optical fibers. The 
absolute accuracy with which fibers must be Joined on-centers is reduced 
for fibers with relatively smaller core; the angular accuracy is increased. 

I. INTRODUCTION 

The lowest-order mode in a clad optical fiber, the hybrid HEll 
mode, is the only propagating mode for core sizes less than a few 
wavelengths in diameter (v ~ 2.4).1 Hence, small-core, single-mode 
glass fibers are attractive for transmitting optical signals because of 
their potentially low dispersive effects. A possible disadvantage lies 
in the difficulty of joining small-core fibers end-to-end.2 ,3 It has been 
suggested4 that butt joining may be made less critical by reducing the 
size of the fiber in the vicinity of the joint. The computation and ex­
perimental measurements disclosed here evaluate the advantage to be 
gained by such a procedure. It is found that as the fiber gets smaller, 
the accuracy with which the ends of the fibers to be joined must meet 
on-centers is indeed reduced. At the same time, however, as might be 
expected, the required angular alignment of the fibers becomes more 
critical. 

Both calculations and experiments have been made under the 
assumption that the cladding is of sufficient extent that the role 
played by possible conversion of the zero-order mode to cladding 
modes need not be considered.4 The calculation was made by matching 
the fields of the zero-order modes at the joint. 

1439 



1440 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1973 

II. ANALYSIS 

The power loss caused by displacement at a joint is readily found 
by first determining the ratio of power accepted by the displaced 
fiber to that presented by the sending fiber, that is, the power-coupling 
ratio. This is determined by assuming that the incident field Ei 
separates at the plane interface (which is perpendicular to the axis 
of the receiving fiber) into the desired zero-order mode that propagates 
in the receiving fiber, and into modes orthogonal to this propagating 
mode. The field of the propagating mode is represented by B ·Ep , since 
the form Ep is known but not the amplitude B. The field of the orthog­
onal modes is represented by Eo. 

Ei = B·Ep + Eo. 

Multiplication by Ep and integration over the entire interface gives 

The desired power ratio, c, is then represented by B2. 

The power-coupling ratio between fiber ends with parallel but 
translated axes is Cl. In order to show the effect of axial displacement 
of a given magnitude, independent of core size, the ratio Cl is computed 

TRANSLATION 

/ 

Fig. I-Butt-joined fiber cores displaced by axial translation. 
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as a function of v, the normalized core size,! for several values of the 
parameter d, the normalized displacement. 

. 27ra 
v = -(n2 - n2)t A co, (1) 

(2) 

where a is the core radius, s is the axial displacement distance, A. is the 
wavelength, and nc and no are the core and cladding refractive indexes, 
respectively. 

Figure 1 shows the cross section of a fiber displaced by axial trans­
lation. Rand S are normalized to radius a. The origin is defined as 
the midpoint between core centers. Rand e are the polar coordinates 
of an arbitrary point P in the interface. Rl is the distance from P to 
the center of the first fiber, and R2 is the distance to the center of the 
second fiber. 

Ri = R2 + ( ~ ) 2 - RS cos e, 

R~ = R2 + (~) 2 + RS cos e. 

Let A 12 be the area of the interface of the displaced fibers, and A 
be the area of the cross section of the sending fiber; then 

C2(V) = [i
12 

E(R l)E(R2)dA 12 / fA E2(R)dA r· 
The function E is defined 1 by 

R ~ 1, 

R> 1, 

where J 0 and Ko are the regular and modified Bessel functions of 
order zero. 

The values of u and ware determined from the eigenvalue equations, 

v = (u2 + W2)!, 

uJ leU) _ WK1(W) 
Jo(u) - Ko(w) 

The integral in the denominator of the expression Cl can be inte-
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grated analytically. For an infinite cladding, 

f E2(R)dA = 7r[ vJ I(U) ]2. 
A wJo(u) 

For a fiber of radius Re, (Re > 1), 

fA E2(R)dA = 7r( ~ ~:~~~)2 - ~~~) [Ki(wRe) - K~(wRe)]. 
The integral in the numerator can be divided so that portions of the 

integration can be done analytically. 
The power-coupling ratio between fibers with angular displacement 

of the fiber axes is C2. In order to show the effect of a fixed angular 
displacement of the axes for different core sizes, the ratio C2 is com­
puted as a function of v for several values of the parameter b, the 
normalized displacement angle, 

b = sin ¢ ~ -.!L 
-VI - n~/n~ ~ , 

(3) 

where ¢ is the angle between the fiber axes, and L1 is the ratio of core­
to-cladding index difference to the core index. 

Figure 2 shows a cross section of the fiber joint in the plane of the 
axes of the fiber and auxiliary cross sections perpendicular to the axes 
of the fibers. R', ()', z' and x', y', z' are coordinate systems oriented 
with respect to the sending fiber while R, (), z and x, y, z are coordinate 
systems oriented with respect to the receiving fiber; ¢ is the angle 
between the axes of the two fibers (and therefore between the planes 
perpendicular to the axes). From Fig. 2 it can be seen that 

R' = R(1 - sin2() sin2¢}!. 

The field of the sending fiber at the point P of the interface Ll is 

Ei(R) = E(R') cos {3z', 

where {3 is the normalized propagation constant. 

v 
{3 f"'J --. 
f"'J~ 

For the sman angles under consideration the maximum deviation of 
R' /R from 1 is at most 2.10-2, so it is feasible to approximate R' by R. 
Therefore, (3z' = bvR sin () and 

C2(V) = [in E2(R) cos (bvR sin ())dA / fA E2(R)dA r· 
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CLADDING 

..... -·INTERFACE 
L, 

CORE 

Fig. 2-Analytical model of butt-joined fiber cores displaced by angular mis­
alignment, cpo 

The integral in the numerator, since we have approximated R' by R, 
can be converted to a single integral. 

fRc f27r fRc 
Jo )0 E2(R) cos (bvR sin e)RdedR = 271" Jo E2(R)Jo(bvR)RdR. 

The integral in the denominator is the same as before and can be 
integrated analytically. 

III. EXPERIMENT 

Experimental verification was carried out at microwave frequencies 
because equipment was readily available and dimensional control 
more certain than at optical frequencies. Polyfoam served as the core, 
and air as the cladding. The experimental arrangement is shown in 
Fig. 3. The polyfoam rod had dielectric constant of 1.06; hence, 
(n~ - n~)! = 0.245. Results of computations from the analysis and 
experimentally measured points are shown overlaid in Figs. 4 and 5. 
The vertical point dimension indicates the disparity between two 
systematic measurements. Disparity between the analytical and 
experimental results for very small core dimensions and larger coupling 
loss is not understood; but it is not critical to the conclusions. 

Figure 6 shows an overlay of calculated power coupling as a function 
of v due to both angular and lateral misalignments. It can be argued 
that the total power lost at the junction is roughly equal to the sum 
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Fig. 4-Power coupling through translation ally displaced joint as a function of 
normalized core size and axial translation, d. 
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Fig. 6-Minimum power coupling through example joint as a function of normalized 
core size. Dashed line shows power coupled at maximum axial translation, dotted 
line shows composite minimum coupling. 

of the lost power due to the two kinds of misalignment. Since many 
modes are involved in the scattered energy, and the displacement 
coordinates are different, the scattered modes must be essentially 
orthogonal, hence, power-additive. The dash-dot curves in Fig. 6 
show the fraction of power lying within 10 and 20 radii of the core 
as labeled. 

IV. CONCLUSIONS 

In general, considering the nature of field spreading that accom­
panies the decrease in single-mode fiber core diameter, one concludes 
what one would expect. As the core size parameter, v, decreases below 
about 2, the fields spread, and axial displacement at the joints becomes 
less and less critical since more and more overlap of fields results from 
a given offset. At the same time, the effective "aperture" at the fiber 
end increases, the "antenna" becomes more directive, and the angular 
alignment becomes more critical. 

More detailed conclusions must be drawn from the particular 
joining problem at hand. Suppose, for example, one wants to join 
single-mode fibers of 3-mil diameter, having a core loaded to produce 
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an index difference at the interface of ! percent. If the refractive index 
of the fiber material is about 1.5, then 

(n~ - n~)i ~ ncm = 0.15. 

If the fiber is designed to have v = 2.0 and the optical wavelength, A, 
is 1 pm, the core radius may be found from eq. (1) to be 

a ~ 2.1 Jlm. 

Since 1.5 mils ~ 38 Jlm, the cladding radius is about 18 times the core 
radius, so 

Rc = 18. 

Suppose the centering accuracy of the tool or fixture that will be 
used in aligning the fiber ends at a joint is about ±1 Jlm. (It pre­
sumably will center the fiber with reference to its o.d.) And suppose 
the core is centered in the fiber with ± I-percent accuracy, that is, 
the core center is never displaced from the fiber center by more than 
1 percent of the fiber diameter. The net maximum displacement, 
then, will be 

8m ~ 1.75 Jlm 

and, from (2), 

dm ~ 1.65. 

If the fiber is drawn down to a smaller size at the end to decrease 
the lateral displacement sensitivity at the joint, it is reasonable to 
assume that the alignment tool maintains the same I-Jlm accuracy 
and the core maintains the same ± I-percent centering accuracy; the 
latter of which produces a net decrease in dm • The dashed curve in 
Fig. 6 shows what happens to the minimum coupling, Cl, as v scales 
down with fiber size. 

If at the same time one assumes that the net angular misalignment, 
cp, is less than about 0.01 radian, then from (3), 

b~O.l, 

and the combined effect of angular and lateral displacement varies 
with v as shown by the dotted line in Fig. 6. 

The total worst-case joint loss in this example, then, may be reduced 
by about a factor of two by drawing the fiber (core and cladding 
together) down to half its normal size at the ends for joining. At 
v = 1 the field extending outside the cladding is still negligible. 
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