










































































































































































































{3 > 0 and 0 < a < 2, the distribution is skewed to the right, and the 
degree of skewness increases as {3 increases; conversely, if {3 < 0, the 
distribution is skewed to the left and the degree of skewness increases 
as {3 decreases. For a = 2, {3 is irrelevant. 52 

If Sn is the suitably normalized sum of n independent identically 
distributed random variables Xl, X2, "', X n, 

1 
Sn = Bn (Xl + X2 + ... + Xn) - An 

where B n and A n are normalizing constants, then the distribution of X 

is said to belong to the domain of attraction of a stable distribution 
with characteristic index a if the distribution of Sn converges to this 
stable law as n goes to infinity ;53 this distribution belongs to the domain 
of partial attraction of a stable distribution if the distribution of Sn 

converges only for some subsequence. 54 A stable distribution with index 
a has absolute moments of all orders strictly less than a, i.e., 
EClxlpJ < 00 for 0 �~� p < a.55 

Stable distributions and densities can be expressed as a power series. 56 

In several cases, this series can be considerably simplified to yield 
analytic closed-form expressions; these cases are a = 2 (gaussian), 
a = 1 and {3 = 0 (Cauchy), and a = ! with {3 = ±1. Figure 17 depicts 
several stable density functions. 

If Xl, X2, •• " X n, "', are independent random variables drawn from 
r distributions, each within the domain of attraction of stable laws with 
indices drawn from the finite set (aI, "', ar), then under certain con­
ditions on the number of representatives of each distribution, the 
suitably normalized sum of these variables converges to a distribution 
that is the convolution of r stable distributions. 57 ,58 

The question of rate of approach to the limiting distribution of a 
sum of suitably normalized, independent, identically distributed 
random variables is well understood if the limiting distribution is 
gaussian (a = 2).59-61 If the limiting distribution is in the domain of 
attraction of a stable distribution, a variety of results are avail­
able.3o,35,43,47 The most useful result62 available at present, from a data 
analysis point of view (see Ref. 63), loosely states that the difference 
between the actual distribution of the sum of N suitably normalized 
random variables and the limiting stable distribution (0 < a < 2) is 
bounded by a linear combination of terms of the order of N-l/a and 
N-(2-a)/a. As an example, consider the case a = 1.9: one term is 
N-1/a = N-0.53 while the other term is N-(2-a)/a = N-0.053; N must be 
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Fig. 17-Some symmetric stable first-order probability density function. 

astronomically big to reduce this second term to a value smaller than 
0.1, which indicates how slow this rate of convergence to a limiting 
stable distribution may be. 63 Thus, in many practical situations, cau­
tion must be shown in going to the limiting distribution. 64- 69 Noise 
on telephone lines is possibly a case in point. 

Section 3.2 discusses how filtered data from the three nongaussian 
telephone lines are fit to stable distributions. Since these distributions 
have no second moments, the modifications necessary to properly 
interpret power spectra and covariance estimates, as well as auto- and 
crosscorrelation estimates, for these three lines are not clear. This 
whole area must be subj ect to further research.38 

As a final aside, the question of ergodicity, of relating time average 
statistics to ensemble average statistics, will not be addressed here: 
The filtered data are assumed to be an ergodic random process. 
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3.2 Symmetric stable distribution model 

In this section, various statistical tests are described for determining 
if telephone noise on the three lines that appear nongaussian can be 
adequately modeled by a symmetric stable distribution (0 < a ~ 2, 
(3 = 0). 

A series of estimators for symmetric stable distribution (1 < a < 2) 
parameters have recently been developed. 47 •48 These estimators are 
based on statistics easily derived from the empirical distribution func­
tion; they have been compared with maximum likelihood estimates 
and found to offer reasonable agreement when suitable precautions, 
such as a large sample size for a near 2, are taken.46 These parameter 
estimates are 

" 1 (O.5+p) 
0=- L XK 

2Np K=(O.5-p) 

A 1 (_ _) 
c = 1.654 XO.72 - XO.28 , 

p = 0.125, 0.250, 0.375 

where XT is the value of the rth empirical quantile, 8 is a trimmed mean, 
and c measures the spread of the distribution. To estimate the charac­
teristic index a, an auxiliary variable Zq is first computed 

= Xq - Xl-q = 0 827 Xq - Xl-q 
Zq 2A • - -

C XO.72 - XO.28 

q = 0.9995, 0.995, 0.99,0.985, 0.98, 0.975, 0.97, 0.96, 0.95, 0.94, 0.92, 

and then & is obtained as a function of Zq from tables in Ref. 48. & is a 
measure of how rapidly the distribution approaches its asymptotic 
values. For line 1, with,a sample size of 13,000, it was found that 

8 = -87.4, 

e = 132.0, 

&(ZO.99) = &(ZO.995) = 1.95. 

In addition, this was carried out for a sample size of 1000 thirteen 
times, a sample size of 2000 six times, a sample size of 3000 four times, 
a sample size of 4000 three times, and a sample size of 5000 two times. 
The results are tabulated in Table IV for the q = 0.98 fractile. Different 
choices of q resulted in practically the same estimates. 

Larger and larger samples were used because, if the data really 
come from a stable distribution, then the parameter estimates would 
presumably converge to their true values with increasing N. 
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S 

C 

a 

Table IV - Line 1 symmetric stable distribution 
parameter estimates 

N = 1000 N = 2000 N = 3000 N = 4000 N = 5000 

-88.6, -88.8, -86.9, -87.2 -87.0, -88.1 -88.1, -87.8 -87.9, -87.8 -87.9, -88.0 
-88.2, -88.0, -87.6, -87.6 -87.6, -88.5 -87.8, -88.0 -88.1 
-88.3, -88.7, -86.6, -87.5 -87.7, -88.7 
-87.2 

132.1, 127.4, 122.9, 124.7 123.7, 141.1 125.8, 135.7 125.5, 132.3 130.6, 132.1 
145.2, 134.5, 128.6, 119.8 124.0, 137.6 129.1, 135.1 135.9 
143.4, 134.5, 130.5, 124.2 135.1, 128.7 
137.6 

1.92, 1.94, 1.96, 1.90 1.93, 1.94, 1.92 1.94, 1.92, 1.93 1.93, 1.91 1.94, 1.96 
1.90, 1.89, 2.00 
1.90, 1.99, 2.00, 2.00 

1.92, 2.00, 1.93 1.97 1.97 

1.91, 1.98 

Figure 18 shows a Q-Q plot of 13,000 line 1 data against a symmetric 
stable distribution with a = 1.94, while Fig. 21 shows the same plot 
with 10 points on either end excluded. These points were excluded 
because they were possibly atypical observations, and because they 
were highly correlated to one another. Again, as in the gaussian Q-Q 
plots, only the first and last 100 empirical quantiles, as well as every 
one hundredth between have been plotted, giving the false illusion of 
discontinuity in the observations. The eye is quite sensitive to devia­
tions from a straight line for quantile-quantile plots; in particular, 
a = 1. 94, 1. 95, 1. 96 could easily be distinguished from one another 
(Figs. 18 to 23). The data appear to be slightly skewed, so a non­
symmetric (I (31 « 1, (3 ~ 0) stable distribution might indeed provide 
a better fit to the data. As a increases from 1.94 to 1.96, the stable 
distribution has shorter and shorter tails, and the points in the tails 
bending towards the vertical for a = 1.94 align with the rest of the 
data for increasing a. 

As a check on these estimates, W. DuMouchel has supplied the 
authors with a computer program that numerically calculates maxi­
mum likelihood estimates of parameters of stable distributions, as well 
as of their covariances.46 DuMouchel has shown the maximum likeli­
hood parameter estimates are asymptotically normal, so that some 
statistical techniques developed for data analysis of gaussian samples 
can be brought to bear.70 The method used is numerical, nonetheless, 
so two possible pitfalls must be kept in mind. 

(i) For ease in numerical calculations, the data were aggregated 
into bins, thereby losing information. 

(ii) A Newton-Raphson-type of algorithm was used that approxi­
mates the first and second derivatives of the likelihood function 
with differences. 
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Fig. IS-Line 1 Q-Q plot against a stable distribution, IX = 1.94 (N = 13,000). 

DuMoucheFI has observed that the first approximation is the more 
critical of the two. The second approximation was investigated using 
a simplex algorithm rather than Newton-Raphson which did not 
compute discrete approximations to derivatives, with results consistent 
to those now described. 

For line 1 data, with a sample size of 13,000, the numerical maximum 
likelihood stable distribution parameter estimates were 

& = 1.95 

~ = -0.006 

C = 132.7 

8 = -88.8. 
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The numerical approximation to the estimated parameter covariances 
are shown in Table V. 

The large variance of S compared to the other estimates has been 
observed by DuMouchel ;46 the cause is unknown. Although Q-Q plots 

Table V - Parameter estimate covariances (x 1 06
) 

a " ~ g c 

a 410 11 -57 -1 
A 

c 11 63 -41 -2 
~ -57 -41 13,551 430 
5 -1 -2 430 248 
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indicliLted a slight skewness, i.e., f3 < 0 and I f31 « 1, the interpretation 
of the maximum likelihood estimate for f3 was obscured by this large 
variance. 

As a check o:q. these results, maximum likelihood parameters of stable 
distributions were estimated for 78,750 filtered data from lines 1 and 2, 
corresponding to approximately 10 seconds of telephone noise. A 
N ewton-Raphsori-type algorithm was used; the parameter estimate 
covariances were comparable to those just discussed. The results were: 

a ~ c § 

Line 1 1.96 -0.0084 218.0 -81.35 
Line 2 1.94 -0.0014 93.5 -80.30 
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Two other pieces of evidence that telephone noise can be fitted by 
a stable distribution are now presented: the studentized range test and 
the likelihood ratio test. These have been discussed elsewhere ;47,71 

for large amounts of data, caution is necessary to interpret the results 
of these tests properly. On the other hand, since the data here are 
apparently close to gaussian, large amounts of data must be examined 
to make clear the nongaussian nature of the noise. Thus, the results 
of these tests must be very carefully interpreted, and are included for 
the sake of completeness. 

For line 1 data, testing the gaussian hypothesis at a 0.5-percent 
significance level yia the studentized range test for sample sizes of 
1000 led to mixed results: some segments of data fell within these 
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limits, others fell outside. However, for a sample size of 10,000 the 
result of the studentized range test clearly fell outside the confidence 
intervals. 

A likelihood ratio test was used to test 10,000 line 1 data at I-percent 
significance levels against five hypotheses. The stable distribution 
hypothesis was rejected for a = 2.00, a = 1.98, a = 1.90, and a = 1.85, 
but could not be rejected for a = 1.95. 

3.3 Other centra/-limif-fheorem-based models 

What other models arise that might adequately account for the 
data, while having the same central-limit-theorem-based appeal as the 
stable distributions? First, it is possible the data examined lie in a 
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(N = 12,980). 

domain of partial attraction of a stable distribution (which is wider 
than the domain of attraction72). If enough data were examined, it 
might be possible that a would approach 2. A second possibility is to 
model the data as a convolution of r stable distributions, each with 
its own domain of attraction;73 presumably, each distribution could be 
attributed to a separate physical process. A third possibility is that the 
data are drawn randomly from m gaussian distributions, each with 
different mean and variance; for example, the data could be drawn 
from a low-variance gaussian a fraction P of the time, and from a 
high-variance gaussian a fraction (1 - P) of the time. A fourth pos­
sibility is to model the data as a nonstationary gaussian random 
process, which is a special case of a nonstationary stable random 
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process, or by a doubly stochastic gaussian random process (where 
the mean and the variance are themselves random processes), which is 
a special case of a doubly stochastic stable random process (where all 
four parameters are themselves random processes). While these non­
stationary and doubly stochastic models do not appear to be necessary 
to adequately model the data discussed here, over longer time intervals, 
such as days, weeks, months, or years, the simple models might be 
inadequate while these more complicated models might be more ap­
propriate. Presumably, other classes of models exist. 

It is difficult to refute these alternative models offhand. Recall that 
the original goal was to find a mathematically tractable model for 
telephone noise; the model discussed here is simple and agrees intui­
tively with the physics of the noise. The other models are more com­
plicated. To be of practical use, however, they must be so oversimplified 
that the intuitive agreement with the physics of the noise is lost. It is 
hoped that the class of models based on stable distributions will lead 
to more insight into how telephone noise limits voice communication 
and data transmission and, more important, into new ways for combat­
ing this noise. 

3.4 Gaussian-plus-filtered-Poisson-process model 

A model involving more parameters than the previous one is now 
investigated. This model assumes that telephone noise is due to a sum 
of two independent random processes. The low-variance part is assumed 
to be white and gaussian, while the high-variance process is assumed 
to be a filtered Poisson process. This type of model was popularized 
by Snyder,74 and has been used in optical communication75 ,76 and ELF 
communication77 to assess theoretically optimum and suboptimum 
receiver structures. It has intuitive physical appeal: for instance, 
the low-variance component can be attributed to thermal noise and 
electromagnetic crosstalk, while the high-variance component can be 
attributed to switch arcing and thunderstorms. It is convenient to 
view the filtered Poisson process as the output of a linear dynamical 
system, whose input is an impulse train; the area of the ~pulse is 

POISSON DISTRIBUTED 
IMPULSE TRAIN 

LINEAR DYNAMICAL 
SYSTEM 

N(t) + 
l ak h(t - tk) ~. n(t) 

K=O +t I 

g(t) 

GAUSSIAN 
R,ANDOM PROCESS 

Fig. 24-Block diagram for generating a gaussian-plus-filtered-Poisson process. 
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assumed to be a random variable, while the instants of time at which 
the impulses occur follow a Poisson distribution with rate or intensity 
parameter 'A. Figure 24 and the following equation summarize this 
discussion. 

where 

{ 

N(t) 

net) = get) + KL;,l aKh(t - tK) 

get) 

N(t) > ° 
N(t) = 0, 

net) = gaussian-plus-filtered-Poisson process, 
get) = stationary gaussian random process, 

aK = area of Kth impulse, 
h(t) = impulse response of linear dynamical system, 

tK = time at which the Kth impulse occurs, 
N (t) = number of impulses that occur in [0, t). 

To completely describe this model, the following parameters must 
be estimated 

(i) The mean and variance of the gaussian random process. 
(ii) The probability density function for the impulse areas. 

(iii) The Poisson process rate parameter 'A. 
(iv) The linear system structure. 

We recall that the original motivation for this work was to stimulate 
interest of communication theorists in receiver structures that detect 
or estimate signals corrupted by nongaussian noise. One advantage of 
this type model is that parameters can be related to receiver perform­
ance limitations as well as to physical causes of noise. This helps in 
determining how much effort should go into improving the receiver as 
opposed to reducing the noise (e.g., by designing switches to operate at 
lower voltages). One disadvantage of this type of model is its great 
analytical complexity; it may be quite difficult to find analytic per­
formance limitations, and to determine how sensitive these limitations 
are to model parameters.75 

If the impulse areas {aK} are assumed to be independent identically 
distributed random variables that are independent of the times the 
impulses occur, the characteristic function for the first-order probability 
density function can be shown to be 

E[e ... ·(t)] = exp {imw - }u'w' + A !,' [EaCe",ak(,» - l]dT} , 
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where 

w = frequency, 
m = mean of gaussian random process, 
q2 = variance of gaussian random process, 

Ea ( ) = expectation of ( ) with respect to the random variable a, 
the impulse area. 

It is quite difficult to analytically invert E (eiwn(t)) to find the probability 
density for net). This in turn means maximum likelihood parameter 
estimates, and Cramer-Rao lower bounds on parameter estimate co­
variances are difficult to calculate analytically. For this reason, 
numerical approximations must often be used. To avoid these problems, 
a suboptimum parameter estimation method was developed: Each 
parameter of the model was estimated by itself. There is no guarantee 
that these estimates, when put together, will be close to the true 
parameter values. The so]e reason for doing this was to make the 
problem tractable. Evidence presented later indicates this method 
provides an excellent (but perhaps suboptimum) fit to the data. 

Although the dynamics of the linear system can be quite complicated, 
only three simple cases are considered here. 

(i) h(t) = Ae-Atu_l(t) 

(ii) h(t) = (A21 W

2
)e-AtcoswtU_l(t) 

(iii) h (t) = ( A 
2 
~ w2) e-A t sin wt U-l (t), 

fOI t > 0 
1 t < 0 

which are perhaps the cases of greatest practical interest. 77 

Assuming the amplitude burst statistics to be independent of the 
instants of time at which bursts occur, and assuming the gaussian 
process to be independent of the filtered Poisson process, the mean and 
variance can be calculated (Table VI) for the steady state noise. E(a) 
is assumed to be zero in all models presented here. This completes a 
general discussion of the gaussian-plus-filtered-Poisson-process model; 
the methods used to estimate the model parameters are now described 
in detail. 

3.5 Gaussian random process parameter estimation 

If E(a) = 0, then E[n(t)] = m, and the sample mean is an unbiased 
estimate of the true mean of the gaussian process. If the data are 
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Table VI - Mean and variance for n(t) 

h(t) E[n(t)] Variance [n(t)] 

AA 
m + AE(a) u2 + 2 E(a2) 

A21 ",2 e-At cos ",t U-l(t) m + AE(a) u2 + ~ ( A21 ",2 Y [~ + A2! ",2] E(a2) 

A2~",2e-Atsin"'tu_l(t) m+AE(a) u2+~(A2~",2y[~ - A2!",2]E(a2) 

trimmed to exclude a fraction (e.g., 25 percent) of the data with largest 
absolute deviation from the sample mean, then presumably most 
values of net) that contain large contributions from the filtered Poisson 
process will be excluded. 

The estimates for the mean and variance of the gaussian process 
were consistent with estimates to be presented later for A, A, w, and 
E(a2). No bounds are available on the bias or variance of these parame­
ter estimates. The results are summarized in Table VII. The sample 
variance has been rescaled, based on the assumption that the data 
were drawn from a truncated gaussian distribution. 

3.6 Poisson process parameter estimation 

The Poisson process intensity is closely related to the times at 
which bursts of high-amplitude telephone noise occur. Many definitions 
of a noise burst are possible. The definition chosen here, although 
arbitrary, was found to be qualitatively insensitive to the parameters 
defining a burst. The absolute value of a zero mean waveform is shown 

Table VII - Gaussian random process trimmed mean and 
variance (Total data = 10,000, with a fraction p 

trimmed from either side) 

Truncated Sample Mean Rescaled Truncated 

Line 
Sample Variance 

p = 0.125 0.250 0.375 p = 0.125 0.250 0.375 

1 -88.0 -87.6 -87.3 35,414 35,813 35,208 
2 -79.5 -78.8 -78.7 17,151 17,058 16,815 
3 -77.6 -75.2 -73.6 49,306 48,840 46,554 
4 -81.1 -80.9 -81.0 83,076 88,430 90,864 
5 - 1.0 - 1.0 - 1.1 1,664 1,672 1,683 
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in Fig. 25. The duration of the burst is the time difference between the 
moment that the absolute value of the waveform climbs above an 
upper threshold, Tupper, and the time that the absolute value of the 
waveform drops below a lower threshold, Tlower, provided the waveform 
stays below the lower threshold for at least a predetermined period of 
time, called the guard band GB , which separates one burst from the 
next. The instant of time a burst occurs, tmax, is the first instant· at 
which the absolute value of the burst attains its maximum value, P max. 

A large number of statistics can characterize a point process. A 
number of nonparametric statistics were used to characterize the points 
in time at which bursts occur, and then, based on this evidence, the 
burst data were examined in greater detail to see if they could be 
adequately modeled by a renewal process in general, or a Poisson 
process in particular (e.g., see Ref. 78). 

The two statistics that were first examined were 

(i) The sample mean time between bursts as a function of Tupper, 

, Tlower, and GB • 

(ii) The empirical cumulative distribution function and the histo­
gram for time intervals between events as a function of Tupper, 

Tlower, and GB • 

The effect on these statistics of variations of Tupper, Tlower, and GB is 
now discussed. For line 1 data, for example, Tlower was fixed at 600 
(roughly three standard deviations from the sample mean), Tupper was 
set at 600, and GB was varied from 0.1 to 0.9 millisecond, in steps of 
0.2 millisecond. Tupper was then set at 800, and GB was varied in an 
identicat manner. Finally, Tupper was set at 1000, and GB was again 
varied in the same fashion. The number of events observed was found 
to be insensitive to the choice of guard band as well as to Tupper. The 
guard band was therefore set at 0.5 millisecond, and Tupper was set 
equal to Tlower (which also 'avoids ambiguity in the meaning of 
threshold). 

A typical empirical cumulative distribution function; and a histo­
gram for the time intervals between bursts are shown in Figs. 26 and 
27, for Tupper = Tlower = 800. Typical histograms and empirical cumu­
lative distribution functions for time intervals between bursts for 
Tupper = Tlower = 600 and Tupper = Tlower = 1000 had the same 
shapes as those in Figs. 26 and 27. If the bursts were Poisson-dis­
tributed, the distribution function would be completely specified by 
this information. 
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Investigation of the burst statistics of the other two nongaussian 
lines yielded findings similar to those for line l. 

N ext, the second-order statistics of the time intervals were inves­
tigated. Figure 28 shows a scatter plot of the (K + l)th interval 
against the Kth interval. This plot shows that long intervals followed 
by long intervals are unlikely compared with long intervals followed 
by short intervals, or short intervals followed by long or short intervals. 
Note that it is still possible that the intervals are generated by a 
renewal process with a nonexponential distribution. Note also that 
approximately half the points plotted fall in the lower left corner 
square, 0 < timeK ~ 100 and 0 < timeK+l ~ 100. 

Another set of second-order statistics of interest is 

(i) The estimated autocorrelation of the time intervals between 
bursts 
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where 

and 

1 N-K 

N
- L (tl - l) (tZ+K - l) 

l=l - 1 ~ . 
t = -N L.; tj, 

F=l 

tj = length of jth time interval. 

(ii) The estimated power spectrum of the time intervals between 
bursts, which is the Fourier transform of Rtt(K) if the process 
is wide-sense stationary and ergodic.79 The same issues that 
were discussed earlier when the noise amplitude power spectrum 
was estimated are relevant here. 
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(iii) Contingency tables,80 which correspond to estimates of the 
second-order joint density of intervals that are a specified 
number of intervals apart from each other. 

(iv) The estimate of the conditional expectation of the length of an 
interval given the length of the interval j intervals earlier 

E[tK+iltKJ = f tK+idp(tK+iltK). 

The data analysis presented here focuses on the first two of these 
second-order statistics. Since only a small number of events was 
observed typically (e.g., 147 for Tupper = Tlower = 1000, 768 for 
Tupper = Tlower = 800, for line 1 bursts), statistical fluctuations would 
have obscured the interpretation of the last two statistics. Figure 29 
shows a typical sample autocorrelation function for 1000 intervals, 
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(N = 1000). 
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while Fig. 30 shows the corresponding periodogram. Based on this 
evidence, it seems possible the bursts arise from a renewal process. 
To test this model, the so-called summed empirical periodogram 
S(lio) , defined as 

z r: I J(Kio) 1
2

, 
K=l . 

where IJeKio) 12 = periodogram at frequency'Kio is plotted in Fig. 3{~ 
along with 5 percent significance limits to test the ~enewal hypothesis, 
according to which S should be straight. From this and other evidence 
not presented here, it appears that the bursts analyzed can be reason­
ably modeled as a renewal process .. 

N ext, it is useful to characterize the renewal process model in greater 
detail. Such a process can be statistically described by a variety of 
measures. 81 The two considered here are 

(i) The survivor function Set) ~ fraction of intervals greater than 
or equal to t. 
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(ii) The hazard function H(t) ~ P(t)/S(t), where pet) is the prob­
ability density function of the renewal process and S (t) is the 
survivor function. 

Note that H (t) . At is the probability of an event in an interval of 
length At seconds centered at t, which can be interpreted as the fraction 
of intervals in the range (t - A/2, t + A/2), given that the last event 
was t time units ago. 

The survivor and hazard functions are related by82 

Set) = exp [ - lot H(X)dX] = f~ P(x)dx. 

In a Poisson process with constant intensity x, these simplify to 

pet) = xe-)'t} 
Set) = e-).t t > o. 
H(t) = X 

1306 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1974 



01"-.. 

:;: 
<en 
z 
o 
i= -1-
u z 
::J 
u. 
a: 
o 
~ 
> a: 
~ -2-

o -3-
~ 
::c 
t: 
a: 
<t: 
(!:l 

o 
...J 

...J 
<t: -4-
a: 
::J 
I-
<t: 
z 

\ ..... 

'. 
TUPPER = 800.0 

T LOWER = 800.0 

GS = 0.5 msec 

" ' .. , 
"­

\~ 

.. 

5 I I I I - 0~------~10--------~20---------3LO---------4LO--------...l50 

(sec/lOOO) 

Fig. 32-Naturallogarithm of empirical survivor function for line 1 time intervals 
between bursts (N = 768). 

In practice, only estimates of the survivor and hazard function are 
obtained. The empirical survivor function Set) is the fraction of 
observed intervals greater than or equal to t. The empirical hazard 
function H(t) equals p(t)/S(t), where Pet) is the fraction of observed 
intervals in the range [t - Ll/2, t + Ll/2]. Figures 32 and 33 show 
representative empirical survivor and hazard functions for bursts 
observed on line 1. Statistical fluctuations are quite apparent. For long 
time intervals, only one or two events fall in any particular bin, giving 
the appearance of a trend in H (t); the survivor function is more stable 
for long intervals. The log survivor function roughly follows a series 
of straight-line segments with different slopes, indicating the process 
can be modeled as a Poisson process whose rate parameter is equal to 
the absolute value of the slope of the straight line approximations. 
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In order to adequately model the time intervals between bursts, 
two models more complicated than a simple Poisson process were 
investigated. The first model was a pth order autoregressive process, 
while the second was a doubly stochastic Poisson process, where the 
Poisson intensity A was a random variable specified by a two-state 
Markov process (see Ref. 8). The autoregressive model (for p = 5 and 
15) did not adequately account for long time intervals between events. 
The doubly stochastic Poisson process model did not adequately 
account for short time intervals followed by long time intervals. 
Therefore, both these models were dropped in favor of a Poisson process 
model with constant intensity, even though the log I survivor function 
could not be approximated by a single straight line. Since this is only 
one of at least six model parameters, it was hoped the overall goodness 
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of fit of the model would not be seriously degraded; the evidence pre­
sented later indicates this might be true. 

3.7 Pulse amplitude statistics 

It was assumed the burst amplitude and the instant of time at which 
the burst occurred were independent random variables. Figures 34 and 
35 show representative empirical cumulative distribution functions and 
histograms for line 1 burst amplitude data. Based on these curves, a 
number of distributions can be fitted to the data; only two will be 
discussed here, a two-sided log normal and a two-sided power Rayleigh 77 

(also known as generalized gamma83). A two-sided log normal random 
variable l equals Rq, where Rand q are independent random variables, 
with q equally likely to be + 1 or -1 and R defined by a log normal 
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Fig. 34-Empirical cumulative distribution function of maximum burst amplitude 
(N = 1000). 
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Similarly, a two-sided power Rayleigh random variable P equals Rq, 
where Rand q are independent random variables, with q equally 
likely to be + 1 or -1, while R is defined by a power Rayleigh density 

PR(U) = (~o) ( l;~ )K-l e-(luIlRo)K-l o < K ~ 2, 0 ~ I U I < 00. 

Each density has zero mean; the log normal variance is e!u
2+m, while 

the power Rayleigh variance is R5r (1 + 2/ K). 
The parameters of each distribution could be fit to empirical cumu­

lative distribution functions such as that shown in Fig. 34. The range 
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of parameters for line 1 data, for example, was: 

log normal: mean 5 ~ m ~ 6 
variance 0.01 ~ (1"2 ~ 0.10 

power Rayleigh: scale factor 500 ~ Ro ~ 2000 
exponent 0.50 ~ K ~ 0.70. 

The investigation of a much larger amount of data probably would 
have narrowed the range of these estimates substantially. 

3.8 Linear dynamical system parameters 

The approach chosen here for estimating linear dynamical system 
parameters was trial and error. The sample mean burst duration was 
set equal to the damping constant A -1 in both the first- and second­
order systems. The second-order system oscillates at frequency w, 

which was arbitrarily chosen as (!) (damping constant)-l, to obtain 
qualitative agreement with actually observed noise bursts (e.g., Fig. 3). 
For line 1 bursts, for example, A -1 = 0.1 millisecond for Tupper = Tlower 

= 600, GB = 0.5 millisecond. 

3.9 Goodness-ot-tit to data ot gaussian-pius-filtered-Poisson-process model 

Only one test was carried out to provide some heuristic measure of 
goodness-of-fit of this model to the data. The test was analogous to a 
quantile-quantile plot. Using typical parameter estimates such as those 
just described, a computer generated a sample function of a gaussian­
plus-filtered-Poisson process. These artificial data were sorted and 
plotted against actual (sorted) telephone noise from line 1 as shown in 
Figs. 36 and 37. 

The reason for performing just one test is the great difficulty in 
expressing analytically the distribution function for the gaussian-plus­
filtered-Poisson-process model. Hence, it is very difficult to perform 
quantile-quantile plots of the actual data versus model quantiles, as 
well as to find maximum likelihood parameter estimates and Cramer­
Rao lower bounds on parameter estimate covariances. 

3.10 Criticism ot the gaussian-pius-filtered-Poisson-process model 

Many criticisms of this statistical analysis are possible. First, the 
question of optimally choosing parameters was never addressed and is 
still open. Since a large number of parameters must be estimated, a 
series of presumably suboptimum but easy-to-calculate estimates 
appeared to be the only feasible course. 
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(X = sample mean, S2 = sample variance). 

Second, it is not clear how to relate the linear dynamical system 
parameters in the model to actual telephone system parameters. Where 
does the filtering occur in reality? Why should it be linear and station­
ary? Other evidence19 suggests that the linear dynamical system pa­
rameters are not as well defined for other telephone lines as for the 
data examined in the present work. 

Third, the time intervals between bursts are not adequately modeled 
over the entire observation by a Poisson process. Two other more 
complicated models were investigated in order to account for this. 
Many other models can still be investigated. 

Fourth, a more general class of models was never investigated that 
includes the gaussian-plus-filtered-Poisson process as a special case. 
This model, mentioned briefly earlier, is a mixture of a low-variance 
gaussian distribution and a high-variance gaussian distribution; during 
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a fraction P of the time, the low-variance gaussian distribution is 
chosen to model the data, while during the other (1 - P) fraction of 
time the high-variance gaussian distribution is chosen. The reasons 
for not investigating this class of models were that the gaussian-plus­
filtered-Poisson-process model comes closer to describing intuitively 
the physical process of telephone noise generation, and that it has been 
used by communication theorists in other applications74- 76 more than 
a mixture of gaussians. 

IV. CONCLUSIONS 

This study has presented evidence that noise on some lines consists 
of a deterministic component (e.g., sinusoids at various frequencies) 
and a purely stochastic component. It was assumed that these com-
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ponents add. The data analyzed here suggest that the stochastic 
component is stationary over short periods of time (typically 1 second) 
and distinctly nongaussian. Two simple models have been proposed 
for the nongaussian noise, one based on stable distributions, the other 
on a mixture of a gaussian process and a nongaussian-filtered Poisson 
process. Based on the data analyzed here, both models agree intuitively 
with the physical processes generating telephone noise and appear to 
fit the data reasonably well. 

It is hoped this work will stimulate further research in this area; 
since only a small number of telephone lines were examined, the models 
presented here await confirmation by independent investigators. Other 
models than those discussed here may indeed more adequately account 
for noise on telephone lines. It is hoped this work will lead to greater 
insight into how telephone noise limits voice communication and data 
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transmission and, more importantly, will lead to new methods for 
combating this noise. 
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APPENDIX A 

This appendix is included to give the reader some feeling for the 
two models discussed here. Using typical parameter estimates and a 
first-order system, a computer generated and plotted a discrete time 
sample function of a gaussian-plus-filtered-Poisson process (Fig. 38). 
For comparison, Fig. 39 shows a computer-generated discrete time 
series, where each point was drawn independently from a symmetric 
stable distribution (characteristic index ex = 1.9). 

APPENDIX B 

A graphic indication that the data can be better modeled by a 
nongaussian rather than gaussian distribution is now presented. The 
motivation for this work is found in Mandelbrot. 84 

Estimates for the sample mean, as well as second, third, and fourth 
central moments can be calculated recursively for larger and larger 
amounts of data. Figure 40 plots these estimates for 13,000 filtered data 
(only every tenth estimate is plotted). Note the tendency for the 
second, third, and fourth central moment estimates to wander rather 
than stabilize as more and more data are included, as evidenced by 
the jumps in the estimates. The sample mean, however, does stabilize; 
note the small ripple in this estimate, which presumably is due to a 
sinusoid at approximately 600 Hz that was not filtered from the 
data (see Table II). 

These results are qualitatively consistent with results for central 
moment estimates of computer-generated stable random variables 
(10,000 independent identically distributed samples, ex = 1.96, (3 = 0). 
Central moment estimates of computer-generated gaussian random 
variables (10,000 independent identically distributed samples) did 
stabilize at the correct values, while exhibiting no apparent jumps 
such as in Fig. 40. These results are also consistent with the gaussian­
plus-filtered-Poisson-process model, with the large jumps in the esti­
mates presumably a result of the filtered Poisson process. 

Fig. 40-Sample mean as well as second, third, and fourth central moment esti­
mates for line 1 (N = 13,000). 
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A low-noise, hybrid-integrated, millimeter-wave receiver that consists 
of a local oscillator and a downconverter on a silica substrate is described 
in this paper. The source for the local oscillator is a Gunn diode, and the 
mixer element is a beam-leaded Schottky barrier diode. A novel filter circuit 
is used to combine the local oscillator and the signal with low insertion 
loss in the signal path. The single-sideband noise figure of the receiver at 
30 GHz is 5.5 dB, including O.B-dB contribution of the if amplifier, and 
the rms F M frequency variation resulting from the local oscillator is 
16B Hzj...JKHz. 

I. INTRODUCTION 

Large numbers of solid-state, low-noise receivers that can be built 
into compact low-cost radio transmission systems are needed for 
future terrestrial and satellite communication systems. This paper 
describes a low-noise microstrip receiver with a single-sideband noise 
figure of 5.5 dB at 30 GHz, including 0.8 dB resulting from the if 
amplifier. The receiver consists of a Gunn diode, a Schottky barrier 
device, and a microstrip conductor pattern on a fused-quartz substrate. 
The circuit is fabricated using thin-film photolithographic processing 
techniques. It can be readily scaled to frequencies up 'to 100 GHz. 

II. RECEIVER DESCRIPTION 

The microstrip circuit pattern consists of a 2-JLm-thick evaporated 
chromium-gold film on a silica substrate, as shown in Fig. 1. It in­
cludes an input rf filter, a pump filter, a low-pass if filter, and a 
Gunn oscillator with a biasing circuit. The pump and rf signal filters 
are made from a single rectangular resonator that supports two or­
thogonally polarized microstrip modes. l The resonance for the pump 
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Fig. 1-Schematic drawing of the microstrip receiver circuit in a rectangular 
channel with a length of 25.4 mm, a width of 4.0 mm, and a depth of 2.5 mm. The 
silica substrate thickness is 0.34 mm. 

signal is directed along the channel, with the resonance for the input 
signal in the perpendicular direction. Each orthogonal resonance has 
the response of a single-pole filter. Isolation between the signal and 
pump ports is > 20 dB, which is equal to or better than the isolation 
normally achieved in a balanced downconverter design. A single beam­
leaded Schottky barrier diode (see Table I) is used for downconverting 
the rf signal to the if frequency. The diode is shunt-mounted to a 

Table I - Gunn diode and mixer diode parameters 

Diodes 

Gunn diode 
Microwave Associates 
Model No. MA49173 

Mixer diode 
Hewlett-Packard 
Model S082-2716 

Parameters 

Frequency 28-30 GHz 
Maximum output power 50 m W 
dc bias voltage 5 volts 
dc bias current 800 rnA 

J unction resistance 
Series resistance 
Junction capacitance 
Package inductance 
Package capacitance 

120 ohms 
10 ohms 
0.07 pF 
0.1 nH 
0.07 pF 
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high-impedance microstrip line. The length of this line was chosen so 
that the reactance seen by the diode at the image frequency is optimized 
to obtain a low noise figure. 

A Gunn diode connected to a microstrip resonator provides the pump 
power at 28.4 GHz. The diode is inserted into the side wall of the 
rectangular channel that supports the substrate (Fig. 1). The micro­
strip resonator is coupled capacitively to a 50-ohm line that feeds the 
pump signal into the orthogonally resonant filter. Direct-current bias 
to the Gunn diode is provided through a high-impedance line connected 
to the microstrip resonator at an rf minimum. Radio-frequency leakage 
is further minimized in the bias line by means of a A/4-long microstrip 
stub. The metallized substrate is mounted in a closed rectangular 
channel to eliminate radiation losses and parasitic coupling to external 
circuits. Waveguide modes inside the channel are below cut-off for 
the frequency range of the receiver. The Gunn diode (see Table I), 
encapsulated in a ceramic pill package, gives up to 50 mW at 30 GHz. 
The oscillator frequency can be tuned from 27 to 29 GHz. The tuning 
mechanism consists of a small piece of dielectric material attached to a 
nylon screw that is inserted in the channel above the microstrip 
resonator. The adjustable dielectric loads the fringe field of the res­
onator and provides a means for tuning the local oscillator frequency. 
Figure 2 shows the 30-G Hz microstrip receiver and Table I lists the 
Gunn diode and the mixer diode parameters. 

III. NOISE FIGURE MEASUREMENT 

The overall mixer noise figure of a receiver is2 

(1) 

where Lc is the downconverter conversion loss, Nr is the mixer diode 
noise ratio,2 and Fi- f is the noise figure of the if preamplifier. 

The parameter N r can be obtained by measuring the system noise 
figure at constant diode current, with two if preamplifiers with differ­
ent noise figures (Fi-fh and (Fi-fh. If (Foh and (Foh are the two 
measured system noise figures, the parameter N r is given by 

(2) 

The system noise figure was measured by using a wideband preamplifier 
with a noise figure of 4.5 dB yielding a total noise figure of 9.2 dB. 
Measurements were also made with a low-noise parametric amplifier 
with a noise figure of 0.8 dB, giving in this case a system noise figure of 
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Fig. 2-The receiver. A probe that extends into an adjacent RG-96jU waveguide 
is used to couple to the signal. 

5.5 dB. Substituting these values into eq. (2) gives a figure of merit 
equal to 1, as expected from a good mixer diode. 2 Equation (1) then 
becomes 

(3) 

yielding a downconverter noise figure equal to the mixer conversion 
loss. Thus, 

Lc = 4.7 dB. (4) 

HP340A TUNABLE 
NOISE FIGURE ...- RECEIVER I METER 

IF AMPLIFIER 

1,.6-GHZ I F OUTPUT 

3G-GHz 
3G-GHz 

NOISE TUBE ~ MICROSTRIP 

RECEIVER 

l 
DC 

POWER SUPPLY 

GUNN 

OSCILLATOR 

Fig. 3-Noise figure measurement setup. 
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Figure 3 is a schematic diagram of the noise measuring setup. The 
signal frequency is 30 GHz, the pump frequency is 28.4 GHz, the if 
frequency is 1.6 GHz, and the bandwidth is 460 MHz wide at the -1 
dB points. Figure 4 shows the single-sideband noise figure of the 
downconverter, not including the if contribution. 

IV. FM NOISE MEASUREMENT 

FM noise resulting from the local oscillator is an important parame­
ter in downconverters designed for receiving angle modulated signals, 
since the FM noise of the local oscillator is directly added to the phase 
information contained in the downconverted if signal. 

Measurement of the FM noise was made by beating the pump 
frequency with a 30-GHz low-noise signal. Figure 5 shows the power 
spectral density measured at 1.64 GHz with a 100-Hz wide filter and 
a ·scanning time of 2 seconds per division. The Lorentzian shape of the 
observed power spectrum is characteristic of an oscillator with white 
gaussian noise. Theoretical analysis for this type of oscillator shows 
that the spectral density around the carrier is mainly due to FM noise 
and varies as3- 5 

where 

and 

Wo = oscillator frequency 
Po = output power 

Q = oscillator external loaded Q. 
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Equation (5) normalized to unity varies as 

a2 

y = a2 + X2' 

where a is the noise parameter given by 

wokT 
a = 4Q2P

o 

and 

w - Wo 
x=--­

Wo 

y = S(f)FM X awo
• 

2Po 

(6) 

(7) 

(8) 

(9) 

The noise parameter a is obtained from the measured power spectrum 
(shown in Fig. 5) by using eq. (6). Figure 6 shows the values deter­
mined for the parameter a for various frequency deviations. The results 
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deviation. 

are distributed, within the error margin of our measurements, around 
a constant value of 

(a) = 2.7 X 10-8• (10) 

This is a good experimental verification that the noise in the signal is 
in fact mainly FM in character as predicted by eq. 5. 

The rms FM frequency deviation per ~ is given by4 

Wo fkT 
AWrma = Q \jP;' 

which can be written from eq. (7) as 

Awrms = 2wo fa . \j;;, 

(11) 

(12) 

Substituting eq. (10) into eq. (12), the rms FM frequency deviation 
becomes 

Hz 
Afrms = 168 . rTTTT: • 

",KHz 
(13) 

The receiver described in this paper was designed for use in a PCM 
system in which the phase of the carrier will be modulated between 
four levels with a sampling period T = 7.3 ns, which will occupy a 
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bandwidth B = 200 MHz. The rms phase deviation resulting from the 

local oscillator, which occurs in the time interval T, is 

A¢rms = 27f'AJrmsT4B. 

The rms phase fluctuation calculated from eq. (13) equals 

A¢rms = 0.2°. 

(14) 

(15) 

Equation (15) shows that the noise due to the local oscillator is an 
insignificant contribution to the modulated signal. 

V. CONCLUSION 

A low-noise hybrid integrated receiver that is comparable to the 
best conventional waveguide circuits6 has been built and tested at 
30 GHz. A unique orthogonal resonator input circuit allows the use of 
a single mixer diode resulting in a performance comparable to con­
ventional balanced downconverter receivers. The receiver circuit, 
made on a single silica substrate, can be mass-produced with high 
reliability. It can be readily scaled to higher frequencies and is espe­
cially suited for incorporation into millimeter-wave communication 
systems. 
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The outage time on short radio paths at frequencies above 10 GHz can 
be estimated from distributions of point rain rates derived from U. S. 
Weather Service rain gauge charts. In this paper, a previous theory is 
extended to include the effects of path length and frequency. Experimental 
corroboration is presented for three locations on the east coast of the United 
States, and the design of short radio paths is illustrated by examples. 
One-minute rain rate distributions for 20 locations are also included. 

I. INTRODUCTION 

Many characteristics of radio systems above 10 GHz are due to the 
existence of large attenuation by rain. These characteristics have been 
discussed at length in a previous publication.1 The economical design 
of a system operating at these frequencies requires a knowledge of the 
incidence of rain attenuation at the location of the system; to be more 
specific, it requires a procedure for predicting the number of minutes 
per year that a radio path will be out of service because of excessive 
rain attenuation. This paper describes such a design procedure and 
includes data required to design systems in several sections of the 
country; design examples are also given. 

The starting point for this design procedure is the theory of attenua­
tion by uniform rainfal12 and a relationship, derived in Ref. 3, between 
the attenuation distribution measured on a path and a point rain rate 
distribution measured near the path. The key result of Ref. 3 is a 
connection between the theory of attenuation of uniform rain and that 
of the variable rainfall experienced in practical situations. This con­
nection is, of course, vital to any practical measurement because uni­
form rain does not usually occur. A conclusion of this work was that 
the measuring interval used in rain rate measurements has a large 
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effect on the accuracy of the predicted attenuation distribution. A 
definition of rain rate suited to the prediction of attenuation distribu­
tions was provided, and it was shown that, if the rain rate distribution 
were measured in the proper way, the attenuation distribution could 
indeed be estimated from it. 

The importance and usefulness of the theoretical result lies in the 
existence of point rain rate data from a large number of rain gauges 
all over the country.4 Copies of charts from many of these recording 
gauges can be obtained from the U. S. Weather Service. '" However, 
these charts do not record rain rates directly, and initially it was far 
from obvious that appropriate rain rate data could be obtained from 
them at all. Thus, the transformation from an interesting theory to 
practical engineering application came when a method was devised 
for measuring accurate I-minute rain rate distributions from these 
rain gauge charts. 

This paper begins with a brief review of the salient results in Ref. 3, 
and extends that theory to include the effects of frequency and path 
length. Since a theory of design is only as good as its results, predictions 
of attenuation distributions computed from rain rate distributions are 
compared with attenuation distributions measured on several paths, 
and in all cases the agreement is excellent. The paper concludes with 
examples of the design of short radio paths in several sections of the 
country. 

II. REVIEW OF THEORY3 

A theory of attenuation of uniform rainfall has been formulated by 
Ryde and Ryde and others, and a good account is given by Medhurst. 5 

The attenuation resulting from uniform rain has been computed by 
Ryde and Ryde,2 Medhurst,5 and Setzer;6 Setzer's results, for several 
frequencies of interest, are shown in Fig. 1. 

Any relationship between attenuation and rain rate must take into 
account the fact that attenuation depends upon the density of rain in 
the path and is therefore a volume function, whereas rain rate is a 
surface vector, the magnitude of which is the rate of water flowing 
through a surface area. 

For uniform rainfall, the relationship between rain rate and rain 
density on the path is simple and not at all dependent upon the time 
interval used in the rain rate measurement. However, uniform rainfall 

'" U. S. Department of Commerce, National Oceanic and Atmospheric Administra­
tion, Environmental Data Service, National Climatic Center, Federal Building, 
Asheville, N. C. 28801. 
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is not encountered in nature; both the density of rain on the path and 
the rain rate are functions of position and time. The divergence 
theorem can be used to relate the rain density, which is a volume 
function, to the rain rate, which is a surface vector. The volume 
chosen for the application of the diyergence theorem to a radio path 
is shown in Fig. 2. It is the first Fresnel ellipsoid, a prolate ellipsoid 
with major axis L and minor axis ~. The path length is L and the 
wavelength of the transmission is 'A. Typically, the ratio of these axes 
on short paths is on the order of 500. This volume is chosen because 
substantially all the power that reaches the receiver passes through it. 

~'------y 

ANTENNA 
I 
I 
J 

I 

L ~ J ---------------~-----L---------------------
Fig. 2-An ellipsoidal surface enclosing the radio path. 
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If the rain rate is known at every point on the surface at all times, the 
volume of rain in the path can be computed.3 However, rain rate must 
be measured in a specified time interval-called integration time-and 
if the interval is too long, important fine structure in the rain rate­
and the resulting fades-could be missed. 

The path geometry can be used to determine an interval short 
enough so that no deep fades will be missed. The time required for a 
deep fade to develop is related to the time required for the rain to fill 
a large fraction of the volume of the ellipsoid in Fig. 2. For a step 
function of rain with velocity V, the minimum time for the volume to 
fill is ~/V. It follows that a deep fade will not occur in a time 
To « ~/V. Thus, a rain gauge with an integration time To should 
be sufficiently fast for our purpose. Actually, of course, step functions 
of rain do not occur, and an integration time T larger than To will 
suffice. For a practical rain gauge design, To serves only as a guide and 
as assurance that a suitable rain gauge is at least possible. 

Since rain rate cannot be measured at all points on the surface of 
the path, it is necessary to consider what can be done with a single rain 
gauge in the vicinity of the path. 

Fortunately, the attenuation as a function of time is not required; 
for radio path design, knowledge of the fraction of time that the path 
attenuation exceeds the fading margin is sufficient. To determine this 
information, we need to relate the point rain rate distribution to the 
path attenuation distribution. The method of relating these distribu­
tions is described in Ref. 3, and only pertinent results will be given here. 
If we measure the point rain rate distribution for a small enough 
integration time and are then able to obtain distributions for multiples 
of this interval, an estimate of the path attenuation distribution can 
be computed from the point rain rate distribution obtained for a 
suitable integration time T. The appropriate integration time T is a 
function of path length and frequency and is discussed in Section III. 
A rain gauge that measures rain rate as prescribed by the theory is 
described in Section IV. 7 

III. RAIN RATE INTEGRATION TIME AS A FUNCTION OF PATH LENGTH 
AND FREQUENCY 

The theory has so far produced a rain rate integration time To 
sufficiently short that no significant rates will be missed. It is, of course, 
expected to be unnecessarily short because it was derived for severe 
and unrealistic conditions. For a given path and wavelength, there is 
an integration time T for the point rain rate measurement for which 
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the point rain rate distribution best approximates the path average 
rain rate distribution. Thus, the attenuation distribution is related to 
frequency and path length through the rain rate integration time T. 
The rate at which the path average rain rate changes depends upon the 
dimensions of the path. We assume, therefore, that the integration 
time in seconds is proportional to the distance through the path of 
Fig. 2, averaged over all trajectories through the center. 

T = ~ ~ln32f 
Vc 7r A ' 

(1) 

where 
L is the path length in meters, 
A is the wavelength in meters, and 

Vc is a constant with the dimension of velocity. 

The constant Vc is determined experimentally from measured attenua­
tion and point rain rate distributions. From data to be discussed later, 
Vc ~ 0.95 meter per second. 

IV. THE FAST INTEGRATING RAIN GAUGE: RAIN RATE DISTRIBUTIONS AS 
A FUNCTION OF INTEGRATION TIME 

A rain gauge designed to measure rain rates in accordance with the 
requirements of the theory is shown schematically in Fig. 3.7 Rain is 
collected in a funnel with a 16-inch diameter. The water is directed by 
the small rotating funnel to one of four glass tubes. The tube receives 
the rain collected in a 1.5-second interval, and then the small funnel 
rotates to the next tube. After the water has settled in the first tube, its 
volume is measured by measuring the capacitance between two metallic 
plates attached to the outer surface of the tube. After the measurement, 
the tube is emptied and is ready to be used again. In this manner, the 
rain rate is measured in successive intervals of 1.5 seconds. Since all 
intervals are measured, it is simple to obtain rain rates for intervals 
that are multiples of 1.5 seconds. 

The effect of rain rate integration time is shown in Fig. 4, in which 
the data were taken from the fast rain gauge. As expected, the highest 
rain rates are recorded for the shortest integrating time. From Fig. 4, 
it is clear that the rain rate distributions depend upon the integration 
time. 

Figure 5 shows rain rate distributions for two years at Holmdel, 
N. J., measured on this rain gauge with integration time as a parameter. 
As expected, the distributions are functions of the integration time T. 
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--- ROTATING 
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SET AND BATTERY 

Fig. 3-The fast integrating rain gauge. 

At present, only two of these fast rain gauges exist, so it has not 
been possible to obtain such distributions in many locations. 

What is possible and practical is to measure distributions for an 
integration time of 1 minute from U. S. Weather Service rain gauge 
charts. We are therefore interested in converting 1-minute rain rate 
distributions to distributions at other measuring intervals. To facilitate 
this conversion, Fig. 6 has been prepared from Fig. 5. For many paths 
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Fig. 5-Distribution of rain rates measured with fast-integrating rain gauge at 
Holmdel, N. J. for two years (1971 and 1972). 
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Fig. 6-T jT60 = (minutes per year rain rate exceeds abscissa for integration time 
T) j (minutes per year rain rate exceeds abscissa for 1-minute integration time). 

of interest, the proper integration times fall between 12 and 120 
seconds with the maj ority in the vicinity of 60 seconds. Thus, Fig. 6 
shows that the distributions are not very sensitive to measuring 
interval out to rates of 120 millimeters per hour, which may correspond 
to a deep fade. Therefore, for many paths, I-minute distributions will 
be adequate for design. For other paths, adjustments can be made 
from Fig. 6. 

Note that the data shown in Fig. 6 are for a single location and 
cover a two-year period. It is not known to what extent these conver­
sions apply to other locations, longer paths, and other periods of time. 

V. THE EFFECTS OF NONSPHERICAL RAINDROPS 

The theory was derived for spherical raindrops but, because rain­
drops are not quite spherical, the attenuation for vertical and horizontal 
polarizations are different. Morrison and Chu have computed the 
differential attenuation, the difference in attenuation between hori­
zontally and vertically polarized waves, as a function of frequency for 
a specific raindrop model, and some of their results are shown in 
Fig. 7. 8 The attenuation of a vertically polarized signal is less than that 
of a horizontally polarized signal, and we take the average of these to 
correspond to the attenuation caused by spherical raindrops. 

The dashed lines in Fig. 7 are linear approximations to the data and 
may be used in the design of radio paths described in Section IX. As 
measured distributions of differential attenuation become available, it 
may be necessary to modify the results of Fig. 7. 
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Fig. 7-Differential attenuation as a function of rain rate and frequency. 

VI. COMPARISON OF THEORY AND EXPERIMENT USING DATA FROM THE 
FAST-INTEGRATING RAIN GAUGE 

In this section and in Section VIII, comparisons are made between 
measured attenuation distributions and distributions predicted by the 
theory from measured rain rate distributions. Since the object of these 
comparisons is to test the efficiency of the procedure, it is important 
to use attenuation and rain rate distributions that are coincident in 
time and as near the same location as possible. In addition, distribu­
tions for time periods of less than one year were deemed inadequate. 

The problem of estimating future attenuation distributions from 
existing rain rate distributions is different in that the time periods 
cannot be coincident. For this purpose, rain rate distributions covering 
a five-year interval are used in Section IX to illustrate the design of 
radio paths. 

Two of the fast-integrating rain gauges are in service, one at Holmdel, 
N. J., and one at North Andover, Mass. At Holmdel, A. F. Dietrich 
and O. E. DeLange measured the attenuation on a 1.03-kilometer path 
at 60 GHz for the year 1971, and an attenuation distribution was 
obtained from these data. For the same year, estimated attenuation 
distributions for several rain gauge integration times were computed 
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from the fast-rain-gauge data. The distribution computed for an 
integration time of 12 seconds was the best fit to the measured attenua­
tion distribution; the two distributions are shown in Fig. 8. Using a 
value of T = 12 seconds, the constant Vc in (1) was computed. Thus, 
based on this fit, we have an expression for rain rate integration time 
in seconds as a function of frequency and path length: 

~ L 
T ~ 1.05 ----;:- In 32 ~ . (2) 

At the Bell Laboratories facility in North Andover, Mass., G. H. 
Lentz measured attenuation on a 4.3-kilometer path at 18.5 GHz and 
rain rates with a fast-integrating rain gauge for three years.9 The 
appropriate rain rate integration time for this path is, from (2), about 
45 seconds. By interpolation of Fig. 6, the 45-second and 50-second 
rain rate distributions are nearly identical, so the attenuation com­
puted from a I-minute distribution is accurate enough and is shown 
with the measured distribution of attenuation in Fig. 9. 
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Fig. 8-Computed and measured attenuation distributions at 60 GHz for 1971. 
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Fig. 9-Measured and computed attenuation distributions at North Andover, 
Mass., for three years (1971 to 1973), vertical polarization. 

This is certainly satisfactory agreement between theory and experi­
ment. The problem remains, however, of how to obtain suitable rain 
rate distributions for other locations. 

VII. MEASUREMENT OF RAIN RATE DISTRIBUTIONS FROM U. S. WEATHER 
SERVICE DATA 

The U. S. Weather Service operates rain gauges at many locations; 
for example, there are nearly 300 first-class weather stations, all of 
which operate rain gauges. 4 There is, then, an immense amount of rain 
gauge data available which, if rain rates can be derived from it, 
can be used to produce accurate estimates of attenuation distributions 
anywhere in the country. 

A weighing gauge measures the depth of water accumulated as a 
function of time, and a reproduction of part of such a record is shown 
in Fig. lOa. This chart does not show the rain rate, which is the deriva­
tive of the curve on the chart. However, a method has been devised 
for taking data at I-minute intervals and using the data to compute 
the rain rate and its distribution. 

Computing derivatives in this manner is notoriously inaccurate, and 
considerable processing is necessary to get accurate results, especially 
at high rain rates. The processing used in this work is described else­
where.lO The rain rate computed from the chart in Fig. lOa is shown in 
Fig. lOb. 

One-minute rain rate distributions for a 5-year period are shown in 
Fig. 12 for the locations indicated on the map of Fig. 11. The use of 
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Fig. lOb-Rain rates vs time computed from weighing gauge data. 

these distributions for the design of radio paths is demonst.rated in 
Section IX. 

VIII. COMPARISON OF THEORY AND EXPERIMENT USING U. S. WEATHER 
SERVICE DATA 

Hudson, N. H., is about ten miles from the radio path at North 
Andover, IVIass. The estimated attenuation distribution for the 4.3-
kilometer path at 18.5 GHz·was computed from the rain rate distribu-
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at 

Fig. ll-Locations for which 1-minute rain rate distributions are shown in Fig. 12 
(Key: d3 refers to Fig. 12d, curve 3). 

tion measured at Hudson, N. H., as previously described. This result 
is shown with the measured distribution in Fig. 13. 

Figure 14 compares a 3-year attenuation distribution, measured by 
R. A. Semplak on a 6.4-kilometer path at 18.5 GHz, to the estimated 
distribution computed from the Newark, N. J. rain rate distribution.l1 
The distance from Newark to Crawford Hill, N. J., is about 30 miles. 

Similarly, Fig. 15 compares the estimated attenuation distribution 
computed from the Atlanta, Ga., rain rate distribution with an at­
tenuation distribution reported by S. H. Lin on a 5.15-kilometer path 
at 17.75 GHz near Palmetto, Ga., a distance of about 25 miles. 12 

It is evident from these comparisons that attenuation distributions 
can be estimated from rain rate distributions obtained by processing 
rain gauge charts. Design of radio paths using these distributions are 
now discussed. 

IX. THE DESIGN OF SHORT RADIO PATHS 

Determination of the path length for a specified outage time requires 
a knowledge of the wavelength and fading margin. Rain attenuation 
depends upon the wavelength, as already discussed in Section II. The 
fading margin requires a little more discussion. During periods of 
normal free-space propagation, the power received at the output port 
of the receiving antenna is given by 

ATAR 
PR = P T 'A2L2 , (3) 
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Fig. 12-Rain rate distributions average of five years (1966 to 1970). 

P T is the power at the input port of the transmitting antenna, 
PR is the power received at the output port of the receiving 

antenna, 
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AT, AR are the effective areas of the transmitting and receiving 
antennas, 

A is the wavelength of the transmitted signal, 

and 

L is the distance between the transmitter and receiver. 

The relationship between the effective antenna area and the gain, G, 
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Fig. 14-Comparison of measured attenuation distributions at Crawford Hill, N. J., 
with computed attenuation distributions from rain rate data from Newark, N. J. 
for three years (1967 to 1969), vertical polarization. 
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Fig. 15-Measured and computed attenuation distributions at Palmetto, Ga., 
for year 1971. 

of the antenna is 

In any system there is a minimum power, P min, that is required to 
meet the transmission objectives. If the received power falls below 
this value, the system is said to suffer an outage. The duration of the 
outage is the time interval during which the received power is less than 
P min, which depends upon the noise factor and bandwidth of the 
receiver and on the type of modulation and detection. With this con­
vention, the fading margin in decibels is defined as 

(4) 

Substituting for P R from (3) reveals that the fading margin is a func­
tion of path length. 

( 
PT ATAR) a(L) = 10 log P
min 

X ';..2L2 . (5) 

It is convenient to write the fading margin for path length L in terms 
of the fading margin for a I-kilometer spacing between antennas in 
decibels. Thus, if a (1) is the fading margin for a I-kilometer path, the 
fading margin for an L-kilometer path in decibels is 

a(L) = a(I) - 20 log L. (6) 

From Fig. 1 we recall that the attenuation resulting from uniform 
rain as a function of rain rate can be described by linear functions over 
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the range of rain rates of interest. Thus, we have, from Fig. 1, 

where 

and 

I'(L) = CaR + b]L, 

R is rain rate in millimeters per hour, 
L is path length in kilometers, 

a, b depend on wavelength. 

(7a) 

The differential attenuation of Fig. 7 can be written 

ol'(L) = (oa X R + ob)L. 

Using this expression, the attenuation of vertically and horizontally 
polarized signals can be written in the same form as (7a). 

I'v(L) = [(a - oa)R + (b - ob)]L, 

I'H(L) = [(a + oa)R + (b + ob)]L. 

(7b) 

(7c) 

The parameters for several frequencies of interest are given in Table 1. 
When the rain attenuation exceeds the fading margin, the path is out 

of service. The rain rate for which the attenuation equals the fading 
margin can be found by setting a(L) = I'(L) in (6) and (7) to obtain 

a(l) = CaR + b]L + 20 log L (Sa) 

av(1) = [(a - oa)R + (b - ob)]L + 20 log L (Sb) 

aH(I) = [(a + oa)R + (b + ob)]L + 20 log L. (Sc) 

These are nonlinear equations, and it is useful to present solutions in 
graph form, as in Fig. 16, for a frequency of IS.5 GHz. 

Table I - Coefficients for attenuation as a function of rain rate 

Frequency a b oa ob in GHz 

11 0.045 -0.3 0.0046 -0.06 
16 0.077 -0.08 
18.5 0.098 0 0.014 -0.2 
30 0.178 1.5 0.0216 0 
60 0.250 4.7 0.0129 0.25 

100 0.287 5.1 0.0069 0.15 
150 0.292 4.9 
300 0.275 4.45 
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We are now in a position to illustrate the design of short radio paths. 

Example 1. Determine the outage time for a path of length L = 6 
kilometers for a system characterized by a I-kilometer fading margin, 
a(I) = 50 dB, and an operating frequency of 18.5 GHz with vertical 
polarization. From (2), T ~ 54 seconds, so I-minute rain rate dis­
tributions will suffice. 

Enter Fig. I6b at L = 6 kilometers and a(I) = 50 dB. The resulting 
rain rate is about 66 millimeters per hour. If the system is to be located 
in New Jersey, enter the rain rate distribution of Fig. I2b(3) at 66 
millimeters per hour and note that the average outage time is about 28 
minutes per year. 

Example 2. A hypothetical I8.5-GHz system is to be built in New 
Hampshire between terminals separated by 40 kilometers. The service 
for which the system is intended requires that the average outage time 
not exceed 0.02 percent per year, which is 105 minutes. The system is 
characterized by a I-kilometer fading margin of a (1) = 50 dB. 

We use the rain rate distribution for Hudson, N. H. Since there must 
be an integral number of hops in the system, we compute the total 
outage time for various numbers of hops, and the smallest number of 
hops resulting in an outage time of 105 minutes or less is the proper 
answer. We proceed as follows. For five hops, the path length would 
be 8 kilometers per hop. The polarization has not been specified, so 
Fig. 16a is used. From Fig. 16a, a rain rate of 41 millimeters per hour 
is obtained. Using this rain rate and the rain rate distribution for 
Hudson, N. H., an outage time of 35 minutes for an 8-kilometer path 
is found. There are five hops, so the total outage time is 175 minutes. 
It is clear that 8-kilometer paths are too long. Repeating the process for 
larger numbers of hops, it is instructive to plot the results, as in Fig. 17. 
From the figure we see that seven hops with average path length of 
5.7 kilometers will be required. For paths of this length, T ~ 52 
seconds, so again the I-minute distribution will suffice. 

It would be rare if the system could be laid out with equal path 
lengths. When the repeater sites are selected and the path lengths 
known, the expected system outage can be computed by summing 
the estimated outages for the individual paths as illustrated in the 
first example. The system outages computed in this manner will be 
conservative, since any joint path outages cannot be distinguished 
and, in effect, are counted as separate outages. To the extent that over-
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lapping outages occur, the actual system outage time will be some­
what less than predicted. 

X. CONCLUSION 

A procedure has been described for designing short radio paths to 
meet transmission outage objectives when fading is caused by rain 
attenuation. The method is simple and examples are given. Data 
required include the operating frequency, the fading margin, the 
polarization to be used, and a suitable rain rate distribution. For many 
paths and frequencies of interest, accurate attenuation distributions 
can be estimated from 1-minute rain rate distributions. Examples of 
such distributions for a 5-year period, which were obtained by pro­
cessing rain gauge data supplied by the U. S. Weather Service, have 
been presented. The design procedure is applicable to any section 
of the country for which suitable rain gauge data are available. This 
includes many of the several hundred stations operated by the U. S. 
Weather Service. Application of this method to longer paths is possible; 
work to accomplish this is presently under way. 
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A broadband antenna is described with an elliptical beam suitable for 
efficient illumination of the United States from a satellite in synchronous 
orbit. The antenna is also suitable for use in terrestrial radio systems 
above 10 GHz. It consists of a corrugated feed and two parabolic cylinders 
that efficiently transform the circularly symmetric beam radiated by the 
feed into an elliptical beam. Depolarization of the incident beam by the 
two cylinders is very small and essentially independent of the angle of 
incidence, which can therefore be chosen as large as required to avoid 
aperture blockage. 

The performance is described of an antenna with a 5.80 X 2.90 elliptical 
beam at 18.5 GHz. For any input polarization, the cross-polarized 
component of the far field remains over the entire beam at least 33.5 dB 
below the main component on axis. This cross-polarized component is 
due in part to imperfections in the corrugated feed and in part to some 
aperture blockage by the feed and depolarization by the cylinders. 

A first-order analysis of the frequency dependence shows that the 
beam widths vary little with frequency for an antenna using a properly 
designed feed and cylinders of sufficiently large apertures. As the frequency 
is increased from 18.5 to 29 GHz, the measured horizontal and vertical 
beam width variations are + 2 .7 and -14 percent, respectively. 

I. INTRODUCTION 

The suitability of corrugated feeds for use in reflector antennas of 
revolution is well known.1,2 When this feed is properly designed, the 
resulting far field of the antenna is a circularly symmetric beam 
reproducing, in all directions, the input polarization of the feed. It is 
shown here that this feed is also suitable for use with orthogonal 
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cylinders, with excellent performance. Although the far field in this 
case has a cross-polarized component resulting from depolarization by 
the cylinders, this component is very small, negligible for most appli­
cations. An important advantage of cylindrical reflectors over re­
flectors of revolution· is that this cross-polarized component is essen­
tially independent of the angle of incidence, for incidence in a plane 
orthogonal to the axis of the first cylinder. Because of this property, 
aperture blockage can be eliminated by properly orienting the feed 
without sacrificing the polarization properties of the antenna. 

We describe the performance of an antenna consisting of two 
orthogonal parabolic cylinders4 and a corrugated feed (Fig. 1). The 
two cylinders transform the circularly symmetric beam radiated by 
the feed into an elliptical beam. Thus, this antenna is particularly 
suitable for applications requiring different beamwidths in the two 
principal planes. One such application arises when a satellite in 
synchronous orbit is required to efficiently illuminate a region of 
approximately elliptical shape, such as the United States. Another 
applicationS arises in connection with terrestrial microwave radio 
systems above 10 GHz, where an important limitation arises in the 
use of antennas with very narrow beams, because of the finite stability 
of the towers on which the antennas are to be mounted. In that case, 
the choice of beamwidth in a vertical plane may be governed by the 
maximum movement of the tower in heavy wind, and it may therefore 
be desirableS to choose different values for the beamwidths in the two 
principal planes. 

In Fig. 1a the two parabolic cylinders are so arrangedt that, if a 
point source is placed at F in front of the first cylinder, a spherical 
wave is transformed by the two cylinders into a plane wave. This 
implies that the focal point F lies on the focal line of the first cylinder. 
The spherical wave is therefore transformed by this reflector into a 
cylindrical wave originating from a virtual line source behind the 
reflector (see Fig. 1a). The seoond reflector, which is disposed so that 
its focal line coincides with the line source, then transforms the 
cylindrical wave into a plane wave. All this means that the rays from 
F that are intercepted by the first cylinder become, after the two 
reflections, parallel rays, i.e., rays focused at infinity. Because of this 
property, it can be shown that if the two cylinders are of sufficiently 

• The polarization properties of reflectors of revolution for oblique incidence are 
discussed in Ref. 3. 

t Details of the geometry of the two cylinders and their transformations are given 
in Ref. 4. 
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Fig. I-Double cylinder antenna (a) with feed removed and (b) with feed shown. 
FPI = h, FPI + P IP 2 = /2, FQI = /; OPI = dl , OPI + P IP 2 = d2 • 

large aperture there is a simple relation6 between the far field and the 
field over the focal plane ~o, which is the plane orthogonal to the feed 
axis at F. More precisely, consider a plane ~] orthogonal to the beam 
at a great distance from the antenna. To a first order, ~o and ~l are 
conjugate planes and therefore their field intensities can be determined 
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accurately using the imaging laws of geometrical optics.· Since the 
magnifications of ~1 in the horizontal and vertical directions are 
proportional to the focal lengths !I and /2, respectively, it follows that 
the circularly symmetric field radiated on ~o by the feed is imaged 
into an elliptical beam whose beamwidths in the two principal planes 
have the ratio 

!I r =-' 
/2 

(1) 

An important consequence of the relation of far field to focal plane 
field is that, since the field distribution over the aperture of a properly 
designed feed varies little with frequency and since the feed aperture 
is normally placed close to the focal plane, the beam of the antenna is 
essentially frequency independent. This can be an important property 
in many applications. We now derive the antenna characteristics under 
the assumption that the wave transformation by the two cylinders is 
efficient, i.e., that each cylinder intercepts essentially all the energy 
incident on it. 

II. ANALYSIS 

Throughout this section we assume that the feed radiates a narrow 
beam. This implies that the radius a of the circular feed aperture is 
much larger than the wavelength X, 

ka» 1, 
where k = 27r IX. 

Suppose the wave incident on the first cylinder is a spherical wave 
originating from the focal point F. According to geometrical optics, 
this wave is transformed by the two cylinders into a plane wave having 
the following characteristics. 4 If, for the incident wave, 

(2) 

then the resulting plane wave is vertically polarized; if, instead, 

Hz = 0, (3) 

then the plane wave is horizontally polarized. In the first part of this 
section, we assume the former condition. 

Since the feed radiates a narrow beam, consideration can be re­
stricted to the field in the paraxial region of the principal ray, which 

• This result is derived in Ref. 6 for systems having rotational symmetry and is 
extended in Appendix A to the asymmetric system of Fig. 2. 
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Fig. 2-System consisting of a feed and two ideal cylindrical lenses. 

is the ray that corresponds to the feed axis. The system of Fig. lb 
can then be replaced by the fictitious system of Fig. 2, consisting of 
two cylindrical lenses of focal lengths, /1, 12. The lenses in Fig. 2 are 
assumed ideal; they simply multiply the incident field by the phase 
factors 

exp (- j ~ X2) and exp (- j ~ y2) . 
2/1 2h 

(4) 

The distances, d I , d2, of the two lenses from the feed aperture are the 
distance in Fig. lb between the two reflectors and the feed aperture, 
measured along the principal ray. We assume that the separation 
d2 - d1 between the two lenses is equal to 12 - 11, 

(5) 

so that the focal lines of the two lenses coincide. Then a spherical wave 
originating from the point z = Zo, where 

(6) 

is transformed by the two lenses into a plane wave. The rectangular 
system of x, y, z coordinates in Fig. 2 has been chosen so that the feed 
aperture lies in the z = 0 plane centered at x = y = z = O. 

The following correspondence exists between the two systems of 
Figs. Ib and 2. Let 8 be a parameter measuring distance from the 
center of the feed aperture along the principal ray of Fig. lb. Then 
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the field distribution over a plane normal to the principal ray at some 
point 8 = 8' is given by the field in Fig. 2 over the corresponding 
plane Z = 8'. This correspondence is, of course, valid only in the 
neighborhood of the principal ray. 

2.1 Field for z ~ 00 

Using the Fresnel diffraction formula, * a simple expression for the 
far field is derived in Appendix A, relating the far field to the focal 
plane field. Consider a plane Z = Zl at a great distance from the 
antenna. Because of condition (5), the planes Z = Zo and Z = Zl are 
conjugate planes. If Xo, Yo, Zo and Xl, YI, Zl are corresponding points 
over these two planes, it follows from eq. (32) of Appendix A that 

(7) 

where M z and Mil are the magnifications in the xy-directions, 

M = Xl = _ Zl 
z Xo II' 

M = YI = _ Zl. 
II Yo h (8) 

Thus, the far field is given by the field over the focal plane Z = zoo 
Since in practice this plane is not too far from the aperture plane of the 
feed, its field distribution can be determined accurately with little 
difficulty, using the Fresnel diffraction formula or the procedure of 
Appendix B. 

2.2 Feed characteristics 

The corrugated feed is a conical horn with circular symmetry. Its 
aperture is illuminated by the fundamental mode of the horn, which is 
a spherical hybrid mode9 generated from a TEll-mode of a smooth 
waveguide by a transducert connected to the input of the horn. Let 
(p, cj» be polar coordinates defined by X = p cos cj>, Y = p sin cj> (see 
Fig. 2) and assume the input TEll-mode is vertically polarized. Then 
we can show that the vertical component of the field over the aperture 

* Fresnel's formula is applicable provided the wave equation (k2 + f)2jax2 + f)2jay2 
+ f)2jaz2)E'II = 0 can be approximated by the parabolic wave equation (Ref. 7) 

[k2 + Ha2jf)x2 + a2jf)y2)]E'II = -jkaE'IIjaz. 

This approximation is justified in our case (we assume ka » 1; h, h »a), since 
the field radiated by the feed is made up of plane waves whose directions of propaga­
tion are mostly confined to a small angular region about the z-axis (Ref. 8). 

t Details of the feed and the transducer, which are of standard design, are not given 
here. 
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is given accurately by the function 

1/1 = 1/1 (p) = J 0 ( U) exp ( j k ;~ ) , 

where J 0 is the Bessel function of order zero and 

p 
U = a UaO, 

U aO being the first zero of J 0 ( u), 

J o(uao) = 0, UaO = 2.4048. 

(9) 

The factor exp [jk(p2/2R)] in eq. (9) arises because the hybrid 
mode illuminating the feed aperture has a spherical phase front with 
radius of curvature R approximately equal to the length of the horn 
from vertex to aperture. Equation (9) is true provided R» a, a 
condition approximately satisfied in the experiment (R"""" 4.17 a). 
Note that 1/1 = 0 for p = a. This is due to the corrugated wall that 
imposes to a good approximation the boundary condition 

E", = H", = 0, (10) 

where E"" H '" are the components of E, H in the ¢-direction. Appendix 
C shows that a consequence of this condition is that the field over the 
aperture contains, in addition to the component Ey = 1/I(p), a small 
component given accurately by 

,......, 1 a2Ey 
Ex = 2k2 ' axay' (11) 

As a consequence, the far field contains a small (undesirable) horizontal 
component * that can be determined accurately by replacing the 
system of Fig. 1 by that of Fig. 2. The amplitude of this component is 
therefore given by a formula analogous to eq. (7) [simply replace 
Ey with Ex in eq. (7)]. 

2.3 First-order polarization properties of the far field 

The location of the feed is normally chosen so that its phase center, 
the center of curvature Pc of the phase fronts of the far field, coincides 
with the focal point z = Zo of the two reflectors. We assume this con­
dition. Consider first the ideal case R = 00, in which Pc is at the center 

* Actually, Ex also causes a small vertical component. This component is, however, 
much smaller (for large ka) than the vertical component resulting from Ey and can 
therefore be neglected. 
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of the feed aperture and therefore the aperture is placed in the focal 
plane. Then, over this plane, Ey is given by 1/;(p) and eq. (7) gives for 
the far field 

(12) 

where 
t = xh 

z ' 
yf2 

1] =_. 
z (13) 

A relation identical to eq. (7) can be written for Ex. Therefore, 
since, for z = 0, Ex is given by eq. (11), 

IExl ~ -Vfd2~ I a2
1/; 1= -vhf2 ~ 1~1](1/;"(V) - 1/;'(v) )1' (14) 

z 2k2 ata1] 2 2k2 v2 v 

We note from this relation that I Ex I attains its maximum value for 
~ = 1] = vo/Y1, where vo is the value of v for which 11/1" (v) - 1/;' (v)/v I 
is maximum. In the particular case of eq. (9), with I/R = 0, 

I1/; I = IJo(U;ov)l, (15) 

11/;"(v) - 1/;' (v)/v I = (U;oy IJ2(U;ov)l, (16) 

for v < a. We can verify that the maximum value of J 2 in the interval 
v ~ a occurs for v = a and is J 2 (Uao) = 0.431. Therefore, if C denotes 
the ratio between the peak of I Ex I and the peak of I Eyl (the peak of 
I Eyl occurs on axis), using eqs. (12), (14), (15), and (16), we find 

C = I Ex I max = ! (Uao)2 J ( ) ~ 0.6231. 
lEu I max 4 ka 2 UaO - (ka)2 (17) 

N ext, consider the case 1/ R ~ 0 but, instead of considering the 
distribution of eq. (9), assume that Ey over the aperture plane z = 0 
varIes as 

exp ( - ~:) exp (jk ;~ ) . (18) 

Appendix B points out that, for 

w ro..J 0.6437a, (19) 

this distribution represents fairly accurately that of eq. (9). 
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The phase center Pc (and, therefore, the focal plane) is now behind 
the aperture of the feed, located at6 •10 

R 
(20) 

'ZO = - 1 + (XR/1rw2) , 

and we can verify that, over the plane z = Zo, Ell varies as 

~o = exp ( - ;;) , 

where6 •1o 

w2 

w5 = 1 + (w27r/XR)2' (21) 

Since the maximum value of ,~~' - ~~I p' occurs for p = Wo and is 

'
" 'I' 4 ~o - ~o P max = eW5' 

the ratio C between, Ex' max and, Ell' max is now given by 

1 
C=--· 

e(kwo)2 

(22) 

(23) 

To allow a direct comparison of eqs. (23) and (17), let us assume 
llR = 0 and w given by eq. (19). From eqs. (19) and (23) we get 

C = 0.889 
(ka)2 , (24) 

which gives values somewhat larger than eq. (17). 
In the case of the experiment a I'J 2.35 X, R = 9.78 X. For these 

values of a, R, from eqs. (19), (21), and (23), we obtain, for C2, -44 dB. 
This, of course, is only a rather crude estimate of the actual depolariza­
tion by the two cylinders (the mean square error in representing the 
actual distribution (9) by means of (18) is almost 2 percent; see 
Appendix B). For the present purpose, however, this estimate is quite 
adequate, since in the experiment other effects such as imperfections in 
the feed and some aperture blockage by the feed are found to be 
predominant. 

III. EXPERIMENT 

Two mirrors and a feed were constructed and assembled as shown 
in Fig. 3. Their radiation characteristics were measured at 18.5 GHz. 
The cylindrical surfaces of the two mirrors were milled to a tolerance 
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Fig. 3-Double cylinder antenna with corrugated feed. 

of about 1 mil. The parabolas generating the two cylinders have the 
same focal length J = 12.919 A. 

The feed, a corrugated horn with 

ka = 14.76, R = 4.17 a, (25) 

satisfies the boundary condition (10) at 18.5 G Hz, and therefore its 
radiation pattern is essentially circularly symmetric.1 •2 A measured 
pattern is shown in Fig. 4. Figure 4 also shows the pattern calculated 
for the gaussian distribution (18), with w given by eq. (19). The two 
patterns are somewhat different, as expected, since the distribution (18) 
represents only the fundamental term (m = 0) of eq. (35). A much 
closer agreement with the measured pattern could be obtained from 
eq. (35) by considering also the term relative to m = 2 (it turns out 
that the term m = 1 is negligible), but for the present purpose the 
accuracy of Fig. 4 is satisfactory. 

If we consider only the fundamental term (18), the location of the 
phase center Pc and the beamwidth of the feed can be calculated 
straightforwardly by using eqs. (20) and (47); the 3-dB beamwidths 
of the antenna in the principal planes are given by eqs. (45) and 
(46) of Appendix B. 

The distance Zo of the feed aperture from the focal point F was 
chosen using eq. (20), in which case the phase center Pc of (18) coin-
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Fig. 4-Radiation patterns of vertically polarized corrugated feed measured at 
18.5 GHz in the cp = 45 0 plane for the main component (--) and the cross-polarized 
component (-.-.-) of the far field. The curve (- - - -) is the pattern calculated for 
the gaussian distribution of eqs. (31) and (32). 

cides with F. We can show, using eqs. (46) and (47), that under this 
condition the beamwidths of the antenna are stationary with respect 
to small displacements of the feed. The orientation of the feed with 
respect to the first cylinder was chosen as follows. 

When the angle of incidence J.L in Fig. 1 is 0, which is the condition 
assumed in Ref. 4, the axis of the beam reflected by the first cylinder 
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coincides with the axis of the feed. Because of the relatively large size 
of the feed aperture, this condition (p. = 0) is undesirable, since a 
relatively large fraction of the energy reflected by the first cylinder is 
then intercepted by the feed aperture. Thus, in the experiment, a 
relatively large value (36°) was chosen for p.. For this value, the energy 
blocked by the feed is small. Using the distribution of eq. (18), we 

o.-------------------~~------------------__, 

t /---
¢=o 

-10r_--------------~----r_--~--------------~ 

-20r_------------~------r_----_+r_----------~ 

-30r---------~----------r_------_+----------~ 

-40r_--------------------~------------------~ 

,'" I \ , \ 

120 100 80 60 40 20 0 20 40 60 80 100 120 

e 
Fig. 5-Radiation patterns of vertically polarized double-cylinder antenna mea­

sured at 18.5 GHz in the horizontal plane cf> = 0 for the main component (---) and 
the cross-polarized component (-.-.-) of the far field. Curve (- - - -) is the pattern 
calculated from eq. (18) for the gaussian distribution of eqs. (31) and (32). 
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can show that the field incident on the upper edge of the feed is about 
-10 dB with respect to the field on the axis of the incident beam. 

The first cylinder in Fig. 3 (14.91 A by 14.32 A) intercepts most 
radiation from the feed; the illumination of its four edges with respect 
to the illumination at the center is less than -16.5 dB on the upper 
edge and less than - 24.5 dB on the other three edges. 

o~------------------~~~------------------, 

I 
I ¢= 900 
I 

-10r-----------~--------+_------~r_--------~ 

-20~------~------------+_----------~------~ 

-30r---~~--------------+_------------------~ 

-40~--------------------+_------~._--------~ 

I 
(' ... r-/ 

/"",,' 

i 
I 

-50~~~~~~~~--~--~~~~--~~~~~~ 

120 100 80 60 40 20 0 80 120 

() 

Fig. 6-Radiation patterns of vertically polarized double-cylinder antenna mea­
sured at 18.5 GHz in the vertical plane cf> = 90° for the main component (--) and 
the cross-polarized component (-.-.-) of the far field. Curve (- - - -) is the pattern 
calculated from eq. (18) for the gaussian distribution of eqs. (31) and (32). 
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Fig. 7-Radiation patterns of vertically polarized double-cylinder antenna mea­
sured at 18.5 GHz in the rP = 45 0 plane for the main component (--) and the 
crosls-polarized component (-.-.-) of the far field. 

The second reflector (44.77 A by 14.32 A) is sufficiently large that it 
intercepts essentially all the energy reflected by the first cylinder, 
except for the energy blocked by the feed. The distances 11, 12 measured 
along the principal ray between F and the two reflectors are· 14.282 A 

• We can show (see Ref. 4) that 
2J 

it = 1 + cos JL 

f2 = 2J. 
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Fig. 8-Radiation patterns of vertically polarized double-cylinder antenna mea­
sured at 18.5 GHz in the cp = -45 0 plane for the main component (--) and the 
cross-polarized component (-.-.-) of the far field. 

and 25.837 X. Since d1 = it + Zo and d2 = 12 + Zo, using eqs. (46) 
and (47), we obtain for the beamwidths in the two principal planes 

The measured values (Figs. 5 and 6) are 201 = 5.84° and 202 = 2.87°. 
Figures 5 to 8 show the measured patterns in the principal planes 

cf> = 0, cf> = 90° and in the planes cf> = 45°, cf> = -45°. In these 
figures, 0 is the angle from the beam axis. Also shown in Figs. 5 and 6 

MICROWAVE RADIO ANTENNA 1365 



are patterns calculated for the distribution (18). In all these cases, 
the feed is vertically polarized; the main patterns of Figs. 5 to 8 (the 
solid curves) give, therefore, the magnitude of the vertical component 
E I" in dB with respect to the field on axis. 

The patterns for the horizontal component Ex are given in Figs. 
5 to 8 by the dashed curves. In the worst case, the plane ¢ = 45°, the 
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Fig. 9-Radiation patterns of horizontally polarized double-cylinder antenna 
measured at 18.5 GHz in the horizontal plane cP = 0 for the main component (-. -) 
and the cross-polarized component (-. -. -) of the far field. 
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ratio C between the largest value of I Ex I and the peak of I Ell I is 
- 33.5 dB, which is approximately 10.5 dB larger than the value given 
by eq. (23). This larger value of C is due in part to blockage by the 
feed and in part to imperfections in the feed that were found to cause 
a cross-polarized component in the feed radiation patterns with a peak 
of approximately -41 dB (see Fig. 4). The effect of blockage by the 
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I 

G 
I i c;D= 900 

-10~----------+---------+_------~----------~ 
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Fig. 10-Radiation patterns of horizontally polarized double-cylinder antenna 

measured at 18.5 GHz in the vertical plane cJ> = 90° for the main component (--) 
and the cross-polarized component (-.-.-) of the far field. 
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feed was evaluated by measuring the variation of C with}J.. Decreasing 
}J. from 360 to 31 0 caused an increase in C of approximately 3 dB. 

The radiation patterns for a horizontally polarized feed are shown 
in Figs. 9 to 12. The cross-polarized component now has a peak of 
- 35 dB in the worst case, the ¢ = 45 0 plane, which is about 1.5 dB 
lower than the value measured for vertical polarization. 
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Fig. ll-Radiation patterns of horizontally polarized double-cylinder antenna 
measured at 18.5 GHz in the cp = 45 0 plane for the main component (--) and the 
cross-polarized component (-.-.-) of the far field. 
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Fig. 12-Radiation patterns of horizontally polarized double-cylinder antenna 

measured at 18.5 GHz in the cp = -45 0 plane for the main component (---) and the 
cross-polarized component (-.-.-) of the far field. 

In all the above measurements, the frequency was 18.5 GHz. 
Measurements at 29 G Hz were also made to determine the frequency 
dependence of the two beamwidths 2lh, 202. At 29 GHz the measured 
values of 201 and 202 with the feed vertically polarized were 201 = 60 

and 202 = 2.47°. Thus, 201 increased by only 2.7 percent, with respect 
to the value measured at 18.5 GHz, while 202 decreased by 14 percent. 
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This difference in the variation of 281 and 202 is due to the lack of 
feed pattern symmetry as the frequency was increased. At 29 GHz in 
the H- and E-planes, 20,1 was greater than 28/2 by approximately 
10 percent. 

IV. CONCLUSIONS 

Cylindrical reflectors are well adapted to efficiently generate an 
elliptical beam from the circularly symmetric beam radiated by a 
corrugated feed. Depolarization by the cylinders is negligible (10 
10g1o C2 < -40 dB, for a > 1.25 A) for typical feed diameters, and it 
is essentially independent of the angle of incidence J.I. which can there­
fore be chosen as large as needed to minimize aperture blockage. 

In the experiment, blockage by the feed, * although small, was large 
enough to cause some deterioration in C2. The measured value of C2 
in the worst case was - 33.5 dB, approximately 10.5 dB higher than 
the value given by eq. (23). This higher value was due in part to 
certain imperfections in the feed. 

A first-order analysis of the antenna was given in Section II. It 
was pointed out that, if the feed aperture is located close to the focal 
point F, then the beamwidths 81 and 82 vary little with frequency, 
assuming that each reflector intercepts all the energy incident on it. 
Simple approximate expressions [eqs. (45) and (46)J were given for 
81 and 82• The measured values, 281 = 5.8 0 and 282 = 2.9 0 agree well 
with the values given by those equations. 
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APPENDIX A 

This appendix derives the field transformation through the two 
lenses of Fig. 2. Consider first the one-dimensional case of Fig. 13, 
where it is assumed that Ey is a function of only x, z, 

Ey = E 1(x, z)e jkz• 

Let the problem be to find E1I over the image plane z = ZI, with E1I 

* The antenna considered here has an unusually large (~2.75) ratio of focal 
distance to feed diameter (this is mainly due to the relatively large value required of 
(h). If a much narrower beam is desired, aperture blockage can be entirely eliminated 
without difficulty. 
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Fig. l3-Imaging (a) of one-dimensional field distribution by a cylindrical lens and 
(b) of two-dimensional field distribution by two orthogonal cylindrical lenses. 

given [by some function y"l(X)] over the object plane z = Zo, 

E1(x, z) = y"l(X) for z = Zoo 

The distances dX1 and dX2 between the cylindrical lens and object and 
image planes are related by 

(26) 

where !I is the focal length of the lens. The field immediately to the 
left of the lens can be expressed in terms of the field on the object 
plane z = Zo using the one-dimensional form of Fresnel's formula 
which, for z < Zo + dx1, gives 

E (x z) = I 1 foo E ( ) [ ·k (x - XO)2]d (27) 
1, ---v + j'A(z _ Zo) -00 1 Xo, Zo exp - J 2(z _ zo) xo· 
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By multiplying the field immediately to the left of the lens by the 
factor 

exp ( - jk 2
X;1 ) , 

we obtain the field immediately to the right, which can then be used 
(with the help of Fresnel's formula) to determine the field over the 
image plane Z = Zl. The resulting expression gives the result 

E ( ) 1 {d:;. E (dXI ) ( ok xi dxl ) 
I Xl, Zl = + j 'V tI";; I - d

X2 
Xl, Zo exp J 2/I d

X2 
' (28) 

as we may verify by using the procedure of Ref. 6. 
Next, consider the two-dimensional case of Fig. 13b where /I, 12 

now satisfy eq. (26) and 

~+~=l 
dYI dy2 12 ' 

(29) 

and assume that over the plane Z = Zo, Ey is of the type 

for Z = zoo (30) 

Then, using the two-dimensional form of Fresnel's formula we find 
that for any Z > Zo the distributions of E y in the x- and y-directions 
can be treated separately, and each distribution can be determined 
using the one-dimensional form of Fresnel's formula. More precisely, 
Ell can be written in the form 

(31) 

and the relation between EI(x, z) and EI(x, 0) [or between E 2(y, z) 
and E 2 (y, O)J can be found considering the one-dimensional problem 
of Fig. 13a (replacing, in the case of E 2, dxl, dx2, /I in Fig. 13a with 
dill, d1l2, 12). Thus, using eq. (28), we find 

( 
·k xi dXI ) ( ·k yi dill) ·exp J - - exp J - - . 

2/I dX2 212 d1l2 
(32) 

Note that, because of eqs. (26) and (29), the object and image 
planes (z = Zo and z = Zl, respectively) are conjugate planes. All rays 
emanating from a point (xo, Yo) in the object plane intersect each other 
at the conjugate point (Xl, YI) in the image plane where Xl and Yl are 
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related to Xo and Yo by the magnifications 

Xl dZ2 YI dll2 Mz = - =- - and MlJ = - =--. 
Xo dzl Yo dill 

Equation (32), derived for the particular case of eq. (30), is valid also 
for arbitrary EII(x, y, zo), as may be seen by writing EII(x, y, zo) in 
the form 

(33) 

and then applying eq. (32) to each term of this expression. Equation 
(32) can also be derived using eq. (15a) of Ref. 7. If one conjugate 
plane, Z = Zl, is in the far field, eq. (32) gives eq. (7). 

APPENDIX B 

In this appendix the field radiated by the corrugated horn is repre­
sented in terms of Laguerre-gaussian modes of propagation. lo Let the 
truncated Bessel function 

y; = lJ o(u), 
0, 

lui ~ UaO 

lui> UaO 

be developed into Laguerre-gaussian functions 

00 (u2) ( u2) y; = L B mLm -=2 exp - 2 -2 , 
m=O U U 

where Lm are Laguerre polynomials, 

(34) 

(35) 

(36) 

and u is a parameter whose optimum choice is, for the present purpose, 
that which maximizes the ratio 

'Y] = ooB5 • 
LBi 
o 

We can show that 'Y] is maximum for 

u = 1.09549, 

and that 

'Y]max = 0.9811. 

We therefore assume this particular value of u. 

(37) 

(38) 
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We now derive the field Ey for z > 0 subject to the boundary 
condition 

Ey(x, y, 0) = tf; exp [j 2~ (X2 + y2)] (39) 

for z = O. We assume that Fresnel's formula is applicable, which 
implies that the wave equation (a2/ ax2 + a2/ ay2 + a2/ az2 + k2)Ey = 0 
can be approximated by the parabolic wave equation 

[k2 + !(a2/ax2 + a2/ay2)JElI = - jkaE'lI/az. 

We can verify that the solution of the parabolic wave equation that 
satisfies the above boundary condition is given bylo 

EII(x, y, z) 

= eikz ~ BmCmLm ( k(x
2
;:- y2) ) exp [ j ;q (x2 + y2) ], (40) 

where C m, A, and q are functions of z, 

q = q(z) = q(O) + z 

~ = 1M (~) 

C
m 
=!J [~ + l]m+l, 

q(O) + 1 

(41) 

(42) 

(43) 

and Ao = A for z = O. The complex beam parameter q(O) appearing in 
these formulas is determined by the feed characteristics, 

1 . 1 ku~o + 1 
q(O) = J (ka)2 i},2 R' (44) 

We can verify by means of eqs. (35) and (40) to (44) that Ell satisfies 
condition (39) for z = O. 

In the experiment, the focal plane is behind the aperture of the 
feed. In this case, to derive the far field using eq. (7) we have to 
consider not the field radiated by the feed in the half space z > 0, but 
its virtual extension into the half space z < O. We can show, however, 
that eq. (40) is valid also in this case (i.e., for z = zo < 0). 

According to eq. (38), 98.11 percent of the total energy radiated by 
the feed is caused by the fundamental gaussian mode (18), which is 
the term m = 0 of eq. (35). Therefore, the horn is an efficient gaussian 
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beam launcher, and a rough estimate of the radiation characteristics of 
the feed and the antenna can be obtained considering only this m = 0 
term. In this case using eqs. (7) and (8) we obtain, for the 3-dB beam­
widths 2fh and 202 of the antenna in the two principal planes, 10 ,11 

201 = "2 In 2 ~: 

.~wo 
202 = '\f21n 2 /2' 

(45) 

(46) 

with wo given by eq. (21). The beamwidth 20j of the feed pattern islo 

(47) 

The distance Zo of the phase center from the feed aperture islo given 
byeq. (20). 

The spot size· of the gaussian beam at the horn aperture islo 

~Ao ( ua) w = - = V2 - r-..J 0.6437 a. 

APPENDIX C 

Derivation 01 Eq. (11) t 

7r Uao 
(48) 

It can be shownl,2 that the far field of the feed of Section 2.2 has, 
because of boundary condition (10), the following property: If the 
far field is transformed into a plane wave using an optical system of 
revolution centered around the feed axis, then the resulting plane 
wave is vertically polarized if the input of the feed is vertically polar­
ized. We now show that this property implies condition (11). 

Consider an optical system of revolution centered around the 
z-axis, and let (p, cp) be polar coordinates defined by x = p cos cP, 
y = p sin cpo Consider an input ray entering the optical system with 
direction parallel to the axis of symmetry and with polarization 
characterized by unit vector eo. Let the meridional plane defined by 
this ray be the plane cp = CPo (see Fig. 14). Because of the symmetry 
of the system, this ray will be transformed into an output ray leaving 
the system in the same meridional plane cp = CPo. Therefore, if 
(kx, k y, kz) is the wave vector characterizing the direction of the output 
ray and 01 is the angle between (kx, k y , kz) and the z-axis (see Fig. 14), 

• Spot size is defined (Ref. 10) as the radius at which the field amplitude drops to 
lie of its value on axis. 

t See Chapter VI of Ref. 12 for a justification of the approach used in this derivation. 
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Fig. 14-Transformation by an optical system of revolution of an input ray incident 
parallel to the axis of symmetry. 

then 
kx = -k sin (h cos 4>0 

ky = -k sin (h sin 4>0 

kz = k cos (h. 

(49) 

Now if el is a unit vector characterizing the polarization of the output 
ray, there is a simple relation between el and eo that can be obtained 
as follows. The ray in question, as it passes through the system, 
describes a plane curve since it remains in the plane 4> = 4>0. It im­
mediately follows that if eo lies in the plane 4> = 4>0 then el must lie in 
this plane also, while if eo is orthogonal to it, then el is also. In other 
words, 

el = icp 
el = cos (hi p + sin (hi z 

if eo = icp 
if eo = i p, 

where icp and i p are unit vectors in the 4>, p-directions. From these two 
relations it follows that, if the input ray is polarized in the y-direction, 

eo = sin 4>oi p + cos 4>oicp, 

then 
(50) 

N ow the field along the output ray can be written in the form 

E = elAeN, 
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where A is approximately constant and 

1/1 = kxx + kyy + kzz. (51) 

We now determine the x, y-components of E using eq. (51) and the 
relations i p' ix = cos cf>o, icp' ix = - sin cf>o, i p' iy = sin cf>o, icp' iy = cos cf>o. 
The result is 

Ex = sin cf>o cos cf>o(cos (h - I)AeN 

Ey = [1 + sin2 cf>o(cos (h - I)JAeilit • 

From these relations and eqs. (50) and (52), we can verify with little 
difficulty that for small Eh 

E r-..J' sin2 (h A·1it 1 a2Ey 
x =-Sln cf>o cos cf>o -2- e1 

r-..J 2k2 axay' (52) 

N ow we assume that the angle (iI, which is a function of the distance 
Po of the input ray from the z-axis, remains small for all Po. Then, 
according to eq. (53), a plane wave polarized in the y-direction is 
transformed by the optical system into a wave satisfying eq. (11). 

Equation (53) was derived by ray optics that apply in the far 
field of the feed. However, if a differential relation such as (52) holds 
in the far field, it must hold everywhere (e.g., in the aperture plane 
of the feed horn). 
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A general method is proposed to evaluate the radiation loss of bent open 
waveguides. This method consists in evaluating the coupling between the 
waveguide mode and the whispering-gallery modes that can be associated 
with the surrounding ·medium. The expression obtained for a reactive 
surface coincides with a previous result by Miller and Talanov.1 We 
investigate in detail the radiation loss of the fundamental (HEll) mode 
of a dielectric rod coupled to a slab. This arrangement, described in Part II 
of this article series,2 provides a useful mode-selection technique. The 
radiation loss is given by a simple closed-form expression. We find that 
for a wavelength of 1 jJ.m and a rod radius of 5 jJ.m in physical contact 
with the slab, the bending loss is less than 1 dB /km if the radius of curva­
ture, in the plane of the slab, exceeds 22 mm. 

I. INTRODUCTION 

Open waveguides support modes whose phase velocity is smaller 
than the velocity of plane waves in the surrounding medium. Thus, 
no radiation takes place under normal conditions. If the fiber is bent, 
however, the phase velocity increases in proportion to the distance 
from the curvature center. At some radius, it exceeds the velocity of 
plane waves in the medium and a radiation loss is suffered. This effect 
is of great practical importance in fiber communication because it sets 
a limit on how sharp bends can be made without resulting in un­
tolerable loss. For most single-mode optical-glass fibers, a radius of 
curvature of the order of 1 cm can be tolerated. For gas lenses and 
weakly guiding millimeter-wave systems, the minimum radius is 
sometimes as large as 100 m. The relative insensitivity of glass fibers 
to bends results from the rather large change in refractive index in 
the cross section that they provide. It constitutes their main advantage 
compared to other guiding systems. 
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Different methods have been used to evaluate the radiation losses 
of curved waveguides. For simple geometries, it is possible to solve the 
boundary value problem using a cylindrical coordinate system, the loss 
being given by the imaginary part of the propagation constant. This 
method was used by Miller and Talanov1 for a reactive surface, and 
by MarcatilP for dielectric slabs with various imbedding materials and 
for waveguides with rectangular cross section. Another method con­
sists in evaluating the power radiated at the radius where the phase 
velocity of the guided mode becomes equal to the velocity in the 
surrounding medium. This approach was followed by Shevchenk04 and 
Marcuse. 5 Ray pictures have also been used to describe the propagation 
in curved dielectric fibers. 6 

In most practical situations, the fiber curvature is not a constant 
but varies along the fiber axis (z). This results in an additional radiation 
loss suffered at the transition between straight and curved sections of 
the fiber. This transition effect has been discussed in detail by 
Shevchenk07 for the case of a reactive surface. Because the radia­
tion from the bend itself has the form exp (- p/ Po), where P denotes 
the radius of curvature and Po a constant, and the radiations at the 
junctions have the form 1/ p2, the latter becomes significant for large 
p, that is, for very low radiation losses. It should be noted, however, 
that the mechanical strength of a fiber usually prevents an abrupt 
curve. The transition radiation, therefore, is usually unimportant for 
single-mode communication fibers (we assume that the fiber is other­
wise perfect). It is more important that, when a highly multimoded 
fiber is bent in some random manner, the ray slopes associated with 
the guided waves tend to increase in proportion to the square root 
of the length of the fiber. Eventually, the rays cease to be totally 
reflected. This is easily understood if we observe that randomly bent 
fibers are analogous to mechanical oscillators (e.g., harmonic oscil­
lators for the case of square-law fibers) driven by random forces J(t) 
proportional to the curvature of the fiber C (z). 8-10 The equivalent 
mechanical oscillator gains energy as time goes on; that is, the ampli­
tude and momentum increase until the limit is reached. Note that, 
even in nominally single-mode fibers, higher-order modes can be 
excited and can propagate over a certain length (see Part II of this 
article for numerical values2) and cause significant pulse spreading. 
This problem will not be discussed further here. In what follows, we 
assume that the fiber curvature is a constant. This is the case if the 
fiber is wound on a cylindrical drum. Our calculation, therefore, 
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constitutes a first step in the evaluation of the losses of randomly 
bent fibers. 

To evaluate the radiation loss of curved fibers, we shall use an 
approach akin to the one used in Part II of this article series. 2 For 
curved geometries, the guided mode is coupled to the whispering­
gallery type of radiation modes rather than to sinusoidal standing 
waves. We first assume that the surrounding medium, which we will 
call a substrate, is bounded at some radius Pb and has finite dissipation 
losses. The loss suffered by the waveguide mode as a result of its 
coupling to the substrate is evaluated. Radius Pb is subsequently 
allowed to reach infinity and the dissipation loss to vanish. 

These whispering-gallery modes are characterized by a circular 
caustic with radius Pa. The behavior of the field is oscillatory outside 
the caustic and exponential inside the caustic. At the caustic, the 
phase velocity is just equal to the phase velocity of plane waves. 
It is not difficult, therefore, to find for what values of Pa synchronism 
with the waveguide mode is achieved. Although Pa exceeds only 
slightly the rod curvature radius p, the distance Yo == Ps - P is the 
most critical parameter that influences the loss. Once the synchronism 
conditions have been obtained, we evaluate the coupling coefficients 
and the mode-number densities using the method described in Part II. 
We shall use for the waveguide field an expression applicable to 
scalar fields (described in Part I of this series2), which is slightly simpler 
than the expression applicable to the Maxwell field. 

Formulas applicable to arbitrary open waveguides are obtained in 
Section II. We investigate in Sections III and IV the case of round 
fibers whose dimensions are large compared with the wavelength, both 
in free space and coupled to slabs providing mode selection. The latter 
configuration is closely related to the single-material fiber proposed by 
Kaiser, Marcatili, and Miller,ll and to slab-coupled guides. 12 Simple 
closed-form formulas are obtained for the bending losses in all cases. 

II. GENERAL FORMULA 

Let us consider an opened waveguide with propagation constant h 
and radius of curvature P as shown in Fig. 1. The general expression 
for the radiation loss given in Part II is 

(1) 

where N denotes the mode number density in the substrate (or sur­
rounding medium), that is, the number of substrate modes whose 
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Fig. l-Curved fiber. The radiation loss is obtained by evaluating the coupling 

between the straight fiber mode and the whispering-gallery mode shown with the 
caustic (or turning point) at P,. 

propagation constant lies between hand h + dh at the waveguide 
radius p, divided by dh. The term C2 is the coupling coefficient between 
the waveguide mode (fields E, H) and a synchronous substrate mode 
(fields E 8, H 8)' For the Maxwell field (see Part I) we have 

(2a) 

if the powers are normalized to unity; that is, if 

f E X H· dS = f E8 X H 8 • dS = 1. (2b) 

The integral in eq. (2a) can be evaluated, for instance, along the x' 
axis shown in Fig. 1. 

When the transverse variations of permittivity are small, the 
scalar parabolic (Fock) approximation is usually applicable. In that 
case (see Part I), 

1 f+oo 
C = 2 -00 (E8E8/8y - E 8 8E/8y)dx, (3a) 
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with 

(3b) 

The terms k and ks denote propagation constants in the media.· In 
eq. (1) the product NC2 is to be evaluated in the limit where the 
boundaries imposed on the substrate extend to infinity. In that limit 
N ~ 00, and C2 ~ 0, but N C2 remains finite. 

The waveguide mode, with propagation constant h, is synchronous 
to a whispering-gallery mode with propagation constant hs in the 
y,z plane, whose caustic radius Ps is given by 

(4a) 

When the waveguide field is uniform along the x axis, hs is simply 
equal to k, the bulk propagation constant, and, in free space, 
hs = k = w/c. 

More generally, if kx denotes the x component of the wave vector, 
then 

(5) 

The distance Yo between the waveguide and the caustic is from eq. (4a): 

Yo ~ p(l - h,/h). (4b) 

The field of whispering-gallery modes is easily obtained from 
ray-optics considerations, as illustrated in Fig. 2, in the paraxial 
JWKB approximation. For a detailed discussion the reader should see 
Ref. 13. We obtain 

jy-l sin [(2!/3)hsp;iy! + 1r/4], y > 0 
Es(Y) = !( _y)-l exp [- (2!/3)hsp;i( -y)!], Y < o. (6a) 

These expressions are asymptotic forms of 

Es(Y) = 1r!(2M/Ps)1I2Ai[(2MlPs)ty], (6b) 

where (Ai) denotes an Airy function of the first kind, for large 1 y I. 
Alternatively, these expressions can be obtained from asymptotic 
forms of Bessel's functions with large arguments and orders [see, for 
example, the first eq. (42) in Ref. 3]. With sufficient accuracy we have 

f 1 {Pb- PB 

E;(y)dy ~ 2 10 y-idy = (Pb - p)t, (7) 

• Within the Fock approximation, the difference between k and ks can be ignored 
in evaluating the powers in eq. (3b). However, for improved accuracy, we retain the 
distinction when n is not close to unity (e.g., n = 1.41). 
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Ps 

(a) PHASE (b) AMPLITUDE 

Fig. 2-Illustration of how the field of whispering-gallery modes given in eq. (6) 
is obtained in the JWKB approximation. (a) The argument of the sine function is h, 
times the difference in length between the ray AO and the caustic arc AG. (b) The 
amplitude term is obtained from a power conservation argument applied to the ray 
pencil. 

because only the oscillatory part of Es(Y) contributes significantly to 
the total power, (cos2 x) ~!, and Pb - ps ~ Pb - P in the limit 
Pb ~OO. 

The reciprocal of the mode-number density N is the change in 
propagation constant at the waveguide radius P corresponding to a 
change in the argument of the cosine function in eq. (6) equal to 7r. 

We find by differentiation of this argument 

N = (21/7r)p1(Pb - p)l. (8) 

Thus, if we characterize the y dependence of the radiation field by a 
function 

S(y) == 7rNE;(y) / [f ksE;(y)dy ] , (9a) 

we obtain, with the help of eqs. (6), (7), and (8), 

S(y) = (21/4)p1( -y)-lk-1 exp [ - (2~/3)hp-1( -y)!J, Y < O. (9b) 

In eq. (9b) we have replaced Ps by p and hs by h. Therefore, the value 
of S(y) at y = -Yo, where Yo is given in eq. (4b), is 

S(Yo) = (21/4)(1 - hs/h)-lk-1 exp [- (2~/3)hp(1 - hs/h)!]. (lOa) 

This expression is the asymptotic form of 

S(Yo) = 217rh-l(2h2p2)1/6Ai2[(2h2p2)!(1 - hs/h)]. (lOb) 

Because we are limiting ourselves to small delays, 1 - hs/h « 1, 
we have 

(11) 
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Note, for later use, that at the waveguide radius p, Es-l(aEslay) is 
equal to p. Using eq. (11), eq. (10) can be written in the simpler form 

(12) 

Let us now consider a waveguide structure, such as a reactive 
surface or a slab, uniform along the x axis, and fields that are inde­
pendent of x. Because the field of the waveguide has an exp (- py) 
dependence on y, the general expression for the radiation loss, eqs. 
(1) and (3), is 

£ = p2 [ E2 / 1_:00 kE2dY ] S (Yo), (13) 

S (Yo) being given in eq. (12). 
For a reactive surface with normalized susceptance p (see Fig. 3), 

we have 

E2/ 1_:00 kE2dy = 2p I k. (14) 

Therefore, the radiation loss (in nepers/unit length) is, substituting 
eqs. (12) and (14) in eq. (13), 

£ = (p2Ik) exp (-pi Po), (15a) 

where 
(15b) 

AXIS 

E 

1 

Fig. 3-Radiation loss of a curved reactive surface with normalized susceptance p. 
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This expression coincides with a previous result by Miller and 
Talanov.1* 

For arbitrary waveguides with field E(x), we need consider radiation 
modes for all values of kx and not just kx = 0 as before. A simplification 
comes from the fact that, as kx increases, the caustic moves away from 
the waveguide and the coupling becomes negligible for some small 
value of kx • 

Let us introduce boundaries at x = ±L/2 and assume symmetry 
for simplicity. The bending loss associated with some kx is 

(16) 

where R(k x ) is essentially the spatial spectrum of the waveguide field 

R(kx) = [1_:00 t(PoE - aE/ ay) 

. cos (kxx)dx r / (~ 1 knE2dxdy ) , (17) 

where 
(18) 

The quantity S (Yo, kx) given in eq. (10) is a function of kx through the 
dependence of hs on kx, and is given, according to eq. (5), by 

hs = (k2 - k;)! ~ k - !k;/k. (19) 

To first order in kx we have 

(20) 

This approximation supposes kx« po or p» Po, where po is the 
critical radius given in eq. (15b). These assumptions are acceptable 
for long fibers, where only very small bending losses can be tolerated. 
The dependence of hs on kx is important only in the exponential term. 
Summing £(kx) in eq. (16), with S(Yo, kx) given by eqs. (10) and (20), 
over kx we obtain 

£ = (L/27r-) 10
00 

£ (kx)dkx 

= (l/47rpo) exp (- p/ Po) X 10
00 

LR(kx) exp (- PP ok-2k;)dkx. (21) 

Po == !k2/p~. 

• The results in Ref. 1 are applicable to anisotropic bent surfaces and arbitrary 
kx • For our case, the expression for the loss .,e reads [as in Ref. 1, eq. (13.18) ] 

p£ = '}'a 2 (1 + a2)-![a + (1 + a 2)!Jj[ -2(1 + a 3)!')' ] exp (2a,},), 

where i means "to the power," '}' == kp and a == p/k. This expression goes to eq. (15) 
when a ~ 0, as one can (but not too easily) verify. 
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This is a general expression for the bending loss of open waveguides. 
Note that some of the assumptions could be relaxed with little addi­
tional complication. The integration over kx, for instance, could be 
performed without using the approximation in eq. (20), and we could 
use the Maxwell field instead of the scalar field. 

III. BENDING LOSS OF A DIELECTRIC ROD 

We consider in this section the fundamental HE 11 mode of a dielec­
tric rod with refractive index n and radius a, with a » A (see Fig. 4). 
The asymptotic form of the field, given in Part II, is 

with 

Therefore, 

E(r) = Jo(gr), r < a, 

Jo(ga) = 0, 
ga == (k2n2 - h2)!a = 2.4· .. 
h ~ kn - 2.87/kna2. 

f E 227rrdr ~ 27r fo
a 

J5(gr)rdr = 0.83a2. 

(21a) 

(21b) 

(22) 

By specifying the continuity of the first derivative of the field, we 
obtain the field near the boundary (which is small but not strictly zero): 

E(x, y) ~ (1.25/p oa) exp (-P oxl2 /2a) exp (-poy'). (23) 

Fig. 4-Field of the fundamental HEll mode of a dielectric rod. The important 
quantity is the field averaged over the x' axis. Only the close neighborhood of point 0 
contributes significantly to the radiation loss. 
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The parameter R(kx ) defined in eq. (17) is, in the present case, 

LR(kx) = (3.75/kna4
)[/_:

00 

exp (-pox2/2a) cos (kxx)dx r· (24) 

Using the equality 

[/_:

00 

exp (-ax2) cos (kxx)dx r = (-Tr/a) exp (-k;/2a), 

we obtain 
(25) 

The total loss is obtained by substituting this result in eq. (21) and 
integrating 

£ = (1.6/P5kna3) (pp ok-2 + a/po)-! exp (- p/ Po). (26a) 

The term Po is the same as in eq. (15b). The exponential term coincides 
with the exponential term in Ref. 3 and is applicable to fibers with 
rectangular cross section. For n = 1.01, 'A = 1 }Lm, and a = 10 }Lm, 
we obtain 

£ ~ 18 X 106(p + 480)-! exp (-p/80) dB/kID, (26b) 

where p is expressed in micrometers. 
The loss in dB /km is plotted in Fig. 5 as a function of p for 'A = 1 

,urn, n = 1.01, and a = 10 }Lm. The bending loss is considerably 

1000r------------------------, 

E 
~ 100 
"0 

~ 
en 
en 
o 
..J 

Z 

~ 10 
<t: 
o 
<t: 
a: 

1~~_~-~-~-~~~~-~-~-~-~~ 
0.4 1.6 

RADIUS OF CURVATURE P IN MILLIMETERS 

Fig. 5-Bending loss in dB/km for a round fiber with radius a = 10 j-tm and n = 1.01 
in free space, as a function of the radius of curvature p. 
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Fig. 6-Slab-loaded rod. For selection of a single mode, the slab thickness must be 
about half the rod diameter if the refractive indices are equal. 

smaller for an oversized dielectric rod than for a reactive surface 
having the same curvature and the same propagation constant. 

IV. RADIATION OF A BENT ROD LOADED BY A SLAB 

We now investigate the radiation loss of a dielectric rod coupled to 
a slab having the same refractive index n shown in Figs. 6 and 7. 

10,000..--------------------------, 

~ 
CJ) 
CJ) 

0 
....J 

Z 
0 
f= 100 <X: 
Ci 
<X: 
cr: 

10 
8 

~---- r----1 
I 
i 
I 

I 

RADIUS OF CURVATURE P IN MILLIMETERS 

A 
I 

20 

Fig. 7-Bending loss in dB/km as a function of the radius of curvature p for a 
slab-loaded rod with n = 1.41, h = 1 J,tm, and a = 5 J,tm. 
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The mode selection mechanism provided by this arrangement was 
discussed in Part II. The thickness 2d of the slab is chosen equal to 
half the rod diameter 2a so that, in the absence of curvature, only the 
fundamental (HEll) mode of the rod propagates without radiation 
loss. 

The propagation constant h of the rod is given in eq. (21b). For the 
fundamental mode (HI) of the slab, we have kx ~ 7r/2d = 7rla. Thus, 
from eq. (5), with k changed to kn, we obtain 

hs = kn - 4.9/kna2. (27) 

Substituting these results in eq. (4b), we obtain the rod-caustic 
spacing yo: 

(28) 

It can be shown that the higher-order modes of the slab H 2, H 3, , 

corresponding to kx = 27r I a, 37r I a, ... , respectively, do not couple 
significantly to the rod and can be ignored. 

The normalized field at the surface of the slab (as we have seen in 
Part II) is, with d = a12, 

(29) 

SUbstituting the value of Yo given in eq. (28) in eq. (9b) and multiply­
ing by the expression in eq. (29) to take into account the distribution 
of the radiation field in the x direction, we obtain 

(30) 

Here it is legitimate to assume that only the average waveguide field 
is important. Thus, we can set kx = 0 in eq. (25). Dividing by 2, 
because the field E s is a constant along x instead of a cosine function, 
setting L = 1, and taking into account the spacing D between the rod 
and the slab, we obtain 

R = (3.757rlpkna3) exp (-2pD). (31) 

Finally, we obtain the bending loss 

oC = SR = 58(p3kna5)-1 exp (-5.3plk2n2a3) exp (-2pD). (32) 

The term exp (- 2pD) in eq. (32) is the same as in eq. (76) in 
Part II, and is applicable to the spurious HOI mode of the straight 
fiber. Thus, moving the fiber away from the slab reduces the mode 
discrimination and the bending loss of the fundamental mode in the 
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same proportion. A trade-off is necessary, therefore, that depends on 
the application, e.g., integrated optics or long-distance communication. 
The prefactor in eq. (32) also has the same form as for the discrimi­
nation loss of the straight fiber, with a very fast a- 5 dependence on the 
fiber radius a. The numerical factor, however, is almost 20 times 
smaller. This, of course, is a welcome result. The first exponential 
term in eq. (32) has the form 

exp (-p/ Po), (33) 

where the critical radius is now 

(34) 

For example, if A. = 1 tLm and a = 5 tLm, the critical radius is Po = 1.9 
mm. If n = 1.01 and a = 5 tLm, the critical radius is Po = 0.95 mm. 

The complete expression in eq. (32) is explicitly, for n = 1.41, 

oC = 2.3 X 108'A.;r!i(a/A.)-5 exp (-12.5D/A.) 
·exp [-p/(15a3/A.2)] dB/km. (35) 

This expression shows that the radiation loss does not exceed 1 dB/km 
if p > 24 mm, when A. = 1 tLm and a = 5 tLm. If n = 1.01 or, almost 
equivalently, if the space between the fiber and the slab is filled up 
with a material whose refractive index is 99 percent of the rod and 
slab index, we have 

oC = 12 X 101OA.;ii(a/'A.)-5 exp (-1.75D/A.) 
. exp [ - p/ (7.5a3/'A.2)] dB/km. (36) 

For instance, for A. = 1 tLm, a = 5 tLm, and D = 0, a I-dB/km bending 
loss is obtained for p = 9 mm. 

The radiation losses of the higher-order modes (e.g., HOI) of the 
rod can be obtained along the same lines. Because hspurious is smaller 
than hs, the caustic radius Ps is, for spurious modes, smaller than p. 

Thus, the spurious modes see the oscillatory part of the whispering­
gallery modes. The radiation losses of these spurious modes, already 
quite high, are not significantly affected by bending, except near the 
"sound barrier" h ~ hs • Near this point, the JWKB approximation 
that we used to describe the radiation field is not applicable, and one 
needs the description in terms of Airy's functions. For the fundamental 
mode ( HE 11) and first spurious mode (H 01), only the HI mode of 
the slab need be considered. For high-order modes, however, a su1:ll 
needs to be performed over the various slab modes. We obtain from 
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eq. (lOb) 

hS = 2t7r f m2(2h2p2)116 
m=l 

Ai2{ (2h2p2)1[1 - kn/h + !m2(7r/2hd)2J}. (37) 

The first factor m2 in the sum expresses the fact that the slab field 
at the boundary increases in proportion to the slab mode number m. 
The term !m2 (7r /2hd)2 results from the change in the synchronism 
condition with the slab mode number m. This function is plotted in 
Fig. 8 as a function of: 1 - (kn/h) for A = 1 JLm, n = 1.41, a slab 
thickness 2d of 10 JLm, and for a radius of curvature p = 16 mm. The 
propagation constants of HEll and HOI modes for a rod with a radius of 
10 JLm are shown on the same figure. We observe that the radiation loss 
of spurious modes fluctuates by a factor as large as 100 (in dB/km) for 
small changes of parameters. Of course, if the radius of curvature is 
not a constant, these fluctuations tend to smooth out. Fig. 9 gives in 
more detail the region h ~ kn for the same wavelength, slab thickness, 
and refractive index as in Fig. 8, and for p = 16 mm and 48 mm. The 
propagation constant of the rod modes are shown by arrows for a rod 
radius of 11.5 JLm. This radius is to be preferred to the radius of 10 JLm 
originally chosen because it provides a better discrimination ratio, 
almost 104 in dB/km, for p = 48 mm. The next 16 higher-order modes 
(each arrow, except the first, corresponds to a group of four modes) 
have somewhat less radiation loss than the HOI because they are 
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Fig. 8-Radiation loss (proportional to hS) resulting from the coupling of the wave­
guide to the various slab modes (HI, H2 ... ), as a function of h (the waveguide 
propagation constant), for 2d = 10 /-tm, X = 1 /-tm, n = 1.41, and p = 16 mm. 

1392 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1974 



104~------------------------------------------------~ 

E 
.:.!. co 
"0 

~ 
en en 
0 
...J 

z 
o 

102 

10° 

~ 10- 2 

Ci 
<t 
a: 
H 10- 4 

en 
L: 

A = 1j-tm 
ROD SLAB 

a = 11.5j-tm 2d = 10j-tm 
n = 1.41 n = 1.41 

'\ 
\ 
\ 

I'" / \ 
p = 48 mm\ 

\ 
\ 
\ 

HOl HEll \ 
\ 10- 6 

_o.o':-::O:-:-4----------~~-----------=--=-~----'O"""'---'---::-'=~'O"""'------'--"'""!.0 

1 - kn/h 

Fig. 9-Detail of Fig. 8 for h ~ kn, for p = 16 mm and 48 mm. The arrows denote 
the rod modes (HEll, HOI, ... ) for a rod radius of 11.5 j-tm. 

beyond the "sound barrier" (we are ignoring the dips that would be 
smoothed out anyway in a real system). It is desirable, therefore, 
that a second slab, with smaller thickness, be coupled to the rod to 
damp strongly the modes just following the HOI group, and to improve 
further the discrimination against the other modes. 

The bending loss that we have calculated is applicable to the fiber 
bent in the plane of the slab. When the fiber is bent in the perpen­
dicular plane and with the same radius, the radiation loss is practically 
negligible. Slab-loaded fibers should be manufactured, therefore, in the 
shape of ribbons so that the mechanical rigidity of the fiber favors 
bending in the plane perpendicular rather than parallel to the slab. 
Physical considerations also suggest that a slight curvature of the 
slab, which is unimportant when the fiber is straight, may help to 
reduce the radiation loss. 
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Since the use of graded-index optical-fiber waveguides can greatly 
reduce pulse dispersion, fibers with greater acceptance angles can be 
used to increase the power coupled from an incoherent source. The increase 
in acceptance angle is obtained by increasing the total index variation 
between the core and cladding, which is achieved by increasing the doping 
of the fiber. This paper shows that the increased loss of the fiber resulting 
from concentration-fluctuation scattering by the dopant eventually de­
creases the light at the output end of the fiber. Therefore, there is an optimum 
magnitude for the total index variation based on loss considerations alone. 
A nalytic expressions are developed using a simplified theory of concentra­
tion-fluctuation scattering that assumes the dopant molecules are randomly 
distributed. These expressions are applied to doped-silica-based fibers, 
assuming typical values for the source intensity, fiber loss, and receiver 
sensitivity. 

I. INTRODUCTION 

As is well known, multimode optical-fiber waveguides with graded 
refractive-index profiles can have appreciably lower mode dispersion 
than fibers with a step index profile for the same modal content.1-3 
One consequence of this fact is that, for a given bit rate and fiber 
diameter, a graded-index fiber can be used that propagates many 
more modes. This is important when the source is incoherent, such 
as a light-emitting diode, since the amount of power that can be 
coupled into the fiber from such a source is proportional to the number 
of modes it can propagate. 
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At what distance a signal of a given bit rate must be regenerated 
depends on how much dispersion has taken place and on the strength 
of the signal. At first, it seems that the distance would be maximized 
by increasing the number of modes until the maximum distance result­
ing from dispersion is equal to that resulting from signal strength. 
In this paper, we show that this may not be the case, and that a 
maximum distance can arise from signal strength considerations alone. 

Briefly, the argument is as follows. The refractive index of the fiber 
is graded by a graded concentration of a dopant in a base glass.' To 
increase the number of modes propagating in a fiber of a given diame­
ter, the magnitude of the index variation must be increased and, there­
fore, so must the dopant concentration. Associated with the dopant is 
an additional loss resulting from scattering by fluctuations in the 
composition of the glass.4 Therefore, we have a situation in which, as 
the number of modes is increased, the loss coefficient is also unavoidably 
increased. The competition between the two effects produces an 
optimum number of modes and, hence, a maximum distance between 
repeaters. 

In this paper we derive the details of this effect and we calculate 
its magnitude for typical source, fiber, and receiver characteristics, 
using a simplified theory of concentration-fluctuation scattering4 that 
assumes a random distribution of dopant molecules and neglecting 
any effect of changes in the physical properties and fictive temperature 
of the glass on density fluctuations. 

II. THEORY 

We consider a fiber with a, cylindrically symmetric refractive-index 
profile 

n = J n(r) 
1 no 

r<a 
r ~ a, 

where no is a constant. For light guidance, nCr) > no. 
For definiteness, we assume that the dopant increases the refractive 

index of the base glass, since this is generally the case for fibers based 
on fused silica. * It has been shown4 that, assuming the dopant molecules 
are randomly distributed, a glass doped to produce an index n from 
a host glass of index no will have an additional loss resulting from 
scattering by concentration fluctuations given by 

n - no £xc=A---, 
no 

(1) 

* Although it has been shown (Ref. 5) that boron oxide can be used to lower the 
refractive index of fused silica, this is the only dopant that does so. 
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where a c is the excess loss coefficient and A is dependent on the refrac­
tive properties of the dopant and the host glass and on the inverse 
fourth power of the wavelength. Strictly speaking, the assumption of 
a random distribution of dopant molecules limits the validity of eq. (1) 
to dilute dopant concentrations. There is, however, experimental 
evidence that, in the N a20-CaO-Si02 and Ti02-Si02 glass systems, 
it is valid up to the concentrations of interest4 and, although its validity 
for other glass systems of interest has not been established, it does 
represent a reasonable starting point for estimating the effect of con­
centration fluctuation scattering. If we neglect any changes in the 
density fluctuation scattering because of changes in the physical 
properties and fictive temperature with doping, a c is the total increase 
in scattering loss. 

If 1 (r) is the power flow per unit area in the fiber, then from eq. (1) 
the excess loss coefficient of the fiber will be6 

~ r~ [nCr) - no]1(r)27rrdr 
no Jo 

Qc = ----------------------
Io~ 1 (r)27rrdr 

(2) 

Although the power flow in a particular mode of a cylindrically sym­
metric fiber generally has an azimuthal dependence, there is always 
another degenerate mode that can be expected to carry the same power 
and produce a total power independent of azimuth. l(r) will be a func­
tion of the relative excitation of the different modes as well as of the 
index profile nCr). For example, Gloge and l\1arcatili3 have calculated 
1 (r) for the one-parameter class of index profiles, 

{ 
[ 

1 - 2A(rl a)'Y]' 
nCr) = no 1 _ 2A r < a 

no r ~ a, 
(3) 

where the parameter 'Y ~ 1. This class includes the parabolic profile 
'Y = 2 and the step profile 'Y = 00. Assuming that: (i) the fiber can 
propagate many modes, (ii) A« 1; (iii) nCr) is relatively constant 
over distances of a wavelength; and (iv) all modes carry the same 
power, Gloge and Marcatili3 have shown that 1 (r) for the above class 
of index profiles is 

l(r) = 110[1 - (rla)'Y] r < a (4) 
o r ~ a. 

Multimode fibers of interest will undoubtedly satisfy assumptions (i) 
to (iii). Assumption (iv) is less realistic but, as the actual distribution 
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of power among the modes of a given fiber will depend on the relative 
loss of the modes and the coupling between them, it provides a con­
venient first approximation. 

Since we are restricted to A « 1 by assumption (ii), it is reasonable 
to make the approximation to the profiles of eq. (3) 

( ) "-' [ 1 - A(r/a)"!] 
n r "-' no 1 _ A r < a. (5) 

Using eqs. (4) and (5) in eq. (2), we obtain 

_ _ AI' A "-' AI' 
O:c - I' + 1 1 - A "-' I' + 1 A. (6) 

We are interested in considering only those index profiles that have low 
pulse dispersion. From among the class of profiles of eq. (3), Gloge 
and Marcatili3 found that the lowest dispersion occurs for a value of I' 
very close to 2. Therefore, we will consider specifically the parabolic 
profile for which 

(7) 
from eq. (6). 

III. APPLICATION TO REPEATER SPACING 

We now consider the consequences of the A-dependent loss of eq. (7) 
on the distance one can transmit before the signal becomes so weak 
that it must be regenerated. The loss of the fiber is 

Pi 
10 10glO Po = (0:0 + ac)L, (8) 

where Pi is the power at the input, Po is the power at a distance L 
kilometers from the input, ac is the fiber loss coefficient in dB per 
kilometer because of concentration-fluctuation scattering, and 0:0 is 
the fiber loss coefficient in dB per kilometer resulting from all other 
scattering and absorption processes. 

For incoherent excitation of the fiber, Pi will be a function of A. 
An incoherent source is characterized by a brightness B that is the 
power per unit solid angle per unit area. In general, B is a function of 
both position and direction. Since the area of the fiber and the range 
of directions over which the fiber accepts light are small, we assume B 
constant. The solid acceptance angle at the fiber end face is3 

nCr) = 7r[n2(r) - n5J = 1 - -27rn5A [ ( r )"!] 
1 - 2A a 
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and, therefore, the power coupled to the fiber neglecting any reflection 
loss will be 

Pi = loa BO(r)27rrdr = 27r2a2n5B ( l' ~ 2) 1 _Ll2Ll ~ CA. (9) 

The maximum distance of transmission will be that value of L for 
which Po is equal to the minimum detectable signal as determined by 
the receiver sensitivity. Combining eqs. (7), (8), and (9), we obtain 
for the maximum transmission distance 

L = 1010gro (C/Po min) + 10 logro A. 
ao + jAA 

(10) 

This function has a maximum value as a function of Ll for any given 
choice of C, Po min, ao, and A, and, therefore, from loss considerations 
alone there is an optimum .1. 

In Fig. 1, L is plotted as a function of A for a possible dopant of 
fused silica, Ti02,7 and for three values of C/Po min (a ratio that is the 
total allowable loss normalized by the fractional index variation A) 
that cover the range expected for a practical system. They correspond 
to Po min between 10-5 and 10-6 milliwatts8 and C between 1 and 10 
milliwatts (Pi between 10 and 100 microwatts for a fiber with 
A = 0.01). * The values used for the other parameters in eq. (10) are 
ao = 4 dB per kilometer, corresponding to the loss of the best Corning 
fibers in the vicinity of 0.85 micrometer,lO and from the calculations of 
Ref. 4 a value of A of 170 dB per kilometer, corresponding to Ti0 2 at 
a wavelength of 0.90 micrometer. The maxima are quite broad; this 
(together with the result from Fig. 2 that the optimum A is not a 
strong function of receiver sensitivity) means that a particular choice 
of A near the optimum will give repeater spacings near the maximum 
over a considerable range of receiver sensitivities. 

Another interesting point from Figs. 1 and 2 is the relatively low 
value of the optimum A, which lies in the range of 0.0037 to 0.0064 for 
the expected source, receiver, and fiber parameters. 

IV. CONCLUSIONS 

The purpose of this paper has been to show that, when concentra­
tion-fluctuation scattering is taken into account, pulse dispersion does 
not necessarily determine the total index variation that will maximize 

* Burrus and Dawson (Ref. 9) have shown that it is possible to make diodes with 
C = 10 milliwatts and long life. To cover the full range of possibilities, however, we 
also include the conservative value C = 1 milliwatt. 
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Fig. I-Plot of the maximum distance between repeaters resulting from signal 
strength as a function of the total relative index variation Do of a Ti02-doped fused­
Si0 2 parabolic profile graded-index optical waveguide. The numbers labeling the 
curves are the values of C/Po min, the ratio of the power available from the source 
normalized by Do [which, from eq. (9), is a function of the brightness of the source 
and the diameter and index profile of the fiber] to the minimum power the receiver 
can detect. 

the distance a signal can be transmitted over a graded-index optical­
fiber waveguide. We have specifically considered the parabolic index 
profile, since it is close to the optimum for minimizing pulse dispersion. 
A theory of concentration-fluctuation scattering has been used that 
assumes a random distribution of dopant molecules, and changes in 
density fluctuation scattering have been neglected. With these assump­
tions, we find for Ti02 doping and typical source, receiver, and fiber 
parameters that the value of A maximizing the distance between 
repeaters from loss considerations is in the range of 0.0037 to 0.0064. 
The corresponding maximum distance is in the range of 10.3 to 5.9 
kilometers. 
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Fig. 2-Plot of .1opt, the value of the total relative index variation of a parabolic 
profile graded-index optical waveguide that maximizes the distance between repeaters 
because of signal strength, as a function of C / Po min for Ti0 2-doped fused Si02• 

Since the pulse dispersion T for a parabolic index profile is approxi­
mately (Lno/c) (A2/2),3 we find, for A = 0.0047 and L = 8.1 kilometers 
(the optimum values for C/Po min = 106), that T = 0.44 X 10-9 

seconds corresponding to a bit rate of 2.3 gigabits per second. Hence, 
for a system having C / Po min = 106 and a lower bit rate, the upper 
limit on A and the maximum repeater spacing would be determined by 
loss considerations alone. 
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Telephone structures must remain in operation during the shock and 
vibration caused by blasts, earthquakes, or other dynamic forces. Tradi­
tionally, various numerical methods, including the finite element approach, 
have been used to analyze such problems. These methods, although effective, 
generally require excessive and costly computations. In contrast, the Fourier 
transform method used in conjunction with a fast Fourier transform 
algorithm is much more economical. In addition, shock and vibration 
problems involving frequency-dependent parameters can be effectively 
treated by the Fourier method. However, to make the Fourier method more 
effective and widely applicable, various tractable input-trans fer-output 
relations are needed. This paper derives a set of simple equality and in­
equality relations that allow various response parameters to be con­
veniently estimated based on partial knowledge of the input and the 
structures. In particular, two lower bounds and eight upper bounds of the 
maximum response of linear structures are presented. Simple structures 
subjected to impulse loads resembling blasts and a random transient load 
resembling earthquakes are studied. Practical applications of the method 
to telephone structures are demonstrated by the analysis of a battery stand 
and a community dial office system in an earthquake area. 

I. INTRODUCTION 

The Fourier transform method has long been used to characterize 
linear systems and to identify the frequency content of waveforms. 
Sneddonl demonstrates classical applications of the Fourier transform 
method to engineering and physics problems. Amba-Rao2 gives recent 
applications of this method to elasticity, White3 illustrates system 
response calculations, Le Bail4 demonstrates boundary-value problems 
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in physics, and Liu and Fagel5 ,6 analyze earthquake soil-structure inter­
actions. In the last three applications cited, the fast Fourier transform 
(FFT) algorithms were used in conjunction with the Fourier method 
to obtain numerical solutions. The development of FFT algorithms in 
the past few years has rapidly expanded the application of the Fourier 
method to include digital analysis of linear-system dynamics. 

This work was motivated by the idea that some simple and effective 
techniques based on the Fourier transform method and response­
bound relations of linear systems can be developed for the shock and 
vibration analysis of telephone structures. 

This paper discusses the Fourier transform method applied to the 
vibration problems of linear structures and presents some simple 
relationships that make it possible to quickly evaluate and estimate 
various response parameters. In a typical engineering vibration prob­
lem, the primary concerns are the time and frequency aspects of the 
input and output (response) and the transfer characteristics of the 
system or structure involved. The parameters or functions of interest 
are generally the waveforms of input and output, their Fourier trans­
forms, the peak values, the frequency characteristics of these wave­
forms, and the effects of linear filtering by structures. Of further con­
cern are the time and frequency distributions of energy or power of 
these waveforms and, particularly, the analytical and empirical rela­
tions among all the parameters and functions mentioned above. In 
view of the advance of computational techniques, some well-known 
and lesser-known input-transfer-output relations useful to shock and 
vibration analysis should be systematically presented. The purpose of 
this paper is to make these relations available, to discuss their implica­
tions, and to demonstrate their applications. 

II. BACKGROUND AND THEORETICAL BASIS 

Applied to the engineering vibration problem, the basic concept of 
the Fourier method of analysis is very simple. We assume that the 
structure under consideration is linear, causal, and stable, and its 
property is completely defined by the associated transfer function 
pairs h(t) ~ H(iw), where H (iw) is the frequency response function, 
h (t) is the impulse response function, t is the time variable, w is the 
frequency variable, i is the complex unit, and the symbol ~ indicates 
a Fourier transform (FT) pair. When the structure is excited by an 
arbitrary (deterministic or random) input function, x (t) ~ X (iw), the 
response is given as y (t) ~ Y (iw). If X (iw) and H (iw) are known, the 
response can be obtained by using the simple relationship, yet) 
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= x(t)*h(t), where * indicates convolution, or by using Y(iw) 
= X(iw)H(iw) and taking the inverse FT of Y(iw). Other response 
quantities of interest can also be obtained from the basic FT pairs 
x(t) ~ X(iw), h(t) ~ H(iw), and yet) ~ Y(iw) once their relations and 
the pertinent response parameter are found. This approach is efficient 
because no numerical integrations are required (as in many traditional 
methods of analysis), and it yields all needed solutions in both the 
time and frequency domains with simple discrete FT or FFT computer 
routines now.generally available. However, the Fourier method of 
analysis is particularly attractive and powerful because of the availa­
bility of some analytical input-transfer-output relations as described 
in this paper. These relations, in the form of simple equality or in­
equality, can solve many practical problems. Some important pre­
liminary background material, particularly the definition and proper­
ties of an arbitrary shock function, f(t), will be briefly given before 
the main results. 

2.1 Shock function and related quantities 

A time function f(t), t E [a, bJ for finite a > b ~ 0 is referred to as 
a shock function. Without losing generality, it is assumed that f(t) 
begins at t = 0 and has finite duration T, i.e., a = 0 and b = T. The 
shock function f(t) could be the input x(t), the output yet), or the 
impulse response function of the system h(t), and it could be either 
deterministic or random. Associated with a shock function f(t), the 
following quantities of interest are defined: 

Fourier Transform: 

F(iw) = loT f(t) exp (-iwt)dt. (la) 

Running FT or Spectrum: 

F(t, iw) = lot f( T) exp (-iWT)dT. (lb) 

Energy: 

I t 1 foo 
f2(T)dT = -2 jF(t, iw) j2dw. 

o 7r -00 

(Ic) 

Total Energy: 

E, = (T P(t)dt = 21 foo jF(iw) j2dw. (ld) 10 7r -00 
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Instantaneous Power Spectrum: 

P/(t, iw) = ~ IF (t, iw) 12. (Ie) 

Power: 

(If) 

Frequency Moment: 

Mj,n = 2~ f-: Iwl nIF(iw) Idw n = 0,1,2, .... (lg) 

Time Moment: 

m/,n= foTltlnIJ(t)ldt n=0,1,2,···. (lh) 

Frequency Variation: 

1 foo S/,n = -2 I F(n) (iw) I dw, 
7r -00 

n = 0,1,2, .... (li) 

Time Variation: 

S/,n= foTIJ<n)(t)ldt, n=0,1,2,···. (1j) 

Correlation Function: 

R/(r) = J(t)*J(t) = loT J(t)J(t - r)dt. (lk) 

Note that some of these quantities, e.g., M/,n and m/,n, may not exist. 
Some simple bounds on J(t), F(w), and their derivatives, which will be 
used to derive response relations, can be readily obtained from the 
above equations. 

2.2 Some bounds of shock function and related quantities 

2.2.1 Derivative bounds 

The following inequalities relating the derivatives of a shock function 
or of its FT with various signal parameters can be established. 

IJ(n)(t)I~Mn n=0,1,2,···. (2a) 

lJ<n)(t) I :::;; Qn [ E/O ]! n = 0,1,2, .... (2b) 
- (2n + 1)7r 

IF(n)(iw) I ~mn n=0,1,2,···. (2c) 

I F(n)(iw) I ~ Tn (2:'J. I)! n = 0,1,2, .... (2d) 
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These relations can be proved as follows. The nth derivatives J(n) (t) 
= dnJ(t)/dt n and Fn(iw) = dnF(iw)/dw n (n = 0, 1, 2, ... ), can be 
written as 

(3a) 

and 

(3b) 

Equations (2a) follows from (3a) and (lg), and (2c) follows from (3b) 
and (lh). Note that (2a) and (2c) are analogous bounds in terms of 
frequency and time moments, respectively. Equations (2b) and (2d) 
follow from (3a) and (3b), respectively, and Schwartz inequality. In 
(2b), n is a constant and is defined as F(iw) ~O for Iwl ~ 0; i.e., in 
the practical sense, the shock function J(t) is assumed to be essentially 
band-limited. Although a shock function cannot be strictly band­
limited, in practice most functions (except ideal impulses) possess a 
frequency value beyond which the Fourier spectra are negligibly small. 
Furthermore, because the sample rate can never be infinitely large, 
digitization of the time function always imposes a practical band-limit. 
Although the details are beyond the scope of this paper, various 
methods and criteria are available for the construction of equivalent 
band-limited signals. Equations (2b) and (2d) are also analogous 
bounds in terms of energy. 

2.2.2 Amplitude bounds 

IJ(t) I ~ ( E;O)!, for all t, 

I F(iw) I ~ (EfT)!, for all w, 

I J(t) I ~ S:~n , for all t, n = 0, 1, 2, ... , 

I F(iw) I ~ t~'tn' for all w, n = 0, 1, 2, .. '. 

(4a) 

(4b) 

(4c) 

(4d) 

When n = 0, (4a) and (4b) are special cases of (2b) and (2d), respec­
tively. From the relation (-it)nJ(t) ~ F(n) (iw), the following relation 
holds: 

I J(t) I ~ I (it)-n I 2~ f-: I F(n) (iw) I dw. (5) 

Relation (4c) is obtained from (Ii) and (5). Note that in (4c) no 
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band-limitedness requirement is needed. Similarly, the relation 
j<n) (t) ~ (iw)nF(iw), eq. (Ij), and 

(6) 

lead to (4d). When (4c) [or (4d)] is used, better bounds are provided 
for small t (or w) when n is small, and for large t (or w) when n is large. 

2.2.3 Increment bounds 

Let Of = J(t + I1t) - J(t) and OF = F[i(w + I1w)] - F (iw), then 

I Of I ~ M 111t, (7a) 

10fl ~ [2~U (1 - si~~~t)]! ~ Ullt (~:), (7b) 

(7c) 
and 

I OF I ~ [ 2Ef T (1 - si~~~w) r ~ Tl1w ( E~T)!. (7d) 

Relations (7a) and (7c) are special cases (when n = 1) of (2a) and 
(2c), respectively. Equations (7b) and (7d) follow from (Ia) and the 
corresponding inverse FT relation, respectively, and from Schwartz 
inequality. Note that the band-limitedness requirement is imposed to 
derive (7b). Equations (7a) and (7c) are analogous increment bounds 
in terms of moments; (7b) and (7 d) are analogous bounds in terms of 
energy. Kak7 proves (2d), (4b), and (7d), while Papoulis8 •9 proves (2b), 
(4a), and (7b). 

The equality conditions for the above relations can be easily identi­
fied. For example, the equality holds for (2d) when J (t) = C (it) n 

for even n and a constant C, for (4b) when J(t) = C exp (iwot) , 
when Wo = n7r/T, and n = 0, 1, 2, ... , and for (7d) when J(t) 
= 2(1 - sin I1w)!. Analogous conditions apply to their analogous 
counterrelations and can be established straightforwardly. 

2.2.4 Energy bounds 

Let Jm = max IJ(t)l, occurring at t = t" and Fm = max IF(iw)l, 
occurring at w = WF. Then 

F~T-l ~ Ef ~ J!T for all w. (8) 

The upper bound is obvious from the definition of Ef given in (Id); 
the lower bound follows from applying Schwartz inequality to the 
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relation 

F(iw) = loT J(t) exp (-iwt)dt, 

which results in 

IF(iw)12 ~ loT IJ(t)1 2dt loT lexp (-iwt)1 2dt ~ EfT forallw. (9) 

III. RELATIONS FOR VARIOUS RESPONSE PARAMETERS 

The basic properties of a general shock function and its FT provide 
the basis for establishing important equality and inequality relations 
for various response parameters of linear systems. Let x (t) ~ X (iw), 
h (t) +-? H (iw), and y (t) ~ Y (iw) represent, respectively, the FT pair 
of the input, the transfer function, and the response; x(t), h(t), and 
yet) are shock functions; therefore, the basic definitions and prop­
erties are applicable. The functions x(t), h(t), and yet) are assumed 
to possess time duration Tx, T h, and Ty and are band-limited 
within Wx, WH, and Wy. It is obvious that Ty = Tx + Ty, and 
ny = min (nx , nH). Let Xm = max I x(t) I, hm = max I h(t) I, Ym 

= max I y (t) I , X m = max I X (iw) I , H m = max I H (iw) I , and Y m 

= max I Y (iw) I, and tx, th, ty, Wx, WH, and Wy be the corresponding 
times and frequencies these maxima occur. Note that tx, th, and ty or 
Wx, WIl, and Wy need not be equal. In addition to the well-known basic 
input-transfer-output relationships yet) = x(t)*h(t) and Y(iw) 
= X(iw)H(iw), the important relations that follow can be established. 

3.1 Total energy bounds 

The total energy of x(t), h(t), or yet) is bounded by the peak ampli­
tude of the associated time function from above and by the peak 
amplitude of the corresponding FT from below. 

X~T;l ~ Ez ~ x~Tz 

H~Thl ~ Eh ~ h~Th 

Y~T;l ~ Ey ~ y~Ty. 

These results follow directly from the use of (8). 

3.2 Kinetic, potential, and dissipated energies 

(lOa) 

(lOb) 

(lOc) 

For a simple oscillator with unit mass, a natural frequency W o, 

and a viscous damping f.., the following relationships exist for the 
kinetic energy [T(t) = iJ2/2 ~ T(w)], the potential energy [Vet) 
= w~y2/2 ~ V(w)], and the dissipated energy [D(t) = f..W~yiJ ~ D(w)], 
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of the system 

(lla) 

2 

Yew) = :; [Y(iw)*Y(iw)]. (lIb) 

D(w) = ~~ [Y(iw)*Y(iw)], (llc) 

where yet) +--+ Y(iw) = (iw)Y(iw). The proof of these equations is 
obvious. Using the relationship Y(iw) = H(iw)X(iw) with a simple 
FT routine, (lla) through (llc) allow various energy functions of 
time to derive directly from X (iw) and H (iw ). 

3.3 Maximum response bounds 

Various upper and lower bounds of the maximum temporal response 
Ym = max I yet) I can also be established. Let li denote lower bounds 
and Ui denote upper bounds of Ym(i = 1, 2, ... ), then the following 
relation holds: 

(12) 

where 

II = max [Ey(t)/t]!, 
t 

Us = OyY m/7r, 

and 
Us = OyX mH m/7r. 

The symbol V in the expression of U4 indicates the total variation. 
The lower bounds shall be proved first. Considering the running FT 

of yet) according to (lb) and applying Schwartz inequality, the follow­
ing can be written 

IY(t,iw)12 ~ lot ly(r)1 2dr lot lexp (-iwr)1 2dr 

~ Et/(t)t 
~ [max I y( r) I ]2t2. (13) 

O~T~t 
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Therefore, for all wand t, 

~~~t I y( T) I ~ ( Ey/t) )! ~ -,-I Y------'(t~-i-w---'-) I (14a) 

and 

(14b) 

which gives the lower bounds II and l2. Note that (Ey/Ty)! and 
[Ey(ty)/t y]! are two special cases of h, and that h occurs at large (or 
small) t if the energy function Ey(t) increases faster (or slower) than t. 
For a given structure, Y m is fixed; therefore, the bound l2 decreases 
with Tv. Note also that, in (14a), the quantity maXt,w [I Yet, iw) I/t] 
should be the exact expression for l2. However, the current expression 
Y m/TII is more convenient to use than the exact expression that requires 
the computation of the running spectrum over the entire t - w plane. 
Clearly, better lower bounds for the maximum response can be estab­
lished on the knowledge of the total energy of the response than on the 
knowledge of the peak Fourier spectrum of the response. 

It is interesting to compare the lower bounds in (12) with the bound 
Liu10 establishes for a specific case. For a simple linear oscillator with 
natural frequency Wo and viscous damping A, it has been shown that 
the maximum displacement response 

Ym ~ 1. IX(iw)lw=p = l3, 
p 

(15) 

where p = (1 - A2)!wo. In this situation, the corresponding H(iw) 
= (-w2 + 2iwwo + W~)-l and Hm = (2Awop)-1 occurring at w = WH 
= (1 - 2A2)!wo. Therefore, the bound l2 gives Ym ~ I X (iw) \ w=wH/ 
(2pwoT), and in (15) l3 gives Ym ~ \ X (iw) \w=p/(p). Clearly, if damping 
is small, i.e., if WH ~ p, then l2 < la when 2A.woT > 1, l2 > la when 
2AWoT < 1, and l2 = l3 when 2A.wo T = 1. 

The upper bounds, Ul through Us, will now be derived. The bound 
Ul follows from the use of (4a) and the assumption ty ~ T y ; U2 is obtained 
from applying Schwartz inequality to the relation yet) = x(t)*h(t); 
U3 is obtained directly from (4c); U4 is a special case of U3 when n = 1 
(Giardinall proves this differently); Us and Us follow from Ul and the 
relation 

Ell = 21 fOY I Y (iw) \2dw ~ Oy Y; ~ Oy X?nH;; (16) 
7r -Oy 7r 7r 

and Us and U7 follow from Ul and the relation 

Ey = 21 fOY I XC iw)H (iw) \2dw ~ H~Ex or X?nEh. (17) 
7r -Oy 
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Generally, better bounds can be obtained when more is known about 
the input, the transfer characteristics, and the output. For example, 
the poorest bound in (12) is obviously Us because the band-limit Qy and 
the peak values of spectra I X (iw) I and I H ( iw) I are all that are known. 
Closer bounds can be established if Qy and Y m are known, or, equiva­
lently, Ex and Hm , or Eh and X m • Still closer bounds can be obtained if 
the energy functions Ey or Ex and Eh are known. Knowledge of Ey, in 
most cases, depends on the knowledge of yet) or Y(iw); the exact 
value of Ym can be readily obtained from this knowledge. Therefore, 
bounds depending on Ey explicitly, such as II and Ul, may not help in 
practical applications. Note that bounds Ul, U2, and U6 grow with T y; 

therefore, they do not provide good results for large T y, i.e., when long 
excitations or small damping sustain the response for some time. The 
bound U2 depends only on the knowledge of the input and the transfer 
function; therefore, it is convenient to use. Furthermore, it is inde­
pendent of the output information, thus, it cannot be considered one 
of the better bounds, especially for very small or very large time t. 
Bounds U6, U7, and Us also depend mainly on the input and the transfer 
function, and the only output knowledge required is the band-limit 
frequency Qy. Bounds Ua and U4 are generally better, yet they require 
the prior knowledge of tv, the time when the maximum response occurs. 
This is usually difficult to know without the waveform or FT of the 
response. Additional calculations are also needed for the following two 
bounds: for Ua, the calculation of Sy,n and the areas under the spectra 
of Y(iw) and its derivatives, and for U4, the absolute value of the total 
variation of the complex quantity Y (iw) for the entire frequency axis. 
For Ua, small n provides better bounds for small t, and large n for 
large t. For U4, it provides better bounds for large t than for small t. 
In general, Ul, Ua, and U4 are better upper bounds, yet they are less 
convenient to use than others. 

Some interesting features about these response bounds are note­
worthy. Drenick12 derives the least favorable excitation for structures 
based on U2. An uncertainty condition TyQy ~ 7r, familiar in band­
limited and time-limited signal analysis can be arrived at from bounds 
l2 and us. The bound U4 can be used to estimate the settling time tE for 
the response yet) to remain with a specified value c:1O. For example, if 
Y1(iw) is smoother, and thus has less variation than Y 2 (iw), then 
Yl(t) takes longer than Y2(t) to settle to the level c:. This implies that, 
for two comparable response Fourier spectra, the smoother one corre­
sponds to the response of a system with higher damping and the rugged 
one corresponds to the response with less damping. 
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3.4 Mean square response 

If x(t) and hence yet) are random, the mean square response 
O"~ = E[ly(t)12J (where E denotes expectation) is of interest. Let 
O"~ = E[ 1 x(t) 12J, and Sz(iw) and Sy(iw) be the power spectral density 
functions, and Rz ( r) and Ry ( r) be the autocorrelation functions of 
x(t) and y (t), respectively, then the following relations regarding O"y 
can be found: 

O"~ = Ry(O) = IarfJ Rh( r)Rz( r)dr 

O"~ = E[EyJ = E[ 1 X (iw) 1
2J Eh 

Ty 27rTy 
2 

2 < O"x H2 
O"y = 27r m· 

(lSa) 

(lSb) 

(lSc) 

In (lSa), Ry(r) = Rh(t)*Rz(t), Rh(r) = J'thh(t)h(t - r)dt = the sys­
tem autocorrelation function, as defined in (lk). Because the proofs of 
these equations are straightforward, they are omitted. The mean 
square response can be provided either by (lSa) upon a simple time 
integration of the product of the autocorrelation functions of input 
and impulse response, or by (lSb) upon the direct knowledge of the 
mean output energy or the expected square input Fourier spectrum. 
Equation (lSc) provides a simple upper bound based on mean square 
value of input and the peak amplitude of the frequency response of 
the system. 

3.5 Relations regarding input and output time histories 

The following useful equations relate the time histories of input and 
output: 

1 x(t) I . J aX(t, iw)/at I 1 y (t) = exp ('twt) 1 a Y (t, iw) / at 

. J aXc(t, iw)/at I 
= exp (- 2wt) 1 aye (t, iw) / at 

x(t)y(t) = 2: IarfJ Re [H(iw)Jpz(t, iw)dw 

n m ·xU) (t) 
yet) = L J ., 

i=o J. 

_ 1 n niy(i) (t) 
x(t) - - L ., ' 

mo j=O J. 

RESPONSE-BOUND METHOD 

(19) 

(20) 

(21) 

(22) 

1413 



where 

no = (mI/mo), 

n2 = [mUmo - (1 + mO)mlm2/2mO - m3/6moJ, .. " etc., 

and the superscript c in (19) indicates the complex conjugate. 
Equation (19) expresses the waveform of input or output in terms 

of the corresponding running spectrum and can be used to recover it; 
(20) gives the instantaneous value of the multiple of x(t) and yet) as 
a simple frequency integral in terms of the transfer function and 
instantaneous power spectrum density of the input; (21) [or (22)J 
expresses the output (or the input) waveform in terms of the moments 
of the impulse response function of the system and the derivatives of 
the input (or the output). LiuI3 derives (19) and (20). Papoulis14 uses 
Taylor's expansion to derive (21) and (22). Note that (21) and (22) 
are useful only if the two series converge rapidly; i.e., if the transfer 
function H(iw) only takes significant values and can be approximated 
by a polynomial of low order within the region of I w I ~ ny • 

IV. SHOCK AND VIBRATION ANALYSIS OF SIMPLE STRUCTURAL SYSTEMS 

The relations presented above can be applied in the shock and vibra­
tion analysis of structures. Since many structures can be treated as 
systems with a single mode of oscillation and many others can be 
solved by superposition of various modal responses in the generalized 
coordinates, the application can be well illustrated by the analysis of 
simple structures. We therefore consider a set of single-degree-of­
freedom systems with natural frequency in the range of 0.05 to 10 Hz 
(most commercial and industrial structures have natural frequency in 
this range), and having a damping ratio of A = 2 percent and 10 
percent, respectively. These structures are subjected to a random 
transient load resembling a strong-motion earthquake accelerogram 
(Fig. 1) and four different types of idealized impulses resembling air or 
ground shocks (Fig. 2). The various bounds of the relative displacement 
and acceleration responses of the structures are calculated according 
to (12) and compared with the actual maximum response Ym. The 
results in Fig. 3 indicate that, for earthquake type of excitations, the 
lower bound II and the upper bound U3 (with n = 0) are the better 
bounds; U4 and Ul also appear as reasonably good upper bounds 
although, for the acceleration response, they show wider fluctuations 
than U3. Bounds l2 and Us fluctuate with Y m and vary with the natural 
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Fig. I-A random transient waveform. 

frequency of the structure, Wo; therefore, both have the same degree of 
closeness to the real response. Bounds U6, Us, and l2 provide rough 
estimates of the response; this is expected because little information is 
needed about the input, the output, or the structure. Bounds U6 and 
Us are constant for the acceleration response (see Figs. 3a and 3b) 
because, for a fixed input, Ex and Xm are both constant, and the 
simple structures considered, Hm = (2A)-1(1 - A2)-!, i.e., the maxi­
mum spectrum of the transfer function associated with the relative 
acceleration response is a constant for a given damping, and is inde­
pendent of woo Bounds U6 and Us, for the displacement response, 
decrease with Wo (see Figs. 3c and 3d) because the associated 
Hm = (2Ap)-1. Bounds U2 and U7, for the acceleration response, grow 
with E~, which increases with woo For the displacement response, U2 

appears also to be a reasonably good bound. 
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The results for various types of impulse loads are generally similar 
and can be represented by Fig. 4. For impulsive types of excitations, 
we can make the following general observations: (i) h seems to be a 
very good bound for most cases (ll ~ Ym when w ~ 0 or when w is 
small), (ii) the best upper bound is U3 (n = 0), which is very close to 
Ym, particularly for the displacement response, (iii) U6 and Us, because 
they are constant for the acceleration response and decrease with Wo 

for displacement response, do not appear to be good upper bounds, 
(iv) for the acceleration response, U2 and U7 increase with Wo; the rate of 
increase is reduced in high-damping cases, (v) for the displacement 
response, U5 ~ Us and U7 ~ Ul, when w ~ 0, and (vi) next to U3, U2 

and U4 seem adequate as upper bounds. 

v. APPLICATIONS TO TELEPHONE STRUCTURES IN AN 
EARTHQUAKE AREA 

The above analysis can be applied to shock and vibration problems 
of telephone structures. Examples are the dynamic response analysis 
and aseismic design of various telephone building and equipment 
systems located in an earthquake area. Some of such applications will 
be described below. 

5.1 Aseismic design of battery stands 

It has been recognized15 that, in large areas of the country susceptible 
to earthquakes, battery stands on floors of multistory telephone build-
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ings require special physical design consideration to protect the 
safety of operating personnel and the reliability of telephone plant. 
Figure 5 shows a typical soft-site stand modified for service in earth­
quake areas. It consists of bracing to support the stand laterally from 
an overhead ironwork structure and to support the cells on the shelves. 
Clearance is provided around the entire cell to allow it to rattle around 
freely in response to ground motion. The failure of the battery stand 
generally occurs from excessive acceleration, which could lead to 
sliding and rattling of cells and their banging against one another and 
against the side racks, and from excessive displacement of the stand 
that could result in overstress of the column members of the stand. 
Therefore, the displacement and acceleration responses of the stand 
are of crucial concern to its aseismic adequacy. These response parame­
ters can be estimated very conveniently by the response-bound rela­
tions derived in Section III. We assume that all that is known about 
the physical property of the battery stand is that it has a damping 
ratio about 2 percent and a natural frequency in the range of 3 to 5 
HZ.16 It is reasonable to assume that the floor motion corresponding to 
a large earthquake resembles the waveform shown in Fig. 1. The peak 
acceleration amplitude would be in the range of 0.75 g because of the 
soil and building amplification of the ground motion. From the analysis 
in Section IV, the response bounds of the battery stands shown in 
Fig. 6 can be readily established. From the acceleration lower bound 
II in Fig. 6 that provides an underestimate of the actual responses, it is 
immediately clear that the natural frequency of the battery stand in 
the range of 1.5 to 3 would not be desirable. Because the high accelera­
tion level in this range would cause lateral forces exceeding the friction 
force between the base of the cells and the supporting shelves, the 
battery would then slide and rattle violently in response to ground 
motion. The displacement bounds Ua and II indicate a continuously 
decreasing trend with the natural frequency of the stand. The upper 
bound Ua, which provides a conservative estimate, indicates that, if 
the battery stand is designed to have a natural frequency higher than 
5 Hz, the actual maximum displacement response would be less than 
the acceptable limit, e.g., about 3 inches. We can therefore conclude 
from such a simple analysis that, from consideration of both the 
acceleration and displacement responses, it is desirable to increase the 
frequency of the battery stand up to about 5 Hz or above. The increase 
of the frequency or, equivalently, the stiffness of the stand can be 
generally achieved by adding bracings to the wall, columns, or to 
superstructures such as the auxiliary frames. 
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Fig. 5-Soft-site battery stand modified for service in earthquake area. 
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5.2 Earthquake adequacy of community dial offices 

A community dial office (CDO) is a small telephone office housing 
mostly step-by-step equipment servicing a local community. The CDO 
buildings are generally one-story concrete block constructions, with a 
few steel-frame constructions as exceptions. 

Tests and analyses relating to typical CDO facilitiesl7 ,18 have in­
dicated seismic weaknesses in the equipment connective system, par­
ticularly at the junction of the superstructure bracing system to the 
building. Figure 7 shows a schematic cross-sectional representation of 
a typical CDO equipment support structure. Equipment frame lineups 
are generally tied together at the 9-foot level by cross-aisle cable racks 
and angle braces (indicated as lineup braces). On the common distribu­
tion frame (CDF) side, the frames are attached to a wood batten on 
the building wall by horizontally oriented cable racks and angle braces 
(indicated as wall braces). 

While there are several possible failure modes of CDO equipment, 
the most likely and the most critical one is the failure of the lateral 

WALL BRACE, 
'\ 

CDF -_, 

~" LAG SCREW ~/ 
8 

TYPICAL BRACE CONNECTIONS 

'" 

WEAK-STIFFNESS 
DIRECTION 

-::::.;::-- EQUIPMENT LINEUPS ---. 

Fig. 7-Typical CDO support system. 
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support system during severe ground shaking. The wood batten shown 
in Fig. 7 is attached to the building wall by either lag screws into wood 
studs, lag into lead expansion shields inserted into concrete blocks, 
or toggle bolts into concrete blocks, depending on the building con­
struction. This batten could pull away from the wall and result in the 
collapse of the equipment. To determine whether such a failure might 
occur, it is necessary to compare the axial force of the wall bracing 
development during the earthquake with the allowable force. The wall 
force is given as F = EAo/l, where E is the modulus of elasticity, A 
and L are the cross-sectional area and length of the wall brace, respec­
tively, and 0 is the relative displacement between the two ends of the 
wall brace. From testing or analysis we assume the transfer function 
H~(w) for the relative displacement response 0 of a hypothetical CDO 
system as given in Fig. 8. We wish to find the earthquake-resistant 
capacity of this system, e.g., the highest ground acceleration this 
system can safely withstand. 

A typical wall brace is made of steel with E = 30 X 106 pounds per 
square inch, A = 0.53 square inch, and L = 5.7 inches. By testing 
we found that the maximum axial force the wall brace can take without 
pulling out of lag screws or toggle bolts is 900 pounds, which corre­
sponds to a maximum lateral relative displacement of 0 = 0.003 inch 
between the two ends of wall brace. Based on the transfer function, 
H~(w), and the results described in Section IV, we found that a con­
servative estimate (U3) of the maximum displacement corresponding 
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to a 0.2 g earthquake loading is approximately 0.002 inch. Assuming 
the system remains linearly independent of the input amplitude, we 
can conclude that the hypothetical CDO system under consideration 
is capable of resisting earthquake ground acceleration up to about 
O,.? g, a motion equivalent in magnitude to the El Centro 1940 earth­
quake. Additional braces would be needed if higher acceleration level 
is expected at the site. 

VI. CONCLUSION 

Various equality and inequality input-transfer-output relations are 
derived to facilitate the application of the Fourier transform method 
in the shock and vibration analysis of linear structural systems. In 
particular, a set of lower and upper bounds of the maximum re­
sponse is obtained. Such bounds allow various maximum response pa­
rameters to be easily estimated with little computation effort. The 
accuracy of the estimate depends on the degree of availability of in­
formation about the input, the transfer function, and the response of 
the system. In general, h and Us appear to be reasonably good lower 
and upper estimates of the maximum response, respectively. Estimates 
of response bounds of simple systems are examined when subjected to a 
random transient excitation and impulse loadings. For systems whose 
transform functions roll off quickly at high frequencies, or for inputs 
that have fast-decaying Fourier spectra, the relations presented apply 
reasonably well. Care should be taken with short-duration impulses 
that have wide spectra. Telephone structures subjected to earthquake 
excitations, e.g., a conventional battery stand and a CDO system, are 
considered to demonstrate the practical applications. 
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