












































































































































Case 2: 
(l1(K) = l. 

sin <1>1+1 = ±2S/{[OI(V)]! - [(lI(V)]-!}. 

(76) 

(77) 

In eqs. (75) and (77), S is the same function of R defined in eq. (27). 
Note that the roles of the K'S and the v's are interchanged in the two 
cases. 

For a solution of any particular case to be valid, the value of sin <1>1+1 
should either be real with a magnitude not exceeding unity, which 
leads to a Type A or a Type B solution, or be imaginary, which leads 
to a Type C solution. The latter solution is not possible in Case 1 be­
cause the K'S are real positive quantities, and thus the right-hand side 
of eq. (75) is always real. On the other hand, since the v's, and in par­
ticular 111+1, can be negative, a Type C solution is possible in Case 2. 

As in the previous section, solutions for Cases lA, 2B, and 2C in the 
present section are possible for all values of Rand O. 

In Cases 2B and 2C, when Kl+l does not exceed Kl, K2, .. " Kl, or unity, 
eq. (16) shows that one can have a prism realization with fl+l = 1, 
fl = Kd Kl+l, .. " fl = Kd Kl+l, and fr = 1/ Kl+l. Using eq. (76), one can 
show that l quarter-wave layers with dielectric constants fl, f2, "', fl 

will match the outer surfaces of the prisms. 
In practice, it is desirable to construct the multilayer dielectric 

reflector with the least number of different dielectrics. Thus, let us 
assume that.two dielectrics with normalized dielectric constants Kl and 
K2 are used alternatively; i.e., 

Ki = Kl, i odd, 

Ki = K2, i even. 

(78a) 

(78b) 

Combining this assumption with those in eqs. (65) through (67), the 
general solutions given in eqs. (74) through (77) simplify considerably. 
Because of its practical importance, we restrict ourselves to Type A 
solution, where Kl and K2 are larger than unity. No solution exists if 
either Kl or K2 is equal to unity. 

Case lA: 

K2 = sin2 O/{l - [(Kl - sin2 O)/Kl](l+l)/1 (cos 0)-2/1}. (79) 

sin <1>1+1 = ±2S/[(KVK~+I)! - (K~+I/K~)!]. (80) 

Kl < sin2 0/[1 - (cos 0)2/(1+1)]. (81) 

K~+l / K~ < V. (82) 

This solution exists for all R, O. 
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Case 2A: 

sin ¢1+1 = ±2Sj[ (vi+ 1 j v~)! - (v~/ vi+ 1)!]. 

vVvi+ 1 < V. 

This solution exists if and only if 

sin 0 > U, 

or, equivalently, 
R < [sin20j(1 + cOS2 0)]2. 

(83) 

(84) 

(85) 

(86a) 

(86b) 

The quantities S, U, and V used in the above equations are defined 
in eqs. (27) through (29). Of course, when l = 1, i.e., n = 3, the above 
solutions reduce to Cases lA and 2A given in the previous section for 
symmetric three-layer dielectric. 

VII. CASCADING SOLUTIONS 

It may happen that some required values of the reflection coefficient 
cannot be obtained by any of the solutions given in the previous two 
sections because of limitations on the values of the dielectric constant 
available in practice, or because the resulting angle of incidence is not 
suitable for a particular application. In this case, the desired multi­
layer dielectric may be obtained by cascading two or more solutions, 
provided that they have the same €r and the same O. 

We now proceed to find the rules for proper cascading to maintain 
polarization-independent operation. Let the two solutions to be cas­
caded be labeled x and y. They are not necessarily symmetric or 
identical. Let ¢ = 27rd cos OJ>.. be the electric length between x and y 
(see Fig. 3). Dropping the subscripts hand e, which denote the par­
ticular mode being considered, we define rx, r~, tx, ry, r~, and ty as the 
reflection and transmission coefficients of x and y in the directions 
specified in the figure. The transmission coefficients tx and ty do not 
depend on the direction of propagation because of reciprocity and 
because the medium is the same on both sides of each of x and y. 
Because of losslessness, the difference between r x and r~ or bet\veen 
ry and r~ is a phase factor. Of course, if x is symmetric then rx = r~, and 
if y is symmetric then r y = r~. 

Using the method of successive reflections,23 it can be shown that for 
a wave incident on the x side of the cascade, the overall field trans­
mission coefficient, t, and field reflection coefficient, r, are given by 

t = txtyexp (- j¢)j[1 - rxry exp (- j2<p)], (87) 

r = r~ + t~ry exp (- j2¢)j[1 - rxryexp (- j2¢)], (88) 
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Fig. 3-Cascading of two polarization-independent solutions x and y to obtain an 
overall polarization-independent solution. 

where we recall that a subscript of h or e has been dropped from all the 
t's and r's. 

Since x and yare polarization-independent solutions, then, from eq. 
(14) or Table I, rxhryh = ±rxerye. Only the positive sign is acceptable, 
otherwise the magnitude of the denominators in eqs. (87) and (88) 
would be different for the h- and e-modes, which will result in a polari­
zation-dependent operation for the cascade. Thus, the sign of re/rh 
should be the same for all the cascaded sections; i.e., one can only have 
a combination of Cases 1 and 3 or Cases 2 and 4. 

Let the abbreviation i* j = k mean: "Cascading Cases i and j gives 
Case k." It can be shown from eqs. (87) and (88) and Table I that 

1*1 = 3*3 = 1, 1*3 = 3*1 = 3, (89a) 

2*2 = 4*4 = 2, 2*4 = 4*2 = 4. (89b) 

Let the required overall power reflection coefficient of the cascade be 

(90) 

and let it be realized by two identical cascaded sections each having a 
power reflection coefficient Rx. Then, one can write 

rx = ry == Rlei<i>x, (91) 
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where ¢x is the phase angle of rx. This can be found given the €'S, d's, 
and 0 by using eqs. (1) through (10). Substituting eq. (91) in eqs. (87) 
and (88), and defining 

(92) 

one obtains 
(93) 

Thus, for a given value of R x , one can obtain any value of R satisfying 

(94) 

Note that the upper bound on R is larger than Rx. Conversely, for a 
given value of R, one can use any value of Rx satisfying 

(95) 

The higher the value used for R x , the smaller is the overall bandwidth. 

VIII. DIFFERENT INPUT AND OUTPUT MEDIA, AND ANTIREFLECTION 
COATINGS 

Often, especially at optical wavelengths, the multilayer dielectric is 
supported by a substrate having a relative dielectric constant €8 which 
is, in general, different from that of the input medium, €r. In this case, 
general analysis of polarization-independent solutions is complicated. 
However, it can be shown that special solutions similar to those for the 
symmetric (2l + I)-layer dielectric given in Section VI can be easily 
obtained. For this purpose, let 0, as before, be the angle of incidence 
in the €r medium. Assume that there are l("?;, 1) layers with relative 
dielectric constants €l, €2, ••• , €l between the €r and €8 media. The 
normalized dielectric constants Kl, K2, ••• , Kl are defined by eq. (1). 
In addition, we define 

(96) 

Further, as was done in Section VI, assume that each of the llayers is 
effectively a quarter-wave thick at the given angle of incidence, i.e., 

¢i = (2mi + 1)'71-/2; mi = 0, 1, 2, ... , i = 1, 2, ... ,l. (97) 

With the above definitions and assumptions, it can be shown from 
eqs. (1) through (6) that the normalized input impedance as seen from 
the €r medium is given by 

(98) 

where Z = {Zl, Z2, ... , Zl+d and the function gl is defined in eq. (68). 
Thus, the reflection coefficient in the €r medium is given by 

r = (Zin - 1)/ (Zin + 1). (99) 
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A subscript of h or e, depending on the particular mode being con­
sidered, has been dropped from all the variables in eqs. (98) and (99). 

It is clear that if KI+l == Es/ Er > sin20, then ZI+l, Zin and r are all 
real quantities. In this case, it can be shown that the reflection coeffi­
cient r s in the Es medium, and the transmission coefficient t across the 
l layers, are given by 

(100) 

and 
l 

t = (- j)l( -1) i~/fli(1 - r2)!, (101) 

where the m/s are the integers defined in eq. (97). Since the impedances 
of the input and output media are different, t is defined here as the 
scattering transmission coefficient, which is usually referred to as 8 12• 

Using the same notation, rand rs could be referred to as 8 11 and 8 22 , 

respectively. 
The coefficients r sand t can not be defined if the total reflection con­

dition, KI+l == Es/ Er < sin2 0, is satisfied. In this case, ZI+l is imaginary 
and a nonpropagating evanescent wave exists in the Es medium. It 
also follows that Zin is imaginary, and hence, from eq. (99), I r I = 1. 

It can be seen from eq. (99) that for re = rh (Case 1), Zin,e = Zin,h; 
and that for re = -rh (Case 2), Zin,e = I/Z in ,h. Thus, combining eqs. 
(98), (68), (72), and (73), and defining R = Irel2 = Irhl2 as the power 
reflection coefficient, one obtains the following solutions. 

Case 1: 
gl(v) = 1. 

R = {[g 1 ( 1<) J! - 1 P / { [g 1 ( 1<) J! + 1 p. 

Case 2: 
gl(1<) = 1. 

R = {[g 1 ( v) J! - 1 P / { [g 1 ( v) J! + 1 p. 

(102) 

(103) 

(104) 

(105) 

The above solution of Case 2 has been previously obtained by 
Baumeister9 and by Rabinovitch and Pagis.lO Both papers, however, 
overlooked the solution of Case 1. 

It is observed that eqs. (102) and (104) are identical to eqs. (74) and 
(76) for the symmetric (2l + I)-layer dielectric. This should not be 
surprising since the latter can be obtained by cascading, back to back, 
two identical solutions of the type described in the present section. 
In fact, this is the reason that the conditions for polarization-inde­
pendent operation given in Sections V and VI for Cases 1 and 2 are 
independent of the thickness of the middle layer. 
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It is clear from eqs. (102) through (105) that if 

gl(X) = gl(V) = 1, (106) 

one obtains R = o. Thus, eq. (106) gives the conditions for polariza­
tion-independent antireflection coatings at inclined incidence. It has 
been previously reported by Bau~neister.9 Rabinovitch and PagislO 

have incorrectly stated that no such solution exists. It is interesting 
to note that the condition gl(X) = 1, which is independent of the angle 
of incidence, is the same condition on the dielectric constants that 
yields an antireflection coating at normal incidence. 

At least two layers, l ~ 2, are required to satisfy eq. (106). For 
l = 2, Er = 1 and for a given finite 8, eq. (106) gives the unique 
solution. 

El = [Et + sin2 8 + (Es - sin2 8)! cos 8]/(€t + 1), (107a) 

(107b) 

For l > 2, the solution of eq. (106) is not unique, and we have extra 
degrees of freedom in choosing the dielectric constants of the layers. 
However, as pointed out by Baumeister,9 the values of dielectric con­
stants available in practice will often force a compromise of the 
effectiveness of the antireflection coatings. 

IX. DESIGN EXAMPLES 

For the purpose of demonstration and comparison of various solu­
tions, let us design polarization-independent, multilayer, dielectric 
beam splitters with a power reflection coefficient R = 0.5 at 50 GHz, 
i.e., Ao = 6 mm. (The frequency is relevant only for the selection of 
the dielectric materials.) Such 3-dB beam splitters may be used in 
circular-waveguide, channel-dropping filters. 7 

All the solutions considered are symmetric, and all, with the excep­
tion of the last solution, are of Type A with air as the surrounding 
medium; i.e., 

Er = 1, 

and thus, from eq. (1) and Table II, it follows that 

Ki = Ei ~ 1, i = 1,2, ... , n. 

In three of the solutions, the frequency response of 1 rh 12 and 1 re 12, in 
dB, and the phase difference 

ilcp == phase(rh) - phase(re) 
= phase (th) - phase (t e) 

(mod 180°) 
(mod 180°) 

are given. The second equality follows from losslessness and symmetry 
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Table 111- Some low-loss dielectrics at millimeter wavelengths 

Dielectric Frequency 
Dielectric constant Loss tangen t range of Reference No. 

measuremen ts 

Kearfott 
High-Purity 9.4 0.00017 14 to 50 GHz 24 
Alumina 

Polystyrene 2.,154 0.0012 10 to 2;") GHz 25 

Teflon 2.1 0.000)) 50 to 70 GHz Unpublished 
report 

Eccofoam PS* 1.02 to 2.0 0.0004 10 GHz 26 

* This is a CO 2 foamed polystyrene whose density can be adjusted to yield any 
dielectric constant in the range specified. It is not clear how the Rayleigh scattering 
by the CO 2 bubbles will affect the loss tangent at frequencies higher than 10 GIlz. 

since, under these conditions, the difference between the phases of 
rand t is ±90° at all frequencies as can be deduced from eqs. (8) 
through (10). 

The dielectric materials employed in our solutions will be chosen 
from those given in Table III. Because of their low loss, these materials 
are suitable for use at millimeter wavelengths. Other suitable dielec­
trics can be found in Refs. 24 and 2(1). 

9.1 Symmetric three-layer, Case 1A solution (f1' f2, (1) 

With R = 0.5, eqs. (33) and (34) require that 1.64 ~ f1 < 1.71 and 
f2 ~ 15.74 for e = 45 0; 1.46 ~ f1 < 1.5 and f2 ~ 12.34 for e = 60°; 
or 1.23 ~ f1 < 1.26 and f2 ~ 8.90 for e = 75°. It is difficult to realize 
a solution at millimeter wavelengths for e less than about 60° because 
of the high required value f2. However, for e ~ 75°, the value of f2 can 
be realized by Kearfott Alumina (f = 9.4). The corresponding low 
value of f1 can be obtained by using Eccofoam PS, or foamed rubber 
such as Buna S Rubber whose dielectric constant can be extrapolated 
to be 1.26 at 50 GHz.25 Thus, with f1 = 1.26 and f2 = 9.4, eq. (31) 
gives e = 73.43°, eqs. (4a) and (30) give dI/A o = 0.428 + 111 1 X 0.856, 
and eqs. (4a) and (31) give ddAo = 0.078 + 1112 X 0.172, where 1111 

and 1112 are integers. 
The frequency response of this solution is given in Fig. 4 for 111 1 = 111 '2 

= O. The large required value of e makes this solution undesirable. 

9.2 Symmetric three-layer, Case 2A solution (f1' f2, (1) 

With R = 0.5, eq. (46) requires that e > 65.53 0; and eqs. (40) and 
(42) through (44) require that f1 > 4.61 and f2 = fI > 21.23 for 
e = 70°; f1 > 2.09 and f2 = fI > 4.38 for e = 7(1)°; and f1 > 1.58 
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Fig. 4-Frequency response of the solution in 9.1 [three-layer, Type 1A solution 
with {1 = 73.43°, El = 1.26 (Buna S Rubber), E2 = 9.4 (Kearfott Alumina), dt/Ao=0.428, 
and ddAo = 0.078]. 

and €:.! = €i > 2.49 for () = 78°. In the last case, the solution can be 
realized by Eccofoam PS (€ = 1.59) and polystyrene (€ = 2.54). Just 
as in the solution in Section 9.1, the required large value of () makes this 
solution undesirable. For symmetric multilayer, Type-2A solutions with 
more than three layers of two dielectrics, eq. (86) shows that (J is still 
required to exceed 65.53°. 

9.3 Symmetric five-layer, Case 1 A solution (El' f2, f:!, f2, fl) 

For R = 0.5 and l = 2, i.e., n = five layers, eqs. (79), (80), and (81) 
can be satisfied with €1 = €3 = 2.1 (Teflon), €2 = 9.4 (Kearfott 
Alumina), and () = 46.91°, which is a convenient angle of incidence. 
Further, eqs. (4a) and (67) give ddAo = 0.200 + ml X 0.399 and 
dz/Ao = 0.084 + m2 X 0.168, and eqs. (4a) and (80) give d3/Ao 
= 0.103 + m3 X 0.399, where 1111, m2, and 1113 are integers. The fre­
quency response of this solution is given in Fig. 5 for ml = 1112 = 
1113 = o. 

9.4 Symmetric seven-layer, Case 1 A solution (fl' E2, fa, f4, f3, E2, f1) 

For R = 0.5 and l = 3, i.e., n = seven layers, eqs. (79), (80), and 
(81) can be satisfied with €1 = €3 = 2.54 (polystyrene), €2 = €4 = 9.4 
(Kearfott Alumina), and () = 47.52°. Further, eqs. (4a) and (67) give 
ddAo = d3/Ao = 0.177 + ml X 0.354 and dz/A o = 0.084 + m2 X 0.168, 
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and eqs. (4a) and (80) give d4/Ao = 0.026 + 1114 X 0.168, where 1nl, 

11/2, and 11/4 are integers. This solution has a narrower bandwidth than 
the solution in 9.3. 

9.5 Symmetric seven-layer, Case 1 A solution obtained by cascading two 
identical, symmetric three-layer, Case 1 A solutions 
(€l' €2, €l, 1.0, €l, €2, €l) 

With R = 0.5, eq. (95) shows that R x , the power reflection coeffi­
cient of each cascaded three-layer section, should not be less than 
0.1716; thus let us choose Rx = 0.1716. In this case, eqs. (31), (33), 
and (34) can be satisfied with El = 1.6 (Eccofoam PS), E2 = 9.4 
(Kearfott Alumina), and () = 45.30°. Further, eqs. (4a) and (30) give 
ddAo = 0.239 + 11/1 X 0.478 and eqs. (4a) and (32) give ddAo = 0.038 
+ 11/2 X 0.168. 

To find the width d of the air separation, one should first find the 
phase ~x of the reflection coefficient of each cascaded three-layer 
section. By substituting the values of El, E2, d l , d 2, and () obtained above 
in eqs. (2) through (10), one finds that ~x = 43.59°. With R = 0.5 
and Rx = 0.1716, eq. (93) gives t/; = ±90° (mod 180°), and hence, 
the electrical length of the air spacing between the two three-layer 
sections is found from eq. (92) to be ~ = 133.59° + 1n X 180°, where 
11/ is an integer. Thus, from eq. (4a) with Er = Ki = 1, dlAo = 0.528 

-3.51-----~-~="'--+---------1-----~+-------I -5 

'" 

~'" 
",,,,,,,,,, 

~~~~~ __ ~~~~ __ ~~~~_~~~~_~~~~-10 
0.95 1.0 1.05 1.1 

NORMALIZED FREQUENCY fifo 

Fig. 5-Frequency response of the solution in 9.3 [five-layer, Type lA solution with 
() = 46.91°, El = Ea = 2.1 (Teflon), E2 = 9.4 (Kearfott Alumina), dd'Ao = 0.200, 
d2/"o = 0.084, and da/Ao = 0.103]. 
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Fig. 6-Frequency response of the solution in 9.6 [three-layer, Type 2C prism solu­
tion with 0=45°, fr=2.54 (polystyrene), f! = 1..1)9 (Eccofoam PS), E2= 1, dd~o=0.439, 
and ddAo = 0.236]. 

+ m X 0.711. This solution has a narrower bandwidth than the solu­
tion in 9.3. 

9.6 Symmetric three-layer, Case 2C prism solution (fr, fl, 1.0, fl, fr) 

Choosing () = 45° and €2 = 1.0, eqs. (16), (40), (50) and (51) give 
1.414 < €1 < 2 and 2 < €r = €I < 4. Thus, the solution can be ob­
tained with €1 = 1.59 (Eccofoam PS) and €r = €I = 2 .. 54 (polysty­
rene). Further, eqs. (4a) and (39) give ddXo = 0.439 + 111 X 0.879, 
where 111 is an integer, and with R = 0.5, eqs. (4a), (4b), and (49) 
give d2/X o = 0.236. The frequency response of this solution is given 
in Fig. 6. for 111 = 0 and under the assumption that the outer surfaces 
of the prisms are perfectly matched. As mentioned at the end of Sec­
tion V, the matching can be accomplished by using a quarter-wave 
layer having a dielectric constant €1 = 1.59 (Eccofoam PS). 
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Distributions on Microwave Paths 
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An engineering method is proposed for calculating rain attenuation 
distributions for frequencies greater than 10 G H z and for paths of arbitrary 
length. The technique is based upon the observed approximate lognormality 
of rain attenuation and rain rate statistics within the range of interest; 
it reflects local meteorology through incorporation of the observed point 
rain rate distribution. Some important parameters in the resulting formulas 
are determined empirically from experimental data. Sample calculated . 
results agree well with available experimental data front Georgia, New 
Jersey, and Massachusetts. This new technique may prove useful for 
engineering radio paths at frequencies above 10 G H z. Sample calculations 
of expected outage probability are given for 11- and 18-G H z radio links 
at A tlanta, Georgia, as a function of repeater spacing and transmission 
polarization. 

I. INTRODUCTION 

An important problem in designing radio relay systems at fre­
quencies above 10 GHz is the radio outage caused by rain attenuation. 
Determination of the appropriate radio repeater spacings for economic 
and reliable operation requires a knowledge of the probability dis­
tribution of rain attenuation as a function of repeater spacing at 
various geographic locations. Most available data on rain rate sta­
tistics are measured by a single rain gauge at a given geographic loca­
tion. A procedure for calculating a rain attenuation distribution from 
a point rain rate distribution is, therefore, needed. 

The results of rain gauge network measurementsl - 5 indicate, how­
ever, that the measured short-term distributions of point rain rate 
vary significantly from gauge to gauge. For example, at Holmdel, 
New Jersey, there was considerable variation l among the measured 
point rain rate distributions obtained from 96 rain gauges located in 
a grid with 1.3-km spacing over a 6-month period. Among these 96 
distributions, the incidence of 100-mm/h rains is higher by a factor of 
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5 for the upper quartile gauges than for the lowest quartile (see Fig. 
32, Ref. 1). Data from a rain gauge network in England5 indicate 
that even with a 4-year time base and averaging over observations by 
four gauges with l-km gauge spacing, the four-gauge-average rain 
rate incidence can differ by a factor of 3 for rain rates above 80 mm/h, 
depending on which four gauges are chosen for averaging. This means 
that, on a short-term basis, the relationship between the path rain 
attenuation distribution and the rain rate distribution measured by a 
single rain gauge is not unique. The prediction of a path rain attenua­
tion distribution from a point rain rate distribution is, therefore, 
meaningful only if the time base is sufficiently long to yield stable, 
representative statistics. Accordingly, knowledge of the long-term 
statistical behavior of point rain rate and path rain attenuation is 
essential for radio path design. . 

The available experimental rain data (Appendix B, Figs. 10 to 13, 
and Ref. 6) indicate that the long-term distributions of point rain 
rate R and rain attenuation ex are approximately lognormal within 
the range of interest to designers of radio paths using frequencies 
above 10 GHz. This paper describes a method for calculating rain 
attenuation distributions based upon this lognormal hypothesis. 

A lognormal distribution is uniquely determined by three param­
eters (see Section 2.1). A set of equations are derived to relate the 
lognormal parameters of attenuation ex to those of point rain rate R. 
Thus, given a long-term, representative distribution of point rain rate 
at a given geographic location, the rain attenuation distribution for 
any path length of interest can be calculated. The method is outlined 
as follows. 

The available theory7-13 for converting rain rate R into rain attenua­
tion gradient {3 in dB/km is appropriate to spatially uniform rain 
rates, whereas actual rainfalls are usually not uniform over an entire 
radio path. To apply the uniform rain theory, the radio path volume 
is divided into small incremental volumes Ll V, in which the rain rate 
is approximately uniform. The rain rate R in each small volume Ll V is 
associated with a corresponding attenuation gradient {3 by the uniform 
rain theory. The total path attenuation ex is then the integral of {3 over 
the path volume. 

If the spatial distribution of the attenuation gradient {3 were uniform, 
the path attenuation at a given probability level \vould increase 
linearly with path length. On the other hand, if the spatial distribution 
of {3s were not uniform and the time fluctuations of the {3s were sta­
tistically independent, the incremental attenuation contributed by 
each Ll V would sum on an rms basis. Intuitively, we feel that the 
attenuation gradients at two different positions are partially corre-
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lated, with a correlation coefficient that is a decreasing function of 
the spacing between the two positions. This behavior is described by 
introducing a spatial correlation function for {3. This spatial correlation 
function is used in the calculation of lognormal parameters of path 
attenuation a from those of attenuation gradient {3. 

In this formulation, the appropriate incremental sampling volume 
.1 V is of the order of 1 m3 and the corresponding appropriate rain 
gauge integration time about 2 s, requiring, therefore, 2-s point rain 
rate distributions (see Section 2.3). 

Tables II and III and Figs. 5 to 8, discussed in Section IV, present 
comparisons of calculated and measured attenuation distributions. 
The satisfactory correspondence appears to validate the method of 
calculation. Section V and Fig. 9 present the calculated results for the 
outage probabilities of 11- and 18-GHz radio links in Georgia. Section 
VI discusses some qualifications to the methodology. 

Supporting material and mathematical derivations are given in 
Appendices A to D. Appendix E lists symbols and their definitions. 

II. BASIC DEFINITIONS AND FORMULATION 

2.1 Lognormal distributions of attenuation and rain rate 

The equations approximating the rain attenuation distribution and 
point rain rate distribution are: 

[
In A - In am] 

P[a(L) ~ A]"""'" Po(L) ·!erfc V1S
a 

(1) 

and 

peR ~ r) ,......., Po(o)· !erfc [ In r ~d: Rm ] , (2) 

where erfc (-'""') denotes the complementary error function, In (ro...J) 
denotes natural logarithm, Sa and SR are the standard deviations of 
In a and In R, respectively, during the raining time, am and Rm are the 
median values of a and R, respectively, during the raining time, Po(L) 
is the probability that rain will fall on the radio path of length L, and 
PoCO) is the probability that rain will fall at the point where the rain 
rate R is measured. The definition and the determination of raining 
time, and hence Po(L) and PoCO), are discussed in Section 2.5. The 
measured distribution of point rain rate is a function of rain gauge 
integration time T.14-20 The appropriate integration time is about 2 s 
in our formulation as discussed in Section 2.3. 

2.2 Radio path definition 

C. L. Ruthroff21 has defined a "radio path," glVlllg a physical as 
well as mathematical representation in the spatial volume significant 
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to propagation considerations (Fig. 1). In essence, the "radio path" 
corresponds to the first Fresnel zone, a prolate ellipsoid of revolution 
terminated at the ends by the transmitting and receiving antennas. 

Since the first Fresnel zone is circularly symmetric with respect to 
the path axis connecting the transmitting and receiving antennas, we 
adopt a cylindrical coordinate system (Fig. 1) coaxial with the path axis 
(z-axis) in the formulation. 

The radius h(z) and the circular cross section Q(z) (see Fig. 1) of the 
radio beam at a distance z from the transmitter are 

[ 
'A.z(L. - z) J! 

h(z) = L (3) 

and 
Q(z) = 7rh2 (z), (4) 

where 'A is the radio wavelength and L is the distance between trans­
mitter and receiver. For example, at 18 GHz on a 5-km path, the 
average beam radius, the average beam cross section, and the radio 
path volume are about 3 m, 30 m2 , and 150,000 m3 , respectively. 

2.3 Path integral formulation for rain attenuation 

The spatial distribution of actual rainfall is usually nonuniform. 
The rain density, the point rain rate R, and the corresponding (point) 
rain attenuation gradient {3 are all functions of position (p, cp, z) and of 
time (t). The total rain attenuation a in dB incurred on a radio path of 
length L (Fig. 1) is calculated by integrating the incremental attenua­
tion da along the path 

(L da (L 
aCt) = Jo dz dz = Jo (3q(z, t)dz (5) 

f L 1 /211" fh<Z) 
= Q ( ) {3 (p, cp, z, t) pdpdcpdz, 

o z cp=o p=o 
(6) 

where 
1 /211" fh<Z) 

(3q(Z, t) = Q(z) cp=o p=o {3(p, cp, z, t)pdpdcp (7) 

is the average value of {3 (p, cp, z, t) over the radio beam cross section 
Q(z) at a distance z from the transmitter, and 

da(z, t) = {3q(z, t)dz (8) 

is the incremental attenuation experienced in the incremental segment 
dz at a distance z from the transmitter. 

To shorten the notations in the following equations, we use the 
vectorsto denote the position (p, cp, z) and dv to denote pdpdcpdz in the 
volume integration. . 
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Fig. I-Configuration of a radio path. 

The rain density and the rain attenuation gradient {3 in dB/km are 
only meaningful with respect to a sampling volume A V large enough 
to contain sufficient raindrops to yield stable volume average quanti­
ties. The results of measurements of rain density and rain rate by a 
photographic method22 indicate that the typical rain density at I-mm/h 
rain rate varies from 50 to 100 raindrops per m3, depending on geo­
graphic location. This means, on the average, a 0.I-m3 volume con­
tains only 2 raindrops at 0.25-mm/h rain rate. Such a small sampling 
volume will not measure the rain rate in the conventional sense, but 
rather will "see" individual raindrops. Thus, for a meaningful mea­
surement of rain rate below 1 mm/h, the sampling volume should be 
at least 1 m3• 

On the other hand, the available theoretical results7- 13 relating {3 

and R assume that the rain density is uniform within the volume 
of interest. To use the available functional relationship {3 (R) to 
convert the statistics of R into that of {3, the sampling volume A V 
must be sufficiently small so that the rain density (and the rain rate) 
is approximately uniform within A V. The observations by a capacitor 
flow rain gauge23 ,24 and by a raindrop photographic method25 indicate 
that heavy rain has fine scale structure on the order of 1 m. This 
means A V should not be much larger than 1 m3• 

These two constraints indicate that the sampling volume should be 
on the order of 1 m3• We have chosen* 

(9) 
in our formulation. 

* A choice of Ll V somewhat different from I m3 is also possible. Since the spatial 
correlation coefficient of (3 depends on the sampling volume, the use of a slightly 
different Ll V would result in a slightly different characteristic distance G, defined in 
eq. (35) and determined in Section 4.1. For example, a larger sampling volume, with 
more smoothing effect, will result in a larger characteristic distance G for {3. 
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Therefore, in this paper, (3 (s, t) is defined as the rain attenuation 
gradient at time t, owing to rain in a 1-m3 sampling volume, A V, 
centered at s, and (3q(z, t) is the average value of (3(s, t) over the path 
cross section Q (z) . 

If Ag is the area of the collecting aperture of a rain gauge and V R 

the average descent velocity of rainfall, then the appropriate rain 
gauge integration time Til v to measure rain rate in a 1-m3 sampling 
volume AV is 

AV Til V r-v ---. 

Ag' V R 
(10) 

For example, if Ao = 0.073 m2 (i.e., 12-in. diameter), then T l1v is 
about 2 s, assuming V R 1'./ 7 m/s. In the measurements of raindrop size 
distributions, Laws and Parsons26 have also used an integration time 
in the order of seconds during heavy rain. The Laws-and-Parsons rain­
drop size distribution is the basis of most uniform rain theories for 
converting R into (3. We therefore define R (s, t) as the point rain rate 
measured by a rain gauge with integration time Til v, located at s. The 
shape of the 1-m3 sampling volume defined by the rain gauge is cy­
lindrical and is considerably different from that of the incremental 
AV. We assume that the long-term distributions of rain rates for these 
two different shapes of 1-m3 sampling volume are approximately the 
same. 

Based upon these definitions, we postulate that the long-term prob­
ability distribution of R (s, t) can be converted into the long-term 
probability distribution of (3(s, t) by a relationship discussed in the 
next section. 

The integration times of most available point rain rate data are 
longer than the Til v (~2 s) required by this formulation. The depen­
dence of point rain rate distribution on the rain gauge integration time 
in the range 

1.5 s ~ T ~ 120 s (11) 

has been determined by Bodtmann and Ruthroff15 for a 2-year (1971-
1972) measurement at Holmdel, New Jersey. By using this experi­
mental result and interpolation, w~ convert the available point rain 
rate distribution with T in the range (11) into a 2-s point rain rate 
distribution. * 

2.4 Average relationship between rain rate and rain attenuation gradient 

The instantaneous relationship obtaining between the point rain 
rate R (s, t) and the corresponding rain attenuation gradient (3 (s, t) 

* This relationship has not yet been demonstrated to be geographically independent. 
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Fig. 2-Theoretical relationship between rain rate and rain attenuation gradient. 

depends upon the particular distribution of raindrop sizes, shapes, and 
orientations, the speed and local direction of the wind, and the rain 
temperature. The average relationship, assuming uniform rain density, 
spherical raindrops, and Laws-and-Parsons drop-size distribution, has 
been calculated by Ryde and Ryde,1l-13 lVIedhurst,9 and Setzer.lO 
Recently, Morrison, Cross, and Chu,7.27 and Oguchi8 have refined 
these calculations by including the effects of nonspherical raindrops. 
Figure 2 shows this theoretical relationship* for transmission frequen­
cies of 11, 18, and 30 GHz. 

Many authors have pointed out that this average relationship be­
tween the rain rate R and rain attenuation gradient (3 can be approxi­
mately described by 

(12) 

where 'Y(A) and 1J(A) depend upon the radio wavelength A and the 
polarization of the radio signal. Table I lists the estimated 'Y(A) and 
1J(A) for 11, 18, 30, and 60 GHz. 

* In Fig. 2, the average of the absolute value of raindrop canting angle is assumed to 
be 25 degrees. This angle has been found representative by Chu (Refs. 28 and 29) in 
comparisons of calculated results with experimental observations (Refs. 30 and 31) of 
the differential rain attenuation experienced by horizontally and vertically polarized 
signals on the same radio path. 
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Table I - Parameters relating rain rate R and rain attenuation 
gradient f3 

f3 = y·R7J f3 in dB/km R in mm/hour 

Frequency 
l' 7J 

(GHz) 
V-Pol H-Pol V-Pol H-Pol 

11 0.013 0.015 1.22 1.2:3 
18.1 0.05 0.054 1.11 1.14 
30 0.15 0.17 1.04 1.04 
60* 0.7* 0.7* 0.814* 0.814* 

* The 60-GHz parameters are estimated from results in Ref. 10 in which only 
Rpherical raindropR are eonRidered. 

Taking logarithms of both sides of eq. (12) yields 

In {3 = In 'Y + rJ ·In R. (13) 

From this equation, if the distribution of point rain rate R is approxi­
mately lognormal in the range of interest, then the distribution of 
attenuation gradient {3 will also be approximately lognormal (see 
Appendix B). The distribution of {3 can therefore be written as: 

P ({3 ~ B) f"'V Po(O) . !erfc [ In B V2~ i; 13m ] ' (14) 

where 13m is the median value of {3 during the raining time and SfJ is 
the standard deviation of In {3 during the raining time. Furthermore, 
eqs. (12) and (13) imply the relationships 

(1.5) 

and 
(16) 

Equations (15) and (16) allow us to convert the lognormal distribu­
tion (2) of R into the lognormal distribution (14) of {3, and vice versa. 

2.5 Rainfall probability PoCO) and raining time 

In principle, the probability of raining, Po (0), is obtained as the limit 

lim P(R ~ E) == Po(O). (17) 
E-+O+ 

An instant t is considered to be raining time if the condition 

lim R(t) > E (18) 
E-+O+ 

is satisfied. The lower cutoff threshold in most presently available rain 
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Fig. 3-Rain-gauge network data on path length dependence of rainfall proba­
bility Po (L). 

rate data is about 0.25 mm/h. Therefore, in practice, we approximate 
0+ in definitions (17) and (18) by 0.25 mm/h. The rationale for this 
approximation is twofold. 

(i) Rain rates below 0.25 mm/h have practically no significant 
effects on radio communication links at frequencies below 60 
GHz. 

(ii) Rain rates below 0.25 mm/h cannot be measured accurately 
by most existing rain gauges with standard recording strip 
charts. 

At the present time, the probability peR ~ 0.25 mm/h IT = 1 min) 
is available at only a few locations.14.18.2o For most locations, we can 
obtain P (R ~ 0.25 mm/h) with I-h integration time from the Weather 
Bureau hourly precipitation data.32 The experimental results on the 
effect of rain gauge integration time T on PoCO) in Florida14 .20 and 
J apan18 indicate that 

peR ~ 0.25 mm/hl T ~ 1 min) 
~ 0.5·P(R ;?; 0.25 mm/hl T = 1 h). (19) 

Therefore, we use Weather Bureau data and approximation (19) to 
estimate PoCO) at several locations of interest where direct measure­
ment of PoCO) with I-min integration is not available. 
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Intuitively, we expect the probability Po(L) of rainfall on a radio 
path of length L to increase with L, since a longer path has a higher 
chance of intercepting rain of limited extent. From the rain gauge 
network data (Fig. 3) of the Florida Thunderstorm Project,14 we 
obtain the empirical formula 

) ~ 1 - Po(O) 
Po(L = 1 - [ L2 ]0.014' 

1 + 21.5 

(20) 

where L is in units of kilometers and 

Po(O) = lim Po(L) (21) 
L-+O 

is the point rain probability that depends on geographic location. A 
theoretical consideration leading to the empirical form (20) is dis­
cussed in Appendix C. 

III. OUTLINE FOR CALCULATING RAIN ATTENUATION DISTRIBUTION 

3.1 Path length dependence of median attenuation am and standard 
deviation SOl 

From the lognormal approximations (1) and (14), it can be shown33 

that: 

8 2 ~ In 11 + ~) a a2 
(22) 

8~ ~ In 11+?) (23) 

_ [ -8~] am = a·exp -2- (24) 

[ -82

] (3m = p·exp T ' (25) 

where 
a = Eda(t)} (26) 

p = E o{{3(t)} (27) 

CT~ = Ed a2 (t) } - a2 (28) 

and _2 

CT~ = Eo{{32(t)} - {3 • (29) 

Ed"'"'} denotes a statistical (time) average under the condition that 
rain is falling on the radio path of length L, E o{ "'"'} denotes statistical 
(time) average under the condition that rain is falling at the location 
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of interest. In eqs. (27) and (29), we assume that the long-term, large­
sample, conditional statistical average P and variance (T~ are inde­
pendent of position s in or near the radio path of interest. Therefore, 
we omit the position s argument in these equations. 

By using eqs. (6), (22), (23), (24), and (25), we can derive formulas 
for the dependence of Sa(L) and am(L) on the radio path length L. The 
lengthy derivations are given in Appendix A. The results are 

S~(L) = In Po(L) 11 + H(L) [e"}?o0r) -1 ] I (30) 

and 

_ PoCO) [ S~ - S~ ] 
am(L) - (3m·L· po (L) ·exp 2 ' (31) 

where 

B(L) = l210
L 

Io
L 

Q~z) fQ(z) f Q~z') fQ(z/) f t/;u(s, s')dvdv', (32) 

( ') 1 { _2 t/;u S, S = ~ E u[(3(s, t)'(3(s', t)] - {1u} 
(T {3u 

(33) 

is the spatial correlation coefficient34 ,35 between (3 (s, t) and {3 (s', t), and 

(34) 

is the spatial covariance function34 ,35 of (3(s, t) and (3(s', t), Eu{~} 
denotes the unconditional statistical (time) average including both 
raining time and nonraining time, Pu and (T~u are the unconditional 
statistical mean and variance, respectively, of (3 as defined by eqs. 
(48) and (49) in Appendix A. 

In eq. (32), the integration volume is the entire radio path (Fig. 1) 
and is a function of both path length L and wavelength A. However, 
the spatial correlation coefficient t/;u of (point) rain attenuation 
gradient (3 defined in eq. (33) is not a function of radio path length L. 

If the random fluctuations of the (3s were "coherent" along the 
entire radio path, then t/;u, B(L) and Po(L)/Po(O) would be identi­
cally unity. Under such conditions, Sa would be identical to S{3 
and am (L) would be equal to (3m' L as expected. The complexity 
of path length dependencies of Sa and am in eqs. (30) to (34) is caused 
by the partially correlated, random fluctuations of (3s at various points 
in the radio path. 

We postulate t/; u to have the functional dependence on distance 
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within the range of interest, where 

d = \s - s' \ 

is the distance between the two observation points (s) and (s'), and 
G('A, A V) is a characteristic distance at which Y;u = 1/v2. The de­
pendence of f3 on wavelength 'A (Fig. 2) and sampling volume A V 
(Section 2.3) indicates that the characteristic distance G may also be 
a function of 'A and AV. However, in Table I, the exponents TJ are all 
very close to unity for frequencies ranging from 11 to 60 GHz. This 
means f3 is approximately linearly proportional to R in this frequency 
range. Therefore, the characteristic distance G of f3 is approximately 
equal to that of point rain rate R and will not be very sensitive to fre­
quency in the range from 11 to 60 GHz. 

Substituting (35) into (32) and carrying out integrations over p' 

and q/ yield 

47rG [7r [L dz [h(z) [L Fdz' 
H(L) = L2· Jo d(J Jo Q(z) Jo pdp Jo Q(z') , (36) 

where 

F = -{W - {f + p cos (J.ln -{TV + h(z') - p cos (J (37) 
{f - p cos (J 

W = G2 + (z - Z')2 + p2 + h2(z') - 2ph(z') cos (J (38) 

r = G2 + p2 + (z - Z')2 (39) 

(J = cp - cp'. (40) 

The remaining integrations can be carried out numerically by com­
puter. The calculated H(L) for G = 0.75, 1.5, and 3 km, respectively, 
are shown in Fig. 4. 

Notice that the radius h(z) of a "radio beam cross section" is on the 
order of several meters, whereas the characteristic distance G is on the 
order of kilometers (see Section 4.1). Therefore, 

G »h(z) (41) 

for most radio paths at frequencies above 10 GHz. Imposing the con­
dition (41) reduces the complicated integrations in eq. (36) to the 
simple result 

H(L) ::: 2Z21~ In [~ + ~1 + ~] - ~1 + ~: + 1\. (42) 

The differences in numerical values of H (L) calculated by (36) and 
by approximation (42) are less than 0.1 percent within the range of 
interest. Notice that H (L) is practically independent of wavelength 
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Fig. 4-Dependence of H(L) on path length L and characteristic distance G. 

A because of condition (41). Therefore, we omit the wavelength speci­
fication on Fig. 4. 

Thus, we have obtained all the necessary relationships. The pro­
cedure for calculating rain attenuation distributions from point rain 
rate distributions is summarized in the next section. 

3.2 Procedure for calculating rain attenuation distribution 

(i) Convert the measured distribution of point rain rate with 
T ~ 2 min into the distribution of 2-s point rain rates by the 
conversion factor in Ref. 15. 

(ii) If PoCO) with T ~ 1 min is not available at the location of 
interest, use approximation (19) and the Weather Bureau 
hourly precipitation data to estimate Po. 

(iii) Estimate the lognormal parameters Rm and S R of the 2-s 
point rain rate distribution by a least-squares approximation. 
This step is carried out by a computer iteration process to 
obtain the (R m , S R) pair that minimizes the differences (i.e., 
the sum of squares of errors) between the data points and the 
lognormal approximation. 

(iv) Calculate (3m and S{3 by formulas (15) and (16). 
(v) Calculate Po(L), ctm(L), and Sa(L) by formulas (20), (30), and 

(31). 
(vi) Substitute Po(L), ctm(L), Sa(L) into eq. (1) to give the attenua­

tion distribution. 
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IV. COMPARISON OF CALCULATED RESULTS WITH EXPERIMENTAL DATA 

The measured rain attenuations in many experiments contain not 
only the path rain attenuation but also the transmission loss owing to 
wet radomes. The presently available information is insufficient for 
accurate estimation of wet radome attenuation as a function of rain 
rate, wind direction, radome shape, size, material, and surface aging 
effects. 

Based upon two measurements of wet radome attenuations dis­
cussed in Appendix D, we assume that a flat, vertical radome causes 
1.5-dB attenuation during heavy rain. Therefore, 3-dB attenuation, 
caused by a pair of wet radomes, is added to the calculated path rain 
attenuation and the result is compared with the measured data 
utilizing such radomes. In some experiments, the flat radomes are 
slanted inward to further reduce wetting the radome surfaces. The 
attenuation caused by a pair of such radomes during rain is assumed * 
to be less than 3 dB. l\10re detailed discussion of the radome problem 
is given in Appendix D. 

4.1 Determination of characteristic distance G 

From the 3-year (1971-1973) distribution of I-min point rain rates 
measured at Merrimack Valley, Massachusetts,36 the conversion factor 
in Ref. 15, and the Weather Bureau data,32 we obtain the following 
approximate lognormal parameters of the distribution of 2-s point rain 
rate: 

PoCO) ~ 3.3%, 

Rm r-v 1.23 mm/h, 
and 

(43) 

(44) 

(45) 

Following the procedure outlined in Section 3.2, we use these param­
eters to calculate a family of rain attenuation distributions as a func­
tion of the distance parameter G. Figure 5 displays the results for an 
18-GHz, 4.3-km path subject to Merrimack Valley rain and makes 
comparison with measured data (1971-1973) at the same location 
(Ref. 36 and Tables II and III). The radomes on this path are vertical 
and almost flat. The solid curves on Fig. 5 are calculated path rain 
attenuations plus assumed 3-dB radome attenuation. Figure 5 indi­
cates that 

G.:::: 1.5 km (46) 

provides good agreement; therefore, a 1.5-km characteristic distance39
•
4o 

* The slanted radomes may get wet during some heavy rains accompanied by 
strong wind gusts. 
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MERRIMACK VALLEY,MASS. 

18GHz,4.3 km, V-POL. 

3 YEARS (1971-1973) 

----CALCULATED PATH ATTENUATION+3 dB WET 
RADOME ATTENUATION 
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G=0.75 
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o 10 20 30 40 50 60 
ATTENUATION IN DECIBELS 

Fig. 5-Determination of characteristic distance G by comparing experimental 
data with calculated results (solid lines) using rain rate data in Fig. 10. 

is used for the calculations and comparisons with other sets of data at 
other locations in the following sections. 

From eqs. (35) and (46), it is easily shown that d ~ 15 km for a 
spatial correlation coefficient, 1/Iu ~ 0.1. In other words, a "rain cell," 
based upon a definition of 1/Iu ~ 0.1 within the cell, has a typical 
spatial extent of 15 km. Obviously, the cell size depends on its definition. 

4.2 Comparisons 01 calculated results with data in Georgia 

Figure 6 compares the calculated result with data from a 5.1-km 
17.7-GHz path at Palmetto, Georgia, measured during two I-year 
periods (November 1970 through October 1971 and August 1973 
through July 1974).'" The radomes on this path are fiat and canted 
inward. The calculated result is based upon the rain rate distribution 
measured by a tipping-bucket rain gauge at Palmetto in the same time 

... The data from November 1971 to July 1973 are not used because of inter­
mittent troubles in the rain gauge and the magnetic tape recorder. 
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m 
o 
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o » .-
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O 
C 
:II 
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C­
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No. 

1 

2 

3 

4 

Authors Ref 
No. 

Barnett, 
Bergmann, Lin, 

30,37 

Pursley 
Pursley 37 

Lentz, Kenny 36 

Semplak 38 

Path Freq Length Polari-
(GHz) zation (km) 

17.7 5.1 H 

11.6 42; V 

18.4 4.3 V 

18.5 6.4 V 

~ * These radomes are shrouded by wooden rain shields. 
:l:. 
C 
G> 
C 
(f) 
-I 
...... 
co 
-...j 
01 

Radome Fig. Path Location Time Base Shape No. Orientation 

6 Rico-Palmetto, 11/70-10/71 Flat, slanted 
Ga. 8/73-7/74 

7 Atlanta-Palmetto, 8/73-7/74 Flat, almost 
Ga. vertical 

5 Merrimack 
Valley, Mass. 

1971-1973 Flat, vertical 

8 Holmdel, N.J. 1968-1969 Flat, slanted* 

Rain Rate 
Data Used in 
Theoretical 
Calcula tion 

No.5 of 
Table 2 

No.6 of 
Table 2 

No.7 of 
Table 2 

No.8 of 
Table 2 
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No. 

I 

2 

3 

4 

5 

6 

7 

8 
9 

10 

Authors 

Ruthroff, Bodtmann 

Jones, Sims 

Jones, Sims 

Ruthroff, Bodtmann, 
Osborne 

Lin 

Lin 

Lentz 

* 
Norbury, White 

Easterbrook, Turner 

Table III - Experimental data on point rain rate distribution 

Rain Gauge Ref Fig. Rain 
No. No. Location Time Base Integration Gauge Time 

15 11 Miami, Fla 1966-1970 1 min Weighing 
Gauge 

14,20 11 Miami, Fla 8/57-8/58 1 min Weighing 
Gauge 

14,20 10 Urbana, III 5/69-4/72 1 min Weighing 
Gauge 

15 12 Atlanta, Ga. 1966-1970, 1 min Weighing 
1973 Gauge 

12 Palmetto, Ga. 11 /70-10 /71 1 min Tipping 
8/73-7/74 Bucket 

13 Palmetto, Ga. 8/73-7/74 1 min Tipping 
Bucket 

36 10 Merrimack Valley, 1971-1973 10-90 s Ruthroff's 
Mass. (Ref 2) 

11 Holmdel, N.J. * 1968-1969 2 s * 
16 10 Slough, England 1970-1971 10 s to 1 h speCial} 

Dropper 
Gauge 

17 10 Southern England 5/61-5/62 2-60 min ? 
1963 

Estimated Lognormal 
Parameters 

Rm 
mm/hr SR PoCO) 

---
2.48 1.54 0.026 

2.48 1.54 0.026 

1.1 1.47 0.033 

3.23 1.15 0.026 

3.10 1.18 0.031 

3.85 1.11 0.030 

1.23 1.34 0.033 

1.53 1.38 0.026 

0.42 1.4 0.044 

~ * Point rain rate distribution from 1968 to 1969 at Holmdel, New Jersey, is estimated from rain attenuation data on short paths at 

.... 
o 
Q) 
~ 

Holmdel. See Section 4.3 . 
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Fig. 6-Comparison of 17.7-GHz rain attenuation data at Palmetto, Georgia, with 
calculated result (solid line) using rain rate data in Fig. 12. 

period. Figure 6 has two calculated attenuation curves, one without 
radome attenuation and another with 3-dB radome attenuation. 

In the II-GHz band, the path lengths of interest may be as long as 
50 km. It is desirable to test the validity of the method for long paths. 
A preliminary comparison is shown in Fig. 7 for an II-GHz,42-km 
path between Atlanta and Palmetto, Georgia. The radomes on this 
path are flat and almost vertical. The attenuation and rain rate were 
observed during a I-year period (August 1973 through July 1974). 
The calculated-plus-3-dB-radome-loss result is reasonably close to the 
data. In Figs. 7 and 13, notice that the measured attenuation and 
rain rate distributions are both somewhat higher than the lognormal 
approximations in the probability range from 10-2 to 4 X 10-2 percent 
time. We believe that these deviations are an artifact of the short 
observation time. A more critical test of this method for long paths 
awaits longer-term data. 
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4.3 Comparison of calculated result with data in New Jersey 

Rain attenuation experiments on two paths (18 GHz, 6.4 km, and 
30.9 GHz, 1.9 km) were carried out simultaneously in 1968 and 1969 
at Holmdel, New Jersey.38 However, local point rain rate distributions 
were not measured during this period. On the other hand, Bodtmann 
and Ruthroff15 have suggested a method for relating point rain rate 
distribution to path rain attenuation distributions on short paths. 
Thus, by using the short-path attenuation data from the 30.9-GHz, 
1.9-km path and Bodtmann and Ruthroff's method, the 2-year dis­
tribution of point rain rate at Holmdel was estimated as shown in 
Fig. 11. Based on this estimated rain rate distribution, we calculate 
the 2-year rain attenuation distribution on an 18-GHz, 6.4-km path 
and compare this with the measured result in Fig. 8. The radomes in 
these experiments are fiat, slanted inward, and shrouded by substantial 
wooden rain shields. We believe that the wet radome attenuation, with 
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Fig. 7-Preliminary comparison of I-year rain attenuation data from an ll-GHz, 
42-km path in Georgia with calculated results (solid line) using rain rate data in 
Fig. 13. 
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Fig. 8-Comparison of 18.5-GHz rain attenuation data in Holmdel, New Jersey, 
with calculated result (solid line) using rain rate data in Fig. 11. 

such protection, is negligible. Therefore, the calculated curve in Fig. 8 
contains only path rain attenuation. 

Figures 6, 7, and 8 show that the calculated results agree reasonably 
well with measured data. 

4.4 Excluded rain attenuation data 

Many sets of rain attenuation data in the literature are not included 
in the comparisons in Sections 4.2 and 4.3 because of one or more of 
the following reasons. 

(i) Many experiments used cone-shaped or hemispheric-shaped 
radomes. The transmission loss resulting from rain running on 
a pair of such radomes may vary from 0 to 14 dB depending 
on frequency, rain rate, and radome surface aging. The un­
certainty in estimating such radome attenuation is too large 
for a meaningful comparison between the data and the cal­
culated path rain attenuation distribution. 
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(ii) The antennas in the experiment are not covered by any 
radomes, exposing the antenna feeds and reflecting surfaces 
to rain, snow, and ice. No information is available for esti­
mating the possible transmission loss from the wetting of these 
elements. 

(iii) The published information does not specify whether the 
antennas are covered by radomes or not. The configuration 
of the radome, if used, is also unknown. 

(iv) The polarization of the transmitted signal is unstated. 
(v) The time base of the experiment is too short to yield long-term 

representative statistics. 
(vi) No rain rate data with T ~ 2 min is available at or near the 

location of the rain attenuation experiment. 

V. OUTAGE ESTIMATION FOR 11- AND 18-GHz RADIO LINKS 

For a constant transmitter output power, the dependence of fade 
margin Fo(L) in dB on the path length L is 

Fo(L) = Fo(Lo) - 20 logio (to) dB, (47) 

where Lo is a reference repeater spacing and Fo(Lo) is the corresponding 
reference fade margin. For 11- and 18-GHz radio, reasonable clear-day 
reference fade margins are 

Fo = 40 dB for 18 GHz at Lo = 4 km 
and 

Fo = 40 dB for 11 GHz at Lo = 40 km. 

A radio outage occurs when the path rain attenuation plus the wet 
radome attenuation exceeds the clear-day fade margin F o. By sub­
stituting the fade margin (47) into the attenuation distribution (1), we 
can calculate the probability of radio outage per hop as a function of 
repeater spacing L. As an example, Fig. 9 shows the outage probabili­
ties· for 11- and 18-GHz radio links in Atlanta, Georgia. 

The wet radome attenuation A R is assumed to be 3 dB in these cal­
culations of outage probabilities. 

VI. SOME QUALIFICATIONS 

This section discusses some limitations, approximations, and assump­
tions in the theoretical calculation procedure, the data employed, and 
the calculated results. 

* Multipath interference fading can also cause outages. An empirical formula for 
estimating the multipath-caused outage probability can be found in Ref. 41. 
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Fig. 9-Expected outage times of 11- and 18-GHz radio links as a function of hop 
length in Atlanta, Georgia. 

6.1 Uncertainty in estimation of lognormal parameters Po, Rm, and SR 

Some point rain rate measurements report only the heavy rain (e.g., 
~ 30 mm/h) portion of the distribution, neglecting the light rain sta­
tistics completely. Table III indicates that the median rain rates Rm 
at many locations are less than 4 mm/h. In other words, the major 
portion (1"V98 percent) of the distribution is missing, and accurate 
estimation of the statistical parameters Rm and SR from the tail 
region (~2 percent) is difficult. 

Furthermore, high rain rates (e.g., > 140 mm/h) require a long 
observation time to yield representative, long-term statistics. The 
time bases of most available data may not be sufficient to yield stable 
statistics for these extreme rain rates. For example, at Newark, New 
Jersey, the I-min point rain rate exceeded 180 mm/h only once in the 
5-year period processed by Bodtmann and Ruthroff. To obtain rea­
sonably stable statistics, we need a sample size much larger than 1. 
The omission of light-rain statistics together with the inherent in­
stability of the extreme rain rate statistics causes considerable un-
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certainty in the estimation of Po, R m , and SR. This uncertainty can 
be reduced significantly if the light rain portion of the distribution is 
also measured and reported. 

6.2 Path length dependence of Po 

The empirical formula (20) for the dependence of Po on path length 
L is obtained from the rain-gauge network data in Florida. The test 
of the applicability of this empirical formula to other locations and 
the improvement of this approximation will require further multiple 
rain gauge experiments at other locations. 

6.3 Dependence of point rain rate distribution on rain gauge integration time 

The dependence of the point rain rate distribution on rain-gauge 
integration time T has been obtained by Bodtmann and Ruthroff15 
from a 2-year experiment at Holmdel, New Jersey. Since a 2-year time 
base may not be sufficient to yield stable statistics for high rain rates, 
a longer time base may be needed to improve this empirical conversion 
factor. The applicability of this result to other geographic locations 
also remains to be verified. 

6.4 Radome problem 

In the comparisons of calculated and measured rain attenuation 
distributions, the wet radome attenuations are assumed values. To 
improve this approximation, a more systematic experimental study on 
the dependence of radome attenuation on rain rate is needed. 

6.5 Anisotropic spatial correlation 1f 

At some geographic locations, the squall lines of heavy rain may 
have a predominant orientation related to the predominant orienta­
tion of weather fronts.42-44 This means the spatial correlation if; may 
depend not only on the spacing but also on the orientation. However, 
the presently available information is not sufficient for a quantitative 
description of such an anisotropic correlation. Therefore, we use the 
isotropic correlation coefficient (35) throughout our theoretical cal­
culations. Some of the difference between calculated and measured 
attenuation distributions may be caused by neglecting the anisotropy 
of the spatial correlation function. 

VII. CONCLUSION 

By using lognormal approximations, we have described a method 
for calculating rain attenuation distributions on microwave paths. 
The calculated results agree reasonably well with experimental data 
in Massachusetts, New Jersey, and Georgia. This procedure may 
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prove useful for the design of radio paths using frequencies above 10 
GHz. To demonstrate the application, Fig. 9 shows the calculated 
outage probability as a function of repeater spacing for 11- and 18-GHz 
radio links in Georgia. 
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APPENDIX A 

Derivation of Formulas Relating Rain Attenuation Distribution to Path Length 

Since the random fluctuations of the attenuation gradient {3 (s) at 
various positions in the radio path are partially correlated, we require 
the spatial covariance function of {3 to relate the variance of {3 to the 
variance of the path attenuation a. However, raining intervals at 
separated observation points are not always coincident. Hence, 
definition of the spatial covariance function for {3 requires a time base 
for all {3s common to all observations. A natural common time base 
fulfilling this requirement is the total time, including both raining and 
nonraining intervals. This means the unconditional * statistical means 
and variances of {3 and a are also needed in this formulation. We there­
fore define 

(48) 
and 

(49) 

as the unconditional mean and variance, respectively, of {3, where 
E u { ~} denotes the (unconditional) statistical average including both 
raining and nonraining time. We assume that, on a long-term basis, 
Pu and (T~u are independent of position in or near the radio path of 

* Fading caused by other atmospheric effects, such as multipath interference and 
"earth-bulge," is not treated in this paper. Therefore, the path rain attenuation a 
and the attenuation gradient {3 are taken to be identically zero during nonraining 
time. 
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interest; therefore, we omit the position argument(s) in eqs. (48) and 
(49). Similarly, 

au = Eu{a(t)} 

(J~u = E u { a 2 (t)} - a~ 

are the unconditional mean and variance, respectively, of a. 

(50) 

(51) 

Based upon the definitions (48) to (51) and the relationships (22) 
to (29), it can be shown that conditional and unconditional means 
and variances are related by 

and 

p = Pu/Po(O) 

a = au/Po(L) 

S$ ~ In 1 P 0(0) [1 + u!; ]) 
(3u 

(52) 

(53) 

(54) 

(55) 

Obtaining the unconditional statistical averages of both sides of eq. 
(6) yields 

(56) 

Substituting eqs. (6) and (56) into definition (51) yields 

u!u ~ Eu 1 f Q~Z) jQ(,) j f Qtz') 

X r f{3 (s, t) . {3 (s', t) . dVdV') - P:· L2 J Q(z') 

= i
L 

Q~Z) fQ(z) f i
L 

Qtz') 

X r f {Eu[{3 (s, t) . (3(S', t) ] - P~} . dvdv'. (57) J Q(z') 

Let us define a spatial covariance function34 ,35 C/3(s, s') for (3(s, t) and 
(3(s', t) such that 

_2 

C/3(S, s') = Eu{{3(s, t) ·(3(s', t)} - {3u. (58) 

In other words, 

./, ( ') = C /3(s, s') 
'l'u s, s 2 

(J {Ju 
(59) 

is the (spatial) correlation coefficient34 ,35 between (3(s, t) and (3(s', t). 
Substituting definitions (58) and (59) into (57) yields 
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where 

H(L) = l2 foL Q~z) fQ(z) f foL Qtz') fQ(zl) f t/;u(s, s')dvdv'. (61) 

Substituting (56) and (60) into (55) gives 

S~(L) = In Po(L)· [1 + H (L)· (J~u l (62) 
fJu 

Combining (54) and (62) gives 

S~(L) ~ In Fo(L)· {1 + H (L) [ eX;o~t) - 1 ] I· (63) 

Combining eqs. (24), (25), (52), (53), and (.56) gives 

_ PoCO) [ S~ - S~] 
am(L) - (3m· L· Po(L) . exp 2 . (64) 

This completes the derivation for S~(L) and am(L). 

APPENDIX B 

Lognormal Distribution of Point Rain Rate 

Figures 10 to 13 display the distributions of 2-s point rain rate 
observed in Miami, Florida; Urbana, Illinois; Atlanta and Palmetto, 
Georgia; Merrimack Valley, Massachusetts; Holmdel, New Jersey; 
and Southern England. The time bases range from 1 to 6 years. It can 
be seen that these distributions of 2-s point rain rate are very close to 
the lognormal approximation in the range below 100 mm/h. The rain 
rates beyond 100 mm/h are generally separated by more than 3 sigma 
from the median, and constitute the tail of the lognormal distribution. 
A very long observation time (e.g., more than 20 years) is necessary 
to obtain stable statistics of extreme rain rates beyond 100 mm/h.45- 48 

Since the time bases of the data in Figs. 10 to 13 are much less than 
20 years, the deviations of the data from the lognormal distributions 
in the tails are not unexpected. 

The rain gauge integration time T in the original data range from 
1.5 s to 2 min, depending upon the source. As discussed in Section 2.3, 
the appropriate integration time T, corresponding to 1-m3 sampling 
volume in our formulation, is about 2 s. From 2-year experimental 
data at Holmdel, New Jersey, Bodtmann and Ruthroff15 have obtained 
an empirical relationship for the dependence of point rain rate dis­
tributions on rain gauge integration t time in the range 

1. 5 s ~ T ~ 120 s. (65) 

This empirical result enables us to convert the original data into the 
2-s point rain rate distributions shown in Figs. 10 to 13. 
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Fig. lO-Lognormal distribution of 2-s point rain rate at Urbana, Illinois; Merri­
mack Valley, Massachusetts; and Southern England. 

APPENDIX C 

Derivation for Path Length Dependence of PolL) 

Let P O(L1) and P O(L1 + f1L) be the probabilities that rain falls on 
the radio path with length L1 and an extended path of length L1 + f1L, 
where f1L is a small incremental length. The relation between P O(L1) 
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Fig. ll-Lognormal distribution of 2-s point rain rate at Miami, Florida and 
Holmdel, New Jersey. 

and P O(L 1 + ilL) can be written as 

P O(L 1 + ilL) = P O(L 1) + IlPo (ilL) , (66) 

where IlPo(AL) is the incremental probability of rainfall associated 
with the incremental length ilL. This incremental probability can be 
written as 

IlPo(IlL) = APo(IlL I no rain for 0 ~ L ~ L 1) 

·P(no rain for 0 ~ L ~ L 1), (67) 

where IlPo(IlL I no rain for 0 ~ L ~ L 1) is the (incremental) prob­
ability that rain falls on the incremental length ilL under the condi-
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Fig. 12-Lognormal distribution of 2-s point rain rate at Palmetto and Atlanta, 
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tion that rain is not falling on the path L 1• This condition is required 
because rainfall on L1 and AL are partially correlated. 

We assume that 

APo(AL I no rain for 0 ~ L ~ L 1) ex AL. (68) 

The justification for this assumption is 

(i) Po(L) is expected to be a smooth, continuous function of L, i.e., 

lim P O(L1 + AL) = P O(L 1), (69) 
aL-+O 

lim AP o(AL I no rain for 0 ~ L ~ L 1) = O. (70) 
aL-+O 
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Fig. 13-Lognormal distribution of 2-s point rain rate at Palmetto, Georgia. 

(ii) The rain-gauge network data (Fig. 3) indicate that the slope of 
Po(L) is not zero, i.e., 

I1Po ~ 0 
I1L ' 

for L ~ O. 

Let b be the proportional parameter in assumption (68). Then 

I1Po(I1L!no rain for 0 ~ L ~ L 1) = beL) ·I1L. (71) 

The unknown proportional parameter beL) will be determined from 
rain-gauge network data. 

By definition, 

P(no rain for 0 ~ L ~ L 1) (72) 

Combining eqs. (67), (71), and (72) yields 

I1Po(I1L) = b(L)· I1L· [1 - P O(L 1)], (73) 
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from which 

dPo(L)/dL = b(L) 
1 - Po(L) . 

(74) 

Integrating (74) yields 

Po(L) ~ 1 - c exp (- j,L b(z)dz I ' (75) 

where c is an unknown constant to be determined by the condition 

lim Po(L) = Po(O). (76) 
L-+O 

Applying condition (76) to (75) gives 

Po(L) ~ 1- [1- Po(O)]exp (- fb(z)dzl· (77) 

Since the rain-gauge network data yield Po(L) at only a few dis­
crete distances, we need the quantized version 

~PO(Li)/~L ~ b(L.) 
1 - PO(Li) - ~ , i = 1, 2, 3, ... , n, (78) 

of eq. (74) for estimating b(L). By using eq. (78) and the rain-gauge 
network data in Fig. 3, we can calculate b (Li) at several discrete 
points. From these results, we find that b (L) can be approximately 
described by the empirical formula 

b(L) rov 0.028L (k -1) = 21.5 + L2 m . (79) 

Substituting (79) into (77) and carrying out the integration yields 

rov 1 - Po(O) 
Po(L) = 1 - [ L2 ]0.014' 

1 + 21.5 

(80) 

which is the same as (20). 
Figure 3 shows that the empirical result (80) is reasonably close to 

all the data points measured by the Florida rain-gauge network. 
Admittedly, eqs. (79) and (80) are empirical. Further theoretical work 
and multiple rain-gauge experiments are needed to improve these 
approximations. 

APPENDIX D 

Transmission Loss Due to Wet Radomes 

A 20-GHz experiment by Anderson49 on a section of a 90-ft diam­
eter radome, pertaining to an earth satellite radio link, indicated a 
transmission loss of 2 to 3 dB at 10 mm/h rain rate when the radome 
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was new. However, after 6 months of weathering, the transmission 
loss increased to 8 dB at 10 mm/h rain rate. A 4-GHz experiment50 

on an earth-satellite radio link indicated a 3-dB transmission loss re­
sulting from the wet radome. These experimental data agree rea­
sonably well with theoretical calculations51- 54 for rain rates ~ 10 mm/h, 
assuming laminar water flow on hemispherical radome surface pointing 
towards the zenith. 

For typical 11- and 18-GHz terrestrial radio paths, the transmission 
losses from wet radomes are expected to be smaller than those of earth­
satellite radio links because of the smaller radome size, different 
radome shape, and orientation. However, the terrestrial radio passes 
through a pair of radomes on each link; therefore, the contribution of 
wet radome loss to the total path attenuation may not be negligible. 
Theoretical calculation of wet radome attenuation pertaining to 
terrestrial radio links is not available at the present time because of 
the difficulty in calculating the nonuniform thickness of the water film. 
A semiquantitative experiment55 was carried out on the 12.2-GHz radio 
link between Murray Hill and Crawford Hill, New Jersey (22 miles). 
The 10-ft dish antenna was covered by a cone-shaped radome that 
was made of resin-coated fiberglass and, at 10 years of age, was well 
weathered. Water was sprayed on the radome-covered antenna by a 
manually controlled sprinkler. The results indicated that a uniform 
light sprinkle caused approximately 2.5-dB attenuation, whereas a 
very heavy spray (maximum stream of water) caused between 4- and 
7-dB attenuation. After the spray was turned off, 2 to 3 minutes 
elapsed before the signal recovered to within 1 4B of its nonfaded level. 
The residual wet radome attenuation is estimated to be 0.5 dB. 

On an 18-GHz, 4.3-km path at Merrimack Valley, l\1assachusetts, 
Kenny36 has also observed a residual wet radome attenuation of 0.75 
dB (i.e., 1.5 dB for two radomes). 

APPENDIX E 

List of Symbols and Their Definitions 

Collecting aperture of a rain gauge. 
Attenuation by two wet radomes on a radio link. 
Spatial covariance function of /3(8, t) and /3(8', t) as de­

fined by eq. (58). 
= pdpdcpdz. 
Conditional statistical (time) average under the condition 

that the point rain rates, in the radio path of length L 
(see Fig. 1), are not all zero. 
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erfc( "") 
Fo 
G 

h(z) 

H(L) 
H-Pol 
L 
Lo 
In ("") 
P(ex ~ A) 
P(R ~ r) 
P({3 ~ B) 
Po(L) 
Po(O) 

Q(z) 

R(s, t) 

Ttl V 

V-Pol 
V R 

LlV 

z 
ex 

Conditional statistical (time) average under the condition 
that the point rain rate (defined in Section 2.3) is not 
zero at the position of interest. 

Unconditional statistical (time) average including both 
raining and nonraining time. 

Complementary error function. 
Fade margin of radio links. 
Characteristic distance defined in eq. (35). See also Sec­

tion 4.1. 
Radius of the circular cross section of radio beam at a 

distance z from the transmitter. See Fig. 1 and eq. (3). 
Defined by eqs. (32) and (36). 
Horizontal polarization. 
The path length of a radio link; see Fig. 1. 
A reference repeater spacing defined by eq. (47). 
Natural logarithm. 
Probability that rain attenuation ex exceeds A. 
Probability that rain rate R exceeds r. 
Probability that attenuation gradient (3 exceeds B. 
Probability that rain is falling on a radio link of length L. 
= limL-.oPo(L); the probability that rain is falling at the 

position of interest. 
= 7rh2 (z); area of the circular cross section of radio beam 

at a distance z from the transmitter. See eqs. (3) and (4). 
Point rain rate measured by a I-m3 sampling volume 

located at s. 
Median value of the point rain rate R during raining time. 
A vector to denote the position (p, ¢, z). 
Standard deviation of In ex during raining time. 
Standard deviation of In R during raining time. 
Standard deviation of In {3 during raining time. 
Integration time of rain gauge. 
Time. 
Defined in eq. (10). 
Vertical polarization. 
A verage falling velocity of raindrops. 
Incremental sampling volume for measurement of point 

rain rate. See Section 2.3. 
Distance from the radio transmitter (Fig. 1). 
Rain attenuation in decibels. 
Median value of ex during raining time. 
Mean value of ex during raining time. 
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cp 
if;u(s, s') 
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A Geometric Derivation of Forney's 
Upper Bound 

By J. E. MAZO 

(Manuscript received January 17, 1975) 

Effective analyses of performance for detection schemes that optimally 
decode digital data in the presence of intersymbol interference have been 
slow in coming. Recently, however, Forney has given an upper bound on 
the bit error probability for maximum-likelihood sequence estimation. 
Starting from a standard geometrical framework, we give a much simplified 
derivation of this upper bound. Our derivation places the validity of this 
important bound more in evidence in that the concepts of whitened matched 
filter and error event are not introduced. 

Let aj, j = 1, 2, ... , N, be independent, equilikely binary random 
variables taking values ± 1. Data transmission usually involves 
estimating the ai from a pulse sequence of the form 

N 

L ajh(t - jT), - 00 < t < 00, 
j=l 

(1) 

which is observed in white gaussian noise of (two-sided) spectral 
density N 0/2. In (1), the minimum assumption put on the pulse wave­
form h(t) is that it be L 2• One possible detection procedure is to decide, 
on the basis of the received noisy signal, which one of the 2N equilikely 
signals given in (1) was "most likely" (maximum-likelihood sequence 
detection) and use the sequence {an} which is associated with that 
sequence as the detected symbols. As N grows large, the probability of 
deciding incorrectly on the sequence approaches unity; however, the 
real question revolves about the bit-error probability for maximum­
likelihood sequence detection. Important work on this problem was 
done recently by Forney,l·2 who showed that, under certain conditions 
on h(t), the bit-error probability for large signal-to-noise ratios goes 
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exponentially to zero as 

Pe ~ (coeff.) exp ( - :~:), No ~ 0, (2) 

where d~ln is the minimum distance between the signal sequences in 
(1); i.e., if we add a superscript to distinguish among sequences thus 

N 
S(i) (t) = L aji)h(t - jT), - 00 < t < 00 i = 1, 2, .. " 2N , (3) 

;"=1 

then 

d~ln = lim min f 00 \ s(i) (t) - S(k) (t) \2dt. 
N --> 00 i, k -00 

(4) 
i~k 

Forney's demonstration consists of two steps. First, a lower bound on 
P e of the form (2) is established, valid for any h(t). Second, if H(w) 
denotes the Fourier transform of h(t) and 

2~ i: \H(w) \2e ikwdw = ° for integer k, \k\ > v, v integer, (5) 

then an upper bound for Pecan be given which is convergent for large 
signal-to-noise ratios and which, furthermore, also has an asymptotic 
form given by (2). 

In our opinion, Forney's discussion of the upper bound is sufficiently 
complicated that some question remains as to how firmly the result is 
established. We shall give a much simpler derivation, but first let us 
review the situation when v = 0, i.e., when there is no intersymbol 
interference. Using the reduction to the standard geometrical picture,3 

the signal points (sequences) received in the absence of noise are as 
shown in Fig. 1. These signal points are to be regarded as being per­
turbed by spherically symmetric, N-dimensional, zero mean gaussian 
noise; the variance of each component of the noise is N 0/2. Thus any 
point in the N-dimensional space may be received and the maximum­
likelihood decoder chooses the unperturbed sequence nearest to the 
received point as the transmitted one. The decoding regions are shown 
in Fig. 2 by dashed lines, and are labeled Ri,j in an obvious way. 

Now assume we transmit (1, 1) and ask for the probability that the 
first bit is in error. This is the same as the probability that the received 
signal point is in R-l,l U R_1,-1, or equivalently that the received 
signal point is to the left of the line labeled S in Fig. 1. In N dimensions 
it would be the probability that the received signal point is on the 
opposite side of an (N - 1) dimensional hyperplane. This is clearly a 
simple one-dimensional gaussian problem having the well-known Q-
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function for an answer, independent (because of the simple geometry) 
of the dimension or of which bit in the sequence is transmitted. 

When intersymbol interference is present, the error probability for 
the kth bit may well depend on k and N. In addition, the surface S 
which separates the sequences that have ak = + 1 from those which 
have ak = -1 is no longer a hyperplane, although it is made up of 
segments which are hyperplanes. Finally, and perhaps a bit vaguely, 
the "shape" of the surface may depend on k. An example for N = 2 is 
given in Fig. 2 showing the separating surface for the first bit. 

Our goal is to derive Forney's upper bound by geometrical arguments 
about as simple as those used in the discussion of Fig. 1. 

As in (3), we consider signal points identified by their respective 
data sequences {ai} N and label them with a superscript. We focus 
on the kth bit being in error, and define sets A and B: 

A = {a(i) laki> = +I}, B = {a(i) laki) = -I} 
== {b(i)}. (6) 

Weare mainly interested in the chance that the maximum-likelihood 
decoder selects a point b E B, given that a particular sequence a (1) 

(say), a (1) E A, was transmitted. One upper bound on this is the union 
bound 

Peek) ~ L Q (d(a(l), b)), 
bEB -Y2No 

(7) 

where d(a (1), b) is the euclidean distance between a (1) and b; i.e., if l 
labels the particular b sequence, 

1 fool N 12 = - 1 H (w) 12 ?: (a?) - bY»eijw dw. 
271' -00 J =1 

(8) 

On writing (8), and henceforth, we set T = 1. Equation (7) is a bad 
bound because it includes too many terms on the right-hand side. This 
is easily seen by applying it to the N-dimensional hypercube (no inter­
symbol interference), for which we obtain (ignoring unessential 
coefficients) 

(9) 

where d2 is the length of a hypercube edge. Thus, the bound, for any 
fixed No, approaches 00 as the length of the sequence N increases. 

Our next step will be to make some simple observations about the 
geometry of the received signal points [when (5) is true] that will allow 
us to delete most of the terms on the right-hand side of (7). Following 
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Forney, we are motivated to define another set B1 of signal points 
which is a subset of B. A vector b E B1 if {b j - a;l) If=l (after deleting 
all zeros which begin the sequence and end the sequence of coefficients 
{b j - a~·l)}) does not contain v or more consecutive zeros either to the 
right of the kth position or to the left of the kth position. Forney's 
upper bound then reads 

Pe(k) ~ L Q (d(a(l), b)). 
bEBI ~2No 

(10) 

To see why no further terms need be included in (10), select an arbi­
trary signal point b* not included in the sum in (10); i.e., b* E B 
- B1 == B*. From the way things have been defined, we may write 

(11) 

(12) 

where ~1 - ~1 does not contain v consecutive zeros in its coefficient 
sequence and ~3 - ~3 ~ O. The 1 in (11) and the (-1) in (12) occur 
in the kth position, and ~2 is at least of dimension v, corresponding to 
the v (or more) positions where a1 and b* are to agree. Now ~L - ~L 

mayor may not contain v consecutive zeros, t and we distinguish these 
two cases in our discussion. First assume that aL - ~L does not contain 
v consecutive zeros. Then note that 

b (I) == (~L, -1, ~1, a2, a3) E B1 

a (2) == (aL, 1, ~1, a2, ~3) E A. 

(13) 

(14) 

Statement (13) is true by the absence of v consecutive zeros in ~L - aL 
and also in ~1 - a1; (14) is true because ak2

) = + 1. We may at this 
point imagine the four signal points a(l), b*, b(l), a(2) in general position 
as in Fig. 3. Now focus attention on the triangle (a(l), a (2), b*).t We 
have (letting Oi denote a string of at least i zeros) 

d2 (a(1), b*) iia(l) - b*ii2 
= iiaL - {3L, 2, a1 - {31, Ov, a3 - {33ii 2 

= lIaL - {3L, 2, a1 - {31ii 2 + iia3 - {33ii 2. (15) 

The last step in (15) follows from the Fourier integral expression (8) 
for the distance and from (5), the requirement that intersymbol inter­
ference not extend beyond v. The right member of (15) can readily 
be seen from (11, 12) and (13, 14) to be d2(a(2), b*) + d2(a(l), a(2»). 

t Recall that a string of zeros in the beginning does not count. 
t We drop bold-face notation for vectors here, and also allow ourselves the freedom 

of writing the subscript L as a superscript. 
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b(l) ....... ____________ ___e a(l) 

b* 

Fig. 3-The four signal points defined in the test illustrated in general position 
(not necessarily planar). 

Hence, 
(16) 

and (a(l), a(2), b*) forms a right triangle. In an entirely similar manner, 
one verifies 

(17) 

implying that (a(l), a(2), b(l) is a right triangle. Since b(l) - b* = a(l) 
- a(2), we have 

(18) 

and the additional fact that the four points lie in the same plane. 
Equations (16), (17), and (18), and planarity, imply that (a(l), a(2),. 
b(l), b*) form a rectangle as shown in Fig. 4. This demonstration assumes 
that there are v consecutive zeros to the right of the kth position and 
not to the left. If we interchange the words "right" and "left", the same 
type of demonstration will apply. There remains the case when there 
are v consecutive zeros both to the right and to the left of the kth 
position. In this case we write 

b* = CB~, a~, {31, -1, {31, a2, (3 3), 

(19) 

(20) 

where a3 - {33 ~ 0 ~ a~ - {3~ and neither al - {31 nor a1 - (3t. con­
tain v consecutive zeros in their coefficients. Further, we are to assume 
a2 and a~ each have dimension at least v. If we define 

b(l) = (a~, a~, {31, -1, (31, a2, a3) E BI 

a(2) = ({3~, a~, a1, 1, aI, a2, (33) E A, 
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the proof that (a(l), a(2), b(l), b*) is a rectangle can be carried out using 
the same techniques as earlier. 

Figure 4 makes it clear why, if a(l) is transmitted, terms like b* do 
not have to be included in the right-hand side of (10). The term 

in (10) is the probability that, if a (1) is transmitted, the received signal 
will be on the "wrong side" of the hyperplane H which perpendicularly 
bisects the line (b1a1). Now b* only needs to be included in (10) if its 
associated decoding region contributes some set of points of positive 
measure not accounted for in some other way. Thus, from Fig. 4, this 
is only the case if these new points were on the same side of H as 
a(l). But any point on that side is closer to a(2) than b* and, hence, 
would never be decoded into b*. Hence the gaussian measure of the 
decoding region for b* is already included in the term 

If we calculate further upper bounds for (10) by letting N = 00, 

we obtain a bound independent of k. Averaging this over the possible 
transmitted symbols gives precisely Forney's upper bound. The fact 
that the resulting upper bound converges for No small enough (for 

H 

b(l )_oy---------+----------r-.. a(1) 

~ ! L 

I 

Fig. 4-The actual relationship of the four signal points defined in the text. 
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N = 00) has been recently discussed by Foschini. 4 This last step is an 
important one in a full proof, and was overlooked in the initial work.2 
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We present the power spectrum of a sinusoidal carrier, frequency 
modulated by a random baseband pulse train in which the signaling-pulse 
duration is finite and the signal pulses may overlap and have different 
shapes. Symbols transmitted during different time slots are assumed to 
be statistically independent and identically distributed. The spectral 
density appears as a Hermitian form suitable for numerical computation 
by a digital computer. Simple conditions in terms of the modulation 
parameters are given under which discrete spectral lines are present in the 
spectrum. Several examples are given to illustrate the method. 

I. INTRODUCTION 

In recent years, digital-frequency and phase-modulation techniques 
have been increasingly important in radio, waveguide, and optical 
communication systems. 

An important parameter in the statistical description of a signal is 
its spectral density, which defines the average power density of the 
signal as a function of frequency. In addition to furnishing an estimate 
of bandwidth requirements, the knowledge of the spectral density is 
also essential in the evaluation of mutual interference between 
channels. 

In this paper, we extend the techniques developed in Ref. 1 for 
digital PSK to the case of digital FSK with phase-continuous transitions, 
such as may be obtained at the output of a voltage-controlled oscillator 
driven by a digital baseband wave. We assume that the sinusoidal 
carrier is frequency modulated by a random, baseband pulse train in 
which the signaling pulse duration is finite and the signal pulses may 
overlap and have different shapes. It is generally assumed that the 
symbols transmitted during different time slots are statistically inde­
pendent and identically distributed. 

We express the spectral density of such an ensemble of continuous­
phase, constant-envelope, digital, FM waves as a compact Hermitian 
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form that provides an appropriate division between analysis and 
machine computation. The present work permits simpler numerical 
computation of digital FSK spectra than earlier studies,2-5 and contains 
a simpler statement of the conditions, in terms of the modulation 
parameters, that determine whether discrete spectral lines are present 
in the spectrum or not. 

Examples give the spectra of binary and quaternary FSK waves with 
overlapping baseband modulation pulses of several shapes. 

II. M-ARY FREQUENCY-MODULATED SIGNALS 

We seek the spectrum of the digital frequency-modulated wave: 

x(t) = cos [271'fet + cp(t)], fe > O. (1) 

cp (t) f t fd(p.)dp.. (2) 

00 

fdCt) = L hSk(t - kT), Sk = 1,2, "', M. (3) 
k=-oo 

The symbol cp is the phase and fd the frequency deviation of the carrier at 
frequency fe. The signaling alphabet consists of M waveforms hI, 
h2, .. " hM, that may have different shapes; one of these is transmitted 
for each signaling interval of duration T. The different signaling 
waveforms in (3) may overlap, but are statistically independent in 
most of the present work; i.e., Sk is statistically independent of Sl for 
k ~ l. 

Define for convenience 
vet) == ejq,(t); (4) 

then 
x(t) = Re {ei27rfctv(t)}. (5) 

The spectral density of vet) is 

Pv(f) = f_: if!v(r)e-i27rfrdr, (6) 

where 
- . 1 fA 

if!v(r) = if!v(t, r) == hm 2A if!v(t, r)dt, 
A-+oo -A 

(7)§ 

if!v(t, r) = (v(t + r)v*(t») = (ei[q,(t+r)-ct>(tll) 

= < exp (j f t+r fd(p.)dp. ) >. (8) 

§ The symbol-- denotes average on t throughout. 
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An arbitrary constant of integration is implicit in the notation of 
(2), which defines the phase. This is of little consequence in the re­
mainder of the present paper, since most of our study is directed to­
ward the spectrum of the complex wave v (t) ; as seen by the final line 
of (8), the absolute phase is irrelevant in determining P v (f). The 
absolute phase must be rendered explicit only for the following three 
purposes in the present work: 

(i) Relating Px(f) to Pv(f) (the spectra of the real FSK wave x(t) 
of (1) and of the complex FSK wave of (4), respectively). 

(ii) Separating possible line-frequency components from the FSK 

wave. 
(iii) Specializing the present FSK treatment to the prior PSK results. l 

To make the absolute phase explicit, we write 

(9) 

The term ¢ (0) is the phase of the FSK wave at t = O. We consider three 
representative assumptions for ¢ (0) : 

(i) ¢ (0) deterministic, e.g. : 

¢(O) = O. (10) 

(ii) ¢ (0) random, uniform, and independent of the modulation Sk: 

Pr [¢ < ¢(O) ~ ¢ + d¢] = ~!, 0 ~ ¢ < 27r. (11) 

(iii) ¢(O) dependent only on the modulation parameters (or signal­
ing pulses) that contribute to fd (O+)§ in (3): 

¢(O) = L l-kT 
hSk(j.L)dj.L. (12)§ 

k:h8k(-kT+)>",O -00 

The signal-pulse duration is assumed finite; consequently, in 
(12), the L has a finite number of terms, and the lower limit 
on the f becomes finite. Specific examples of (12) appear in 
Section IV below. In other words, the net phase contributed by 
all past signaling pulses that are over by t = 0, i.e., for which 
hSk ( -kT+) = O,§ is normalized to O. 

§ The +'s indicate that!d and h'k are to be evaluated an infinitesimal time later 
than 0 and -kT, respectively, if any of the signal pulses have discontinuities at their 
upper limits at a time-slot boundary (see Section IV). If the signal pulses and, hence, 
the instantaneous frequency deviation !d(t) are continuous, these two +'s may be 
dropped. 
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In the appendix we show that, except for special modulations with 
low carrier frequencies fe that take on special values, the following 
simple relation gives the spectrum of the real wave x(t) of (1): 

(13)§ 

The first term of (13) is the spectrum of the complex baseband wave 
v (t) shifted to the carrier frequency + fe; the second term is the spec­
trum of v*(t) shifted to - fe. More specifically, (13) is valid if any of 
the following are true: 

(i) Eq. (11) holds, independently of any other considerations. 
(ii) Eq. (10) or (12) holds, and Pv(f) [and hence Px(f)] has no 

line components. 
(iii) Eq. (10) or (12) holds, Pv(f) [and hence Px(f)] has (equally 

spaced) line components, and fe is low enough so that the two 
terms of (13) overlap, but fe is such that the line components 
of the two terms of (13) do not coincide. The discrete values 
forbidden to fe under these conditions are given by (146) in 
the appendix. 

(iv) The carrier frequency is so large that the two terms of (13) do 
not significantly overlap, independently of any other 
considerations. 

Consequently, we study only Pv(f) throughout the remainder of this 
paper. This suffices for all cases except that of a low carrier frequency 
fe that takes on special discrete values related to the baud rate liT 
and the modulation, for very special modulations that result in line­
spectral components (PSK is one such case, but there are others). 

The condition expressed by (12) is assumed in much of what follows. 
This results in no significant loss in generality in treating the spectrum 
of the real wave x(t), as discussed above. It permits economy of nota­
tion in the general case, a convenient treatment of line components 
present in special cases, and simple specialization of the present FSK 

results to prior PSK results.1 

III. NOTATION AND STATISTICAL MODEL 

We introduce the vector-matrix notation of the prior PSK study.1 
Since that study allowed correlated modulation parameters Sk while the 
present work is largely restricted to independent Sk, only a portion of 
Section III of Ref. 1 need be summarized here. 

§ Compare (5) of Ref. 1. 
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We write (3) as 

where 

(14)§ 

(15) 

(16) 

For a given k (i.e., for a given time slot) one of the ak's is unity and the 
rest are zero: 

(17) 

Thus, ak is a unit basis vector, i.e., ak has one component unity and all 
other components zero. 

The modulation process Sk is assumed stationary, as in the prior 
PSK study,! but here we make the stronger assumption of independence 
in most of what follows. Define the first-order probability 

Wi == Pr {Sk = i} (18) 

as the probability that the ith signaling waveform is transmitted in 
the kth time slot. Wi is independent of k by stationarity. By 
independence, 

Pr {Sk = i, Sl = j} = WiWh k ~ l. 

Then 

Wi = Pr 1 a, = [~ o 
2 

o 
i-I 

1 

Normalization of the total probability requires 

M 

L Wi = 1. 
i=I 

We use the following vector notation for the probabilities: 

:!L = w]' == [WI W2··· WM]. 

§ The following notational conventions are adopted throughout: 

(i) Boldface quantities denote matrices. 

(19) 

(20) 

(21) 

(22) 

(ii) Rowand column vectors are distinguished by the additional notation L.J and 
], respectively. 

(iii) Ordinary matrix multiplication is indicated by ., Kronecker matrix products 
by X (see second footnote, page 908, Ref. 1, for properties of Kronecker 
products used throughout the present paper). 

(iv) The transpose of a matrix is indicated by , . 
(v) The Hermitian transpose of a matrix is indicated by t. 

(vi) Multiple Kronecker products are indicated by IIx (see footnote, page 911, 
Ref. 1) and the Kronecker power is indicated by an integer exponent enclosed 
in square brackets. 
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Further define a vector (here of dimension M) with all elements unity 
as 

! = 1]' == [1 1 .. · 1]. 

Then (21) may be written 

b·w] = ~·1] =l. 

Finally, for convenience later, define the diagonal matrix 

o 

Then, from (22) and (23), 

wd·1] = w], !·Wd =~. 

Note that 
(ak) = W, 
L-...J ~ 

(ak]· ak) = Wd. 
I........J 

IV. FSK AS A BASEBAND PULSE TRAIN 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

We seek an expression of v(t), given by (4), (9), (12), and (14), of 
the form 

00 

v(t) = L ck·r(t-kT)] 
k=-oo~ 

(29) 

for signaling pulses of finite duration. Assume the hi(t) of (3) are 
strictly time-limited to an interval KT, as follows: 

K-1 
--.-·-T 

2 ' 
K --T 2 ' 

K + 1 . 
-2- T, 

UK == K 
2" T, 

(30)§ 

Kodd. '. 

Keven. 
(31) 

Kodd. 

Keven. 

LK and UK are respectively the lower and upper limits of the pulses. 
Figure 1 shows portions of fd (t) for four different maximum signal­
pulse durations; the terms k = -1, 0, 1, 2 of (14) are shown, and for 

§L9.J = 0]' is a vector of appropriate dimension (here M) with all elements zero. 
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K=2 
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Fig. i-Frequency modulation for different signal pulse durations. Index k is 
shown near peak of each pulse. Also, for simplicity, same signal pulse is shown for 
each k. T = time slot duration or signaling period. KT = maximum signal-pulse 
duration. Note different pulse center location for odd and even K. 

convenience ak has been taken the same for each of these time slots. 
The pulses are positioned along the time slots such that the limits of 
each signal pulse lie on the boundary between adjacent time slots (i.e., 
t = integer· T); this results in different definitions for L K , UK for K 
even and odd. Since symmetric pulses have been chosen for illustration 
in Fig. 1, their maxima are centered in the time slots for K odd, and 
lie on the time-slot boundaries for K even. Discontinuities are permitted 
at the pulse edges (and elsewhere), but are not present in the example 
of Fig. 1 (and would not normally be present in a mathematical model 
of a physical system); discontinuities at the time-slot boundaries are 
restricted by the inequalities at the right of (30). Examine the (0, TJ 
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time slot in Fig. 1 as typical; then the number of pulses contributing 
to !d(t) at every instant equals K.§ 

It remains for us to express the pulse shapes r (t) and coefficients Ck 
of (29) in terms of the signal pulses h(t) and coefficients ak of (14). We 
give separate treatments for the cases K = 1 and K = 2, and extend 
these results to general K. The treatment is an extension of that for 
the PSK case, given in Section IV of Reference 1. 

4.1 Nonoverlapping pulses: K;::::: 1 

The top portion of Fig. 1 shows digital frequency modulation for 
which the signal pulses in different time slots never overlap; in this 
case from (30) to· (31), 

h(t)J = OJ, t ~ 0, t > T. (32) 
Define 

[ exp (j fo t hI (Jl)dJl ) exp (j 10 t h2 (Jl)dJl ) 

q(t) == 
... exp(j fot hM(Jl)dJl )] , 0 < t ~ T. 

(33) 
L---J 

~ t ~ 0, t > T. 

Equations (4), (9), (12), (14), and (33) yield 

<p (0) = 0; v (0) = 1., (34) 

v(t) = f Skak'q(t - kT)J, 
k=-ct:J ~. 

(35) 

where 
o 
II ai-I'q*(T)J, k < O. 

i=k+l'----J 

1, k = o. (36) 
k 

II ai-I'q(T)J, 
i=l L....:........: 

k > O. 

Comparing (35) and (29), the parameters of the latter are given as 
follows for nonoverlapping signal pulses: 

Ck = Skbk, bk == ak; 
L.....:.:.J L-J L....:.:J I-.....J 

K=l. (37) 
r(t)J = q(t)J; 

Sk in (37) is, of course, given by (36). 

§ The same conventions were used in Fig. 1, Ref. 1, for the baseband modulation 
pulses in digital PSK. 
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4.2 Overlapping pulses: K :=: 2 

This case is illustrated in the second portion of Fig. 1. In the (0, TJ 
time slot, the k = 0, 1 pulses contribute. We have from (30) to (31) 

h(t)J = OJ, t ~ -T, t> T. (38) 

Define 

[exp (j l_tT h1(J1.)dJ1.) exp (j itT h2 (J1.)dJ1. ) 

... exp (j itT hA/(J1.)dJ1. ) J' - T < t ~ T. 

(39)§ 

~, t ~ -T, t > T. 

Equations (4), (9), (12), (14), and (39) yield 

<1>(0) = [OT hso (J1.)dJ1.. (40) 

vet) = f. Sdak·q(t - kT)J}{ak+1·q(t - (k + I)T)J}, (41) 
k=-oo ~ L-....:...-J 

where Sk remains as given in (36), the same as for the prior K = 1 case. 
Proceeding exactly as in (51) of Ref. 1, (41) above yields (29) with the 
following parameters, when no more than two signal pulses overlap: 

Ck = Skbk, bk === ak X ak+1; 
L-J L....J ~ I....-.J '---.:-.J K = 2. (42) 
r(OJ = q(t)J X q(t - T)J; 

Sk is· given by (36), and X denotes the Kronecker product [see foot­
note to (14)]. The term bk , like ak, is a unit basis vector, i.e., it has one 
element unity and the remaining M2 - 1 elements zero.1 Note from 
(42) and (39) that 

r(t)J = OJ, t ~ 0, t > T. (43) 

Binary FSK offers a simple example of these results, governed by the 
same relations between ak and bk as for binary PSK given in (57) of 
Ref. 1. 

4.3 Overlapping pulses: general K 

The general case follows by straightforward extension of the above; 
see (58) to (62) of Ref. 1. Figure 1 illustrates the frequency modulation 
for K = 3, 4. The modulation pulse restrictions are given by (30) and 

§ Comparing (39) with (33), note that the definition of q (t) is different for different 
K; q (t) ~ 0 over the same interval in which h(t) may be nonzero. 
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(31). Define 

[ exp (j fL~ hI (JL)dJL ) exp (j fL~ h2(JL)dJL ) 

... exp (j fL~ hM(JL)dJL) ], LK < t ~ UK. 

(44) 
~, 

cp(O) of (12) is 
(K-3)/2 f-kT 

L hSk(JL)dJL, K odd, K > 1. 
k=-(K-1)/2 LK 

cp(O) = (45) 
(K-2)/2 f-kT 

L hSk(JL)dJL, Keven, K > O. 
k= - (K-2)/2 LK 

The parameters of (29) are 
(K-11/2 

II x ak+i, K odd. 
i=-(K-l)/2L-...:...J 

~ = Sk~; ~ = (46) 

r(t)] = 

(K-11/2 

K/2 

II x ,ak+i? Keven. 
i=-(K-2)/2 

IIx q(t - iT)], K odd. 
i=-(K-l)/2 

K/2 

IIx q(t - iT)], Keven. 
i=-(K-2)/2 

(47) 

II x denotes a multiple Kronecker product [see footnote to (14)]. Sk 
is given by 

0 

II ,ai-(K+l)/2,' q*( UK)], k < 0; 
i=k+l 

Sk = 1, k = 0; K odd. (48) 
k 

II ai-(K+l)/2' q(U K)], k > O. 
i=l' , 

0 

II ai-(K/2)'q*(UK )], 
i=k+l ' , 

k < 0; 

Sk = 1, k = 0; Keven. (49) 
k 

II ai-(K/2) • q (UK)], k > O. 
i=l' , 
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Note that 
r(t)J = OJ, t ~ 0, t > T. (50) 

4.4 Discussion 

It is instructive to obtain the prior PSK results l by specializing the 
present FSK results. Define the phase shift produced by each signaling 
pulse as 

(51) 

or in vector notation 

(52) 

and substitute into (44)§ (or into (33) or (39) for special cases K = 1, 
2). Then the present results of (29), (31), and Section 4.3 are similar to 
the former PSK results of (43) and Section 4.3 of Ref. 1, except for the 
factor Sk; in particular, the equations for q(t), b k , and ret) have an 
identical form. The additional factor Sk present in the FSK case ac­
counts for the total phase shift introduced by each of the signaling 
pulses. 

To specialize the present FSK results to the PSK case, we require the 
total area of each of the present modulation pulses to be zero. Thus, 
(51) and (52) become 

(53)§§ 

or 

Substituting in (44), 
(55) 

Therefore, (17) yields 
6·q(UK )J = l. (56) 

Substituting in (48) to (49), 

Sk = 1, all k, K, (57) 

completing the specialization of the present FSK results to the PSK 

case. l 

In the general FSK case, the results of Sections 4.1 to 4.3 above reduce 
the FSK problem to determining the spectrum of (29). This is ac-

§ Only the range Lk < t ~ Uk is relevant in (51), (52), since q(t) == 0 outside this 
range. 

§§ Equations (30) to (31) and (53), (54) render (51) and (52) zero for t ~ L K , 

t ~ UK, satisfying (58) of Ref. 1. 
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complished by deleting (149), (153), and (163) to (171) of Ref. 1, 
Appendix B.§ Then the spectral density of (29) above is given by setting 
b ~ C in (150) to (152) and (160) to (162) of Ref. 1 as follows: 

P c(f) = f e-i27rfncf»c(n) 
n=-oo 

cf»c(n) = (Ck+n} c:> 
L-.J 

R(f)] =, R(f)', = i: e-i27rftr(t)]dt. 

(58) 

(59)§§ 

(60) 

(61) 

In these relations R(f) is the Fourier transform of r(t) of (37), (42), or 
(47), depending on K (i.e., the amount of pulse overlap). a.c(n) is de­
termined from (36) and (37), (36) and (42), or (46) and (48) or (49) 
in Section VI for K = 1, 2, and general K, respectively. 

v. FSK WITH LINE COMPONENTS 

From (21), (22), and (44), 

1~·q(UK)]1 ~ 1. (62)§§§ 

We show in the present section that equality in (62) corresponds to 
the presence of line components in the FSK spectrum. Conversely, if 
the inequality of (62) is satisfied, we see in Section VI that the FSK 

spectrum contains no line components. 
Assume throughout the remainder of the present section that 

(63) 

This yields 

i = 1,2, "', M, (64) 

where 27rfz is defined as the common area (mod 27r) of all of the FSK 

signaling pulses in the line case. For definiteness we take 

-! < fz ~ !. (65) 

Equivalently, 
(66) 

§ These deleted portions were relevant to the study of line spectral components of 
PSK.1 The line spectral components of FSK are treated separately in Section V. 

§§ See footnote, page 905, Ref. 1. 
§§§ This follows because I qi (t) I = 1. 
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N ow substitute (66) into (48) and (49); we have 

Sk = ejk21r/Z, all k, K. (67) 

Thus, when (62) is satisfied 

vet) = t ejk27r11 ~·r(t - kT)]. 
k=-<XJ 

(68) 

The relation (68) is the same as the PSK result of (43) of Ref. 1 
except for the factor ejk27rll; as noted following (52), bk and ret) have 
the same form in FSK and PSK. Consequently, when (63) is satisfied, the 
FSK spectrum may be obtained by simple transformation of the PSK 

results of Ref. 1. One way this may be done is to rewrite (68) as 

v(t)e- j27r (fIIT)t = t ~. (e- j27r (flIT)(t-kT)r(t - kT)J). (69) 
k=-<XJ 

Comparing with (43) of Ref. 1, all the PSK results of Ref. 1 apply 
directly to the present case by making the substitutions 

vet) ---+ v(t)e- j27r (fzIT)t, 
ret)] ---+ e-j27r (fIIT)t ret)]. (70) 

Therefore, when (68) is satisfied, and consequently (68) holds, the 
FSK wave has line spectra. We separate the line and continuous com­
ponents as 

vet) = vz(t) + vc(t). (71) 

The line component is given from (70), and (114)§ of Ref. 1, as 

L~[KJ. f R(n+fz)]ej27r«n+II)/7')t, 
T n=-CXl T 

\ 1 W [KJ. R (f) ] 12 f 0 (f _ n + iz). 
T n=-CXl T 

Vz (t) 
(72)§§ 

The spectral density of the continuous component is found from (70), 
and (69),§§§ (96), or (116) of Ref. 1 as follows: 

1 
Pvc(f) = T~· { } .R*(f)]. (73) 

§ Or from (66) and (95) of Ref. 1 for the special cases k = 1, 2. 
§§ See footnote to (14); an exponent enclosed in square brackets denotes the 

Kronecker power, i.e., the Kronecker product of a matrix (or vector) with itself the 
indicated number of times. 

§§§ This is equation (69) of Ref. 1 specialized to independent signal pulses, i.e., 
with (32) used for all n ~ 0, yielding (72) or (73), of Ref. 1. If this restriction is not 
imposed, and (70) above is used in the general form of (69) of Ref. 1, we obtain the 
spectrum of digital FSK with line spectra, with nonoverlapping signal pulses having 
arbitrary correlation (rather than being independent, as in the remainder of the 
present paper). This is the only correlated case that can be readily treated by the 
present methods. 
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= W d - W]~, K = 1. (74) 

= w52] - W] [21 .~[21 

+ (~X Wd X W] - W][21 .:!!.pI)e-i21r (fT-!O 

+ (W] X Wd X ~ - W][21 .~!!.pl)e+i21r{fT-!I), K = 2. (75)§ 

_ expression in { } in (116) of 
- Ref. 1 with iT ~ iT - iz, general K. (76) 

The condition of (63), that has here been shown sufficient, is shown 
in Section VI also to be necessary for line components to be present 
in FSK spectra. This condition has a simple physical interpretation. 
Every signal pulse must introduce the same total phase change in the 
modulated carrier in order to have line components. This phase change 
has been denoted as 27ril; the line components appear at frequencies 

( iz+n) ± iC+--T- , n= ···,-1,0,1,···. (77) 

When il = 0, (73) to (76) show that the FSK spectra are identical to 
the prior PSK results. 1 However the wave in this case is not necessarily 
a PSK wave. The stronger condition of (53) or (54) is required to have 
a PSK wave; this condition demands the net phase shift introduced by 
every signaling pulse to be zero. A wave with iz = 0, but one or more 
signal pulses with net phase change equal, for example, to ±27r, will 
have a spectrum given by the PSK formula, but will not be a PSK wave. 

VI. FSK WITH NO LINE COMPONENTS 

Assume throughout this section that the inequality of (62) is 
satisfied: 

(78) 

We demonstrate that under these conditions the FSK spectrum contains 
no lines. The properties of Kronecker products given in Ref. 1 in the 
second footnote, p. 908, and in the first footnote, p. 915, are used 
throughout without further comment. 

6.1 FSK spectrum with no line components: nonoverlapping pulses, K = 1 

From (37) and (60), 

From (36), 

§ See footnote to eq. (72). 
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Let us first consider «i»c (0). Since SkS~ = 1 Sk 12 = 1, for all k, we 
have from (79) and (28) 

(81) 

Next, (79) and (80) yield 

<i',(n) = {g,ak+.:q(T)]l {,q(1') .. ak]ltak+n}~1, n;;; 1, (82) 

where we have split off the first factor of (80). For n = 1, the first 
{ }, containing the II, is dropped. The first { } is independent of the 
remainder of the expression by (19); using the fact that ,q(T),·ak] is a 
complex number or equivalently a 1 X 1 complex matrix, and using 
(27) and (28), 

«I)c(n) = {~.q(T)]}n-l<ak+n]·,q(T),·ak}~) 
= {~·q(T)]}n-l{w},q(T),·Wd}, n ~ 1, (83) 

the last step following from the independence of ak+n and ak. 
Finally, taking the Hermitian transpose§ of (79), 

(84) 

Alternatively, setting n ~ -n in (79), 

«I)c( -n) = < (S~Sk-n)(ak-n}~). (85) 

Since (79) has been shown independent of k, we may set k ~ k + n 
in (85), to yield upon comparison with (84) 

ii-c( -n) = ii-!(n). (86) 

From (58) to (61), (81), (83), and (86), 

P cUT) = A + At, (87) 

Because of (78) the geometric series in (88) converges, and 

1 e-j27rjT w}q(T) ·Wd 
A = -Wd + ~. (89) 

2 1 - e-j27rjT ~·q(T)J 

Finally, the spectrum of the complex FSK wave of (4) is 

(90) 

with A given by (89) for nonoverlap ping pulses, K = 1. 

§ See footnote to (14). 
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It is clear that the restriction of (7S) renders A and, hence, Pv (1) 
finite for all j; consequently, there can be no line components in the 
FSK spectrum. If we take the limit as I~' q (T)] I ~ 1, and substitute 
(66) into (SS), (90) yields directly the appropriate results for the line 
case, i.e., (72) and (73) to (74) of Section V. 

6.2 FSK spectrum with no line components: overlapping pulses, K = 2 

(91) 

with 
(92) 

We have noted in Section 4.4. that the present bk for FSK has identical 
form to the prior bk of Ref. 1 for PSK. In Section 4.2, we saw that Sk is 
identical for K = 1 and K = 2; therefore, (SO) applies to the present 
case as well. Comparing the PSK analysis of Section VII of Ref. 1, we 
evaluate (91) above by inserting (SO) above inside the ( ) in (S7) of 
Ref. l. 

For n = 0, (S7) and (90) of Ref. 1 yield 

cj)c(O) = W£2J. (93) 

For n = 1, (S7) and (91) of Ref. 1 yield 

~c(l) = ({,q(T),·ak]} X ~ X {ak+l] X ,ak+d X ak+2]) 
= ({,q(T)"ak}&J X {ak+l},ak+d X ak+2]). (94) 

Since ak, ak+l, and ak+2 are independent, (27) and (2S) yield 

cj) c (1) = {,q ( T), . W d} X w d X w]. (95) 

Finally, substituting (SO) inside the ( ) of the third line of (S7) of 
Ref. 1, 

<i>,(n) ~ < { TI>>±i; q (T)]} I,q(T),. a,] lI.q (1'):ak+;J}{ ak+n] "&.l 

X {ak+n+i] ',ak+d >, n ~ 2, (96) 

where we have split off the first two factors of (SO). For n = 2, the 
first { }, containing the II, is dropped. Regarding the factors,q (T),' ak] 
and q(T) ·ak+l] as complex numbers or alternatively as 1 X 1 complex 
matrice';, and using the independence of the different ak, (96) yields 

(iJc(n) = {~·q(T)]} n-2( {ak+n},q(T), ·ak}~} 
X {ak+n+i]·,q(T),·ak+i]·,ak+i,}) 
= t~·q(T)]}n-2{w},q(T),·Wd}£21, n ~ 2. (97) 
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The remainder of the analysis proceeds as in Section 6.1. The FSK 

spectrum for overlapping pulses with K = 2 is given by 

(98) 

where 

1 {e-i21rITw]·q(T) 'Wd} [2] 
A = - W£2] + e-i21rIT{q(T)·w } X W X w] + . II • 2 ~ d d 1 _ e-J21rIT~.q(T)] 

(99) 

P v (f) again contains no spectral lines by (78); the limit I~' q (T)] ~ 1 
again yields the appropriate results of Section V for the line case. 

6.3 FSK spectrum with no line components: overlapping pulses, general K 

Similar analysis yields the generalization to any overlapping signal 
pulses. From (46) and (60), 

cic(n) = «(Sk+nS~) (bk]·&) > (100) 

with bk given by (46) and Sk by (48) to (49). Thus, 

k odd, 

n > o. 
keven, (101) 

Since the present b k have identical form to bk of Ref. 1, (100) is 
evaluated by substituting (101) inside the ( > of (106) of Ref. 1, and 
making corresponding changes in the remainder of Section VII, Ref. 1. 
The factor 

(102)§ 

is inserted inside the ( > of (107) of Ref. 1. In the following we recall 
that the factors of (102), ~. q] = &. a], may be regarded alternatively 
as complex numbers or as 1 X 1 complex matrices. 

In (109) of Ref. 1, the first factor of the second line is modified as 

(103) 

consequently, 
(104) 

In (110), Ref. 1, the first two factors of the fourth line are modified 

§ UK is given by eq. (31). 
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as in (103), yielding 

ci)c(2) = {q(UK)'Wd} [2) X wkK- 2 ] X W][2). (105) 
~ 

By induction, 

~c(n) = {,q(UK),'Wd} [n) X wkK- n] X w][n), n ~ K. (106) 

Next, for n ~ K, inserting (102) inside the ( ) of the second line 
of (107) of Ref. 1, associating the factors of (102) with corresponding 
factors of the second IIx of (107), Ref. 1, with n - K factors of (102) 
left over, and then noting that all factors have different indices and, 
hence, are independent, 

~c(n) = W][KI. {,q(UK),'Wd}lK) {,q(UK),·w]}n-K 
= {~·q(UK)]}n-K{w},q(UK),·Wd}lK), n ~ K. (107) 

Finally, from (108) of Ref. 1 and (100) above, 

ci)c(O) = W~K]. (108) 

The FSK spectrum for overlapping pulses with general K is given by 

Pv(f) = ~,R(f),. (A + At) ·R*(f)], (l09) 

where 
1 K-l 

A = - W~K] + L e-in21rfT ,q(UK),'W~n] X w£K-n] X w][n) 
2 n=l 

{e- i21rfTw]· q(U K) 'Wd} [K) 
+ 1 - e-i211"f~UK)] . (110) 

The condition (78) again guarantees no spectral lines; as equality is 
approached in (78) the present results approach those of Section V for 
the line case. The condition (63) is, therefore, necessary and sufficient 
for P v (f) to have line components. 

VII. ILLUSTRATIVE EXAMPLES 

The computation of the digital FM spectral density from the above 
methods is straightforward. For a given set of baseband signaling pulse 
shapes and symbol probability distribution, we determine K, the over­
lap parameter, and the probability row vector:!L. We then evaluate 
q(U K) and~·q(U K)]. 

If 1~·q(UK) I < 1, we know that there are no line components in 
Pv(f). The continuous part of the spectrum is evaluated from the ap­
propriate Hermitian form given in Section VI. 

If I~' q ( UK)] I = 1, we know that there are line components in the 
spectrum, and also that 

q(UK)] = ei21rfl·l], lizl ~!. (111) 

We determine fl' and then P Vl (f) and Pvc (f) from the methods given 
in Section V. 
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In the following examples, the digital computer is programmed to 
work directly with the Hermitian forms (both ordinary and Kronecker 
matrix multiplications are performed by the computer). In this way, 
complicated cases involving multilevel signal pulses overlapping 
several time slots may be simply treated. 

The case of rectangular-pulse FSK modulation is treated in Ref. 3, 
and consequently will not be considered hereJ 

We make the following assumptions for convenience; none are 
essential. 

(i) The number of frequency levels is a power of 2, 

M = 2N , N an integer. 

(ii) The M baseband signaling pulses have a common shape; 

gk (t) = Ckg (t). 

(iii) All signal pulses are equally likely; 

1 1 
W J = M IJ, Wd = M 1M , 

where 1M is the identity matrix of order M. 

7.1 Raised-cosine nonoverlapping signal pulses: K = 1 

If the pulses have a common raised-cosine shape, 

g(t) J = 

(112) 

(113) 

(114) 

OJ, otherwise, (115) 

where ~1, ~2, ••• , ~M are the peak-frequency-deviation parameters of 
the FSK signals. We assume that ~1 = 1, ~2 = -1, ~3 = 3, ~4 = -3, 
... , AM = - (M - 1). 

Since K = 1, 

T t J n (fdT~k) e-j7f1/-Udtlk/2)] T 
n=- <Xl 2 

sin 7r (fT - ¥ + n ) 

. "(iT - j.~kT + n) , (116) 

where J n(X) is the Bessel function of the first kind and of order n. 

§ This is the only discrete-frequency-modulation spectrum given in Ref. 3. 
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7.1.1 Raised-cosine signaling with no line spectrum: K = 1 

Since 
q ( U 1) = eit:.l'tr I dT eit:.27r I dT • • • e it:. M7r I dT 
~! ., (117) 

line spectra are absent if and only if JdT is not an integer. In this case, 

3 
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u 
w 
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en 
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0.5 1.0 1.5 

fT 

(118) 

(a) 

(0.0171) 

(0.00614) 

2.0 2.5 3.0 

Fig. 2-Spectral density of binary FSK system with raised-cosine signaling and 
pulse duration T. K = 1. 2jd is the spacing between two adjacent a priori chosen 
frequencies. 
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Fig. 2 (continued). 

where R(f)] is given by (116) and 

1 1 e- j27r/ T l}q(U1) 
A = - 1M + - ~ (119) 

2M M2 1 _ e- j27r/ T 1.- sin M 7rjdT 
M sin 7rjdT 

For M = 2, 4, and 8 and various values of k = jdT, P v (f) is plotted 
in Figs. 2, 3, and 4. 

7.1.2 Raised-cosine signaling with line spectrum: K = 1 

The FM spectral density P v (f) contains lines if and only if I~' q (U 1)] I 
= 1 ; that is, if and only if 

hT = 1,2, 3, . . .. (120) 
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Fig. 3-Spectral density of quaternary FSK system with raised-cosine signaling 
and pulse duration T. K = 1. 2fd is the spacing between two adjacent a priori chosen 
frequencies. 
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Fig. 4-Spectral density of octonary FSK system with raised-cosine signaling and 
pulse duration T. K = 1.2jd is the spacing between two adjacent a priori chosen 
frequencies. 
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In this case, 

From Section v, 

11 =!, IdT = 1, 3, 5, 

11 = 0, IdT = 2, 4, 6, 

(121) 

(122) 

Pv(f) = ~2 it2 1~·R(f)J 12 n=~ 00 0 (1 - n ~ fz) 

~ 
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0.5 1.0 

+ ~1,R(f),. (B + Bt) .~(f):, (123) 

1.5 

fT 

2.0 2.5 

(a) 

3.0 

Fig. 5-Spectral density of binary FSK system with raised-cosine signaling and 
pulse duration 21'. K = 2.2fd is the spacing between two adjacent a priori chosen 
frequencies. 
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Fig. 5 (continued). 

2.0 

1 1 
B + Bt = - 1M - - 1]·1 M M2 0' 

(b) 

2.5 3.0 

(124) 

For j1,1 = 2, 4, and 8 and for some integral values of jdT, Pv(f) is 
also plotted in Figs. 2, 3, and 4. 

§ Note that B + Bt for K = 1 is given in (74). 

SIGNAL POWER SPECTRUM 1119 



2.0r---------------------------, 

~ 
a.. 
>­
I-
Vi 

1.5 

~ 1.0 
o 
...J 
<X: 
cr: 
I­
U 
w 
a.. 
<.f) 

o 

I 

/ 
/ 

/ 

,/ fd T=0.125 
,/ 

/ (2.673X10- 2 ) 

0.5 1.0 1.5 

fT 

2.0 2.5 

(a) 

3.0 

Fig. 6-Spectral density of quaternary FSK system with raised-cosine signaling 
and pulse duration 2T. K = 2.2fd is the spacing between two adjacent a priori 
chosen frequencies. 
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7.2 Raised cosine overlapping signal pulses: K = 2 

If a raised-cosine signal pulse just fills up two time slots, 

[~: "jd (1 + cos ~ ), -1' < t ;;; 1', jd > a 
AM 

g(t)J = 
OJ, otherwise, (125) 

K = 2, and the spectral density may be calculated from Sections 4.2, 
V, or 6.2 according to whether 

(126) 
or 

(127) 

If Al = 1, A2 = -1, A3 = 3, A4 = -3, ,AM - 1 = (M - 1), 
AM = - (M - 1), (116) can be shown to be satisfied if and only if 
2JdT is an integer. Further, 

Jl = 0, if JdT = 1, 2, 3, (128) 
and 

(129) 
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In this case, note that 

w. (T)] = ~ sin (21117rJdT). 
~ q M sin (27rJdT) (130) 

In this case, the FSK spectrum contains line components, and the con­
tinuous and line spectra for M = 2 and 4 are shown in Figs. 5 and 6. 

If 2JdT is not an integer, the FSK spectrum does not contain any lines, 
and the continuous spectrum given by (97) to (98) for M = 2 and 4 
is also plotted in Figs. 5 and 6. 

Several observations can be made from Figs. 2 to 6. For both K = 1 
and K = 2, discrete spectral lines appear as JdT approaches the limiting 
value and the power in the lines is substantial for K = 1 and M = 2. 
Also note that power in the line components with K = 2 is smaller 
than the power in the lines with K = l. 

For the same value of JdT and K, the principal portion of the spec­
trum of binary FSK is narrower than that of quaternary FSK. For K = 1, 
quaternary FSK spectrum is narrower than that of octonary FSK spec­
trum for the same value of JdT. 

Since lines can appear in the spectrum for a set of values of JdT, 
the FSK spectrum is quite different from the PSK spectrum even when 
lines are present in the FSK spectrum. 

VIII. SUMMARY AND CONCLUSIONS 

Matrix methods are given to express the spectral density of a carrier, 
frequency-modulated by a random baseband pulse train, in a concise 
and computable form. Arbitrary pulse shapes may be used for M-ary 
digital signaling, and they may overlap over a finite number of signal 
intervals. 

The spectral density is expressed as a compact Hermitian form 
suitable for numerical computation by a digital computer. The com­
puter is readily programmed to perform matrix operations directly, 
rather than expanding the Hermitian form and evaluating the indi­
vidual terms. In this way, quite complicated cases involving multilevel 
signal pulses overlapping several time slots may be treated simply. 

Simple conditions in terms of the modulation parameters are given 
under which discrete spectral lines are present in the spectrum. A 
method is given to evaluate the power in the discrete spectral lines. 
The utility of the method is illustrated by giving several examples. 

The present results are restricted to independent signal pulses, 
except for the very special case of nonovedapping (K = 1) signal 
pulses with line spectra present [see footnote following (72)]. In Ref. 1 
we saw that for overlapping signal pulses with K = 2 (i.e., signal 
pulses that occupy no more than two time slots), PSK with correlated 
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signal pulses required the fourth-order statistics of the digital modula­
tion process. FSK is more complicated; the correlated K = 2 case 
requires statistics of all orders for the modulation process, except in 
the line spectrum case. However, certain special cases with correlated 
signal pulses have been handled by extension of the present methods. 

APPENDIX 

Spectra 01 Complex and Real FSK Waves 

From (130), (131) of Ref. 1, Appendix A, we see that (13) of the 
present paper holds true if 

(131) 

where 
<Pvv*(t, r) = (v(t + r)v(t» = (e i [4>{t+d+4>(t)l). (132) 

From (3) and (9), 

( ( 

00 [1 t+T-kT 
<Pvv*(t, r) = ei2

4>(O) exp j k=~OO -kT + i:~kT] hSk (Jl)dJl ) ). 

(133) 

If cp (0) is independent of the modulation parameters Sk, (133) 
becomes 

<Pvv*(t, r) = (e i24>(O» (exp (j _i: [1 t+T-kT + 1 t-kT] hSk(Jl)dJl ). 
k-- 00 -kT -kT 

(134) 

Thus, if (11) holds, the first factor in (134) = 0, and (131) and, hence, 
(13) follow immediately. 

If, instead, (10) holds, and imposing in addition the independence of 
the Sk, (134) becomes 

00 < ([ 1 t+T-kT 1 t-kT] ) <Pvv*(t, r) = _IT exp j + hSk(Jl)dJl· 
k--oo -kT -kT 

(135) 

For large enough I t I and finite pulse length, the integrals in the ex­
ponent fall into three classes, depending on k: 

(i) Both limits on both integrals lie to one side of the signal pulses. 
The integrals equal 0 and the corresponding factor in the in­
finite product equals 1 and, hence, may be ignored. 

(ii) The limits on integrals straddle the pulse, and the limits may 
consequently be replaced by J~~, where the maximum pulse 
length is KT and LK , UK are given in (31). 

(iii) The common lower limit, or one or both upper limits, lie within 
the pulse. 
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Therefore, for large enough I t I (depending on the pulse length and 
on r) 

<Pvv*(t + T, r) = <Pvv*(t, r) (exp (j2 i:K 

hSk(j.I.)dj.l. ) , 

t sufficiently positive. (136) 

<Pvv*(t - T, r) = <Pvv*(t, r) (exp (-j2 i:K 

hSk(j.I.)dj.l.) ' 

t sufficiently negative. (137) 

Condition (12) may be substituted for condition (10) with only minor 
changes in the above discussion, and identical results (136) and (137). 
From (44), 

exp (j i:K 

hI (j.I.)dj.l. ) 

q(UK)J = exp (j i:K 

h2 (j.I.)dj.l.) (138) 

exp (j i:K 

hM(j.I.)dj.l.) 

the integrals in the exponents are the areas of the signal pulses. We 
consider the two cases of Sections V and VI: 

(i) All pulse areas are identical (mod 271'); line components are 
present in the spectrum. 

(ii) The contrary; no line components are present. 

In case (~), from (6) 

q(UK)J = ei271I l.IJ, -! < fz ~!; (139) 

271'fz is the common area (mod 271') of all the signal pulses and IJ is the 
unit column vector of (23). It therefore follows that the final factors of 
(136) and (137) satisfy the following: 

(exp ( ±j2 i:K 

hSk(j.I.)dj.l. ) = e±i47r
fl, line spectrum present. (140) 

line spectrum absent. (141) 

With line spectra absent, (141), (136), and (137) show immediately 
that (131) holds for all fe, and, hence, condition (10) or (12) guarantees 
the result of (13) for independent Sk without further restriction. 

With line components present, (140), (136), and (137) show that 
<Pvv* (t, r) regarded as a function of t contains a periodic (line) com-
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ponent. Therefore, we write 

<Pvv*(t, r) = <Pvv*(t, r)l + <Pvv*(t, r)c, (142) 
where 

<Pvv* (t, r)e = 0, I t I sufficiently large, (143) 
and 

co 
<Pvv*(t, r)l = ei47rf1 (tfT) L CPn(r)e in27r (tfT). (144)§ 

n=-CO 

Only the line component (144) can possibly contribute to the average 
on the left-hand side of (131) : 

00 1 fA L CPn(r) lim - ei27r [2fc+(2fl+n)/Tltdt 
n=-oo A_002A_A 

00 

L ( ) 1· sin 2'n{2fe + (2fl + n)/TJA 
CPn r 1m . 

A-oo 27l'[2fe + (2fz + n)/TJA 
(14.5) 

n=- 00 

The limA-.co ~ 0 if 2fe + (2fl + n)/T ~ 0 for every integer n, thus 
satisfying (131). Hence, condition (10) or (12) and 

( 
fz) n 2 fe + r ~ r' n = 0, 1, 2, 3, .. " (146) 

guarantees the result of (13) for independent Sk. Since, by (72), the line 
spectral components of v(t) occur at (fl + n)/T, (146) is equivalent to 
requiring that the line components of v (t)ei27rfct and of v*(t)e- j271'fc t 

never coincide. Note that condition (5) of Ref. 1 is the special case of 
(146) above for fl = O. 

Finally, (135) to (140) of Ref. 1, Appendix A apply also in the present 
case, and establish that (13) is a good approximation if fe is high enough 
so that there is no significant overlap between the two terms of (13). 
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This paper presents models for the behavior of trunk groups containing 
short-holdinG-time faulty trunks. The models, referred to as ordered selec­
tion, two-sided selection, random selection, or queuing selection, are 
applicable to selection procedures used by a number of switching systems. 
Each model is analyzed to obtain the fraction of group attempts carried 
on a faulty trunk in the group, and the corresponding fraction of group 
attempts that find all trunks busy (blocking or overflow). Numerical 
results for the basic models are also presented. The results indicate that 
factors such as the trunk selection procedure or the type of group (high 
usage or final) can lead to significant differences in the performance of a 
group containing a faulty trunk. 

I. INTRODUCTION 

A message trunk, the basic connecting link in the switched telephone 
network, provides the supervising, signaling, and ringing capabilities 
essential to call set-up, as well as the communication path. When a 
condition that prevents proper functioning of a message trunk occurs, 
and causes a call failure, the trunk is normally released by a switching 
system on customer abandonment of the failed attempt and is then 
available to fail another call. As a result, a single undetected faulty 
trunk can fail a disproportionate fraction of the offered attempts to a 
group. Figure 9 shows an illustrative case where one trunk, subse­
quently verified to have been faulty, carried 35 out of 77 attempts 
offered to a trunk group during one hour. Because of their potential 
service impact, such trunks are of major concern throughout the Bell 
System and the object of many preventive maintenance and trouble 
detection programs. 

This paper presents models and analyses for the behavior of trunk 
groups containing short-holding-time trunks. This terminology is used 
to emphasize that the faulty trunks of interest are accessible by the 
customer, as opposed to faulty trunks that inhibit seizure by a 
switching system (false busys) or that result in an automatic retrial on 
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another trunk when an abnormal condition is detected. The models 
were developed to provide tools for quantifying the potential impact 
of short-hoI ding-time trunks, to help determine more effective ways 
to use the trouble detection resources in the network. Although the 
main emphasis here is on the analytical development of the models, 
some numerical results are also presented. The reader primarily 
interested in these results can refer directly to Section III. (Necessary 
terminology and the relationship of the idealized models to switching 
systems are summarized in Section 2.1 and Table I, respectively.) 
A more detailed outline follows. 

The basic models studied, referred to as ordered selection, two-sided 
selection, random selection, and queuing selection, and the switching 
systems to which they primarily apply, are summarized in Table I. 
Justification for the choice of the models is given in Ref. 1. Basic 
assumptions are Poisson input, exponential holding times for both 
normal- and short-holding-time trunks, * and no retrials because of 
blocked or ineffective attempts.t Within this framework, the impact 
of a short-holding-time trunk depends on its position in the group and 
on the way idle trunks are selected. Impact is quantified in terms of the 
fraction ineffective (fraction of offered attempts carried on the short­
holding-time trunk) and the blocking (fraction of offered attempts that 
find all trunks busy in the group). These measures enable total ineffec­
tives for both high usage groups (fraction ineffective) and final groups 
(fraction ineffective plus blocking) to be determined, as well as permit 
the distortion in standard traffic measurements (group usage and 
counts of offered and overflow attempts) owing to a short-holding­
time trunk to be assessed. It should be noted that blocking, used here 
in a conventional traffic engineering sense, is used by some to refer 
to call failures resulting from any cause. 

In Section II, prior work is briefly discussed and analysis for the 
various models is developed. Terminology common to the models is 
summarized in Section 2.1. In Section 2.2, ordered selection is con­
sidered. An exact solution for the fraction ineffective is obtained. The 
computations for the special case of one short-holding-time trunk are 
summarized in (14) to (18). Blocking is treated in an approximate way, 
using the equivalent random method.2 

For two-sided selection (Section 2.3), the fraction ineffective is 
approximated by using results for ordered selection. The computa-

* Although our main interest is short-holding-time trunks, some results hold for a 
short or long holding time on one trunk. In these cases, the trunk is referred to as 
abnormal. 

t The models, however, can be used with retrials, if these are also treated as Poisson 
(this approximation was found to be reasonable). However, the inclusion of retrials 
(which are an important factor in considering volume changes) does not substan­
tially change the service impact of a short-holding-time trunk. 
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Table I - Summary of models for machine trunk selection 

Trunk Selection 
Model 

Ordered selection 

Description 

Fixed-order hunt for an idle 
trunk. 

Switching System'" 

Step-by-step, Panel, No. 
4 Crossbar 

Two-sided selection Traffic split into two parts. Each 
part uses a fixed-order hunt for 
an idle trunk, with the two 
orders reversed. 

No.1 Crossbar, Cross­
bar Tandem, No.4 
Crossbar (two-way) 

Random selection 

Queuing selection 

Equally likely choice of an idle 
trunk. 

Trunk that has been idle the 
longest is chosen. 

No.5 Crossbar 

No. 1 Electronic 
switching system 

'" Groups are assumed one-way (trunks are selected from only one end of the 
group), except for No.4 Crossbar (two-way), where a two-way group between No.4 
Crossbar systems is assumed. The applications are not always precise; trunk assign­
ments to frames, gradings, and certain subgrouping arrangements can affect the 
selection procedure of some systems. 

tions summarized in (25) to (37) give good results for the fraction 
ineffective. Blocking is also treated in an approximate way. 

Random and queuing selection are considered in Section 2.4. It is 
shown that, for fraction ineffective and blocking, these are equivalent. 
Simple exact solutions involving the Erlang B formula are obtained. 
Equation (60) gives the fraction ineffective, and eq. (61) gives the 
blocking. 

Numerical results are given in Section III. For reasonable values 
of normal- to short-holding-time ratios as suggested by field data 
(about 5 to 30, depending on the type of fault and type of traffic), the 
results confirm that a single short-holding-time trunk can have a 
severe impact on service. For example, Fig. 6 shows the impact of one 
short-holding-time trunk in a group with random/queuing selection. 
It is apparent that the short-holding-time trunk has a significant 
impact over a wide range of conditions. 

For any group, assuming that a short-holding-time trunk is equally 
likely to be in any position, * the various disciplines can be compared. 
We find that (see Fig. 8) 

Average 
Average Average 

fraction 
ineffective 

fraction fraction 

for ~ 
ineffective 

~ 
ineffective 

for for 
random or 

two-sided ordered 
queuing 

selection selection 
selection 

* For random/queuing selection, the position is irrelevant. 
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i.e., the random/queuing selection tends to minimize the impact of a 
short-holding-time trunk. Of course, for a fixed position for a short­
holding-time trunk, either ordered or two-sided selection can have a 
significantly lower fraction ineffective than random/queuing (e.g., 
last trunk for ordered selection). These results suggest that, if ex­
pected service improvement is used as a criterion, then, all other 
things being equal, there is a higher service payoff in eliminating faults 
from trunk groups in older switching systems than in more modern 
systems. Conversely, the more modern systems provide better service 
for a given level of trunk faults. 

Section 3.5 briefly discusses practical limitations to the model 
assumptions and gives further consideration to Fig. 9. 

II. ANALYSIS MODELS FOR GROUPS CONTAINING SHORT-HOLDING-TIME 
TRUNKS 

In this section, the equilibrium behavior of groups containing short­
holding-time trunks is considered. Prior work in this area is limited. 
Klimontowicz3 appears to be the first to give the problem attention, 
considering random selection of idle trunks, ordered selection, and 
cyclic random (sequential with initial starting point chosen randomly). 
He develops some analytic results for special cases such as zero holding 
time on the abnormal trunk, but relies on simulation for most of his 
results. In support of work to detect faulty trunks from operator 
trouble reports,4 Forys5 has considered ordered selection for a trunk 
group with mean holding time dependent on trunk position. In this 
general case, the fraction of attempts carried on any trunk can be 
determined by applying renewal theory, but the results are numeri­
cally inconvenient. (For completeness, these results are included in 
Section 2.1.) However, ordered selection with a single abnormal trunk 
permits application of a known recursion formula from Ref. 6, to give 
the computationally convenient solution developed in Section 2.1. 

The random selection model has also been considered in the context 
of fault detection from trouble reports. 7 Except for limiting cases, 
analytic solutions were not obtained in Ref. 7; numerical solutions of 
the state equations to determine equilibrium occupancy probabilities 
were obtained. For a single abnormal trunk in the group, however, 
a simple exact solution to the state equations is possible. This is given 
in eq. (62). Subsequently, Kaufman8 has shown that this solution 
can be generalized to an arbitrary number of abnormal trunks. How­
ever, the fraction ineffective and the blocking can no longer be ex­
pressed in terms of the Erlang B formula, which is the case for one 
abnormal trunk. 
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2.1 Terminology 

N N umber of trunks in group, considered to be numbered from 
1, 2, ... , N. (For ordered selection, search for an idle trunk is 
from 1, 2, ... , N. For two-sided selection, one traffic parcel 
searches from 1,2, ... , N, and the other from N, N - 1, ... , 1.) 

K Number of the short-holding-time trunk. 
A Arrival rate for the Poisson traffic offered to the group. 
J.I. Hang-up rate for normal trunks, i.e., the holding-time distribu-

tion is F(x) = 1 - e-J.lX, x ~ o. 
j1 Hang-up rate for short-holding-time trunk. 
r N ormal- to short-holding-time ratio (j1/ J.I.). 

a Normal offered load to the group (A/J.I.). (For two-sided selec­
tion, a = al + a2, where al corresponds to the load offered in 
direction 1, ... , Nand a2 the load offered in direction N, N - 1, 
... , 1). 

P Fraction ineffective (probability that an offered attempt is 
carried on the short-holding-time trunk). 

B Blocking* (probability that an offered attempt finds all trunks 
busy in the group). 

2.2 Analysis for ordered se/ectiont 

In this section, we derive results used to determine the effects of 
an abnormal trunk in a trunk group with an ordered selection of 
idle trunks. We first derive results for the case where each trunk has 
a different holding time. We then specialize our results to the case of 
one abnormal trunk because convenient computational algorithms 
are available for this case, and because it is the case of most interest. 

Of main interest is the proportion of offered calls serviced by each 
trunk (in equilibrium). Denote these by P K , K = 1,2, ... , N. The 
P KS may be obtained by first calculating the stationary occupany 
probabilities. If P K is the stationary occupancy probability of the 
Kth trunk, then, using (for example) Little's Law,9 one can show that 

(1) 

where J.l.K is the hang-up rate for trunk K. 
The method used to compute the PKS is conceptually straightfor­

ward. The interarrival time distribution function of the traffic pre­
sented to the Kth trunk is determined, and known results for a single 
trunk with renewal inputs are used to find PK • 

.. The term blocking is used without reference to whether a group is a high usage 
or final. Blocked attempts for finals are also ineffective attempts. 

t This section reproduces and extends some of the results in Ref. 5. 
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Thus, if the interarrival distribution function of the traffic into the 
Kth trunk is AK(t), and 

aK(S) = IorfJ e-stdAK(t), (2) 

aK = IorfJ tdAK(t), 

1 
PK = --; 

aKJ..LK 

then, using the results in Ref. 10, p. 93, 

Hence, the proportion of calls carried by the Kth trunk is 

Following the same argument as in Ref. 10, p. 37, we can obtain 

(3) 

(4) 

(5) 

(6) 

AK(t) = lot {exp (- J..LK-IX) + [1 - exp (J..LK-IX)]AK(t - x)}dAK_I(X). 

(7) 

The idea behind the argument is to consider that an overflow from 
the (K - l)st trunk occurred at time 0. In order for the next overflow 
to occur in less than t, we have two cases: an overflow occurs from the 
(K - 2)nd trunk at time x, ° < x < t and the (K - l)st trunk is 
busy, or the (K - l)st trunk was free at time x, and so the next over­
flow from the (K - l)st trunk must come in less than t - x units of 
time. 

Since the input to the entire trunk group is Poisson, 

and 
A 

aleS) = --. 
S+A 

Taking the Laplace-Stieltjes transform of (7), we obtain 

( ) 
aK-l (s + }.LK-l) aK S = -------,---,--------:-----:-

1 - aK-I(s) + aK-I(s + }.LK-I) 

(8) 

(9) 

(10) 

Equation (10) can be used to obtain aK(}.LK) for computing P K 
via (6). Unfortunately, this computation is quite cumbersome if K 
is large. 
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To evaluate aK, we make use of the fact that 

- !i aK(8) I . 
d8 8=0 

(11) 

After some algebra, 

(12) 

and, hence, 
1 

aK = , 
Aal (JLl)a2 (JL2) .. 'aK-l (JLK-l) 

(13) 

where aj(JLj) can be obtained from (10). Equations (6) and (13) com­
bine to give the obvious result, 

K> 1, 
(14) 

i.e., the probability that an offered attempt is carried on trunk K is the 
probability it is blocked on the first K - 1 trunks times the probability 
it is carried on trunk K, given that it is offered to trunk K. The prob­
ability that a call is blocked on the first K - 1 trunk is simply the 
product of the individual call congestions, i.e., B K = B K-laK (JLK) , 
where B K is the blocking probability on K trunks, with B 0 = 1. 

In the special case of JLj = JL, .j = 1, 2, .. " K - 1 and JLK = j1., we 
obtain from (10) and (13) 

1 + ~~11 (K ~ 1) A- j 8(8 + JL)' .. (8 + (j - I)JL) 

aK(8) = J- K (k) . . 
1 + J~l j A- 18(8 + JL)' .. (8 + (J - I)JL) 

aK = I/AB(K - 1, a). (15) 

Here B (n, a) is the Erlang B formula for n trunks offered load a, 
(a = A/JL). 

In this case, a simple recursion exists for aK(8). From Ref. 6 we can 
obtain 

-1 ( ) _ 8 + A + (j - I)JL ( . 1) JL ( ) aj 8 - A - J - ~ aj-l 8 for j ~ K. (16) 

There is also a simple recursion for B (j, a) : 

B-l(j, a) = 1 + aB(j ~ 1, a) , (17) 

with 
B (0, a) = 1. (18) 
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Use of recursion (16) with s = i1 together with (17) makes the cal­
culation of the fraction ineffective P K = B(K - 1, a)[l - aK(i1)] 
straightforward. 

The blocking B (the probability of a call finding all N trunks oc­
cupied) can be obtained by calculating the load overflowing the last 
trunk. Thus, 

(19) 

Even in the case where there is only one abnormal trunk in the 
group, this calculation of B can be quite tedious. This is especially 
true in the case where a large number of trunks follow the abnormal 
trunk in the ordering. Instead of (19), we shall approximately calcu­
late B for the special case J.Lj = J.L, j =;z6. K. 

We consider offering the overflow from trunk K to a hypothetical 
infinite trunk group with normal holding times. The mean rn and 
variance v of the number of occupied trunks in the infinite group can 
be calculated from (this follows from Ch. 3 of Ref. 11, or p. 36 of 
Ref. 10) 

rn = 1/J.LaK+l (20) 

v = rn [ 1 - rn] . 
1 - aK+l(J.L) 

(21) 

Using (13) and (10), we obtain 

rn = aK(i1)/aKJ.L = aB(K - 1, a)aK(i1) (22) 

v = rn [1 - rn + aK(J.L + i1) ]. 
1 - aK(J.L) 

(23) 

Recursions (16) (used with s = J.L, i1, J.L + i1) and (17) again make the 
calculation of rn, v straightforward. 

We now apply the equivalent random method. 2 That is, we approxi­
mate the overflow from trunk K by the overflow from an "equivalent" 
trunk group having normal trunk holding times, and which produces 
the same rn, v on a hypothetical infinite trunk group. To determine 
blocking, we proceed along the same lines as in the equivalent random 
method, giving 

B ~ AeB ( N - K + N e, ~ ) / A, (24) 

where N e is the number of trunks in the equivalent group and Ae is 
the attempt rate for the traffic offered to the equivalent group. (This 
approximation is exact where one trunk follows trunk K. In other 
cases, small errors can be expected.) 

Although the results in this section have assumed that the input 
stream is Poisson, it is a simple matter to extend them to handle 
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peaked* (overflow) traffic. In particular, one can use the equivalent 
random method to model the peaked traffic as the overflow from a 
single trunk group offered Poisson traffic, append this "primary" 
group to the trunk group of interest, and assume an ordered hunt 
selection for the extended trunk group. The hunting is done first over 
the primary group. Thus, if the Kth trunk were faulty in the trunk 
group of interest and there were N e trunks in the primary group 
modeling the peaked traffic, the faulty trunk will now be in the 
(N e + K)th position. t The proportion of calls carried by the faulty 
trunk is determined by solving the extended trunk group problem and 
scaling the resulting proportion up by the ratio of the mean traffic 
intensity of the input to the extended group to the mean traffic in­
tensity to the original trunk group. 

This completes our treatment of ordered selection. Numerical results 
are given in Section III. 

2.3 Analysis for two-sided selection 

In this section, two-sided selection is considered. We derive approxi­
mations for the fraction ineffective P and for the blocking B. 

First, consider the extreme case with trunk K having zero holding 
time. The fraction ineffective seen by each traffic is PI = B(K - 1, al), 
P 2 = B(N - K, a2), where B(·,·) is the Erlang B formula. This 
case motivates the approximation to be described which, in its simplest 
form, ignores interaction between the separated subgroups of good 
trunks, and in more refined form accounts for some interaction.:!: This 
approximation, which is quite accurate, was used because a computa­
tionally feasible solution to the state equations proved difficult. 

The notation to be used in this section is indicated in Fig. 1: mi, Vi 

are the mean and variance of the traffic offered to trunk K, and 
Cih Vij are the mean and variance of the "crossover traffic." To use the 
convenient recursions developed in the preceding section, only the 
mean of the crossover traffic is used. This has a negligible effect on 
the computation for P, but can have a somewhat larger effect on the 
computation for B, because the peaked crossover traffics would ex­
perience a higher blocking than the Poisson traffics. However, their 
mean is normally small compared to the Poisson traffic, which reduces 
the effect of their peakedness somewhat. In particular, for al = a2 

* The peakedness factor z().I.) of a traffic stream is the equilibrium variance-to-mean 
ratio of busy servers when this traffic is offered to an infinite group of exponential 
servers with service rate ).I.. The peakedness factor is larger than one for overflow 
traffic. 

t Since nonintegral N e can occur in the equivalent random method, interpolation 
may be necessary. 

::: The only real difference is that the refined form requires iteration. 
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TRUNK K 
(HANG-UP RATE ji) 

nl = K-l TRUNKS I I n2 = N-K TRUNKS 
(HANG-UP RATE p.) I I (HANG-UP RATE p.) 

(m1,v1) I I (c12,v12) 

-I 1 • 
a1 

------~ 
L ______ a2 

--+ • • • • • ~ I I 
• I I-
(c21,v21 ) I (m2,v2) 

a1'= a1 + c21 
I I a2' = a2 + c12 I I 
I I 

Fig. 1-Terminology for two-sided selection. 

(the condition for which the approximation is intended) we usually 
have CI2« a2, C21« al. When this is not the case, such as a large 
trunk group with the short-holding-time trunk in the first position, 
so that CI2 may be of the same magnitude as a2, then CI2 has a low 
peakedness. 

To describe the computations, assume that the Cij are given and 
independent of the ai. Thus, consider a load a; = ai + Cji (treated as 
Poisson) offered to a group of ni trunks with hang-up rate J..L, overflow­
ing to a trunk with hang-up rate jJ.. From the results in Section 2.1, 
the mean and variance of the overflow (in terms of hang-up rate jJ.) 

can be determined. First, we define ,,~ = a~/ J..L and solve the recursion 
[see (16)] 

-1 _ jJ. + ,,~ + (j - 1)J..L J..L 
aj - ,,~ - (j - 1) ~ aj-I, (25) 

given 
,,~ 

al = jJ. + ,,; (26) 

for j = 1, 2, .. " ni + 1. The parameter ai = ani+I is the call con­
gestion on a (fictitious) trunk with hang-up rate jJ.. The mean and 
variance of the offered load to this trunk is 

(27) 

'( 1 ') vt = mt 1 _ ai - mt . (28) 

We must now get the mean and variance of the overflow traffic corre­
sponding to ai, i.e., for the traffic offered to trunk K. Since Cji is 
treated as Poisson, clearly 

mi = ! aiB (ni, a~). (29) 
r 
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To get the variance, we use a result from Ref. 12 on the peakedness 
of split overflow, which gives 

(30) 

Unless ai = a;, this gives a value less than v;/m;. The total mean and 
variance of the offered traffic to trunk K is then 

m = 1111 + m2 (31) 

(32) 

To compute the call congestion for trunk K, we assume (as in the 
equivalent random approach) that 111, v are the mean and variance of 
a renewal input to trunk K. If a(·) represents the Laplace-Stieljes 
transform of the interarrival distribution for this renewal process, then 
the call congestion is given by a = a(jl). But for the renewal model, 

and, hence, 

v = m (_1 __ - m) 
1 - a 

_ m+z-1 
a = + ' (z = vim). m z 

(33) 

(34) 

This results in a fraction ineffective for the total offered traffic to the 
group given by 

p = rm ._1_ 
a1 + a2 m + z 

and an approximation for blocking, 

(35) 

B = 1 _ P _ a{[l - B(n1, aD] + a;[l - B(n2, a;)]. (36) 
a1 + a2 

Finally, we require that the crossover traffics assumed be consistent 
with the mean call congestion on trunk K, 

I m+z-1 
Cij = aiB(ni, af) + . 

m z 
(37) 

This condition can be met by a few simple iteration steps, beginning 
with Cij = 0, and using (37) to update the Cij. 

When condition (37) is satisfied, eqs. (35) and (36) give the basic 
results for the two-sided selection procedure. It should be noted that, 
in addition to the treatment of each crossover traffic as Poisson and 
independent of the Poisson traffic offered to the same subgroup of good 
trunks, a second (minor) approximation is implicit in the computa­
tions. This is the use of the average call congestion in (37) to update 
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each crossover traffic. It is a straightforward matter to determine a 
separate call congestion for each traffic offered to trunk K, but the 
approximation is sufficiently accurate without this refinement. N u­
merical results using the approximations and comparisons with exact 
solutions (for small problems) are presented in Section III. 

2.4 Analysis lor queuing and random selection 

To derive results for the case where the idle trunks form a queue, 
we define a two-dimensional state that represents the number of idle 
trunks in the queue together with the position of the abnormal trunk 
in the queue. We then derive equations for the equilibrium proba­
bilities of each state. One can show that these probabilities exist and 
are unique: The equilibrium probability that the abnormal trunk is 
busy, denoted by p, is then simply a sum for states in which the ab­
normal trunk is busy. As indicated in Section 2.2, it is easy to show 
that the mean number of requests serviced by the abnormal trunk in 
a unit of time is given by 

(38) 

and, hence, the proportion of requests serviced by the abnormal trunk is 

P = i1p/'A = rp/a. (39) 

In the course of deriving our results, we show that it is equally 
likely that the abnormal trunk occupies any position in the queue of 
idle trunks. This, however, is equivalent to a random selection of idle 
trunks as far as the fraction ineffective and blocking are concerned. 
Hence, the results derived for P, B also apply to the random selection 
model. Strictly speaking, the two selection procedures are not equiva­
lent, of course. For example, with queuing selection, an abnormal 
trunk would not serve two successive attempts if other trunks were 
idle, but this is a possibility with random selection. Under other as­
sumptions, e.g., dependent retrials or non-Poisson input, these differ­
ences become important. 

To proceed with the derivation, define 

Eii = the event that there are j idle trunks in the queue and that 
the abnormal trunk is in the ith position in the queue. 

P ii = Prob {Eii }. 

We let i = 0 denote that the abnormal trunk is occupied. Thus, 

N-l 

P = L POi' (40) 
i=O 

* We have a continuous-time Markov process, with a well-behaved embedded 
Markov chain (see Ref. 13). 
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The following equations can be readily derived relating the Pii's: 

[,a + (N - I)JL]P oo = >-'P01 + >-'PU , (41) 

[,a + (N - j - I)JL + >-,]POi = >-.PO,i+l + (N - j)JLPO,i-l + >-.P1,i+l 

for 1 ~ j < N - 1, (42) 

[,a + >-']PO,N-l = >-'P1N + JLP O,N-2, (43) 

[(N - J)JL + >-']Pii = (N - j + I)JLPi,i-l + >-.Pi+1,i+l 
for 0 < i < j ~ N, (44) 

[(N - j)JL + >-']Pij = ,aPO,j-l + >-'Pi+1,i+l 

and, trivially, 

for 
for 

for 0 < j ~ N, ( 45) 

i> j, or j > N; 
j ~ N. 

These equations appear quite formidable because of the apparent lack 
of simple structure. A brute force algebraic approach seems unfruitful, 
as does a generating function approach. 

Instead, we make the conjecture that 

for all j ~ 1. (46) 

We should note that (46) is equivalent to assuming that the idle 
trunk is selected at random. This is true because P ii represents the 
probability of seeing the state (i, j) at a random instant in equilibrium 
and Poisson arrivals see the same distribution, 

We justify our conjecture by using (46) in (41) to (45) together 
with the fact that the probabilities must add to 1 and showing that 
the resulting equations have a simple solution. This solution can be 
substituted into the original equations to show that we indeed have 
the correct solution. However, since there exists a unique equilibrium 
solution to these equations and we have, in effect, solved them by 
adding additional constraints, the proof is complete without this step. 

Proceeding in the manner described, we first use (46) in (41) to (45) 
and obtain the following equations: 

(47) 

[,a + (N - j - I)JL + >-']POi = >-.PO,i+l + (N - j)JLPO,i-l + >-.Pi+1,i+l 
for 1 ~ j < N - 1, (48) 

(49) 

[(N - j)JL + >-.]Pjj = (N - j + I)JLP j- 1,j-l + >-'Pi+l,i+l 
for 0 < j ~ N, (50) 
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and 

[(N - j)J.L + ~JPjj = jiPO,j-l + ~Pj+l,i+l 
for 0 < j ~ N. (51) 

Putting j = N in eq. (50), recalling that PN+1,N+l = 0, we get 

(52) 

Repeatedly reducing ,j by 1 and solving for Pj-1,j-l in terms of P NN, 

we get 

j = 1, "', N. (53) 

Using (53) in (51) results in 

~ aN - j - 1 

POj = P, (N _ j _ 1) ! P NN. (54) 

Finally, from (47) we get 

~ aN - 1 

P oo = P, (N _ 1) ! PNN. (55) 

One can check that expressions (53), (54), and (55) satisfy eqs. (48) 
and (49), which proves the conjecture. 

We compute P NN from the fact that the sum of the probabilities 
must be 1. This yields 

Thus, 

(57) 

and 
N-l a j 

- ~ ~ P = rp = )=0 J. 

a Ntaj(N-j+~)' 
j=O j! N rN 

(58) 

recalling that r = ji/ J.L. 
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Equation (58) can be rewritten in terms of Erlang's loss function as 

N-I ai 
L-:-

j=O J! 
N -I ai NaN ( 1 ) N -I ai 

N~~+-N'+ --1 a.L~ 
)=0 J. . r )=0 J. 

Thus, 

P= r 
(59) 

a + Nr - ar[l- B(N -1,a)] 

An alternative form of (59) can be obtained via the standard recur­
sion for Erlang B [see (17)], giving 

P = r[1 - B(N, a)] 
Nr - (r - l)a[1 - B(N, a)] 

(60) 

To get an expression for the blocking B, notice that 

'A aN- 1 ('AI fl)(aN-ll (N - 1) !) 
B = POD = {l (N - 1) ! P NN = [N a j (N - j j)] 

N j~O j! ~ + rN 

or 
B = NB(N, a) 

Nr - (r - l)a[1 - B(N, a)] 
(61) 

Although (61) and (62) also apply to the random model, it should be 
noted that the equivalence between random and queuing selection 
extends to the equilibrium distribution for redefined states (i, j), 
where i is the number of good trunks occupied and j is 1 if the abnormal 
trunk is occupied, ° otherwise. In fact, it is straightforward to show 
from (53) to (55) that the redefined probabilities must satisfy 

ai(N - i) 1 P iO = ., N POD 
L . 

. _ a i+l ~ = 0, 1, ... , N - 1, 
P t1 - --:-r-N POD n. 

(62) 

which solve the somewhat simpler equations for the random model 
(these equations are given in Ref. 4). 
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III. NUMERICAL RESULTS 

This section presents selected numerical results obtained with the 
solution procedures of Section II. 

3.1 Ordered selection (Figs. 2 to 5) 

Figure 2 gives the fraction ineffective for r = 5 and the blocking· for 
r = 5, N = 20. Even for this relatively small value of r, the short-holding­
time trunk has a significant impact, which decreases as the position 
in the order of selection increases. For large values of offered load, the 
dependence of fraction ineffective on K (position of the short-holding­
time trunk) is decreased. In fact, it follows from Little's Law9 that, 
for all K (and all selection procedures), P ~ ria, with the bound 
approached as the time congestion on the short-holding-time trunk 
approaches 1.0; i.e., for very large a. For a = 2t>, K = 1, we note that 
P = 0.17, ria = 0.2. 

The results for fraction ineffective do not depend on the total 
number of trunks N ~ K. For blocking, N is important. For N = 20, 
r = 5, blocking is decreased from Erlang B blocking by about 1 in the 
(design) range for 20 to 30 percent overflow, with the decrease rela­
tively insensitive to K. Blocking results are approximate, with errors 
resulting only from the application of the equivalent random method. 
In cases where exact solutions were compared to the approximate, 
the agreement was good. The decreased overflow resulting from a 
short-holding-time trunk can contribute substantial errors in estima­
tion procedures for which overflow enters. Usage measurements are 
also affected by a short-holding-time trunk, with mean carried usage 
given by aP Ir + a(1 - P - B). 

Figure 3, for r = 15, is similar to Fig. 2, but with larger impacts 
and more spread between the curves. The ratio r = 15 is typical for a 
short-holding-time trunk and shows that P > 0.4 can easily occur, 
even for relatively large loads. The limiting ratio r = 00 (zero-holding­
time trunk) would result in Poo = B(K - 1, a), and Boo = 0, which 
are substantially different from the r = 1.5 results. For example, 
poo = 1 for K = 1. 

3.2 Two-sided selection (Figs. 4 and 5) 

Figure 4 gives the behavior for N = 5, r = 15, including a com­
parison with the exact solution obtained by solving the state equations 
for the system. The approximation for P displays essentially no error 
for low blocking. This is to be expected for conditions under which the 

• Recall that blocking refers to the fraction of attempts that find all trunks busy in 
the group, whether or not it is a final or high-usage group. 
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OL-___ -L ___ ~~L_ __ ~~ ____ L-___ _L ___ __J 

---- AVERAGE OVER ALL K 

0.6 

p 

5 10 15 20 30 
OFFERED LOAD IN ERLANGS 

Fig. 2-Behavior of ordered selection for r = .5, N = 20. 

offered load to trunk K comes from only one side (e.g., K = 1, low 
offered load), since the approximation for P becomes exact. For other 
Imv blocking conditions (such as K = 3, low offered load), no dis­
cernible error indicates that modeling the traffics offered to trunk K 
as a renewal stream introduces essentially no error in the computed 
call congestion for trunk K. As the crossover traffics increase, and, 
hence, there is interaction between the separated subgroups of good 
trunks, the approximation shows some error. The error is well-behaved, 
and increases to only about 2 to 3 percent. For larger groups, the error 
is generally less and is not shown on the figures. 
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B K = 15 
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0 
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OFFERED LOAD IN ERLANGS 

Fig. 3-Behavior of ordered selection for r = Ifi, N = 20. 

Errors in the blocking are larger. Since peakedness is ignored in 
determinining the crossover traffics and the carried load on the good 
trunks, this is to be expected. However, the absolute error does not 
increase significantly with offered load. As the change from Erlang B 
blocking is the important factor in applications, this error behavior is 
acceptable. As for ordered selection, the blocking is relatively insensi­
tive to K. 

The interesting behavior for K = 1 is apparently due to the size 
of the group. For K = 1, N ~ 2, qualitatively, one would expect that 
the fraction ineffective seen by load al monotonically decreases from 
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OFFERED LOAD IN ERLANGS 

Fig. 4-Behavior of two-sided selection for N = 5, r = 15. 

1.0, while for a2 it initially increases from 0, as the offered load in­
creases. The exact solution for N = 5 confirmed this behavior. How­
ever, the fraction ineffective seen by load a2 increases fast enough to 
create an increase in P, before its ultimate decrease. As a result, 
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p ~ 0.5 in the relatively wide range ° to 10 erlangs. For larger values 
of N, P was found to be monotonically decreasing for K = 1. On the 
other hand, for N = 2, P can easily be shown to initially increase. 
Since al = a2, for N = 2, two-sided and random selection are equiva­
lent, and (59) applies. Thus, the conditions that produce the qualita­
tive behavior of Fig. 4 are difficult to predict. 

Figure ti illustrates the behavior for r = 15, N = 20. Compared to 
ordered selection, the impact is less, and the dependence on Kless 
pronounced, especially for blocking. This is attributable to the diversity 
introduced into the selection procedure by two-sided selection. How­
ever, a substantial overall impact is still evident. For N = 20, even 
for the most favorable case K = 10, for a design overflmv of 20 percent, 
P ~ 0.2, and overflow is reduced to 5 to 6 percent. 

The limiting case for r = 00 gives 

poo = B(K - 1, a/2) + B(N - K, a/2) . 
2 

For N = 20, K = 1, this gives a value of 0.5 over the range ° to 25 
erlangs, compared to the value of P = 0.29 for a = 25, r = 15. For 
N = 20, K = 10, poo = 0.35 at a = 2.5, or about .50 percent higher 
than the value for r = 1.5. 

3.3 Random/queuing selection (Figs. 6 and 7) 

In each case in Figs. 6 and 7, P begins at l/N, then increases over 
the range of offered loads shmvn. The 1/ N initial behavior is intuitively 
obvious for random selection. Queuing selection, on the other hand, 
guarantees that, when a trunk becomes idle, trunks already idle must 
serve calls before it can be picked for service. For very low offered 
loads, a short-holding-time trunk essentially serves every Nth call 
to give the 1/ N initial behavior. 

Analysis of eq. (59) indicates that P can have at most one extremum. 
For r > 1, this occurs at the unique root of the equation 

a 1 - {a[l - B(N - 1 a)]} = _. aa 'r 

Thus, random/queuing selection never displays the complex behavior 
observed in Fig. 4 for t\vo-sided selection. Because the extremum occurs 
for relatively large values of a, a short-holding-time trunk has a 
larger impact in a high usage group than in a final group of the same 
size. For example, for ten trunks, 4.5 erlangs is a typical offered load 
for a final, and 9.5 erlangs for a high usage group. From Fig. 6, P = 0.17 
at a = 4.5 erlangs, whereas P = 0.28 at a = 9.5 erlangs, i.e., the 
relative impact is larger. The time congestion aP /1' for the short-holding-
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Fig. 5-Behavior of two-sided selection for N = 20, r = 15. 

time trunk is 0.052 at a = 4.5 erlangs, and 0.175 at a = 9.5 erlangs, 
i.e., the absolute impact of the short-holding-time trunk is over three 
times as much for the high-usage application. In terms of the expected 
time congestion with a short-holding-time trunk equally likely in any 
position, this general behavior also holds for t\vo-sided and ordered 
selection. This follows from the increase in average fraction ineffective 
as the offered load increases. 
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Fig. 6-Behavior of random selection for r = 15, N = 5, 10, 20. 

Figure 7 displays the behavior of random/queuing selection as r 
varies. In all cases, P is close to its maximum over a fairly wide range. 
The limiting case r = 00 gives [see (59) ] 

P~ = 1 
N - a[1 - B(N - 1, a)] 

For N = 20, a = 25 erlangs, P~ = 0.36, compared to the r = 20 
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Fig. 7-Behavior of random selection for N = 20, r = 5, 10, 15, 20. 

value from Fig. 7 of P = 0.23. Since P is no more difficult to compute 
than P~, the upper bound P~ is of limited use in this case. 

3.4 Comparison of selection procedures 

To compare selection procedures, the measure taken is the expected 
value of P, denoted by P, given that a short-holding-time trunk 
is equally likely in any position. Computationally, it was found that 

P or. ~ P Two-~ided ~ P Order.ed 
q ueumg - [ selectIOn J - [ selectIOn J ' 
RandOm] 

selection 

with equality occurring only at a = O. Figure 8 for N = 20, r = 15 dis­
plays typical behavior. The differences are substantial. It is likely that 
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Fig. 8-Comparison of selection procedures for short-holding-time trunk equally 
likely in any position (N = 20, r = 15). 

any improvement over the random/queuing behavior would require 
a selection procedure based on more information. For example, 
choosing the idle trunk whose last holding time was longest would 
further reduce the impact of a short-holding-time trunk. 

The expected blocking does not show much difference from one selec­
tion procedure to another, but all disciplines show a substantial reduc­
tion from .the Erlang B results. 

3.5 Validation remarks 

The basic traffic assumptions of the model concern holding times 
and the arrival process. For normal trunk holding times (which result 
from a mix of conversations, busys, don't answers), the exponential 
assumption is reasonable. For short-holding-time trunks, this assump­
tion may be less valid. For example, trunks resulting in immediate 
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reorder returned to the customer would not likely display the expo­
nential behavior. However, since the Erlang B formula holds for 
arbitrary holding-time distributions, it is reasonable to expect that the 
results should not be too sensitive to the form of the distribution. 

The Poisson assumption for the arrival process can be invalidated 
due to time variations, to peakedness (for groups receiving overflow 
traffic), or to retrial behavior. For ordered selection with K = 1, 
peakedness clearly reduces the impact of a short-holding-time trunk. 
This behavior may be reversed for higher values of K since peakedness 
increases the mean attempt rate to trunk K. For example, for r = 00, 

K ~ 2, P is increased. However, several peaked traffic computations 
for r = 15 give values of the fraction ineffective that are very close 
to the Poisson value. 

Even if the Poisson assumption is valid with all trunks good, it can 
be violated in the presence of a short-holding-time trunk. The short 
time between a retrial and the failure that initiated it gives the retrial 
a high probability of meeting the same conditions as the initial failure. 
For two-sided, ordered, and random selection, this could increase the 
impact of the short-holding trunk over what would be expected from 
a Poisson assumption. 

The model is also susceptible to variations from the idealized selec­
tion procedures. This holds particularly for applications to older 
systems where grading and multipling arrangements can lead to many 
different selection procedures. It also holds for applications to 5XB 
systems, where any irregularity in the distribution of trunks on the 
frames can distort the selection procedure from the idealized random 
selection model. In fact, individual circuit usage results would seem to 
indicate that significant discrepancies from (cyclic) random selection 
may be quite common in 5XB. Thus, for any specific application, 
suitability of the model would have to be determined. 

Figure 9 shmvs data obtained by special measurements from a Cross­
bar Tandem group containing a short-holding-time trunk. The peg 
count and usage measurements during the study hour indicate that 
trunk 2 had a short holding time relative to other trunks in the 
group, and a failure condition was subsequently verified. Thus, all 
35 attempts on the trunk are assumed to have failed. The large im­
balance in the offered attempts from either side of the group could be 
statistical, or it could be due to irregularities in incoming trunk 
assignment to frames (which determines the order of selection). It is 
more likely due to retrials. Thus, the reasonable assumption that 
al = a2 can be violated in some situations. 

Since the measured hour was not the busy hour, the left side of the 
group can be treated like ordered selection. The estimate for a mean 
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Fig. 9-Example of a short-holding-time trunk. 
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attempt rate for a Poisson offered traffic is }.. = 49 attempts/hour. For 
the offered load a in erlangs, a normal holding time is associated with 
each attempt, to give a = 3.3 erlangs. The ratio of holding times is 
r = 13. For these values, the ordered selection model with K = 2 
predicts P = 0.62. Thus, the realized value of ineffectives (35) is close 
to the average value (30.5) predicted from the same data. The dis­
crepancy could be statistical, or to modeling the stream as Poisson, 
which smoothes out the retrial stream. 

The preceding very limited comparison is not a validation. Because 
of the various factors noted, a comprehensive validation of the models 
is difficult. Since the models are not intended for design purposes, but 
only to estimate impact of short-holding-time trunks, such validation 
has not been attempted. 

IV. CONCLUSIONS 

This paper has considered analytical models for groups containing 
short-holding-time trunks. The models confirm that these trunks can 
have a substantial impact on customer service. Although traffic and 
system characteristics can differ from those of the model, it is felt that 
the models are adequate for estimation purposes. 

The numerical results indicate that the type of system and type of 
group (high usage or final) lead to significant differences in performance 
in the presence of a short-holding-time trunk. These models and results 
are directly useful in devising optimum strategies for deploying main­
tenance resources to minimize the service impact of short-holding-time 
trunks. 
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Linear predictive coding is an efficient method for transmitting the 
amplitudes of moving-area picture elements (pels) in a conditional re­
plenishment coder for video-telephone signals. It has been conJ'ectured that 
if the linear predictor can dynamically adapt to the speed and direction of 
motion in the scene, then greatly_ improved performance should result. To 
test this conjecture and to get a first~order estimate of the possible saving, 
computer simulations were carried out using pairs of video-telephone 
frames stored on digital discs. Using this data, picture quality could not 
be studied. However, differential signal entropies could be estimated, and 
this was done for several nonadaptive and adaptive linear predictors. 
Entropies (in bits per moving-area pel) for adaptive linear predictors 
were significantly lower than for nonadaptive predictors, indicating that 
substantial bit-rate savings should be possible. However, simpler imple­
mentations will have to be devised before adaptive prediction becomes 
practicable. 

I. INTRODUCTION 

In coding television pictures for transmission over a digital channel, 
it is well known that the required bit rate can be significantly reduced 
by removing various redundancies that exist in the signal, and in 
recent years methods for removing frame-to-frame redundancy have 
been investigated.! In a conditional replenishment2 system, only the 
picture elements (pels) that have changed significantly since the 
previous frame are transmitted. Their amplitudes as well as their 
locations must be sent; however, most of the transmission capacity 
is used in sending the amplitudes. During periods of rapid motion, only 
every other moving-a~ea pel need be transmitted, i.e., the moving area 
of the picture can be subsampled3 ,4 at half-rate with the unsampled 
pels being replaced by the average of their neighbors. 
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Linear predictive coding is an efficient method of transmitting these 
amplitudes. Channel rates of 1 bit per pel and below have been ob­
tained.4- 7 With this technique, a prediction is formed of each pel to 
be sent by computing a linear combination of previously transmitted 
pels. The difference between the actual value and prediction is then 
quantized and coded for transmission. Since the differential signal is 
small usually and large only occasionally, variable word-length coding 
can be used to good advantage in reducing the overall bit rate. 

The entropy of the quantized moving-area differential signal pro­
vides an estimate of the average number of bits required to transmit 
a pel. Thus, it is a good yardstick for comparing the performance of 
various frame-to-frame predictive coders. The entropy will depend on 
the amount of detail (frequency and amplitude of brightness varia­
tions) in the moving area of a frame as well as on the speed of move­
ment in the scene. The overall bit rate, however, is strongly dependent 
on the number of pels in the moving area which, in turn, is deter­
mined by the type of picture to be transmitted. See Ref. 8 for statistics 
on the number of moving-area pels per frame in typical video-telephone 
signals. 

In Refs. 9 and 10, and by simple extension of the techniques of Ref. 
11, it is suggested that if the predictor can dynamically adapt to the 
speed and direction of motion in the scene, then greatly improved 
performance should result. For example, if an object is moving left 
to right at a speed of about 1 pel per frame period (PEF) then for each 
moving-area pel of the present frame a very good prediction should 
be obtainable by going back to the previous frame and looking 1 pel 
to the left. Other types of adaptive linear prediction are described in 
Refs. 12 to 14. They suggest that the weighting coefficients in the 
linear predictor be varied adaptively to make the differential signal 
smaller. 

II. COMPUTER SIMULATION 

To get some comparison between nonadaptive and adaptive, frame-:­
to-frame, linear predictors, computer simulations were carried out 
using about three dozen video-telephone picture sequences stored as 
8-bit PCM* on digital disc (two successive frames per: sequence). With 
only two frames available per sequence, picture quality could not be 
studied. However, moving-area differential signal entropies could be 
estimated, and this was done for several nonadaptive and adaptive 
prediGtors. 

• Characteristics: 30-Hz frame-rate, 271.1ines, 2: 1 interlace, 3 dB down at 1 MHz, 
2-MHz sampling-rate, 8 bits/sample, 210 visible samples/line. 

1156 THE BELL SYSTEM TECHNICAL JOURNAL, JULY-AUGUST 1975 



Frame-to-frame noise in the pictures was small-in most cases, less 
than 1.5 percent of black-to-white signal amplitude. Thus, detecting 
the moving-area pels was not difficult. This was done as follows: 

(i) Frame-to-frame differences larger in magnitude than 4 out of 
a possible 255 were detected. 

(ii) If a significant change had two insignificant changes directly 
to the left and two insignificant changes directly to the right, 
or if it had two insignificant changes directly above and two 
insignificant changes directly below, it was deemed to be 
insignificant, i.e., caused by noise rather than movement. 

(iii) Finally, horizontal gaps of six pels or less between significant 
changes were deemed to be also in the moving area. 

This procedure defines the moving-area very well. See Ref. 4, Figs. 
1, 4, and 7 for pictorial examples. 

Figure 1 shows some of the pictures used. Figures Ia to Ic are scenes 
containing a mannequin's head, which could be moved horizontally at 
various speeds. The smaller the head size, the more detail there is in 
the moving area. Thus, with these scenes results could be obtained 
for various speeds and for various amounts of moving-area detail. 

About half of the picture sequences were of live subjects engaged in 
typical video-telephone conversations, such as shown in Figs. Id and Ie. 
These scenes were important in comparing different linear predictors 
because they were more representative of what would normally be 
encountered in practice. The speed was not constant over the whole 
moving area as it was with the mannequin head, and there were more 
variations in lighting and picture detail. For these scenes the speed of 
movement could only be estimated to the nearest PEF (pels per frame 
period) by observing the frame-to-frame displacement of the edge of 
the moving area. 

In video-telephone scenes, speeds range from slow (0.5 PEF) to very 
fast (4 PEF). Very rapid movement is rare, however, and in such 
instances the viewer is less critical of picture quality since he is already 
accustomed to seeing blurred moving-areas in cinema and television 
pictures. 

III. NONADAPTIVE LINEAR PREDICTIVE CODING 

Figure 2 shows two successive frames with interlacing fields (two 
interlaced fields per frame). Suppose Z is a moving-area pel we wish to 
transmit. Pels A, B, C, G, and H are in the field presently being 
scanned; pels D, E, F, R, S, and T are in the previous field; and the 
remaining pels are one frame period back from the present field. Pel 
M is the previous frame value of Z. The general linear prediction of 
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Fig. 2-Two successive television frames with interlacing assumed (two interlaced 
fields per frame). Pels Z and M are exactly one frame period apart. 

Z based on the previously transmitted pels, which are nearby both 
spatially and temporally, is given by 

(1) 

where aI, a2, ••• , a22 are the weighting coefficients. 
Since Z is 8-bit PCM and P z is clipped to 8-bit PCM, the differential 

signal Z-Pz can assume any of 511 levels. The entropy of the 5II-Ievel 
signal is a measure of the relative performance of different predictors. 
However, in practice, a more coarsely quantized signal (consistent 
with acceptable picture quality) would probably be transmitted to 
reduce the overall bit rate. 

Picture quality could not be observed in the simulations. However, 
to get a rough estimate of bit rate for linear predictors with coarser 
quantization, a compromise 35-level* quantization scale was chosen 
that is slightly coarser than the quantizer of Ref. 4 for frame differ­
ences and somewhat finer than the one used in Ref. 7 during periods 
of movement for element differences. Using this quantization scale, 
slope overload rarely occurs, and the predominant picture degradation 
is granular noise in the moving areas. This has been verified in recent 
preliminary simulations using thirty consecutive frames stored on 
digital disc. Using the nonadaptive and adaptive linear predictors 
mentioned in this paper, there is little difference in picture quality 
in the limited picture sample studied. However, much work remains to 
be done in this area. 

* On a scale of ° to 255, the levels are: 0, ±5, ±14, ±22, ±30, ±40, ±50, ±60, 
±70, ±82, ±94, ±106, ±118, ±130, ±142, ±154, ±166, and ±178. 
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The effects of the predictive coder feedback loop are ignored in 
the entropy measurements. Feedback can affect results to a significant 
degree if quantization is extremely coarse. Even so, the entropy mea­
surements reported here are in close agreement with those of Refs. 
4 and 7. 

For various nonadaptive linear predictors, Figs. 3 to 8 shmv the 
entropy (bits per moving-area pel) of the differential signal as a func­
tion of the speed of movement (pels per frame period or PEFs). Results 
are summarized in Table 1. For these cases, more moving-area detail 
(smaller head) resulted in somewhat higher entropies, as would be 
expected, but moving-head results were still fairly close to each other. 
The live-subject entropies were close to the moving-head entropies for 
the most part, even though there was considerable variation in moving­
area picture detail. 
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Pz = M. Starting with 8-bit PCM as was done in these simulations the differential 
signal could assume any of 511 levels. Results are also shown for coarser quantization 
to 35 levels which still gives very good picture quality. Solid curves are for the man­
nequin head at various distances from the camera. Unconnected points are for live 
subjects, such as in Figs. ld and Ie. 
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Table I - Entropies of some nonadaptive linear predictors 

Transmitted Signal 
Z -Pz 

Frame difference 
Element difference 
Element difference of frame 

difference 
Line difference of frame 

difference 
Field difference 
Element difference of field 

difference 

Pz 
(See Fig. 2) 

M 
H 

M+H-L 

M+B -J 
(E + 8)/2 

H + (E + 8)/2 
-(D + R)/2 

Entropies in Bits Per 
Moving-Area Pel 

(35-Level Quantization) 

::::::2.1-3.9 
::::::2.0-3.7 

:::::: 1.8-3.1 

:::::: 1.5-3.5 
:::::: 1.8-3.2 

::::::1.5-2.5 

The frame-difference4 entropy (Fig. 3) increases with speed as ex­
pected. However, the element-difference entropy (Fig. 4) decreases as 
the speed increases, because of blurring introduced by the camera. 7 

It drops below the frame-difference entropy at a speed of about 1 
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Fig. 4-Entropy of the element difference signal in the moving area versus speed. 
P z = H. 
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PEF.7 Subsampling at half-rate, however, causes it to rise above the 
levels shown in Fig. 4. 

The element difference of frame-difference entropy15 and line differ­
ence of frame-difference entropy16 (Figs. 5 and 6) are very close to 
each other even though with interlace (see Fig. 2) the previous line is 
further away from pel Z than is the previous element. D. J. Connor 
has pointed out that this occurs because movement in the scenes is 
mostly in the horizontal direction. However, the line-difference of 
frame-difference signal has the advantage of being unaffected by 
subsampling along the line. 

The field-difference entropy17 (Fig. 7) is lower than the frame-differ­
ence entropy, except at very slow speeds, because of the spatial and 
temporal closeness of the previous field pels. It compares well even 
with the double derivative signal of Figs. 5 and 6. The element differ­
ence of field-difference entropy' (Fig. 8) is smaller than any of the 
others and, other factors ignored, would be the logical choice in a non­
adaptive, frame-to-frame, linear predictive coder. However, sub-
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Fig. 5-Entropy of the element difference of frame-difference signal in the moving 
area versus speed. P z = M + H - L. 
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area versus speed. P z = M + B - J. 

sampling along the line leads to a considerable increase in entropy, 
putting it above the line difference of frame-difference entropy. 
Furthermore, conditional vertical subsampling18 ,6 makes impracticable 
the use of any predictive coder that uses previous field pels. 

IV. ADAPTIVE FRAME-DIFFERENTIAL CODING WITH MOVEMENT 
COMPENSATION 

In Refs. 9 and 10, and by simple extension of the techniques of 
Ref. 11, frame-differential coding is adapted to the speed and direction 
of movement in the scene. Thus, if in Fig. 2 the speed of the moving 
object is about 1 PEF left to right, then pel L is a much better predic­
tion of Z than M is. Similarly, if movement is 1 PEF right to left, then 
pel N is a better prediction. Such a coder must first estimate the veloc­
ity (speed and direction) of the moving object and then transmit this 
estimate to the receiver before sending the quantized moving-area 
differential signal. 
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Fig. 7-Entropy of the field-difference signal in the moving area versus speed. 
P z = (E + 8)/2. 

Some computer simulations were carried out to test such schemes. 
First, each field was divided into 64 smaller blocks of 27 pels X 16 lines 
each, in an attempt to accommodate velocity variations within the 
field. Within a block the velocity was assumed constant. Then, for 
pel Z in the moving-area of a block, the 17 differences (see Fig. 2) 
Z-D, Z-E, ... , Z-Q were computed between Z and the six previous 
field pels and the 11 previous frame pels located relative to Z, as shown 
in Fig. 2. The magnitudes of these 17 differences were each summed 
over the moving area of the block. Following this, the 17 accumulated 
sums were examined to determine the smallest one. Then, for eiwh 
moving-area pel Z, the pel in the relative position that yielded the 
smallest accumulated sum was used as a prediction within that block, 
and statistics of Z-P z were measured. 

This technique always gave a prediction which corresponded to the 
correct direction of motion, and was fairly accurate with regard to speed 
for speeds ~ 2 PEF. However, for a given block, the accumulated sums 
were all quite close to each other, reflecting the high pel-to-pel correla-
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Fig. 8-Entropy of the element difference of field-difference signal in the moving 
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tion present in most television pictures. In low-detail moving areas, 
of course, tracking was less accurate; but in these regions choice of the 
pel to be used as a prediction was also less important since they all had 
approximately the same value anyway. 

Entropies of the differential signal Z-P z are shown in Fig. 9, again 
with no additional quantization and with 35-level quantization. Re­
sults are comparable to those for the element difference of field differ­
ence, but they are much less regular. In addition, there is a sharp dip 
around 1 PEF where, for the moving head at least, pel L (see Fig. 2) 
should be a near perfect predictor of pel Z. There is another less sharp 
dip near 2 PEF. These results are encouraging, but they indicate that 
movement at a nonintegral number of PEF should be handled in some 
other manner. 

v. MINIMUM MEAN-SQUARE-ERROR LINEAR PREDICTION 

In the general case of adaptive linear predictive coding, the weight­
ing coefficients of eq. (1) are changed periodically to obtain a small 
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entropy for the differential signal Z-P z. If a block of pels is scanned 
before coding to derive an appropriate set of a's, then these would 
have to be sent to the receiver, followed by the moving-area differential 
signals Z-P z. 

In general, it is not known how to find the a's that minimize the 
entropy of Z-P z. It is possible, however, to determine the a's that 
minimize the mean squared value of Z-P z . As will be seen later, the 
resulting entropy turns out to be smaller than with any of the pre­
viously discussed methods. In fact, using search techniques, it is 
not possible to find a'S yielding entropies very much smaller than those 
obtained using minimum, mean-square-error (MSE), linear prediction. 

Let ~ be the set of moving-area pels in the block of pels presently 
being scanned, and let Zi be the ith member of ~. Let Y i1 = Ai, 

Y i2 = B i , Y i3 , = Ci, ..• , Y i22 = Vi be the pels located relative to Zi, 

as shown in Fig. 2. Then, to minimize the mean squared prediction 
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error over ~ it is sufficient to minimize 
22 

Q = L (Zi - p zJ2 = L (Zi - L a jY ij)2. (2) 
i i j=l 

Set the partial derivatives with respect to aI, a2, "', a22 all equal to 
zero, i.e., for k = 1, 2, "', 22 

In matrix notation, these simultaneous equations can be written 

eta = ill, 

where the .jkth element of the square matrix et is 

L YijYtO k , 
i 

the kth element of the column matrix ill is 

and the kth element of the column matrix a is ak. 

(3) 

(4) 

(5) 

(6) 

Matrix et is symmetric, and if it has an inverse, eq. (4) has a unique 
solution. Otherwise, many solutions exist. Furthermore, any solution 
to (4) will minimize the Q of (2) since Q is a convex downward function 
of a. 

This procedure should take advantage of many types of redundancy 
in the picture. By tracking movement in the scene, frame-to-frame 
redundancy is removed. By using pels in the present and previous field, 
intraframe redundancy is also removed. 

VI. ADAPTIVE CODING USING ONE SET OF a's PER FIELD 

In the simulations to be described next, a set of a's was chosen to 
minimize the squared differential signal averaged over the moving area 
of the entire field. That is, in the preceding equations, summations 
with respect to i were over the entire moving area of each field. In this 
case the a's can be sent using negligible channel capacity. 

Entropy results are shown in Fig. 10. Values are significantly less 
than all of the previously described results. The live subject results 
are not as good as those of the moving head, however, mainly because 
of the velocity variation within the moving area of a field. At speeds 
above about 2 PEl", results are surprisingly good given the pel con­
figuration of Fig. 2, which would, at first, be expected to encompass 
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Fig. lO-Entropy of the differential signal in the moving area when minimum MSE 

linear prediction is carried out. In each field Pz is the linear combination of the 22 
pels shown in Fig. 2, which minimizes (Z - P Z)2 averaged over the moving area. 
Entropies are significantly smaller than any of the previous results; however, live 
subject results are, in general, above the moving area results. 

only speeds less than 2 PEF. This may happen because at the higher 
speeds, significant blurring is introduced by the camera making 
interpolative predictions more efficient. 

Figure 11 shows a representative set of derived weighting coefficients 
(multiplied by 100) arranged in the configuration of Fig. 2. The speed 
of the moving head is 0.63 PEF, left to right. Thus, the point on the 
moving object which is now at pel Z is in the previous frame 0.63 
pel to the left of M. The linear predictor places very little weight on 
pels K, N, Q, and V, since motion is from left to right. It interpolates 
between pels Land M as it should for this speed, but numerous other 
differentiations are also present. For example, a form of element­
difference of field-difference prediction is attempted in the present 
frame. Some weight is also placed on previous line pels. 

A question which arises at this point is: how much of the removed 
redundancy is frame-to-frame, and how much of it is intraframe? 
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Thus, some simulations were carried out where tile predictor was 
only allowed to use pels from the previous frame in its prediction. This 
is done by deleting in eq. (4) the rows and columns of matrix a and 
the elements of column vectors a and CB that correspond to the unused 
pels. Entropy results are shown in Fig. 12. 

The results are practically the same as in Fig. 10 up to a speed 
of about 1.3 PEF which is nearly the range of speeds for which one 
should expect good performance, given the configuration of Fig. 2. 
Thus, most of the redundancy removed is frame-to-frame redundancy. 
Intraframe redundancy becomes important only when the speed is 
outside the tracking range of the algorithm. 

Some simulations were also carried out to test the effect of sub­
sampling at half rate. In this case the predictor is only allowed to use 
pels B, D, F, G, J, M, P, R, T, U, and V in the prediction. Entropy 
results are shown in Fig. 13 for the speed range of 1 to 4 PEF, which 
is where subsampling would normally be carried out. 

Subsampling increased the entropy as one would expect, but the 
amount of the increase depended on how much detail there was in the 
moving area of the scene. With 35-level quantization, subsampling 
increased the entropies by factors ranging from 1.5 to 2.3 for the large 
head, 1.7 to 2.9 for the medium head, and 3.2 to 4.6 for the small head. 
As the size of the head decreases, the amount of detail increases and, 
thus, so does the detrimental effect of subsampling. Of course, if the 
entropy is more than doubled by subsampling, then subsampling at 
half rate does not pay. 

PRESENT 
" FIELD <... 

PELS 

-12 

__ -.6 31 9 
/ 

-19-32 3'-_ 

48 @-2 
t' 

O .... r-. " PREVIOUS 
':>FRAME 

PELS 1 -9 5.--1-

-12 25 -9 .... 

~:)~~EE~6°US r---"2 18 0. 
-8 24 -10'" PELS 

Fig. ll-A representative set of 22 minimum MSE weighting coefficients multiplied 
by 100 (see Fig. 2). The mannequin head was moving at 0.63 PEF. Thus, a moving 
object point which is at Z in the present frame was 0.63 pels to the left of M in the 
previous frame. 

FRAME-TO-FRAME CODING 1169 



...J 
W 
c.. 

<l:: 
w 

6 

~ 4 
(!) 
z 
> o 
~ 

a: 3 
w 
c.. 
en 
I-
iii 

2 

...,­
...,-...-IS 

D. 

D. 

D. 
D. 

-;;:::..--,......;­
.......-.......­

...,-~ 

0 LARGE HEAD 

X SMALL HEAD 

0 MEDIUM HEAD 

D. LIVE SUBJECTS 

t 
511 LEVELS 

.......-.......­
__ ~ LEVELS 

.......-.......--- + 

o~~~~~ __ ~ ______ ~ ____ ~ ______ ~ ____ ~ ____ ~ ____ ~ 
o 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 

SPEED IN PELS PER FRAME INTERVAL (PEF) 

Fig. 12-Entropy of the differential signal in the moving area with minimum MSE 

linear prediction; Pz is a linear combination only of the 11 pels in the previous frame. 
Results are about the same as those in Fig. 10 up to a speed of 1.3 PEF. Thus, in this 
range, the coder is removing mostly frame-to-frame redundancy. 

VII. SUBDIVISION OF THE FIELD INTO SMALLER BLOCKS 

In Fig. 10, where one set of weighting coefficients is used for the 
entire moving area of the field, the entropies corresponding to the live 
subjects are, in general, larger than those of the moving head because 
the head moves with pure translation, whereas different parts of live 
subjects move with different velocities. Velocity variations within a 
field can be accommodated by first dividing the field into smaller 
blocks, and then using a different set of weighting coefficients within 
each block. The a's which give the minimum mean square prediction 
error over the moving area of a given block can be computed from eq. 
(4) exactly as before. 

Some simulations were carried out to determine the effect of using 
smaller blocks. A slightly different set of pictures was used for these 
computations than was used for the previous results. The mannequin 
head was slightly larger than in Fig. 1b, but the live subjects were 
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Fig. 13-Entropy of the differential signal in the moving area with minimum MSE 

linear prediction with subsampling, i.e., P z is a linear combination only of pels B, 
D, F, G, J, 111, P, R, T, U, and V. 

about the same as in Figs. 1d and Ie. It was found in the simulations 
that the determinant of matrix a in eq. (4) was frequently zero, indi­
cating nonunique solutions, i.e., one or more of the a's could be chosen 
arbitrarily. In this case, the arbitrary a's were set equal to zero and, 
whenever possible, they were chosen to correspond to pels in the 
present frame. 

Figure 14 shows entropies for 511-level differential signals. The 
uppermost curve and its associated live-subject points are obtained 
with no subdivision, as in Fig. 10. The single points are all above the 
moving-head curve, as before. 

The middle curve and points are the entropies which result from 
subdividing the field into 120 blocks (10 horizontal X 12 vertical) and 
using a different set of weighting coefficients for each block. Each block 
is 21 pels X 10 lines. Not only are the single points closer to the moving­
head curve, but all of the points are considerably below those obtained 
using no subdivision. Using smaller blocks, therefore, not only ac-
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linear prediction and prior subdivision of each field into smaller blocks. A different 
set of weighting coefficients is used in each block. As the block size is reduced, the 
live-subject results come closer to the moving-head results because variations in 
velocity within a field are accommodated. In addition, all entropy figures are reduced 
because more intraframe redundancy is removed: 

commodates variations in velocity within the field, but it also removes 
some in-frame redundancy that could not be removed previously. 

There is a penalty to pay, however. The a'S of each block in which 
there is movement must be transmitted to the receiver so that it can 
correctly decode the received differential signal. If the a's are sent via 
8-bit PCM, and movement occurs in 50 percent of the blocks, then 
22 X 8 X 60 = 10,560 bits (or about 0.84 bit per moving-area pel) 
m-iIst be transmitted just to send the a's. Clearly, some alternate 
method of transmitting the a's should be used. For example, they 
might be estimated from the minimum MSE a's of some nearby pre­
viously transmitted block, or the vector 0: might be chosen from some 
predefined finite set of vectors known both to the coder and decoder. 

With even smaller blocks the entropies are further reduced. The 
bottom curve and points of Fig. 14 result from subdividing the field 
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into 552 blocks (23 horizontal X 24 vertical). Each block is 9 pels X 5 
lines. Coarse quantization of the differential signal in this case gives 
zero nearly always. Thus, nearly all of the information about the pels 
is carried in the weighting coefficients which, with 50 percent of the 
area moving, require 48,576 bits for transmission using 8-bit PCM. SO 
if the blocks are made too small, the algorithm is inefficient because 
of the bits required to send the a's. 

VIII. CONCLUSION 

In a conditional replenishment system for transmitting video-tele­
phone pictures, the moving-area picture elements can be coded for 
transmission in many ways. Sending frame-to-frame differences and 
subsampling at half rate during active movement is simple, reasonably 
efficient, and does not fail catastrophically with an occasional trans­
mission error. Sending line-to-line differences of frame-differences and 
subsampling during active motion is even more efficient and is rea­
sonably simple, but it is somewhat less impervious to transmission 
errors. 

Adaptive linear predictive coding, which takes into account the 
speed and direction of movement in the scene, results in much greater 
coding efficiency, indicating that substantial bit-rate savings should 
be possible. However, system complexity and vulnerability to trans­
mission errors are increased accordingly. This means that some kind 
of error detection-correction scheme is absolutely necessary if adaptive 
coding is to be used. 

Adaptive coding, which handles speeds of a nonintegral number of 
PEFs, performs better than if an integral number of PEFs is assumed. 
Relatively good results are obtained if for each block in the picture the 
weighting coefficients are chosen to minimize the mean squared moving­
area differential signal. This technique requires transmission in some 
way of the weighting coefficients so that the decoder can correctly 
decode the received differential signal. Thus, if the block size is too 
small, then the system is inefficient because of the number of bits 
required to send the coefficients. However, even using only one set of 
weighting coefficients per field (block size = entire field), significant 
reductions in differential signal entropies are measured compared 
with nonadaptive coding. 

Much work remains to be done before these techniques can be used 
in a practical coder. For example, the subjective aspects of interframe 
coders which track moving objects are as important as the statistical 
aspects which are discussed in this paper. Also, many short cuts in 
implementation must be developed before these methods are economi­
cal. Nevertheless, these results provide a valuable yardstick with which 
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simpler and more practical adaptive frame-to-frame coders can be 
compared. 
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