













































































































































































































































































that the approximation would become very good for D/X — 0. Our
use of the wkB approximation becomes inapplicable to 2¢ — 0. In
this limit the effective reflection plane is better approximated by d = a.
However, it is clear that the wkB approximation provides a useful
estimate of the position of the effective reflection plane for deep
gratings. This information is very important for an application of our
theory to an approximate description of scattering by gratings on
dielectric film waveguides.

The final figure, Fig. 14, shows a comparison between first-order
perturbation theory and the exact grating theory. This figure repre-
sents the relative scattered powers in the first-order grating lobe (the
only lobe that propagates in this case) as a function of the grating
amplitude 2a for D/A, = 0.5, B:A, = 8.5, n; = 1.5, and n, = 1.0. It is
interesting to observe that the air beam is actually stronger than first-
order perturbation theory would predict, while the substrate beam is
considerably weaker. It is furthermore of interest that the relative
strength of air to substrate-scattered power is predicted in reverse
order by perturbation theory for large grating amplitudes. Whereas
perturbation theory predicts that more power is scattered into the
substrate than into air, the exact theory predicts just the opposite. At

05 —
-
-
D/Ag=13  B;A =85 Pid
7
04 _ _
n=15 ny=10 WKB APPR— . ©
s
P 7
_z ™ — EXACT
03} _
da
X 7
a/)\ ~
02b RN i
/ <
s
v
-
-
0.1 -
Vv /7
0 | | 1 | | | | | |
0 0.2 04 06 08 10 12 14 16 1.8 2.0

2a/hg

Fig. 12—Position d of the effective reflection plane as a function of grating ampli-
tude 2a for D/\, = 1.3, Bi\o = 8.5, n, = 1.5, and n, = 1.0. The effective reflection
plane is practically independent of D). The solid line is obtained from the exact
theory while the dotted line was computed from the wks approximation.
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Fig. 13—Similar to Fig. 12 with D/A, = 0.26, 8\, = 19.83, 7, = 3.5, and ns = 1.0.

this point our theory is at variance with claims made by Tamir? whose
results are in qualitative agreement with perturbation theory but dis-
agree with our theory.

The arrow in Fig. 14 indicates the point at which the specular reflec-
tion condition from the faces of the grating teeth is satisfied for the
substrate beam as shown in Fig. 2. This point is in good agreement with
the maximum predicted by the exact theory. Perfect agreement cannot
be expected for such small grating amplitudes and short grating
periods, because geometrical optics cannot be expected to hold under
these conditions.

Figure 14 shows that for this type of grating first-order perturbation
theory is reasonably accurate for grating amplitudes below 2a = 0.05X,.

Il. CONCLUSION

We have found that our exact treatment of deep dielectric gratings
with triangularly shaped teeth provides a satisfactory method for
computing the scattering problem. Our theory has only been applied
to incident plane waves of T polarization. The field outside of the
grating region was expanded in a series of plane waves, while the field
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in the grating region was expressed as a double Fourier series expansion.
Numerical evaluation of this scattering theory requires a modest
computational effort. The required number of simultaneous equations
that must be solved increases with increasing grating amplitude. The
computer time increases with the third power of the number of equa-
tions used. For gratings with an amplitude of 2a/A, = 0.1, 28 simul-
taneous equations were used, 42 equations were necessary for 2a/\
=0.5, and 66 equations were used for 2a/\, = 2.0; however, somewhat
greater accuracy seems desirable for accurate results in this latter case.
We found that blazed dielectric gratings are able to provide good
discrimination of one grating lobe at the expense of other grating re-
sponses. The position of maxima and minima of the grating lobes as
functions of the grating shape can be accounted for by perturbation
theory for small grating amplitudes and by geometrical optics for
larger grating amplitudes. However, multiple ray paths make the
geometrical optics interpretation difficult for very deep gratings.
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Fig. 14—Comparison with first-order perturbation theory. D/\, = 0.5, D;/D = 1,
Bido = 8.5, ny = 1.5, and ny = 1.
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Tt is possible to define an effective reflection plane for the zero-order
reflected grating lobe. This concept is useful for an approximate de-
scription of grating scattering of guided modes in thin dielectric films.
Once the effective width of the film is known for the guided modes,
scattering losses can approximately be calculated by accounting for
the scattered power by means of a theory that is essentially no more
complicated than the theory presented here. We have shown that the
position of the effective reflection plane can be estimated by means of
the wkB approximation.
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APPENDIX
We list here the coefficients that enter in the equation system (14).

N‘n'—'n,m'—m
(n? — n3)k? . D a,
=§7r;—(n7j—n) 1 — exp |27 ——D—l(m’—m)+5(n —n)
D, D - D,

Do —my+E =) 2T —my — S~ w)

X

for n' # n and m’ # m;

2 — nd)kbD .
Nopno = (27:—2(7},—% {1 — exp [z21r% (n — n)]}
1k2b D

r(n' — n)

+ {n% — nf exp [i21r% (n' — n)]}

for n' % n;
aD3(n? — nd)k?

_ w. D1, , _
Nomiom = 32 m’ — m)"Dy(D — Dy) {exp [121r D (m m)] 1}

for m’ # m;

Noo = ak“’D(nf + ng),

in(a/b) (n/—n)

Mo = @,—_
a(n' — n)

sin [r%(n’ —n)]
for n' # n;

Mn,n = 2aD.
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Models for the Subjective Effects of Loss,
Noise, and Talker Echo on Telephone
Connections
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(Manuscript received January 9, 1976)

Tests have been conducted at Bell Laboratories within the last 10 years
to obtain subjective evaluations of the effects of loss, notse, and talker echo
on telephone transmission quality. We use these subjective test results to
formulate graphical and analytical models of subjective opinion that can
be used tn network planning studies to evaluate transmission performance
of the network and to study the effects of network changes on performance.
These models are based on the concept of a generalized transmission-
rating scale. Separate opinion curves for each test take tnto account differ-
ences caused by factors such as subject group, type of test, and range of
conditions. We also describe the methods of data analysis used in the
Sformulation of the transmission-rating scale and opinion models, provide
a comparison of the lest results with the models, and discuss the models in
sufficient detail to permdt their application in transmission planning
studies.

I. INTRODUCTION

In the last 10 years, several tests have been conducted at Bell
Laboratories to determine the subjective evaluation of loss, noise, and
talker echo in telephone connections. The purpose of these tests was
to obtain information for use in network planning studies. Several
hundred volunteers served as subjects and participated in several
thousand test calls with various amounts of loss, noise, and talker
echo. Some of these tests were conducted on normal business calls
made by Bell Laboratories employees; others were conducted in a
laboratory environment. At the end of each call, the subject was asked
to indicate his or her opinion of the transmission quality on a five-
category rating scale: excellent, good, fair, poor, and unsatisfactory.

The results from these tests were used to formulate the graphical
and analytical models of opinion which are presented in this paper.
These models have been used extensively in network planning studies
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to evaluate present network performance and to study the effect of
possible changes in the network. Although many of these studies are
not yet published, a recent paper by Spang' provides an excellent
example of the application of these models in toll transmission planning.

For many years the Bell System has used subjective tests to obtain
information on the effects of transmission quality which could be used
in network planning studies. For example, the present Via Net Loss
design plan, which introduces loss tc control talker echo in the Direct
Distance Dialing (ppp) network, is based on the results of subjective
tests for talker echo that are included in a 1953 paper by Huntley.?
Subsequent talker-echo tests were described by Phillips in 1954.3
Coolidge and Reier reported the results of tests of received telephone
speech volume in 1959 and introduced the concept of volume grade-of-
service.* Test results for message circuit noise were used in noise
grade-of-service studies described by Lewinski in 1964.5

Most of the tests mentioned considered the effect of one transmission
parameter at a time. Since transmission parameters appear in com-
binations and there are, in many instances, important interactions, a
new series of conversational tests for the combined effects of connection
loss and circuit noise was initiated in 1965. Subjective evaluations were
obtained on normal business calls within Bell Laboratories. The results
of these tests were reported by Sen in 1971. Since then, the use of
combined loss-noise grade-of-service based on these tests has largely
replaced the use of the earlier noise and volume grade-of-service.

Another test to determine subjective reaction to loss and noise was
conducted in 1969 on normal business calls within the Bell Laboratories
location at Holmdel, New Jersey. There were two reasons for the new
test. One was to obtain a larger number of subjects per test condition
and thus reduce the experimental variability. The other reason was to
include both symmetric loss conditions, as was done in the 1965 tests,
and asymmetrie loss conditions; i.e., unequal loss in the two directions
of transmission. The test results for the symmetric conditions indicated
a more critical assessment of quality than the 1965 tests, which could
not be explained by known differences in the tests. Therefore, a third
test was planned and conducted in 1972.

During this same period of time, new talker-echo tests were initiated.
These echo tests used the same five-category rating scale as the loss-
noise tests so that possible tradeoffs between loss-noise and echo grade-
of-service could be studied. Some of the echo tests were conducted in
the laboratory. Others were conducted on normal business conversa-
tions between Bell Laboratories employees, where values of loss, noise,
echo-path loss, and echo-path delay could all be controlled.

As the results of the various tests became available, work was con-
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tinued to modify and improve earlier loss-noise opinion models and to
develop similar talker-echo opinion models. Systematic methods were
formulated to analyze the results from individual tests and to combine
the results from different tests into a composite loss-noise-echo opinion
model. In addition, a transmission-rating scale was introduced that
assigned a single numerical value to any specific combination of trans-
mission conditions.

The concept of a generalized transmission-rating scale recognized
that subjective test results can be affected by various factors such as
the subject group, the type of test, and the range of conditions that
are included in the test. These factors were found to cause changes in
both the mean opinion score for a given condition and in the standard
deviation.” Thus, there were difficulties in trying to establish a unique
relationship between a given transmission condition and subjective
opinion in terms of mean opinion score or other subjective measures
of transmission quality. The introduction of a transmission-rating
scale tended to reduce this difficulty by separating the relationship
between transmission characteristics and opinion ratings into two
parts. For the first part, the transmission rating as a function of the
transmission characteristic, was anchored for two specific transmission
conditions and thus tended to be much less dependent on individual
tests. The second part, the relationship between transmission rating
and subjective opinion ratings, could then be displayed for the in-
dividual test.

The essential features of the transmission-rating scale and opinion
models are summarized in Section II of this paper in enough detail
to permit their application in transmission planning studies. The re-
mainder of the paper describes three subjective tests for connection
loudness loss and circuit noise and four tests for talker echo, outlines
the methods of analysis, and describes the formulation of the composite
transmission-rating scale and opinion models. Comparisons of the
individual test results and the final model are also presented.

Il. SUMMARY OF TRANSMISSION-RATING AND OPINION MODELS

The models for transmission rating deseribed in this section are
based on the results of seven subjective tests. All of the tests were
conducted with Western Electric 500-type telephone sets.” Loudness

* Results of subjective tests in terms of the number of votes in each of the several
categories of a rating scale can be expressed in a number of ways. One way is to
assign numerical values to each of the categories, e.g., excellent = 5, good = 4,
fair = 3, poor = 2, and unsatisfactory = 1, Each of these numerics is then wexghted
by the proportion of votes in the corresponding category for a particular transmission
condition, and the weighted values summed. The result is called the mean opinion
score for that transmission condition.
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Table |—Summary of tests

Loss-Noise Tests Talker Echo Tests
SIBYL SIBYL SIBYL Lab Lab Lab SIBYL
1965(MH) | 1969 (HO1) | 1972(HO2) | 1966 1968 1970 1970
Number of subjects 66 78 74 29 30 100 45
Number of conditions 24 15 12 30 93 10 16
Number of ratings 685 1163 1684 870 | 2790 1000 752
Median ratings/
condition 29 60 60 29 30 100 38
Connection loudness
loss (dB) 5-30 10-30 5-30 * * 18 10
Circuit noise (dBrnC) 21-44 22-45 25-42 28 18-38 33 30
Echo-path loudness
loss (dB) —_ — —_ 10-59 | 0-50 33-73 6-42
Echo-path delay (ms) —_ —_ — 20-90 { 1.5-90 | 600, 1200 | 10-72
Sidetone-path loudness
loss (dB) 13 12 12 9 12 12 12
Average room noise
[dB(A)] 45 42 42 35 35 38 42

* These tests were not, strictly speaking, two-way conversation tests and, thus, connection loudness-
loss values are not appropriate.

loss values used in the model describe the acoustic-to-acoustic transfer
efficiency of overall telephone connections and are expressed in terms
of the Electro-Acoustic Rating System (mars) method.® Noise values
used in the model are expressed at the line terminals of a telephone set
with a reference receiving efficiency of 26 dB based on the Ears
method.*

The major aspects of these tests are summarized in Table I. A more
detailed description of the tests is presented in Sections III and IV.

The results of the subjective tests were used to derive transmission-
rating models for (¢) loss and noise, (¢) talker echo, and (¢7) the com-
bined effects of loss, noise, and talker echo. In addition, models were
derived for the relationship between transmission rating and subjective
opinion.

The procedures used in the analysis of the subjective-test results
and the derivation of the transmission-rating scale are described in
Sections V and VI. Although the procedures are somewhat complex
for manual calculation, they are easily handled on a digital computer
and have been found to provide a convenient and useful representation
for a large variety of test data.

Mathematical expressions for the models are summarized in Table
II. The derivations of these expressions are also given in Sections V

* The several subjective tests, results of which were used in deriving the model,
were conducted with different circuit-noise values and with telephone sets operating
at different Ears receiving efficiencies. To enable combination of results from the
different tests to be made, it was necessary to express all circuit-noise values in terms
of a telephone set with reference receiving sensitivity. The value of 26 dB was chosen
because it is approximately the receiving efficiency of a customer loop consisting of a
‘Western Electric 500-type telephone set,” a short-line facility, and a standard central
office feeding bridge. Noise values are given in dBrnC.%-10
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and VI. The remainder of the present section provides a general
description and graphical presentation of the models.
2.1 Connection loudness loss and circuit-noise model

Transmission rating as a function of connection loudness loss and
message-circuit noise is shown in Fig. 1. The curves were plotted using

Table Il—Models for estimating subjective reaction to loss,
noise, and echo

The models, in terms of a_transmission-rating scale, for loss and noise (RLx),
echo (Rg), and loss, noise, and echo (Rryz) are:

Ry = 14776 — 2.257V (L, — 7.2)* + 1 — 2.009NF + 0.02037(L. )Nz (1)

Rz = 95.01 — 53.45 logao{ (1 + D)/NT + (D/480%} + 2.277E @)
Rive = RLN;‘ Ry _ _\/ Riw 2— RE :r + (10, (3)

where L, = Acoustic-to-acoustic loudness loss (in dB) of an overall telephone connec-
t;ionil %etermined using the Electro-Acoustic Rating System (2ars)
metho
N = Circuit noise (in dBrnC) at the input to a set with a receiving-loudness
rating of 26 dB, determined using the EaArRs method,
Np = Total noise in dBrnC resulting from power addition of the circuit noise,
N, and 27.37, both in dBrnC,
D = Round-trip echo-path delay (in milliseconds), and
E = Acoustic-to-acoustic loudness loss (in dB) of the echo path, determined
using the EArs method.

The Eroportion of comments good or better (GoB) or poor or worse (PoW') are com-

puted from R by:
1 f4
GoB = — et
V2r J -
1 0
PoW = — | e #idt
vor /B ’
where A and B are given in the table below for the various data bases.
Data Base A B
MH (R — 64.07)/17.57 (R — 51.87)/17.57
HOI (R — 77.44)/17.07 (R — 60.70)/17.07
HO2 (R — 73.74)/15.68 (R — 58.03)/15.68
Echol (R — 75.05)/14.30 (R — 58.95)/14.30
Echo2 (R — 66.66)/11.84 (R — 53.33)/11.84

The parameters A and B have been derived from opinion distributions, in terms of
fit mean, u, and fit standard deviation, o, and then expressed as a function of E.
Alternatively, the models can be expressed as follows:

uvp = (R — 21.37)/12.20 g, = 1.44

pEOL = (pmm + 0.206)/1.372 = (R — 18.86)/16.74 o, = 1.02

pro: = (uym + 0.215)/1.288 = (R — 18.75)/15.71 ¢, = 0.998
pEr = (R —18.7)/16.1 g, = 0.888
up2 = (R — 20)/13.33 g, = 0.888
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Fig. 1—Transmission rating for loss and noise.

eq. (1) below, which is also given in Table II.

Riy = 147.76 — 2.257N (L, — 7.2)2 + 1 — 2.009N »
+ 0.02037(L.)Np, (1)
where

L., = Acoustic-to-acoustic loudness loss (in dB) of an overall
telephone connection
N = Circuit noise (in dBrnC) at the input to a set with a receiving
loudness rating of 26 dB
Nr = Power addition of the circuit noise, N, and 27.37 dBrnC.

The transmission-rating scale was derived, so that it is anchored at
two points, as shown in Table ITI. These anchor points were selected
to be well separated in quality, but within the range of conditions
that are likely to be included in a test. Transmission ratings for other
combinations of connection loudness loss and circuit noise are relative
to those for the two anchor points. The rating values are such that
most telephone connections will have positive ratings between 40 and
100, with the higher rating denoting higher quality. For most engineer-
ing applications sufficient accuracy can be achieved by the use of
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Table Ill — Anchor conditions for the transmission-rating scale

ConnectlI(jgsgoudness Circuit Noise Transmission
@B) (dBrnC) Rating
15 25 80
30 40 40

whole numbers on the transmission-rating scale. For example, in the
1965 loss and noise tests, conditions with a transmission rating of
approximately 80 were considered good or excellent by 80 percent of
the subjects, while a transmission rating of 40 was considered good or
excellent by only 10 percent.

2.2 Talker-echo model

Transmission rating as a function of talker-echo path loss and delay
is shown in Fig. 2. The curves were plotted using eq. (2) below, which
is also given in Table II. This equation was derived to exclude the
effects of circuit noise and connection loudness loss.

Rz = 95.01 — 53.45logio {[1 + DI/V1 + (D/480)%} + 2.277E, (2)
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60
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TRANSMISSION RATING

30

20

0 ] ! | |
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ECHO-PATH LOUDNESS LOSS, E, IN dB

Fig. 2—Transmission rating for talker echo.
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where

D = echo-path delay (in ms) and
E = acoustic-to-acoustic loudness loss (in dB) of the echo path.
The curves of Fig. 2 demonstrate the dependence of transmission

quality on the two talker-echo path parameters, loss and delay, for
connections where talker echo is important.

2.3 Connection loudness loss, circuit noise, and talker-echo model

Transmission ratings for the combined effects of connection loudness
loss, circuit noise, echo-path loudness loss and echo-path delay are
obtained from eq. (3) below, which is also given in Table II.

Riye = M _ \/(RL_“;_REY + (10)?, (3)

where

Riyr = transmission rating for the combined effects of connection
loudness loss, circuit noise, and talker echo,
Riy = transmission rating for connection loudness loss and circuit
noise
Ry = transmission rating for echo-path loudness loss and delay.

100

20 CONNECTION LOUDNESS LOSS, Lg =15dB
CIRCUIT NOISE, N=230dBrnC

80—

70

60

50

40

TRANSMISSION RATING

30

0 |
0 10 20 30 40 50 60
ECHO-PATH LOUDNESS LOSS, E, IN dB

Fig. 3—Transmission rating for loss, noise, and talker echo.
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Figure 3 illustrates curves generated by means of the above relation-
ship for the transmission rating as a function of echo-path loudness
loss and delay in a connection with a connection loudness loss of 15 dB
and circuit noise of 30 dBrnC. For other values of connection loudness
loss and circuit noise, the curves would become asymptotic to higher or
lower values of R in accordance with the curves of Fig. 1.

2.4 Subjective-opinion models

Subjective opinion in terms of the proportion of ratings in each of
the five categories (E, G, F, P, U) for a condition having a given
transmission rating has been found to depend on various factors, such
as the subject group, the range of conditions presented in a test, the
year in which the test was conducted, and whether the test was con-
ducted on conversations in a laboratory environment or on normal
telephone calls. For the major tests on which the transmission-rating
model is based, the observed relationship between subjective judgments
and transmission rating can be represented as shown in Figs. 4 and 5
which are plotted from the equations for GoB and PoW of Table II.

)
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90}
>
80| < D
@) 1
7 Q«o
700 %
2 A
%, >
~ 60 %
z
& sof- o
o POOR OR WORSE — y
T N
ol S
GOOD OR BETTER—
20|
10}~
5 L
2
1 | | | | | |
20 30 40 50 60 70 80 90 100

TRANSMISSION RATING

Fig. 4—Subjective opinion as a function of transmission rating for the connection
loudness loss and circuit-noise tests.
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Fig. 5—Subjective opinion as a function of transmission rating for the echo tests.

Contours of constant percent good or better and percent poor or
worse are given in Figs. 6 and 7, respectively, for the loss-noise results.
These contours were computed from eq. (1) and the equations for
GoB and PoW of Table II using the MH data base. Similar contours
could be generated based on one of the other tests. However, the
Murray Hill base is being used for current network planning studies
for consistency with earlier studies. In addition, the opinion results
from this test appear to be in close agreement with data obtained from
customer interviews on typical ppp toll connections. Thus, at the time
of publication, the Murray Hill base is recommended for conversion
of the transmission ratings to subjective ratings. Eventually, we hope
to determine other expressions for A and B (see Table II) that will
provide even better agreement with customer interviews on various
types of telephone connections.

2.5 Use of the models

The models summarized in preceding sections can be used to esti-
mate transmission quality for telephone connections. The examples
given below are based on representative 500-type telephone sets con-
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Fig. 6—Subjective-opinion contours of percent good or better at the MH base for
loss and noise.
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Fig. 7—Subjective-opinion contours of percent poor or worse at the MH base for
loss and noise.
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nected by specified lengths of 26-gauge nonloaded cable to the local
Class 5 office.! The loss for such an arrangement is expressed in terms of :

TLR = Transmitting loop rating (in dB), which describes the loud-
ness conversion efficiency in terms of an acoustic signal
applied at the telephone set and the resulting electric voltage
at the local Class 5 office.

RLR = Receiving loop rating (in dB), which describes the loudness-
conversion efficiency in terms of an electric circuit voltage
applied at the local Class 5 office and the resulting acoustic
pressure received at the telephone set.®

The connection loudness loss, L., for a local call is the sum of TLr and
RLR. For calls between customers served by different local Class 5
offices, L. is the sum (TLR 4 RLR) plus the 1000-Hz loss between the
offices.

The circuit noise, N (in dBrnC), as used in the model is in terms
of a reference telephone set that has an rRLr of 26 dB. Noise levels, as
typically expressed at the line terminals of a telephone set, need to
be corrected to the reference set. For the 500-type telephone set, the
conversion factor is about 4 dB (increase in noise) and is nearly in-
dependent of loop length.

The effect of talker echo depends on the characteristics of the echo
path. Generally, the dominating path is that from the talking customer
to the distant Class 5 office and return, and is referred to as the far-
end echo path.!! The round-trip delay of this path, D, is taken to be
the time required for a speech signal to go from the originating Class 5
office to the distant Class 5 office and return. (Delay in the customer’s
telephone set and loop is neglected as, with present plant, it is usually
insignificant.) The loudness loss of the echo path, E, is the sum of
TLR, RLR, and the echo-path loss from the originating Class 5 office to
the distant Class 5 office and return.

Considerations of the preceding paragraphs provide the basis for
several examples demonstrating use of the models. Details concerning
computation for these examples are given in Appendix A. Results of
these examples are summarized in Table IV. The examples are simpli-
fied representations of connections devised to illustrate application of
the models and, thus, the results only approximately describe the
performance of actual connections. (Methods of obtaining more accu-
rate connection representations are covered in Ref. 1.)

Comparison of the results for Examples 1, 2, and 3 show that about
optimum performance for local connections occurs for medium loops.
The performance is below optimum for short and long loops, the former
because the loss is lower, the latter because the loss is higher (see
Figs. 1, 6, and 7).

1330 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1976



Table IV—Examples of performance estimates obtained
using the models

L, N D B GoB | PoW
Example (@B) | (aBmC) | ms) | @B) Rin Re | RLnEe (%) (%)

1. Local eonnection,
short loops 2.7 27 — — 78.3 — — 79.2 6.6

2. Local connection,
medium loops 8.4 27 —_ — 88.7 — — 92 1.8

3. Local connection,
long loops 16.9 27 — — 75.5 — — 74.2 8.9

4. Long-toll connection,

medium loops, no
talker echo 16.1 32.5 — — 71 —_ — 65.2 | 13.9
. Long-toll connection,
medium loops, with
talker echo 16.1 32.5 373 | 31.7 | 71 82,6 | 65.2 | 52.6 | 224

o

Comparison of Examples 3 and 4 illustrates the effect of higher loss
and noise typically encountered on toll connections.? Finally, compari-
son of Examples 4 and 5 indicates the effect of talker echo, demon-
strating the need for echo control. (See Ref. 1 for detailed discussion
of loss, noise, and talker echo for toll connections.)

IIl. DESCRIPTION OF LOSS-NOISE SUBJECTIVE TESTS

Three tests have been conducted using a special test facility called
SIBYL to determine subjective reaction to loss and noise on telephone
connections. This facility allowed control of transmission parameters
during normal business calls of cooperating Bell Laboratories
employees. 315

SIBYL was first used at the Murray Hill Bell Laboratories location,
and was moved to the Holmdel location in 1966.

The test subjects for the siByL studies were Bell Laboratories em-
ployees. Prior to the beginning of each of the tests, a list of employees
reflecting a preselected makeup of age, sex, ete., was obtained, and the
employees contacted to solicit their participation in the test. Upon
obtaining agreement, their telephone lines were routed through sisyL
which could handle up to 100 subject lines.

An overall connection with siBYL inserted is shown on Fig. 8. At
the left is a subject’s (participating employee’s) telephone set. In
close physical proximity (less than about 1500 feet of two-conductor
cable) is s1BYL which converts the two-wire transmission path into a
four-wire transmission path and separates signals transmitted from
the subject’s telephone set and signals received at the same telephone
set. Separation of the signal paths in this manner permits (¢) inserting
different impairment values for the two directions of transmission and
(#7) independent measurement of signals transmitted from and received
at the subject’s telephone set.

Proceeding from left to right in Fig. 8, the four-wire path is re-
converted to a two-wire path in s1BYL, and connected to the serving
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\
\
\
SUBJECT'S
LOOP

Fig. 8 —Diagram of a telephone connection for the sIBYL tests.

central office over a two-wire cable pair which is about 1 mile in length
for Murray Hill and about 3 miles in length for Holmdel. The central
office switching machine connects the subject’s line to the called line
dialed by the subject. The called line (approximate lengths as given
above for Murray Hill and Holmdel) is terminated with the telephone
set of the called party, another Bell Laboratories employee at the
same location who is usually not a subject in the experiment.

S1YBL recognized calls internal to the location, and only such calls
were included in the experiments reported here. The major reason for
this was to retain as much control as possible of the transmission
parameters on test calls. Employees’ telephone lines at any one location
generally were of about the same physical makeup. Thus, variations
in transmission parameter values between lines were small, and the
values were considered to be identical for all lines. stBYL then altered
the normal parameter values to achieve the parameter values of interest
in an experiment.

Restricting the calls to within the location had the further advantage
that the subjects physical environment was reasonably uniform, con-
sisting largely of offices with one to four desks and of electronic labora-
tories. Thus, room noise levels, which could affect the transmission
quality of telephone calls, did not vary appreciably.

The subjects were provided with instructions at the beginning of the
test, and thereafter, the procedure during a call was generally as shown
in Fig. 9. (The procedure of Fig. 9 applies specifically to the Murray
Hill test.) The subject initiated the procedure by lifting his handset
from the telephone set cradle and dialing a number. If the call was
not a test call, which was the case for about 85 percent of the calls
from the subject group, the call was completed normally. That is,
(7) the subject received a signal indicating the called line was busy
and returned his handset to the cradle, (¢7) the called party did not
answer and the subject returned his handset to the cradle, or (:%)
the called party answered and they conducted their conversation,
after which the subject and called party returned their respective
handsets to the cradles.
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If the call was a test call and the called line was not busy, a test
condition (e.g., a predetermined combination of loss and noise values)
was inserted at the beginning of the call, and the conversation pro-
ceeded. If, during the call, the test condition was unacceptable to the
subject (e.g., the noise was too loud) the subject could dial a digit
(e.g., a five) on his telephone set dial. This signaled sIBYL to remove
the test condition, after which the call completed normally. (This
occurred on only about 1 to 2 percent of all test calls.)

In the more usual case, the subject was either not consciously aware
of the test condition or did not find it unacceptable and completed the
conversation, then returned the handset to the cradle. A short time
thereafter, typically seconds, the subject received ringback—the
telephone set ringer emitted a burst of sound—which alerted the
subject to rate the transmission quality of the call just completed.

3.1 1965 Murray Hill SIBYL test

In 1965, a test to determine subjective reaction to loss and noise
was conducted using the s1BYL facility, which was then located at Bell
Laboratories, Murray Hill, New Jersey. The configuration of a typical
connection incorporating s1BYL is shown on Fig. 8 as discussed earlier.

L TEST SUBJECT DIALS CALL ]

NOT A TEST CALL

TEST CALL

CALL COMPLETES
NORMALLY

=

TEST CONDITION
APPLIED

CALL PROCEEDS
NORMALLY

IF CONDITION
IS UNACCEPTABLE,
SUBJECT DIALS 5

TEST SUBJECT
DOES NOT DIAL 5

|

TEST CONDITION
REMOVED

CALL COMPLETES
NORMALLY

CALL COMPLETES
NORMALLY

SUBJECT GETS
RINGBACK

SUBJECT RATES
CONDITION

. Fig. 9—Procedure for a siBYL call.
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Table V—1965 Murray Hill siByL test of loss and noise:
number of ratings for each test condition

Connection Circuit Noise (dBrnC)
Loudness Loss

dB 21 28 36 44

5 35 12 24 20
10 61 36 34 34
15 33 33 27 28
20 29 43 23 35
25 35 32 29 24
30 12 12 23 11

The 24 combinations of loss and noise values that were tested are
given in Table V together with the number of subjective ratings ob-
tained for each combination. The loss values of Table V represent
acoustic-to-acoustic loudness loss (in dB) of the connections, and are
numerically equivalent to the electrical losses in terms of which results
were published earlier for this test.® Circuit noise levels (in dBrnC)
were originally reported in terms of (7) added noise, and did not include
allowance for noise normally present on the connections, and (¢7) the
average receiving sensitivity of Western Electric 500-type telephone
sets at the Murray Hill location. The noise levels of Table V represent
total noise from all sources and are expressed at the line terminals of a
telephone set with reference receiving sensitivity. The condition with
loudness loss = 5 dB and noise = 21 dBrnC represents average trans-
mission normally experienced by employees on calls within the Murray
Hill location.

The lines connecting employees’ telephone sets to the central office
were all of about the same length. Thus, the loudness loss of the
telephone side tone path,'®:'7 strongly dependent on line length, was
expected to be about the same for all employees. Side tone path loud-
ness loss was measured on a sample of lines and telephone sets, and
found to be about 13 dB. Circuitry was incorporated into s1BYL to
ensure that the side tone path loudness loss would also be about 13 dB
for subjects’ telephone sets when connected to SIBYL.

Room noise was measured at a sample of subject locations using a
sound-level meter with A-weighting.!® The average value was found to
be 45 dB(A) with a range of 2 dB.

Sixty-six employees (subjects) participated in the test. The pre-
determined combinations of loss and noise were randomly introduced
into about 15 percent of all within-location, normal-business calls
placed by the subject group during the 3-month test interval. A subject
had no prior information that any particular call was being placed
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over a test connection. The call procedure summarized in Fig. 9 was
followed for each call. At the end of each test call, a subject judged
overall transmission quality by dialing a 9 for excellent, 8 for good, 7
for fair, and 6 for poor. Connections rejected during the call were
considered to be unsatisfactory.

Test results are given in Table VI for each test condition in terms of
the percent of subjects’ votes in each of the five rating categories. These
results are used in Sections V and VI in deriving the subjective-opinion
models.

3.2 1969 Holmdel 1 SIBYL test

As discussed earlier, a second test to determine subjective reaction
to loss and noise was conducted in 1969. This test utilized the siBYL
facility which was moved to the Holmdel location of Bell Laboratories
in 1966. A major reason for these newer tests was to examine the effect
of asymmetric transmission conditions on subjects’ ratings. However,
the test included 15 symmetric conditions (out of a total of 47 test
conditions) and these are considered in this paper.

Table VI—1965 Murray Hill siBYL test of loss and noise:
test results

Cireuit Connection Percent of Subjects’ Votes in Each Category
Noise Loudness Loss
(dBrnC) (dB) Excel. Good Fair Poor | Unsat.
21 5 60.0 114 14.3 14.3 0
10 63.9 26.2 3.3 6.6 0
15 66.7 21.2 12.1 0 0
20 41.3 27.6 24.1 3.5 3.5
25 34.3 14.3 31.4 8.6 114
30 8.3 25 33.3 16.7 16.7
28 5 50.0 33.3 16.7 0 0
10 66.7 30.5 0 2.8 0
15 54.5 30.3 9.1 6.1 0
20 25.6 30.2 18.6 16.3 9.3
25 25.0 15.6 37.5 12.5 9.4
30 8.3 8.3 33.3 16.8 33.3
36 5 54.2 20.8 16.7 8.3 0
10 64.7 23.6 5.9 2.9 2.9
15 33.3 29.6 22.2 14.9 0
20 21.7 8.7 34.8 21.7 13.1
25 13.8 3.5 17.2 34.5 31.0
30 0 13.0 26.1 34.8 26.1
44 5 15.0 30.0 25.0 20.0 10.0
10 17.6 26.5 11.8 20.6 23.5
15 17.8 25.0 28.6 14.3 14.3
20 8.6 5.7 20.0 40.0 25.7
25 0 4.2 25.0 50.0 20.8
30 0 0 0 36.4 63.6
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Table VII—1969 Holmdel 1 siBYL test of loss and noise:
number of ratings for each test condition

Connection Circuit Noise (dBrnC)
Loudness Loss
(dB) 22 35 40 45
10 335 48 41 38
15 93 — — =
20 65 57 77 77
25 33 34 47 _
30 76 61 — 81

The symmetric combinations of loss and noise values that were
tested are given in Table VII together with the number of subjective
ratings obtained for each condition. The condition with connection
loudness loss = 10 dB and circuit noise = 25 dBrnC was the reference
condition that was repeated frequently during the test.

Side tone path loudness loss was measured on a sample of lines and
telephone sets, and found to average about 12 dB with a range of
+2 dB both for normal connections and siBYL connections. Room
noise, measured at 12 subject locations, averaged about 42 dB(A)
with a range of about +2 dB.

Seventy-eight employees (subjects) participated in this test. Sub-
jects followed the same procedure during the 23 month test interval
as already described for the Murray Hill test. Comparison of the
Holmdel 1 test results of Table VIII with the Murray Hill test results
of Table VI shows that in the former, subjects gave lower ratings
for approximately equivalent combinations of loss and noise than is
the case for the latter. The major differences between the two tests
were (7) the subject groups, (¢¢) the time difference of about 4 years,
and (777) the location. While it is not clear how these differences con-
tributed to differences in results, the comparison suggests that sub-
jects’ expectations were higher in the later Holmdel tests.

3.3 1972 Holmdel 2 SIBYL test

A third test to determine subjective reaction to loss and noise was
conducted in 1972. This test also utilized the siBYL facility at the
Holmdel location of Bell Laboratories.

A major purpose of the test was to determine whether or not the
more critical subjective evaluations found in the Holmdel 1 test would
continue to hold. The test included combinations of crosstalk, loss,
and noise as well as combinations of loss and noise. Only the latter are
considered here because only the results for these conditions are used
in the subjective-opinion model for loss and noise.
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Table VIIl—1969 Holmdel 1 sIBYL test of loss and noise:
test resulis

Circuib Connection Percent of Subjects’ Votes in Each Category
Noise Loudness Loss

(dBrnC) (dB) Excel. Good Fair Poor Unsat,.

22 10 37.9 41.2 13.7 4.5 2.7

15 29.0 40.9 21.5 54 3.2

20 154 26.1 43.1 7.7 7.7

25 3.0 15.1 27.3 27.3 27.3

30 2.6 13.2 34.2 30.3 19.7

35 10 12.5 20.8 39.6 25.0 2.1

20 1.8 10.5 45.6 26.3 15.8

25 0 2.9 20.6 53.0 23.5

30 1.6 3.3 16.4 47.5 31.2

40 10 4.9 34.1 24.4 26.8 9.8

20 0 1.3 14.3 53.2 31.2

25 2.1 0 12.8 51.1 34.0

45 10 0 7.9 21.0 474 23.7

20 1.3 0 22.1 39.0 37.6

30 0 0 1.2 33.3 65.5

The 12 symmetric combinations of loss and noise values tested are
given in Table IX together with the number of subjective ratings
obtained for each combination. These conditions covered about the
same range as for the Holmdel 1 (HO1) siBYL test, except that a
condition of lower connection loudness loss of 5 dB was included in
the Holmdel 2 (HO2) siBYL test to match the range of loss in the
Murray Hill (MH) test.

Room-noise levels and side tone path loudness loss values were
assumed to be identical with those for the HO1L test.

Seventy-four employees (subjects) participated in the test. (None
of these employees had been subjects in the HO1 test.) The subjects
followed the same procedure as has already been described for the MH

Table IX— 1972 Holmdel 2 siBYL test of loss and noise:
number of ratings for each test condition

Connection Circuit Noise (dBrnC)
Loudness Loss
(dB) 25 32 42
5 99 70 53
10 1029 58 97
20 50 64 46
30 62 52 4
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Table X—1972 Holmdel 2 siBYL test of loss and noise:
test results

Cireuit Connection Percent of Subjects’ Votes in Each Category
Noise Loudness Loss
(dBrnC) (dB) Excel. Good Fair Poor Unsat.
25 5 49.5 35.4 13.1 0 2.0
10 47.2 40.6 10.2 1.3 0.7
20 14.0 26.0 40.0 18.0 2.0
30 3.2 3.2 32.3 35.5 25.8
32 5 27.1 35.7 31.4 5.8 0
10 19.0 39.6 32.8 6.9 1.7
20 4.7 6.3 48.3 34.4 6.3
30 1.9 7.7 15.4 51.9 23.1
42 5 11.3 11.3 35.8 34.0 7.6
10 17.5 17.5 33.1 24.7 7.2
20 4.3 10.9 19.6 41.3 23.9
30 0 0 25.0 0 75.0

and HO1 tests, except that the voting procedure was changed. In
the HO2 test, subjects were instructed that at the end of each experi-
mental call, when they received ringback, they should rate the overall
transmission quality of the call by dialing 9 for excellent, 8 for good,
7 for fair, 6 for poor, and 5 for unsatisfactory. In addition, they could
reject an unacceptable connection during a call by dialing 4. In the
latter case, they still received ringback after the call and were asked
to rate the quality according to the 5-point scale. (In the MH and HO1
tests, a 4-point scale was used for post-call rating, and the fifth point,
unsatisfactory, was assumed for dialed-out calls.)

Results of the HO2 test are given in Table X. These results are in
close agreement with those of the HO1 test. Comparison of the test
results for the three loss-noise tests are dealt with further in later
sections covering derivation of the subjective-opinion models.

IV. DESCRIPTION OF TALKER-ECHO SUBJECTIVE TESTS

Talker echo occurs on a telephone connection when a portion of the
primary speech signal is reflected at an impedance mismatch at some
point in the connection, and returned to the talker delayed in time.
The returned signal, talker echo, is defined in terms of echo-path
delay and echo-path loudness loss. The echo-path delay that occurs
because of the finite propagation velocity of the speech signal over
transmission facilities and equipments is the time it takes the speech
signal to traverse the path from the talker’s lips to the point of im-
pedance mismatch, then back to the talker’s ear. Echo-path loudness
loss represents the amount by which the talker’s speech signal is
attenuated when traversing the same path.
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Tour tests were conducted to determine subjective reaction to
talker echo. Three of these tests—identified as the 1966 Laboratory
Echo Test, the 1968 Laboratory Echo Test, and the 1970 Laboratory
Echo Test—were conducted under laboratory conditions where the
experimenter could closely control conditions. The laboratories used
in these tests included rooms that were acoustically designed to muffle
both internal and external noise.!® The fourth test, identified as the
1970 s1BYL Echo Test, was conducted using the siBYL facility.

The 1966 and 1968 Laboratory KEcho Tests and the 1970 sIBYL
Echo Tests were designed to study subjective reaction at short echo
delays (<100 ms) such as might be encountered on long terrestrial
connections. The 1970 Laboratory Echo Test considered the effects of
long delays that might be encountered on connections using one- and
two-hop synchronous-orbit satellite connections.

4.1 1966 Ilaboratory echo test

The test conducted in 1966 to determine subjective reaction to
talker echo utilized the test system shown in block diagram form on
Fig. 10. This system provided (z) a fixed sidetone path with a loudness
loss of about 9 dB, (%) an echo path by means of which the subject
heard his own voice delayed in time and attenuated under control of
the experimenter, and (#77) a transmission path from the test adminis-
trator to the subject that had a loudness loss of 14 dB. (Transmission
from the subject to the test administrator was obtained by means of
an intercom system.) The administrator and subject were located in
separate rooms for which the ambient room noise was about 35 dB(A),
presumably sufficiently low so as to not affect subjects’ ratings.
Circuit noise was held constant at 28 dBrnC.

The subject was first given four practice conditions to illustrate the
range of transmission quality. Then the actual test conditions were
presented. The test incorporated 30 conditions, five different values of

TRANSMITTER

} ECHO PATH EXPERIMENTER'S
IN - T HANDSET
SUBJECT'S SIDETONE | VARIABLE | | VARIABLE |
HANIi')SET PATH | LOSS | LDELAY |

|
|
\J
EXPERIMENTER'S
CIRCUIT
RECEIVER

Fig. 10—Test system for the 1966 and 1968 laboratory echo tests.
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echo-path delay each with six different values of echo-path loudness
loss. These conditions were presented in random order and each
subject evaluated each condition once.

At the beginning of each test session, a subject was seated in the
test room and given general instructions for the test by the adminis-
trator speaking over the system of Fig. 10. The administrator’s talking
level was held constant. For each of the selected test conditions, the
administrator spoke phonetically balanced sentences with the subject
-repeating each sentence immediately afterward. This continued until
the subject arrived at a rating (excellent, good, fair, poor, un-
satisfactory) for the test condition. Then the next condition was
administered.

The test conditions and the results obtained for the 29-member
subject group are given in Table XI. These results show that for any
given echo-path delay, the transmission quality improves with in-
creasing echo-path loudness loss. Also, the data indicate that for any
given echo-path loudness loss, the transmission quality is degraded
with increasing echo-path delay.

4.2 1968 laboratory echo test

This test, conducted in 1968, was designed on the basis of results
obtained in the 1966 Laboratory Echo Test. The test system was the
same as discussed in the preceding section.

Side tone path loudness loss was constant at 12 dB. Ambient room
noise was about 35 dB(A).

The test incorporated 93 conditions. Three of these were base con-
ditions at three different circuit-noise levels. The remaining 90 condi-
tions represented various combinations of circuit-noise level, echo-path
delay, and echo-path loudness loss. These conditions were arranged in
random order and presented to each test subject in two sessions to
avoid subject fatigue.

The procedure for each subject followed that discussed in Section
4.2 except that only three practice conditions were used.

The test conditions and the results obtained for the 30-member
subject group are given in Table XII. These test results are reported
in part 1 of Annex 4 to Question 6/XII in Ref. 19.

4.3 1970 laboratory echo test

Tests to determine subjective reaction to echo on circuits with echo-
path delays of 0 ms, 65 ms, 600 ms, and 1200 ms were conducted in
1970. The tests consisted of a total of 25 conditions, many of which
included echo suppressors. One condition at 0 ms, five conditions at
600 ms, and four conditions at 1200 ms did not employ echo sup-

1340 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1976



Table XI—1966 laboratory echo-test results

Echo Path Percent of Subjects’ Votes in Each Category
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pressors. Results for these conditions were used in deriving the echo
model.

The test system, shown on Fig. 11, provided for two-way conversa-
tion between pairs of subjects. The two ends of the test system were
located in separate, acoustically treated rooms for which the ambient
room noise was about 38 dB(A). Each subject was able to hear his
own voice by means of () a side tone path with loudness loss of 12 dB
and (¢7) an echo path.

One hundred pairs of subjects participated in the tests; 50 of these
evaluated the 600-ms delay case, the other 50 evaluated the 1200-ms
delay case. The two members of a pair (they were acquainted) were
located in the two separate test rooms. Prior to a test session, they
were instructed that they should discuss a subject of mutual interest
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1968 laboratory echo-test results
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Table XIl— Continued

Loudness
Loss
(dB)

34
39
44
49
100
1
1
2
2
1
1
2
2
3

Echo Path

Delay
(ms)

1.5

36.0
56.0
72.0
90.0
20.0
56.0
90.0

Circuit
Noise
(dBrnC)

28.0
38.0
38.0
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over the system and told that each test condition would require about
4 minutes of conversation, at the end of which they should separately
rate the condition on the 5-point scale: excellent, good, fair, poor, and
bad. (These categories were further subdivided into undesignated
thirds, resulting in a 15-point scale.)

The test conditions and results are given in Table XIIT and are also
reported in Part ITI of Annex 5 to Question 6/XII in Ref. 19. As with
tests discussed earlier, these results show that (z) at a given echo-path

TRANSMITTER
Fig. 11—Test system for the 1970 laboratory echo test.

H

Table XIII—1970 laboratory echo-test results—Approximately

100 ratings (subjects) per condition

Connection loudness loss =18 dB

Side tone-path loudness loss =12 dB
Circuit noise =33 dBrnC

Echo Path Percent of Subjects’ Votes in Each Category
Doy | LondvemyLoss Good | Fair | Poor | Unsat.
— 33.0 9.0 49.0 34.0 8.0 0.0
600 33.0 1.0 1.0 2.0 17.6 78.4

43.0 2.0 10.8 19.6 39.2 28.4
53.0 3.9 36.3 44.1 11.8 3.9
63.0 6.9 47.1 28.4 16.6 1.0
73.0 6.0 44.0 42.0 6.0 2.0
1200 43.0 1.0 5.0 19.0 38.0 37.0
53.0 6.0 29.0 40.0 19.0 6.0
63.0 4.0 45.0 36.0 14.0 1.0
73.0 7.0 39.0 39.0 13.0 20
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delay, transmission quality improves with increasing echo-path loud-
ness loss, and (47) at a given echo-path loudness loss, transmission
quality is degraded with increasing echo-path delay.

4.4 1970 SIBYL echo test

An echo test was conducted in early 1970 using s1BYL. The purpose
of the test was to enable comparison of results obtained from subjects
conversing on actual telephone calls to results obtained under labora-
tory conditions. The results of tests reported in Section 4.2 were used
to guide selection of the conditions for the 1970 siBYL echo test.

Forty-five subjects participated in these tests. Procedures followed
by the subjects were the same as those for the loss-noise tests reported
in Section 3.3.

Test variables were echo-path delay (three values) and echo-path
loudness loss (five values for each delay). In addition, a condition
without echo was included as a reference.

Connection loudness loss was 10 dB, the base condition for the
Holmdel siByL tests reported in Sections 3.2 and 3.3. Circuit noise
was 30 dBrnC. Side tone path loudness loss was about 12 dB and
average room noise was estimated to be about 42 dB(A).

The test conditions and results are given in Table XIV. As with
results of echo tests discussed in preceding sections, these results show
that transmission quality is strongly dependent on echo-path delay
and echo-path loudness loss.

V. ANALYSIS OF INDIVIDUAL TEST DATA

The raw test results from any individual test provide subjective-
opinion information expressible in the form of percent of ratings in
each of the five rating categories for each test condition. The utilization
of these raw test results in this form for transmission planning is
difficult because it is usually necessary to have ratings available for
transmission parameter values not specifically included in the tests.
Thus, some form of data analysis is frequently applied to obtain
graphical or analytical representations of the data that are more
convenient for use in transmission planning studies. This can involve
simple curve fitting to the raw test data®® or more elaborate models of
subject ratings using binomial or other distributions.?

For example, Lewinski in Ref. 5 provides separate “smooth” fits
for the percentage of responses in the categories excellent, good or
better, fair or better, and poor or better as a function of circuit noise.
Similarly Sen in Ref. 6 provides mathematical expressions and contours
for the percent good or better and percent poor or worse as a function
of connection loss and noise. A different approach is suggested by
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Table XIV—1970 sIBYL echo test

Connection loudness loss =10 dB
Circuit Noise =30 dBrnC

Echo Path Percent of Subjects’ Votes in Each Category
Nun;ber
Loudness ol
Delay Loss Ratings | gxcel. | Good Fair Poor | Unsat.
(ms) (dB)
—_ LS 183 32.2 36.6 24.6 5.5 1.1
10.0 5.8 51 0 15.7 29.4 47.1 7.8
10.8 23 0 8.7 30.4 47.8 13.1
15.8 38 15.8 21.0 39.5 21.0 2.7
20.8 45 8.9 53.3 20.0 13.3 4.5
25.8 41 19.5 51.2 29.3 0 0
36.0 144 38 0 2.6 18.4 50.0 29.0
19.4 37 2.7 0 29.7 37.9 29.7
244 51 11.8 35.3 23.5 23.5 5.9
29.4 31 6.4 35.6 25.8 25.8 6.4
344 46 19.6 36.9 28.3 13.0 2.2
72.0 22.4 35 0 2.9 2.9 65.7 28.5
27.4 20 10.0 0 15.0 60.0 15.0
324 34 5.9 8.8 29.4 38.2 17.7
37.4 33 12.1 24.2 30.4 24.2 9.1
424 46 13.1 47.8 30.4 6.5 2.2

Prosser, Allnatt, and Lewis in Ref. 20 where they point out that five
separate mathematical functions can be specified, one for each grade
on the rating scale, but advocate the desirability of a more convenient
and compact representation by means of a single mathematical model
that embraces all five functions. They examined various models based
on the binomial distributions as well as logistic and gaussian curves.
They adopted the second-order binomial as the simplest adequate
model to describe the opinion distribution found in their experiment.

We also recognized the advantages of a single mathematical model
to represent the distribution of opinion in the five rating categories.
The normal density curve was selected as a basis for the model
described in the following sections because it provided somewhat
greater flexibility in accommodating a variety of standard deviations.
Because of the availability of digital computers for the data analysis,
the additional computational complexity associated with the normal
distribution was not judged to be a problem.

5.1 Analysis method

The subjective-test results for each test condition of connection
loudness loss, L., and circuit noise, N, form a vote histogram containing

1346 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1976



the proportion, P;, of ratings for each of the rating categories, 7 = 1,
2, 3, 4, 5. Rating category 1 represents the unsatisfactory category, 2
represents poor, 3 represents fair, 4 represents good, and 5 represents
excellent.

The P/’s for each test condition sum to unity.

The values of P; for each test condition were used to calculate the
mean opinion score (Mos) and sample standard deviation (sigmos) as
in egs. (4) and (5), respectively.

MOS = i 1P; 4)
=1
5 3
SIGMOS = [ > 2P — (Mos)2] . (5)
=1

The vote histogram was represented by a normal density curve with
mean, g, and standard deviation, ¢. The area under this curve was
divided into five regions, each with area P,. The areas were defined as
follows: from minus infinity to 1.5 as Py, from 1.5 to 2.5 as P,, from
2.5 to 3.5 as Ps, from 3.5 to 4.5 as Ps, and from 4.5 to infinity as P;;
the P/s sum to unity. This quantization of the area under the normal
curve into five discrete regions was the basis for using the normal curve
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Fig. 12—MH loss-noise test data percentages as a function of the Step 3 normal-
density means compared with percentages predicted using the MH standard devia-
tion, 1.44.
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Fig. 13—HOI1 loss-noise test data percentages as a function of the Step 3 normal-
density means compared with percentages predicted using the HO1 standard devia-
tion, 1.02.

to represent this type of data. These P/s were used to compute the
pseudo mean opinion scores (M0sg) and sample standard deviations
(s16MO0sq) in terms of the mean, g, and standard deviation, o, of the
normal curve as given in eqs. (6) and (7), respectively.

MOSg = ij ;= [\/_ /—u+o 5—#)/aexp(_ t-;) dt]- ©)

SIGMOSq = [ }é‘, 2P; — (M0sq)? ]1
-

2]_|_1 (740.5=w) o _~t_2) ]
o /_w exp( 5 dt

~ (mos@z} NG

Step 1 in the four-step analysis was to find a normal density curve
for each test condition such that Mos = mMo0sp and SIGMOS = SIGMOSg.
These two constraints were used in an iterative computer procedure
to determine the values of the mean, u, and standard deviation, o, of
the normal density curve used to represent the data for each test
condition.
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Three other criteria were considered in the determination of a
normal density curve during the development of this analysis pro-
cedure. One criterion was to determine g and o such that the propor-
tions good or better (P, -+ P;) and poor or worse (P; + P3) were the
same for the data and the normal curve. Another was to determine g
and ¢ to minimize the sum of the squares of the differences between
Pla,ndpl,Pl+P2andP1+P2,P1+P2+P3andP1+P2—I—Ps,
and finally P; + Py + P; + Py and Py + P: + P; + P,. The third
criterion was to determine p and ¢ to minimize the sum of the square
of the differences P; — P;, 7 = 1,2, - - -, 5. The selection of M0OS = MO0sg
and sSIGMOS = SIGMOSg was chosen as the general criterion of fit, since
the other criteria were found to be more sensitive to the experimental
variability inherent in subjective data of this type, particularly when
the number of subjects used is small (less than about 100). This
selection was made after applying the several analysis criteria to several
hundred sets of test data generated by Monte Carlo simulation.

After all the test conditions were represented by a normal density
curve with mean, g, and standard deviation, ¢, an average of the stan-
dard deviations for all of the test conditions was computed in Step 2.
In determining this average, the individual ¢’s were weighted in
accordance with the number of votes per condition and by the weight-
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Fig. 14—HO2 loss-noise test percentage as a function of the Step 3 normal-density
means compared with percentages predicted using HO2 standard deviation, 0.998.
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Fig. 15—1968 laboratory echo data percentages (noise=18 dBrnC) as a function
of the Step 3 normal-density means compared with percentages predicted using the
echo standard deviation, 0.888.

ing given in eq. (8). This latter weighting was based on the analyses
of the Monte Carlo data mentioned previously by examining the
variations in the standard deviations as a function of the fit mean, u.

1 2

u— 3)°

Weighting = (
14+ — —

8

The weighted average standard deviation, o,, was then used in
Step 3 as the standard deviation for all of the normal density curves.
Using 0,4, 8 new mean, u,, was computed for each test condition subject
to the constraint, Mos = mosg. The end result was a family of normal
density curves, all with the same standard deviation and with means
as determined above.

Figures 12 to 19 illustrate the results from the first three steps in
the procedure for several of the tests described in this paper. In these
figures the cumulative percent of ratings in four categories—unsatis-
factory, unsatisfactory plus poor, unsatisfactory plus poor plus fair,
unsatisfactory plus poor plus fair plus good—are plotted against the
fit mean, ., determined in Step 3. The solid curves are plotted using
the weighted average standard deviation, o,, from Step 2. Also shown
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are the raw data plotted against the respective fit mean, y,, for each
condition. These figures show that the normal density curves defined
by the values, p,, and an average standard deviation, o, provide
a convenient and simple representation of the raw data for any
single test.

In Step 4, the means of all the normal curves are fitted by a suitable
analytical function of the test parameters using a least-squares-fit
technique.

In summary, the steps involved in the analysis procedure can be
described as follows:

Step 1. A normal density curve is used to represent the vote histo-
gram for each test condition such that mos = mose and
SIGMOS = SIGMOSq.

Step 2. The standard deviations of the normal curves of Step 1 for
all test conditions under consideration are weighted and
averaged to obtain a single value for the standard devi-
ation, o,.

Step 3. The single value of standard deviation from Step 2 is used
for each test condition as the standard deviation of the
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Fig. 16—1968 laboratory echo data percentages (noise=28 dBrnC) as a function
of the Step 3 normal-density means compared with percentages predicted using the
echo standard deviation, 0.888.
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Fig. 17—1968 laboratory echo data percentages (noise=38 dBrnC) as a function
of the Step 3 normal-density means compared with percentages predicted using the
echo standard deviation, 0.888.
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Fig. 18—s1BYL echo data percentages as a function of the Step 3 normal-density
means compared with percentages predicted using the echo standard deviation, 0.888.
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Fig. 19—1970 laboratory echo data percentages as a function of the Step 3 normal-
density means compared with percentages predicted using the echo standard devia-
tion, 0.888.

corresponding normal curve, and the mean of the normal
curve, g, is adjusted such that Mos = Mosg.

Step 4. The means of all normal curves of Step 3 are fitted, on a

least-squares-error basis, to an appropriate function of the
test parameters.

The results at each step of this analysis are summarized in Table
XYV for HO2 loss/noise data.

In this table, the results presented for Step 4 are based on the
analytical function [eq. (11) in the next section] fitted in Step 4.
Comparison of the entries for Step 4 with the entries for the previous
steps illustrate the extent to which this analytical function provides
a good fit to the test results. For this test, all of the fit means in Step 4
are within approximately 0.2 of the fit means in Step 3. The individual
differences have a mean of 0.035 and a standard deviation of 0.13.
This agreement is considered reasonable in view of the average stan-
dard deviation of 0.998 and about 50 to 70 ratings per condition. Some-
what larger differences were obtained in the MH and HO1 tests where
the number of ratings per test condition was smaller.

5.2 Loss-noise analysis

The results obtained by applying the analysis method to the data
from the three loss/noise tests are given in egs. (9), (10), and (11),

TELEPHONE CONNECTION QUALITY 1353



Table

XV —Summary of results for HO2 loss-noise test
at each step in the analysis procedure

Percentage of Votes

Mean

Step in the ey Standard Fit Fit
Fit Process OSI():';:O,F Deviation* [ Mean | Sigma
Excel. | Good | Fair | Poor | Unsat
Test Condition 1, Loss = 5dB, Noise = 25 dBrnC
Raw Data 49.49 | 35.35 | 13.13 0.00 2.02 4.303 0.846 — —
Step 1 51.54 | 30.94 | 14.15 3.05 0.32 4.303 0.846 4.543 1.117
Step 2 51.71 | 33.48 | 12.77 1.92 0.11 4.348 0.782 4.543 0.998
Step 3 49.16 | 34.51 | 13.96 2.23 0.14 4.303 0.801 4.479 | 0.998
Step 4 50.00 | 34.18 | 13.56 2,12 0.13 4.318 0.795 4.500 | 0.998
Test Condition 2, Loss = 10 dB, Noise = 25 dBrnC
Raw Data 47.23 | 40.62 | 10.20 1.26 0.68 4.325 0.762 —_ —
Step 1 48.79 | 36.59 | 12.98 1.57 0.06 4.325 0.762 4.472 | 0.923
Step 2 48.88 | 34.61 | 14.10 2.26 0.15 4,298 0.803 4.472 | 0.998
Step 3 50.40 | 34.02 | 13.38 2.07 0.13 4.325 0.792 4.510 | 0.998
Step 4 50.00 | 34.18 | 13.56 2.12 0.13 4.318 0.795 4.500 | 0.998
Test Condition 3, Loss = 20 dB, Noise = 25 dBrnC
Raw Data 14.00 i 26.00 | 40.00 | 18.00 2.00 3.320 0.989 — —
Step 1 11.81 | 31.46 | 36.85 | 16.75 3.14 3.320 0.989 3.333 | 0.985
Step 2 12.11 | 31.24 | 36.45 | 16.88 3.31 3.320 0.998 3.333 | 0.998
Step 3 12.11 | 31.24 | 36.45 | 16.88 3.31 3.320 0.998 3.333 | 0.998
Step 4 12.26 | 31.38 | 36.37 | 16.73 3.26 3.32% 0.998 3.340 | 0.998
Test Condition 4, Loss = 30 dB, Noise = 25 dBrnC
Raw Data 3.23 3.23 | 32.26 | 35.48 | 25.81 2.226 0.974 —_ —_
Step 1 1.26 878 | 27.39 | 36.40 26.16 2.226 0.974 2.166 1.043
Step 2 0.97 8.10 | 27.83 | 37.88 25.23 2.217 0.946 2.166 | 0.998
Step 3 0.99 8.24 | 28.04 | 37.82 24.91 2.226 0.947 2.176 | 0.998
Step 4 1.03 8.43 | 28.34 | 37.73 24.47 2.238 0.949 2.190 | 0.998
Test condition 5, Loss = 5 dB, Noise = 32 dBrnC
Raw Data | 27.14 | 3571 | 31.43 | 571 [ 0.00 | 83.843 0.889 — —
Step 1 25.24 | 40.95 | 27.16 6.17 0.48 3.843 0.889 3.885 | 0.922
Step 2 26.89 | 38.13 | 26.72 7.42 0.84 3.828 0.938 3.885 | 0.998
Step 3 27.45 | 38.19 | 26.35 7.20 0.80 3.843 0.935 3.902 | 0.998
Step 4 25.42 | 37.91 | 27.70 8.02 0.95 3.788 0.945 3.840 | 0.998
Test condition 6, Loss = 10 dB, Noise = 32 dBrnC
Raw Data | 18.97 | 39.66 | 32.76 | 6.90 | 1.72 | 3.672 0.917 — —
Step 1 19.46 | 39.06 | 31.65 8.93 0.89 3.672 0.917 3.700 | 0.929
Step 2 21.14 | 36.80 | 30.60 | 10.09 1.37 3.662 0.965 3.700 | 0.998
Step 3 21.46 | 36.91 | 30.38 9.91 1.34 3.672 0.963 3.711 | 0.998
Step 4 27.72 | 38.22 | 26.17 7.10 0.79 3.850 0.933 3.910 | 0.998
Test condition 7, Loss = 20 dB, Noise = 32 dBrnC
Raw Data | 4.60 | 6.25 | 4844 | 3438 | 6.25 | 2688 0.864 — -
Step 1 1.40 | 14.76 | 42.65 | 33.60 7.59 2.688 0.864 2.684 | 0.826
Step 2 3.44 | 17.24 | 36.64 | 30.91 11.77 2.697 0.999 2.684 | 0.998
Step 3 3.37 | 17.03 | 36.53 | 31.11 11.97 2.687 0.999 2.674 | 0.998
Step 4 5.44 | 21.94 | 38.19 | 26.39 8.03 2.904 1.007 2.900 | 0.998
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Table XV — Continued

Percentage of Votes M
Step in the 0 ii%gn Standard Fit Fit
Fit Process S% orex | Deviation* | Mean | Sigma
Excel. | Good | Fair | Poor | Unsat.
Test condition 8, Loss = 30 dB, Noise = 32 dBrnC
Raw Data 1.92 7.69 | 15.38 | 51.92 23.08 2.135 0.920 — —
Step 1 0.67 6.66 | 25.95 | 38.87 27.85 2,135 0.920 2.076 | 0.981
Step 2 0.76 6.92 | 25.87 | 38.26 28.19 2.138 0.931 2.076 | 0.998
Step 3 0.75 6.87 | 25.78 | 38.27 28.33 2.135 0.930 2,072 | 0.998
Step 4 0.45 4.89 | 21.72 | 38.15 34.80 1.980 0.895 1.890 0.998
Test condition 9, Loss = 5 dB, Noise = 42 dBrnC
Raw Data 11.32 | 11.32 | 35.85 | 33.96 7.55 2.849 1.088 — —
Step 1 6.83 | 20.85 | 34.25 | 26.55 11.51 2.849 1.088 2.839 | 1.116
Step 2 4.80 | 20.59 | 37.91 | 27.72 8.98 2.845 1.005 2.839 | 0.998
Step 3 4.84 | 20.67 | 37.93 | 27.63 8.92 2.849 1.005 2,843 | 0.998
Step 4 5.23 | 21.50 | 38.11 | 26.83 8.34 2.884 1.006 2.880 | 0.998
Test condition 10, Loss = 10 dB, Noise = 42 dBrnC
Raw Data 17.563 | 17.63 | 32.99 | 24.74 7.22 3.134 1.181 — —
Step 1 14.29 | 24.81 | 30.53 | 20.76 9.60 3.134 1.181 3.150 | 1.265
Step 2 8.81 | 27.48 | 37.97 | 20.83 4.91 3.144 1.005 3.150 | 0.998
Step 3 8.63 | 27.24 | 38.02 | 21.07 5.03 3.134 1.006 3.139 { 0.998
Step 4 7.45 | 25.51 | 38.30 | 22.83 5.90 3.058 1.007 3.060 | 0.998
Test condition 11, Loss = 20 dB, Noise = 42 dBrnC
Raw Data 4.35 | 10.87 | 19.57 | 41.30 23.91 2.304 1.081 — —
Step 1 292 | 11.45 | 26.35 | 31.67 27.61 2.304 1.081 2.217 | 1.206
Step 2 1.11 8.82 | 28.91 | 37.54 23.62 2.262 0.953 2.217 | 0.998
Step 3 1.25 9.51 | 29.86 | 37.16 22.23 2.304 0.960 2,263 | 0.998
Step 4 1.24 9.46 | 29.79 | 37.18 22.32 2.301 0.959 2.260 | 0.998
Test condition 12, Loss = 30 dB, Noise = 42 dBrnC
Raw Data 0.00 0.00 | 25.00 0.00 75.00 1.500 0.866 — —
Step 1 0.98 3.30 9.20 | 17.76 68.75 1.500 0.866 0.705 1.626
Step 2 0.01 0.25 3.35 | 17.68 78.71 1.252 0.521 0.705 | 0.998
Step 3 0.05 1.06 8.84 | 28.93 61.12 1.500 0.705 1.218 | 0.998
Step 4 0.12 1.98 | 13.00 | 33.70 51.20 1.661 0.786 1.470 | 0.998

* Mean opinion score and standard deviation are calculated from the percentage of votes given in
each table for the corresponding step in the fit process.

respectively, for the MH, HO1, and HO2 tests.

MKMH

qQ
lI

11.54 — 0.1099|L, — 11.7| — 0.168N; — 0.001059L.N,
1.44,

wro1 = 7 — 0.1365|L, — 10.31| — 0.1219N, + 0.001577L.N,
o = 1.02,

pro2 = 7.17 — 0.1681|L, — 6.7 — 0.1058N; + 0.002106L.Ns
o = 0.998,
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where

L, = Acoustic-to-acoustic loudness loss (in dB) of an overall tele-
phone connection, determined using the Eleetro-Acoustic
Rating System (£Ars) method.

N = Circuit noise (in dBrnC) at the input to a set with a receive-

loudness rating of 26 dB, determined using the EARs method.

Total noise in dBrnC resulting from power addition of the

circuit noise, N, from the MH tests with 34.03 dBrnC.

N, = Total noise in dBrnC resulting from power addition of the
circuit noise, N, from the HO1 tests with 23.76 dBrnC.

N3 = Noise, N from the HO2 tests.

N,y

The values 34.03 and 23.76 were determined as fit parameters. The
particular functional form was selected to provide as simple a model
as possible of the systematic effects observed in the data.

The results represented by eqgs. (9), (10), and (11) revealed two
important differences between the MH and HO tests. First, the
standard deviation, ¢, was considerably larger for the MH tests than
for either HO1 or HO2. Second, the subjective opinions, as represented
by the means, u, calculated from eqs. (9), (10), and (11) were con-
siderably higher in the MH test compared with the HO tests. These
differences occurred despite the similarities of the tests. A careful
examination of either the raw data or the smooth results clearly shows
that the subjects’ ratings tended to be more critical in the two HO
tests compared with the subjects in the MH test.

A clearer picture of the differences is obtained by selecting a set of
loss (L) and circuit noise (N) values over a common range of the
tests for MH, HO1, and HO2 and computing the corresponding values
of the means (u) for the three tests from eqs. (9), (10), and (11). If
plots are made of the MH means versus both the HO1l and HO2
means and the appropriate linear regression made for both plots, then
egs. (12) and (13), respectively, represent the regression line between
the MH and HO1 means and the MH and HO2 means. Such a plot
is shown in Fig. 20 for MH and HOL1.

MMH = 1.372“}101 —_ 0206. (12)
pvu = 1.288unos — 0.215. (13)

The Pearson product moment coeflicient of correlation was found to
be 0.9586 and 0.9693 for MH with HO1 and HO2, respectively. Eqs.
(12) and (13) clearly show the difference between the means for the
MH and the two HO tests. These equations also show the close
agreement between the two Holmdel tests.
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Fig. 20—Comparison of 1965 Murray Hill and 1969 Holmdel 1 loss-noise results.

Equations (12) and (13) are used to adjust for the difference be-
tween the HO results and the MH results in Section VI of this paper.

5.3 Echo analysis

The four echo subjective tests yielded data on the subjective effects
of echo-path loudness loss, E, in dB and echo-path delay, D, in ms.
Circuit noise, N, was not the same for all four tests, and needed to be
considered as a test variable. Loudness loss, L., was a factor in only
two of these tests (the other two were listening only tests) and, as a
first approximation, it was decided to ignore L, and concentrate on E,
D, and N in the analysis.

Preliminary analyses of the individual test data indicated that there
were only relatively small differences in the absolute ratings among the
1968-1970 tests. Thus, it was feasible to combine these data and use
the analysis method described previously. The resulting equation
relating the normal density means to the test variables, as realized
at Step 4 in the analysis, was a function of E, D, and N, where N for
this preliminary analysis was the actual noise at the telephone set
terminals. The effect of noise was asymptotic. That is, the fit mean, g,
was determined largely by the values of £ and D when echo was the
predominant impairment, while, for any value of D, increasing the
value of E gradually led to the mean being solely determined by the
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value of N. This asymptotic effect of the noise made it relatively simple
to separate the effects of noise and echo in the function depicting the
mean as a function of the test variables. The resulting functions are
given in eq. (14).

pp = 4.74 — 3.32 logie [(1 + D)/V1 + (D/480)2] + 0.1414E
py = 6.38 — 0.094N

i EE_‘QU‘_M - \/(“L%ﬂy + (0.627)? (14)
o = 0.888.

Although these functions were a useful interim result, subsequent
analysis described in the later sections of this paper indicated that
when the effects of both loss and noise were included and the noise was
referred to the input of a reference set, further modifications were
necessary. These functions are included here because they provided a
basis for the subsequent modifications.

VI. COMBINATION OF MODELS

The results of the three loss-noise tests as given by eqs. (9), (10),
and (11) showed fundamental differences among the tests. Despite
the similarity of the tests and the general character of the results,
both the raw data and the smoothed results showed that the subjects’
ratings in the two HO tests tended to be more critical in their evalu-
ations than they were in the MH tests. This could have occurred
because of one or more differences in the tests, such as room noise, .
sidetone path loss, year of test, or some fundamental difference in the
attitude of the subject groups. The frequent repetition of high-quality
conditions in the Holmdel tests may also have been a factor.

The exact reasons for the differences in the test results could not
be determined. Because of these differences, direct pooling of results
from the three tests did not appear to be justifiable. However, the
test results were combined by adjusting the HO1 and HO2 resuits to
a MH base using the linear transformation obtained from the linear
regressions introduced previously in eqs. (12) and (13). In this way,
the systematic differences among the test results were preserved, while
achieving the advantages of a larger data base. The transformed means
were then included with the MH means, and a new equation was
obtained by applying Step 4 to this combined set of means. Table XV1
shows the fit means at Step 3 for the MH, HO1, and HO2 test results
and the adjusted fit means for the HO1 and the HO2 test results. Thus,
the final fit was based on a total of 51 conditions. The final result
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Table XVI—Data for combined fit—Step 3

Murray Hill Holmdel 1 Holmdel 2
Connection —_— : Connection - . Adjusted | Connection P : Adjusted
Loudness ({\lfc-mt IVF 1t Loudness Cli\lrrc_ult I\IF 16 it Loudness Circuit IV.F 1 Fit
Loss oise can Loss 01s€ can Mean Loss Noise can Mean
(dB) (dBrnC) (1a) (dB) (dBrnC) (k) (ud) (dB) (dBrnC) (#a) (ud)
5 21 4.53 — — — — 5 25 4.48 5.56
10 21 5.08 10 22 4.18 5.53 10 25 4.51 5.59
15 21 5.23 15 22 3.94 5.20 — — — —
20 21 4.27 20 22 3.35 4.39 20 25 3.33 4.07
25 21 3.62 25 22 2.36 3.03 — — — —
30 21 2.90 30 22 2.46 3.17 30 25 2.18 2.59
5 28 4.80 5 32 3.90 4.81
10 28 5.39 10 32 3.71 4.56
15 28 4.80 — —_ —_ —
20 28 3.56 20 32 2.67 3.22
25 28 3.41 — — —_— —
30 28 2.29 30 32 2.07 2.45
5 36 4.59 — — — —
10 36 5.01 10 35 3.17 4.14
15 36 4.01 — — — —
20 36 3.05 20 35 2.54 3.28
25 36 2.20 25 35 1.94 2.46
30 36 2.09 30 35 1.86 2.35
10 40 2.97 3.87
20 40 1.73 2.17
25 40 1.72 2.15
5 44 3.24 — — — — 5 42 2.84 3.44
10 44 2.93 10 45 2.06 2.62 10 42 3.14 3.83
15 44 3.21 —_ — — — — — — —
20 44 2.16 20 45 1.76 2.21 20 42 2.26 2.70
25 44 1.91 — — — — —_ — — —
30 44 0.54 30 45 0.93 1.07 30 42 1.22 1.36




is eq. (15).

pmE = 10.36 — 0.185V(L, — 7.2)2 + 1 — 0.1647N »
+ 0.00167LzNp, (15)

where

Np = Power addition of noise with 27.37 dBrnC.

6.1 General rating scale

Equation (15) above is calculated in terms of the MH base. This
equation together with eqs. (12) and (13) can be used to express the
representation of the subjective ratings in terms of any one of the
other test bases, HO1 or HO2. Each test base has a standard deviation
associated with it that can then be used in conjunction with the
computed means to calculate predicted vote histograms from the
normal density curves. However, if this is done, the fit means and vote
histograms will be different for each test in accordance with the
difference in absolute ratings obtained for each test. To eliminate the
need for three separate equations, one for each test, a general trans-
mission-rating scale was established.

This transmission rating scale, referred to as the R-scale, is simply
a linear transformation of the normal density means, defined by eq.
(15), with the constraints that two preselected transmission conditions
are to be the anchor conditions for the transformation. R-scale values
of 80 and 40, respectively, were selected for the transmission conditions
L, =15, N = 25, and L, = 30, N = 40. These two transmission con-
ditions were selected to be well separated in quality. The first pair is
typical of a short intertoll connection and the latter represents an
extreme condition of loss and noise that should rarely occur even on
long intertoll connections between long loops.

Using the above transmission conditions as anchors, R-scale values
can be specified in terms of u for each test through the linear trans-
formation B = a + bu, with ¢ and b determined from the anchor
constraints.

6.2 Loss-noise model

From eq. (15), the transmission condition Ly = 15, N = 25 yields
pvu = 4.806 and L, = 30, N = 40 yields umu = 1.528. Using these
values of u, respectively, with R-scale values of 80 and 40 determines
the transformation to the R-scale from the u scale as given in eq. (16).

R = 21.37 + 12.20pMm=n. (16)
Substituting eq. (15) for umm into eq. (16) gives eq. (17), which is
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Fig. 21—MH loss-noise test, Step 3 means from data as a function of loudness loss
and noise compared with means predicted from the loss-noise model at the MH base.

the R-scale representation of the subjective opinion for loss and noise.

Ry = 147.76 — 2.257v (L, — 7.2)? + 1 — 2.009N» + 0.02037L.N 7.
(17)

Equation (17) is plotted in Fig. 1 as transmission rating versus L, for
a selected set of values of N. These curves represent the predicted
transmission rating, in terms of the R-scale, for selected values of
L.and N.

The R-scale result of eq. (17) can also be used in conjunction with
the appropriate standard deviations associated with eqs. (9), (10),
and (11) and the appropriate inverse linear regression lines of egs.
(12) and (13) to calculate percent good or better, poor or worse, or
other characteristics at the chosen test base.

For the p-scale, the proportion of ratings good or better is the
integral of the standard normal density curve from (3.5 — u)/o to
infinity. In the R-scale, this corresponds to the integral of the standard
normal density curve from minus infinity to [R — (a -+ 3.5b)]/0b.
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Similar computations can be made for proportion poor or worse, or
for proportions of ratings in any of the five categories. The appropriate
limits of integration to compute the proportion of ratings good or
better and poor or worse are given in Table II for the three loss-noise
test bases (MH, HO1, HO2).

The above discussion concerning the relationships between the
proportions good or better and poor or worse and the R-scale lead to
the plots of Fig. 4 which show these relationships for the three
test bases.

Finally, the results summarized in Table II were also used to
generate curves showing the tradeoff between L, and N for selected
values of percent good or better and percent poor or worse as shown
in Figs. 6 and 7, respectively. As noted on the figures, these results
correspond to the MH data base.

In Figs. 21 to 23, the third-step fit means for the individual tests
are plotted as a function of loudness loss with circuit noise as a param-
eter. The solid lines in the figure correspond to the values of trans-
mission rating in the final model transformed by the appropriate
relation between p and R for each test. These figures show a generally
good fit to the individual test results for each of the tests.

THIRD-STEP-FIT MEAN, K

DATA
¥V 22dBrnC NOISE
O 35dBrnC NOISE
O 40dBrnC NOISE
A 45 dBrnC NOISE

0 | | ] | |
0 5 10 15 20 25 30

CONNECTION LOUDNESS LOSS IN dB

Fig. 22—HO1 loss-noise test, Step 3 means from data as a function of loudness loss
and noise compared with means predicted from the loss-noise model at the HO1 base.
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Fig. 23—HO2 loss-noise test, Step 3 means from data as a function of loudness loss
and noise compared with means predicted from the loss-noise model at the HO2 base.

6.3 Talker-echo model

The R-scale was introduced previously in terms of L, and N. Thus,
it was necessary to use the conversational echo test results which
included both loss and noise as parameters to establish an expression
for the echo results on the R-scale. The 1970 s1BYL test was used as a
basis for this conversion. As indicated in Table XIV, this test included
a base condition with L, = 10 dB and N = 30 dBrnC for which the
fit mean, u, was 4.01. The R-scale value corresponding to this combi-
nation of loss and noise is 83.47. Similarly, the results for the noise
condition in the 1968 lab tests were taken into account but given less
weight because they were obtained in a less realistic test environment.
A further aid in deriving this conversion was the HO1 siByL test for
loss and noise which preceded the 1970 siBYL echo test and was
conducted in the same manner with the same subjects. The final
conversion is given in eq. (18) below.

R = 18.7 + 16.1uz:. (18)

This relationship is almost identical to that of the HO1l siBYL tests
at low values of u. However, a slight correction was included for higher
values of u to take account of the base condition in the 1970 siBYL
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echo test. For the HO1 test the value of u corresponding to the base
condition (R = 83.47) was 3.86. The relationship in eq. (18) gives a
value of 4.02 and provides good agreement with the actual value of u
which was 4.01 in the 1970 s1BYL echo tests.

Substituting eq. (14) for uz; into eq. (18) yields eq. (19) which is
the transmission-rating model for echo.

Rg = 95.01 — 53.45 logio [(1 + D)/N1 + (D/480)%] + 2.277E. (19)

Equation (19) is plotted in Fig. 2.

In the analysis above, eq. (19) was derived from eqs. (14) and (18)
to provide excellent agreement for the 1970 siBYL echo tests. However,
these same relationships did not provide good agreement with the 1970
lab tests which had a higher loss included in all conditions. The base
condition for this test as given in Table XII, with L, = 18 dB and
N = 33 dBrnC (R = 67.36), had a fit mean, g, of 3.59.

The equation,

R = 20 4 13.33ugs, (20)

provided a good match at this point and retained the relationship
between p and R at low values of u obtained previously for the siBYL
echo tests. With the relationship defined by eq. (20), the transmission-
rating model for echo given in eq. (19) provided an excellent repre-
sentation of the results from the 1970 lab test for echo. The extent of
the agreement is illustrated in Section 6.4 where the combined loss-
noise-echo model is discussed.

6.4 Loss-noise-echo model

In the development of the echo results, it was noted that the deg-
radations considered were echo-path-loudness loss (Z), echo-path
delay (D), loudness loss (L.), and noise (N). Loss and noise were
eliminated in the final echo result because it was felt that for any
combined result, the loss and noise influence should be based on the
larger data base available from the sIBYL tests.

The original analysis of the echo-loss-noise data showed that the
loss and noise really only affected the circuit performance as an
asymptote. That is, for very large E, the ratings were determined by
L, and N. Use was made of this fact when the echo result of eq. (14)
was developed. The combination of Rry and Rz was made such that
this asymptotic behavior was retained in the final model.

The final result for loss, noise, and echo is presented in terms of the
R-scale as Rryg. This final result is shown in eq. (21).

Riyg = @.;__RE - _\/(RL_N2':_IE)2 + Ce (21)
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Fig. 24—1968 laboratory echo test (noise=18 dBrnC, loss=10 dB) Step 3 means
from data as a function of echo-path loss and delay compared with means predicted
from the loss-noise-echo model at the echo 1 base.
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Fig. 25—1968 laboratory echo test (noise=28 dBrnC, loss=10 dB) Step 3 means
from data as a function of echo-path loss and delay compared with means predicted
from the loss-noise-echo model at the echo 1 base.
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Fig. 26—1968 laboratory echo test (noise=38 dBrnC, loss=10 dB) Step 3 means
from data as a function of echo-path loss and delay compared with means predicted
from the loss-noise-echo model at the echo 1 base.
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Fig. 27—s1BYL echo test, Step 3 means from data as a function of echo-path loss
a.nfli delay compared with means predicted from the loss-noise-echo model at the
echo 1 base.
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Fig. 28—1970 laboratory echo test, Step 3 means from data as a function of echo
path loss and delay compared with means predicted from the loss-noise-echo model
at the echo 2 base.

With C = 0, Rryg is simply the lesser of Rry and Rgz. The factor C
is selected to represent the additional degradation when Riy and Rg
are nearly equal. The value of €' = 10 was based on echo tests that
included echo, loss, and noise and was obtained as the product of the
constant, 0.627, in eq. (14) and the slope of the line relating K and p
given in eq. (18).

The final result in terms of the R-scale is:

Rive = By +Bz ;—-RE - 1/(—“*“RLN 2_ B )2 + (10) (22)

For high echo-path-loudness loss, the ratio is determined mainly by
connection loudness loss and circuit noise and the result reduces to
the Rpy result. Similarly, for connection loudness loss near optimum
and low circuit noise, the rating is determined mainly by the echo, and
the result effectively reduces to the Rz result.

Comparison of the final model for loss, noise, and echo with the
third-step-fit means for the individual tests are shown in Figs. 24 to
28. As in the case of the loss-noise model, the final loss-noise-echo model
provides good agreement with the test results from each of the in-
dividual tests.
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APPENDIX A
Examples Demonstrating Use of the Transmission-Rating Models
A.1 Example 1—local connection

500-type telephone sets on a calling and a called customer loop, each
of which consists of 1 kilofoot of 26-gauge nonloaded cable:

Loss (L,): TLR =—23.6 dB

RLR = 26.3 dB
L, = (TLR + RLR) dB
= 2.7 dB

Noise (N): Nrp = Total noise at each telephone set from two
loops, each of which meet the 20 dBrnC
loop-noise objective.’

= 23 dBrnC
N = Total noise referred to a telephone set with
RLR of 26 dB
= 27 dBrnC.
Talker Echo (assumed negligible) :
Using Table II with L, = 2.7 dB and N = 27 dBrnC,
Ry = 78.3.
Using Table IT for the MH data base,
GoB = 79.29, PoW = 6.69,.

A.2 Example 2—local connection

500-type telephone sets and a calling and a called customer loop,
each of which consists of 8 kilofeet of 26-gauge nonloaded cable:

Loss (L;): TLR =—18.9 dB
RLR = 27.3 dB
L, = 8.4dB

Noise (V): Assumed to be the same as for Example 1:
N = 27 dBrnC.
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Talker echo (assumed negligible) :
Using Table II with L, = 8.4 dB and N = 27 dBrnC,
Riy = 88.7.
Using Table II for the MH data base,
GoB = 929, PoW = 1.89,.

A.3 Example 3—local connections

500-type telephone sets on a calling and a called customer loop,
each of which consists of 15 kilofeet of 26-gauge nonloaded cable:

Loss (L,): TLr =—13.2 dB

rLR = 30.1 dB
L, = 16.9dB
Noise (N): Assumed to be the same as for Example 1.
N = 27 dBrnC.

Talker echo (assumed negligible) :
Using Table 1T with L, = 16.9 dB and N = 27 dBrnC,
Rixy = 75.5.
Using Table II for the MH data base,
GoB = 74.29, PoWW = 8.99,.

A.4 Example 4—toll connection

500-type telephone sets on a calling and a called customer loop, each
of which consists of 8 kilofeet of 26-gauge nonloaded cable:

Loss (L;): TR =—18.9 dB
RLR = 27.3 dB
L = Class 5 office-to-Class 5 office loss
= 7.7 dB (mean for the connection-length cate-
gory, 775 to 2900 miles, Table VI of Ref. 12)
TLR + RLR + 7.7
16.1 dB.

Noise (N): Assume no noise from the loops:

Ny = Total noise from the Class 5 office-to-Class 5
office connection (33.8 dBrnC for the connec-
tion length category 775 to 2900 miles, Table
IIT of Ref. 12 referred to the telephone set)

= 28.5 dBrnC
N = 32.5 dBrnC.

L,

Il

It
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Talker echo (assumed negligible) :
Using Table IT with L, = 16.1 dB and N = 32.5 dBrnC,
Ry = T1.
Using Table II for the MH data base,
GoB = 65.29, PoW = 13.9%.

A.5 Example 5—toll connection
Same as Example 4, Section A.5, except that it takes into account
talker echo:

Echo-path delay (D)
D = Far-end echo-path loss
= 37.3 ms (mean for connection length 1450 to 2900 miles,
Table III of Ref. 11).

Echo-path loudness loss (E)
E’ = Loss of echo path from near-end Class 5 office to distant
end and return,
= 23.3 dB (mean for connection length 1450 to 2900 miles,
Table IT of Ref. 11).
E = TLR + RLR + E’
= 31.7 dB.

Using Table II with L, = 16.1 dB, N = 32.5 dBrnC, D = 37.3 ms,
and £ = 31.7 dB.

Ry =171
Rp = 82.6
RLNE = 65.2.

Using Table II for the MH data base,
GoB = 52.6%, PoW = 22.4%,.
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Speech Encryption by Manipulations of
LPC Parameters

By M. R. SAMBUR and N. S. JAYANT
(Manuscript received May 14, 1976)

This paper discusses several manipulations of LPC (linear predictive
coding) parameters for providing speech encryption. Specifically, the
paper considers temporal rearrangement or scrambling of the LPC code
sequence, as well as the alternative of perturbing individual samples in
the sequence by means of pseudo-random additive or mulitplicative noise.
The latter approach is believed to have greater encryption potential than
the temporal scrambling technique, in terms of the time needed to “break
the secrecy code.”’ The encryption techniques are assessed on the basis of
perceptual expervments, as well as by means of a quantitative assessment
of speech-spectrum distortion, as given by an appropriate ‘“‘distance”’
measure.

I. INTRODUCTION

Encryption can be an important requirement in speech communica-
tion systems. Conventionally, encryption has largely been accomplished
by signal manipulations in the frequency domain; for example, by
means of spectrum inversion techniques.! With the increased popularity
of digital codes for speech transmission, time-domain encryption tech-
niques have received increased attention. Typically the time-domain

encryption technique consists of temporal rearrangement of samples
within a time block. For the scrambling of pcm bits in speech wave-

form coding, a block-length that is at least a pitch period long is
usually adequate to provide a nonspeech-like output waveform.
Similarly, the scrambling of differential pom and delta-modulation bits
can also produce a nonspeech-like output waveform provided that the
time-block is sufficiently long. For example, in a 24-kb/s speech code,
this constraint implies approximately a block length of 64 samples for
an adequate scrambling of the coded bits.?

The temporal scrambling of speech samples within millisecond-
length blocks generally provides what may be referred to as casual
encryption. This means that a noncasual ‘eavesdropper’ can break the
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speech secrecy code by the simple expedient of running through a finite
number of possible rearrangements of the disarranged speech samples
that are received. Greater degrees of encryption or secrecy can be
achieved by employing much longer speech blocks for scrambling or,
alternatively, by subjecting individual speech samples to pseudo-
random additive or multiplicative perturbations whose undoing is
typically more time-consuming than a simple temporal rearrangement
of clean digits or bits.

The purpose of this paper is to point out that casual encryption as
well as more formal secrecy can be achieved by appropriate manipula-
tions of the linear predictive coding (Lpc) parameters.>* The use of
an LPC code is by no means a necessary requirement for encryption; it
can be achieved in conjunction with any kind of speech digitizers, such
as the waveform codes® discussed above. However, when the channel
capacity of communication systems dictates a low-bit-rate vocoder
instead of a generally higher-bit-rate waveform code, the LPc parameter
manipulations discussed in this paper may provide a naturally ap-
propriate basis for speech encryption and/or secrecy. It shall also be
seen that an efficient encryption of the LPc parameters can be achieved
more readily than similar techniques used to encrypt waveform codes.
For example, an adequate block length for scrambling the LPc parame-
ters can be as short as 6 to 8 samples, while the block length for wave-
form scrambling is typically 16 to 64 samples.

In this paper, Section II provides a brief desecription of Lpc encoding
of speech, while Section III considers the use of temporal scrambling
and pseudo-random sample perturbations for casual and formal
encryption in the Lrc domain. Section I'V describes attempts to measure
the efficacy of the encryption techniques. These measurements in-
volved informal perceptual experiments (the results are usually un-
ambiguous and one-dimensional enough not to require formal sub-
jective testing), as well as a comparison of alternative techniques in
terms of speech-spectrum distortions that they provide. The spectrum
distortion was assessed by an appropriate distance measurement. This
distance approach has the advantage of being quantitative; however,
as discussed in Section IV, the distance criterion has to be invoked
with caution because spectral distortion, as such, is not a definitive
measure of speech encryption.

Il. LINEAR PREDICTION SPEECH MODEL

The method of linear prediction has proved quite popular and suc-
cessful for use in speech-compression systems.>%7 In this method,
speech is modeled as the output of an all-pole filter H (2) that is excited
by a sequence of pulses separated by the pitch period for voiced sounds
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Fig. 1—Discrete model of speech production as employed in linear prediction.
(a) Frequency-domain model. (b) Time-domain model.

or pseudo-random noise for unvoiced sounds. These assumptions imply
that within a frame of speech, the output speech sequence is given by

D
Sn = 2. GxSn_ + GUn,
k=1

where p is the number of modeled poles, u, is the appropriate input
excitation, G is the gain of the filter, and the ax’s are the coefficients
characterizing the filter (linear prediction coefficients). Figure 1 il-
lustrates the frequency-domain as well as the equivalent time-domain
model of linear prediction speech production. To acecount for the non-
stationary character of the speech waveform, the parameters a; of the
modeled filter are periodically updated during successive speech
frames.* Generation of speech in this method requires a knowledge of
the pitch, the filter parameters, and the gain of the filter (amplitude of
excitation) in each speech frame.

The Lrc coefficients model the combined effects of the vocal tract,
glottal source, and radiation load in each frame of speech. Manipula-
tions of the LPc coefficients can seriously perturb the frequency charac-
ter of the speech signal and, hence, destroy the linguistic information
present in the signal. In contrast, the measurements of pitch and gain
represent the prosodic aspects of the speech and some characteristics

* A frame is a segment of speech thought adequate to assume stationarity of the
speech process. Typical frame lengths employed range from 10 to 30 ms.

SPEECH ENCRYPTION 1375



of the speaker. Manipulations of pitch and gain parameters will affect
the prosody of the speech, but not seriously diminish the linguistic
aspects of the waveform. In Section I1I, we consider several methods for
efficiently manipulating the Lpc coefficients so as to encrypt the speech
signal.

Since the purpose of this paper is the consideration of encryption
techniques for low-bit-rate vocoders (2.4 kb/s or less), the manipula-
tion schemes discussed in Section III were not performed directly on
the Lpc coefficients, but rather on more desirable alternate representa-
tions of these coefficients. The stability of the linear-prediction filter,
H (2), is extremely sensitive to small perturbations in the Lpc coefficients
and, thus, it is not possible to achieve low-bit-rate coding by trans-
mitting the Lpc coefficients.® However, by transmitting either the log
area coefficients or the parcor coefficients, a 2.4-kb/s vocoder is readily
achieved.® The log area coeflicients are nonlinearly related to the Lpc
coefficients by

14+ Ek;
gi:lOgl_kiy

where the ks are termed the parcor coefficients.” If we denote a{” as
the #th linear prediction coefficient for a jth-pole linear-prediction
model, then

k; = af.
The parcor coefficients have the very important property that if
[ki|<1) i=1)""p7

then it is guaranteed that the lincar prediction filter is stable.t Thus,
small perturbations in the parcor coefficients or log-area coefficients
will not affect the stability of the modeled filter.

lIl. ENCRYPTION TECHNIQUES
3.1 Temporal scrambling

The rearrangement of samples within a block of length L is achieved
by assigning to each sample a new address A (4 =1, or 2,0r 3, ---,
or L) as determined by the state of a maximal-length shift-register
arrangement. The theory and design of maximal length sequences is
well documented.8? Here, we simply provide a constructive recapitula-
tion for the purpose of this paper. The idea is to start with a shift
register whose length is D = log, L (assume that the block length is
a power of 2, and that elements in the register are either 1 or 0). The
next step is to select a so-called primitive polynomial Pp(z) of degree
D, and to include stage (D — S) in the register (S = 0to D — 1) in
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an exclusive or (modulo 2 add) feedback arrangement, if the coefficient
of 25 in P(x) is nonzero. The resulting network now generates a suc-
cession of 22 — 1 = L — 1 nonzero states in the shift register at suc-
cessive ‘clock’ times, after which the cycle repeats, starting once again
with the original initial state of the shift register. The number of
nonzero states in the cycle is identically equal to the repetition period
L — 1 of the cycle. Consequently, the L — 1 states of the shift-
register (specifically, their decimal equivalents) can be utilized as
“pseudo-random” addresses for a block of L — 1 input samples in a
one-to-one mapping of addresses. If the input block has L rather than
L — 1 samples (because of the frequent requirement that L be a power
of 2), the address of the Lth sample is usually left unaltered by the
scrambler. Such simplicity is not, however, inevitable, and appropriate
manipulations that scramble all L samples are quite conceivable.

Figure 2 illustrates the serambler design for the example of D = 3
and L =7, as defined by a primitive polynomial P;3;(X) = X?
+ X2 4 1. It is seen how input samples (1, 2, 3, 4, 5, 6, and 7) get
scrambled into the pseudo-random positions (1, 4, 6, 7, 3, 5, and 2) in
a reversible one-to-one mapping.

Figure 8 illustrates an alternative design, as defined by a second
primitive polynomial of degree 3, P;(X) = X*® + X + 1. In this case,
the output addresses of the input samples are the positions (1, 4, 2, 5,
6, 7, and 3).

It is clear that in each of the arrangements in Figs. 2 and 3, the use
of a different initializing sequence (other than 001) can lead to a
totally different mapping of sample addresses. There would be L — 1
nonzero initializations, corresponding to every given P;(X). Inciden-
tally, the number of primitive polynomials of degree 3 is 2.

STATE OF SHIET DECIMAL
. NUMBER
PRIMITIVE POLYNOMIAL: REGISTER EQUIVALENT
x3+x2 1 1 001 ]
2 100 4
3 110 6
CORRESPONDING NETWORK 4 11 7
5 011 3
—
6 101 5
1 2 3
7 010 2
1 1 1 001 1
MOD 2
ADDER INPUT REPETITION OUTPUT
ADDRESSES PERIOD =7 ADDRESSES

Fig. 2—Scrambler design with a three-stage shift register.
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NUMBER | STATE OF SHIFT DECIMAL
PRIMITIVE POLYNOMIAL: REGISTER EQUIVALENT
X34+X +1 1 001 1
2 100 4
3 010 2
CORRESPONDING NETWORK 4 101 5
5 110 6
6 11 7
! 2 3 7 on 3
l l 1 001 f
@ nggﬁ INPUT REPETITION OUTPUT
ADDRESSES PERIOD =7 ADDRESSES

Fig. 3—Alternate scrambler design with a three-stage shift register.

Table I lists for D = 1 to 12 a typical set of primitive polynomials
and also the number of primitive polynomials for each D. Note, for
example, that a 12-stage shift register with an exclusive or feedback
network involving stages 12, 11, 8, and 6 provides one of 144 possible
bases for a scrambler that would operate on an input block of 212 = 4096
samples.

The possibility of alternate scrambler designs (as defined by differ-
ent initializations and/or different primitive polynomials) is an im-
portant consideration from the point of view of the average descram-
bling time needed for an eavesdropping code-breaker.

3.2 LPC parameter scrambling

The effectiveness of any scrambling scheme in perturbing the se-
quence of samples is directly proportional to the lack of similarity or

Table |—List of primitive polynomials
Degree D Typical Primitive Polynomial Pclﬁ;rlr?cl)tr)g{a?sf (gr]i)négsgzg D
1 X+1 1
2 X2+ X+4+1 1
3 X4+X+1 2
4 Xt+X+1 2
5 X4+ X241 6
6 Xe4+ X 41 6
7 X"+ X+1 18
8 Xs 4+ X4+ X34 X241 16
9 X4+ X041 48
10 X104 X241 60
11 X+ X241 176
12 X224 X6+ X¢+X +1 144
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dynamic ranges of the samples to be scrambled. The greater the range
of values assumed by the samples, the more effective the scrambling
scheme.! For an efficient scrambling of the Lpc parameters, let us begin
by ordering the parameters in the following manner: the first sample
in the first block is x11, where z;, denotes the ¢th LPc parameter* in
the nth analysis frame. The second sample is x2; and the third sample
is 3. The arrangement proceeds in this fashion until the (p + 1)th'
sample, which is defined as z;2. Thus, the ordering of Lrc parameters
for purposes of scrambling is simply a concatenation of the p Lrc
parameters in each sequential analysis frame.

Using this particular arrangement, it can be seen that within a block
of data there is a wide distribution of values assumed by the various
samples. This observation follows from the fact that the measured
Lpc parameters for any given analysis frame will usually vary across
the entire permissible range of values. For example, the p measured
values of the parcor coefficients in any given frame will typically be
somewhat uniformly spread across the permissible range of —1 to 1.4
The particular arrangement of Lpc parameters given above will thus
be effective for scrambling purposes due to the large resulting dynamic
range. In Section IV, we show that a block length as small as eight
samples (L = 8) is sufficient to destroy the linguistic information in the
~ synthetic signal produced by a 12th order analysis (p = 12).

3.3 Pseudo-random perturbations

For a more secure secrecy coding of the speech signal, the Lpc pa-
rameters can be modified by a pseudo-random additive or multiplica-
tive perturbation. Since the repetitive period of any typical pseudo-
random number generator is extremely large, the process of undoing
or breaking the encryption is quite difficult and time-consuming.

Since one of the goals of the present study was to perceptually assess
the linguistic information in the synthesized speech generated by the
encrypted Lpc parameters, the pseudo-random number perturbation
scheme was designed to retain the stability of the modified vLec filter.
Thus, for the manipulation of the parcor coefficients, the pseudo-
random number technique involved the transmission of the sequence of
parameters

Yin = kin X Tiny
where

k., = ith parcor coefficient in nth frame
rin = th pseudo-random number in nth frame; |r;,| = 1.

* The Lpc parameters considered in this paper are either the log-area coefficients
or parcor coefficients.
= order of Lpc analysis.
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Since |7:a] = 1, |yin] < 1 and the stability of the Lpc filter is guaran-
teed. Tor the modification of the log-area coefficients, the technique
is simply to transmit

yin = Gin + Tin.

The stability of the resulting Lec filter is guaranteed regardless of the
range of r;,. This result follows from the fact that any real value of
Yin Will lead to parcor parameters that are less than 1.

In viewing the pseudo-random number manipulation of the Lpc
parameters, it should be noted that the spectral characteristics of the
Lpc filter are more sensitive to changes in the parcor coefficients than
to changes in the log-area coefficients.’ Thus, manipulation of the
parcor coefficients is a more direct and efficient technique for perturbing
the spectral properties of the Lec filter. For this reason the pscudo-
random techniques discussed in this paper were applied only to the
parcor coefficients. If pseudo-random number manipulation is to be
applied to the log-area coefficients, the manipulation can be made most
effective if the probability distribution of the random number generator
is nonuniform, in order to mimic that of the log-area coefficient.!

For the experimental examination of the pseudo-random number
perturbation of the parcor coefficients, the following two probability
distributions were used for generating r;,:

(4) 74 was uniformly distributed between —1 and 1, or
(%) rin was, with equal probability, set to —1 or 1.

The second distribution was studied because the resulting manipulation
of the parcor coefficients is particularly easy to perform and, as we
shall soon discuss, is effective in destroying the intelligibility of the
encrypted speech. However, the “breaking” of the encryption coding
using the second distribution is not difficult to achieve by using the
available knowledge of the statistical range of the parameters. For
example, it is well known that the first parcor coefficient is almost
always positive.* Thus, a negative value of the first parcor coefficient
indicates a manipulation of this parameter. If the listener knows that
a +1 or —1 manipulation of the parameters is being employed, then a
simple reversal of sign breaks the encryption.

IV. EXPERIMENTAL STUDY

In this section, we examine the effectiveness of the various encryption
techniques in destroying the intelligibility of the output speech signal.
For this purpose, an informal perceptual evaluation was conducted.
To evaluate objectively the efficacy of the techniques, an Lpc distance
measure proposed by Itakura!® was used to reinforce and supplement
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the perceptual examination. Before discussing the Lpc distance mea-
sure, we emphasize that this measure may not be a definitive or com-
plete description of encryption efficiency; but it is a good measure of
spectral distortion, which in turn turns out to be a useful (if not ideal)
indicator of intelligibility loss.

4.1 Distance measure

The Lpc distance measure is defined as

d, = In (a,Va%/b,Vb%),
where

a, = Original Lec coefficient vector (1, ay, -+ -, a,) measured in
the nth frame of the speech signal.
b, = rpc coefficient vector determined after manipulation of the
original parameters in the nth frame
and

V:-[U(l’b—]l)], (i,j=0, 1;"':p):

where v (z) are the normalized correlation coefficients that are computed
directly from b,.%%

The measure d, has been very effectively applied in problems of
speech recognition,! speaker recognition,’? and variable frame-rate
synthesis.’»* Gray and Markel'® have recently demonstrated that the
measure d, is very closely related to the rms spectral distance measure.
Sambur and Jayant!® have also studied the significance of the measure,
and a complete discussion of the utility of the measure for assessing
spectral distortions can be found in their paper. For purposes of this
paper, the important facts to appreciate about the measure d, are

(7) The greater the value of d,, the more pronounced the spectral
distortions of the original sound.

(#7) A value of d, = 0.9 is a “perceptually” significant boundary for
evaluating spectral distortion.!

4.2 Experiment

For the experimental study, four sentences spoken by four different
speakers were analyzed using a 12th order (p = 12) LPc autocorrelation
analysis for each contiguous 20-ms frame. The sentences analyzed were :

(%) A lathe is a big tool.
(#2) May we all learn a yellow lion roar.
(#72) Few thieves are never sent to the jug.
(i) It’s time we rounded up that herd of Asian cattle.
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The encryption schemes that were formally evaluated both per-
ceptually and with the distance measure of Section 4.1 were:

a. Scrambling
(1) Block length = 16

(2) Block length = 8

b. Pseudo-random manipulation*
(1) Uniform distribution of r;, for 2 = 1 and r;, = 1 for ¢ > 1.

(2) Uniform distribution of r;, for 2 £ 6 and r;, = 1 for 7 > 6.
(3) Uniform distribution of r;, for all z (1 < ¢ < 12).

(4) =+1 distribution of r;, for 7 = 1 and r;, = 1 for 7 > 1.

(5) =1 distribution of r;, for ¢ < 6 and r;, = 1 for 7 > 6.

(6) =1 distribution of r;, for allz (1 < 7 < 12).

Experiment b was performed to determine the number of parcor co-
efficients that must be altered to cffectively encrypt the signal. Since
the parcor coefficients are approximately ordered in terms of their
spectral sensitivity,? these experiments were performed by sequentially
removing from manipulation the less sensitive parameters.

4.3 Results
4.3.1 Distance evaluation

4.3.1.1 Uniform pseudo-random manipulation. Figure 4 illustrates the dis-
tance-evaluation of the sentence “May we all learn a yellow lion roar”
for the uniform pseudo-random number manipulation of the parcor
coefficients. Parts (a), (b), and (c) of Fig. 4 indicate, respectively, the
results of experiments b(1), b(2), and b(3) of Section 4.2. The straight
solid line in each part of the figure depicts the perceptually significant
threshold for assessing spectral distortions (d = 0.9). Any frame with
a distance larger than the threshold is perceptually different from the
nonencrypted speech. To show just how dramatically the perturbation
in the spectral character of the speech can be, Fig. 5 illustrates the
calculated linear prediction spectrum (dotted line) for the nonen-
crypted speech frame and the corresponding linear prediction spectrum
(solid line) for the same frame of encrypted speech. The measured
Lepc distance between the illustrated spectra is d, = 3.0, or approxi-
mately the average value of distance for uniform pseudo-random
manipulation of the first coefficient. From this figure, it can be ex-
pected that the character of the encrypted speech is completely differ-
ent from that of the original speech.

* Remember r;, denotes the pseudo-random number multiplicative factor for the
ith parcor coefficient in the nth frame.
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Fig. 4—w1rc distance as a function of time across the utterance, “May we all
learn a yellow lion roar,”” for uniform pseudo-random perturbation of the parcor
parameters. (a) Manipulation of ki; average distance = 3.4. (b) Manipulation of
k1 to ke; average distance = 4.4. (¢) Manipulation of all k;; average distance = 4.4.

The results depicted in Fig. 4 are typical of the distance evaluation
results for the uniform pseudo-random manipulation of the parcor
coefficients determined for the other sentences examined. It is interest-
ing to note that the average distance for an encryption scheme that
manipulates the first six parameters is not significantly lower than the
average distance obtained for the manipulation of all 12 parameters.
This result can be anticipated from the fact that the higher-ordered
parcor coefficients are much less sensitive than the lower-ordered pa-
rameters, and changes in these higher-ordered parameters do not
significantly change the spectral character of the sound.* Thus, a less-
expensive and equally effective encryption scheme can be obtained
by manipulating only a few lower-ordered parameters. To determine
the optimum number of parameters necessary for an eflicient, uniform,
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Tig. 5—Comparison of the distorted Lpc spectra and the original Lrc spectrum.
Distance between the spectrum equals 3.0.
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Fig. 6—Average Lrc distance as a function of number of parcor coefficients manipu-
lated by pseudo-random number techniques.

pseudo-random encryption, we sequentially increased the number of
parcor parameters perturbed by uniform pseudo-random manipulation
and measured the average Lrc distance. Figure 6 illustrates the average
rrc distance as a function of the number of parameters manipulated.
From this figure, it can be seen that a scheme that perturbs only the
first four parcor coefficients is quite efficient.

4.3.1.2 Pseudo-random manipulation of +1 or —1. Figure 7 shows the de-
tailed distance-evaluation scores for the +1 or —1 pseudo-random
perturbation of the sentence “May we all learn a yellow lion roar.”
Parts (a), (b), and (c) of the figure correspond to experiments b(4),
b(5), and b(6), respectively. Figure 6 illustrates the average Lrc dis-
tances obtained for encryption schemes that sequentially increase the
number of parameters subjected to 41 or —1 pseudo-random manipu-
lations. We note from Figs. 6 and 7 that again the perturbation of
the higher-ordered parcor coefficients does not significantly add to the
effectiveness of the encryption scheme. It can also be seen from these
figures that 4+1 or —1 pseudo-random manipulation is generally
superior (except for the manipulation of only k,) to the uniform
pseudo-random number scheme in distorting the speech signal. How-
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ever, as noted previously, this form of encryption is easier to break
than uniform pseudo-random number coding.

4.3.1.3 Scrambling. Figure 8 shows the frame-by-frame distance scores
for the scrambling of the parcor coefficients for the sentence “May we
all learn a yellow lion roar.” The illustrated results are typical of the
results obtained for the other analyzed sentences. A comparison of the
distances results of the pseudo-random schemes (Fig. 6) shows that a
scrambling encryption with a block length of only eight samples (L = 8)
is at least as effective in distorting the spectral properties of the original
signal as a pseudo-random manipulation of the first parcor coefficient.
A scrambling scheme with a block length of 16 (L = 16) or more
samples is superior to any of the pseudo-random schemes studied. It is
interesting to note that the scrambling manipulation saturates in
effectiveness for block length greater than 16. Since the range of the
parcor coefficients is confined to —1 = k; < 1, increasing the block
length beyond 16 does not increase the dynamic range of the sample
within the block and, thus, the effectiveness of the scrambling is not
enhanced for L > p (see Section 3.2).

4.3.2 Perceptual evaluation

To support the results of the distance study, the various encrypted
utterances were presented to a group of listeners for an informal
perceptual evaluation of the manipulation schemes. To avoid any
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Fig. 7—Lrpc distance as a function of time across the utterance “May we all learn
a yellow lion roar” for the +1 or —1 pseudo-random manipulation of the parcor
coefficient. (a) Manipulation of k;; average distance = 2.8. (b) Manipulation of k1
to ks; average distance = 6.2. (c) Manipulation of all k;; average distance = 6.3.
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Fig. 8—rpc distance as a function of time across the utterance “May we all learn
a yellow lion roar’’ for the scrambling of the parcor coefficient. (a) Block length = 8;
average distance = 3.8. (b) Block length = 16; average distance = 7.7; (c) Block
length = 64; average distance = 7.6.

problems posed by the awkward linguistic content of the analyzed
sentences, the listeners in this study were all familiar with the sen-
tences, and were also informed that the utterances to be heard were
typical sentences used to evaluate vocoder systems.

The listeners in the experiment were asked to determine the intel-
ligibility of the utterance and to rank-order the effectiveness of the
encryption schemes. For all the techniques studied, except for the +1
or —1 manipulation of only %4, the listeners unanimously agreed that
the encrypted utterances were clearly nonspeech-like. However, for
the uniform pseudo-random techniques manipulating only the first
parcor coefficients, the listeners noted that, even though the complete
utterances could not be understood, there were certain instances in the
encrypted utterances that were somewhat speech-like and under-
standable. These instances probably correspond to points in the
encrypted speech for which the rrc distances fall below the perceptual
threshold. In characterizing the nonspeech-like quality of the en-
crypted utterances, the listeners termed the pseudo-random perturbed
utterances as sounding like “one continuous buzz;’ the scrambled
utterances sounded like “water running through a pipe.”

In rank-ordering the encryption schemes, the listeners were quite
definite in characterizing the +1 or —1 psuedo-random manipulation
of only the first parcor coefficient as least effective. The scrambling
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with block length of 16 (d = 7.7) was ranked about equal to the +1
or —1 pseudo-random manipulation of all 12 parcor coefficients
(d = 6.3), and also to the same manipulation of only the first six
coefficients (d = 6.2). The uniform pseudo-random scheme that
altered all 12 coefficients (d = 4.4) was ranked equal to the scheme that
perturbed only the first six coefficients (d = 4.4), and both techniques
were ranked slightly less effective than the scrambling with block
length of 16 (d = 7.7) and the equivalent +1 or —1 pseudo-random
schemes. The other techniques were ranked somewhere in the middle.
The perceptual rank-ordering of the various manipulation schemes
corresponded almost exactly to the distance evaluation and, thus,
reinforced the conclusions in that evaluation.

V. CONCLUSIONS

There is great interest in low-bit-rate speech-transmission systems
and in the “securing” of these transmission systems. The purpose of
this paper is to investigate various methods for enerypting a low-bit-
rate Lpc transmission system. The methods chosen for investigation
were schemes that either scrambled the string of input parcor coeffi-
cients or multiplied the coefficients by a pseudo-random number. The
schemes were evaluated by an informal perceptual experiment and by
the use of an Lpc distance measure. The results of the evaluations
suggest that all the schemes are somewhat successful in distorting the
original signal. The most successful scheme was the scrambling tech-
nique with a block length of 16 samples. The pseudo-random manipula-
tions were almost as effective.

In viewing the results of the evaluations, it is important to note that
the distortion of the speech signal is only one consideration in designing
an encryption system. Another consideration is the difficulty of
“breaking” the security code. Of the codes examined, the uniform
pseudo-random number manipulation is the most difficult to break.
The scrambling scheme is the next most difficult and the 41 or —1
pseudo-random scheme is the easiest. Still another consideration is the
transmitter-end complexity of the encryption scheme. Although this
complexity is somewhat difficult to assess, it appears that the scram-
bling scheme is the least complex and the uniform pseudo-random ma-
nipulation is the most complex. In choosing any of these encryp-
tion schemes, a user would balance the various merits and liabilities of
the techniques.
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In a previous paper, we discussed estimation of the parameters of a
single tone from a finite number of moisy discrete-time observations. In
thes paper, we extend the discussion to include several tones. The Cramér-
Rao bounds are derived and their properties examined. Estimation
algorithms are discussed and characterized.

. INTRODUCTION

In a previous paper,! we reported on the estimation of the parameters
of tones from a finite number of noisy, discrete-time observations and
described the case of a single complex tone. In this report, we discuss
the situation when the signal consists of several, say k, tones, either
real or complex. By real signal we mean

k
s(t) = 3 bicos (wit + 65).
=1
The corresponding complex signal is of the form
k
s0) + J3(0) = X, beexp[j(wit + 00

where $(¢) is the Hilbert transform of s(z).

A computer observes, through the A-D converters, noisy versions
of the signal, X (¢), and possibly its Hilbert transform Y (¢). That is,
samples are taken of

X(@) =s@®) + WO, 1)
and .

Yi) =30+ w®, (2)
where W () and W () are the noise and its Hilbert transform,
respectively.

* Polytechnic Institute of New York.
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The observations are made at times denoted ¢,. The computer will
process one or both sample vectors:

X=[X, Xy, -, Xnya)? and Y=[Yo ¥y -+, Yn_i],
where T denotes matrix transpose,

Xn= X(tn)’ (3)
and

We assume the noise samples, W, and W,,, are independent, zero-
mean, gaussian random variables with variance o2
Let @ be the p-element vector of unknown signal parameters. We
assume all signal parameters are unknown, so that p = 3k, and use the
convention :
Qzin2 = W, )
a1 = by,
and
az; = 05, 1= 1tok.

This model describes several situations. The real signal may be
received from a data set during a test or it could be a probe signal used
to characterize a data-transmission channel. The real and imaginary
parts of the complex signal could occur as the result of in-phase and
quadrature modulation processes, as described by Palmer.? The imagi-
nary part of the complex signal could be the output of a 90-degree
phase-shift network (Hilbert transformer) through which the real
signal is passed before the sampling is done. This is done in certain
types of data sets that use all-digital means to demodulate received
signals. Samples of the complex signal are easier to process because of
the absence of negative frequency components, as we show below. The
model also applies to certain mathematically equivalent, phased-array
radar problems, such as the one described in Refs. 3, 4, 5, and 6.

There are two main aspects to the problem of estimating the pa-
rameters of the signal: lower bounds to estimation accuracy and
algorithms for doing the estimation. In the next section, the properties
of the Cramér-Rao (c-r) bounds are explored. There are many other
bounds that could be applied but we have only examined the c-r
bounds. Section III describes and evaluates some approximations to
maximum-likelihood (ML) estimation. In Ref. 1, we found that when
the signal consists of a single complex tone (k = 1), then ML estimates
can be obtained with any desired accuracy. When several tones are
present, ML estimation is sufficiently complicated that suboptimum
alternatives are attractive.
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Il. CRAMER-RAO BOUNDS
2.1 General theory

Maximum-likelihood estimates of signal parameters are unbiased at
high signal-to-noise ratio (s/n).*? We will develop estimation algo-
rithms that have very little bias, so we have only studied the c-r
bounds to unbiased estimation accuracy. Even when an estimator has
some bias, the unbiased bounds serve as useful goals for estimation
accuracy. Since the accuracy of ML estimates approaches the unbiased
c-R bounds at high s/n, the unbiased bounds also show what could be
done if exact ML estimation algorithms were used.

We found in Ref. 1 that low s/n is that range of s/n where estima-
tion anomalies oceur. None of the known bounds seem to be very tight
under these conditions.

The first property of the ¢-r bounds that we consider is one for which
we need the following general notation.

Let V be a “signal” vector whose typical component is of the form

K
Va =2 bigi(wi, 05 n). (6)

=1

Notice that each g;(+) has an associated level, b;, and is a function only
of n and the 7th set of unknown parameters. Time does not necessarily
enter into the ¢;(-) functions. Let X be a noisy observation of V.
Assume the noise is additive, multivariate normal with zero mean and
correlation matrix R~ If the noise vector is W, then

X=V+W, @)
and the probability density function of X given V is

& = el -t@ - VRE - V] ®
where N is the dimension of V and the 7' denotes transpose (see Ref. 8,
page 207).

The c-r bounds require certain regularity conditions on V, which
are satisfied by our model.® The bounds are the diagonal elements of
the inverse of the Fisher information matrix, J, whose typical element!®
is:

62
Jap = —E’mlogf}: 9)

where E{:} denotes expected value of {-}. The bounds are:

Var {&, — a.} = Jo, (10)
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where J is the ath diagonal element of J=! and &, is an unbiased
estimate of a,.
It is easy to show!! that
avT _ oV
Jap = WR EP (11)
We now present a few theorems that characterize the c-r bounds.
We assume J is not singular, for reasons discussed below.

Theorem 1: The C-R bounds to unbiased esttmation of the parameters w;
and 0; of V are functions of b; but are independent of the other levels,
b;: 7 #= 1. The bound to unbiased estimation of a level, b;, is independent
of all the levels.

Proof : Equation (11) is equivalent to

OV,dV,
Jab = z Z an—

dap dag ’

(12)

where R, is an element of R.

The elements of J that are functions of the parameters of g; and g;,
using the convention given by (5) and the notation g:(n) = gi(w;, 6;, n),
are:

Tsicssica = by E B %0:(n) 3gym), (13a)
w; wj
3
Tsissis = 0T T Rum 250 g,(m), (13b)
agi ;
J31—2 3; — blb] Z Z an gain) aga(am) M (130)
ag;(m
Ticasis = b 5 5 Rungiln) 280, (13d)
n m J
Jaim1,3i-1 = 2 2 Ramga(n)g;(m). - (13e)
3
J:h—l 37 — b] Z Z angt(n) g](m) ‘ (13f)
b 9g:(n) M.
J31,3]—2 - b’LbJ ; % an aez 60.’]' (13g)
a9
Jsi3m1 = bi 2, 2 Rom gaé@ gi(m). (13h)
dgi(n) ag;(m) .
J3i35 = bib; Rom - 131
35,3 i § % 80; 99, (131)
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An examination of (13a) through (13i) shows that the submatrix of
J has the form D.Q;;D;, where

b: 0 0
D:=(0 1 0 (14)
0 0 b

and the matrix Q;; is not a function of any b;. It follows that J has the
form

J = DQD, (15)
where
D, 0
p-|? P (16)
D,
and
Qll et Qlk
e=|: o | an
Qr1 Qur
0 is a matrix whose elements are all zeros. From (15),
] = D7QD, as)
from which the theorem follows. For example,
Var {6, — w1} = QU/bl. (19)

This theorem is not entirely new. It is alluded to in Ref. 6. However,
this form of the theorem shows that, contrary to Ref. 6 and popular
opinion, precisely known sampling times (or antenna element spacing
in the equivalent radar problem) are not necessary for the theorem to
hold.

The theorem is true whether or not the noise samples are independent
and regardless of the sampling times. Of course, if the sampling times
are not known, then the c-r bounds cannot be accurately calculated,
but that does not obviate the theorem.

It should also be clear that the number of unknown parameters is
unimportant to the theorem. Clearly the theorem holds if, for example,

gi(w;, oi, n) = COS (witn + 0i),
and if
tn = nT.

Theorem 2: The bounds associated with the parameters of the first k tones,
when there are k + m tones, are not less than the bounds when there are
only k tones.

TONE PARAMETER ESTIMATION 1393



Proof: The matrix J is always positive semidefinite. Thus, if it is not
singular, it is positive definite.

Suppose J is the Fisher information matrix for k¥ + m tones and is
partitioned so that Ji is the J matrix associated with k of the tones.
This partitioning is always possible. Then write

I | K
J= |- (20)
K7 | Jn
Since J is positive definite, so are J; and Jn.
Write the inverse of J in the form

U l w
= , (21)
wr \'4
where J, and U are both 3%k by 3k matrices. Theorem 2 is true if
Uz J, (22)

which means U — J; ! is positive semidefinite and which we now prove.
Using the fact that

7=1 (23)
one can show that
U = [Jx — KJ'KT]™. (24)
Observe that KJ, K7 is positive semidefinite. That is,
KJ;IKT > 0. (25)

Since Jx and hence U are positive definite, (24) and (25) imply that
U-! £ Ji, which implies (22).

Another implication of the proof of Theorem 2 is that the bounds
for p of p -+ m unknown parameters are not less than the bounds
when only the first p parameters are unknown.

This theorem is also not entirely new, although we have not seen it
stated before. A restricted version of the theorem is mentioned in
Ref. 12, (page 33), and Problem 2.4.23 in Ref. 10 hints at this kind of
result.

The theorem depends upon J being nonsingular. It is easy, but
tedious, to show that if the signal vector is composed of samples of the
real or complex signal described in the introduction and only two tones
are involved, then J is singular only if the two tone frequencies are
equal, modulo 27/T, where T is the intersample time. (Remember that
a real tone has a component at +w; and another at —w;.)

1394 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1976



We have not been able to prove this result for an arbitrary number
of tones, but all of our calculations of various J matrices support the
hypothesis that J is singular only if two or more of the tone frequencies
are equal, modulo 27/T (assuming N is large enough).

When two of the tone frequencies are equal, the receiver is receiving
one less tone than expected. In this paper, we assume that the correct
number of tones, k, is known and that all of the frequencies are distinct.

2.2 Equally spaced samples and independent noise

We now concentrate on the problem described in the introduction.
Assume all noise samples are independent with variance o2 That is,

1

where I is an identity matrix.
Define
K
pa = Y bicos (wita. + 03), (27)
1=1
K .
va = 2 bssin (wit, + 65), (28)
=1
and
t, = nT; n=01.--,N — 1. (29)

As is mentioned in Ref. 1, the time of the first sample, &5, has an effect
upon bounds and estimation accuracy. We have ignored that problem
in this paper and taken {, to be zero.

The signal vector is

V=lpn n=0toN —1

vow n=Nto2N —1 (complex signal)  (30)

or
Vo= ba; n=0to N —1 (real signal). (31)

Then a typical element of J is

_1 N=1T Ouy, Opn Ov, Ovn .
Jap = = nz=:o [ da. 30 9ar. aab] (complex signal). (32)

The », terms are dropped if the signal is real.
Let M (w, 6) be the matrix defined by

T:Y n*cosAn —T X nsindA, T3 ncosA,
M(w,0) = | T nsin A, > cos A, > sin A, ,  (33)
T3> ncosA, — > sin A, > cos A,
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where

A, = noT + 6; n=0toN — 1. (34)
Let P;; be the matrix defined by
Pij = M(wz - wj, 0i - 0,’) (35)
and let P be the p-by-p matrix defined by
Pll M Plk
P=|: R (36)
Py, Py
Let
1 00
B=|0 —1 of- (37)
0 01

Define a matrix Q;; by
Qi = 3[M(wi — wj, 8; — 6;) — M(w: + wj, 0: + 6;)B]  (38)
and a matrix Q by

Qu - OQu
le . lec
Then it can be shown (13) that J is given by:
J= (17—2 DPD  complex tones (40)
or
J = },EDQD real tones. (41)

Theorem 3: When the signal consists of two equal-level complex tones,
the C-R bounds for the same parameters (e.g., the two frequencies) are
equal. In other words, the mutual tnterference is reciprocal.

Proof: The J matrix is
_ _1_ D, 0 Py, Pp|[D: O
T=3 [ 0 Dg][Psz pu][ 0 Dz] (42)

because Pj; = Pys = M (0, 0). Observe that P = BP;2B because
M7 (w, §) = BM (w, 6)B. Thus, J! has the form

. _ L[Df* 0 ]fU WDt o
Jl‘“z[o D;I][Wf V][o D;I]’ (43)
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where
V = BUB. (44)

Hence,
Uil = [Vl (45)

and U;; = V, which proves the theorem.

Theorem 4: The bounds for two tones, real or complex, are periodic in
6, and 6, with period .

Proof: The theorem follows from the easily checked fact that
Mw, 8+ w) = —M(w, §).

Theorem &: The bounds for real or complex tones are periodic in each
Srequency with period 2=/ T.

Proof: The theorem follows from the fact that M(w -+ 2=/T, 6)
= M(w, 8).

Theorem 6: The bounds associated with complex tones depend upon the
difference frequencies and phases but not upon the absolute values.

Proof: The theorem follows from (35), (36), and (40).

It is, in general, tedious to invert J and obtain formulas for the
bounds. However, it is a simple matter to have a computer calculate
the elements of J and its inverse. We have done this to obtain a better
understanding of the bounds.

A number of illustrative curves are given in Ref. 13. In the interest
of brevity, we will present only two of the figures here.

The main thing we learned from the calculations is that there is a
critical frequency separation, 4w/NT, associated with multitone c-r
bounds. In Ref. 1, it is shown that when a single complex tone is
present, the bounds are independent of the frequency of the tone. When
more than one complex tone is present, the bounds approach the single-
complex-tone bounds when the minimum frequency separation (modulo
2x/T) exceeds the critical frequency. The multitone bounds increase
rapidly as the minimum frequency separation goes below this critical
frequency.

This rule applies to a single real tone if it is considered to be two
complex tones, one at a frequency, say, of w;, and one at —w;. Thus,
if the frequency of a single real tone is less than 2x/N T, modulo =/T,
then its c-r bounds are much larger than the corresponding single-
complex-tone bounds.

In all cases, the multitone bounds depend upon the tone phases, as
might be expected.
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Fig. 1—Frequency estimation bound vs Af for center of three equally spaced
complex tones with worst relative phase and 20 dB s/n. N is 128. 1/7T is 4000 Hz.
Corresponding single and double tone bounds also shown.

Figure 1 illustrates the critical frequency for frequency-estimation
bounds. The worst phase, i.e., the phase that gives the largest frequency
estimation bound, was used at each difference frequency. Figure 2
shows the ecritical frequency effect upon the frequency-estimation
bound for a single real tone.

To facilitate comparisons, in all figures we used a sampling frequency
of 4000 Hz for complex tones and 8000 Hz for real tones. Thus, in both

cases, the unknown tone frequencies are assumed to fall in the range
of 0 to 4000 Hz.

lil. ESTIMATION ALGORITHMS
3.1 General

The ML estimation procedure is conceptually simple. Given that a
sample vector, X, is received, the ML estimate of the parameter vector,
&, is the value of « that maximizes the p.d.f. of X. That is, & maximizes
F(X/V). & may not be unique. Maximum likelihood estimation of the
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parameters of a single complex tone has been shown to be relatively
easy to implement.! It was shown in Ref. 1 that single complex-tone
ML estimators have variances almost equal to the c-r bounds over a
wide range of s/n. No other unbiased estimators could do significantly
better over that range of s/n.

Maximum likelihood estimation when several tones are present is
much more difficult to implement. However, we show below ways to
approximate ML estimation. We start the discussion with complex
tones and examine a practical approximation to ML estimation, the
resulting bias effects, the use of window funections to reduce bias, and
a time-saving interpolation algorithm. Then we briefly discuss how the
ideas and results apply to real tones.

Recall from Ref. 1 that we seek to maximize the function

L=3E Xunt Yor) = 3 S (340D, (9

where X, and Y, are as defined in (3) and (4).
After carefully arranging the terms, we obtain the likelihood func-

10
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Fig. 2—Frequency estimation bounds vs frequency for single real tone at 20 dB
s/n and worst phase.

TONE PARAMETER ESTIMATION 1399



tion in a form similar to that used in Ref. 1:

L= gkl {2b; Re [~ A ()] — b2

— 5 T T bibu X cos (il — nunT + 05 = 0), (47)
1#Fm m n
where
1 N1 . ,
Alw) = V 20 (Xo 4 jY)eineT, (48)

L as given by (47) has two main terms and would be difficult to
maximize by a simple program. It can be done, but a lot of work is
involved. We notice, however, that when there is only one tone (k = 1),
the second term of (47) vanishes. Also, when N is large and k > 1, the
magnitude of the second term is still relatively small and does not in-
volve the data. Thus, we are led to drop the second term in L and
maximize the remainder. This, of course, will only give ML estimates
when k = 1 and will give “almost ML” estimates otherwise.

3.2 An almost ML algorithm

Suppose the cross-product terms in (47) are dropped. Then to make
estimates, we need to maximize

L= 3 2b:Re [e#d (w)] — b (49)

=1

From Ref. 1, each frequency estimate, &; maximizes |4 (w)|. Then the
corresponding level and phase estimates are

b; = | A (&3] (50)
and
b: = arg [A(w)]. (51)

The function |4 (w)| has many maxima and large peaks near the
frequency of each tone. Thus, the frequencies of these large peaks, as
illustrated in Fig. 3, are taken to be the frequency estimates, &;. Due
to the periodicity of |4 (w)|, all the w; should be confined to a range
no wider than w, = 2x/T to avoid ambiguous frequency estimates.
Normally the range (0, 27/T) is used. When real tones are involved,
the range should not exceed #/7.

3.3 Bias

Consider the case of only two tones. An example of | A (w)| when the
noise power is zero is shown on Fig. 3.
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,A(w)l

1
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wg
FREQUENCY (w)

Fig. 3—Shape of |4 (w)| from two complex tones of equal phase and level, without
noise. N is 16.

The figure has large peaks near w;, and ws. The peaks in the example
are actually both displaced away from the average of the two fre-
quencies. Thus, the penalty for neglecting the cross-product term in
(47) is a bias in estimates of frequencies and levels.

The frequency and level bias in the zero-noise case is easily cal-
culated. An example of such calculations is shown on Fig. 4. The figure
shows the dependence of frequency estimation bias on the difference
frequency (Af) of the two tones. When two tones have almost the same
frequency, the two large peaks merge into one at a frequency equal to
the average of the two tone frequencies. This accounts for the negative
slope of —% at low Af on Fig. 4. There is also a dependence upon the
difference phase (A#6).

Figure 4 shows the bias for one of the two complex tones. The bias
for the other has the same magnitude but opposite sign. In general,
the magnitudes of the biases for two tones are not equal. However,
they are equal when the two tones are equal-level complex tones.

3.4 Window functions

In discrete Fourier transform (prr) work, window functions (also
called weighting functions) are often used to minimize the effects of
one tone upon another. The modification of the prr of samples of one
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Fig. 4—Bias in peak frequency of | A (w)| from two equal-level, equal-phase com-
plex tones vs difference frequency, without noise. N is 64.

tone by the presence of samples of another tone is called leakage. See
Rife and Vincent!4 for a discussion of leakage and how window function
will reduce it.

In the time domain, a window function (or time window), say A(f),
is characterized by its samples, 2(nT). In use, each data sample,
X. +jY. = Z,, ismultiplied by k., = h(nT) before A (v) is computed.
Thus, A (w) becomes

Aw) = 3 £ haZemsnet. (52)

When a window function is used, the bias in the frequencies of the peaks
of | A () | is modified. If a good window is used, the bias can be greatly
reduced. The penalty, as we see below, is an increase in the variance
of &; and b;. Palmer also reported this penalty in Ref. 2.

In the context of the prr, window functions can be written in the
form

ho =14 3 di cos (2min/N). (53)
i=1

The number M, which can be assumed to be less than N/2, and the d;
define particular windows. With 4, in this form,

1 N=1

Nngo hn = ]..
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Table |—Values of d; in ascending order of i for
various windows

Hanning Standard Taylor
-1 —1.43596 —1.03538
0.497536 0.0824936

—0.061576 —0.00116197
—0.00188862
—0.00123387
—0.000671595
—0.000275885

A window that is better than many at reducing bias is the one
identified by Rife and Vincent'* as g;(f). We call this the standard
window. Another useful window is one of the Taylor windows.'* These
windows are defined in Table I.

Figure 5 is an attempt to summarize the way window functions
affect bias. The curves on the figure compare upper bounds to the bias
associated with each of the previously defined window functions. The
curves were obtained by computing at each frequency the bias at the
worst phase (the phase that gave the largest bias). The resulting curves
were flattened as indicated for the Taylor curve.

Figure 5 shows the Taylor window does the best job when the tone
frequency separation is small. At large separations, however, the
standard window does much better. The figure also shows how bad
the bias is if no window is used.

Windowing increases the variance of frequency and level estimates.
It can be shown?® that the increase in variance is related to the function.

LA e (54)
Ll PN
It is easy to show that
M
p=14+1% & if N > 2M. (55)

=1

Thus, 7 is not a function of N. Simulations verify that larger rms
errors are associated with larger values of 5. Some values of 5 are
tabulated below.

Window 7

None 1.00
Hanning 1.50
Taylor 1.54
Standard 2.16
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Durrani et al. call the sum 5 a dispersion factor.® They have com-
pared many windows and have tabulated their parameters, including
dispersion factors. Other windows are mentioned in Blackman and
Tukey.!6

The data on Fig. 6 shows the general effects of windows on rMS
errors when a single complex tone is present. The Hanning window
produces almost the same rRMs error as the Taylor window and is not
shown on the figure.

Bias contributes to RMS errors more than variance does at high s/n,

10
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Fig. 5—Magnitude of frequency estimation bias for two equal-level complex tones
using window functions. Curves are leveled as described in the text. Worst-phase was
used at each frequency. N is 64.
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Fig. 6—Simulation results showing the effect of window functions on estimation
variance with a single complex tone. N is 64.

while estimation variance controls RMs errors at low s/n. Thus, while
a given window may produce lower RMs errors than another at high
s/n, the roles may be reversed at low s/n. The “best”’ window for a
given application will, therefore, depend upon the tone frequency
spacings, the expected s/n, and possibly other factors. Figure 7 illus-
trates this point. On the figure, the Taylor window is best at 10 dB
s/n, but the standard window is best at 40 dB s/n, where the bias
associated with the Taylor window causes the rmMs error curve to level

off.

3.5 Interpolation
Maximization of |A(w)| involves a search routine. A two-step
algorithm that has a coarse search and a fine search was described in
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Fig. 7—Simulation results showing combined effects of bias and variance on
frequency estimation for one of two complex tones. Frequency difference is 380 Hz;
worst-phase was used for each window. N is 64.

Ref. 1. Fine searches are time consuming. This can be serious if com-
puter time is important. One way to trade accuracy for speed is to use
an interpolation algorithm on the prr of the input data to arrive at
frequency and level estimates.
Rife and Vincent developed several interpolation algorithms. The
one we investigate here is the following.
Assume the output of the Frr is the set:
18t .
Ay = 5 2 hoZ e R27nkIN, k=0toN — 1. (56)
N n=0
Suppose a coarse search is conducted over 0 < k < N. This results in
locating | 4,| which is the largest | Ax| in the interval. Choose @ = =£1
such that |Aie] = |Ai—el
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Let

a; = IAzl (57)
and
a: = |Apel. (58)

Assume the sampling frequency is w, = 27/7T.
The formulas from Rife and Vincent are:

H = Ns (I 4 ad) (59)

and

B . 27F(11X

= e - (60)
sin (#X) [1 + gl d.8/ (8% — nz)]

where the d, define a window and

Cla2 - Czal
= 1
8 Caaz -+ a (6 )

The numbers €1, Cs, and C; are given by Rife and Vincent in Table
IT for several windows.

The interpolation formulas give estimates that are only a little
worse than the fine search gives. RMs frequency errors are typically
increased by about 30 percent when interpolation is used. rms level
errors increase less.

When many tones are present, window functions can provide a
satisfactory reduction of leakage as long as the minimum frequency
separation is no less than about 8x/NT. The data on Fig. 8 illustrate
this point. The tone phases were all made random for these simulations.
Thus, the points indicate the rMs errors one might encounter in a
working system. The bound shown on the figure is the (unbiased) c-r
bound maximized over the possible phases of the center tone.

We consider a real-tone estimation system to be equivalent to a
complex-tone system if the two systems have the same useful band-
width and the same frequency resolution. This means (z) the real
sampling frequency is twice the complex sampling frequency and (¢z)
the total sampling time, NT, is the same for the real tones as for the

Table Il—Constants for computing delta in eq. (61)
\Vindow Cl Cz Ca
None 1 0 1
Hanning 2 1 1
Taylor 1.96339 1.01643 0.893534
Standard 3.6020 2.5862 1.0317
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Fig. 8—Simulation results showing effects of Taylor window and interpolation
algorithm upon frequency estimates of center tone of three equally spaced real tones.
Center tone frequency is 2000 Hz. All have random phase. IV is 128 and s/n is 20 dB.

complex. For example, a real-tone system using 1/7 = 8000 Hz and
N = 32 is equivalent to a complex-tone system using 1/7 = 4000 Hz
and N = 16.

The estimation algorithms described above for complex tones can
be applied to real tones whose frequencies, in Hz, are in the range
(1/NT, 1/2T — 1/NT). The resulting accuracies are about the same
as in the equivalent complex case.

IV. CONCLUSIONS

We have studied the problem of estimating the parameters, such as
level and frequency, of several sinusoidal signals from a number of
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noisy observations, taken at discrete-time instants. Gaussian noise and
ideal analog-to-digital conversion were assumed. The nature of the
problem led us to study the generalized Cramér-Rao lower bounds to
estimation accuracy and maximum likelihood estimation. The com-
plexity of maximum likelihood estimation algorithms led us to examine
several algorithms that yield estimates that are almost, but not
exactly, maximum likelihood estimates of the signal parameters.

We were able to obtain estimators that have negligible bias, at least
at high s/n. Thus, we considered in detail only the generalized c-r
bound for unbiased estimators. Even when the resulting numbers are
not, strictly speaking, lower bounds (e.g., when an estimator is biased),
the unbiased estimation bounds can be considered to be desirable
objectives for estimators.

Several properties of the bounds were derived from the properties
of the J matrix. Other properties, such as the existence of critical
frequencies, were revealed from computations.

The J matrix in the real tone cases is more complicated than in the
complex cases and does not have quite the same structural properties.
Thus, for example, the lower bounds for a single complex tone are not
also lower bounds for the equivalent single real tone. On the other
hand, the bounds for the case of many real tones approach the bounds
for the equivalent complex cases when none of the real tones have
frequenecy differences less than 2/N T, modulo 1/27 (in Hz).

The cases of many complex tones and of real tones present some
difficulties. Maximum likelihood estimation is difficult to implement
because of the presence of cross-product terms. To properly implement
ML estimation, multidimensional search procedures over a nonconvex
function would be necessary. We found that when the tone frequencies
are separated far enough, the cross-product terms could be neglected,
thereby permitting the use of a simple algorithm whose estimates are
almost equal to ML estimates. ‘

The penalty for dropping the cross-product terms is a bias in fre-
quency and level estimates. We found that the use of a suitable window
function will reduce the bias to the point where it can be neglected
when the minimum frequency separation of the tones is 4/NT. Three
window functions were discussed and compared.

We found that the use of a window to reduce bias increased the
variance of the frequency and level estimates. The rms error of fre-
quency estimates is inereased by about 35 percent with Taylor window
and by over 100 percent with standard window. The use of the in-
terpolation formulas increases rus frequency errors by another 30 per-
cent or so. Level estimates are affected less by windows and interpola-
tion. All of these figures apply when the s/n is above threshold.
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Connecting Networks
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We generalize the concept of rearrangeability to a finer measure of the
connecting power of a network, called the c-rearrangeability function. It
can be interpreted as the proportion of calls a network guarantees to
connect under o given traffic load. We study the c-rearrangeabilily function
for many well-known rearrangeable networks, including one-sided rear-
rangeable, two-sided rearrangeable, as well as several other kinds. We also
give constructions for some new classes of networks, study their c-rear-
rangeability functions, and describe condittons under which the networks
are rearrangeable. We show that these newly constructed rearrangeable net-
works compare favorably with the well-known ones with respect to the
number of crosspoints. :

I. INTRODUCTION

A multistage connecting network can be described by the following
(see Fig. 1 for a three-stage example):

()

(1)

(411)

There are s ordered stages, where s > 1 is arbitrary. The dth
stage, 7 = 1, - - -, s, consists of r; copies of a switch »;. The jth
copy of v, is denoted by v;.

Links can exist only between switches of adjacent stages or
between v;(v;) and input (output) terminals of the network.
The set of links incident to a particular »; is partitioned into
two subsets. Those which are linked to either »;_; or input
terminals are called input links of »;, and those linked to either
viy1 or output terminals are called output links.

The 7, copies of »; are called input switches of the network.
Each »; is connected to n, input terminals. The r, copies of
v, are called output switches of the network. Each », is con-
nected to ns output terminals.

The three-stage Clos network is a special case of a multistage con-
necting network, satisfying the additional restrictions that s = 3 and
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STAGE 1 STAGE 2 STAGE 3
Fig. 1—Generalized three-step Clos network.

that there is exactly one link between every pair (v1, »2) and every
pair (ve, v3). When vy, »5, v3 themselves are allowed to be multistage
connecting networks, then a three-stage Clos network is called a
generalized Clos network. For simplicity, we assume n; = n3 = n
throughout this paper. Then, a generalized Clos network can be
denoted by C(vy, vs, vs, 71, 72, 73, 1) (see Fig. 1).

Define a request to be a pair of idle terminals seeking connection.
A request becomes a call once the two terminals are connected in the
network. An assignment is a set of requests and the size of an assign-
ment is the number of requests in it. An assignment is said to be realiz-
able if every request in it can be simultaneously connected in the
network without any link being used more than once. A network is
said to be rearrangeable if it can realize every possible assignment.

Consider a multistage connecting network ». Let 9 be the set of
input terminals, O the set of output terminals of »,and § + © = T. In
many actual cases, not every possible pair in T’ will generate a request.
In general, there could be two subsets I, @ & T such that all requests
are generated in the product space I X Q. However, the four most
important cases are:

(z) the one-sided case: I = @ = T.

(77) the two-sided case: I = 4, Q = 0.
(477) the input-mixed case: I = 4, Q = T.
(7v) the output-mixed case: I = T,Q = 0.

The last two are often combined and called the mixed case.

A network is said to be one-sided rearrangeable if it can realize
every one-sided assignment. Similarly, we can define two-sided re-
arrangeable, input-mixed rearrangeable, and output-mixed rearrange-
able. Thus, a one-sided rearrangeable network means that every set
of pairs of terminals can be simultaneously connected, and a two-sided
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rearrangeable network means that every set of (input link—output
link) terminals can be simultaneously connected. It is clear that one-
sided rearrangeability implies mixed rearrangeability, which, in turn,
implies two-sided rearrangeability.

Rearrangeability is a strong condition which is manifested in two
aspects. First, all the requests in an assignment must be simultaneously
connected ; i.e., if one request fails, the whole assignment fails. Second,
every assignment must be realizable; i.e., if one assignment fails, the
whole network fails. Even for a nonrearrangeable network, it is still
of interest to know the degree of its nonrearrangeability. We introduce
a new concept of rearrangeability in this direction. First, we score an
assignment by the largest number of requests it can guarantee to
connect simultaneously. Second, we partition the set of all assignments
into classes according to the size of an assignment. We score a class by
the lowest score achieved by any member in this class. Now, a bad
assignment can still bring down the score of its class, but not of the
other classes, and not to a score of zero. Thus, we define R,(c), the
c-rearrangeability function, as the largest number of requests the
network » can guarantee to connect given any assignment of size c.
Thus, R.(c)/c is the proportion of requests » can guarantee to connect
given that the traffic load is approximately ¢/(capacity of v). When
R,(c) = ¢, we say v is c-rearrangeable. If v is c-rearrangeable for all c,
then ¢ is rearrangeable in the classical sense.

In this paper, we study the c-rearrangeability functions for some
well-known rearrangeable networks. We also construct some new
classes of networks, study their c-rearrangeability funections, and de-
scribe conditions under which the networks are rearrangeable. We show
that these newly constructed rearrangeable networks can save a sig-
nificant number of crosspoints over the well-known networks.

Il. ANALYSES OF SOME WELL-KNOWN REARRANGEABLE NETWORKS

As switches are the basic components of a network, to understand
the rearrangeable property of a network, we have first to know what
the rearrangeable properties of its switches are (the switches mentioned
in this paper are all cross-point grid switches). For a switch, the
definition of rearrangeability is similar to that for networks, except
that input links and output links replace the roles of input terminals
and output terminals in a network.

Two links of a switch have direct access to each other if they inter-
sect at a crosspoint. In many networks, the cost of crosspoints still
dominates the other costs. Therefore, we would like to minimize the
number of crosspoints in a network. A relevant question is, for a given
rearrangeable property, which switch has the minimum number of
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crosspoints? This problem has recently been solved by Chung.! How-
ever, in our networks, we will stick to the more traditional switches
for their engineering feasibility and for ease of comparisons with
existing networks. Consider a switch with » input links and m output
links. It is called a triangular switch if there is a crosspoint between
every pair of links, input or output. Therefore, a triangular switch
has [(n 4+ m)(n + m — 1)]/2 crosspoints and is clearly one-sided
rearrangeable. The switch is called a rectangular switch if there is a
crosspoint between every input link and every output link.

A rectangular switch has n X m crosspoints and is two-sided re-
arrangeable. The switch is called a trapezoidal switch if there is a
crosspoint between every pair of links with at least one of the links be-
longing to a fixed side. A trapezoidal switch either hasn(n — 1)/2 + nm
or m(m — 1)/2 4+ nm crosspoints and is either input-mixed or output-
mixed rearrangeable, depending on which side is the fixed side. Note
that an n X m rectangular switch is in fact input-mixed rearrangeable
if m = n — 1. This is because any pair of input links can be connected
through an output link, and there are always enough output links to
do it. While the existing networks always use trapezoidal switches
when mixed-rearrangeable switches are needed, we will use rectangular
switches to save crosspoints when the condition m = n — 1 for input-
mixed and n = m — 1 for output-mixed is met.

In every network we discuss in this paper, »; and v, are always
assumed to be two-sided rearrangeable (or stronger). Hence, two
terminals from two distinet »; and/or v, can be connected if and only
if their corresponding switches v1(v;) can be connected. Thus, we can
redefine a request as a pair of »; and/or », and an assignment as a
collection of requests where each vy, or vs; can appear at most n times.
If a request is (v1g vii) or (vyj, vsj), then we have to discuss separately
how they can be connected.

Consider v = C(v1, v, v3, 11, T3, 73, n) shown in Fig. 2. (In our figures,
A represents a one-sided rearrangeable v;, [] a two-sided rearrangeable

nxr, . . ryxrg . . r,xn

nxr, : N ry XT3 : : Ty xn
. . . .

Fig. 2—Ordinary three-stage Clos network.
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vi, 1] an input-mixed rearrangeable »;, and [T\ an output-mixed
rearrangeable v;. The number of input links and output links will be
shown inside these figures.)

Theorem 1 : (See Slepian,? Duguid,® and Bene$.*) v ¢s two-sided rearrange-
able if and only if ro = n.

Theorem 2:

min {ro/n, 1}, for ¢ > rs;

Rv(C)/C =1, for ¢ £ 7.

Proof: Actually, we will prove an exact expression for R,(c)/c. We need
only consider the case n > 7. and ¢ > r, since the other cases are
trivial. Consider any assignment of size ¢. Let ¢ = pn + ¢ where
0 £ g < n. We can assume that the ry real v, are embedded in a set
of n imaginary »,. Then by Theorem 1, all requests can be simul-
taneously connected by the n vs. Rank the n ve according to the number
of calls they carry and select the rs »» with the highest ranks to be the
re real ones. They must carry a total number of calls not less than
min {ry, ¢} X (p + 1) + max {r. — ¢, 0} X p. On the other hand,
when all the requests in an assignment involve only a few vy, say as
few as possible, then every v, carries essentially the same number of
calls, differing at most by one. Hence,

_Jrp+a@/(ap+ @), if r2zg;
B/ (rsp + 1)/ (np + @), I 12 < g

Theorem 2 gives a good approximation to this when ¢ and 7.p are
large relative to g.

To compute the number of crosspoints of a network, we always
make the simplifying assumptions that r; = r; = n and all »; are
nonblocking switches so that we can easily compare the various net-
works. Under these assumptions, then, the current network for 7, = n
has 303 crosspoints.

Next consider va = C(vy, ve, v, 11, s, 3, 1) shown in Fig. 3a.

Theorem 3:5=" y 1s one-sided rearrangeable if and only if ro = | 3n/2],
where | x| 73, as usual, the integer part of x.

Theorem 4:

~ ot 3n .
RBy(0)/e 2 min {72/[7J,1}, for ¢ > rs;

=1, for ¢ = ra.

Proof: Again, we need only consider the case [ 3n/2] > r: and ¢ > r..
The proof that R,(c)/c = r2/| 3n/2] uses a similar argument to that
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nxr, rpxn
nxr, S E rxry S rpxn

. .

. .
r1 ry r3

. .
nxr, | S| rixr rpxn

© \__l

Fig. 3—Mixed three-stage Clos networks.

in the proof of Theorem 2. To prove the reverse inequality, label all
the »; and »; by the numbers 1 to r; 4 r;. Consider the | 3n/2 ] requests,
(1,2), -+, (1,2), (Ln/2_] of them),
(1,3), .-+, (1,3), (Ln/2] of them),
(2,3), ---, (2,3), (L(n + 1)/2] of them).
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No two of them can be carried by the same vy, since otherwise the
two will share a link. Consider an assignment whose requests can be
partitioned into sets of | 3n/2] requests of the above type and a re-
mainder set which is a subset of the above type of [3n/2] requests.
Then the number of calls carried by each v, can differ at most by one.
Hence, R,(c)/c £ ro/|3n/2] + (a constant)/c = ro/[3n/2_]. The proof
is completed.

Under the simplifying assumptions previously stated, the number
of crosspoints for this network for r» = [3n/2] is 7n®. Note that this
compares favorably with the one-sided network?® obtained from a two-
sided rearrangeable network where both sides are 9 4+ 0. Such a
network needs 12n? crosspoints. It is also better than the one obtained
by joining three two-sided networks together, the first having 4 in
both sides, the second having © in both sides, and the third having 9
in one side and © the other. Such a network needs 9n® crosspoints.

We can easily obtain an input-mixed rearrangeable network from
the above one-sided rearrangeable network by changing »; from one-
sided rearrangeable to input-mixed rearrangeable and »; from output-
mixed rearrangeable to two-sided rearrangeable (Fig. 3b). Let » be the
network shown in Fig. 3b.

Theorem 6':

Ro(c)/c Emin{rz/[%ﬁJ,l}, for ¢ > 7y

=], for ¢ = r,.

Proof: The proof is similar to the proofs for Theorems 3 and 4.

For ry = 3n/2, this network has (23/4)n® crosspoints. However, we
can also obtain an input-mixed rearrangeable network by joining two
two-sided rearrangeable networks together; one is (9, 0)-two-sided
and the other has 4 in both sides. Such a network needs 6% crosspoints.

ll. A NEW INPUT-MIXED REARRANGEABLE NETWORK

Consider v = C(v1, vs, vs, 11, T2, 73, n) shown in Fig. 3ec.
Theorem 6: v is input-mized rearrangeable if

(1) T2 g n,
(’M) (7‘2 - 1)1"3 = nri.

Proof: We first explain how a request is connected in this network. A
(v14, v3j) request is still connected through some v, which has an idle
link to »1; and an idle link to »s; just as is done in the networks of
Section II. But a (v1;, v1;) request cannot be connected in this manner
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since »; cannot connect two input links. Instead, we will connect both
vi; and vy; to some vz, and then use the input-mixed rearrangeable
property of v; to complete the connection. One question is whether
there are enough input links of »; to accommodate all (vy, v;) requests.
Now each (vy, v;) request takes up one input link of v; and one of »3,
and each (v, v1) request takes up two input links of »; and two of vs.
Hence, regardless of the distribution of (vy, 1) requests relative to the
(v1, v3) requests, the maximum number of »; input links needed is,
except for a minor correction, the maximum number of »; input links
available, which is nr;. The minor correction is because each (v, v1)
request takes up a pair of »; input links from the same v;. Hence,
occasionally, a »; input link may be wasted since it has no partner.
Discounting one input link from each »;, we obtain condition (7).

If condition (z7) is satisfied, then each (v1;, v1;) request can be re-
placed by two requests (v1;, vsx) and (vy;, vsi). Hence, an input assign-
ment is turned into a two-sided assignment. The requirement that each
v3; must appear no more than n times is irrelevant here because the
connection of (vi; v3r) does not involve any output links of »s,. By
Theorem 1, the derived two-sided assignment is rearrangeable if ra = n.
Theorem 6 is proved.

If ry = 73, then ro = n 4+ 1 satisfies both conditions of Theorem 6.
Turthermore, since the size is right, we can use rectangular switches
for »; for mixed-rearrangeable property. This network has 3n® + 3n?
crosspoints (under the simplifying assumptions) as compared to
(23/4)n® for the input-mixed rearrangeable network in Section II.

Since a (v, v1;) request takes twice as many links to connect as a
(v15, v3;) request, one might suspect that the blocking probability for
the former request is much larger. This is not necessarily true, however,
since there are only rs distinet connecting paths of two links for a
(v1s, vs;) request but (3)rs paths of four links for a (v, v1;) request.

Theorem 7: Let v be the network in Theorem 6. Then

max {2¢ — nry, 0} + (r2 — D)7 }
! 2¢

R,(c)/c Emin{l, T—; } X min {l

Proof: For the time being, suppose r; = n. Consider any assignment
of size ¢ and let v be the number of (v, »3)-type requests in it. Then
% = max {2¢ — nry, 0} since u + 2(c — u) = 2¢ — u input links of »;
are required while only nr; are available. If there are not enough input
links of »; to take care of all ¢ requests, then priority should be given
to (v1, vs) type requests to maximize the number of requests connected.
The priority is due to the fact that a (v;, v3) request needs only one
input link of »; while a (v1, v1) request needs two. For u = rars, the
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maximum number of requests connectable is ryrs; for w < rors, the
maximum is approximately
(Tz bt 1)7‘3 - Uu - u + (1’2 — 1)7‘3
2 2

The worst case ocecurs when v is at its minimum, i.e., ¥ = max
X {2¢ — nry, 0}. But still the network guarantees to connect at least
1 [max (2¢ — nry, 0} + (r2 — 1)rs] requests. Now look at the dis-
tribution of these calls in the vs. If 72 < n, select the rews that carry
the most calls. In this way, we obtain Theorem 7.

< Tot3.

U -+

Corollary: v is input-mized c-rearrangeable if ro = n and either

IV. A NEW ONE-SIDED REARRANGEABLE NETWORK

Consider v = C(v1, v, v3, 71, T2, T3, 1), Where »; and v; are input-
and output-mixed rearrangeable and w, is one-sided rearrangeable.
Also assume n and r; are even. We construct a » from » by inserting
something between the pair (vs,2: 1, v2,2:) foreaché = 1, - - -, r2/2 (see
Fig. 4) to provide some limited access between links of »g 2,1 and links
of v5,9:. One way to do this is to insert two two-sided rearrangeable
networks w; and p.e between vs,2:_1 and vz, The input links of g,
are the extensions of the n links of vz,2;_1 and the output links of u:2
are the extensions of the n links of vs,2:. s has 3(r1 + 73) output links
that become the input links of ps;. Thus any link of »2,2,—; can seize
an output link of u;; and then connect to any link of vs,2; In pee. Of
course, 1(r; + rs) such connections can be made simultaneously.

V22i-1 V2,2i
'—_—_————Tj I———____T_]
| . |
I r, +r | I : r,+r I
I O I 1 I I
— 1 - 1 [
| - ;|
| ] ©
[ | | r1"'3,
| | i
S | e__ - _ _
Hin HMi2

Fig. 4—One-sided rearrangeable networks.
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Theorem 8: v is one-sided rearrangeable if and only if 12 = n.

Proof: For a given assignment, define an assignment graph by taking
all »; and »; as vertices and every request as an edge. We can augment
the assignment graph to become a regular graph of degree n by adding
suitable edges to it. By a theorem of Petersen (see Refs. 9 or 10), a
regular graph of even degree is 2-factorable; i.e., the assignment graph
can be decomposed into (n/2) 2-factors, where a 2-factor is a subgraph
in which every vertex is of degree 2. Hence, a 2-factor consists of a set
of disjoint circuits. Now any circuit of length 1 represents a request
from two terminals of the same switch. We can connect them within
that switch because of its mixed-rearrangeable property. Aside from
that, we can partition all edges in an odd circuit into three sets such
that edges in the same set are all disjoint; and we can partition all
edges in an even circuit into two such sets. Since all circuits in a 2-factor
are disjoint, we can combine those sets into three large sets A, Az, As,
such that the edges in each large set are all disjoint. As each edge
represents a request, all the requests in 4, can be connected through,
say, vai, since they are all disjoint (we can ignore those edges which
are augmented to the assignment graph). Similarly, all the requests
in A, can be connected through ».,. For a request in 43, say (z, y), if
(z, y) is disjoint with every request in 4;(4.), then we can connect
it through vsi(v22). Otherwise, suppose z has appeared in A, and y
in A,. Then we connect z to vs2 and y to vs; and then connect them
through pi: and ui.. We do this for every request in 4;. Therefore, all
requests in a 2-factor can be connected by a pair of v.. There are n/2
2-factors; hence, n/2 pairs of v, will suffice. If we have less than n/2
pairs of v, then there is no way to handle the 3n/2 requests given in
the proof of Theorem 4. Hence, Theorem 8 is proved.

Theorem 9:

Emin{r—;,l}, for c>%,
R,(c)/c 3
=1, for ¢ = %

Proof : Omitted.

For r, = m, this network has (16/3)n? crosspoints versus the 7n?
for the standard one-sided rearrangeable network.
V. A c-REARRANGEABILITY THEOREM

We have seen that the c-rearrangeability functions of many net-
works discussed in previous sections are such that R,(c)/c = «a, a
constant, over most of the range of ¢. Consider v = C(vy, vz, v3, 71,
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72, 73, n) such that R,,(c)/c = a; for two-sided assignment. What can
we say about R,(c) for two-sided assignment? If the blocking in »,,
vs, v; and the blocking due to the structure of » all act independently,
then we should have

To .
"max {ag, az} X n

Ry (C) = oo min {1

The reason for the last term is because at most max {a;, a3} X n
requests from the same switch can get through to the second stage.
However, we show that the blocking in »; and the blocking in »; can
be coordinated so that the requests blocked in one stage form a subset
of the requests blocked in the other stage. Without loss of generality,
suppose a1 = a3. Then

Theorem 10:
R.(c) = ajo; min [1, ﬁ}

ain
Proof: For any given assignment, consider its bipartite assignment
graph . Let d; be the degree of vertex 7. We want to find a subgraph
G’ such that the degree of vertex v in G’ is d; = ond; (treating it as an
integer). Then G’ is the set of requests that will get through both »,
and V3.

Let V; be the set of vertices corresponding to », and Vs the set
corresponding to »;. Let d(X) denote the sum of degrees over all
vertices of X in G, and define d’'(X) similarly for X in ¢’. Finally, let
dy (X) denote the degree sum of X in G when the set Y is deleted from
G. Then a theorem of Gale! on network flows has the following
interpretation.i2

Gale’s Theorem : G' exists if and only if there do not exist two sets S & V7,
T C V3 such that either

d'(8) > d'(T) + dr(8),
or

d'(T) > d'(S) + ds(T).

In our case, d'(8S) = a:d(S) and d'(T) = «:d(T). Without loss of
generality, suppose d(S) = d(T'). Then the second inequality in Gale’s
theorem certainly cannot hold. To check the first, note that

dr(S) =2 d(S) — d(T) 2 ad(S) — aud(T) = d'(S) — d'(T).

Hence, the first inequality also does not hold. We conclude that G’
exists and Theorem 10 is proved.

When the involved numbers are large, the discrepancy caused by
assuming «,d; an integer is certainly negligible.
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A fixed-point algorithm has been used to obtain the parameters (t.e.,
decision and representative levels) of an “optimum’’ quantizer that mini-
mizes a quite general distortion measure, subject to an entropy constraint
on its output. Construction of the algorithm starts with a point-to-set
mapping whose fixed point satisfies the well-known Karush-Kuhn-Tucker
conditions necessary for a local extremum. A computer program s then
used to determine a fixzed point of this mapping. Several examples are
solved, and correspondence with the existing results in the literature is
poitnted oul. Finally, as conjectured, the growth of the computations as a
SJunction of dimenstonality n (n: number of representative levels) is found
to be of the form a-n® where a is a positive constant and 1.6 < b < 2.0.

I. INTRODUCTION

Simple quantization'—% has been and continues to be a popular
method of digitizing analog signals. The relative ease with which
quantizers can be implemented in hardware and their near optimum
performance has made them withstand the challenge from several
new coding schemes.*~% Universal use of quantizers has naturally
spurred a significant activity in optimizing their performance, some
of which is summarized in the next few paragraphs. Our objective
in this paper is to show how the problem of obtaining the parameters
of an optimum quantizer can be converted to the problem of obtaining
fixed points of a suitably constructed mapping and then to use a
fixed-point algorithm to solve the problem numerically.

Quantizers have been optimized based on several criteria. In order
to discuss these in relation to the problem considered in this paper, we
describe the basic quantizer equations. Given a scalar random variable
T with probability density p(f), a quantizer @ is a map Q) = y:
whenever z; < ¢ < x4, where z;, 1 =1, -+, N+ 1 and y;, 2 = 1,
-+, N are the decision and representative levels of the quantizer,
respectively. The performance of the quantizer is judged generally in
terms of two quantities:
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the distortion

N zi+1
D=3 [et—y)x s M
and the entropy
N
6= — X (og2ps) X pyy 2

where ¢ is a nonnegative function and f is a nonnegative weighting
function that weights the quantization noise and

zi+1
p= [ p0d.

Optimum quantizers choose their parameters {z;},7 =2, --+, N and
{y:},7 =1, -+, N (given the end points z;, y;1) to optimize a certain
combination of D and &.

Most quantization literature uses the weighting function fto be the
same as the probability function p, although in some applications™® a
different weighting function performs better. Most of the earlier work
is concerned with minimizing D for a given number of levels. Panter
and Dite® have used g(-) = |(-)|"(r > 0) and obtained an approxi-
mate optimum quantizer as one in which each of the quantizing in-
tervals [x;, %] makes an equal contribution to the integral of
| (¢ — y:) |~ This allowed them to choose the quantizer parameters for
large N. Lloyd" and Max have developed an algorithm for r = 2,
which corresponds to minimizing the mean square error. Bruce!® has
used dynamic programming to solve the same problem in slightly more
generality by taking a general function g(-). Simpler suboptimal algo-
rithms and bounds on the performance of the quantizers have been
obtained by Roe,!* Algazi,'* and Zador.!®

Representation of the quantizer output by a variable length code
allows reduction of the average bit rate of the quantizer when p; varies
with 7. Use of Huffman code!” makes the average bit rate approach
the entropy of the quantizer output. Thus, the problem of designing
an optimum!®1? quantizer can be reformulated as that of obtaining the
decision and representative levels to minimize D subject to a constraint
on the entropy. Goblick and Holsinger have considered this problem
for uniform quantizers and have concluded that for gaussian density,
for r = 2, and for the same distortion, the entropy of the output of the
uniform quantizer is higher than the theoretical lower bound based on
the rate distortion theory by about 1 bit. Uniform quantizers are also
good in an asymptotic sense, since they are optimum for a large number
of levels.2r Moreover, for Laplacian densities, as shown by Berger,?
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uniform quantizers are optimum for any value of entropy. A different
type of distortion measure has been considered by Elias.?

The problem we consider is that of obtaining the parameters of
quantizers such that D is minimized for a given constraint on the
entropy. Although the approach taken here is suitable for a general
distortion measure of eq. (1), we consider only the case of g(+) = (+)3,
mainly to compare our results to those in the literature. In the next
sectlon, we present the necessary conditions that the optimum quan-
tizer must satisfy for a local extremum. Then, in Section III, we con-
struct a point-to-set mapping such that its fixed point satisfies the
necessary conditions for a local extremum of our problem. A descrip-
tion of the algorithm is then presented for completeness. In Section IV,
we present the results of use of this algorithm for uniform, Laplacian,
and gaussian densities. The distortion-entropy curves are presented for
each case. We also present a surprising observation on the growth of
computations as a function of dimensionality (i.e., the number of
quantizer parameters to be optimized).

Il. FORMULATION OF THE PROBLEM AND NECESSARY CONDITIONS
Using g(+) = (-)?, the distortion of eq. (1) becomes

D=2 [T - s @

5
Then the problem is to obtain {xz;}, j =2, ---, N, {¢;},j=1,---, N
such that they minimize D subject to & < K, for a given N. The
necessary conditions from the KKarush-Kuhn-Tucker theory? are that
there exists a A = 0 such that

VD(z) + A\V8(z) = 0, 4)

where z is a vector of quantizer parameters and V denotes the gradient.
For the parameters {y;}, since & is independent of {y;}, (4) becomes

v= | ta/ [ fOdt, =1, N. (5

This implies that the representative levels can be obtained explicitly
by knowing the decision levels and therefore they do not add to the
dimensionality of the problem. Also, the other necessary conditions are
E§= K
and
ME—-K)=0. (6)

1Il. FIXED-POINT APPROACH

In this section, we formulate the quantization problem as a fixed-
point problem and give a general description of the algorithm that
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solves this problem. This algorithm is based on the theory of com-
plementary pivoting.?

Given a point-to-set mapping T' [i.e., to each point z in R” it as-
sociates a subset I'(z) of B*], a fixed point of such a mapping is a point
z such that ¢ & I'(xz). We show that the problem of finding the pa-
rameters of the optimal quantizer can be formulated as a problem of
finding a fixed point of a certain point-to-set mapping.

3.1 Fixed-point formulation

Let VD and V& be the gradient vectors of the distortion D and
entropy &, respectively. Then, consider the following point-to-set
mapping :

z — {VD(2)} &(z) < K
I'(z) = 4z — hull {VD(z), V&(z)} &) = K, (N
z— {VE(x)} §(x) > K

where hull {E} is the smallest convex set containing E; i.e., the convex
hull of E, and z — A = {@ — y:y € A} for a set A in R* Note that
the mapping as defined is upper semicontinuous* (u.s.c.) and the set
I'(x) is convex for each z. As we subsequently see, these properties are
needed if the algorithm is to find a fixed point of T.

We now show that a fixed point of this mapping satisfies the necessary
conditions of Section 2.

Theorem: Let x & T'(x). Then, if §(z) £ K, x satisfies the necessary
conditions of Section 2. Otherwise, x 1s a local minimizer of §(x).

Proof: We construct the required N and show that (6) is satisfied.
Since ¢ & I'(z) and 8(z) £ K, we have two cases:

Case (7): 8(x) < K. Let A =0 and, since 0 € {VD(x)}, VD(x)
4+ NV &(z) = 0, satisfying (6). Note that A\[8(x) — K] = 0.

Case (i7): 8(x) = K. Then, as 0 € hull {VD(z), V&(x)}, there exist
}\1 ‘I‘ )\2 = 1, )\1 g 0, )\2 g 0 Such that

MVD(z) + NVE(z) = 0. (8)

Now, in case A\ # 0, letting X = N\s/A; = 0, (4) is satisfied, and
M 8() — K] = 0. In the contrary case, a constraint qualification
would be violated.

In case z € I'(x) and &(x) > K, then, since 0 € {VE(x)}, VE(z)
= 0 and we have a local minimizer of &(z). If §(x) were a convex
function, our problem has no feasible solution [i.e., an x such that

* A mapping T is us.c. if, for any two sequences {z*}, {y*} such that z* — z,
y* € I'(z*), and y* — y, we have y € T'(z).
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&(z) £ K. In the contrary case, we would conclude the algorithm
has failed.

3.2 Description of the algorithm

In this section we give a brief description of the algorithm that com-
putes fixed points of point-to-set mappings. Before going into the
details of the algorithm, we introduce some notation.

Given a set C in R», and a point-to-set mapping T, by I'(C) we
represent the set LEJC T'(x). Also, given a one-to-one linear mapping 7,

x

we say a set C is
() T—complete if 0 & hull {T'(C)},
(i) r—complete if 0 € hull {»(C)}, and
(#7) T U r—complete if 0 & hull {T'(C) U 7(C)}.

The significance of I'-complete sets is the following: in case T is
u.s.c. and T'(z) is convex for each x, a sequence C;, ¢ =1, 2, --+ of
T-complete sets whose diameter approaches 0 as ¢ approaches «, con-
verges to a fixed point of T' (see, for example, Refs. 25-27). The fixed-
point algorithms are designed to find such a sequence of I'-complete
sets.

These algorithms work with sets C that are simplexes of appropriate
dimension. (An n-dimensional simplex is a convex body obtained by
taking the convex hull of n» 4 1 affinely independent points in n-space.
A two-dimensional simplex is a triangle; a three-dimensional simplex
is a tetrahedron.) They start with a unique r-complete simplex and
generate a sequence of I' {J r-complete simplexes that terminate with
a I-complete simplex. There are essentially two basic algorithms that
can be used to generate a sequence of I'-complete simplexes of decreas-
ing diameters. They are the restart method of Merrill?” and the con-
tinuous deformation method of Eaves and Saigal.?® A study of both these
methods can be found in Saigal.28—30

We now discuss an application of the algorithm. A real number
d > 0 is chosen. Then the space R* X [0, d] is triangulated (i.e., each
point in the space lies in an (n 4 1)-dimensional simplex, and these
simplexes overlap only on their boundaries) such that the vertices of
the triangulation are only in the set B» X {d/2%}, k= 0,1, ---. In
addition, the diameter of each n-dimensional face of each (n + 1)-
dimensional simplex that lies in R* X [d/2*t!, d/2*] is at most d/2*.
Now, an arbitrary starting point z, is chosen. We then define

7'(.’13) = = + Zoy (g)
which is a one-to-one linear mapping.

The sequence of T |J r-complete simplexes is then generated as
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follows:

Step 1: Start with an r-complete simplex in the triangulation that
contains (zo, d). The triangulation is arranged in such a way
that there is a unique such simplex, and that this simplex
has exactly one vertex in R» X {d/2}, and (n 4 1) vertices
in R» X {d}. The entering vertex is the one in R* X {d/2}.
Design the labeling function L on the vertices of the triangu-
lation with

| z—z forsomez ET(x) if t<d
L(x’t)_{x"—x it 1=q 19

Step 2: Find the label on the entering vertex.

Step 3: Find a new I' [J r-complete simplex that includes the enter-
ing vertex, in place of some vertex of the older simplex.
This is equivalent to the basic pivot operation of the simplex
method.?

Step 4: Find the other (n + 1)-dimensional simplex that contains
the new I' U r-complete simplex found in Step 3, and de-
termine the entering vertex.

Step &: If the entering vertex is outside R* X {d/2%, d}, stop. The
earlier T' U r-complete simplex is actually TI'-complete.
Otherwise, go to Step 3.

Having found a I'-complete simplex 7, say, whose vertices are V!,
Ve, .., Vet where Vi= (0%, dy), 1 =1, ---, n + 1, we have de-

termined points 2° € T (v?¥) and a A = (A, - -+, Apg1) = O such that
n41 .
S at=0
=1 (11)
n+1
Sh=1
im1
has a solution. In this case, we say that the point « determined by
n41 X
T = Z At (12)
i1

is an approximate fixed point (for justification, see Ref. 26).

Since the stopping criterion at Step 5 requires that we generate a
vertex in R* X {d/2¥}, we have generated a sequence of I'-complete
sets C,, the last one of diameter less than d/2%, and have thus found a
reasonable solution.

The procedure for triangulation R” X (0, d] generally used is
called J3 in the literature. For a more detailed description of this
algorithm, the reader is referred to Ref. 32.
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IV. EXAMPLES

In this section, we discuss some examples that we solved using the
algorithm deseribed in the previous section. Three of the four examples
had f(-) = p(-) corresponding to mean square quantization error as
a measure of distortion. The fourth example, on the other hand, uses
a different weighting of the quantization noise; it is motivated by the
problem of quantizer design for simple element differential coding of
picture signals.® The examples are:

@) fl@) =p) =45 —16=z=+16
0 otherwise

1
Ee‘“'”', —w <z < F+x,a=0.1

() f(@) = p(a)

(i7) f(z) = p(x) =M, —w <z < +w,a=1 (13)

2ra
(i) f(z) = %e-ﬂm; pley = 2o, — <z < o
a=0.18, 3 = 0.1; and a = 0.1, 8 = 0.065.

Due to symmetry of functions f(-) and p(-), the optimum quantizers
are symmetric and, for simplicity therefore, quantizers were con-

40

20

D

10—
08—

06

MEAN SQUARE ERROR
N
I

0.4

0.2 I ] | ] |
10 15 2.0 25 3.0 35 4.0

ENTROPY (BITS)

Fig. 1—Quantizer performance for uniform density. Minimum mean square error
(MMsE) is plotted against entropy for a fixed number of levels (V). Only odd-level
quantizers are considered. For each fixed number of levels, MMsE decreases with
entropy up to a certain point, after which there is no further decrease in mean square
€rror.
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Fig. 2—Quantizer performance for Laplacian density.

strained to be symmetrie. Also, without loss of any generality, only
quantizers having odd numbers of levels were considered. In each case,
several problems were solved by varying the entropy constraint and
the number of levels. The number of levels were varied from 3 to 21,
and the entropy constraint was varied from 1.0 bit to the largest
possible bits using a particular number of levels.

Results of these simulations are given in Figs. 1 through 5. In these

0.4

0.2

0.1
0.08

0.06

0.04

MEAN SQUARE ERROR

0.02

0.01
0.008

0.006

0.004 | ] | | |
1.0 15 2.0 25 3.0 35 4.0

ENTROPY (BITS)

Fig. 3—Quantizer performance for gaussian density.
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Fig. 4—Quantizer performance for Laplacian density and exponential weighting.
Quantization noise is weighted by 1/|8| exp(—pg|z|), whereas the probability
density is taken to be 1/|a| exp (—alz|). Such situations arise in quantization of
the prediction errors in predictive coding of the television signals: ¢ = 0.1, 8 = 0.065.

figures the distortion is plotted logarithmically on y-axis and the
entropy is plotted linearly on z-axis in bits. Alternate solid and broken
lines are shown for different values of quantizer levels. For a given
number of levels, the minimum distortion decreases approximately
exponentially with respect to the entropy up to a certain point and

100
80—
60—

WEIGHTED MEAN SQUARE ERROR

1 | | | |

1.0 1.5 2.0 25 3.0 35
ENTROPY (BITS)

Fig. 5—Quantizer performance for Laplacian density and exponential weighting:
a=018,8 =0.1.
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then the entropy constraint is not operative any longer, and conse-
quently the distortion remains a constant. These are indeed Lloyd-
Max!? quantizers that minimize the distortion for a given number of
levels with no constraint on the entropy. The distortion versus entropy
curves are lower bounded by the following functions:

Ezxample (1) D = 85.3 exp(—1.39E)

Ezxample (2) D = 196.18 exp(—1.32E)

Ezxzample (3) D = 1.40 exp(—1.39F) (14)
Ezample (4a) D = 62.50 exp(—1.31E)
Example (4b) D = 176.71 exp(—1.24E).

In the case of uniform densities, the optimum quantizer is non-
uniform whenever the entropy constraint is operative, but when the
entropy constraint is too large and inoperative, the optimum quantizers
are uniform. Laplacian densities, on the other hand, always have uni-
form quantizers as the optimum quantizers. This has been shown by
Berger.? In the case of gaussian density, the optimum quantizers were
not uniform ; however, a comparison of our results with those given by
Goblick and Holsinger'® indicates that, although nonuniform quantizers
perform better than uniform quantizers, the differences in the per-
formance of the two are somewhat small. This conclusion has also been
reached by Wood!? and Berger.?® The case of an exponential weighting
function falling slower than the probability density function arises in
quantization of the prediction error in a simple element differential
coding of picture signals. In this case, the density of the prediction
error is approximately Laplacian, whereas the perceptual visibility?:3?
of the quantization noise may be approximated by an exponential
function decaying somewhat slower than the probability density. The
distortion-entropy curves for this case show larger improvement (that
is, for a given entropy the distortion decreases much more than in the
previous examples) as the number of levels is increased. Also, the
optimum quantizers are nonuniform. Improvement in their perform-
ance over that of the uniform quantizers is more significant than in the
previous examples. It is interesting to note that our algorithm can
solve Lloyd-Max problem trivially by sctting the entropy constraint
to a very high value. This algorithm was also used in other applica-
tions related to adaptive quantization3* of picture signals. The prob-
lems in this case were such that they had uniform (constant) weighting
functions and two-sided exponentials as the density functions. The
resulting quantizers had interesting structure and were used quite
successfully.
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4.1 Computational effort as a function of n

The increase in computational effort as a function of dimension, =,
of the problem is important in the study of algorithms. In the case of
fixed-point algorithms, Saigal?® had speculated that different tri-
angulations would have different effects on this growth and he was the
first to propose a measure to describe it. For the triangulation em-
ployed in our experimentation, his measure predicted the growth rate
of the number of iterations as n2. Subsequently, Todd?® refined his
measure to predict an “average” growth rate of the iterations as ni.
The measure of Saigal, in some sense, predicts the ‘“‘worst case”
behavior.

The computational experiments in Section IV were ideally suited
to test the theoretical predictions of Refs. 28 and 35, since the dimen-
sion of the problem was increased in a regular manner, the starting
points were chosen in a regular way, and the problems of dimensions
varying between 1 and 10 were solved. A number of results for various
entropy values were plotted on the log-log paper. A representative
plot is given in Fig. 6. It is seen that the experimental points lie on a
straight line. The slope of these lines for different cases was a function
of the entropy constraint and the probability density used and varied
from 1.55 to 1.88, which is between 1.5 predicted by Todd?®® and 2
predicted by Saigal.?8

Thus, we can conclude, with a high degree of certainty, that the
number of iterations of the algorithm to solve a problem of dimension
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10,000 |—
8000

2 so00}-

NUMBER OF ITERATIO!

200 | | I | [ B
1 2 3 4 5 6 7 8 9 10

DIMENSIONALITY

Fig. 6—Growth of computations vs dimensionality. Number of representative
levels &V is two times the dimensionality n plus 1. Straight line drawn is the minimum
mean square error fit to the observations shown by A.
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n would require an® for some b between 1.5 and 2.0. Since each iteration
requires 0(n?) multiplications and at most one evaluation of the
function, the number of function evaluations is bounded by 0(n?) and
multiplications by 0(n%).

V. CONCLUSIONS

A fixed-point formulation has been developed to minimize the dis-
tortion, using a fairly general distortion measure, with respect to pa-
rameters of a quantizer under an entropy constraint on the quantized
output. A point-to-set mapping is first developed whose fixed point
satisfies the necessary conditions for a local extremum. Then a com-
puter program is developed to compute its fixed points. Several ex-
amples are solved to show the usefulness of the algorithm. Finally, the
rate of growth of the computations used by the algorithm as a function
of the dimensionality of the problem is also discussed.
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