




































































































































































































































































































































































































































































































































































IV. LONGITUDINAL CIRCUIT ANALYSIS
4.1 Discrete-parameter equivalent circuits

Equation (14) describing the response of the LC defined by a well-
balanced wire pair is conveniently represented as a forced linear sys-

tem,
- [2 [E[] om
ig(x) ye O ig(x) 0
The boundary conditions defined by the longitudinal impedances 5‘3 and
¢ ;’ of the well-balanced terminations at the ends (x = 0 and £) of the wire
pair are, from eq. (15),
Ug 0) = "fgig(o)
vg(8) = g (). (20)

The solution of eq. (19) is of the form

[40]= 0 [ 20+ [ o= [*0]a @

Since the LC is assumed uniform (i.e., z; and y, are independent of x),
the transition matrix of the LC, ®,(£), can be expressed in terms of the
characteristic impedance k, = V'z,/y, and propagation constant v, =
V'zgyg of the LC,

cosh vg¢ —kg sinh vg&

() = cosh v,

(22)
- k_g sinh vz

Substituting the boundary conditions [eq. (20)] and the above expression
for ®4(£) in eq. (21) yields after some manipulation

[chhh€+@smhh€ ;g][@mq

(9 sinh v,€ + kg cosh v, €  —ky 1 Lig(£)
¢
j; €g(£) cosh v, (€ — £)d¢
= J . (23)
e sinh yg(¢ - £)dz
The formal solution of eq. (23) for ig(0) and i, (£) is of the form
_E, (24)

5T+ 2,
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x=0 x=%

Fig. 5—Discrete-parameter longitudinal circuit models.

where E; is the longitudinal source and Zj is the longitudinal impedance
seen looking into the LC from one end, terminated in {, at the other end.
These quantities define two discrete parameter circuits (see Fig. 5) which
have the same terminal response as the distributed parameter circuit
of Fig. 3.

General expressions for E; and Z; at each end of the LC are given
below:

¢ h v,(€ gé'h ¥ d
j; eg(é)[cos vg —£)+kgsm Ye —S)] 3

El= (25)
g—[
cosh g€ + E& sinh v, ¢
g

? 0
j; g (£) [cosh ye&t+ —}% sinh 7,;5] d¢
Ef= o . (26)
cosh v ¢ + ;& sinh v, ¢
4

§’§ + kg tanh y4

Z0 = ; (27)
1+ £ tanh v,
kg
Z§=§g+kgtanh'yg€. (28)

g—O
1+ £ tanh v, ¢

kg
These expressions simplify if the LC is terminated in its characteristic
impedance, k,. For example, setting {/ = k, in eqs. (25) and (27)
yields

£
Ep= " e vgtds
70 =k, (29)
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Note that the voltage impressed furthest from x = 0 suffers the most
attenuation as one would intuitively expect.

4.2 The electrically short longitudinal circuit

An L is electrically short if its electrical length, |y,£], is small. This
is typically the case when the source of impressed voltage is a nearby
power distribution system. If |y,£| is small, then the hyperbolic func-
tions can be approximated by the first terms of their power series ex-
pansions; sinh yg€ =~ y,¢, cosh v;€ =~ 1, and tanh y,€ =~ y,£. These
approximations when substituted into eqs. (25)—(28) yield approxima-
tions of the longitudinal source and longitudinal impedance,

P S
EO=E1+§gyg(€ 2)

30
& 1+ ¢yl (30)
o =
E;’ = El_-l'_fgﬁ’_g (31)
I+ yel
" 42,0
ZO = 28 <87 (32)
£ 1+ §'§yg€
0
st =Satat (33)
14 0y, 8

The quantities E and £ are defined as the total impressed voltage,
¢
E= 4t (34)

and the center of impressed voltage,

— 1 3
7=1 | e (35)

These definitions have a physical intrepretation if the impressed
voltage is a real valued and nonnegative function. In this case, E = 0 and
0 < Z < £ and the center of impressed voltage can be interpreted as that
point along the LC where the impressed voltage may be concentrated
without changing the terminal response of the LC. Hence a particular
E and £ define a class of equivalent impressed voltages whose canonical
representative is a point source of strength E based at £. These concepts
have their mechanical analogs in the total mass and the center of mass
of a thin filament or wire. Recall that the center of mass is that point
along the wire where the total mass may be concentrated while preserving
moments about the ends of the wire. In our case, the center of impressed
voltage is that point along the L.C where the impressed voltage may be
concentrated while preserving the response at the ends of the LC.
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V. ENGINEERING APPLICATION
5.1 The longitudinal response of an electrically short subscriber loop

The most common LC is a subscriber loop excited by a nearby power
distribution system. This circuit is typically electrically short at the
fundamental frequency of the impressed voltage (60 Hz). Longitudinally,
a subscriber loop has a low impedance termination at the central office
by virtue of the battery supply circuit, and essentially an open-circuit
termination at the telephone set, assuming single-party or isolated ringer
service. Consequently, the longitudinal quantities of primary interest
are the short-circuit current at the central office, I, and the open-circuit
voltage at the telephone set, V.

We now derive a simple relationship between these two fundamental
quantities. To begin, I; can be expressed as

jo)
I, = Z? (36)
where E and Z ¢ are given for an arbitrary {§ in eqgs. (30) and (32). Letting

¢ — = in these equations yields

-4 (37)
7%= }:_e' (38)
Substitution of these results into eq. (36) yields
I, =Ey,(¢—29). - (39)
Similarly, V, can be expressed as
Vy=Ef (40)
where E ! is given in eq. (31) for an arbitrary {J. Setting {8 = 0yields
Vg=E. (41)
Hence I; and V, satisfy
I, = Vyyg (€ — 0). (42)

The link between V, and I, is the center of exposure, £.

5.2 Estimating V,

Historically, emphasis has been placed on characterizing the open-
circuit longitudinal voltage at the telephone set because it can be con-
verted to an interfering metallic voltage (V) across the telephone set if
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unbalances are present in the loop.” The historical measure of loop
balance® is

BAL = 20 log L‘//‘ﬂ dB. (43)

The balance of the loop determines the amount of longitudinal voltage
that will be converted to metallic voltage by the loop unbalances. This
can be expressed mathematically as

N = N, — BAL. (44)

The metallic circuit noise (N) and the longitudinal circuit noise (N,
usually called noise to ground) are defined as

N = 20log —KI dBrn (45)
Vr
Ve

Nz =201log dBrn. (46)
Vr

The reference noise (dBrn) voltage is 24.5 uV which corresponds to 1 pW
across a 600 Q resistor. The commonly used 3-type noise measuring set
attenuates a longitudinal noise measurement by 40 dB. Hence 40 dB
must be added to a measured value to obtain N in dBrn.

The distributions of noise and loop balance for Bell System loops were
determined in 1964 as part of the General Loop Survey of physical and
transmission characteristics of the loop plant.# Noise measurements were
made on 1100 randomly selected loops during normal working hours at
the subscriber’s telephone set using both 3-kHz flat and C-message
frequency weighting. C-message weighting approximates the frequency
response of the telephone set and the human ear, and 3-kHz flat-
weighting assigns equal weight to all frequencies in the 0 to 3 kHz band.
Since the primary interferer on subscriber loops is a nearby power dis-
tribution system with a fundamental frequency of 60 Hz, a 3-kHz flat
measurement is dominated by the 60-Hz component. Hence the rms
voltage corresponding to N, measured with 3-kHz flat weighting is es-
sentially 60 Hz. The distribution of this voltage over the 1100 loops is
shown in Fig. 6. The maximum voltage was 18 V. Ninety-nine percent
of the loops had a measured voltage of less than 11 V. The average voltage
was 1.5 V with a standard deviation of 2.1 V.

5.3 Estimating I,

The range of longitudinal current at the central office affects both the
operation of existing loop terminating equipment and the design of new
equipment. In this section, we estimate the distribution of longitudinal
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MAX. 18.0
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OPEN~CIRCUIT LONGITUDINAL VOLTAGE
(V rms)

Fig. 6—Distribution of open-circuit rms longitudinal voltage at the telephone set (1964
General Loop Survey).

current using the distribution of longitudinal voltages and loop lengths
determined as part of the 1964 General Loop Survey.

The basic equation [eq. (42)] relating I, and V, can be expressed in
the form

|Ig] = | Vgl |yel €1 — 2/0). 47

The ratio £/¢ is a measure of where the exposure is centered along the
loop. If the exposure is centered at the subscriber (£/£ = 1), then the
short-circuit current at the central office is zero. Conversely, the current
is maximum if the exposure is centered over the central office (£/£ = 0).
In this case, .

max|[,| = IVgl |yg .

Equation (47) can be used to estimate the distribution of |I,| from

- the distributions of | V,| (see Fig. 6) and ¢ (see Fig. 2 of Ref. 4) and an
assumed value of 2/£. The admittance of the longitudinal circuit is pri-
marily capacitive at 0.17 uF per mi. Distributions of |I,| at 60 Hz for £/¢
=0, 0.5, and 0.9 are shown in Fig. 7. In the worst-case condition of £/¢
= (), the maximum current is 12 mA. Ninety-nine percent of all loops had
a current of less than 4 mA. The average current was 0.3 mA with a
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Fig. 7—Estimated distributions of short-circuit 60-Hz longitudinal current at the central
office (1964 General Loop Survey).

standard deviation of 0.9 mA. If the exposures are centered at the mid-
points of the loops (£/£ = 0.5), then the above currents are reduced by
a factor of 2. If the exposures are centered near the subscriber (£/£ = 0.9),
then the above currents are reduced by a factor of 10, i.e., the maximum

current reduces to 1.2 mA and the average current reduces to 0.03
mA.

5.4 Estimating £/£

The estimated distribution of the short-circuit longitudinal current
at the central office is very sensitive to where the exposures are centered
along the loops. An estimate of £/£ can be made from simultaneous
measurements of |I,| and | Vg| using another form of eq. (47),

_ I
3/e=1——|—g—. (48)
| Vellyglé

A limited number of near-simultaneous measurements were made as
part of the CO Strata Survey described in Ref. 5. Single near-simulta-
neous measurements of |I,| and | V,| at 60 Hz were made during normal
working hours for each of the 47 test loops. These data were not discussed
in Ref. 5 but were made available to us by D. N. Heirman. The ratio /¢
was calculated for each test loop using eq. (48). The distribution of the
calculated values over the 47 loops is shown in Fig. 8. All exposures were
centered beyond the midpoints of the loops. The average value of £/¢
was 0.88. Hence the exposure of the average loop was centered at almost
90 percent of the loop length. These results are intuitively pleasing since
the worst exposures (long aerial parallels with single-phase) are indeed

666 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1978



90
80
70 |-
@ AVERAGE = 0.88
) STD. DEV. =0.102
S 60 - MAX. = 0.993
w MIN. = 0551
@]
~ 50 |-
=4
w
[5}
S a0
o
30 -
20 (-
10 |~
0 ! 1 1
05 0.6 0.7 0.8 09 1.0
2/2 AT 60 Hz

Fig. 8—Distribution of £/¢ at 60 Hz (Central Office Strata Survey).

over the far ends of the loops. If this distribution of £/ is representative,
then the worst case condition is not £/£ = 0 but £/¢ = 0.5. In this case
(see Fig. 7), the maximum current at 60 Hz. is 6 mA, 99 percent of all
loops had a current of less than 2 mA and the average current was 0.15
mA.

5.5 Use of the data

The data presented in this section are based on one-time measure-
ments made during normal working hours as part of the 1964 General
Loop Survey. The demand for commercial power has doubled since 1964,
and one would expect the induced voltages to have increased as a result.
In addition, recent surveys® have shown that time-of-day variation in
60-Hz induction is likely to be 2 to 1. In residential areas in particular,
the induction is likely to be higher in the evening than during the day
when the 1964 measurements were made. For these reasons, the reader
is cautioned to use the data presented in this section with care.
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An Inversion Technique for the Laplace
Transform with Application to Approximation

By D. L. JAGERMAN
(Manuscript received July 26, 1977)

Properties of a sequence of positive operators defined by the Widder
Laplace inversion formula are studied in order to obtain practical
methods for the inversion of the Laplace transform, practical error
formulae, and useful approximations to given functions. The approx-
imation procedure retains essential structural characteristics of the
original function, e.g., nonnegativity, monotonicity, and convexity.
Thus a distribution function is approximated by distribution functions.
Enhancement techniques are provided for the improvement of accuracy
for a given order of approximation. The methods are illustrated by
applications to renewal theory and to the covariance and recovery
functions of telephone traffic theory.

I. INTRODUCTION

The Laplace transform occurs frequently in investigations of queueing
theory and telephone traffic models in which it usually represents a
probability distribution function. Although the mean and variance of
the distribution can be readily obtained from the transform, there are
many investigations in which the distribution itself is needed; in par-
ticular, good analytic and numerical approximations for the comple-
mentary distribution when the argument is large. This is the case, for
example, when studying waiting times of queues, time delays of work
through a computer system, and delays of message progress through data
networks.

Numerical methods which have been made thus far'6-18 concentrate
on accurate numerical approximation on some interval [0, T'], the diffi-
culty of accurate inversion increasing with increasing 7. Methods de-
pending on Gauss-Legendre quadrature applied to the defining Laplace
integral with subsequent interpolation are discussed in Ref. 19. These
methods require the solution of large order linear systems whose matrices
are severely ill-conditioned; thus they can bog down in meaningless
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calculations. Much ingenuity has been used in specific cases to circum-
vent this problem. Asymptotic formulae may sometimes be used to ap-
proximate the complementary distribution for large argument; however,
in many practical cases, good accuracy was obtained only when the
argument was so large that the corresponding probabilities were too small
to be of practical significance. One of the methods of this paper, namely,
the @ enhancement procedure, specifically attacks this problem by im-
itating the exponential decay of the original in [T, «] while simulta-
neously providing accurate approximation in [0, T']. The transition region
is sufficiently well approximated for most practical uses.

The well-known Laplace inversion formula of Widder!3 has not been
actively used in practical work. It has been the experience of the author
that an investigation of the Widder formula qua functional transfor-
mation can provide useful practical techniques for inversion and also
inequalities and limit relations between the approximations and the
original function. Accordingly, it is the object of this paper to study the
properties of a sequence of positive operators defined by the Widder
formula in order to obtain practical methods for Laplace inversion,
practical error formulae, and useful approximations to given functions.

In II the Widder inversion formula is obtained and a sequence of
positive operators, L,, which form the subject of the paper, are intro-
duced. The L, map a function f(¢t)(¢ = 0) to a sequence of functions f,, (¢)
= L,f which converge uniformly on [0, «] to f(¢). This viewpoint enables
one to study the approximation characteristics of the sequence f, (t), thus
providing a means of approximating a given f(t) besides effecting the
inversion of its Laplace transform, f(s). Several representations are given
for f,(t) in terms of f(t).

In III properties of the sequence {f,, (t)} are developed which show that
it possesses many desirable characteristics. In many applications it is
preferable that the approximating functions globally imitate the original
function in qualitative structural features rather than to the attainment
of very high numerical accuracy. Thus if the original function lies be-
tween zero and one, is monotone decreasing, and is convex, then these
same properties would be desired in the approximation. It is shown that
the approximating sequence, {f,, (t}}, does retain those properties. A re-
cursion relation for f,,+1(t) in terms of f,,(¢), and a generating function
for the sequence are also given, thus making the computation of higher
approximations possibly more convenient than the direct application
of the representation formulae themselves. A useful feature of the £, (t)
is that, when f(t) is convex, they satisfy f,(¢t) = f(t).

Part IV develops error bounds and pointwise error estimates. The
results in terms of f(¢) reflect the use of the technique for approximation;
on the other hand, the pointwise estimate of error in terms of f,(t) is
especially useful for the inversion problem since then f(¢) is not available.
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It is also shown that the successive approximations fo(t), f1(t), fo(t), . ..
are uniformly better for each ¢ if f(t) = 0.

In practical use the initial member of the sequence, fo(t), is not an
accurate approximation to f(¢) for ¢ not in the neighborhoods of zero and
infinity. Additionally the sequence {f,, (¢)} does not converge rapidly in
n. Consequently one must go far out in the sequence to obtain adequate
accuracy. Part V treats this problem. A modification, f,, (), of f,(¢) is
introduced depending on a parameter « for which, by appropriate choice
of a, fo,«(t) is a much improved approximation to f(¢) than fo(t); the
rapidity of convergence of the sequence {f,, .. (t)} is not improved over that
of the unmodified sequence. However, it has been found that good ac-
curacy is obtained by use of fo o (t) or f1 +(¢) as is demonstrated in the
examples on covariance and recovery functions given in this paper.

In many applications, especially to complementary distribution
functions, the behavior of f(¢) for large ¢t must be accurately reproduced.

-'The approximations f, , (t) accomplish this especially when « is related
to the decrement of an exponential majorant. For functions which are
exponentially small at infinity, the f,, (¢) do not adequately reproduce
the decay of f(¢).

Many of the desirable features of the original method are still retained
by this modification. The concept of convexity with exponent « is in-
troduced which allows the transference of the inequality £, (¢) = f(¢) to
fn.a(t) = f(t). A criterion is given for deciding convexity with exponent
« in terms of the transform, 7(s).

The degree of precision concept is applied to the approximation se-
quence in order to obtain a modified sequence, s, (t), which converges
more rapidly. For sufficiently smooth functions this method is successful.
The approximation s, (t) consists of a linear combination of fo(t), . . .,
fn@)orof foo(t),...,fna(t) and hence is easily applied. Its efficacy is
demonstrated in the examples of this paper. Unfortunately the im-
provement in rapidity of convergence is so strong that the map from f(¢)
to s, (t) is no longer positive, consequently many of the desirable struc-
tural preservation properties of the L, are lost in favor of greater nu-
merical accuracy.

An attempt is made to enhance the rapidity of convergence of {f,, (¢)}
while simultaneously retaining the positivity of the map. This is ac-
complished by the construction of a new sequence, h,(t), which is also
a linear combination of fo(¢), . . ., fn(¢). As is to be expected, however,
the improvement is not as great as is realized with the sequence s, (t).

The pointwise error estimate developed in Part IV may be used as a
correction device on f,, (¢) or f,, »(¢) to improve further the accuracy of
computation. This, however, in the absence of an error estimate for the
modification, must rely on one’s understanding of the specific problem
for ascertaining the reasonableness of the result.
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An application of the methods of this paper to the renewal function®
in the theory of renewal processes is made in Part VI. The remarkable
accuracy of the simplest of the approximations fo(t), f1(t) is notewor-
thy.

Part VII presents applications of the techniques to the covariance and
recovery functions of Erlang blocking models used in telephone traffic
theory.!! For the covariance function, the initial approximation, fo (t),
is excellent; however, in the case of the recovery function it was found
that fo o (t), f1,o(t) might not be considered sufficiently accurate, ac-
cordingly the linear combination, s1(t), was used. This provided suffi-
cient enhancement of accuracy.

The generating function, G (z,t), for the f,, (t) can sometimes be used
to obtain an explicit construction of the sequence. Some examples of this
nature are treated in Part VIIL

Applications of the methods herein have been made to the comple-
mentary distributions of waiting time in M/G/1 queues. Also B. W. Stuck
and E. Arthurs have successfully applied these techniques to the study
of models of computer systems.

There are questions of an exclusively mathematical character which
have not been touched upon, e.g., a semigroup interpretation and satu-
ration phenomena. It is felt that these would be outside the essentially
practical thrust of the paper. For some theorems which are applicable
to the operators of this paper see Ref. 5.

A short table of operations on f(¢) and their corresponding maps under
L,, is included to facilitate application of these methods to the con-
struction of approximations.

Il. WIDDER INVERSION—REPRESENTATIONS

Let the transform f(s),
fo)= | emfludu (1)
exist for s > 0, then
(- 1) 7 gni1f(s) = _:5_1 j;m e=stynf(u)du (2)
in which
- dn .
f™(s) = ﬁf(s)- (3)
s

The function (s”*1/n!)e—styn is a probability density function on (0,
) fors > 0,n = 0 whose mean is (n + 1)/s and variance (n + 1)/s2. When

672 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1978



s = (n + 1)/t, the mean and variance are t and ¢2/(n + 1) respectively.
One has:!

Theorem 1 (Widder). Let the transform, f(s), of f(t) exist for s > 0, let
f(t) be continuous at ¢ and bounded on [0, =], then

tim T cnt17m() = f(2).

n—o n. s=(n+1)/t

The convergence is uniform in every finite closed interval throughout
which f(¢) is continuous.

Proof. Korovkin’s theorem on sequences of positive functionals.2

The inversion theorem, in the above form, had already been stated
by Feller3 who used the law of large numbers to effect the proof. It is the
purpose of this paper to study the transformation

(=1)"

1
n!

Lnf =fn= snHIfn)(s) (4)

s=(n+1)/t

so that f, may be effectively used as an approximation to f. The repre-
sentation of f,, directly in terms of f is obtainable from (2); thus,

= (" 5

falt) ﬁ) gn(t, w)f(w)du 5)
n+1

gn(t,u) = %e‘[("“)/t]”u” n = 0. 6)

Alternative forms which will be found useful are:

n+1 b u
fult) =" L y(m o+ D) ;) f(w)du 7)
falt) = (n + 1) f " yln, (n+ Duwf(tu)du (8)
0
S
Y(x,a)=e T+ 1) 9
in which ¢(x, a) is the Poisson probability distribution,
@ t du
falt) = j; M, (;) fu) = (10)
M, (x) = (n +n]") s e—(n+1)/xy—n-1 (11)

in which the representation is by means of convolution on the half line
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(Mellin convolution), and

gntn = Kutglr = £)dg (12)
Kn (71) = (Li%)LH e—(n+1)n—(n+1)e—n (13)
t=enu= et f(t) = g(a), falt) = galn) (14)

in which the representation is by means of convolution on the whole real
line (Fourier convolution).
The conditions of Theorem 1 are relaxed below.

Theorem 2. Let the transform, f(s), of f(t) exist for s > ¢, let f(t) be
continuous at t and let f(t) = 0(e?)(t — «); then,

lim f,(¢) = f(¢).

n—owo

The convergence is uniform in every finite closed interval throughout
which f(t) is continuous.

Proof. The representation (5) may be written as follows:

(n + 1)nt!
n!tn+1

fn(t) = fm e—[(n—m+1)/t]uune-—-m/tuf(u)du. (15)
0

For all ¢t in some finite closed interval, m may be chosen so that
e_(m/t)uf(u) = 0(1)(u —> 00)

hence Korovkin’s theorem is again applicable and the conclusions fol-
low.

Ill. PROPERTIES OF f,(t)

Jensen’s theorem applied to (5) proves.
Theorem 3. f(t) is convex on (0, =)

=ft) < fo@),t=0,n=0.

The value of an approximation method is greatly enhanced when the
approximating function preserves the shape of the original and coincides
closely with its behavior in the neighborhoods of zero and infinity.
Theorems 4, 5, 6 establish the desired properties.

Theorem 4. a < f(t) < b=a = f,(t) £ b; a, b arbitrary real.

Proof. Direct evaluation shows that
Lof=1f=a+ gt (16)
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The positivity of L, implies
fXb=L,f<L,b=0bL,1=hb. @17)

Similarly for the lower bound.

The derivatives of f,, (t) may be related to those of f(¢) through use of
(8); thus

Theorem 5. Let f)(¢) be continuous and 0(e¢t)(t — =), then there is
‘an m so that f(¢) exists and is continuous for n > m and

fO) = (n+ 1) j; ", (0 + DO tu)du.

One may set m = 0 if fO)(¢) = O(1)(t — ).

Proof. For m sufficiently large, the integral of the theorem converges
uniformly in ¢; hence the representation (8) may be differentiated under
the integral sign r times. If f)(t) is bounded then m = 0 is a permissible
choice since one still has uniform convergence.

Corollary 1. fP0 2 0= fD >0,n = m.

Proof. This follows from the positivity of the kernel.

The above corollary implies that if f has a continuous derivative and
is monotone then f, is monotone, and if f has a continuous second de-
rivative and is convex then f,, is convex. A stronger structural result will
be obtained in Theorem 6. One also has that if f is completely or abso-
lutely monotonic then f, is completely or absolutely monotonic re-
spectively.

Corollary 2. f(0+) = X\, ,f(0+), n = m,

I'n+r+1)
App=—"p—— -
nl(n+ 1)

In particular
fo(0+)=f0+) n=m
f.(0+) =f(0+) n=m
Proof. Define A, by

Mr=(n+1) J:)m v(n, (n+ Du)u"du

then evaluation of the integral yields the formula stated. Since the op-
erator is bounded, the limit statements follow. Also one has \,, o = A, 1
= 1.
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Corollary 3. Let f(») < «; then
fﬁlr)(w) = >\n,rf(r)(m) nz0

In particular

fr(®) =f(@) n=z0,
fa(®)=f(=) n=0.

Proof. Dominated convergence allows the interchange of limit and in-
tegral.

The following concepts will be needed to establish further structural
properties.

For an arbitrary sequence in (—w, @), — < ty, tg,...,tp < =, the
number of changes of sign is called the variation of the sequence and will
be indicated by v(ty, to, ..., te); thus

v(3,-1,0,2,-2) =3 (18)
v(1,2,4,6) =0. (19)

One sets v(0,0,...,0) = —1. Let f(t) be defined on (0, «),and let 0 < ¢,
< tg <...<tp < = be an arbitrary, ordered sequence in (0, «), the
quantity sup v{f(ty1), f(t2), . . ., f(t¢)), in which the supremum is taken
over all sequences, i.e., for all choices of (t1,tg,...,ts) and forall £ > 1,
is called the variation of f and will be indicated by v(f). A transformation
L on a given class of f will be called variation diminishing if and only if
v(Lf) =< v(f) for every f in its domain. The definition used here is adopted
from Hirschman and Widder.4
Let ¢(n) be a frequency function on (—«, «), that is,

o) 20, [~ pldn=1 (20)
and let
#9) = | emmg(man @
Define E(s) by
E(s) = ¢(s)7% (22)

Then a theorem of Schoenberg? states that the transformation
Tg= (" 4@sn-ddi  geBC(==, ) (23)
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is variation diminishing if and only if

Do) = et (1= 2 e @
k

a
C=0,b,a,real, 1/a} < .
P
The designation geBC(—, «) means that g(5) is bounded and contin-

uous on (—=, «), It may be observed that the mean of ¢ is b and the
variance

2C+ ¥ 1/a?
3

The Laplace transform of K,, () (13),

Ruls)= |~ em Koy (25)
is
Roe) =TT, (26)

This may be written in the following forms

- _T+s) n s
Ra) = i AL (14 5) e
7¢ -1 = psvn o i —s/k
K, (s) e k=1;[+1 (1 + k) e (28)
=ln (it 1) +y— 35 29)
j=1J

in which v = 0.5772157 is Euler’s constant. Thus by Schoenberg’s the-
orem, the transformation T,g = g,, geBC(—», »), defined in (12) is
variation diminishing. The mean and variance of K,, are respectively v,
as given above, and ¢? given by

o=

no1

j=1J?

Since the map ¢ = e7 is monotone, the following theorem has been es-
tablished.

Theorem 6. The transformation L, defined on feBC(0, «) is variation
diminishing, i.e.,

(30)

> [%

v(fn) < v(f).

Corollary. f, does not cross any straight line more often than f. In par-
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ticular, if f is monotone then f,, is monotone, and if f or —f is convex then
fn or —f, is convex.

Proof. From (16) and Theorem 6,

V(Ln(f=a—Bt)) =v(Lnf —a—Bt) Sv(f —a—Bt). (31)
Clearly f is monotone < v(f — «) < 1 for arbitrary «, and f or —f is convex
= v(f — a — Bt) < 2 for arbitrary «, 8.

It is clear from (8) that the approximating sequence to f(at)(a > 0)
is fn(at); this may be expressed in a more illuminating way as follows.
Define the operator A by

Af(t) = f(at) a>0 (32)
then A and L,, commute; thus
L.Af = AL,f (33)

Hence the eigenfunctions of A, which are t7, are also the eigenfunctions
of L,. In fact one easily obtains

Lptm = Np,st7,r=20,n 2 0. (34)

It may be observed that if L, is defined by (8) instead of by (4) then (34)
remains valid even for r < 0 provided n is large enough.

Other operations with the same eigenfunctions will also commute with
L,,. Of importance in discussing the convergence of f{”(t) is the opera-
tor

0=t— (35)

One has
Theorem 7. The operators L, (n = 0), § commute; thus
L,(07f) = 67f,.

It is assumed that the rth derivative of f exists and is continuous on (0,

®),

Proof. It is observed that the eigenfunctions of § are t”; alternatively the
result follows directly from (8).

Corollary. Proceeding inductively, one can now establish that if £ is
continuous and 0(e¢?)(t — «) then

lim f{ = f©

n—owo

In addition to shape preserving properties, another way of assessing

678 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1978



the adequacy of an approximation process is by comparison of moments;
the rth moment of f(t) is here taken to be fGt"f(t)dt. The Mellin
transform, f(s), given by

7(s) = j; " ts=1f(t)dt (36)

is the appropriate tool. Since the transform of M, (s), eq. (11), is

n+1)T(n—-s+1)
n!

My (s) = (37)

one has from (10)

Fule) =« LT =0 2 D, (38)

For the following, it is convenient to use the factorial symbol

n®=1n0W=nn-1)...(n—r+1),r>0(integral). (39)

The following theorem may now be stated.

Theorem 8. Let the rth moment of f(¢) exist (r > 0, integral); then the
rth moment of f,, (t) exists for n > r and one has

1 w
§7 et =T (T rpoar

Special cases are

= n+l -
j; fa(t)dt = " j; fiyde n=1 (40)
fw oyt =D g nzo (41)
0 nn—1) Jo

When [§t~1f(t)dt exists, an interesting special case of (38) occurs for
s = 0; thus

j; t‘lfn(t)dt=j; t—lf(t)dt. (42)

Formulae (40), (41) may be used to ensure equality of moments. Thus
if it is required that the zeroth order moments agree, then, according to
(40), one may use as the approximating sequence nf,, (t)/(n + 1). If the
zeroth and first moments are to agree simultaneously, one may use a
linear combination of f,, (¢) and f,, (t); for example, 35f3(t) — Zsfa(t).

Another set of moment relations may be obtained from (7) involving
sums of f,,((n + 1)t). These are given in
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Theorem 9. Let the rth absolute moment of f(t) exist; then

S nOf((n+ 1)¢) = t—r1 | wtdu.

n=0

Proof. One has
S nW(n,a) =ar (43)
n=0

and, from (7),

fol(n+ 1)t) = ¢-1 j;m v (n, ‘t—‘) fw)du. (44)

Multiplication of both sides of (44) by n{” and summing, the result
follows on interchanging summation and integration. Dominated con-
vergence justifies the interchange.

Another property of f,,(t) as a function of n is given in:

Theorem 10. Let f(t) = 0 on (0, =), 0(e¢t)(t — «), then thereis an m so
that

+ 2\ nt+2
fr+1(t) < el (Z n 1> fnt),t=0,n=m.

Proof. Since

n+20(n+1, (n+ 2)u) = ue¢ <n + 2>n+2

—— (n+ Dy(n, (n+ 1)u)

(45)
one may write

frrr® = 1) 7790, (nt D (2 h f)"”f(tu)du.

(46)

Observing that ue~ < e~1, the inequality follows.

Corollary. f(t) 2 0= f"(t)l is monotone decreasing inn forallt 2 0,n
Zm. "
Proof. One has
fra1(2) < fn(8) o1 <n + 2>n+1. 47)
n+2 n+t+1l n+1
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The result follows since

o1 (”* 2)”“ <1 (48)
n+1

A stronger monotonicity property of f,,(¢) is stated in Theorem 21.

A useful recurrence relation allowing one to compute the members
of the sequence f, (t) successively starting with fy(t) is given in the fol-
lowing theorem.

Theorem 11.
n+1 t . /m+1
frr1(t) = fr (n+2t) t = <n+2t),n2 0,t> 0.
Proof. Define f,(s) by
ats) = X noipinns) (49)
n.
then, by (4),
fa(t) = Fals) (50)
s=(n+1)/t
One has
d
S AORICESVACRICESVARIO (51)
1 d
Far1(s) = Fuls) — 155 (52)
Thus

1 d
n+1 s ds fn(S)]s=(n+2)/t

The recurrence relation is now obtained on performing the substitution
fors.

fara(t) = [fn<s) - (53)

A useful alternative method of presenting the structure of the entire
sequence {f,}; in terms of fq is by means of a generating function. This
is given in the theorem below.

Theorem 12. f(t) is bounded on (0, ») =

@ 1 t
I 00 = (725)-

The series is convergent for |z| < 1 and analytically continuable in the
half plane Re z < 1.
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Proof. The formula follows from (7) after interchange of summation and
integration. The series is clearly convergent for |z| < 1 while dominated
convergence justifies the interchange for Re z < 1.

The case r = 0 of Theorem 9 provides the following corollary.

Corollary.
H(E)eL(0, ©) = lim — f0< t >=t'1j:f(u)du.

a—1-1—2 1-2

The Mellin transform, f(s), of f(t) may be directly obtained from its
Laplace transform, f(s), by use, for example, of (38) for n = 0; thus

= __fols) )
| f(s) “T-9 (54)

Accordingly one may now write (38) in the form

n+1»r'(n+1-s)-
ST TR (55)

?n (S) =
or, equivalently,

Fals) = (n+ 1) (" - 3) Fols). (56)

At times (55) or (56) provides a convenient alternative to Theorems 11
and 12 when f,, (t) is required as a function of n.

The range of applicability of the Jensen inequality of Theorem 3 may
be extended by use of Mellin or Fourier convolution. A sequence {f,, (t)}-¢
will be called an approximation sequence if there is an f(t) so that f,,(¢)
= L,f(t). Let * designate Mellin convolution; then

Theorem 13. f,*g is the approximation sequence for fxg.

Proof. One has

L,(f+g) = Mnfg = Lnfg (57)
thus,
L, (f+g) = (Lnf)*g = fn*8. (58)
The converse of Theorem 3 is also true.

Theorem 14. f,(t) = f(t) foralln = 0,¢t = 0, f(¢) is bounded on (0, ») =
f(t) is convex on (0, ).

Proof. The result follows from Theorem 8 of Karlin and Ziegler.5

Corollary. f convex on (0, ), g = 0 on (0, ) = f*g convex on (0, ).
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Proof. One has from Theorem 3
fnzf (59)
and, since g > 0,
fn*g 2 [+g. (60)

Since, by Theorem 13, f,,*g is the approximation sequence to fxg, ap-
plication of Theorem 14 proves the corollary.

It may be observed that the inequality of (60) remains valid when *
is interpreted as Fourier convolution although, in this case, f, *g is not
the approximation sequence for f*g.

Another set of convexity results may be obtained from (8) by consid-
ering logarithmic convexity.

Theorem 15. If f(t) is log-convex on t = 0, then £, (¢) is log-convex for
n=0,t=0.

Proof. Equation (8) and the additivity of log-convex functions.®
Further one may state the following inequalities.
Theorem 16. If f(t) is log-convex on t = 0 then
f(t) < elnérf® < £, (¢).

Proof. The inequality on the left follows from Theorem 3 applied to
£nf(t); the one on the right is a consequence of the geometric mean-
arithmetic mean inequality.

IV. ERROR ESTIMATION

Error estimates take different forms depending on the class of func-
tions for which they are intended and whether or not they are bounds
or pointwise estimates. From a practical point of view the pointwise es-
timate is the most useful provided it may be easily evaluated in terms
of the approximation itself. The next three theorems provide error
bounds for different function classes; the fourth theorem provides an
approximate formula for the pointwise evaluation of error, while (112)
does the same but in terms of f,,(¢). The error of approximation, ¢, (¢;f),
is defined by

en(t5f) = fn(t) — f(2) (61)
Theorem 17. Let f(t) be continuous on (0, ); then

Jen )] = == sup [0,
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Proof. One has

en(tyf) = j; " gat, W) — f(©)ldu 62)
len(t3)] < fo " gt W fw) — f(©)du (63)
|ent:0] < sup /(0] - ﬁ) gn(t, w)|u — t]du (64)

|enttiD] < sup O]+ | ] gnlt )l = 0% " es)
t

len (t5£)] < \/nt—ﬂfgg 7). (66)

The last inequality follows because the mean and variance of g, (¢, u)
are t and t2/(n + 1) respectively.
Theorem 18. Let f(t) be continuous on (0, ); then

t2
on+ 2

len(t:H)| = sup |f(¢)].
£>0

Proof. The Taylor expansion of f(u) about ¢ has the form

@) = F(6) + (€ = w0+ 5 (¢ = wf© 67
in which £ lies between ¢t and u. Thus
1 t2 .

en(t3f) = E;z+—1f(£)’ £e(0,). (68)

The inequality of the theorem now follows.

The next theorem provides an error bound which is uniform for ¢ ¢[0,
=]. For this purpose the absolute first moment of K, (n) (13), a, is
needed; thus

an= f _Kaluldn. (69)
Theorem 19. Let f(t) be continuous on (0, »); then
len (£5)] < o sup [t£(2)].
>0
Proof. One has from (12)

wlenif) = [ Kaln = 9la(®) ~ gtids (70)
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el < sup lg'G)l- [~ Katn=8ln—glds 1)

—o <<
|en(t3)] < atn sup |Ef(2)].
t>0
Corollary. The convergence of f,, (t) to f(t) (n — =) is uniform for ¢¢[0,
w].

Proof. 1t is necessary to show that

lim a, = 0.

n—o

The expression for «,, (69) is rewritten as follows

an = pn f_ K(m)rti|g|dy (72)
1 /n+ I\n+1

= (n 1>n K@) = elmrme, (73)
n.

Use of the power series expansion for e 7 yields

Y
-0 en- e

Stirling’s formula now shows that

2
ap = \/;‘ (75)

Some numerical values of «,, are ap = 1.0160, «; = 0.6388, e = 0.5006,
as = 0.4247, ag = 0.3751, a5 = 0.3396, ag = 0.3126, a7 = 0.2911; the as-
ymptotic formula (75) is sufficiently accurate for n > 7.

To continue the study of ¢, (t;f), it is useful to obtain an explicit for-
mula of Peano type, that is an integral transform of f.

Let

X+ =x x>0 (76)
=0 x <0 (77)
then the Taylor expansion of f(t) with remainder is
[0) = fO) +fO)t+ {7 (¢ = v)sf)dv. (78)
0
From (5) and (16), one has
&) = 1) +O+ 7 fo)do [ galt, u)u —v)du. (79)
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Thus
ealt, f) = ﬂ " Ea(t, v)f(w)dv (80)

E,(t,v) = f " gnlt, v)(w — v)du — (t — ). (81)

The kernel E,(t, v) (the Peano kernel for error representation) is,
clearly,

En(t,v) = Lot —v)4 — (¢t — )4 (82)

The explicit evaluation of the kernel may be most simply carried out by
means of (24) since the Laplace transform of (t — v)+ is e 759/s2. Let

Sux) =3 2 (83)
j=0J!

and
Ln(a) = e~+Da[S, ((n + 1)a) — aSp—1((n + D)a)] (84)

then
L,(t —v)s=t&,(a) a=uvft (85)
E,(t,v) = t[£,(a) — (1 — a)+]. (86)

In particular, one has

Eo(t,v) =te v/t — (t —v)y (87)
Eq(t,v) = (t +v)e~2/t — (t —v),4. (88)

Since (t — v)+ Is a convex function of ¢ for each v, (82) and Theorem
3 establish

E. (t,v)=0forallt >20,v = 0. (89)
The moments of the kernel, E,, (¢, v), may be obtained by substituting

the functions f(¢) = t" (r = 2) into (80), and using (34) and (61) for
evaluation of ¢, (t;t"); the following is obtained:

}\n,r+ 2 1

’ rE, (t, v)dy = ———=———¢rt2 = 0. 90
j; v Ealt 0)de = 2) d (90)
In particular
® t2 1

E, (t,v)dv =——— 91

w t33n+5

E =21,
J; vE,(t, v)dv 6t 1) (92)

One may now obtain an approximate evaluation of ¢, (¢;f).
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Theorem 20. Let f(t) be continuous on (0, ©) and 0(e)(¢ — «); then
there is an m so that

t2 ./ 3n+5
tif) ~ t ,n=xm;
en(t3) 2n+2f< 3n+3> n=m

also if f(t) is convex, then the approximation is a lower bound.

Proof. The one point Gaussian quadrature formula for {GE, (¢, v)f(v)dv
is of the form Af(a) in which the constants, A, «, are determined by re-
quiring the quadrature to be exact for all linear functions. Use of (91),
(92) now yields the formula of the theorem. The inequality follows from
the nonnegativity of E,, (¢, v) (89) and Jensen’s inequality.

Since by the Corollary to Theorem 7, f,(t) approximates f(t), in
practice the required value of f(t) is approximated either from the an-
alytic form of f,,(¢) or numerically from a table or curve already com-
puted for f,, (¢).

At this point another property of the sequence {f,(t)lg can be
proved.

Theorem 21. Let f(t) > 0, continuous on (0, ), and 0(e¢t)(t — «); then
there is an m so that

fror1t) < fn@) forallt = 0,n = m.

Proof. Clearly the monotonic decreasing character of f,, (¢t) as a function
of n will hold if ¢, (¢;f) has the same property. The nonnegativity of f(¢)
and (80) shows that the result is implied if E,, (£, v) is monotonically
decreasing in n; in turn, by (86), this will follow if £, (a) is monotonically
decreasing in n for each a = 0. From (84), by direct calculation,

d

— 4, (a) = —e~(tDaS ((n + 1)a) (93)
da
d’ _nt D i
Jgabn(@ = —ane~ (e, (94)
Let
hn(a) = £,-1(a) — £,(a) nxl (95)
then, from (94),
d? d?
Ehn(a) = rn(a)gﬁen—l(a) (96)
1\ nt1
ra(a)=1— (1 + —) ae=e. 97)
n
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It is clear from (94) that the sign of

d2
Ja? hn(a)
is the same as that of r,, (a@). There exist two points 0 < ag(n) < ai(n) with
the following properties:

rn(a) =0 0 <a =< ap(n) (98)
rnla) <0 ap(n) <a <ai(n) (99)
rn(a) =0 a = ai(n). (100)
Since
d
£,0)=1,—4¢,0=-1, n=20 (101)
da
it follows that
h,(0) =0, ihn(O) =0, n=1. (102)
da
One has the following integral representations for h,(a):
a b 2
@y = (" db [ rae) s tams(e)de (103)
0 0 dc?
o o d2
ho(a) = f db L () Lama(c)de. (104)
Thus (98) and (103) imply
hp(a) =0 0<a =<apn); (105)
similarly (100) and (104) imply
hnp(a) =0 a = a;(n). (106)

The function h,(a) cannot be negative in (ag(n), a1(n)) since then it
would have at least one local minimum; however, (99) shows that in
(ao(n), ai(n))
d?
ﬁ h,(a) <0
which is a contradiction. Thus

hp(@)20,a20,n2>1 (107)
and the theorem is proved.

It lS possible to estimate conveniently e, (¢;f) directly from £, (¢) if f,, ()
and [, (¢) are readily obtainable, at least possibly numerically from values
of f,(¢). From (38) one has
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F(s) = My (s)"1fn(s). (108)

Expansion of I'(n + 1 — s) into a power series in s and substitution into
(87) provides the following series

— 2t ova
M,(s) = 1+uns+i’2—”s2+... (109)
2 _ 2
M,(s)1=1—ps+2—Tng2y (110)
Thus
_ o —v2 .
€. (s;f) = [vns + 5 s24 .. ] fn (111)
2 _ 2
e (£5) ~ —v0f () +"L2ﬁ 02f, (2). (112)

To facilitate the use of (112) some values of the coefficients are given
in Table I.

The following readily obtained asymptotic formulas may be used for
values of n beyond the table:

1 1

n & + 113
o+ 1) 12(n + 1) (113)
1 1
2
Pa ot
1 2 +1)2
o2 — V,ZIN 1 1

~ + .
2 20n+1) 8(n +1)2

V. ENHANCEMENT OF ACCURACY

The excellent behavior of the operator L,, in constructing approxi-
mations to a given f(t) which preserve its structural properties and its
limiting values and which provide inequalities exacts a penalty in the
form of slow convergence. A high value of n is required to attain high

Table | — Coefficients

n vn o2 (62 — v2)/2
0 0.5772 1.6449 0.6559
1 0.2704 0.6449 0.2859
2 0.1758 0.3949 0.1820
3 0.1302 0.2838 0.1334
4 0.1033 0.2213 0.1053
5 0.0856 0.1813 0.0870
6 0.0731 0.1535 0.0741
7 0.0638 0.1331 0.0645
8 0.0566 0.1175 0.0572
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numerical accuracy. In many practical problems, fortunately, very high
accuracy is not needed; notwithstanding, the value of n required may
still be inconveniently high. Considering that one starts with the Laplace
transform, f(s), of f(t) and uses (4), or constructs fo(t) and uses the re-
cursion of Theorem 11, a high value of n implies obtaining a corre-
spondingly high order of derivative of f(s) or of fo(t) which can be a
time-consuming operation. Thus it would be useful to modify the basic
approximation, L,f, while still preserving many of its original charac-
teristics so that the accuracy for a given value of n may be increased.

In many cases the transform, f(s), has the property that for some «
> 0, f(s — &) converges for s > 0. This property is used to construct a new
approximation, fn (t), defined by

fr,a(t) = e~ Ly (ef(¢)) (114)
and, correspondingly, a new operator
Ln,of = fr,a- (115)

The following theorem permits the construction of f, ,(t) directly from

fn(t).

Theorem 22.
—at
fralt) =—2 ful —
n+1 n+1
Proof. From (5) and (6), one has
+ 1 n+1 Y
Lnf = % j; e~ [t Dty nf(u)du (116)
+1 e
Ln(eatf) = (l%_ J; e—[(n+1)/t]u+auunf(u)du. (117)
n!
Thus
Lnf l—at/t(n+l)
n+1 +1 n+1 @
_ (1 _ no-l: 1) (nn'tnzr1 J; e~/ tlutauynf(y)dy,  (118)
Comparison of (118) with (117) shows that
1 t
Lp(evf) = fn (119)

n+1
(1 _ at ) 1— at
n+1 n+1
hence, the result follows from (114).
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The approximations f, . (t) satisfy theorems similar to those proved
for f,,(t); however, modifications are required. Only Theorem 3 will be
discussed. A function f(t) will be said to be convex over an interval with
exponent « if and only if e~tf(t) is convex over the same interval.

Theorem 23. If f(t) is convex on (0, =) with exponent « then
f(£) = fral(t).

Proof. One has from Theorem 3,
e f(t) < Ln(e~f(t)). (120)

The result now follows from the nonvanishing of e®t and (114).
The error of approximation by f,, (¢) will be designated ¢, . (¢;f) and
defined by

en,a(t3f) = fn,a(t) = f(0). (121)
Clearly
en,a(t3f) = e e (E50%). (122)
also, if the condition of Theorem 21 is satisfied, one has
en,a(t5f) 2 0. (123)

One of the useful aspects of the approximation, f, . (t), is that it more
accurately reflects the asymptotic behavior of f(¢)(t — «) than f,(t) does
for a given value of n. In the later applications this will be an important
characteristic.

Clearly, ordinary convexity corresponds to convexity with exponent
zero; however, the following theorem relates convexity with exponent
o to log-convexity.

Theorem 24. Let f(t) be continuous on some interval I; then f(t) is log-
convex on [ if and only if it is convex with exponent «a on [ for all a.

Proof. One has
fn (e*f(t)) = at + £nf(t) (124)

hence e**f(t) is convex with exponent « on I for all & if f(t) is log-convex
on I. The derivative condition for convexity with exponent « on [ is

F(t) + 2af(t) + a2f(t) = 0on 1 (125)
and the derivative condition for log-convexity on I is
f®)F) = ft)2=0onl. (126)

The choice
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a=—f@)/f(t) (127)
which is always possible since f(t) > 0 on I, in (125) verifies (126).

Convexity with exponent « and, hence, by Theorem 24, log-convexity
may be decided by means of the Laplace transform and the use of the
Hausdorff-Bernstein theorem.”

Theorem 25. Let f(t) be continuous on (0, ), then f(t) is convex with
exponent « on (0, «) if and only if

(s + @)2f(s) — (s + 2a)f(0+) — f(0+)

is completely monotonic in s on (0, ) and is absolutely convergent on
s>0.

Proof. The expression cited is the Laplace transform of
t d2 t
e~ s (e=tf(t))

whose nonnegativity is the necessary and sufficient condition for con-
vexity of f(¢) with exponent a. The Hausdorff-Bernstein theorem now
completes the proof.

It may be observed that the quantities f(0+), f(0+) are obtainable
from
lim sf(s) = f(0+) (128)

s>

lim {s2f(s) — sf(0+)} = f(0+). (129)

5>

Another method of enhancement is related to the concept of “degree
of precision.” An approximation operator T, i.e., Tf = f, in which the
functions t”, suitably restricted to an appropriate interval (r = 0, inte-
gral), are in its domain, is said to have degree of precision k if Tt" = ¢*
forO0 <r <kand Tt = t" for r = k + 1. Thus the singular operators L,,
studied here have degree of precision one. '

The enhancement method consists of the following: coefficients 6;(0
< j £ k — 1) are determined by the moment conditions

k=1
> &Li(tr)y =tr 0<r=<k (130)
j=0
and, accordingly, the linear combination
k=1
se—1(t) = 'Zo o;f;(¢) (131)
i=

is now taken to approximate f(t). Clearly the map from f to s;—; has
degree of precision k, however, unfortunately, it is not positive. If f is
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sufficiently smooth there will result a significant improvement in ac-
curacy over the use of f,—; alone. The system (130) may be expressed
in terms of A, , as follows

k-1
2 6N =1 1<r=<k. (132)
j=0

Accordingly special cases of (131) are

s1= —fo+ 2f1 (133)
1 9
82=§f0—4f1+'2"f2- (134)

A method of enhancement consisting of a linear combination of the
fn(t) similar to (131) which, however, retains the positivity of the map
will now be constructed. The accuracy attained will usually not be as
great as that of (131) for a given set of values {f;(¢)}5. The new sequence
will be designated h,,(t) and is defined by

ha(t) = ,Zo pif(t). (135)
Define W, (u) by
Wal) = £ pi(j+ 140, G + D) (136)
then the coefficients, p;, are constrained by
io pj =1, Wyp(u) Z0forallu = 0. (137)
j=

Theorem 26.

_ . noopj 1/2.
|hn(t) = F(2)] Stfgop lF )] [on+1}

Proof. From (8), one has

hn(t) = j; " W, Wf (tu)du. (138)
Also, from (137),
| j: W, (u)du = 1 (139)
hence
ha(t) = () = [ Wal)[f(w) = fO)]du. (140)
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The nonnegativity of W,, (1) now permits the following inequality
ha®) = O] = [ Walftew) = [Oldu; (141)

hence,

[fon (&) = F(0)] < tsup |7(0) j; Wo@)|u — 1|du.  (142)
t>
The Cauchy-Schwartz inequality applied to (142) yields
_ m 1/2
[n(0) = FO] < tsup |0 U; W, (W) — 1)2du] . (143)
>
Evaluation of the integral in (143) provides the inequality of the theo-
rem.
Consider the sum, S, defined by
n .
S=7y P (144)
jg) J+1

then, in order to obtain the best approximation, the p; must be chosen
to minimize S besides satisfying the conditions of (137). One has

(G + 1)+

etWy(u) = Z —.,‘pje_f“uj~ (145)
j=0 J:
Let
z=eluy (146)
then the constraint of (137) may be written
n (j+ 1)i+1 :
z(’—])— ipizi 20 0<z<1. (147)

Define the polynomials P(x) by (147) with z = (x + 1)/2; then one
has

(k + 1)k+1 " ]
P(x) = ]go [E, e (]) (2e)~* i (148)
and
Px)=0 —-1<x<1. (149)

The cosine polynomial P(cos #) is now obtained and written in the
Fourier form

P(cos §) = an + Z a; cos jO (150)
Jj=
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in which the a; are obtained from

aj = 1 fﬂ P(cos 8) cos jod#o. (151)
m -
The nonnegativity of P(cos 8) implies the following representation8
P(cos 0) = |h(0)|? (152)
h(8) = xo+ x1e + ...+ x,ein? (153)

in which the coefficients xq, . . . , x,, are real; thus

n—j i
aj=2 3 X,%,+j 0<j=n. (154)
=0
When (154) is solved for the p; in terms of xq, . . . , xn, the problem of
minimizing S subject to pg + . . . + p, = 1 becomes that of minimizing
a quadratic form relative to another quadratic form.
The optimum p; have been obtained for the case n = 2; the result is

ho(t) = 0.146993fo(t) — 0.944260f1(t) + 1.797267f5(t)  (155)
with S = 0.273952. Thus, from Theorem 26,

| ha(t) — f(£)] < 0.523404¢ sup |£(t)]. (156)
t>0 )

The estimate of ¢, (t;f) in (112) may be effectively used to reduce error.
One may take as an approximation to f(t) the following

ok — vk

f(@t) = fa(t) + vp0fn(t) —“2—02fn(t)~ (157)
In order to improve f, ,(t), the approximate calculation of e, .(¢;f)
proceeds by use of (122). The practical use of (112), (157) uses difference
quotients to evaluate 0f, (t), 02f,(¢) from the values already obtained
for f,(t). Thus, let h > 0 be the distance between consecutive values of

t for which f,,(t) is calculated; then

fn(t + h) - fn(t — h)
2h

0fn(t) ~ t (158)

tgfn(t +h) - 2fn(t) +fn(t _h).
h? |

0%fn(t) ~ 0fp(t) + (159)

The following comment should prove useful in reduction of error. If
a function g(t) is known which approximates f(¢), for example, the
leading term of an asymptotic expansion for f(¢), then one may use

f(t) =~ g(t) + L,(f — g). . (160)
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Evidently an appropriate g(t) should always be sought before con-
structing practical approximations to f(t).

VI. THE RENEWAL FUNCTION

In this section some of the preceding theory will be applied to ob-
taining approximations for the renewal function, M(t), of a renewal
strearp? Let A(t), with A(0+) = 0, be the interarrival time distribution
and A(s), given by

AGs) = ﬁw e=stdA(t) (161)
its Laplace-Stieltjes transform, then
- 1 A(s)
== 162
M(s) s1-AG) (162)

The sequence of approximations, M, (t), may now be constructed
from

1
My(t) = mt—) -1 (163)
In particular one has
12 A
MO =1 Zem i - A (164
in which
A d .
A’(s) =— A(s). (165)
ds

Let A be the arrival rate, and ¢2 the variance of interarrival time, that
is,

A1 = ﬁ tdA(t) (166)
2= (2 —\-2
J; t2dA(t) — A (167)

then evaluation of the contribution of M(s) at s = 0 provides the
term

2)2 — 1
A+ %— (168)
Thus one may introduce a new function, f(t), by
22— 1
M(t) = At + 1—*5— + () (169)
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with

' AQm) N1
1—A(1/t) 2
Since linear functions are invariants of the operators L,, there is no re-
duction of error when approximating f(t) by f, () over approximating
M(¢t) by M, (t); however, often f(t) is exponentially dominated and the

enhancement technique of Theorem 22 is applicable.
The following example will be considered:

fot) = (170)

t . 1
A(t) = erf \/2 A(s) = e (171)
Tyl 1
M) = e o1 (172)
Thus,
1
Mo(t) = T 7i—1 (173)
My(t) = L +2 L . a74)
VAT A -1 tVIT AT T A - 1)2
Since A = 1, 02 = 2, one has
M(t) =t +-;—+f(t)
f1(t) = e+ 2 - —t-1
B T+ 4 -1 tVI+4i(VIT 4t —1)2 2
(175)

The « transformation of Theorem 22 may be applied to f1(t). As-
suming f1(t) to be ultimately of one sign, the singularity farthest to the
right of f(s), namely —Y, coincides with the abscissa of convergence;
hence, o = 1. Table II compares the approximations for M(t) given by
M;(t), the enhancement procedure of (133), and ¢t + Yo + f1,1/2(¢) with
more accurate values obtained from the exact solution

© 1 ¢/2
Mt =y —— f e—uyn=1/2dy, (176)
n=0 1 0
r <n + —)
2

Since M(t) = t + Y(t — «), the accuracy increases with increasing
t. This is characteristic of the applications to the renewal function.

An example will now be considered in which the interarrival time
distribution is a mixture of exponentials since this is of frequent practical
use. Accordingly let
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Table Il — Comparison of approximations

t M) sa(t) t+ 2+ f130) Mt)
0 0 0 0 0
0.5 0.83333 0.85764 0.84297 0.86007
1 1.39443 1.42283 1.41014 1.42466
2 2.44338 2.47255 2.46303 2.47161
5 5.48142 5.50480 5.49568 5.49718
10 10.49350 10.50977 10.49980 10.49989
T 3
Alt)=1——e t ——e~2,
(t) 10 0° 177)
Then,
. 71 6 1
AG)=—+— 12
10s+1 10s+2 (178)
. 120 + 13s -
sy = =20+ 135 179
(s) s217 + 10s (179)

Also one has

20 21

M@t)=—"t+—+f(t

() TTLAES f@¢) (180)
210 1
ty=————" 181
folt) = = g9 17 + 10 (181)
Application of Theorem 12 provides
8400 1

f1(e) = = (182)

289 (17t + 20)2

5.67 X 10° 1 :
(183)

t) = — .
folt) 289 (17t + 30)3
The exact solution for this simple example is
2
My =2, + 2 (1 - e—<17/10)t> : (184)
17 289

Table III compares calculations from Ms(t) and the enhancement pro-
cedures of (134) and (155) with the exact value. The o enhancement
procedure with o = 1.7 was not used because it produces the exact re-
sult.

This exampleshows the operation of the enhancement procedures (134)
and (155); clearly, so(t) is very accurate since the constraint of positivity
of the approximation operators is discarded in its construction.
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Table Ill — Comparison of calculations

t My(t) so(t) hot) M(t)
0 0 0 0 0
0.5 0.62652 0.62967 0.62712 0.62984
1 1.23024 1.23559 1.23127 1.23586
2 2.41812 2.42353 2.41913 2.42318
5 5.95373 5.95595 5.95407 5.95500
10 11.83713 11.83747 11.83710 11.83737

Vil. THE COVARIANCE AND RECOVERY FUNCTIONS

The study of errors in switch count and continuous scan observational
methods in telephone traffic engineering is facilitated by use of the co-
variance function of the number of busy trunks in the Erlang blocking
system.!! Specifically let x; be the number of trunks busy at time ¢ in
an equilibrium M/M/C blocking system with unit mean holding time
and offered load of a erlangs, then the covariance function, R(t), is

R(t) = E(xox:) — (Ex0)% (185)

In order to express the Laplace transform, R (s), it is necessary to in-
troduce the Poisson-Charlier polynomials'®!3 which may be obtained
from ’

Gix,a) = 3 (~1)i~ (’ ) sa—v (") (186)
»=0 14 14
They satisfy the following recurrence
Gja(x,@) = =1 Gj(x,0) =L Gja(x, ) (187)

Golx,a)=1 Gylx,a)= 3 -1

Also needed is the function «j(x, a) given by

Gi—1(x, a)
. -\
aj(x, a) Gi(x, 0) (188)

which satisfies the first order recurrence

. x—j—a
aj+1(x,a) = ——""

ar(x,a) = (i - 1)_1-

The zeros of Gj(x, a) are all positive and simple; in particular, the zeros
of Gj(—s — 1, a) as a function of s are designated r; and ordered by

- I aj(x, a) (189)
a
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ri<rj-1<...<r;<0. (190)

In the approximation to be developed, r1 will be the dominant root.
The Erlang loss function,® B(c, a), given by

Blc, a)——/ 01'
]

gives the probability that all servers are busy. In the formulae below it
will be designated simply by B. The mean number of servers busy, u,
is

p=a(l—B) (191)
and the variance, ¢2, of the number of busy servers is
o2=pu—alc— u)B. (192)
The Laplace transform, R(s), and the covariance, R(t), arel!
. 2 2
R(s)=a +u ap acB
1+s s(1+s) (L+5s)?
2
u acB
—— 4+ ———a(-s—1, 193
s s(1+s)2a( s o) (193)
R(t)=Y Ae’it A @B (1 (194)
= o) P — —_
=1 ! rj(1+rj)2,'¢j< rj_ri>

The approximation Ry(t) is

02+u2+ aut
1+t 1+t

2

Ro(t) = —u

__acBt acBt? 1
(1 +t)2 (1+t)2a”< t

Since the dominant root is r; one may choose «a satisfying0 < a < —r;
to obtain

-1, a) . (195a)

Roolt) = a%e~g(t)

1+ p2/62 aut/c?
80 = -t T U=+ (1 =w0)
u2/ g2 acBt/o?
_l—at—(l-i-(l—a)t)z
acBt2/q?

1
(1—at)(1+ (1 — )2 (" PR a)' (195b)

It is known that the zeros r; are separated by at least one so that 1 — 1/(r;
—r;) > 0, and hence A; is positive for each j; thus R(¢) is log-convex.
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Accordingly, the following inequality is valid (Theorem 23):
R(t) < Ro,a(t). (196)

In order to facilitate the use of Rg (t) an accurate upper bound for
r1 is needed to provide a suitable choice for «. Such a bound is available
in Ref. 12. Thus let

c 1
=73 —cWag—v (197)
p=1lV
c 1 v=11
=¢2-2% ~cWg—v Z = (198)
y=2V j=1 ]
then
< — ° (199)

€+V(T—1)(cm—€2)_

To illustrate the practical performance of (195b) and (199), calcula-
tions were made for the cases a = 4, 8, 12 and ¢ = 8 corresponding to
medium, heavy, and very heavy loads respectively. The corresponding
equilibrium blocking probabilities are B(8, 4) = 0.030420, B(8, 8) =
0.235570, B(8, 12) = 0.422655. Table IV compares the exact and ap-
proximate values. Figures 1(a), 1(b), and 1(c) compare the corresponding
curves.

Table IV — Comparison of exact and approximate values

a=4 a=8 a=12

¢ R(t) Ro.(t) R(t) Ro,a(t) T(t) Ro,(t)
0 3.377 3.377 2.564 2.564 1.492 1.492
04 2.143 2.145 1.075 1.091 0.312 0.331
0.8 1.365 1.367 0.474 0.483 0.075 0.079
1.2 0.870 0.872 0.212 0.216 0.019 0.020
1.6 0.555 0.556 0.095 0.097 0.005 0.005
2.0 0.354 0.355 0.043 0.043 0.001 0.001
2.4 0.226 0.227 0.019 0.019
2.8 0.144 0.145 0.009 0.009
3.2 0.092 0.092 0.004 0.004
3.6 0.059 0.059 0.002 0.002
4.0 0.038 0.038 0.001 0.001

The quality of approximation of (199) may be seen from the following
values of « used in (195b) compared to the exact r; values.

a =ri [44
4 1.1218 1.1215
8 2.0000 1.9730
12 3.4778 3.3415

The transition probabilities P;;(t)—the probability j trunks are busy
at time ¢ given i trunks are busy at time zero—may all be obtained from
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the transition probability P..(t)!1; this probability as a function of time
is called the recovery function. It may be used in a similar manner to the
covariance function, R(t), for the study of errors in scan measurement
techniques!4; additionally it is especially important in the analysis of
telephone retrial models.

’Iﬁle Laplace transform, P,.(s), and the recovery function, P (t),
are

_ 1

Pools) ==+ = a.(=s — 1, a) (200)
S as
Pee(t) =B — 3 Bjerit (201)
j=1
1
Bj=lH (1_ ) (202)
rjij rj =

As for the covariance function, B = B(c, a),and rj(1 < j <c) are the roots
of G.(—s — 1, a) as a function of s.
In order to apply the « enhancement procedure, the function

f(t) = P.(t) — B (203)

is considered whose Laplace transform is
f(s)=l|:1—B+£ac(—s—1,a)]- (204)
s a

It may be observed from (201) and (203) that f(¢) is log-convex, hence
the approximations obtained will constitute upper bounds. In order to
demonstrate the operation of the approximations, the functions fo (%),
f1,(t), and

51(t) = 2f1,4(t) = fo,a(t) (205)

were constructed; they are

e—at
1—at

—at
fl,a(t)=—e——2[1—B +£ac<—%+a— 1,a>]

a

foult) = [1—B+§ac (—%+a—1,a>], (206)

The prime on o, (x, @) indicates differentiation with respect to x. The
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Fig. 1—Covariance function.
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following recurrence relation is obtained from (189);

’ 1 . o1,
ajri(x, a) = . Uajx, a) — 1]aj+i(x, @)? (208)
’ 1
al(x) a) = - ; al(x: a)z‘

Since s1(t) does not correspond to a positive operator, it does not provide
a bound for P, (t); one has, however,

Pec(t) < B+ f1,a(t) < B + fo,q(t). (209)

The first inequality follows from Theorem 23 and the second inequality
from Theorem 21.

The same cases as for the covariance function were treated. Tables
V, VI, and VII compare the exact and approximate values. Figures 2(a),
2(b), and 2(c) compare the corresponding curves.

TableV —a=4

t Pe(t) B+ fo,a(t) B+ f1,4(t) s1(t)
0 1.0000 1.0000 1.0000 1.0000
0.1 0.5178 0.5907 0.5597 0.5287
0.2 0.3304 0.4280 0.3856 0.3432
0.3 0.2380 0.3335 0.2901 0.2468
0.4 0.1844 0.2703 0.2296 0.1889
0.5 0.1497 0.2249 0.1880 0.1511
0.6 0.1256 0.1907 0.1578 0.1248
0.7 0.1080 0.1641 0.1350 0.1059
0.8 0.0947 0.1429 0.1174 0.0918
0.9 0.0844 0.1258 0.1034 0.0810
1.0 0.0762 0.1118 0.0922 0.0726

TableVI—a =8

t Pe(t) B+ fo,a(t) B+ f1,a(t) s1(¢)
0 1.0000 1.0000 1.0000 1.0000
0.1 0.5756 0.6335 0.6088 0.5842
0.2 0.4379 0.5005 0.4725 0.4445
0.3 0.3727 0.4256 0.4006 0.3756
0.4 0.3347 0.3770 0.3561 0.3352
0.5 0.3099 0.3432 0.3262 0.3092
0.6 0.2927 0.3187 0.3050 0.2913
0.7 0.2802 0.3005 0.2895 0.2786
0.8 0.2708 0.2866 0.2779 0.2692
0.9 0.2637 0.2760 0.2690 0.2621
1.0 0.2581 0.2677 0.2622 0.2567

This example will be used to show the operation of the error estimate
(112). Using the increment h = 0.1, (158) and (159) were used to obtain
Ble*tfo,o (£)], 02[e2tfo o (t)] and O[e?tfy .(t)], 82[e®tf1 ,(t)] at t = 0.5.
Equation (122) was used to estimate €po(t), €1,(t). The error in s1(¢) was
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WHO4SNVYL 30V1dV1 "dOd4 3NDINHO3L NOISY3IANI

S0

0O = EXACT SOLUTION O = EXACT SOLUTION O = EXACT SOLUTION
0.9 O =ZEROTH ORDER APPROX O = ZEROTH ORDER APPROX. O = ZEROTH ORDER APPROX

A = FIRST ORDER APPROX A = FIRST ORDER APPROX. A = FIRST ORDER APPROX

+ =R4(7) + =Ry(7) + =Ry (7)
0.8 NUMBER OF TRUNKS c =8 NUMBER OF TRUNKS ¢ = 8 NUMBER OF TRUNKSc=8

OFFERED LOAD a=4 ERLANGS OFFERED LOAD a=8 ERLANGS OFFERED LOAD a=12 ERLANGS
0.7
(a) (b) (©)

1 1 . 1 1 | 1 ! 1 | | I | 1 |

1
0 0.50 1.00 1.50 2.00 250 0 0.50 1.00 1.50 2.00 250 0 0.50 1.00 1.50 2.00 2.50
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Table VIl — a = 12

¢ Pc(t) B+ fo,u(t) B+ f1,4(t) s1(t)
0 1.0000 1.0000 1.0000 1.0000
0.1 0.6245 0.6679 0.6493 0.6307
0.2 0.5255 0.5629 0.5458 0.5286
0.3 0.4834 0.5097 0.4969 0.4840
0.4 0.4611 0.4789 0.4698 0.4607
0.5 0.4479 0.4598 0.4535 0.4472
0.6 0.4396 0.4476 0.4427 0.4378
0.7 0.4342 0.4396 0.4366 0.4336
0.8 0.4306 0.4342 0.4322 0.4301
0.9 0.4282 0.4306 0.4292 0.4278
1.0 0.4265 0.4281 0.4272 0.4262

estimated by 2¢; 4(t) — €0 o(t) in which the estimates for eg 4(t), €1,4(t)
were used. The results obtained are given in Table VIII.

Table VIII — Error estimates at t = 0.5
a €0, Estimate €la Estimate s1—f Estimate
4 0.0752 0.0714 0.0383 0.0372 0.0014 0.0030
8 0.0333 0.0317 0.0163 0.0160 —0.0008 0.0002
12 0.0120 0.0113 0.0056 0.0001 —0.0007 —0.0111

Vill. SOME APPLICATIONS OF THEOREM 12

The generating function, which will be designated G (z, t), of Theorem
12, namely,

_ 1 t
Gz ) = 1- zf0 <1 - z) (210)

may sometimes be used to obtain explicitly the form of £, (t). The fol-
lowing are some examples.
For f(t) = cos t, one has fo(t) = 1/(1 + t?), hence
1—z
(1—2)2+1t2
The generating function for the Chebyshev polynomials, T, (¢), of first
kind is15

Gz, t) = (211)

1—tz ©
Ttz 422 5 [n(0)2 (212)
hence
- 1
Gz, t) = ¥ 2n(1 + t2)~(+D/i2T, (__> 913
5T Vite (213)

One now obtains
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¢ —(n+1)/2
n+ 1

fa(t) =L, cost = [1+<

()

(214)
For f(t) = sin ¢, one has fo(t) = t/(1 + t2), hence
t
Gz, t) = m (215)

The generating function for the Chebyshev polynomials, U, (t), of second
kind is

1 @
a5 U @19
hence
i 1
Gz, t) = n(1 + £~/ < )
)= L+ virm) @)
Thus
. t t 27— (n+1)/2
fult) = L, sin t =—[1+ ( )
n+1 n+1
[ 1
x U, — . (217b)
t 2
Vi ()
n+1

The Bessel functions provide additional interesting relations with
orthogonal polynomials. For f(t) = Jo(t), one has fo(t) = 1/vV1 +¢2,
and

1
Gz t)=— 7 X —- (218)
= ) V(I1—-2)2+1t2
The Legendre polynomials, P, (¢), are generated by
L S P ()n C(219)

V1-2tz+2z%2 =0

hence

Falt) = Lodolt) = [1 +(

(n+1)/2
n+ 1) ]
\/1 + (

)

(220)
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By the substitution of it for t, one derives immediately

fn(t) = Lolo(t) = [1 - (_;1_1)2]—(%1)/2 .

pl—1 | (o)

Since Iy(t) is convex, one also has
Io(t) < Lplo(t) (222)

for sufficiently large n.
As another example relating to Bessel functions, consider f(t) =
Jo(2V't), then fo(t) = et and

Gz, t) = e—t/(1—-z), (223)

1—2z

The generating function for the Laguerre polynomials, L, (¢), is

e=t2/0=0) = 3 [ (t)zn (224)
1-2 n=0
hence
t
£1(t) = Lpdo(2VE) = e~/ + DL, <;—+—1> (225)
IX. SUMMARY

The methods of this paper have been found particularly useful in
analyzing complex queueing phenomena whose Laplace transform
representations are quite often implicitly defined. The error estimate
of (112) has been found especially useful. Its computation is numerically
effected by use of (158) and (159).

It would be desirable to have an effective method of estimating the
o parameter of (114) directly from f,, (¢). In fact a method of this type
which yields a rough evaluation has been devised and will be reported
in a later paper. Of interest also would be further elaboration of the way
structural properties of f(t) are reflected in f, . (t).

The investigation of linear combinations of iterates, L}, of the oper-
ators L,, may prove useful in providing additional enhancement methods.
Especially, further investigation is needed concerning enhancement
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methods which preserve the positivity of the approximation process.
The isolated result of Theorem 168, which shows that exp(L,£,f(t))
is a better approximation to f(¢) than f,(¢) when f(¢) is log-convex,
should be examined with the purpose of the possible construction of
nonlinear approximation methods exploiting this structural charac-

teristic.
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APPENDIX
Operations
f(t) fo(t) or f(¢)
1 1 t dx
;f(t) ;j;fo(x) ~
flat),a >0 fn(at)
at \—n—1 t
ef(t) <1 B n+ 1) fn <1 - at/(n + 1))
¢ j+1
J;f(x)dx n+1,2f’<n+1>
; fo(t) —f(O) n+1
7(¢) : [fnu) ot (2 )] (n=>1)
; fo(t) = f(0) = tf(O) fl(t) — 2fo(t/2) + £(0)
f) 3 -
1
folt) = 2y (— facs t
(n+ 1)2 (n+t2> < +1>(n22)
tf(t) tfo(t) + t2fo(t)
tf(t) tfn(t)
1 t
n j; f(x)dx . J; fo(x)dx
£(6)*h(£)(Mellin) | f,(¢)*h(t)

INVERSION TECHNIQUE FOR LAPLACE TRANSFORM

709



REFERENCES

1.
2.

S0 o] o o [ %]

-
[

—
O

[ e
3 & o

18.
19.

R. E. Paley and N. Weiner, Fourier Transforms in the Complex Domain, American
Mathematical Society, Vol. XIX, Colloquium Publications, 1934.

P. P. Korovkin, Linear Operations and Approximation Theory, New York: Gordon
and Breach, 1960.

W. Feller, An Introduction to Probability Theory and its Applications, Vol. II, John
Wiley & Sons.

L. I. Hirschman and D. V. Widder, The Convolution Transform, Princeton University
Press, 1955.

S. Karlin and Z. Ziegler, “Iteration of Positive Approximation Operators,” Journal
of Approximation Theory, 3, 1970, pp. 310-339.

E. Artin, The Gamma Function, Holt, Rinehart and Winston.

J. A. Shohat and J. D. Tamarkin, “The Problem of Moments,” Mathematical Surveys
No. 1, American Mathematical Society, 1943.

G. Polya and G. Szegd, Aufgaben und Lehrsitze aus der Analysis, Vol. 2, Dover,
1945.

D. R. Cox, Renewal Theory, New York, John Wiley and Sons.

D. L. Jagerman, “Some Properties of the Erlang Loss Function,” B.S.T.J., 53, No.
3 (March 1974).

. V. E. Benes, Mathematical Theory of Connecting Networks and Telephone Traffic,

Academic Press, 1965.

. D. L. Jagerman, “Nonstationary Blocking in Telephone Traffic,” B.S.T.J., 54, No.

3 (March 1975).

. C. Jordon, Calculus of Finite Differences, New York: Chelsea, 1947, Chap. 8.
. A. Descloux, “On the Accuracy of Loss Estimates,” B.S.T.J., 44, No. 6 (July-August),

1965.

. J.Todd, Introduction to the Constructive Theory of Functions, New York: Academic

Press, 1963.

. R. Piessens, “A Bibliography on Numerical Inversion of the Laplace Transform and

its Applications,” J. Comp. Appl. Math., 1, 1975, 115-128.

. R. Piessens and N. D. P. Dang, “A Bibliography on Numerical Inversion of the Laplace

Transform and Applications: A Supplement,” J. Comp. Appl. Math., 2, No. 3, 1976,
pp. 225-228,

M. Eisenberg, “A Program for the Analysis of a Class of Electronic Switching Sys-
tems—Appendix A,” MM-71-3423-3.

R. Bellman, R. E. Kalaba, J. A. Lockett, Numerical Inversion of the Laplace Trans-
form, New York: American Elsevier Pub. Co., 1966.

710 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1978



Copyright © 1978 American Telephone and Telegraph Company
THE BELL SYSTEM TECHNICAL JOURNAL
Vol. 57, No. 3, March 1978
Printed in US.A.
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Measurements of errors on T1 repeatered lines were made at five
Bell System offices during 1973 and 1974. They included an informal
survey of error rates and error-free seconds on lines in service, and
detailed recordings, normally of 24 hours duration on selected lines.
The detailed recordings show the existence of at least two distinct error
mechanisms, differing significantly in diurnal variation of error rate,
distribution of intervals between errors, and dependence on the
transmitted bit pattern. It was found that certain T1 lines made errors
when in service, driven by D1 channel banks, but not when driven by
a pseudorandom test signal.

I. INTRODUCTION

The T1 repeatered line is a short-haul digital transmission system
using cable pairs to transmit binary information at a rate of 1.544 X 108
bits per second.! T'1 lines have been in use since 1962, primarily in con-
junction with D1 channel banks to provide a carrier system for voice
channels. In the design of the T'1 line, the distribution of error rates was
an essential design parameter.2 However, since the field trial of an ex-
perimental prototype system, in which the error performance of one
worst-case repeatered line was briefly reported,* it has become clear that
more knowledge is needed on the subject of the error performance of
working T1 lines.

Measurements of timing jitter and errors on T'1 lines were made at five
Bell System offices during 1973-74. The error measurements were of two
types: a survey of error rates and error-free seconds; and detailed re-
cordings of the error process, normally for 24 hours duration, on selected
T1 lines. The jitter measurements will be reported elsewhere.*

The survey consisted of error rate measurements (determined by

* See pp. 95-96, Ref. 3.
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counting bipolar violations on lines in service) on 2594 T1 lines, and
error-free seconds measurements on 1640 of these lines. The primary
purpose of the survey was to select particular lines, known to be making
errors, for detailed recordings of the error process. Such recordings were
made on 89 lines. However, many of these recordings showed few or no
errors. Recordings of 37 of these lines were analyzed to characterize the
following properties: diurnal variation of error rate, distribution of the
intervals between successive errors, and sensitivity to the pattern of bits
transmitted on the T1 line. Not all these properties could be analyzed
for every line; there are 22 lines for which all three properties have been
characterized.

Most of the lines in the survey were terminated with D1 channel banks;
some had D2 banks. All of the detailed recordings were made on lines
with D1 banks. Since the pulse stream format generated by a D1 channel
bank is different from that generated by other equipment (for example,
in regard to density of ones), some specific results of these measurements
are valid only for the D1 environment.

Il. ERRORS AND THEIR MEASUREMENT

The digital format on the T'1 line is bipolar: that is, the absence of a
pulse in any position represents a binary “zero,” while a pulse of either
polarity represents a binary “one,” and consecutive pulses, regardless
of the number of intervening zeros, have opposite polarity. The pulses
become attenuated and distorted in transmission along the cable pair
and are reconstructed by repeaters located at intervals of nominally 6000
feet along the line. An “error” is an incorrect reconstruction in any one
pulse position: a pulse where originally no pulse was sent, or a blank
where a pulse should be.

If one looks only at the presence or absence of pulses—the binary ones
and zeros—errors cannot be detected unless one knows what was sent.
But by looking at pulse polarity, one can detect violations of the bipolar
format: the occurrence of two consecutive pulses (with or without in-
tervening blank spaces) having the same polarity. Any single isolated
error—either the omission or insertion of one pulse—always results in
exactly one “bipolar violation” (BPV). On the other hand, multiple errors
can combine so that a bipolar violation does not occur, while the reversal
of the polarity of a pulse would create two bipolar violations without any
errors, and, in any case, the occurrence of a bipolar violation does not
define precisely where an error occurred or whether it was an insertion
or deletion. In practice, however, the rate of occurrence of bipolar vio-
lations is generally close to the error rate. Both are quoted as numbers
representing the ratio of the number of events (errors or bipolar viola-
tions) to the number of bits transmitted.
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Another measure of performance, “percent error-free seconds,” is used
to specify objectives for the Digital Data System.® To define percent
error-free seconds, the measurement period is divided into 1-second
intervals from an arbitrary starting point, and the 1-second intervals in
which errors occur—*“‘error seconds”—are counted. In practice, this
count is estimated by counting the intervals in which bipolar violations
occur. The remaining intervals are “error-free seconds.”

The surveys reported here were based on measurement of lines in
service, carrying pulse streams that were unknown to us (except that they
obeyed the constraints imposed by the D1 channel bank format).
Therefore, although the terms “error rate” and “error-free seconds” are
loosely used in referring to the results of the survey, all the survey results
and measurements are actually in terms of bipolar violations rather than
erTors.

On the other hand, the detailed recordings of selected lines were
originally planned to record true errors on T1 lines removed from service
and carrying a known pseudorandom bit stream. As the program de-
veloped we also included recordings of bipolar violations on T1 lines
carrying unknown pulse streams from D1 channel banks. Therefore, in
referring to the detailed recordings, “errors” and “bipolar violations”
are not the same; these terms will be used more strictly in that context
than in referring to the survey results.

. THE SURVEY OF ERROR RATE AND ERROR-FREE SECONDS
3.1 Survey procedure

The scope of the survey is summarized in Table 1. The activity at the
first office visited was a pilot run for the rest of the program. The survey
activity at this office consisted of 1-minute error counts using simple
bipolar violation counters. After the pilot project a device was built to
count bipolar violations for 54-minute intervals on 16 lines at a time, in
conjunction with a PDP-11/20 computer (which was used primarily for
the jitter measurements and the detailed error recordings). This device
was used in the remaining four offices. After the survey at the second
office, the software was modified to obtain counts of error seconds con-
currently with the error counts. Error-second counts were thus made
at the last three offices surveyed.

Since the original purpose of the survey at each office was to select T'1
lines for extended error tests, general information about the population
of lines surveyed was not recorded. Some information, however, is
available about each office as a whole. Thus, for example, it is known that
the lines were all two-cable at office 3, all one-cable at office 5, and mixed
at the other offices. (A two-cable T1 system is one in which opposite
directions of transmission are segregated in separate cables.)

T1 LINE ERRORS 713



Table | — Scope of the survey

Survey Number
Office dates of lines Data recorded
1 3/1/73 to 461 1-min BPV
4/1/73
2 9/20/73 to 493 54-min BPV
9/27/73
3 10/31/73 to 561 54-min BPV and
11/9/73 error-seconds
4 11/29/73 to 792 54-min BPV and
1/9/74 error-seconds
5 1/21/74 to 287 54-min BPV and
1/24/74 error-seconds
Total 2594

The survey was not based on random sampling. Measurements began
at one end of the office repeater bay lineup and continued either until
the other end of the lineup was reached (at offices 3, 4, and 5) or until
the expiration of the time allotted for activity at that office (at offices
1 and 2). Lines that were out of service for any reason were skipped over
and excluded from the survey. Measurements for the survey were made
only on business days between the hours of 8:00 a.m. and 6:00 p.m.

At each office repeater included in the survey, a bipolar violation de-
tector was plugged into the receive monitor jack to detect errors in the
pulse stream from the distant office. Each office repeater was counted
as a separate T1 line. A through system from one distant office to another
via the office surveyed was thus effectively split into two parts and
measured as though it consisted of two systems, each connecting the
survey office with one of the distant offices. One consequence is that
there are more short T1 lines (especially single-span lines) in the survey
than in the plant.

Error rate measurements at office 1 were made for 1-minute intervals
on one line at a time using one of two different instruments. One was a
Philco-Sierra 314A T'1 error detecting set, which has a built-in counter
with a maximum counting rate of 10 per second. The other was a Western
Electric J98710G-2 L3 error detecting set connected to a General Radio
1192 counter, which counted bipolar violations as fast as they could occur
on the T1 line.

At the other offices, errors were counted by a 16-line bipolar violation
detector using a PDP-11/20 computer. The counting program had two
versions, as indicated previously. Version 1, used only at office 2, counted
only errors. Version 2, used at the last three offices surveyed, counted
error seconds as well as errors. The counting rate of this equipment was
subject to the following limitations.

(i) (Version 2 only)—If the count in any one second exceeded 1544
errors on all 16 lines combined (corresponding to 1073 error rate on any
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one line) the counting program was terminated, so that its use of com-
puter time would not interfere with concurrent detailed recording or
jitter measurement on another line.

(if) Maximum short-term (fractional-second) counting rate on all
lines combined was about 10,000 per second, because the computer took
about 95 us to process each error counted (about 60 us in Version 1).

(iii) Resolution varied from normally about 30 us to several hundred
microseconds depending on error activity. Errors closer together than
this on the same T1 line would be counted as a single error.

3.2 Survey data processing

The survey data was recorded manually at the test site and later
transcribed to punched cards. The survey data consisted of groups of
up to 16 lines, monitored for 54 minutes per group, except at office 1
where each line was monitored for 1 minute. Twenty lines that lost signal
at some time during the 54-minute test were eliminated. Error counts
were converted directly to error rates by dividing by the number of T'1
line bits expected in the monitoring interval at the nominal line rate.
Computer programs were used to obtain statistical summaries of three
quantities for each line (where available): the percent of seconds with
error, the error rate, and a clustering factor. These are all represented
graphically by cumulative distribution functions in Figs. 1 to 6.

The clustering factor is not simply the ratio of the number of errors
to the number of error seconds. This would give large overestimates of
clustering at high error rates (above about 10~8) because the number of
error seconds in 54 minutes is bounded. The calculated clustering factor
therefore compares the actual count of error seconds with the number
of error seconds that would be expected if the errors counted had oc-
curred randomly (Poisson process model). This factor gives the same
result at low error rates, but approaches unity at high error rates.

For a 54-minute test, the error rate (strictly, the bipolar violation rate)
is
_ bipolar violation count

1.544 X 105 X 60 X 54

The fraction of seconds that contain errors is

ER

error second count
60 X 54

The percent error-free seconds is simply
PEFS =100 X (1 — ESF)

ESF =

Given an error rate ER, a Poisson process model could be used to predict
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an error second fraction
ESF’ =1 — exp(—1.544 X 10% X ER)
The clustering factor is defined as

_ ESF
ESF

The graphs were arranged so that the horizontal axis consisted of a
logarithmic scale and the vertical axis consisted of a normal probability
scale; thus, a lognormal distribution would be plotted as a straight line.
Percent of seconds with error and BPV rate graphs were based on total
population, i.e., lines with and without errors. The lowest point plotted
corresponds to the percent of lines that had either no errors or one error.
Clustering factor graphs were based solely on T1 lines with errors. To
avoid step functions appearing on the graphs, a continuous curve was
created by plotting only the upper “corners” of the step function.

CFr

3.3 Results of the survey

Figure 1 shows the distribution of error rate at each office. Each point
on a given distribution can be interpreted as a statement that some
percent of the lines had error rates equal to or less than (better than) a
certain error rate. For example, about 98.8 percent of lines at office 2 had
error rates equal to or better than 1075, Because of the counting rate
limitations described previously, the true error rate may be somewhat
higher than the measured error rate for some lines. On the average, it
is probably not more than twice the measured error rate, based on esti-
mates of clustering from an earlier survey® as well as results from our
detailed error recordings. Thus, for the same example, we would estimate
that at office 2 less than 98.8 percent of lines had better than 1076 error
rate, but probably more than 98.8 percent had better than 2 X 10~6 error
rate. That is, the true error rate curve might be farther to the right, by
less than a factor of 2 in error rate.

Figure 2 shows the aggregate distributions of error rate compared with
previous surveys. All the surveys refer to lines terminated predominantly
or entirely at D1 channel banks. Two curves are shown for our survey
because measurements of error rates below 1078 are not available for
office 1. However, the two curves are very close together.

The previous surveys had suggested a possibility that T'1 error per-
formance was changing. The latter of these surveys,® in 1971, showed
error rates about 10 times as high as the earlier survey,” in 1966. A survey
at one site in 1968 showed a distribution (not shown in Fig. 2) lying be-
tween the other two.8 However, the results of our survey show such large
differences between offices that the difference between the 1966 and 1971
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Fig. 1—Error rate distributions for individual offices.

surveys cannot be said to show a significant trend over time. Qualitative
observations suggest that the important difference between offices is
in maintenance organization and effort, which tends for practical reasons
to be correlated with (although not fully determined by) both office size

and T'-carrier network size.

Offices 2, 3, and 4 in our survey had error rate distributions very close
to the 1966 survey. Even allowing for a possible underestimate of a factor
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AGGREGATE:
INCLUDING OFFICE 1~~~ o'
EXCLUDING OFFICE 1~
995 -
%9} =
« 1966 SURVEY ,#
98— 7/
w
E ///-////
m a /
-~ -
g o5 L /
] 7/
- /7 //
) - e
% d //1971 SURVEY
g 8o / Ve
i yd
i . /
L 7
0 4 _J
7/ /
60— /
sof
40 | 1 | | |
10-10 10-9 10-8 1077 10-6 10-5 10-4
ERROR RATE

Fig. 2—Aggregate error rate distributions. Results of previous surveys are shown for

comparison.
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Fig. 3—Distributions of percent seconds with error, compared with the aggregate of
the previous survey.

of 2, they are still much better than the 1971 error rate distribution, and
much closer to the 1966 curve than to the 1971 curve. These three offices
are all large offices in large metropolitan networks, as were the offices
in the 1966 survey. In the 1971 survey, on the other hand, two of the three
offices were suburban offices.

The office showing the poorest distribution in our survey was also the
smallest. This building housed two step-by-step switching machines,
and a combined maintenance force was responsible for both switches
and T-carrier equipment. This distribution was noticeably affected by
the existence of high error rates (between 1076 and 10~4) on 12 lines in
the same cable (4 percent of the sample), apparently due to a single cause;
omitting these lines would have moved the curve closer to the others.

Error-free seconds results are plotted in Fig. 3 in terms of percent
seconds with error (which is 100 minus percent error-free seconds), so
that the distribution curves are similar to the error rate distributions.
These results are not affected by the counting-rate limitations of the
measurement apparatus. The best error-seconds distribution in our
survey (office 3) is better than the aggregate of the 1971 survey for about
a factor of 4 in percent seconds with error (see Fig. 3); our aggregate is
better by a factor of 2. The scatter plot in Fig. 4 indicates that most lines
had about the same number of errors as seconds with error (except at
high error rates, where the number of seconds with error approaches the
number of seconds in 54 minutes). However, clustering can occur at all
levels. Figs. 5 and 6 show the distribution of clustering factor (calculated
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so as to avoid false indications of clustering at high error rates, as de-
scribed in the preceding section). Table II shows the mean and standard
deviation of the clustering factor for each office and for the aggregate.
In general the standard deviation is much larger than the mean, except
at office 3. Overall, the mean is about two events per second-with-
error.
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Fig. 5—Distributions of clustering factor for individual offices.
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Table Il — Statistics of clustering factor
Standard
Office Mean deviation
3 1.20 0.98
4 3.13 22.9
5 1.70 4.93
Aggregate 2.26 16.5

The difference between clustering factors at different offices should
probably not be regarded as significant. The unusual statistics for office
4 are due to just four lines with unusually high clustering factors (1
percent of the lines with errors). At office 5, the sample was small, and
it is known that several lines could be disturbed by the same condition
(although the 12 lines with high error rate in the same cable, mentioned
earlier, did not have high clustering factors).

IV. DETAILED RECORDINGS OF ERRORS AND BIPOLAR VIOLATIONS

4.1 Experimental procedure

This phase of the measurement program was designed to obtain
complete and continuous recordings of errors on T lines for periods of
24 hours (or over a weekend), recording at what time, and on which bit,
each individual error occurred. We made no effort to find or fix the cause
of the errors.

As originally conceived, the basic procedure was to remove a line from
service and apply a test signal with the line looped back to the test site,
so that the received signal could be directly compared with the trans-
mitted signal. The test apparatus is shown schematically in Fig. 7. The
test signal was a pseudorandom linear shift-register sequence® with a
period of 1,048,575 bits, generated by a 20-bit shift register, as shown
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Fig. 7—Error measurement system block diagram.

in Fig. 8. The bit stream returned via the looped T1 line was compared,
bit by bit, with the output of a similar sequence generator to detect errors
on the line. The occurrence of each error was recorded on magnetic tape.
A Digital Equipment Corporation PDP-11 computer controlled test se-
quencing and formatted the output to the tape.

In most cases the entire T'1 line was not removed from service. A T'1
line from one office to another generally passes through several inter-
mediate offices, which divide it into spans of the order of 5 miles long.
Spare spans are normally provided. The least troublesome procedure

'—EHHZIHZ’[JHEIZ[ |

10 11
1]0
—_——

12 13 14 15 16 17 18 19 20

0|1 o|o|1|o 0 1|0]

...11010011010010010010010010010000000000000000000100000...
Fig. 8—Pseudorandom sequence generator. The digits in the shift register move from

left to right, and hence appear in the output as read from right to left. Generation of the
first of the string of 19 zeros is illustrated.
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to obtain a length of T1 line for testing is to patch service on one span
onto a spare. This procedure requires patching only at the test site and
one adjacent office, and does not involve any other offices.

In the earliest measurements at office 1, lines were chosen at random
to record both jitter and errors. Since most of the lines so chosen did not
make any errors, the bipolar violation survey was introduced as a means
of selecting lines for error test that were known to make errors, con-
tinuing to use random selection for the jitter measurements. We reasoned
that if bipolar violations were observed in the pulse stream coming from
the D1 channel bank at the distant terminal office, errors must have been
occurring somewhere on the line, and there was a reasonable probability
that these errors would be in the span adjacent to the test site.

This procedure resulted in a reasonable yield of error observations
at office 1 and office 2. However, it was not successful at office 3. In an
effort to improve the yield at this office, lines were chosen that termi-
nated at the next office, so that looping one span would necessarily in-
clude the part of the line where the bipolar violations originated. But
when these lines were looped and the pseudorandom test signal was
applied, errors either did not occur at all, or occurred only occasionally,
at rates far lower than the BPV rates observed in service in the survey.
Such cases had been observed occasionally at offices 1 and 2. In addition,
at office 4, we were able to loop T1 lines back to the test site at distant
terminal offices, and again we observed that most lines that showed bi-
polar violations when in service did not make errors when carrying the
pseudorandom test stream. In most cases we verified that the bipolar
violations did not originate in the channel bank.

The error recording equipment was therefore modified, late in the
measurement program, so as to be able to record bipolar violations in
the same manner as errors. The procedure was modified to include
pretests that would indicate systematically whether the line should be
tested using bit generators and the error detector to record errors (“error
run”’), as shown in Fig. 9a, or restored to service and tested as in Fig. 9b,
to record bipolar violations in service (‘“BPV run”).

The modified procedure included two pretests designed to investigate
the effect of the signal on the error performance, using the configuration
shown in Fig. 9c. The T'1 span was out of service and looped at the next
office as in Fig. 9a, but use was made of the signal from the D1 channel
bank, which was now routed to its destination via the spare. The dashed
lines show alternative connections. One pretest recorded BPVs on the
spare. In the next pretest, a signal tapped from the spare was fed into
the looped span, and BPVs were recorded on the signal coming back from
the looped span. The significant result was that in many cases, BPVs were
not seen on the spare, but were seen on the signal that came from the
spare via the looped span, although errors did not occur when the signal
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Fig. 9—Error and BPV test configurations: (a) error run, (b) BPV run, (¢) BPV pre-
test.

from the bit generator was transmitted on the looped span (as in Fig. 9a).
That is, errors would, or would not, occur on the looped span, depending
on the signal fed into it.

Each continuous recording of errors or bipolar violations on a par-
ticular line or span is referred to as a “run.” Normally the duration of
arun is about 24 hours. Longer runs occurred when a run was successfully
started on a Friday, since in that case the run was allowed to continue
over the weekend. Shorter runs occurred when a line under test turned
out to have few or no errors in a period of a few hours, or had an abnor-
mally high error rate; the operator would then terminate the run and
select another line for test. Each run was recorded as a distinct file on
magnetic tape.

A plot of error rate versus time was derived for each run as a whole.
For further analysis, “samples” of up to 1600 consecutive errors were
extracted. At low error rates, a “sample” could include a whole 24-hour
run. Where possible, separate samples were taken when the plot of error
rate versus time showed different conditions occurring at different times.
These samples were analyzed to study the “error-free interval” distri-
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Fig. 10—Normal diurnal variation of error rate, recorded over a weekend, in an error
run.

butions (distributions of intervals between successive errors) and the
dependence of error probability on the content of the bit stream.

4.2 Diurnal variation of error rate

Since most of the error and BPV runs lasted about 24 hours, diurnal
variation of error rate could be observed, but could not be entirely sep-
arated from long-term and short-term variation. Even when a run lasted
over a weekend, diurnal components cannot be fully separated because
a weekend does not consist of identical diurnal cycles. However, some
distinct types of diurnal variation were identified.

In roughly one-third of the error and BPV runs of 1 day or longer, the
error rate had a broad maximum during the working day (with short-
term variations superimposed), falling off gradually during the evening
to a ‘minimum error rate at about 4:00 a.m., and rising again to its
workday level about 8:00 a.m. Figure 10 shows such a pattern observed
over a weekend. We refer to this pattern as “normal” diurnal varia-
tion.

Most of the remaining error runs,.and a few of the BPV runs, showed
essentially steady error rates over the day, as in Fig. 11. Irregular vari-
ations, on the other hand, were observed in most of the remaining BPV
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Fig. 11—Steady error rate, recorded over a weekend, in a BPV run. Each plotted point
is computed from the number of errors in a cell about 5 minutes long, containing an average
of about 5 errors; hence the point-to-point variation is entirely accounted for by assuming
errors occurring independently at random (Poisson process), except at the very end of the
run.

runs, and a few error runs. Fig. 12 shows distinctly irregular variation,
with large nonperiodic changes. However, any variation that did not fit
a recognizable pattern was classified as irregular.

The predominance of irregular variation in the BPV runs (as contrasted
with steady error rates predominantly in the error runs) may be due to
the variability in the content of the bit stream from the channel bank.
As described in a later section, the lines with steady or irregularly varying
error rates tended to be sensitive to the bit pattern on the lines. The
invariably repeating pseudorandom sequence in the error runs would
tend in such cases to give error rates that were constant with time; a pulse
stream with variable content, such as the channel bank output, would
result in varying error rates.

Two T'1 lines (one BPV run, one error run) showed two distinct error
rates during the diurnal cycle, with abrupt transitions from one error
rate to the other, as in Fig. 13. This pattern has been classified as “ex-
aggerated” diurnal variation.

Table III lists the total number of error and BPV runs with each type
of diurnal variation. Only runs that actually extended overnight are
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Fig. 13—Exaggerated diurnal variation, recorded for 24 hours, in a BPV run.
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Table lll — Frequency of occurrence of different types of diurnal

variation
Variation Error-run BPV-run Total
type lines lines lines
Normal 6 4 10
Steady 6 1 7
Irregular 3 5 8
Exaggerated 1 1 2
Total 16 11 27

shown; shorter runs are excluded because the error rate minimum near
4:00 a.m. was an essential feature for identification of the “normal”
type.

In the diurnal variation curves in Figs. 10 through 13, each point
plotted represents the average error rate in a 5-minute cell. Since the
cell boundaries were defined by the starting times of the data records
on the tape, which occurred irregularly, the cells are not exactly 5 minutes
long. However, the error rate for each cell is correct, being determined
by dividing the number of errors by the actual number of bits in the
cell.

4.3 Distribution of intervals between errors

Distributions of “error-free intervals” (the intervals between suc-
cessive errors, in time units equal to the reciprocal of the bit rate) were
plotted for every error sample. Three principal types were observed,
identified as unimodal, bimodal, and trimodal. The same types were
observed in both BPV runs and error runs. Table IV shows the number
of lines observed with each type of distribution.

A typical unimodal distribution is shown in Fig. 14. This curve may
be interpreted (except for the numbers on the vertical axis) as the
probability density function of the logarithm of the interval, considering
the interval as a continuous random variable. The curve was actually
derived by setting up a logarithmic interval axis, dividing it uniformly
into 40 cells per decade, and plotting the number of intervals that fell

Table IV — Frequency of occurrence of different types of
distribution of the intervals between successive errors or BPvs

Distribution Error-run BPV-run Total

type lines lines lines
Unimodal ) 2 4 6
Nearly unimodal 6 5 11
Bimodal 5 2 7
Trimodal 6 3 9
Total 19 14 33
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Fig. 14—Unimodal distribution o£ “error-free intervals,” observed in a BPV run.

in each cell. The presence of only one mode indicates the absence of
clustering. The asterisk just above the horizontal axis, in the vicinity of
the mode, is plotted at the reciprocal of the mean error rate, that is, at
the mean interval between errors.

Also shown in Fig. 14, as a dashed curve, is the probability density
function of an exponential distribution with the same mean, scaled to
fit the same logarithmic horizontal axis and to represent the same total
number of errors on the vertical axis. The apparent fit suggests that the
errors occurred independently (that is, as a Poisson process). As will be
shown later, errors on this line were not independent, but depended
strongly on the immediate pattern of bits on the line. However, there
is a clear indication of large-scale independence: error-sensitive patterns
occurred regularly, but the occurrence of an actual error in each pattern
was independent of previous occurrences.

Fig. 15 shows a phenomenon that (fortunately for service) did not
happen very often, or last very long: a very high error rate. The distri-
bution shows a very low mean interval between errors. For the shortest
intervals, the number of occurrences of each discrete interval are resolved
in the plot. Clearly the errors are not completely independent (as in
Bernoulli trials), because the count would then be highest at 1 and would
decrease with increasing interval length. But the independent-error
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Fig. 15—Distribution of “error-free intervals” at very high error rate, observed in an
g
error run.

model is conceptually useful as a point of departure. These distributions
are not included in Table IV.

The bimodal distribution shown in Fig. 16 indicates error clustering.
The mode at the right represents the intervals between clusters, and its
shape again suggests large-scale independence (Poisson process) as in
Fig. 14, but in this case also the occurrence of errors actually depended
on local bit patterns. (The small amplitude of this mode may be decep-
tive; it actually includes about one-fifth of the total number of intervals.)
The mode at the left represents the intervals between errors within a
cluster, and, as in Fig. 15, errors are not quite independent within clus-
ters. However, the general appearance is not very different from what
one would expect from a combination of two exponential waiting-time
distributions.

A substantial number of lines had interval distributions intermediate
between the unimodal and bimodal types. In these lines, most of the
intervals were grouped around a single mode at the right, with less than
10 percent of the intervals (sometimes only one) defining another mode
at the left. These distributions are referred to as “nearly unimodal.”

The trimodal distribution in Fig. 17 indicates two levels of clustering,
that is, clusters within superclusters. The mode at the right represents
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Fig. 16—Bimodal distribution of “error-free intervals,” observed in an error run.

intervals between superclusters, the mode in the middle represents in-
tervals between clusters within superclusters, and the mode on the left
represents intervals between errors in a cluster. Actually, in this termi-
" nology, a “cluster” or “supercluster” could consist of a single error, since
the average clustering factor was not large (usually about two to three
errors per supercluster) and errors often occurred in isolation. On the
other hand, it was not uncommon to find superclusters containing as
many as 30 errors, occurring both alone and in clusters within the same
supercluster. '

Whenever a trimodal distribution was observed in an overnight run
(permitting identification of the diurnal variation type), the line showed
“normal” diurnal variation. Conversely, most of the “normal” diurnal
variation runs showed trimodal interval distributions. In these cases,
the interval distribution remained trimodal throughout the diurnal cycle.
The middle mode, which indicates structure within the supercluster,
remained usually in the same place, extending from about 100 to 500 bits,
while the right mode, which described the occurrence of superclusters,
moved left or right as the error rate on the line went up or down (re-
spectively) with time of day.

A number of distributions classed as bimodal (or nearly unimodal)
differed in appearance from Fig. 16 because of other features. In two
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runs, discussed in Section 4.5, only certain values of short interval oc-
curred. In a BPV pretest for an error run, multiples of about 193 (the D1
frame duration) predominated in the long intervals. In another sample,
representing a burst of relatively high error rate in a BPV run, the long
intervals are almost all multiples of about 20,000 bits (Y75 second). In
most of these cases, longer and shorter intervals are interspersed, indi-
cating error clustering. On the other hand, we obtained a sample from
one error run that looks much like Fig. 11, but actually represents a
transition from a low error rate, as in Fig. 14, to a very high error rate,
as in Fig. 15; all the long intervals came first, followed by the short
ones.

4.4 Effects of local bit patterns

On most lines, the probability of error depended on the local bit pat-
tern being transmitted. The probability of error on any given line was
usually not the same for ones as for zeros (bias effect), and also depended
on the values of preceding and following bits (intersymbol interference
effect). The pattern sensitivity varied greatly from line to line in both
error and BPV runs. Pattern sensitivity was categorized as high, medium,
or low for each line; Table V shows the number of lines observed in each
category.
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Table V — Frequency of occurrence of different levels of pattern
sensitivity of probability of error or BPv

Pattern Error-run BPV-run Total

sensitivity lines lines lines
High (=50.0) 7 3 10
Medium 0 8 8
Low (<4.0) 7 3 10

Totals 14 14 28

Pattern sensitivity was directly observable in the error runs (except
at office 2) because the bit stream on the line was a known pseudorandom
sequence. (At office 2, a broken wire forced the second bit of every 16-bit
data word on every tape to zero; the evaluation of error rate, diurnal
variation, and the interval distribution was not seriously affected by the
consequent loss of data, but pattern dependence could not be determined
because identification of bit positions in the sequence was ambiguous.)
In the error runs, pattern sensitivity fell clearly into two groups: very
high and very low (except for short periods of very high error rate, which
showed no discernible pattern sensitivity at all). In the BPV runs, evi-
dence of pattern sensitivity appeared as a consequence of the periodic
structure of the D1 channel bank frame. The bit stream is organized into
frames of 193 bits at 8000 frames per second, in which one bit (the
framing bit) is alternately one and zero in successive frames to enable
the receiving channel bank to determine the frame phase. The remaining
192 bits consist of 24 words of 8 bits each, one word for each channel, in
which one bit carries signaling and the other seven represent the voice
by pulse code modulation (PCM). Pattern dependence could be inferred
by relating the occurrence of bipolar violations to the periodicities of the
D1 channel bank frame, and indications of pattern dependence pre-
sumably depended on the content of the channel bank output.

In the error runs, bias effects were characterized by identifying each
error as an insertion (error in a zero) or a deletion (error in a one) and
computing the percent of errors that were deletions. The percent dele-
tions observed on 14 T1 lines varied from 0 to 100 percent, in a manner
consistent with a uniform distribution.

Preliminary analysis suggested that intersymbol interference effects
were usually confined to the bit following the error and the 6 bits pre-
ceding it. These bits, together with the bit in error, comprise an 8-bit
string with the error in the seventh bit. For each error sample, a tally was
then made of the number of times each of the 256 possible 8-bit strings
occurred with an error in the seventh bit. Figs. 18 and 19 show the results
of two such tallies, representing examples of low and high sensitivity
respectively. (In these figures, the seventh bit is shown as transmitted;
the slash through it indicates that this was not the value received.)
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As a numerical measure of pattern sensitivity, the parameter

_ 256256 . 255
N2 ' N
was computed for each error sample, where N; is the number of times
the ith 8-bit pattern occurred with an error in its seventh bit, and N is
the total number of errors. This parameter is related to chi-square as it
would be evaluated to test the null hypothesis of equal probabilities for
all 256 patterns. However, while chi-square is useful primarily as a
measure of statistical significance, D is designed to be nearly unaffected
by the sample size for strongly pattern dependent errors, so that it
measures pattern sensitivity as a property of the T1 line. The largest
possible value of D, which would be attained if all errors occurred in the
same pattern, is nearly 255 (actually, 255 — 255/N). If errors were in-
dependent of pattern, so that all 256 patterns were equally likely, D
would have zero mean (based on a binomial distribution, p = N/256, for
N;) and a standard deviation of approximately 22.6/N (based on the
related chi-square distribution, valid for large N, and verified by enu-
meration as roughly correct for N = 2 and N = 3).

The values of D fell into two groups: high (50 or above) and low (2.2
or below). The only exception is one sample that has an intermediate
value because it spans a transition from one type to the other. However,
in almost all cases the value of D is much larger than 22.6/N, and hence
significantly different from zero. The exceptions are of two types: small
samples, and very high error rates (above 1073). Pattern sensitivity
showed no consistent relation to percent deletions.

In the BPV runs, the bit patterns on the line were unknown. However,
it could be presumed that some bit patterns might tend to recur peri-
odically either at the 193-bit frame period or at the 8-bit word period
within the frame. Accordingly, in each BPV sample each bit was assigned
a frame position from 1 to 193, starting arbitrarily at the beginning of
the sample, and a tally was made of the number of bipolar violations
found in each of the 193 positions. These tallies were analyzed both
numerically and graphically.

As a general numerical measure of pattern sensitivity for BPV runs,
the parameter

1931, 192

N2/ =37 ' N !

was computed for each BPV sample, where N; is the number of BPVs that
occurred in the ith position in the 193-bit frame. This parameter has
similar properties to the parameter D computed for the error samples.
Specifically, its largest possible value is 192(1 — 1/N), and its standard
deviation, for random errors, is 19.6/N.

D/
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Fig. 18—Computer printout of occurrences of errors within 8-bit patterns showing low pattern sensitivity in an error run (D = 0.5) .
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Fig. 19—Like Fig. 18, but showing high pattern sensitivity (D = 107.5).

The values of D’ are significantly different from zero in most cases,
and vary as widely as the values of D for the error samples. However, they
do not fall clearly into two distinct groups; about half fell into the “me-
dium” range, between 2.2 and 50, in which D never fell. This may be
explained by the fact that dependence of BPV rate on frame position
depends not only on the error mechanism on the T1 line but also on the
properties of the transmitted bit stream. The presence of frame peri-
odicity in the bipolar violations actually depends on two factors: the
probability of a bipolar violation must depend on the bit pattern, and
recurrent patterns must exist in the D1 bank frame.

It should be noted that bipolar violations are necessarily pattern-
dependent, even if the errors causing them are not, because a bipolar
violation can be detected only when a one is received. In the D1 channel
bank format, some frame positions are more likely to contain ones than
others; hence, bipolar violations will always be frame-position dependent
to some extent. This factor may account for some of the observed
frame-position dependence where this dependence is weak. However,
it cannot account for the observed cases of strong frame-position de-
pendence, because there are constraints in the channel bank that prevent
long strings of zeros (as described in Section 4.5).

Figures 20 through 22 respectively show examples of weak (D’ = 0.4),
medium (D’ = 11.7), and strong (D’ = 108.5) dependence of bipolar
violations on bit position in the frame. These figures represent 3-di-
mensional bar graphs, the height of each bar representing the number
of bipolar violations at each frame position. The lower left corner rep-
resents the first bit in the frame, the first 8 bits are laid out from left to
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Fig. 20—Three-dimensional bar graph showing weak dependence of bipolar violation
probability on position in the D1 bank frame in a BPV run (D’ = 0.4). Frame alignment
1s hypothetical.

right, successive 8-bit words are laid out behind the first, and the 193rd
bit is in the far left corner of the base of the diagram. Each row running
from front to back thus represents a given bit position in each word. In
these figures, the hypothetical starting point of the frame was shifted
to the position that gave the figure the most regular appearance (by
maximizing a parameter similar to D’, but based on the number of bi-
polar violations in each position in the word), on the presumption that
such a choice probably approximated alignment with the actual channel
bank frame being transmitted.

Figure 20 shows an example of relatively weak position dependence;
bipolar violations occur in all positions, but their probability clearly
depends on the position of the bit in the word. An example of medium
position dependence is shown in Fig. 21. Fig. 22, where most of the bi-
polar violations occurred in one position in the frame, shows strong po-
sition dependence. Fig. 22 is an extreme case; the same line at another
time of day showed an intermediate pattern in which no single bit po-
sition had a majority of the BPvs. Figure 22 necessarily indicates high
sensitivity to some recurrent pattern. Figures 20 and 21, however, could
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Fig. 21—Like Fig. 20, but showing medium position dependence (D’ = 11.7).
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Fig. 22—Like Fig. 20, but showing strong position dependence (D’ = 108.5).
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be explained either by lower pattern sensitivity (possibly none at all),
or by high sensitivity to patterns that occur less regularly. Correlation
with other properties of the error process, discussed in Section 4.6,
suggests that the former explanation is applicable to cases such as Fig.
20, and the latter to cases such as Fig. 21; but such conjectures are
speculative.

4.5 Effects of density of ones in the bit stream

The pseudorandom sequence does not meet the constraints on mini-
mum ones density for bit streams transmitted on T1 lines. These con-
straints are intended to ensure that there is always sufficient energy in
the timing tank circuit in each T1 line repeater. This tank circuit gets
an input pulse whenever a one is received, and if the density of ones is
too low the repeater timing becomes inaccurate and errors are more likely
to occur.

It was, therefore, expected that any given T1 line, driven by the
pseudorandom sequence generator, would be more prone to make errors
than when driven by a D1 channel bank, which does meet these con-
straints. This expectation was not fulfilled. On different lines, the error
rate for the pseudorandom sequence might be greater than, equal to, or
less than the error rate for the D1 bank output. In most cases, errors
occurred only when the signal source was a channel bank; sometimes,
however, errors occurred only when the signal was supplied by the
pseudorandom generator. This does not necessarily mean that T'1 lines
in general have higher error probability when driven by a D1 channel
bank, because lines were usually selected for test on the basis of errors
observed with a channel bank as the signal source, so that the sample
of lines is biased.

In addition, it was expected that errors would be more likely to occur
in those parts of the pseudorandom sequence where the constraints were
most severely violated. As described below, two of the lines tested showed
this tendency to a remarkable degree, but the rest showed no such ten-
dency at all.

The pseudorandom sequence differs from the output of a channel
bank both in maximum length of strings of zeros and in average ones
density. The D1 channel bank must have a one in each word; the longest
string of zeros that it can generate is 15. The pseudorandom sequence,
on the other hand, contains eight strings of more than 15 zeros, including
one of 19 zeros, in each repeated frame of a million bits (actually
1,048,575 bits, about 0.68 seconds).

The average ones density is nominally one-half for both, but in the
channel bank output it varies from one bank to another, while in the
pseudorandom sequence it varies over the million-bit frame. In the D1
channel bank, the ones density depends on how the analog-to-digital
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Fig. 23—Effective ones density for a timing tank with @ = 60, as a function of bit position

in the pseudorandom sequence, in the vicinity of the string of 19 zeros, showing the location
of the lowest effective density of ones in the sequence.

encoders (of which there are two in each bank) are adjusted to encode
the zero level. The intended zero code is 1000000, which leads to a low
ones density. However, with a slight misadjustment, zero might be en-
coded as the next lower code level, 0111111, which leads to a high ones
density. The ones density is also affected by the signaling bit (a one for
the on-hook condition) and by the encoding of noise and speech. One-
second measurements on D1 channel banks in service have shown ones
densities ranging from about one-fourth to three-fourths, with little
variation over the day for any given bank.1° Other observations have
shown ones densities as low as about one-eighth on T1 lines in ser-
vice, 1!

In the pseudorandom sequence, the average ones density over the
million-bit frame is almost exactly one-half (actually 524,288/1,048,575).
The variation of ones density within the frame can be evaluated as a
weighted average of the past bits, using exponential weighting with a
time constant of @/= bits (about 32 bits for the typical timing-tank @
of 100). This average is theoretically proportional to the amplitude of
ringing in a repeater timing tank circuit having the specified Q.

Figures 23 through 25 show, for three values of @, the variations of ones
density following the string of 19 zeros. (Since the ones density increases
at each one and decreases at each zero, the strings of zeros can be iden-
tified by their downward slope. The string of 19 zeros starts at the
211,993rd bit after the framing bit. The framing bit itself was the last
in the string of 20 consecutive ones.) The ones density has an absolute
minimum of about one-fourth in this segment, but the exact value and
location of the minimum depends on the timing tank Q.

Only two of the T'1 lines that were tested had a noticeable tendency
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Fig. 24—Like Fig. 23, but for timing tank Q = 100. Note the change in the position of
the minimum effective ones density as well as the change in minimum value.

to make errors in this part of the frame. One of these lines had an error
rate of about 4 X 1078 for the channel bank pulse stream (55-minute
test), but had a steady error rate of only 3 X 10~? for the pseudorandom
sequence. On this line, errors occurred most often on the sixth one after
the run of 19 zeros, on the first or second zero after that, or the eleventh
one after the 19-zero sequence. These would be the locations of the lowest
timing tank amplitudes assuming a @ of about 100, as in Fig. 24.

The other line, recorded at office 1, was a maintenance spare modified
(as a stress test) by changing the line buildout (LBO: a circuit installed
to equalize the loss of repeater sections of different lengths) in the office
repeater. As installed, with an 836A LBO, the line made no errors. Sub-
stitutions of 836B through 836E had no apparent effect, an 836F resulted
in an error rate of 2.5 X 1076 (several errors per frame), and with an 936G
the errors occurred too fast to be recorded. With the 836F LBO, errors
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Fig. 25—Like Fig. 23, but for timing tank @ = 140.
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Table VI — Frequency of occurrence of combinations of
characteristics of errors of BPvs on 22 T1 lines*

Distribution Diurnal variation type
type ‘Normal Steady Irregular Exaggerated
Unimodal m Hh m h
Nearly unimodal m HH Lmmm
Bimodal H m L
Trimodal LLLLLI

* The letter indicates run type and pattern sensitivity: capital = error run, lower case
= BPV run; pattern sensitivity is high (H/h), medium (m), or low (L/l).

occurred most often on the fourth and sixth ones after the string of 19
zeros, and sometimes on the two zeros after the seventh one. The fourth
and sixth ones would just follow the two lowest values of effective ones
density if the timing tank @ were about 60, as in Fig. 23.

4.6 Association between properties of the error process

Table VI suggests that the different characteristics of the error process
tended to occur in certain typical combinations. The Appendix describes
how the statistical significance of the apparent tendencies was verified.
The most consistent combination was normal diurnal variation with a
trimodal interval distribution (remaining trimodal as the error rate
varied) and weak pattern dependence. Every line with a trimodal interval
distribution had normal diurnal variation. Conversely, nearly every line
with normal diurnal variation had a trimodal interval distribution. Every
line with a trimodal interval distribution also had weak pattern depen-
dence. This combination occurred in both error and BPV runs.

Another frequent combination was steady error rate with strong
pattern dependence and a unimodal or nearly unimodal interval dis-
tribution. Every line with a steady error rate had strong pattern de-
pendence. Every line with strong pattern dependence (except the two
lines that made errors only at the minimum of ones density in the
pseudorandom sequence) had a unimodal or nearly unimodal interval
distribution.

Other combinations were less consistent. A substantial number of lines
had irregular variation of error rate, most of them in BPV runs; these lines
had either unimodal or bimodal interval distributions and usually
showed an intermediate degree of pattern dependence. Both the irregular
variation and the ambiguous indication of pattern dependence might
be explained by the variability of the channel bank output bit stream.

These observations indicate that at least two different error mecha-
nisms can be observed. In one, the error rate varies with traffic, but de-
pends very little on the bit pattern on the line, and two levels of error
clustering occur as indicated by the trimodal interval distribution. In
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the other, the probability of error is very much dependent on the pattern
of bits on the line, the error rate remains steady as long as the same bit
stream is repetitively transmitted, and there is little or no error clus-
tering. It might be conjectured that errors are related to switching noise
in the former type, and to intersymbol interference in the latter.

Occasional short intervals of very high error rate occurred in several
lines. Samples during these intervals usually showed measured error
rates above 1073, and sometimes above 0.1, with little or no pattern de-
pendence, and about 50 percent deletions in the error runs. It is clear that
in these events the errors were quite unaffected by the pattern of bits
on the line, but the cause is unknown.

The great difference between the error rate in the pseudorandom se-
quence and the error rate in the channel bank bit stream is unexplained.
It probably is not due to short term effects of ones density (on the time
scale of variations in the timing tank output), as discussed in Section 4.5.
On lines that show strong pattern dependence, BPV runs and error runs
might be expected to give different results. But it is not clear why a line
can show BPVs in service with very little pattern dependence (evidenced
both directly by the distribution of errors over the frame, and indirectly
by normal diurnal variation), and yet transmit the pseudo-random se-
quence without error.

4.7 Practical implications of the detailed recording results

The clearest general implication that can be drawn from the detailed
error recordings is that error rate measurements on digital facilities
should be interpreted with caution. For many possible reasons, the error
rate measured on a T1 line may be quite different from the error rate
experienced when the line is used for communication.

An error rate measurement made at night, especially in the early
morning hours, can be misleading because many lines consistently have
much lower error rates at that time than during the business day. Fur-
thermore, since some lines have irregularly varying error rates, a single
measurement during the business day would not necessarily show the
typical performance of a line. It would seem that continuous monitoring,
or at least frequent sampling, would be required to evaluate the error
rate performance of an individual line.

It may also be misleading to test a line with a special test signal, or with
any signal that is different from the communication signal that it nor-
mally carries. The measurement program showed conclusively that on
many lines the error rate for a pseudorandom test sequence is quite
different from the error rate for the D1 channel bank output carried by
the line in service. Hence the error rates for a digital data signal, or for
another channel bank output (either a different type, or a different unit
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of the same type), might be different from the error rates measured either
with the line in service, or driven by a “quasirandom signal source” (a
single generator used in telephone central offices, which generates a
sequence similar to our pseudorandom sequence, except that ones are
inserted to avoid long runs of zeros). However, the properties of the signal
that affect the error rate remain unidentified.

Other implications are less clear. The relationships observed among
diurnal variation, pattern sensitivity, and error-free internal distribution,
suggest the existence of at least two clearly distinct causes of errors on
T1 lines. It has been suggested that these are the same as the two major
sources of error considered theoretically by Cravis and Crater:2 The
errors characterized by normal diurnal variation and low pattern de-
pendence would be attributed to impulse noise originating in switching
machines, which can be strong enough, when it occurs, to cause errors
regardless of the bit pattern; the errors characterized by high pattern
dependence would be attributed to crosstalk, which would cause errors
mainly in those patterns in which intersymbol interference was most
severe. This appears plausible as a tentative hypothesis. However, no
attempt was made during the measurement program to identify the
causes of the errors on individual lines, because of the extensive effort
that would have been involved.

V. CONCLUSIONS

The T1 error measurement program of 1973-74 has resulted in both
a survey of the population of T1 lines and some detailed observations
of the error process.

The survey is in some ways less detailed, less systematic, and less ac-
curate than previous (unpublished) surveys, but is probably overall the
best overview we have of the error performance of T'1 lines (when ter-
minated predominantly with D1 channel banks). The large differences
between offices show that a trend in the distribution of error rates on
T1 lines, as a function of either time, or growth over time, cannot be in-
ferred from comparison of surveys taken at different offices at different
times. In other respects our results are consistent with previous surveys.
Detailed conclusions were discussed in Section 3.3.

The detailed error recordings have shown a few remarkable results.
The fact that many T'1 lines can make errors in service without making
any errors on a pseudorandom signal is both unexpected and unex-
plained. Another notable result is the observable existence of at least
two different patterns of errors: one with a seemingly traffic-related
diurnal variation, two levels of error clustering, and less sensitivity to
the bit patterns on the line; the other with simpler patterns of variation
and clustering, but more sensitivity to bit patterns. Another result is the
fact that errors are always dependent to some extent on the bit patterns
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on the line, except at very high error rates. Detailed results of the in-
tensive error measurements were discussed in Section 4.6.
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APPENDIX
Statistical Significance of Apparent Association of Error Characteristics

The statistical significance of the frequencies of particular combina-
tions in Table VI was verified by a test based on the chi-square test for
independence in contingency tables. In order to conclude that Table VI
shows an actual tendency toward certain combinations we had to de-
termine that such an apparent tendency could not easily have occurred
by chance. Two problems were met in the testing procedure. First, the
null hypothesis to be tested must not be the hypothesis that all four di-
mensions in Table VI are independent, because the apparent tendency
for certain characteristics to be associated with BPV runs is explainable
as a property of the measurement technique; the test must allow for this
and determine whether any further interdependence can be deduced
from the data. Second, the sample size is so small, and the number of cells
so large, that the chi-square distribution is not applicable.

The first problem was not to be solved by simply combining the error
runs with the BPV runs, because this would leave medium pattern sen-
sitivity apparently associated with irregular diurnal variation, actually
because both are associated with BPV runs. Instead, the dependence of
pattern sensitivity on run type was allowed for by considering the five
observed combinations of these variables as a single variable. The de-
pendence of diurnal variation on run type was then removed from the
table by combining the steady and irregular types into one. The resulting
3-way contingency table is shown in Table VII.
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Table VIl — Three-way contingency table derived from Table VI
and used in statistical testing of the significance of the results*

Run type
and pat- Distribution type
tern Nearly
sensiti- uni- Estimated
vity Unimodal modal Bimodal Trimodal Total probability
error, high 1v 2V 1V 0 4 0.182
error, low 0 1V 1X 5N 7 0.318
BPV, high 1X,1V 0 0 0 2 0.091
BPV, medium IN,1V  1N,3V 1V 0 7 0.318
BPV, low 0 0 0 2N 2 0.091
Total 5 7 3 7 22
Estimated
probability 0.227 0.318 0.136 0.318 1.0

Totalof N =9, V=11,X =2
Estimated probability of N = .409, V = 500, X = .091

* N = normal diurnal variation, V = variable (steady or irregular), X = exaggerated.

The estimated probabilities for each type in Table VII were set equal
to the relative frequencies. As in an ordinary chi-square test for inde-
pendence, the probability of each of the 60 possible combinations of types
was derived (by a computer program) by multiplying the corresponding
type probabilities. For example, the probability that a line would com-
bine unimodal distribution type (P = 0.2), normal diurnal variation (P
= 0.45), and “error high” run type and pattern sensitivity (P = 0.2), is
0.2 X 0.2 X 0.45 = 0.018. The expected number of occurrences of each
combination, in 22 lines, is 22 times the corresponding probability. The
statistic called chi-square, measuring the deviation of the observed
numbers, 0;, from the expected numbers, ¢;, is derived as

60
x2= 2 (e; — 0;)?/e;
i=1

For the actual observed numbers, chi-square was 88.04.

In a large sample this value would be compared with critical values
based on a chi-square distribution with 50 degrees of freedom (the
number of combinations of types, minus one, minus the number of in-
dependent probability values—not counting the ones determined by
the constraint that probabilities must add up to 1—that were estimated
from the observed data). If we did this we would conclude that a value
of chi-square as large as 88.04 would occur by chance, if the three prop-
erties were independent, with a probability of about 0.01 percent, and
that the deviation was therefore certainly significant. However, this
reasoning is not valid, because with a sample as small as 22 the chi-square
statistic does not have, even approximately, a chi-square distribution.

A Monte Carlo method was therefore used to estimate the relevant
distribution. The model that was simulated on a computer considered
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three independent properties (diurnal variation, waiting time distri-
bution, and run-type combined with pattern sensitivity), each property
having 22 perdetermined outcomes distributed according to the type
totals shown in Table VII. To implement each trial, a random-number
generator assigned one of the 22 outcomes for each property (by drawing
without replacement) to each of 22 lines. In 10,000 trials, 62 trials had
values of the chi-square statistic greater than 88.04.

We could thus estimate that, under the null hypothesis, the probability
that the chi-square statistic would exceed 88.04 is 0.0062, but this esti-
mate has some uncertainty that we cannot easily estimate or allow for.
The result, therefore, was interpreted by the following reasoning. If the
" null hypothesis is true—that is, if the three properties examined are
independent—the single field experiment and the 10,000 Monte Carlo
trials are replications of the same experiment, and the value of chi-square
for the field experiment was among the 63 highest values in 10,001 trials.
This would be an event with probability 0.0063, or 0.63 percent. This is
small enough to consider that the deviation from independence is sta-
tistically significant.

A similar procedure was followed with another statistic, max |o; — ¢;].
This had a value of 4.09 for the field trial, which was equaled in 3 out of
10,000 computer trials (and never exceeded). Under the null hypothesis
this would be an event with probability 0.0004, or 0.04 percent, showing
even more clearly a significant deviation from independence.

Having concluded that independence of the properties does not ac-
count satisfactorily for the observations, we are then justified (by Oc-
cam’s razor) in adopting the simplest hypothesis that does account for
them, which is that we have observed two different types of error process,
each having different probabilities for the properties.
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On the Stability of Higher Order Digital Filters
Which Use Saturation Arithmetic

By J. E. MAZO
(Manuscript received July 15, 1977)

The device of using “saturation arithmetic” to cope with adder over-
flow in recursive digital filters has, for a number of years now, been
known to yield stable operation when the filter is of second order and
is linearly stable. Mitra has recently given examples to show that this
happy situation does not prevail for higher order filters. Here we in-
vestigate conditions on the filter coefficients which would guarantee
stability for higher order filters using saturation arithmetic. We are
only able to give sufficient conditions for stability. These conditions
in their simplest form can be written as linear inequalities involving
the coefficients of the filter.

I. INTRODUCTION AND SUMMARY

We shall be concerned with real nth order nonlinear difference
equations of the form

y(k+n)=f[iaiy(k+n—i)], E=0,1,2,... (1)
i=1

The variables y( - ) and the coefficients a; are real. The initial conditions
v({),J=0,1,...,(n — 1) are arbitrary, subject only to the important
condition |y(j)| < 1. The function f(-) will be assumed here to have the
form given in eq. (2):

flx) =x, x| <1
fx)=sgnx, [x] >1 (2)

This function models a method of handling overflow in the practical
implementation of digital filters and in that literature is referred to as
“saturation arithmetic.” An important unsolved problem is the as-
ymptotic stability of this undriven system. Specifically we would like
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to describe the region in “a-space” (i.e. {a;},i =1, ..., n) for which

lim y, =0

-
for any initial conditions. We always assume that the q;’s are already
restricted so that linear stability holds. That is, if f(-) were replaced by
the identity function the system would be stable. This is equivalent to
all roots A; of the characteristic equation

c(z)=2n — ‘2 a;z""i=0 (3)
i=1

satisfying |\;| < 1.* Since {a;} are real, the complex \; occur in conjugate
pairs.

The case n = 2 has special importance to a certain strategy for
implementing digital filters and has been considered earlier.l-3 It was
shown for this case that eq. (1) is stable for saturation arithmetic
whenever the system is linearly stable. Recently Mitra? has shown by
example that a result of this generality does not hold for any n > 2. This
surprising development has regenerated the author’s interest in the
problem in its own right. In addition, direct implementation of digital
filters of the form [eq. (1)] for n > 2 is now of interest, so questions of
stability must be answered. Saturation arithmetic seems to be an ex-
perimentally favored procedure at the moment.

Our main results, Theorems I and II, provide sufficient conditions that
a given set of coefficients {a;}7 yield a stable filter with saturation
arithmetic. Both theorems require one to test if a pair of linear ine-
qualities in a set of variables can be satisfied when the latter lie in a hy-
percube of (at most) dimension n. A finite algorithm which is sufficient -
to decide this question is given in Section IV. While we feel that Theorem
II will give more powerful results (i.e., determine a larger stability region),
Theorem I allows one to list a set of linear inequalities in the a;, which,
if any one is satisfied, would guarantee stability. This result is given as
Corollary I.

Il. SOME LINEAR AND NONLINEAR THEORY

If one were concerned with the linear version of eq. (1) [f(-) equal to
the identity function], the solutions would be

yk) =3 kAR =0,1,. .. (4)
=1

* Under this condition, stability of eq. (1) with |y;| < 1 and
m
; ja:;] <1

is trivial, since the system is then linear.
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where the A; are the characteristic roots of eq. (3), assumed to be distinct
in writing the solution eq. (4). The constants k; are determined by initial
conditions, or equivalently, the values initially stored in the registers.
Suppose we wish to solve for the k; in terms of y(0), . .., y(n — 1). This
clearly requires the inversion of the matrix

1 ... 1

A1 An

V(N = N \2
AL AL

called a Vandermonde matrix. A brief discussion of these matrices is
given in the Appendix, as well as some notation we shall use related to
them.

The linear difference equation can also be written in matrix form if
we Introduce the n-vector?

y(k)

y(k +1)

Y(k) = , R=0,1,2,... (5)

yk+n—1)

or, in component form y;(k) = y(k+1—1),i =1,..., n. The “time”
argument is indicated by the discrete index k. The equation-of-motion
is then

Y(k+1)=AY(R) (6)
0 1 0 0
0 0 1 0
A=1{0 0 0 0 (7)
0 0 ... 0 1
an Qn—y ... az a

Expanding the determinant of the matrix A — A (I being the identity
matrix) by the last row, we obtain (except for a sign) the polynomial eq.
(3), and, not surprisingly, the eigenvalues of A are the roots \; mentioned
earlier.

If these eigenvalues are distinct, a well-known theorem of algebra
guarantees that there exists a nonsingular matrix P such that

P-1AP=A (8)

where A is simply the diagonal matrix of eigenvalues of A.
t Vectors and matrices will be denoted by capital letters.
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Theorem: If the eigenvalues of A are distinct, then
V-1AV=A 9)
where V is the Vandermonde matrix formed from the roots of the

characteristic eq. (3).
The choice P = V is not claimed to be unique.

Proof:

n n . A 1<n-1
> ajve= Y aght={""
j=1 j=1

n .
Y Anr1—jMT = AE fori=n
J=1

The second line in the last member makes explicit use of the fact that
Ak is a root of the characteristic equation. Thus

n

Jj=

2 -1
2 Ui <
=1

n
— -1 _
aijUjk> =3 vz (A\kVik) = Mgk
1 i=1
as was to be shown.

One reason for wishing to diagonalize A in the linear case is the simple
form that the equation of motion takes. If we multiply eq. (6) by V-1and
perform the standard trick of inserting I = VV~! after the A in eq. (6),
we obtain

Z(k+1) = AZ(k) (10)

where
Z(R) = V-1Y(k) (11)
Since A is diagonal, the solution for the ith component of Z is simply
zi(k) = Mzi(0) (12)

Turning now to nonlinear problems, we wish to summarize some re-
sults from Liapunov stability theory,” without proofs, and without
complete generality.*

We are concerned with an autonomous (time independent) nonlinear
difference equation

Y(k + 1) = F[Y(k)] (13)

where F' is a nonlinear (or linear) vector function of the vector Y(k).

* A. N. Willson was the first to explicitly apply Liapunov theory to the present problem
{grfn; 2.3 He has also attacked other stability questions for n =2 with these methods in
ef. 8.
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If
lim Y(k) =0

R+
then the system is called asymptotically stable.

Theorem (Liapunov): If there exists a (strictly) positive definite qua-
dratic form w[Y], such that, for any allowed n-vector Y, w[F(Y)] — w[Y]
< 0 (strict inequality) then the system is asymptotically stable.t

In other words, if we can find a positive definite quadratic form (of
the state variables of the system) which is always decreasing as the mo-
tion proceeds, then the motion must proceed to the origin. The function
w|+] is called a Liapunov function.

In terms of f(-) and A the function F( ) is determined by

[F(V)]:=[AY]; i=1,...,(n—-1)
I L T (14
, sgn[AY],, otherwise

As a simple example of a Liapunov function consider the linear case
with nondegenerate eigenvalues, and again set Z = V~1Y. Choose

w= Zl |2:]2 (15)
iz

the z; being regarded as functions of the y(j),j =0, ...,n — 1. We know
that when Y — AY we have Z — AZ and so

n
w— 3 |\ z]?
=1
Since we assume | \;| < 1, strict decrease of w is assured.

lll. A SPECIAL LIAPUNOV FUNCTION

For the nonlinear problem eq. (1), we shall, for a first pass, choose a
w(-] whose form is inspired by the one just described. Noting from the
Appendix

_ (=1)wDN\) »n G

VitYli=————= % (=1)/p;(\)y;
Vil == 5 & (ip 00,
_ (_1)i+nv(i)()\) n—1

—1)¢pt) —r—
o) Eo( p¥(Ny(n —£€—1) (16)

we shall single out the functionals

t For our problem any vector Y is allowed that has components |y;| < 1. We identify
Y with Y(0) andsoy; =y —1),i=1,...,n.
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xi = ez; (—1)pPNyn-e = li; (-1 Ny —£-1)  (17)

for special attention. Clearly the equation of motion for the Z variables
(10) implies that under the substitution Y — AY we have x; — \;x;. We
choose

n
wlY] =X |xi]? (18)
i=1
where the x;, via eq. (17), are regarded as functionsof y;,i =1, ..., n,

the components of Y. Of course we always have |y;| < 1.
In order to investigate the consequences of the (sufficient) stability
condition

w[F(Y)] —w[Y] <0 (19)

we note that under Y — AY we have x; — x{¥) (L stands for linear)
where

n—1

=5 (1P Ny(n - €) (20)
£=0
and
y(n) = g:l agy(n — £) (21)

Finally the nonlinear (NL) “version” of eq. (20) is

L) :
x VD) = xPif fy(n)]=1 -

sgn y(n) + "lil (=DepPNy(n =8 if |y(n)| > 1

where we made use of the definition of F(-), and the fact that po9(-)
= 1. Then

wlF(Y)]= 3 |2 23)
i=1

We have already noted that if |y(n)| < 1 we have a linear iteration
[F(Y) = AY] and

wl[F(Y)] —w[Y] = w[AY] — w[Y]

[N 2|x:]2 = i |x:[2<0 (24)

HM:

13

Hence we will only be concerned with x{N when |y(n)|> 1. In this case,
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w[F(Y)] is a function of y(1), y(2), . .., y(n — 1), while the condition y(n)
> 1 involves y(0) as well.*

We shall not use the stability condition in the form of eq. (19), but
instead note that since

[x)2 = 5 |7 2] x| 2 < Zxi] 2 (25)

n
i=1
the condition

> NP2 — 3 %P2 <0 when y(n) > 1 (26)
i=1 i=1

is sufficient for stability. At the price of losing some power in the method
we shall see momentarily that we have gained considerably in analytic
simplicity. For convenience define

6=="C (=D& - OpPN) @7

so that [when y(n) > 1]
xf =y(n) —¢
VW =1 —¢; (28)
Then

21012 =3 =2 = § ) = Do) + 1= 6 =)

=6 -1 [nom+1-25a]| @
We have used the fact that complex A; occur in conjugate pairs and so
2 pP(\) = ) pP*N)
Thus if the inequalities
2 é ¢;—n(l+y(m)>0

y(n)>1 (30)

have no solution in the n-cube |y(i)| £1,i=0,1,...,n — 1 the nonlinear
equation (1) is stable. More explicitly by using the definition of the c;
[eq. (27)] Lemma I in the Appendix coupled with (67) to express =™, ¢;
in terms of the a;, and using finally eq. (21), we have:

* By symmetry of the problem, |y(n)| >1is here and henceforth replaced with y(n)>1.
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Theorem I: If the two inequalities

n
S (n—=20agy(n—4€)=zn (31)
=1
> agy(n—2£0)>1, (32)
=1
cannot be simultaneously satisfied by some set of y(i) in the cube |y(i)|
<1,:1=0,1,...,n — 1, then the system (1) is stable for saturation
arithmetic.

We note that if the inequalities are satisfied, no conclusion is
drawn.

A systematic algorithm for checking the above inequalities is given
in the next section. Here we deduce the simple:

Corollary I: If the coefficients a satisfy

él lag|n — 26| <n (33)
then eq. (1) is stable. If the coefficients a; satisfy

él lag| |k — €] <k (34)

for at least one k, [n/2] <k < n, eq. (1) is stable.*

The first inequality follows immediately from the first inequality in
Theorem I plus the fact that |y(i)| < 1, alli. The remaining inequalities
follow from the observation that in eq. (31), the coefficients of a, have
the same sign for £ < [n/2], whereas for £ > [n/2] they have opposite
signs. Thus if eqs. (31-32) have a simultaneous solution, so do

lagl(n =200+ Y (n-20agy(n—02=n (35
1<¢<[n/2] £>[n/2]
X lagl+ X apy(n—06)>1 (36)
£<[n/2] £>[n/2]

where the above is obtained by setting y(n — £) =sgnag, 1 < £ < [n/2].
If, for k > [n/2], we multiply the second inequality by (2k —n) > 0 and
add the result to the first we obtain

> agk=0)+ ¥ (R—Layhn—-0)=k (37)
£<[n/2] £>[n/2]

which, if [y ()| < 1, cannot possibly be satisfied when

* The notation [x] denotes the integer part of x.
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n
ez lag||k — €| <k (38)
=1

There is one important point to be noted here. Our results have only
been proven for the case of nondegenerate eigenvalues. For degenerate
eigenvalues, the Liapunov function that we have chosen in this section
is not strictly positive definite. We have in fact constructed Liapunov
functions which are specifically designed to handle the degenerate case.
Using them, we have proven that the conclusions are still true for de-
generate eigenvalues. We believe that the form of the results, being
simple conditions on the a;’s, will allow the reader to readily accept that
they are true in general. Since our proof of the extension is long and out
of proportion to its importance, we have chosen to omit it.

IV. HYPERPLANE ALGORITHM

Let {b;}; and {c;}%1, £ and  denote fixed constants. We wish to de-
termine when it is possible to simultaneously satisfy the inequalities

k
> zbi =&
i=1

k
2 zici =z
=1

ls] <1 i=1,2,...,k (39)

The dimensionality of the problem is immediately reduced if sgn b; =
sgn ¢; for some j since we may immediately take z; = sgn b;. It is im-
portant to note that we assume this to have been done and therefore
assume b;c; < 0,1 <1 < k.

Lemma: If the simultaneous inequalities eq. (39) are satisfied then there
exists Z;, and aj, 1 £ j < k, such that

Z;b;

v

it

£

~.

\%

M~

Zicizm

-~

|§j| <1, |§e| =1allé =) (40)

In other words all but possibly one of the coordinates may be given values
+1.

This is geometrically evident if k = 2. If k > 2 one need only consider
the z; variables two at a time, always applying the Lemma for & = 2.
Eventually all but perhaps one of the z; will have value £1.

Continuing with the description of the algorithm, let E be any k-vector
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having components ¢, = +1; there are 2* such E vectors. Choose a j and
let’s test if indeed it is the j of the Lemma. Let 2, = ¢, £ = j. Thenif eq.
(40) has this solution we have

— b s
§-Zeer 5 NT 2l 4y s (41a)
b ¢
or
— -3
R Hepe 5 L ETE0 4oy (41b)

¢j bj
If these inequalities are consistent (i.e., the upper bound is at least as
big as the lower bound) and if they can be satisfied by some %}, |Z;| <
1 we are done—the simultaneous inequalities are satisfied. If not, try
another E vector, or another j. For a given j there are 2°~1 E vectors to
try. Hence after at most k-2*~! such attempts we have exhausted all
things that need to be checked, and checking the inequalities is, it has
turned out, a finite procedure.
This procedure is not only applicable to Theorem I, but also to The-
orem II occurring in Section V.

V. ANOTHER LIAPUNOV FUNCTION

We have already noted that the entire sequence {y;}; is determined
by the first n elements. For our second choice of the Liapunov function
we chose the expression for the energy in the remainder of the sequence
for the linear problem:

wlY] = i y? (linear case) (42)

The right member is regarded as a positive definite quadratic form in
Y (0). In the linear case we also have, numerically,

w[AY] = ¥ y} (43)
n+1

which is smaller than w[Y] by ¥2(n). Thus this w[-] doesn’t necessarily
decrease after every iteration and thus it is not strictly a Liapunov
function. However after at most n iterations it must decrease (unless all
y; = 0) and the effect will be the same. We shall have stability if we can
show whenever y(n) > 1, that

w[F(Y)] —w[Y] <0 (44)
or, equivalently

wlF(Y)] —w[AY] <y7 (45)
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We begin by writing down the generating function for the sequence
y(n), y(n + 1), ..., when linear theory holds. By definition

Hz) = Y y(n+ k)z* (46)
k=0

Using standard linear techniques we calculate from eq. (1) and its initial
conditions

n . n—j
; y(n—Jj) X aj4s2°

HGz) = 220 (47)
n
_ Z aszs
s=0
where we have arbitrarily defined ag = —1. We note the characteristic
polynomial
n .
c(z)=—Y a;z ™™
i=0

has the same modulus as the denominator of H(z) when |z| = 1 (since
the a; are real).
We next note that

ki 1 ™ .

> yi=o- . IHE=e®)%ds (48)

k=n 27 J—=

To express this as a quadratic form introduce, for 0 < |s — ¢| < (n — 1)

the integrals (z = ei?)

L fﬂ' zs-t da _ 1 f"'COS (S - t)g da (49)
n 2 2T

27 - g,z 9

s=0

2. a2z’
s=0

Also, as a contour integral around the unit circle, we have

Ist =

1 zn+s—t—1
I, =— d 50
7 om f (Zaszs)(Zazn—t) ¢ (50)

The first form of the integrals shows they are real and I; = I;,. Also in-
troduce the real symmetric matrix

n—jn—k .
ij = Z() Z a]+sak+tlst; Js k= 1) .., n (51)
s=0t=
Note for j = k, Hj; > 0 since the right side of eq. (51) is then a Teoplitz
form with positive spectral function. Then with these notations simply
using eq. (47) to expand the integral in eq. (48) yields

@

wl¥] = % yi= 3 yin—j)y(n — k)Hj (52)

k=n Jk=1
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or

wlAY]= ¥ yi= > yln+1-j)y(n+1—k)H;  (53)
k=n+1 Jk=1
When v, > 1, w[F(Y)] has the same form as eq. (53) except that y, is
replaced by unity. Thus in evaluating w[F(Y)] — w[AY] [by using eq.
(53)] most of the quadratic terms will cancel. Doing this and a few minor
manipulations, the criterion for stability will read that we must have

() + HL +2 3 Hyy(+1—j) 2 — -2 5y
j=2 y(n)—1
whenever
JOESWITEDES (55)
p2

If we define H; ,+1 = 0, we may write this as:

Theorem II: If there are no simultaneous solutions to the inequalities

n . 2
> [-aiHy — 2Hy i1y (n — i) = Hyp + _y¥n) (56)
i=1 y(n)—1
y(n) = zl ay(n —j)>1 (57)
j=
ly@)| <1 i=0,1,...,n-1 (58)

then the difference eq. (1) is stable with saturation arithmetic.

To convert this into a hyperplane problem (discussed in Section IV)
the nonlinear term y2(n)/(y(n) — 1) may be dropped or replaced by the
value four (since

= 54
x—1
when x = 1). If we drop this term, the resulting stability has the physical
interpretation that at any time the energy in the remaining tail of the
nonlinear response is less than or equal to the corresponding energy for
the linear problem, regardless of the previous state. That is, if measured
by energy, the nonlinear undriven response dies off at least as fast as the
linear response for any initial conditions.

We also note that whenever the Liapunov function w = YTHY [eq.
(52)] drops to the value unity the system behaves as a linear one from
there on (no future y;, will exceed unity). Several bounds for this quantity
may be given. Since

2

I1

n
i=1

@
2 a2
s=0

I1—2n |22 [T (1= A2
i=1
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we have

1 Y
w=— d0|H(z)|? < max |H(z)|?
277 T 10

- z=et

n .n—j o 2
2 yn—j) ¥ ajsz
= max /=1 520
z=eil n
—_ Z aszs
0
n o n=j 2 n 2|1n—1 . 2
=Sl | | £ lasl ]S 1y
< J=1 s=0 < Jj=1 =0 (59)
n n
11— a2 (1= D2
i=1 i=1

Vi. EXAMPLES

The few simple examples of this section will shed light on the two
methods we have given. When n = 2 the two inequalities of Corollary
Tare simply |ag| <1, |a;| < 2. Since linear stability implies |a;| = [A;
+ No| <2, |ag| = |AAe] <1, we see that for n = 2 linear stability implies
stability with saturation arithmetic. We have already mentioned this
is not true for n > 2. Mitra has constructed a counter example using the
degenerate case Ay = Ao =...= A\, = v. For n = 3 he finds oscillations
if |y| = 0.858, although if |y| is smaller than this stability is not implied.
If we consider the second inequality of Corollary [ forn =3,k =2,a; =
37y, as = —3v2, a3z = 3 we have stability if

3yl +1vI* <2

or |y| <0.596. No better result is obtained for this case by a complete
use of Theorem I.

On the other hand if we apply the criterion of Theorem II (neglecting
the nonlinear term) with the algorithm of Section IV, we find stability
if || < 0.71. Insignificant improvement would be obtained here if we
had also included the nonlinear term. The application of Theorem II to
the present case was sufficiently simple so that the calculation could be
done by hand. The integrals were done exactly to give

2

Hii=————[9— 924+ 10A* — 5X6 + A8
11 (1_)\2)5[ |
Hyp=—"" (342
12 (1_>\2)5( )
3\
Hig=—""—"—(1+ )2 60
13 (1—)\2)5( ) (60)
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Clearly in general the integrals would have to be done numerically. The
fact that the nonlinear term did not contribute significantly is due to the
combination of facts that at the critical value for A, y(n = 3) is not ex-
tremely close to one and also H; is large, due to its denominator.

It should be pointed out that

z yi
can be expressed using the solution eq. (4) for the linear problem as
Sy = YH(V-)ITV-1y (61)
n
where
Ijj = 1(7_—);3‘% (62)

However this explicit form is only true for the nondegenerate case and,
although all limits exist as A\; — Ao, etc., the expression would probably
not be suitable for numerical computation when eigenvalues are close
to being degenerate.

Another example of limiting misbehavior being only apparent is that
in a similar manner one could compute that

n 1
HE) i§1 1—2N

Individual terms in this expression are badly behaved as, for example,
if Ay = Ag, but the alternate form eq. (47) shows everything is well be-
haved in the limit.

If we return to Corollary I applied to n = 3 when (A1, Ag, A3) = p(i, ~1,
1), 0 < p <1, we see that the inequality

|a1| + |a3| <2

(V1Y) (63)

is sufficient to guarantee that for filter poles in these relative position
saturation arithmetic will give a stable filter for any p, all the way out
to the boundary of linear stability.

Based on these examples we feel that Theorem II is the more powerful
method although the simpler Corollary I can yield considerable infor-
mation for particular cases.

Finally, we note that an important investigation on the present
problem has just been completed by Mitra,? resulting in different sta-
bility criteria from those presented here. Mitra’s results will give a
polynomial type criterion for absence of periodic oscillations. These
results in themselves do not prove stability in that Ref. 9 does not pre-
clude unending periodic outputs with no input. However, we take the
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liberty of mentioning that Mitra has extended the proof to include sta-
bility and thus the results of Ref. 9 may be taken as proving the same
type of stability as discussed here. Another comparison with Ref. 9 in-
volves the size of the stability region in “tap-space” which the two
methods give. Neither Mitra’s criterion nor ours can claim to describe
the largest stability region. Also it does not even seem possible at this
stage to give theoretical arguments to decide if one of the methods is
always superior in this respect. However, several examples indicate that
the region determined by Mitra’s criterion is larger. Assuming this to
be the case in general, an effective practical procedure would be to first
test for stability using our simple Corollary I, and if this fails, apply
Mitra’s polynomial test.

APPENDIX

The Vandermonde Matrix and Symmetric Polynomials

The « denote an ordered set of n complex members «;, i.e., oy, ag, . - .,
ap. By the Vandermonde matrix V(«), we shall mean the matrix

1 1 1 cee 10T
aq a9 ag . e apn
— 2 2 2 2
V(Ol) = 71 g 3 - Ay (64)
__a'f_l v P St Y

This can be written [V(a)];j = i1, j=1,..., n. Welet v(a) = det
V(w), and it is known® that

U(a) = H(aj - ai) (65)
where the product extends over all i, j satisfying
1<i<j=<n

If a; # «j fori # j then the inverse of V(a) exists, and is known. Before
giving its structure, we wish to list some facts concerning some special
symmetric polynomials.®

Definition: The £th elementary symmetric function of n-variables (£
=1,2,...,n)is the sum of all formally distinct products of the variables
taken £ at a time. We also define pg = 1.

For example if n = 3 we have
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pola) =1
pila) =a; +az + ag
pz(Ol) = a1 + a103 + ao203

p3la) = ajasas (66)

A well known theorem of algebra states that any symmetric polynomial
in all the s can be uniquely written as a polynomial in the quantities
p,'(a),i=0,...,n.

Note that in the characteristic polynomial eq. (3) we have

a; = (=1)*1p;(N) (67)

where the \;,1 = 1, .. ., n, are the roots of eq. (3). Thus the theorem just
stated says that any symmetric polynomial in the roots of a polynomial
can be expressed as a polynomial in the coefficients of the equation
(rather than a complicated function as would be required to express an
individual root).

We shall use the notation p#(«), £ =0, ...,n — 1, to denote the £th
elementary symmetric function formed from the (n — 1) ordered vari-
ables oy, . .., @j—1, @j+1, . . . , an. Likewise v (a) denotes the determi-
nant of the corresponding (n — 1) X (n — 1) Vandermonde matrix.

Theorem:
(=1)*v®(a)
v(a)

Lj=1,...,n

[V-Ha));j = p; (@) (68)

Proof: We have

n n —1)itip®) ﬁll)_
a % 3 V@lalV ~1(@)]y = 3 ap-t DR )
i=1 i=1 v(a)
From eq. (65) and the definition of v ()(«) we see that
o)
v (o) _ 1 (70)
v(@) (=1 T (e — )
£
and hence eq. (69) is
n ok 1p® . —~1)n—i
qrj = Z o Dp ](a)( ) (71)
i=t  JT (a; — ap)
£

Form

762 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1978



n .
q(x) = ¥ qpjx/
=1

and note that*

,Zl P @(=1)"ixi = % (x = ap) (72)
Thus

i quixi=1= i ak—l.‘g_ibc__ae) (73)

=T =1 I (@i = a0

has value o), when x = a,,, m = 1, . . . , n. From this it follows that ¢ (x)
= x*~1, 5o that gp; = 6,;, which we were to prove.

We leave it to the reader to convince himself of the following:

Lemma I:
El P2i() = jpn-j(@) j>0 (74)
Lemma II:
piN) —pPN) =xp200) j=1,2,...,n -1 (75)
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Sequentially Companded Modulation for Low-
Clock-Rate Speech Codec Applications

By S. V. AHAMED
(Manuscript received October 7, 1977)

The expansion of the step size of a speech codec may be arranged
to change as the number of identical consecutive bits starts to increase.
This technique causes the codec to respond partially to a fewer number
of identical consecutive bits and more dramatically to larger numbers.
In contrast to a typical exponential expansion of the step size, the
proposed technique, in addition, expands the exponent. For speech,
two distinct advantages have been observed: (i) the improvement of
higher frequency audio frequency response at the same clock rate and
(i7) the reduction of idle channel noise. In practice we have found that
three- and four-bit companding will suffice for a typical 24 kRHz, ADM
codec. The proposed companding appears to be an acceptable choice
between two-, three-, and four-bit companding which leads to better
frequency response but worse noise, and four-bit companding which
leads to both worse frequency and noise responses.

l. INTRODUCTION

The many distinct advantages of companding to encompass the dy-
namic range of speech signals are well documented. In most cases, a
simple law is used repeatedly to arrive at the companded step size. For
instance, in the 37.7 kHz, ADM SLC-40 codec,! a nonlinear function of
the frequency of occurrence of four identical consecutive bits forces an
expansion of the step size. In the two-bit companding described in Ref.
2, the expansion of step size follows a geometric progression. Three bit
companding described in Ref. 3, again depends on a base-two geometric
series for increasing the step size, when two consecutive bits are the same,
and again on the same series with a base-half for decreasing the step size
when the bits are of opposite polarity. Most of these systems perform
adequately at higher (typically above 32 kHz) clock rates. However, when
the clock rate is decreased, the simple fixed rules of companding either
offer an unacceptable quantization noise at lower step sizes, or make the
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Fig. 1—Block diagram of encoder (see Ref. 4, Fig. 7).
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message so choppy at larger step sizes that it becomes unintelligible. A
happy compromise between the two is simply impossible. For this reason,
we have investigated the problem by having a series of weightings at-
tached to identical consecutive bit patterns of two, three, and four bits.
When the bit pattern reverses, the decay of the step size is effected by
an RC circuit with a time constant of about 9 msec. ,

Sequential companding proposes to utilize the binary sequence of data
for companding the step size in a multiplicity of modes at different in-
stants of time in a gradual way, whereas conventional encoding translates
the companding information more drastically after a critical threshold
has been reached. The multiple use of bit stream to convey companding
information enhances the effective usage of bits at the same bit rate, or
achieves the same quality of speech at a lower bit rate.

Il. PERIPHERAL CIRCUIT FOR TESTING SEQUENTIAL COMPANDING

An existing ADM codec! has been used to test the principle of se-
quential companding. The encoder has a double integration feedback
loop with the main pole at 235 Hz and the secondary pole at 2870 Hz.
Figure 1 is a block diagram of the encoder. Four bit companding is ef-
fected by a logic circuit which forces an incremental charge on a 1 uF
capacitor through a 3 kQ resistance. The duration for which the charging
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takes place equals the time during which the logic circuitry senses four
consecutive ones or zeros at the output of the comparator, which in turn
senses the difference between the incoming speech signal and the voltage
across the feedback loop. When the four bits sensed are not all identical,
the 1 uF capacitor is allowed to discharge to a 9 kQ resistance. This
combination yields two time constants; one for charging (attack) of about
3 msec, and one for a discharging (decay) of about 9 msec. The voltage
across the 1 uF capacitor dictates the step size. A nonlinear circuit gen-
erates a step current whose magnitude depends upon the voltage across

CAPACITOR VOLTAGE {ACTUAL VOLTAGE <—)
) -6 -5 —4 -3 -2 -1 0
3mA T T T T T

1mA

0.3mA

0.1mA

STEP CURRENT

30pA

100A

3uA

1A - | | | ] |
1 2 3 4 5 6 7 8

CAPACITOR VOLTAGE (—»VOLTAGE DIFFERENCE)

Fig. 2—Compander capacitor voltage and step current relationship.

the 1 uF capacitor. Figure 2 depicts the 1 uF capacitor voltage and the
compander current. When there is no companding at all, the voltage
across the capacitor becomes quite low (about 1.6 V) and the minimum
step size of the 10 uA is reached. As the voltage reaches about 6.5 volts,
the current step size reaches about 2 mA yielding about 46 dB range for
the step size. The compander current is used to accumulate or deplete
a charge on a final 0.33 uF integrator capacitor and it is the voltage across
this capacitor which yields the original voice frequency signal after a low
pass filter with a 3 dB loss at about 2000 Hz. The final capacitor has
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about 1.2 kQ in its discharge path. When the current step size is about
10 pA, the voltage swings between £0.58 mV across the integrator ca-
pacitor at a clock frequency of 24 kHz.

lil. ESSENTIAL DIFFERENCES BETWEEN CONVENTIONALLY
COMPANDED AND SEQUENTIALLY COMPANDED CODECS

3.1 The idle channel noise

The character of the idle channel noise is totally different in the se-
quentially companded codecs. Whereas in the conventionally com-
panded encoder, the bit pattern generated by the encoder during a silent
period is nondeterministic and depends on the comparator character-
istics, the sequentially companded encoder generates a sort of restless
limit cycle in which the climax occurs when the three consecutive ones
are produced, and the step size increases very slightly followed by pairs
of zeros and pairs of ones for a few cycles. Meanwhile, the step size starts
to decay due to lack of any companding, the paired zero-ones gradually
vanish to a single zero and one combination and then the whole cycle
repeats. This constitutes a semistable limit cycle and has been photo-
graphed in Figure 3a. The top trace shows the audio output from the
decoder. The central trace is the integrator voltage in the decoder. The
last trace is the clock at 24 kHz which also triggers the oscilloscopic
sweep. In contrast a similar oscillogram (Fig. 3b) for a conventionally
companded codec shows a total absence of any pattern during the si-
lence. '

These two pictures also forecast the difference in character of the two
idle channel noises. The sequentially companded decoder presents a
component of frequency at about 190-200 Hz which is considerably
quieter than random noise generated by the conventionally companded
ADM. But the higher frequency channel noises are less than those in the
conventionally companded ADM coded. Psychologically the effect of such
a low-frequency steady low-level signal appears to be more tolerable than
the randomly varying noise produced by the latter.

Sequentially companded codecs also have one additional feature to
enhance the signal to idle channel noise ratio. The frequency of com-
panding in the three and four bit compander is higher than that in the
four bit compander alone. Hence, the signal strength at the input to
encoder can be higher at the same input frequency. The study of the four
bit conventional codec suggests a 60 mV occasional peak at the input
level to the codec. This value is appropriate and is consistent with an
average voltage across to the integrator capacitor with the compander
switch being functional (Ref. 4) for about 10 percent of the time. How-
ever, for a sequentially companded codec, the compander switch would
be functional almost twice as frequently. However, the charging rate of
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Fig. 3—Idle channel noise characteristics of (a) sequentially companded ADM codec
and (b) conventionally companded ADM codecs.

the three bit compander is less than the charging rate of the four bit
compander. Further, the switch for the four bit works in unison with the
three bit switch. Hence, the average signal level for the sequentially
companded codec tends to be on the order of 160-220 mV. At this level
the sequentially companded codec at 24 kHz “sees” a frequency of 4 kHz
the same way as a conventionally companded codec at 37.7 kHz would
see a frequency of 4.7 kHz. But since the resistances in the charging paths
are different, the responses would also be slightly different. Further, the
response to the lower frequency from the sequentially companded codec
should become nominally better* since both three- and four-bit com-
panding can take place simultaneously.

The signal to noise implication of this difference of behavior between
the two codecs is that whereas the noise remains about the same for the
sequentially companded codec, the signal level increases about two to
three times bringing down the signal to idle channel noise ratio consid-
erably. This result has to be observed consistently during normal func-
tioning of the codec.

* Experimentally we have seen very little difference at low audio frequencies which tend
to pass through the telephone network.
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Fig. 4—Unit function response of (a) conventionally companded codec and (b) se-
quentially companded codec for a 50 mV step function.

3.2 Unit function response

This response indicates the rapidity with which the codec can respond
to changes in the input level. It also brings about the high frequency
response of the codec. During the normal operation the capacity of the
sequentially companded codec to respond rapidly is reflected by lower
slope overload noise. When a 50 mV step is imposed on the encoder, the
decoder responses for the conventionally and sequentially companded
codecs are presented in Figures 4a and b and output voltages are also
tabulated in Table 1A. Similar response to a 360 mV surge is shown in
Figs. 5a and b and the output voltages are presented in Table IB.

3.3 Higher audio frequency response

An audio frequency of 3149 Hz (nonsynchronous with the 24 kHz
clock) is chosen for the comparison of performance of the two codecs.
Figures 6a and b represent two spectrograms generated at the output.
In the response from the conventionally companded codec (Fig. 6a), the
peak at the input frequency is surrounded by a large number of cluttered
peaks with rapidly changing (indicated by the density of broken patterns
and smears in the figure) tones. Each smear is an audible change in tone
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Table IA — Differences in responses to 50 mV step function at

encoder
Elapsed Conventionally Sequentially
time, companded companded
usec codec, mV codec, mV
200 2.5 3.0
300 10.0 15.0
400 20.0 29.0
500 32.0 47.0
600 43.5 55.5
800 44.0 48.0
1000 44.0 50.0

Table IB — Differences in responses to 360 mV step function at

encoder
160 19 35
320 50 80
480 110 180
640 205 300
800 320 370
960 320 370

| el

R A

IR
i
bk

Fig. 5—Unit function responses of (a) conventionally companded and (b) sequentially
companded codecs for a 360 mV input surge.
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FREQUENCY IN kHz

Fig. 6—Typical responses at about 3000 Hz from (a) conventionally companded and
(b) sequentially companded ADM codes.

which cannot be missed by a listener. In contrast the response from the
sequentially companded codec is cleaner and better formed with a fewer
number of breaks and smears. Listening to the output tones from the
two codecs also confirms this result.

IV. COMPUTED SIGNAL-TO-NOISE RATIOS
4.1 Validation of the computer model

Computerized models of the conventionally and sequentially com-
panded codecs have been developed to compute the S/N ratios. The
model of the codec programmed for a Nova 800 minicomputer is a gen-
eral purpose version of a typical ADM codec whose companding can be
changed by input variables. The same model serves to compute the bi-
nary sequence, the output wave shapes, the signal to noise ratios, etc.,
by altering the data to the minicomputer in a conversational mode of
communication between the operator and the machine. For the encoder
model an ideal comparator is used. Hence, the additional noise generated
by the imperfection of the comparator is absent from the computed re-
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Table Il — Computed and measured S/ N ratios

Measured*
(Ref. 4), Computed,*
Frequency dB dB
300 38.5 40.0
800 32.5 32.5
1600 22.5 22.0
* The clock rate is 37.7 kHz.
Table Il — 24 kHz steady-state S/N ratios
Audio Conventional Sequential
frequency, companding companding
Hz* Bits S/N Bits S
2900 3 7.9
4% 5.7 3,4 8.35
2490 3 3.7
4% 2.1 3,4 3.9
1660 3 16.0
. 4% 13.0 3,4 15.3
830 3 25.1
4% 23.2 3,4 29.4
415 3 31.6
4% 31.0 3,4 31.8

* These numbers are chosen to be irrational fractions of to clock rate at 24 kHz to avoid
a limit cycle condition.
 Presently used charging resistance = 3.01 kQ.

sults. This leads to the assertion that the computed S/N ratios would
be the upper bound for the measured S/N ratio. These values (published
in Ref. 4) have been used to validate the model at different sine wave
inputs and have been presented in Table II.

From the computational models it also becomes evident that the S/N
ratio is by no means a constant but a time varying quantity. Whereas the
S/N ratio is measured as a time-average over a period (typically between
0.5 to 3 seconds), the computed S/N ratios are averaged over much
shorter intervals and, hence, one would expect some difference between
the computed and the measured values. Nonetheless, since the time
constant is the same for all computations, the cross comparison of the
computed values would still be a valid relative measure of their perfor-
mances. To reduce the effect of transient variations of the S/N ratios,
the computed value is the average of 60 such ratios at 60 consecutive
clock cycles, each ratio being calculated as the moving average of twenty
adjoining ratios around each clock cycle. Further, a series of such com-
putations are made over numerous input frequency cycles and an average
number is derived.

4.2 Effect of sequential companding on steady-state sinusoidal inputs

Table III lists the values of computed signal-to-noise ratios for con-
ventionally companded and sequentially companded codecs at 24 kHz.
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Fig. 7—S/N ratios for rapidly varying frequencies.

The input parameters have been held substantially the same for all the
cases presented. However, the values of the charging resistances* for
three-bit companding has been computationally optimized as 5.2 kQ,
whereas its corresponding value for four-bit companding has been re-
tained as 3.01 kQ as it exists in current applications. In case of the se-
quential companding their valuest have been optimized as 5.2 kQ for
three bits and 4.36 kQ for four bits, even though any other resistance
values in their proximities will perform adequately.

4.3 Effects of sequential companding on frequency modulated sine wave
inputs

Steady tones are rarely encountered in telephone conversations.
Rapidly varying frequencies are, however, typical and for this reason we
have studied the responses of conventional and sequential coding at 24
kHz clock rate when the input signal has a frequency which changes
gradually from 250 Hz to 2900 Hz and back to 250 Hz within 30-50
milliseconds. Such changes are well perceived by the listener and the
average signal to noise ratios indicate the relative faithfulness with which

* This charging resistance controls the voltage on the step size capacitor, which in turn
controls the current step for charging or depleting the final integrator.

t Experimental determination (Section III) for best subjective listening seems to indicate
that 5.2 kQ and 3.01 k2 are the desirable values for three- and four-bit companding.
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Fig. 8—Square-wave response to 1660 Hz signal.

the codecs can follow the change in frequencies and thus retain the
original message characteristics.

The response to such a frequency characteristic is presented in Fig.
7. The average S/N ratio during the entire cycle is 10.18 dB for the se-
quential and 8.29 dB for the conventional encoding. The averages of
positive S/N ratios are 17.95 dB for sequential and 14.91 dB for con-
ventional encoding.

To signify the uneven behavior of the conventional encoding further,
square wave at 1660 Hz was presented at the encoder. The results are
shown in Fig. 8. The effectiveness of the sequential companding in fol-
lowing rapidly changing input is also illustrated in Fig. 9. Computed S/N
ratios are plotted when a tone burst signal at 1660 Hz is presented to the
two types of the encoders. T'o meet the rapidity of response of the three-
and four-bit companding, the charging resistance (see Sec. 4.2) of the
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Fig. 9—1660 Hz tone burst response.
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three-bit conventional companding is adjusted from 5.2 kQ to 4.5 kQ.
However, the steady-state S/N ratio attained by the three- and four-bit
sequential companding is about 18.7 dB as against 16.3 dB for the con-
ventional companding. We have not been successful in achieving a rapid
response and also a consistently high steady state S/N ratio from con-
ventional companding to match the performance of the sequential
companding. To quantify this assertion we have roughly the same ra-
pidity of response from both codings at 830 Hz. However, the steady-
state S/N ratio of sequential coding is 4.3 (29.4 vs. 25.1) dB higher than
conventional coding. Complementarily, when the steady-state S/N ratios
are approximately the same at 250 Hz, the sequential companding S/N
ratio is roughly 9.5 (37.0 vs. 27.5) dB better than conventional com-
panding S/N ratio 2.3 msec after the tone burst.

V. DISCUSSION OF THE DIFFERENCES

5.1 Experimental resulls

Consider an ideal case where a series of ones is presented at the input
data of the ADM decoder. The integrator voltage responds to an in-
creasing step current. If the discharge of this integrator capacitor is ig-
nored for the present, then the voltage across the integrator is directly
proportional to the increasing current step. Qualitatively this voltage
may be represented by curves A-E of Fig. 10. At 48 kHz the change in
step size after the eighth “one” is h’i’, whereas the step size after the
fourth “one”at 24 kHz (corresponding to the same lapsed interval of
time) is only hj. If the codec had three- and four-bit companding, the
change in integrator voltage would have been h”j” which is greater than
hj due to two reasons: (1) the additional companding step at d and (i7)
the simultaneous action of both the three- and four-bit companding at
f”. A simple three-bit companding would have had a slower response as
depicted by the curve D.

Again consider the influence of the resistances in charging paths of
the step size capacitor if there are two resistances R; and R’ in the
charging paths energized by the three-bit and four-bit companding, then
the slope of the curve B can be adjusted to any desired value. Different
values of these resistances yield different ranges of these curves with one
essential, vital difference. When the resistance is too low, the step size
becomes too coarse leading to crackle within the word every time the
polarity of a bit changes after a series of ones or zeros, and it is this di-
rection in which a real compromise must be sought while adjusting the
value of the resistances to minimize the slope overload noise.

In essence, the sequentially companded ADM codec behavior differs
from that of a conventionally companded codec to the extent that an
additional factor of nonlinearity is imposed in its response. The con-
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Fig. 10—Idealized responses of ADM codecs.

ventionally companded ADM codec responds by the inherent nonlinearity
between the step size capacitor voltage and the current step, whereas
the sequentially companded codec expands the step size capacitor
voltage itself with a nonlinear character, and this nonlinearity rides along
the nonlinear relation of Fig. 2 at all sizes of the current steps making
the codec more responsive and more sensitive especially at lower clock
rates. The validity of this assertion is demonstrated in experimental
results in Figs. 4, 5, and 6.

5.2 Computational results

The steady-state sinusoidal response of a sequentially companded
codec can be matched by a conventionally companded codec operating
at a lower number of bits of the sequentially companded codec. However,
the rapidity of such a response cannot be achieved by conventional
companding which can also yield a consistently higher steady state S/N
ratio. The computational verification of this assertion is indicated in Fig.
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9 due to consistantly lower S/N ratio from the conventionally com-
panded codec during the cycle of frequency variation. This characteristic
is reflected by crisper sounding words from sequentially companded
codecs.

Sequentially companded codecs seem to reach and hold a steady state
more quickly and more effectively as shown in Fig. 8. The large swing
of the S/N ratio when reaching the steady state by the conventionally
companded codec indicates its inadequacy to yield steady tones essential
for MFKP system and TOUCH-TONE® signals.

VI. CONCLUSIONS

Both experimental and computational results confirm that sequential
companding reduces the response time from the codec even though
conventionally companded codecs can compete well in the steady state
response for sine wave excitations. Further, the tones generated from
" sequentially companded codecs tend to have fewer breaks and thus are
steadier and yield higher S/N ratios at higher audio frequencies.

Experimental results indicate that the idle channel noise from se-
quentially companded codecs is considerably lower than the idle channel
noise from conventionally companded codecs during actual message
transmission. The intelligibility of the message is also better due to
crisply formed words and lower background noise.

Computational results indicate that when the frequency centers
around 800 Hz and when a small frequency modulation is embedded,
then the S/N ratio from the sequentially companded codecs is about 2-3
dB better than an optimally designed conventional codec.
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Gradient Encoding for Low-Bit-Rate Stored
Speech Applications
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In stored speech applications, the waveform of the message is com-
pletely specified and can be effectively used to reduce the bit rate at
which the message may be synthesized. In gradient encoding, we
propose to match the gradient of the output wave of the differential
decoder with the required gradient between discrete clock cycles. When
the required gradient is very steep the bit pattern selected maximizes
the rate of change of the decoder voltage, otherwise appropriate bits
of opposite polarity are inserted to match the amplitude of the decoder
voltage with the required voltage at the discrete clock cycles. The
performances of gradient encoding and conventional encoding are
presented as corresponding signal-to-noise ratios under different in-
puts and circuit conditions. Further, our preliminary results indicate
that gradient encoding can lead to comparable quality of speech at
about half the bit rate of the conventional encoding between 32 to 24
kbaud.

I. INTRODUCTION

For stored speech application, one of the ways of generating efficient
binary data is tree encoding, which examines and verifies the sequences
of a prespecified number of bits by varying the data in every possible
combination and selecting the one that yields the best signal-to-noise
ratio. This way of exhaustive searching for the best bit pattern demands
a large number of computations, and the number of computations ex-
pands geometrically as the number of bits in the tree (i.e., the number
of sequential bits chosen to explore the range of variation of the decoder
voltage) increases. This leads to a further uncertainty about whether the
number of bits chosen is satisfactory or not for any given section of
speech.
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To circumvent this problem we have chosen to seek an alternative
algorithm and proceed on a variable length of speech waveform deter-
mined by the gradient around the section under investigation. This is
accomplished by realizing that all speech wave shapes consist of peaks
and valleys, and the duration between these successive extrema should
guide the duration of the computation, and that the gradient between
them should guide the fragmentation of the compute-and-match pro-
cedure attempted during the relaxation* of bits for the intervals between
the peaks and valleys or valleys and peaks.

l. THE BASIC APPROACH

When the locations of the peaks and valleys contained in any segment
of speech have been determined, the synthesis of the optimal bit se-
quences may be routinely and systematically determined as follows:

(i) Determine the change in amplitude required from the differential
decoder and the interval for the change.

(i1) Determine the best the decoder can accomplish by forcing a se-
quence of zeros (for peak to valley fit) or ones (for a valley to peak
fit).

(ii1) If the decoder can exceed the required change, halve the interval
for the computation and evaluate the decoder performance by stuffing
zeros or ones during half the interval.

(iv) Proceed to repeat (ii) and (iii) until one of the following occurs:
(@) The decoder performance comes to within a very tight tolerance level
of what the original speech wave called for. () The interval for com-
putation has collapsed to one clock cycle of the decoder and if so choose
a (0) or (1) that minimizes the error at the end of that particular clock
cycle.

(v) When iv(a) or iv(b) are completed, update the new peak as the
last point processed under iv(a) or iv(b) if the search pattern is pro-
gressing from a peak to a valley and retain the same valley or update the
new valley as the last point processed under iv(a) or iv)b) if the search
pattern is progressing from valley to peak and retain the same peak.

(vi) When the binary bits during the interval have been synthesized,
proceed to the next section of the speech wave shape—i.e., to the next
peak-valley or valley-peak pair.

lil. DIFFERENCE BETWEEN CONVENTIONAL ENCODING AND
GRADIENT ENCODING

Conventional encoding ignores the a priori information about the
location of the next extreme point and can make large errors in achieving
the best performance from a decoder. Gradient encoding ignores the

* In this context relaxation implies a systematic iterative selection.
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basic premise of conventional encoding by forcing the next bit to be of
opposite polarity if the present decoder voltage has exceeded the input
signal, and retains a slight error at the present position in an overall at-
tempt to do its best to reach the target extremity of the wave shape.
When targets become very far apart, then the intermediate ranges of fit
start to shrink and minimize the error at the intermediate points. In an
extreme case of absolute silence, gradient encoding and conventional
encoding converge in the bit selection of alternate zeros and ones.

The anticipatory characteristics of gradient encoding also prepare the
decoder for sudden peaks in wave shapes by sending a series of identical
bits before arriving at the peak, so that the extreme point is within a
predetermined range of error. This is totally absent in conventional
encoding.

IV. PERFORMANCE OF GRADIENT ENCODING—ALGEBRAIC WAVES
4.1 Summed sine waves

Figure 1a indicates the performance of the conventional ADM en-
coding technique when a sampling frequency of 12 kHz has been used
to excite the encoder which is following an input wave generated as the
sum of two sine waves, one at 400 Hz with an amplitude of 80 mV, and
the other at 1200 Hz with an amplitude of 100 mV. In contrast, Fig. 1b
indicates the performance of the gradient encoder technique under the
same conditions. In Fig. 1a it can be seen that the point 3 on the dotted
line being very close to 3 on the full line can materially change the next
bit polarity and thus change the ensuing bit pattern; whereas in Fig. 1b
the gradient encoding tolerates errors at 3, 4, 5 and 6 in order to match
the segment 2-6 on the decoder curve (dotted line) as closely with the
section 2-6 of the input, (solid line) and concentrates the transition of
010 near the peak where it should logically be placed. Other such vari-
ations are also noticeable by comparing 1a and 1b.

4.2 Interrupted sine wave

The anticipatory character of gradient encoding is evident by com-
paring Figs. 2a and 2b. The input to the two types of encoders is a sine
wave at 1200 Hz at 100 mV interrupted at a frequency of 400 Hz. In Fig
2a it can be noted that the encoder starts to respond by a series of fixed
values only after the input wave has actually been presented at the en-
coder, whereas the gradient encoder in Fig 2b starts to process the bits
prior to actual impact of the wave, and adjust its bits accordingly.

V. SIGNAL-TO-NOISE RATIO ANALYSIS
5.1 Program description
The performances of conventional and gradient encoders have been

modeled on a Nova 800 minicomputer by a sequence of machine language
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Fig. 1—(a) Conventional encoding.

and Fortran programs. The numerical computations are confined to a
block of replaceable Fortran programs and the data handling from disc
is performed by a set of machine language subroutines. Both commun-
icate with the operator in a conversational mode and the circuit pa-
rameters are input controlled. It is thus possible to-compare the relative
performance of the two types of coding schemes under any set of con-
ditions. The results are presented in the following sections.
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Fig. 1—(b) Gradient encoding.

5.2 Cross comparison of performance at the same clock rate

Four clock rates (32, 24, 16, and 12 kHz) are chosen to compare the
performance with the ADM codec described in Ref. 1. The charging time
constants of the step size capacitor and the levels have been optimized
to achieve the best S/N ratios with different number of bits for com-
panding (see Section II, Ref. 1). However, in the case of the 4 bit com-
panding the charging time constant has been retained as 3 msecs as it
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Fig. 2—(a) Conventional encoder.

currently exists. Table I contains the computed S/N ratios for 32 and
24 kbit per second clock rates and Table II contains the result from 16
and 12 kbits per second simulations.

5.3 Half-rate gradient encoding performance

Tables III and IV compare the performances of the 16 and 12 kbit per
second gradient encoding against 32 and 24 kbits per second conventional
encoding respectively. The time constants and levels have again been
optimized to yield the best performance from the codec.
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Fig. 2—(b) Gradient encoder.

Vi. PERFORMANCE WITH SPEECH

Gradient encoding outperforms conventional encoding at the same
bit rate. As the bit rate is reduced for gradient encoding a region of in-
difference is encountered between 50 to 60 percent of the rate of con-
ventional encoding. The attack time constant (i.e., the product of the
resistance for charging the step size capacitor and its value) starts to
influence the higher frequency response but enhances the signal to noise
ratio at the lower end of the audio frequency response and vice versa.
A compromise is necessary to achieve the best response over the range
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Table | — Computed S/ N ratios at 32 and 24 kHz

Clock: 32 KHz 24 KHz
Coding: Conventional  Gradient  Conventional  Gradient
Audio
frequency, No.

Hz of S/N, S/N, S/N, S/N,

(sine waves) bits dB dB dB dB
5700 3 —* 10.2 —
4 — 0.8 —
4700 3 — 12.8 —
4 — 13.5 —

3950 3 9.0 8.0 — 13.8

4 7.2 10.3 — 2.5

3150 3 12.0 14.7 — 12.3

4 14 13.3 — 12.4

2900 3 9.7 15.8 7.9 10.0

4 6.4 15.6 5.7 9.2

2490 3 11.9 20.3 3.7 16.6

) 4 12.3 15.6 2.1 12.0

1660 3 19.6 24.5 16.0 19.3

4 16.0 21.4 13.0 17.0

830 3 29.7 35.2 25.1 30.0

4 26. 32.3 23.2 26.6

415 3 38.5 40.7 31.6 33.0

4 34.0 39.1 31.0 34.1

* _ indicates near-zero values

of importance for telephone conversation. However, since the quanti-
zation noise in gradient encoding is scarcely present due to the optimi-
zation of the selected bit pattern, the region of indifference between
gradient encoding and conventional encoding tends to be biased in favor
of the former at a slight expense of the higher audio frequency response.
Informal subjective testing has indicated that the 12 kbit per sec, 2 bit
companded, gradient-encoded speech is comparable with the 24 kbit per
sec, 4 bit companded, conventionally encoded speech.* However, the
24 kbit per sec sequentially companded speech! shows a favorable margin
of performance over the 12 kbit per sec gradient-encoded speech.

The computation time depends on the bit rate and concentration of
peaks and valleys. Lower frequency wave forms demand more compu-
tations in order to perform intermediate compute-and-match attempts.
Higher frequencies on the other hand are adequately fitted by fewer
overall gradient matching trials. When long telephone announcements

* This improvement has been made possible because gradient encoding does not attempt
to maximize the signal to noise ratio but instead, matches the extremities of the wave shape.
When the incoming wave shape offers a large cyclic change in the transition (due to change
in pitch) of the gradient between and peak-valley or valley-peak pair together with a steep
gradient between the points, gradient encoding ignores the cyclic variation in the gradient
whereas an attempt to maximize the S/N (as it is done in tree encodmg) tries to accom-
modate the cyclic change and can lead to a perceptually poorer quality of speech. To this
extent gradient encoding outperforms tree encoding.
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Table Il — Computed S/N ratios at 16 kbits and 12 kbits/sec

Bit rate: 16 kbits/sec 12 kbits/sec
Coding: Conventional Gradient Conventional Gradient
Audio Companding
frequency, No. of S/N, S/N, S/N, S/N,
Hz bits dB dB dB dB
3150 2 —* 7.2 — 3.4
3 — 2.8 — —
2900 2 — 9.2 — 5.3
3 — 4.0 — 0.3
2490 2 — 13.9 — 59
3 —_ 7.3 — 1.0
1660 2 2.1 18.0 1.6 11.7
3 0.92 19.0 — 7.5
830 2 19.5 28.5 184 26.0
3 21.2 28.4 17.8 27.3
415 2 30.4 30.6 19.9 30.0
3 32.2 30.2 27.5 29.3

*__ indicates near-zero values

Table Il — Comparison of 12 kbits/sec gradient and 24 kbits/sec
conventional coding
Bit rate: 12 kbits/sec 24 kbits/sec
Coding: Gradient Conventional
Audio Companding Companding
frequency, No. of S/N, No. of S/N,
Hz bits dB* bits* dB
3150 2 3.4 3 —
3 —1 4 —
2900 2 5.3 3 7.9
3 .32 4 5.7
2490 2 5.9 3 3.7
3 1.0 4 2.1
1660 2 11.7 3 16.0
3 7.5 4 13.0
830 2 26.0 3 25.1
3 217. 4 23.2
415 2 30.0 3 31.6
3 29.3 4 31.0

* 9-bit companding at 24 kbits/sec leads to extremely noisy silence periods.

t Changing the time constants of the attack circuit (see Section II, Ref. 1) changes the
distribution of S/N ratios between the low and high audio frequencies. For instance with
a 66 percent time constant the values of the S/N ratios are 4.8,9.4, 9.6, 13.4,21.6, 23.5dB
from 3150 to 415 Hz respectively with 2-bit companding.

1 — indicates near-zero values

are synthesized we have noticed a one-third second (corresponding to
256 sixteen-bit words at 12 kbaud) of speech occasionally demanding
as long as 20 minutes of Nova-800 minicomputer CPU time. This par-
ticular machine has an 800-nsec cycle time and hardware floating point
multiply-divide facility. Conversely other one-third second speech
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Table IV — Comparison of 16 kbits/sec gradient and 32 kbits/sec
conventional coding

Bit rate: 16 kbits/sec 32 kbits/sec
Coding: Gradient Conventional
Audio Companding Companding
frequency, No. of S/N, No. of S/N,
Hz bits db bits dB
3950 2 6.1 3 9.0
3 1.0 4 7.2
3150 2 4.7 3 12.0
3 2.8 4 14
2900 2 ‘6.5 3 9.7
3 4.0 4 6.4
2490 2 8.5 3 11.9
3 7.3 4 12.3
1660 2 15.3 3 19.6
3 19.0 4 16.0
830 2 27.17 3 29.7
3 28.4 4 26.0
415 2 36.8 3 38.5
3 30.2 4 34.0

segments are synthesized in as little as four minutes. Averaged over three
and a half minutes of speech synthesis, the computational time is roughly
half an hour per second of real time speech signifying two thirds billion
arithmetic operations? for every second of message. Stated alternatively
one may expect one third million numerical functions between a typical
peak and valley of the speech waveshape.

The computations during the silence periods are not trivial since
gradient encoding is always alert to the incidence of the next peak (or
valley). During the interval the dispersion of zeros and ones alternately
is limited to that period which is too long to prepare the decoder for the
next peak (or valley).

Vil. REAL TIME IMPLEMENTATION

The real time implementation of gradient encoding is feasible in two
distinct ways: (i) by a multiplicity of decoder circuits with feedback
paths, each one being excited by a bit pattern of zeros or ones over a finite
intervals and then selecting the pattern of the decoder which yields the
waveform closest* to the waveform of the original speech or (ii) by one
decoder circuit whose internal timing has been hastened dramatically
by decreasing all the time constants in the circuit accordingly, and then

t This includes the modeling of all nonlinearities as they exist in the codec, the algebraic
representation of most circuit elements, all the address computations, changing the syn-
chronization rates between the scanning A/D converter and the codec clock rate, etc.

* Such as to maximize the S/N.
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choosing that bit pattern which yields the waveform closest to that of
the incoming speech. The former technique proposes that the data from
the encoder transmitted to the final real time decoder is selected as the
data of that particular real time decoder whose output came closest to
that of the incoming speech. The latter technique proposes that the data
of the encoder transmitted to the final real time decoder is selected as
that binary combination of bits which had brought the waveform of the
faster non-real-time decoder closest to that of the original speech.

Both of these techniques explore every branch of tree encoding to
determine which one of the binary sequences yields the best perfor-
mance. Our preliminary estimations show that eight decoder circuit for
implementing technique (i) and an accelerated clock rate at about 100
kHz for a 12 kbaud data rate would be a reasonable compromise between
complexity of the encoder design and optimality of bit configuration
from the encoder design and optimality of bit configuration from the
encoder. Such an arrangement is expected to enhance overall signal to
noise ratio by 2 to 4 dB during the transmission of speech and the ac-
celerated decoder circuits are completely capable of responding at about
100 kHz. Further tree encoding with 3-bit look-ahead option achieves
most of the advantages obtained by these encoding schemes.

Vill. CONCLUSION

The success of the gradient encoding lies in the complete knowledge
of the incoming speech waveshape. This prior information has been
employed to optimize the bit pattern and thus reduce the bit rate. At-
tempts to reduce the storage requirement by one-half appear to have
achieved an encouraging degree of success. The combined effects of se-
quential companding and gradient encoding are being investigated for
bit rate reductions ranging between 60 and 66 percent for the same
quality of speech.

REFERENCE

1. S. V. Ahamed, “Sequentially Companded ADM for Low Clock Rate Speech Coder
Applications,” B.S.T.J., this issue.

GRADIENT ENCODING 789






Contributors to This Issue

Thomas A. Abele, Dipl.-Ing. degree in electrical engineering and
Ph.D. Ing. degree in electrical engineering in 1958 and 1961, respectively,
from the Institute of Technology, Aachen, Germany. From 1958 to 1962
he was engaged in teaching and research at the Institute for High Fre-
quency Techniques, Institute of Technology, Aachen, Germany. He then

. joined Bell Laboratories, where he has been concerned with the devel-
opment and characterization of transmission components, first as a
member of technical staff, then as a supervisor, and, since 1968, as head
of a department. In 1973, while on a leave of absence, he spent a year as
professor for microwave engineering at the Institute of Technology,
Aachen, Germany. Senior Member, IEEE.

Syed V. Ahamed, B.E., 1957, University of Mysore; M.E., 1958, Indian
Institute of Science; Ph.D., 1962, University of Manchester, U.K.; Post
Doctoral Research Fellow, 1963, University of Delaware; Assistant
Professor, 1964, University of Colorado; Bell Laboratories, 1966—. At
Bell Laboratories, Mr. Ahamed has worked in computer-aided engi-
neering analysis and design of electromagnetic components. He has
designed and implemented minicomputer software and hardware in-
terfacing. He has applied algebraic analysis to the design of domain
circuits and investigated computer aids to the design of bubble circuits.
He has investigated new varactor designs for microwave power in the
c-band. He has developed hardware and software interfacing for audio
frequency codecs. Since 1975, he has been optimizing codec designs,
encoding techniques, and speech encoded data storage and manipulation
by minicomputers.

W. N. Bell, B.S., 1967, Pratt Institute; M.S., 1969 (mathematics)
Stevens Institute of Technology; Bell Laboratories, 1967-1973; New
Jersey Bell, 1973-1975; Bell Laboratories, 1975—. Mr. Bell has worked
on problems of crosstalk and inductive interference in telephone cables.
He is presently a member of the Loop Topology and Methods Depart-
ment and is concerned with loop plant utilization and construction
budget analysis.

791



Martin B. Brilliant, B. A., 1955, Washington and Jefferson College;
S.B., S.M,, 1955, ScD., 1958, Massachusetts Institute of Technology; Bell
Laboratories, 1955 and 1966 —. Mr. Brilliant has also held positions
with the Air Force Cambridge Research Center; National Company, Inc.;
Hazeltine Research Corporation; University of Kansas; and Booz Allen
Applied Research, Inc. At Bell Laboratories, he worked in 1955 on a
transistor pulse generator for the Electronic Central Office. Since 1966
he has been concerned with systems engineering problems in integrated
digital switching and transmission and in network objectives. Member,
AAAS.

Paul E. Butzien, B.S. (Electrical Engineering), 1961, Newark College
of Engineering, and M.S. (E.E.), 1962, New York University; Pacific
Telephone and Telegraph (Portland, Oregon), 1948-1953; Bell Labo-
ratories, 1953—. Mr. Butzien has done research in electron tubes, su-
perconductivity, and other cryogenic and high vacuum device studies,
solid state microwave amplifiers, and phased array antenna elements.
More recently he has been working on exploratory antenna measure-
ments and is presently employing a data-gathering system of his design
to study the spatial radiation characteristics of the Bell System pyra-
midal horn-reflector antenna. Member, IEEE.

T. C. Chu, B.S,, 1964, Cheng Kung University (Taiwan); M. S., 1967,
Syracuse University; Ph.D., 1971, Aerospace Engineering, Cornell
University; Bell Laboratories, 1972—. Mr. Chu has worked the T4M
digital transmission system, optical fiber connector and splice designs,
and fiberguide transmission system. Member, 0SA, Sigma Xi.

William G. French, B.A., 1965, University of California, Riverside;
Ph.D., 1969, University of Wisconsin; Bell Laboratories, 1969—. Mr.
French has worked on fundamental studies of glass as well as glass pu-
rification techniques and the development of low-loss optical fiber ma-
terials. His present interests are concerned with vapor deposition
methods for the fabrication of low-loss fibers with low dispersion char-
acteristics. Member of the Optical Society of America, American
Chemical Society, and American Ceramic Society.

792 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1978



D. L. Jagerman, B.E.E., 1949, Cooper Union; M.S., 1954, and Ph.D.
(mathematics), 1962, New York University; Bell Laboratories, 1963—.
Mr. Jagerman has been engaged in mathematical research on quadra-
ture, interpolation, and approximation theory. Also he has done research
on the theory of widths and entropy with application to the storage and
transmission of information. His work for the past several years concerns
the theory of queueing systems applied to telephone traffic and computer
flow time problems.

R. H. Knerr, B.S.E.E., 1960, Technical University, Aachen, Germany;
Dipl. Ing., 1962, National Polytechnical Inst. (ENSEEHT), Toulouse,
France; Ph.D. (E.E.), 1968, Lehigh University; Bell Laboratories, 1968—.
Mr. Knerr has been engaged in R&D on microwave ferrite devices, IM-
PATT diode amplifiers, bipolar transistor amplifiers, GaAs FET mi-
crowave power amplifiers, and GaAs FET low-noise amplifiers. He is
currently concerned with low-cost microwave receiver techniques. Senior
member, IEEE; chairman IEEE-S-MTT Technical Committee on Micro-
wave and Millimeter Wave Integrated Circuits; member IEEE-S-MTT
Administrative Committee.

Benjamin F. Logan, Jr., B.S. (Electrical Engineering), 1946, Texas
Technological College; M.S., 1951, Massachusetts Institute of Tech-
nology; Eng.D.Sc. (Electrical Engineering), 1965, Columbia University;
Bell Laboratories, 1956—. While at MIT, Mr. Logan was a research as-
sistant in the Research Laboratory of Electronics, investigating char-
acteristics of high-power electrical discharge lamps. Also at MIT he en-
gaged in analog computer development at the Dynamic Analysis and
Control Laboratory. From 1955 to 1956 he worked for Hycon-Eastern,
Inc., where he was concerned with the design of airborne power supplies.
He joined Bell Laboratories as a member of the Visual and Acoustics
Research Department, where he was concerned with the processing of
speech signals. Currently, he is a member of the Mathematical Research
Department. Member, Sigma Xi, Tau Beta Pi.

J. E. Mazo, B.S. (Physics), 1958, Massachusetts Institute of Tech-
nology; M.S. (Physics), 1960, and Ph.D. Department of Physics, Uni-
versity of Indiana, 1963-1964; Bell Laboratories, 1964—. At the Uni-
versity of Indiana, Mr. Mazo worked on studies of scattering theory. At
Bell Laboratories, he has been concerned with problems in data trans-
mission and is now working in the Mathematical Research Center.
Member, American Physical Society, IEEE.

CONTRIBUTORS TO THIS ISSUE 793



A. R. McCormick, RCA T3, 1972; Bell Labs, 1972—. Mr. McCormick
has worked on F'T3 optical transmission systems, phase locked loops with
injection, optical connectors and optical communication systems.
Member, IEEE.

V. Ramaswamy, B.Sc., 1957, Madras University, India; D.M.LT.,
Madras Institute of Technology, Chromepet, Madras, India; M.S., 1962,
and Ph.D., 1969, Northwestern University; Zenith Radio Corporation,
1962-65; Bell Laboratories, 1969—. His previous work has included
microwave components, diode parametric amplifiers and wave propa-
gation in semiconductor plasmas. His present research interests are
thin-film optical waveguides and devices and polarization effects in
single mode optical fibers. Member, Sigma Xi, IEEE.

J. E. Richard, A. Eng., 1962, Franklin Institute of Boston; Bell
Laboratories, 1962—. Mr. Richard has performed RF propagation studies
for a number of applications including mobile radio telephone, the New
York-to-Washington high-speed train mobile telephone system, and
early phases of the High Capacity Mobile Telephone System. Since 1971,
he has been engaged in microwave antenna measurements at the Mer-
rimack Valley Laboratory in Massachusetts.

Curtis A. Siller, Jr., B.S.E.E., 1966, M.S., 1967, and Ph.D., 1969,
University of Tennessee; Bell Laboratories, 1969—. Mr. Siller has done
exploratory work in linear antenna theory; designed, theoretically ana-
lyzed, and participated in the experimental testing of large-aperture
microwave antennas; and assessed antenna system performance as it
impacts on the terrestrial radio network. Most recently he has been in-
vestigating the relationship of environmental siting factors to antenna
performance degradation, studying the effect of coating antenna radomes
with hydrophobic materials, and pursuing methods to ameliorate signal
impairment during periods of mulitipath fading. Member, Phi Eta Sigma,
Eta Kappa Nu, Tau Beta Pi, Phi Kappa Phi, and Sigma Xi.

R. D. Standley, B.S., 1957, University of Illinois; M.S., 1960, Rutgers
University; Ph.D., 1966, Illinois Institute of Technology; USASRDL,
Ft. Monmouth, N.J., 1957-1960; IIT Research Institute, Chicago,
1960-1966; Bell Laboratories, 1966—. Mr. Standley has been engaged
in research projects involving microwave, millimeter wave, and optical
components. He is presently concerned with electron beam lithography
as applied to fabrication of integrated optic devices. Member, IEEE,
Sigma Tau, Sigma Xi.

794 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1978



C. B. Swan, B.Sc., 1954, University of New Brunswick, Canada;
M.A.Sc., 1959, University of Toronto; Ph.D., 1963, University of Toronto;
Bell Laboratories 1962—. From 1962 to 1968 Mr. Swan studied the in-
teraction of microwaves with ionized gases and developed varactor diode
harmonic generators and IMPATT diode oscillators. Since 1969 he has
supervised the Microwave Integrated Circuit and Device Group at the
Allentown, Pennsylvania, Laboratories. Senior member, IEEE; member,
Association of Professional Engineers of Ontario.

Deborah Y. Sze will receive her A.B. from the Division of Engineering
and Applied Physics of Harvard University in 1978. She is a student
member of the Harvard Society of Engineers and Scientists and of the
National Society of Professional Engineers. She was a Summer Research
Associate at Bell Laboratories in 1976.

CONTRIBUTORS TO THIS ISSUE 795












THE BELL SYSTEM TECHNICAL JOURNAL is abstracted or indexed by Absiract
Journal in Earthquake Engineering, Applied Mechanics Review, Applied Science &
Technology Index, Chemical Abstracts, Computer Abstracts, Computer & Control
Abstracts, Current Contents/Engineering, Technology & Applied Sciences, Current
Contents/Physical & Chemical Sciences, Current Index to Statistics, Current Papers
in Electrical & FElectronic Engineering, Current Papers on Computers & Control,
Electrical & Electronic Abstracts, Electronics & Communications Abstracts Journal,
The Engineering Index, International Aerospace Abstracts, Journal of Current Laser
Abstracts, Language and Language Behavior Abstracts, Mathematical Reviews, Metals
Abstracts, Science Abstracts, Science Citation Index, and Solid State Abstracts
Journal. Reproductions of the Journal by years are available in microform from Uni-
versity Microfilms, 300 N. Zeeb Road, Ann Arbor, Michigan 48106.



} Bell System

e




