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Fig. 2—Stability regions for a GI/G/1 queuing system with 2 queues and cyclic
priority service.

can be considered as consisting only from the stable queue where the
contribution of the unstable queue to the cycle time affects as an
increased cycle time overhead of /; (or &) consecutive service times
Ty (or Thys). Furthermore, starting from any point within the absolute
stable region and increasing A; and A; simultaneously, we state that
the queue with the greater A;/[; ratio reaches saturation first, inde-
pendent of the service and overhead time parameters. This statement
differs from many other queuing stability criteria.

Finally, we discuss briefly two important special cases of the above
example. The first special case is that of ordinary cyclic service (/; =
l; = 1). The intersection in Fig. 2 falls on the median A, = A.. This
means that the queue with the greater arrival rate always saturates
first. This result was already found by M. Eisenberg!' for M/G/1
systems without overhead. Additionally, the average number of j
customers served during a cycle is identical with the probability «;
that the server meets at least one customer in queue Jj:

Co
— po

aj=Ajc= . Aj, j= 1, 2. (5)
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The second special case is that of exhaustive cyclic service (1, I > 1).
In this case, both marginal lines fall together on A; A, + Azh2 = 1. The
stability criterion is simply A1 A1 + A2h2 = py + p2 = po < 1. Approaching
the stability margin, both queues saturate simultaneously independent
of co.

lll. CYCLE TIME ANALYSIS

In this section, we consider multiqueue systems of the type GI/G/1
with overhead and ordinary cyclic service. Since the queuing analysis
in Sections IV and V is based on the knowledge of cycle time, we
briefly discuss a known result and then develop an improved approxi-
mate solution for the pdf of the cycle time.

3.1 Cycle time analysis by Hashida and Ohara

The exact solution for the pdf of the cycle time T¢ is still unknown,
except for the mean ¢ in (1). Based on the probabilities «; in (5) and
the approximation assumption of independence, Hashida and Ohara'®
gave the following expression for the Laplace-Stieltjes transform (LsT)
of the cycle time pdf C(¢) = P {Tc < t}:

g £
¢oc(s) = IJI (;bUi(S)“L_[l (ipni(s) + [1 — ai]). (6

In (6), ¢c(s) = [o- e *dC(¢t) defines the LsT of C(¢); similarly, ¢ui(s)
and ¢mi(s) denote the LsTs of Ui(t) and H.(t), respectively. The
expression (6) follows directly when considering 7T¢ as a sum of
independent random variables.

From (6), the exact mean cycle time ¢ follows straightforwardly and
_agrees with (1). However, it was found by intensive simulations (some
of them are given in Section VI) that (6) underestimates the cycle time
variance and, herewith, also the mean waiting times. For this reason,
we shall now improve the cycle time analysis by introduction of a new
concept of “conditional cycle times.”

3.2 Conditional cycle times

The basic idea of the queuing analysis in Ref. 13 and in Sections IV
and V of this paper is the description of the queue length of a particular
queue j at the scan instant by an imbedded Markov chain. The
influence of all queues » # j on the considered queue j will be expressed
only through the cycle time. The cycle time T'¢ is the time interval
between two successive scan instants of a queue (say, j). However, a
particular realization of T¢ clearly depends on whether a j customer is
served or not in a cycle. Therefore, we introduce two conditional cycle
times T¢; and T'c;, with respect to the considered queue j for cycles
without or with a service time contribution to the cycle by a customer
of queue j, respectively. The corresponding cycles are denoted by C;
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and C/. Since ETc; > ETc, it is more likely that after a long cycle
another long one is followed, and vice versa. Thus, the concept of
conditional cycle times increases the cycle time variance through a
reduction of the independence assumption by explicit consideration of
some history of a current cycle.

Let Cj(¢) and C;(¢) be the pdfs of the conditional cycle times T';
and T'¢;, and aji, aji the corresponding probabilities for the service of
an [ customer (i # j) during a conditional cycle without or with a j
service, respectively. Then, it follows by similar reasoning as for (6):

4
oc(s) = ,=H1 ¢Ui($)"];l' (afipmi(s) + [1 — i), (7a)

14

dcy(s) = Hl ¢Ui(s)’ll’l (i pmi(s) + [1 — aji])-dnj(s). (7b)

=

For the (unconditional) cycle time T¢ we find from the law of total
probabilities

oc(s) = (1 — a)ocy(s) + ajdpcy(s). (8)

With ¢j = ET¢; and ¢j = ETc; we state the conditional cycle time
balances:

C," =Co + 2 a,';h,-, (9a)
iy

c," = ¢y + Z a,'{h, + hj, (9b)
23

c=(1-aj)c; + a;c}. (9¢c)

Similarly, as in (5), we assume
aji = Aicj, (9d)
aji = Aicf, 15 J. (9e)
Inserting (9d), (9¢) in (9a), (9b), we find

Co
Cf=— 10a)
T 1=po+p (
C()+hj
¢ =———. 10b)
T 1—po+p; (

Note that the exact value of ¢ in (1) follows from (9¢) and (10a), (10b).
It should also be mentioned that the solution (10a), (10b) holds only
as long as «f = 1. This condition is always fulfilled in case of symmet-
rical load A\; = Az = --- = Ag, Ay = hy = --. = h,). In case of higher
unsymmetrical loads, it can indeed happen that «i > 1 so that a/i can
no longer be interpreted as probability; this difficulty can be overcome
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by a suitable limitation of a/ by 1 (i.e., queue i always contributes a
service time to the conditional cycle time Tc;).

With (9d), (9e) and (10a), (10b), the conditional cycle time pdfs C;(¢)
and C/ (¢t) are completely defined. The mean conditional cycle times
cj and c; are given by (10a), (10b). For the variances, we find from
(7a), (7b):

-4
VAR Tc;= Y, VAR Tui + 3, (a)ih® — off-Ri), (11a)
i=1 in

g
VAR T¢; = Y, VAR Tui + 3 (afih{? — aji*-h}) + VAR T, (11b)
=1 inj
where A = ET%; denotes the ordinary second moment of T;. The
cycle time variance is finally given by

VAR Tc = (1 — o) -[VAR T¢; + ¢/’ + o;-[VAR T¢; + ¢/*] = ¢®.  (11c)

The second moments of the cycle times follow from the definition
VAR Tc = c® — %

IV. QUEUING ANALYSIS OF M/G/1 SYSTEMS

Based on the concept of the conditional cycle times of Section III,
a queuing analysis is given for multiqueue systems of the type M/G/1
with general overhead times and ordinary cyclic service by means of
an imbedded Markov chain. Basically, the derivation follows the
approach of Hashida and Ohara."

4.1 Probabilities of state

For an exact analysis, the state of the system at a time ¢ has to be
defined such that all past history is summarized in it so that the future
development of the system state process is completely determined
from it. In the present case, the system state could be described by a
vector {Ni(t), Nao(t), ---, Ng(t), I(t), Xo(t)}, where N;(¢) defines the
number of waiting customers in queuej,j=1,2, ..., g, I(t) points to
the present location of the server within the cycle, and Xo(¢) specifies
the age of the current service (or overhead) phase of the server. An
exact analysis on this base seems not to be feasible.

In the following analysis, only the state N; of a particular queue J is
considered. Moreover, the analysis does not apply to continuous time
but is restricted to a set of special points, namely the scan instants (or
departure instants) of the considered queue j. The time intervals
between the scan instants of queue j are the conditional cycle times
T¢; and T'cy; the influence of all the other queues on the queue length
process in queue j is completely expressed by those cycle times.
Although the following imbedded Markov chain solution is formally
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exact, the analysis approach is approximate since T¢, T, are
assumed to be independent and identically distributed (iid) variables;
the expressions for their pdf are only approximations, too.

The outlined method only renders results for the particular queue j
under consideration. In the case of unsymmetrical systems, the pro-
cedure must be repeated for the other queues, too. For ease of reading,
we suppress the subscript j in the following treatment, i.e., we write
A\ h,p,c’,c”, -+ instead of A, Ay, pj, ¢j, ¢f ---

4.1.1 State distribution at scan instants

We assume that the queuing sytem is in the stationary state. Let N
be the number of waiting customers at the server arrival instant (scan
instant) of a particular queue. We are interested in the stationary
distribution

pn=P{N =n}, n=0,12 .... (12)

Because of the memoryless property of the arrival process, the system
state of the considered queue forms an imbedded Markov chain at the
discrete set of scan instants (renewal points). The stationary distribu-
tion satisfies the equation (see Ref. 17, pp. 167-174):

n+1

p"=p0'p0"+ 2 DPm*Pmn, n= 1’ 2a MR} (133)

m=1

where the transition probabilities p... are given by

(o (}\t)n—m+l
f e M. — —.dC"(t), m>0
rm0— (n—m+1)!
” AD)"
j e™. ( ') . dC'(t), m=0.
L =0 n.

Together with the normalizing condition

Y pn=1, (13c)
n=0

the stationary probabilities of state at the scan instants are completely
determined by the set of equations (13a), (13b), and (13c). Introducing
the probability generating function of the state distribution p., n =0,
1, 27 M

G(x) = ¥ pnx", (14)

n=0
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we obtain after some algebraic manipulations

) x¢c(2) — ¢e-(2)
x = ¢c(2)

G(x) = po R where z=A1—-1x). (15)
Note that G(x) is completely expressed by po and the LsTs of the two
conditional cycle times. Using the identity G(1) = 1, we find from (15)
through evaluation of lim._, G(x) by L’Hospital’s rule

1—Ac”

po=m=1—a. (16)

The latter identity can be shown by using equations (10a), (10b), and
(5).

The expected number of waiting customers at the scan instant
follows from

d
EN = In G(x)

x=1
This results in

A’@.(1=Ae”) + c’'A%”® + 2= 2\c")

EN =p0'A ° 2(1 _ AC”)2 ’

(17)

where ¢’® = ET%, and ¢”® = ET%-.

4.1.2 State distribution at departure instants

Let N* be the number of waiting customers within the considered
queue which are left behind by a departing customer of that queue
with distribution

pk¥=P{N*=n)}, n=012 ... (18)
and generating function

G*(x) = Y pxx". (19)

n=0

The probability p; can be expressed through the probability of having
m customers at the scan instant given that the considered queue is not
empty, p../(1 — po), and the probability of n — m + 1 new arrivals in
that queue during the subsequent service time of one customer. Hence,

n+1 ® n—m+1
. Pm e (D) )
pi= L J:_O ¢ (n —m + 1)! dH (),

n=012-.... (20)
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Substituting (20) in (19) and interchanging the order of summation
and integration, we find

1 . G(x) = Do

G*(x) == - gn(2), (21)

Do
where
z2=A1-x).
Therefore, it follows for the expected number of customers at the
departure epoch:
EN*=£G*(x) = EN —1+p. (22)
dx 1-po

x=]1

On the other hand, EN* equals the expected number of customers
which have arrived during the sojourn (waiting + service) time of the
departing customer (for this, consider as an example the queue disci-
pline FcFs, first come, first-served). Hence, EN* = A-(w + h), where
w = ETw denotes the average waiting time in the considered queue
(service being excluded). Solving for w, we find with (22)

w=%'[EN —1]. (23)

1-— Po
4.2 Delay analysis

For the following derivation, the queue discipline FCFs is assumed.
Let Tw be the waiting time which an arbitrary customer of the
considered queue (in the following denoted by “test customer”) has to
undergo with pdf W(¢) and LsT ¢w(s). Through an analogous reason-
ing as in the previous section, p; can alternatively be considered as
the distribution of the number of arriving customers during the sojourn
time Ts of the test customer. Since T's = Tw + Ty and since Tw and
Ty are independent of each other, the pdf of T's is the convolution of
W(t) and H(t), symbolized by W(¢) ® H(¢). Hence,

p,’g:J e B awe) © H®O), n=012.... @
t=0— )

Applying (19) in (24), we find G*(x) = ¢w(z) -ou(2z), where z = A(1
— x), which, with (21), finally results in

1—Ac” 1— ¢c(s)

= . . 25
L A W Ay (25)
From (25) we find for the mean waiting time
d 7(2) )\C” 2)
YITEY| T YAy (2

5=0
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Equation (26) reveals that the mean waiting time depends basically on
the first and second moments of the conditional cycle times. Note also
that (26) agrees with (23) when the corresponding results for po, EN,
c’,c”, c¢’®, and ¢”® from eqs. (16), (17), (10a), (10b), and (11a), (11b),
respectively, are inserted.

It may be mentioned that the result (26) can also be derived directly
through the application of renewal theory and Little’s law: An arriving
test customer of the considered queue meets either a cycle C’ or C” in
progress. Since the arrival process is a Markovian process, the proba-
bilities of meeting a cycle C’ or C” is simply the weighted ratio of
frequencies, i.e. (1 —a) - (¢’/c) or a- (¢”/c), respectively. According to
our approximation assumption, the conditional cycle times T¢- and Tc-
are iid-variables. Thus, the average residual cycle times are ¢’®/2¢’
and ¢”®/2c” according to renewal theory (see, for example, Ref. 17,
pp. 158-161). The average waiting time w consists of the average
residual cycle time and the product of the mean cycle time ¢” and the
average number L of customers met at the arrival instant of the test
customer; the latter one can be expressed through Little’s law (see, for
example, Ref. 17, pp. 156-158) through L = A . w. The average waiting
time w can now be balanced as

’ 7(2) c” c” (2)

=(l-a) - —+ —+a - — -—+ (Aw)c". 27
¢ 2c ¢ 2c
Solving for w, we yield precisely the result (26) from (27).

The pdf W(¢) can be obtained by the inversion of (25) either through
a partial fraction expansion (in case of rational LsTs), by the numerical
inversion technique of D. Jagerman,'® or by an approximation using
the ordinary first and second moments."

Finally, we mention that (25) includes the exact result for the
limiting case g = 1 of a single cyclic queue with overhead. Furthermore,
another limit with zero overhead can be derived from (25); this case
represents the worst case with respect to the approximation accuracy
(see Section VI).

V. QUEUING ANALYSIS OF ML¥1 /G/1 SYSTEMS

In this section, the solution of Section IV for single Poisson arrivals
(M) is generalized to batch Poisson arrivals (M™!) in every queue.
The analysis follows analogously to Section IV; i.e., we consider all
processes with respect to a particular queue j. Again, the subscrlpt J
will be suppressed for ease of reading.

5.1 Probabilities of state
5.1.1 Arrival process

Customers of the considered queue arrive in batches of size K with
distribution

MULTIQUEUE SYSTEMS 683



gr=P{K=~F}, k=012-... (28a)
and probability generating function

Q(x) =Y qwx*. (28b)
k=0

The interarrival times of batches are exponentially distributed with
mean 1/A\g = EK/\, where A and Ap are the arrival rates of customers
and batches within the considered queue, respectively.

Let Np(¢) be the number of batch arrival instants in (0, ¢) with
distribution

P{Ng(t) =n}

_ (7\B't) et n=0,1,2-.- (29a)

and probability generating function

= Ast)" .
g(x, )= L ——-e™

n=0

cx" = e t1mN) (29b)

Finally, let Na(t) be the total number of customers arriving at the
considered queue in (0, t). Then, the probability generating function
of the distribution P{N4(t) =k}, k=0,1,2, ---, is given by

h(x, t) = é}o P{Na(t) =k} - =* = g(Q(x), t) = t1=@=1  (30)

5.1.2 State distribution at scan instants

Since the cycle time approximation of Section III holds for GI/G/1
cyclic queues, the same pdfs C(t), C’(t), and C”(¢) can be used for
batch arrival processes. As in Section 4.1., let p, be the stationary
probability of state for n customers waiting within the considered
queue at the scan instants. The transition probabilities p.. in (13a)
are now

it ©

Y, P{Ng(t) = v}

t=0— =0
.P{Na(t) =n—m+ 1| Na(t) = »}-dC"(t), m>0
Pmn =< (31)

b ©

. P(Na(t) =)

t=0— ¥

L -P{Na(t) =n|Ns(t) =»}-dC’'(t), m=0.
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The probabilities of state p, are completely determined by (13a), (31),
and (13c). The application of the generating function results finally in
the same expression for G(x) as in (15), however, with z = Ag-[1 —
Q(x)], where @(x) is defined by (28a), (28b). Also, for p, the identical
result is obtained as in (16). Further results can easily be derived
analogously as in Section 4.1.

5.1.3 State distribution at departure instants

Using the same definitions for p; and G*(x) as in Section 4.1.2, we
find, instead of (20),

n+1 @ *
pr=1Y l.Pm . f Y. P{Ng(t) =v}.P{Na(t)
m=11 = Do ¢

=0— =0

=n-m+1|Ns(t)=v}dH(t), n=012---. (32

This again results in the same expression for G*(x) as in (21) with z
= Ag-[1 — @(x)], from which further results could be derived analo-
gously.

5.2 Delay analysis

- Following the method outlined in Secton 4.2, p; is also the distri-
bution of the number of arriving customers during the sojourn time of
a test customer of that queue. The number N* of customers left behind
in the considered queue by the departing test customer is now built up
from two components:

N*=N{ + N#,
where

N7 = the number of customers that had arrived together with the
test customer in one batch but that were behind the test
customer

N} = the number of customers that had arrived in subsequently
arriving batches during the sojourn time 7s of the test cus-
tomer.

Let r, = P{Nf =n},n=0,1,2, ..., be the probability that the
departing test customer leaves n customers behind which had arrived
together with the test customer in one batch. The test customer
arrived in a batch of size K = k with probability (see Ref. 20)

kqr
* = e— = LY
qr EK k=123, . (33)
The test customer is first, second, - .. , kth in the batch of size £ with

probability 1/k. Thus, g/ /k defines the probability that the test
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customer arrived in a batch of size k£ in (k£ — n)th position,n =0, 1, 2,
+«+,k — 1. Then,

Y qw, n=0,12 ..., (34)
and probability generating function

R(x) = i rax™ = 1 _l.ﬂ

- 3
n=0 EK 1—x ( 5)

Now, we can establish the relation between p and T’s analogously as
in Section 4.2:

p,",‘=J’ |:§P{Ni"=u}-2P{N:’z"(t)=n—l’-|NB(t)=V}
t=0— »=0

u=0

-P{NB(t)=V}]-d(W(t) ® H(t), n=012-... (36

In (36), the bracket term expresses the probability of new arrivals
within a sojourn time of length ¢ through consideration of all principal
possibilities of batch configurations of the departing test customer.

Introducing r, and R(x) from (34) and (35) and applying (19) on
(36), we find after some intermediate calculations

G*(x) = ¢w(2) - ¢pu(2z) - R(x), (37

where

z=2As[l - Q(x)].

Equating both expressions in (21) and (37) yields the final result

1—Ac” 1— ¢ (s) 1

A go(s) —x R(x)’ (382)

ow(s) =

where x = f(s) the solution of
s =Ag[1 - Q(x)]. (38b)

From (38a), (38b), we find for the mean waiting time of a customer

cl(2) AC”(z) c” EK2
=— + + . —-11. 3
w (2c' 2(1 - )\c”)) 2(1 - Ac”) [EK ] (39)

Note that the mean waiting time consists of two terms; the first term
is identical with that of an M/G/1 system [see (26)], whereas the
second term expresses the influence of batch arrivals.

Analogously to Section 4.2, the mean waiting time can be derived
directly. Let w(Z) be the mean conditional waiting time of a customer
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who is th in his batch. For w(1), a similar balance can be stated as in
27):

, 7(2) ” 7(2)

wl) = (1-a)-2 40l 4w (40a)

c 2c c 2¢”
The relationship between w(1) and w(i) is
w@)=wl)+(E—-1)-c". (40Db)

The mean waiting time w, irrespective of the test customer’s position
within the batch, follows by averaging over the conditional waiting
times. Thus, with (33) and (40b), we have

® qu 1 k . C” EKZ
w=a EE'Z'; w(i)=w(l) +5 [EK 1l (41a)
Inserting (41a) in (40a) and solving for w(1) yields
cl(2) Ac” (2) e’ 2) EK2
7 T v Ty [ EK ~ 1] . (1)

The mean waiting time w is completely determined with (41a), (41b)
and agrees with (39).

Finally, we give the explicit results for w in the case of two special
batch size distributions. For constant batch size k, i.e., q: = 8(i, k), we
find

k-1 c”

. 2
21—\ (422)

w| mxyen = w|mien +
In the case of geometrically distributed batch sizes, which are defined
byqg:.=q'-(1-4q),i=0,1,.-..,and ¢ = (EK + 1)/EK, the result is

”

c

130 (42b)

w| mxyen = w|men + EK-

The expressions (42a), (42b) demonstrate at first the increase of the
waiting time through the batch Poisson arrival process compared to
the pure Poisson arrival process and, second, the increase of w through
geometrically distributed batches against constant batches.

VI. NUMERICAL RESULTS

In this section, the results of the approximate analysis are validated
by computer simulations. Further results are given to show various
properties of cyclic queuing systems.

6.1 Cycle time variance for ordinary cyclic service

Since the mean cycle time ¢ according to (1) is always exact, the
approximation accuracy can be judged in a first step by the cycle time
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variance VAR T¢ (note that even the pdf C(¢) of the cycle time would
not be sufficient for a complete validation since successive cycle times
are not independent of each other; for a more complete validation,
some covariance measure should be considered, too). We expect very
good accuracy for low traffic (since the independence assumption is
asymptotically exact for zero arrival rates) as well as for heavy traffic
(since each of the queues contributes in the limit with a full service
time to the cycle so that the cycle times become independent of each
other again).

10

NEW THEORY

——— HASHIDA/OHARA

SIMULATION RESULT
WITH 95% CONFIDENCE
LEVELS /

CYCLE TIME VARIANCE (VAR T¢)

0.2

0.1 | / { | A
04

0 0.2 0.6 0.8 1.0
SERVER UTILIZATION (pg)

Fig. 3—Accuracy of cycle time variances
Parameters: g = 2 symmetrical queues M/D/1 and M/H-/1
cu = 2.0 coefficient of variation of service times for M/H>/1
hy = h; = 1 average service times
¢o = 0.2 and 1.0, constant overhead.
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Table I—Cycle time variance for various G//M/1 queues with
ordinary cyclic service

Parameters: g = 10 symmetncal queues; A, =1, 4, = 0.1 (0.5), s =A,j =1, 2, , 10;
Constant overhead times; D/M/1: Equal phase shlft between arnval instants; Hz/M/ 1:
Interarrival time coefficient of variation ¢, = 2.0; M{*1/M/1: Constant batch size % = 4.

Parameters VAR T¢ (simulation) (:I?l?l’g;(c:)
po o D/M/U EJM/U M/M/A  H/M/I MY/M/1 GI/M/1
0 1.0 0 0 0 0 0 0
04 1.0 1.83 1.88 1.91 1.88 1.66 1.38
0.6 1.0 6.60 5.38 5.14 5.03 4.61 3.25
0.8 1.0 21.90 15.40 14.50 12.90 11.00 9.20
0.909 1.0 10.00 10.00 10.00 10.00 10.00 10.00
0 5.0 0 0 0 0 0 0
0.2 5.0 2.23 2.77 2.78 2.81 2.64 2.38
0.4 5.0 11.10 7.85 7.59 7.28 6.66 5.80
0.6 5.0 21.70 13.00 11.30 10.70 10.40 10.30
0.667 5.0 10.00 10.00 10.00 10.00 10.00 10.00

In Fig. 3, var T¢ is shown dependent on the server utilization po in
case of g = 2 symmetrical queues of the types M/D/1 and M/H/1,
each with two cases of constant overhead. As expected, the cycle time
variance depends largely on the pdfs of the service and overhead times.
The solid curves of the new approximation with the concept of condi-
tional cycle times compare generally better with the simulation than
the previous theory by Hashida and Ohara," especially for low over-
head. From a large number of computer simulations for M/G/1 sys-
tems, we made the following qualitative observations:

(z) The cycle time variance accuracy decreases with increasing

number of queues and increasing service time variance.

(iz) The cycle time variance accuracy increases with increasing
overhead and for approaching the low or heavy traffic region.

(iit) Observations (i) and (i) apply to the new and old theory; the
concept of conditional cycle times, however, yields generally a
better accuracy.

Since the approximation for the pdf of the cycle time is independent
of the arrival process type, it is interesting to know how the actual
cycle time variance depends on various process types. For comparison,
five different GI/M/1 systems with g = 10 queues (the accuracy is
generally better for g < 10), two cases of overhead, and five cases of
load have been considered (see Table I). Summarizing, we make the
following observations:

(Z) The cycle time variance depends indeed on the arrlval process
type. This dependence decreases, however, as the load ap-
proaches the low or the heavy traffic regions.

(it) For medium loads, the cycle time variance may decrease as
the arrival process peakedness increases.

(iit) The approximation generally underestimates the true cycle
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time variance. The accuracy increases with the overhead, the
peakedness of the arrival process, and as the load approaches
the low or heavy traffic region.

At first sight, observation (i) is counterintuitive and surprising
since the mean waiting time generally increases with the arrival
process peakedness (see, for example, Fig. 9). However, regular arrival
patterns may result in very short and very long cycles since many idle
cycles could be produced after a service until the next arrival occurs.

100

NEW THEORY
= = HASHIDA/OHARA

§ SIMULATION RESULT WITH
95% CONFIDENCE LEVELS

10

MEAN WAITING TIME (w;)

0.1 | | | 1 ] 1 | 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

SERVER UTILIZATION (pg)

Fig. 4—Accuracy of mean waiting times for cyclic queuing systems M/D/1

Parameters: g = 2 symmetrical queues
h: = h2 = 1 average service times
co = 0.2 and 1.0, constant overhead.
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| L | | ] |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

SERVER UTILIZATION {pg)

Fig. 5—Accuracy of mean waiting times for cyclic queuing systems M/H,/1

Parameters: g = 2 symmetrical queues
h, = h, = 1 average waiting times
¢o = 0.2 and 1.0, constant overhead
cn = 2.0 coefficient of variation of service times.

On the contrary, batch arrivals may stabilize the cycle time since many
cycles consist of one service time and the overhead only. Although
these characteristics depend largely on the parameter combination,
they indicate some interesting effects which may be important for
applications and theory as well.

6.2 Mean waiting time

Since the mean waiting times in (26) are basically dependent on the
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first two moments of the conditional cycle times, we can expect the
same accuracy trends as for the cycle time variance. Figures 4 and 5
show results for systems of the type M/D/1 and M/H,/1 with two
symmetrical queues for low and high overhead. The accuracy for M/
D/1 is excellent, whereas for M/H,/1 and low overhead the mean
waiting time is underestimated. In any case, the new approach yields
a better accuracy compared to Ref. 13, which results from the condi-
tional cycle time concept.

1000

mX1/D/1, CONST.BATCH SIZE
—— mX)/p/1, GEOM. BATCH SIZE

§ SIMULATION RESULT WITH 95%
CONFIDENCE LEVELS

MEAN WAITING TIME (w;)

10 | 1 | | 1 | | |
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9

SERVER UTILIZATION (pg)

Fig. 6—Accuracy of mean waiting times for cyclic queuing systems M¥l/D/1

Parameters: g¢ = 10 symmetrical queues
h; = 1 average service time,j=1,2, ..., 10
co = 1.0 and 5.0, constant overhead

EK = 4 constant (average) batch size.
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§ SIMULATION RESULT WITH
95% CONFIDENCE INTERVALS

100

MEAN WAITING TIME {wj}

1 1 1 | 1 1 | | 1
[¢] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

SERVER UTILIZATION (pg)

Fig. 7—Accuracy of mean waiting times for cyclic queuing systems M'*1/H,/1
Parameters: g 10 symmetrical queues
hj 1 average service time, j = 1,2, ..., 10
Co 1.0 and 5.0, constant overhead
EK = 4 constant (average) batch size
ey = 2.0 coefficient of variation of service times.

Figures 6 and 7 show the results for g = 10 symmetrical queues for
systems M¥1/D/1 (Fig. 6) and M*)/H,/1 (Fig. 7), each with constant
or geometrically distributed batch sizes, low and high overhead. All
cases of batch arrival processes show an excellent accuracy. Many
other validations have also shown that the accuracy is far less depend-
ent on the parameters g, co, or G compared to single Poisson arrivals.
This results from the fact that the cycle time analysis yields the best

MULTIQUEUE SYSTEMS 693



accuracy in case of batch arrivals; also, the contribution of the batch
arrivals to the mean waiting time w dominates the expression (39) for
larger batch sizes.

Another study on the influence of the service process type G and
arrival process type GI on the mean waiting time w in case of ordinary
cyclic service is shown in Figs. 8 and 9 for zero, low, and high overhead.
The M/G/1 curves with overhead are analytic results according to
(26), whereas the GI/M/1 curves are simulation results; the results for

100

=~ ~M/Hy/ 1=
S —MMA~o

RSN

" MEAN WAITING TIME (w;)

0.1 / A /l 1 | ] { 1 1 1
] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
SERVER UTILIZATION {pg}

Fig. 8—Influence of service process type for cyclic queuing systems M/G/1

Parameters: g = 10 symmetrical queues
h; = 1 average service time, j=1,2, --., 10
co = 0, 1.0, 5.0, constant overhead
Systems M/D/1, M/M/1, M/H/1 (cu = 2.0).
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zero overhead are exact and have been drawn from standard queuing
tables by the author.”® The main conclusions from Figs. 8 and 9 are:
(i) For M/G/1 systems with ordinary cyclic service, the influence
of the service process decreases with increasing overhead.
(i) For GI/M/1 systems with ordinary cyclic service, the influence
of the arrival process does not remarkably decrease or may
even increase with increasing overhead (see also Figs. 6 and 7
for batch arrivals).

100

MEAN WAITING TIME (w;)

0.1 // 1 | 11/ { 1 | | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
SERVER UTILIZATION (pg)

Fig. 9—Influence of arrival process type for cyclic queuing systems GI/M/1
Parameters g = 10 symmetrical queues
h; = 1 average service time,j= 1,2, .-+, 10
co = 0, 1.0, 5.0, constant overhead
Systems D/M/1, M/M/1, Hy/M/1 (ca = 2.0).
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These properties are most important for applications since they
show that the results are much more sensitive to arrival processes than
to service processes and that the usual approximation of arrival proc-
esses by Poisson processes may result in a quite dramatic error in the
performance estimation. Therefore, future analytic studies on cyclic
queuing systems should aim more to the generalization of arrival
processes.

100

CYCLE (1,2,34)

———=CYCLE (1,1,1,1,2,2,2,3,3,4)

1,2,3,4)

MEAN WAITING TIME (w, |

-

0.2

0.1 l |

QUEUE NUMBER

Fig. 10—Unbalanced load performance of cyclic queuing systems M/D/1
Parameters: g = 4 queues
h; =1,5=1,2, 3, 4, average service times
u; = 0.05,j =1, 2, 3, 4, constant overhead
Ar:A2:As:Ag = 4:3:2:1 arrival rate ratios.
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6.3 Equity of service for unbalanced load

So far, we have concentrated on cases of ordinary cyclic service. The
final study shows how cyclic priority service can be used to achieve
equity of service in cases of unbalanced load. In this case, queue 1 is
served up to [/; times, queue 2 up to I, times, ---, queue g up to
times within a cycle, so that 4, b, - - -, I, could be considered as cycle
priorities. Figure 10 demonstrates the use of cyclic priority service in
case of unbalanced load in a system M/D/1 with g = 4 queues and
arrival rate ratios A;j:A2:As:Ay = 4:3:2:1. In case of ordinary cyclic
service with the cycle (1, 2, 3, 4}, the unbalanced load produces also
unbalanced waiting times with increasing absolute load pe. The dashed
curves show the result of cyclic priority service where li:l:l3:1y = A;:
A2:As:A4 with the cycle (1, 1, 1, 1, 2, 2, 2, 3, 3, 4}. For small po, both
schedules do not remarkably differ in performance. In case of higher
po, the unbalanced load effects can be compensated for by a cyclic
priority service.

Vil. CONCLUSION

This paper provides a new approximate analysis for cyclic queuing
systems M¥1/G/1 with batch Poisson arrivals, general service and
overhead times, and ordinary cyclic service. The method allows a
relatively easy evaluation of numerical results. The accuracy of the
method has been validated by computer simulations. In addition to
the analysis method, a new stability criterion for systems GI/G/1 with
general cyclic service is developed. A number of traffic studies are
reported revealing more insight in the traffic performance of cyclic
queuing systems.
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Subjective ratings were obtained for four different speech waveform
coders of varying complexity at each of three bit rates (24, 16, and 9.6
kb/s). arc (adaptive transform coding) is rated the highest and
ADPCM-F (adaptive differential pcM with a fixed predictor) the lowest,
regardless of bit rate. Although there is large variability in the
ratings due to different talkers and listeners, SBc (sub-band coding)
is rated higher than ADPcM-F and about equal to ADPCM-V (adaptive
differential pcm with a variable predictor) for most talkers and
listeners. A weighted combination of two objective measures, one
accounting for noise and the other for bandwidth effects, appears
promising as a predictor of the subjective quality ratings.

I. INTRODUCTION

The quality of the reproduced speech from waveform coders can
usually be improved by increasing their complexity. However, increas-
ing the complexity also usually increases the cost. The practical
problem in choosing a coder, at the current state of the art, becomes
one of knowing how much loss in quality is sacrificed when opting for
a less complex (less expensive) coder.

This paper compares subjective quality ratings for four different
speech waveform coder algorithms of varying complexity. The algo-
rithms, rated in order of their complexity are: ADPcM-F (adaptive
differential pulse code modulation with a fixed predictor), sBc (sub-
band coding), ADPcM-v (adaptive differential pcM with a variable
predictor), and ATC (adaptive transform coding). Each of these four
algorithms was studied at three different transmission rates: 24, 16,
and 9.6 kb/s. These coders were chosen because they represent a
number of different classes of coding techniques ranging from relatively
simple (inexpensive) to highly complex (costly) schemes. The choice
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was also influenced by the availability of coder software at the time of
the experiment. All coders are “non-pitch-predicting.”

Since the coders being studied produce a broad range of qualities
and types of degradations, the data also provided an opportunity to
evaluate the relative merits of several objective measures that have
been proposed for predicting quality ratings.’

Il. THE WAVEFORM CODERS: A BRIEF DESCRIPTION

The four waveform coders used in this experiment are depicted in
Figs. 1 through 4 and are briefly described below.

2.1 ADPCM with a fixed predictor (ADPCM-F)

The ADPCM-F coder is the simplest of the four coding techniques. As
seen in Fig. 1, it consists of a quantizer with an adaptive step-size and
a first-order fixed predictor. The step-size adaptation is based on the
one-word memory approach of Jayant, Flanagan, and Cummiskey.’
The number of bits used in the quantizers are 3, 2, and 1 bit, respec-
tively, corresponding to the transmission rates of 24, 16, and 9.6 kb/s.
In the case of the 9.6-kb/s transmission rate, the coder reduces to that
of an adaptive delta modulator with a sampling rate of 9.6 kHz. The
output of the 9.6-kb/s coder was filtered with a 0 to 2800-Hz lowpass
filter to remove the high frequency noise. The parameters used for the
ADPCM-F coders are close to those proposed by Jayant.?

2.2 Sub-band coding (SBC)

In the sub-band coder, the speech band is partitioned into sub-
bands.*® Each sub-band is effectively lowpass-translated and sampled
at its Nyquist rate. It is then preferentially encoded using Apcm

TRANSMITTER RECEIVER
s(n) QUANTIZER |BITS
+ AND » CHANNEL DECODER
A ENCODER
S
b
Atn) Ain)
STEP — SIZE STEP — SI1ZE
COMPUTATION COMPUTATION
A(n)
${ DECODER

Fig. 1—Block diagram of ADPCM-F.
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(adaptive step-size PcM) encoding with a backward step-size adaptation
algorithm. The number of bits per sample in each band is chosen
according to perceptual criteria for that band. On reconstruction, the
sub-bands are decoded and bandpass-translated back to their original
bands. They are then summed to give a replica of the original speech
signal.

Figure 2a shows an implementation of the sub-band coder based on
an integer-band sampling technique.* The speech band is partitioned
into N sub-bands by bandpass filters BP; to BPn. Typically, four to
five bands are used and, at 9.6 kb/s, gaps are permitted between the
bands to conserve bandwidth and, therefore, bit rate, as is illustrated
in Fig. 2b.

The complexity of the sub-band coder is somewhat greater than that
of the ADPCM-F coder. Using recent ccp (charge-coupled device) tech-
nology, the filters can potentially be implemented very efficiently. A
single APcM coder can be multiplexed between the N sub-bands. The
multiplexer requires digital logic and a rom (read only memory) for
storing the multiplexing pattern.

The coder configurations at 9.6 and 16 kb/s are those of examples A
and D in Ref. 5. The 24-kb/s coder uses the same filters as the
16-kb/s coder, but the number of bits per sample per sub-band is
increased by one.

2.3 ADPCM with a variable predictor (ADPCM-V)

The ADPCM-V coder is a more sophisticated version of ADPcM,%’ as
seen in Fig. 3. The input data are first buffered and delayed. From this
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(b)
Fig. 2—(a) Block diagram of sBc. (b) Sub-band partitioning.
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Fig. 3—Block diagram of ADPCM-V.

buffered block of speech, a short-time estimate of the variance of the
input speech is computed and used to control the step-size of the
quantizer. This local variance estimate is also quantized and transmit-
ted for use in the receiver.

The predictor is an eighth-order adaptive predictor (no pitch pre-
diction is involved in this scheme). The coefficients of the predictor
are computed according to the relation

hN = R1—vl, rn, (1)

where Ry and ry are the matrix and vector of autocorrelation coeffi-
cients of the data in the buffer. The predictor coefficients are also
quantized and transmitted to the receiver as side information. The
total transmission of side information requires about 2 kb/s of data.
In the implementation of the ADPCM-V coder, 3, 2, and 1 bits/sample
were used for the respective transmission rates. A sampling rate of
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8 kHz was used. Since approximately 1.5 to 2 kb/s of additional
information are required to be transmitted with this scheme, the actual
transmission rates represented by this coder were 26, 18, and 9.6 kb/s
instead of 24, 16, and 9.6 kb/s, which was used in the other coders.

The complexity of the ADPCM-V coder is primarily dominated by the
implementation of the adaptive predictor and the computation of the
predictor coefficients. As seen in eq. (1), this involves an autocorrela-
tion computation and the solution of 8 simultaneous linear equations
every 8 to 16 ms. This must be done using high-speed digital compu-
tation. Therefore, the complexity of the ADPCM-v coder is substantially
greater than that of the ADPCM-V or sub-band coders.

2.4 Adaptive transform coding (ATC)

The adaptive transform coder is analogous in some respects to the
sub-band coder in that it divides the speech band into a number of
frequency components.® The resolution (number of bands), however,
is generally much finer than that used in the sub-band coder, and the
translation to the frequency domain is achieved by means of a fast
transform algorithm. The transform is a 128-point, discrete, cosine
transform. The transformed coefficients are encoded with ApcM en-
coding.

Figure 4 is a block diagram of the transform coder. The input speech
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INFORMATION
I INVERSE 2
DATA ‘ DISCRETE S
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ﬁ TRANSFORM
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COMPUTATION

INTERPOATION

SIDE
‘ INFORMATION

Fig. 4—Block diagram of aATc.
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is buffered and transformed in blocks of data. The output values of the
transform are smoothed and decimated to 16 values. These 16 values
are quantized and sent as side information to the coder and the
decoder, where they are interpolated, yielding a smoother version of
the short-time spectrum. This smoothed spectrum forms the basis for
a dynamic bit assignment and step-size adaptation of the quantizers,
as a function of frequency. The quantizers are then used to encode the
transform coefficients.

In the receiver, a similar bit assignment and step-size computation
is performed and the transform coefficients are decoded. The decoded
values are then inverse-transformed to give a replica of the input
speech.

The degree of complexity of the transform coder is of approximately
the same order as the ADpPcM-v coder. The side information and bit
assignment computation require high-speed digital computations.
Some efficiency might be gained using ccp technology to implement
the transform.

lll. SUBJECTIVE EVALUATION
3.1 Experimental procedure

Digital recordings of sentences spoken by four talkers (two male and
two female) were processed by each of the 12 coders. The processed
utterances were equalized to the same mean power to eliminate loud-
ness differences. Two analog test tapes were prepared that contained
different permutations of four random orderings of the 12 coders. The
talkers were assigned in a balanced design so that each coder was
represented by the speech of a different talker in each of the random
orders. Since each of the four talkers had recorded a unique set of
eight sentences, the sentences were randomly assigned and none
occurred more than twice.

Students from the junior and senior classes of local high schools
served as paid subjects. They listened to the processed speech bin-
aurally over Pioneer SE700 earphones while seated in a double-walled
sound booth. Sixty-five subjects judged the 48 coded sentences (4
coders X 3 bit rates X 4 talkers). They were asked to rate the quality
of each sentence on a scale from 1 to 9, using a 1 to represent the worst
quality, 9 to represent the best quality, and the numbers between 1
and 9 for intermediate evaluations. Before the test session began, they
judged six representative conditions for practice to familiarize them
with the task and the range of quality.

3.2 Resuits

An initial analysis of the ratings by the 65 listeners revealed a large
amount of unexpected variability in the data due to the different
talkers and listeners.
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The Variability due to the different listeners is illustrated in Fig. 5.
These histograms show the percent of the listeners who assigned each
of the nine possible ratings to each of the 12 coders. While these values
were computed by summing across the four talkers, comparable plots
for the individual talkers produced essentially the same general pat-
tern, indicating that the variability in the ratings cannot be attributed
entirely to the effects of the different talkers. The extremely skewed
distributions for ATc at 24 kb/s and ADPCM-F at 9.6 kb/s show strong
agreement among the listeners about which coders had the best and
worst qualities, but the wide range, and in some cases almost flat
character, of other distributions indicate that the listeners differ in the
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Fig. 5—Percent of ratings assigned each coder (65 listeners X 4 talkers).
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amount and type of distortion that they will tolerate. However, it is
not the purpose of this paper to examine the sources of listener
variability but to gain some information about general trends and the
trade-off between complexity and quality. Since so many of the distri-
butions showed a lack of unimodality, the median ratings were used to
compare the evaluations according to the experimental variables: type
of coder, bit rate, and talkers.

The variability in the ratings due to the different talkers is shown in
Fig. 6, where the median rating (bracketed by their 0.95 confidence
interval) of the 65 listeners for the 12 coders are plotted for each of the
four talkers. The overall pattern for all talkers shows that ATc had the
highest rated quality, ADPCM-F the lowest rated quality, and the rating
for each talker-coder combination drops as the bit rate is reduced. The
ratings for sBC and ADPCM-V are about the same for all voices except
female 2, indicating that they have about the same overall quality. For
the same three voices, ATC at 16 kb/s is rated equal to, or better than,
the other three coders at 24 kb/s.

Some specific differences in ratings are consistent with the usual
male-female voice distinctions, and some are speaker idiosyncratic.
ATC at 16 kb/s is rated almost equal to 24 kb/s for male voices but
much lower for female voices. ADPcM-v at 16 kb/s is rated almost
equal to 24 kb/s for female 1 but almost three categories lower for
female 2. The coders span a much wider range of ratings at the lower
bit rates for male 2 than for male 1. The separation of the four coders
into only two classes for female voice 2 is a unique result in this small
sample of four voices, but an analysis of the characteristics of her voice
could provide important information about the effect of different
voices in digital coding techniques.

IV. OBJECTIVE MEASURES

Several objective measures that may be more sensitive to the types
of degradations produced by waveform coders are described in Ref. 1.
The data from this experiment provided an opportunity to test these
theoretically derived predictors of quality ratings. The median ratings
(bracketed by the 0.95 confidence interval) computed across both
listeners and talkers are plotted in Fig. 7 and served as a single basis
for comparing the efficacy of these various objective measures.

4.1 Segmental S/N ratio

Perhaps the most widely used measure of performance has been the
conventional signal-to-noise ratio, although it has not generally been
found to be a very good indicator of subjective quality. An improved
measure, proposed by Noll,"® averages the s/n ratio in short (20 to 30
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Fig. 6—Median rating of 12 coders for each talker.

ms) segments and has been found to be a more accurate predictor. In
Fig. 8, the segmental s/n ratio, averaged across talkers, is plotted for
each coder as a function of bit rate. These plots show that segmental
s/n ratio is linearly related to the bit rate for each type of coder except

LOW-BIT-RATE SPEECH WAVEFORM CODERS 707



MEDIAN RATING

1 [ 1 1 L I 1 1 | |
8 96 12 16 20 24 28

TRANSMISSION RATE IN KILOBITS PER SECOND
Fig. 7—Maedian rating of 12 coders (65 listeners X 4 talkers).

25

20—

SNR — SEG IN DECIBELS

5 11 1 ] | | ] 1 1 ]
8 96 12 16 20 24 28

TRANSMISSION RATE IN KILOBITS PER SECOND

Fig. 8—Signal-to-noise ratio measured segmentally (15-20 ms) as a function of
transmission rate for 4 types of coders.

sBC at low bit rates. While it orders ATC and the two ADPCM coders
relative to each other at each bit rate, it underestimates the quality
ratings of sBC shown in Fig. 7. In an effort to improve the effectiveness
of s/n ratio as an indicator of quality, a number of frequency-weighted
s/n ratio measures were computed, but they also were not highly
successful in predicting the relative ordering of these four coders.™'

4.2 Noise-to-signal measure

Another functional form for measuring the noise-to-signal power
ratio in coders has been recently proposed' and analyzed.’® This
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measure was derived through concepts of log likelihood ratios and has
the following functional form:

B
lm=1010g10{1+ D ef/sf], (2)
=1
where the summation is taken over B = 16 frequency bands spaced
according to the articulation bands in the range of 200-3200 Hz."'"” The
bar above the equation denotes that /,, is the result of an average over
(20 to 30 ms) segmental measurements, where e} is the segmental
noise power and s; is segmental signal power in band .

The values of 1,,, averaged over talkers, are plotted as a function of
bit rate in Fig. 9a. This measure is a better predictor of the relative
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Fig. 9—(a) Noise-to-signal measure averaged over 16 articulation bands. (b) Percent
of articulation bandwidth.
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ordering of the coders at 24 and 16 kb/s where the distortions are
primarily due to noise effects. At 9.6 kb/s, additional distortions due
to bandwidth limitations are introduced by some of the coders. These
distortions are not accounted for by the /,, measure and do not predict
the subjective ratings at this bit rate.

4.3 Percent bandwidth

A bandwidth measure was defined"'° to account for the loss of
bandwidth by the coders at low bit rates. The measure is defined as a
simple percentage of the bandwidth on an articulation scale. Thus, the
loss of a fixed bandwidth at a lower frequency has more importance
than at a higher frequency. A coder with a flat frequency response
from 200 to 3200 Hz is defined as one with a 100-percent articulatory
bandwidth.

The bandwidth is measured on a segmental (32 ms) basis, and a
smoothed spectral estimate of the input and output of the coder is
computed for each segment. If, at any frequency point, the output
power is less than, say, 10 dB of the input power, it is counted as a loss
of bandwidth and is weighted according to the articulation scale. An
average bandwidth is then computed over the entire utterance.

The percent bandwidth, plotted in Fig. 9b, complements the [,
measure in that it is sensitive to differences at 9.6 kb/s and relatively
insensitive to differences at 16 and 24 kb/s. This measure correctly
indicates that sBc at 9.6 kb/s has the lowest bandwidth due to the
spectral gaps depicted in Fig. 2b. It also reflects the lower bandwidth
of Atc at 9.6 kb/s due to the dynamic bit allocation in the algorithm
and the 0 to 2800 Hz low-pass filter for ADPCM-F at this bit rate.

4.4 A combined measure

By forming a linear combination of the [/, and B, (bandwidth)
measures, a combined measure, @, which accounts for both noise and
bandwidth effects, can be defined. This measure has the form

Q=A1+Azlm+A3Bw, (3)

where A;, A, and A; are computed by multiple regression techniques.
The results of this combined measure for A, = —3.78, As = —0.42, and
Aj = 0.15 are shown as the abscissa in Fig. 10, and the median ratings
(of the 12 coder-bit rate combinations) as the ordinate. The solid dots
in the scatterplot are the median ratings of the listeners summed over
talkers and are the values used to compute the weighting coefficients.
The four A’s around each point are the median ratings for each of the
four talkers. The high correlation (0.98) shows that this combined
measure is a good predictor of the median ratings but will seriously err
in predicting the ratings of some specific talker-coder combinations,
particularly at low bit rates.
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Fig. 10—Prediction of median rating by weighted combination of noise-to-signal and
percent bandwidth measures.

V. DISCUSSION

Although the large variability in the ratings due to the different
talkers and listeners rendered the quality ratings less precise than
anticipated, an underlying pattern of relationships can be detected.
ATC has the highest rating and ApDPcM-F the lowest rating, regardless
of bit rate, for most talkers and listeners. If cost/complexity is of no
concern, then Arc is the most attractive of these coders. If cost/
complexity is of concern, then SBC is an attractive choice since it is
only slightly more complex than the ADPCM-F coder and about equal
in quality to the costlier ADPCM-V coder.

The combination of two objective measures, I, and B,, each ac-
counting for a different type of degradation, appears to be promising
as a predictor of subjective ratings. Its precision is obscured by the
interactive effects of the talkers and listeners. Of these two effects, the
talker interaction is probably the easier to eliminate. The character-
istics of different voices can be studied, and possibly the factors
affecting the different coders could eventually be identified. However,
the listener variability is a more difficult problem. Digital coding
techniques are producing a variety of new and different types of
degradations. As the bit rate is reduced, ATC produces a burble, sBC
produces a reverberant quality, and the ADPCM coders produce a
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" signal-dependent noise. The variability in the subjects’ ratings indi-
cates that the trade-off for these different types of degradations is not
the same for all people.
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LED Array Package for Optical Data Links

By A. ALBANESE and W. S. HOLDEN
(Manuscript received September 8, 1978)

A package with an array of six LEDs is described. The design
represents a first effort at reducing the cost and the size of electro-
optical interfaces for applications in low-bit-rate transmission sys-
tems and computer data links. A package containing six GaAs LEDs,
electrical connections, and a new fiber ribbon connector was fabri-
cated, mounted, and encapsulated using presently available technol-
ogy. Each LED in the array, with 80 mA dc applied, can couple an
average optical power of 5 uW into a graded-index fiber having 0.22
N.A. and 55-um core diameter. Cross-modulation between adjacent
LED signals is smaller than —50 dB. Fiber ribbon connectors fabri-
cated with matching plates which align the fibers with the light
output from the LEDs showed insertion losses as low as 0.4 dB.

I. INTRODUCTION

Optical fiber technology is of potential use in data links for com-
puters and switching systems where optical fibers can replace existing
copper wires.' In most of these applications, the space and the cost of
the electro-optical interfaces can be decreased, as in the case of
integrated circuits (1cs), by using a batch fabrication process and by
having several components share the same package. A further reduc-
tion in cost and space would result from the integration of several
optical devices and several 1cs into a single package. This integration
poses a new challenge for 1c packaging where this package must
include electronic components, heat sink, electrical connections, elec-
tro-optical interfaces, and optical connections.

In the present work, a package with an array of six LEDs is presented
as an initial effort toward the integration of several electro-optical
interfaces that share a single package as a way of reducing space and
fabrication cost.

Figure 1 is a drawing of the experimental LED array package fabri-
cated using standard dual-in-line packaging (p1p) techniques. The
package has an array of six homojunction GaAs LEDs of the Burrus
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Fig. 1—LED array package.

type,” a thin-film fan-out to provide electrical connections, a screw-
mountable copper heat-sink that supports the package and also serves
as a ground terminal, and a new fiber ribbon connector that couples
the light from the LEDs into an array of six fibers.

The LEDs described in this paper were fabricated on 625-um centers
with 60-um-diameter emitting areas; however, arrays have also been
made with 375-um centers. Each diode in an array produced =3-mW
total output power into air at 300-mA driving current. The variation
in output from diode to diode in a given array is +£0.25 dB. The light
output is linear in the current range of =25 mA to =250 mA. A
component spacing of 625 ym was chosen for the LEDs in the trans-
mitter array, the photodetectors in the receiver array, and the fibers
in the fiber cable. Having a standard spacing will decrease the design
and production costs of such a package and simplify the optical
connection between the package and the fiber cable.

The optimum number of LEDs in an array will depend on particular
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system requirements, fabrication yield of the array package, and the
reliability of the LEDs that form the array. A design consisting of six
LEDs per package was selected to prove the feasibility of packaging an
array of LEDs, to explore its performance, and to determine some
fabrication problems that may limit the density of devices in a package.

To facilitate the description, the following discussion of the package
design deals separately with the LED array, the DIP part, the optical
coupler, and the fiber ribbon connector (see Fig. 1).

Il. LED ARRAY

Figure 2 shows an array of six GaAs LEDs of the Burrus type
fabricated using a batch process technique. A plasma-deposited silicon
nitride film, 750 A thick, is employed as the Zn-diffusion mask in

Fig. 2—LED array.
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forming the planar p—n junctions.? The planar-diffused junction ap-
proach is ideal for lateral current confinement in the light-emitting
area and thus minimizes the cross modulation between adjacent LEDs.

Burrus LEDs were selected because they were available in the
laboratory, but arrays with other types of LEDs or lasers may be
implemented.*” However, the chemically etched “well” in the Burrus
LEDs may facilitate the alignment of the fibers provided the emitting
areas of the LEDs are centered within the “wells.”

The LEDs have a 40-MHz bandwidth (3-dB point), and the inter-
modulation between the light intensity of two fibers placed in front of
two adjacent LEDs is lower than —50 dB.

Iil. DUAL-IN-LINE PACKAGE (DIP) COMPONENTS

The LED array shown in Fig. 3 was mounted using standard 1c
technology. The stud of silver supporting the LED array is indium
soldered to a copper plate that serves as the heat sink and as the
electrical connection for all the anodes of the LEDs. Gold-plated silver

Fig. 3—LED array after being mounted on the copper plate.
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tabs connect the cathode of every LED to a thin-film fan-out mounted
on a ceramic board with copper leads. There is space in the package
for several 1cs that can serve as drive circuits for the LEDs.

IV. OPTICAL COUPLER

The optical coupler, which consists of six fiber stubs, serves the
following two functions: first, it provides a protective housing for the
LEDs and any associated circuitry, and second, it provides a means of
light guidance from the LEDs to the fiber ribbon connector.

Several optical couplers have been implemented to improve the
coupling efficiency between LEDs and fibers. Selfoc lenses,’ glass
spheres,” and tapers are all possible solutions. For an initial trial, short
pieces (5-mm long) of graded-index fiber, similar to those in the fiber
cable, were used because they were readily available. The character-
istics of the fiber are: 0.22 N.A., 55-um core diameter, and 110-um
overall fiber diameter.

Before inserting the LED array into the mold for the casting opera-
tion, the short pieces of fiber were mounted on the LEDs according to
the following steps. The LED array is placed on a holder, and a current
of 50 mA is applied to each LED. A 2-meter fiber with flat ends couples
the light from one of the LEDs in the array to a power meter. The
position of the fiber in front of the LED is adjusted until a maximum
reading of the power meter is obtained. Then the fiber end is glued to
the LED using a photopolymer (Norland Optical Adhesive No. 61). The
fiber is subsequently fractured with a diamond scriber to yield a 5-mm
length. This process is repeated for each LED in the array.

V. FIBER RIBBON CONNECTOR

A new demountable connector was designed to join a fiber ribbon to
the package. The connector utilizes a metal plate with eight holes.
Two large holes, 1.574 mm in diameter, serve as the guides for two
stainless steel pins which align the two parts of the connector; six small
holes, 114 ym in diameter, align the fibers on 625-um centers. The
position accuracy of the fiber must be better than +2.5 yum to achieve
an insertion loss objective for the optical connection of less than
0.5 dB.?

The first prototypes of the connector were made of stainless steel by
machining the plates in pairs. The insertion loss measured on connec-
tions made of matched plates was 0.4 dB. However, insertion losses as
high as 5 dB were measured on connections with plates of different
pairs.

VI. CASTING

Figure 4 shows the mold used to cast the package of the LED array.
The mold is made of brass and the movable parts are made of stainless
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steel. The metal plate with two stainless steel pins and six small holes
aligns the fibers 625 pm apart. The post inside the mold serves to
position a nut before casting. The two side plugs cover the leads of the
array during casting.

The LED array with the six short pieces of glass fiber attached is
placed into the mold, such that the six fibers enter into the six
alignment holes of the stainless steel plate. Finally, the mold is covered
and the casting material (epoxy, Bacon compound 84 plus an activator
BA-63) is poured into the mold at room temperature.

After a curing time of 24 hours, the LED array package is removed
from the mold. The metal plate with two stainless steel pins and the

Fig. 4—Casting mold to encapsulate the LED array.
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Fig. 5—LED array package and cable termination.

nut, inside the mold, becomes part of the package. The fibers sticking
out of the connector surface are shortened using a diamond scriber.
The two stainless steel pins are momentarily removed, and the con-
nector surface is lapped and polished.

The cable termination of the ribbon connector was cast in a way
similar to the LED array. The six fibers of the cable were threaded into
the holes of a metal plate, and the connector was cast using the same
mold as in the case of the LED package. Figure 5 shows the finished
LED array package and the cable termination.

Vil. CONCLUSIONS

A package with an array of six LEDs has been described. The design
represents a first effort at reducing the cost and the size of electro-
optical interfaces for applications in low-bit-rate transmission systems
and computer data links. A package containing six GaAs LEDs, electri-
cal connections, and a new fiber ribbon connector was fabricated,
mounted, and encapsulated using presently available technology.

The LEDs in the array, with 80-mA dc applied, couple an average
optical power of 5 uW into a graded-index fiber with 0.22 N.A. and 55-
pm core diameter. Cross-modulation between adjacent LED signals is
smaller than —50 dB. Fiber ribbon connectors fabricated with matching
plates which align the fibers with the light output from the LEDs
showed insertion losses as low as 0.4 dB.
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DPCM with Forced Updating and Partial
Correction of Transmission Errors

By R. STEELE, D. J. GOODMAN, and C. A. McGONEGAL
(Manuscript received September 28, 1978)

A speech signal is dpcm (differential pulse code modulation) en-
coded at the sampling rate f; and also pcm encoded at a rate f,/W.
Blocks of W dpcm words and one pcm word are transmitted. The
receiver compares the decoded dpcm signal at the end of every block
with the decoded pcm sample. If the difference is above a threshold,
it is assumed that one error exists within the block, and a search is
made for the erroneous dpcm code word. Correction is accomplished
by inverting the bits in this code word until the difference is below
the threshold. Whether or not the error is corrected, the dpcm signal
at the end of the block is forced to the value of the pcm sample,
thereby preventing error propagation outside the block. The system
improves segmental s/n ratio by 7 dB for W = 64 and bit error rates
between 0.1 and 0.5 percent. Larger improvements are available with
smaller block sizes. In the absence of transmission errors, there is no
perceptible distortion due to the correction system.

I. INTRODUCTION

We describe a new method of protecting dpem (differential pulse
code modulation) speech signals against the effects of transmission
errors. The dpcm bit stream is divided into blocks, and one pcm sample
is transmitted with each block. At the receiver, the appropriate sample
of the integrated dpcm signal is compared with the pcm sample. A
disparity between the two samples is evidence of a transmission error
within the block. :

When an error is thus detected, the dpcm integrator is reset to the
value of the pcm sample and an algorithm is invoked to locate the
error within the block. When the algorithm is successful, the transmis-
sion error is completely corrected. Even when the algorithm is unsuc-
cessful, the resetting of the integrator at the receiver prevents the
error from propagating outside the block in which it occurs.
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This approach to error protection is different in spirit from conven-
tional channel coding aimed at protecting a digital information stream
regardless of its nature. Our method is directly keyed to the dpcm
character of the message. Because it introduces its own redundancy to
a dpcm signal, it is more powerful than the ppc (difference detection
and correction) system described by the authors."? ppc is implemented
at the receiver only and infers transmission errors from anomalies
within the integrated dpcm sample sequence.

Other authors have reported on the periodic transmission of pcm
code words in a dpcm picture coding system.’ The pcm samples were
used to update the receiver integrator and thereby curtail visible
streaks caused by dpcm transmission errors. The use of pem samples
for error detection and correction is new to this paper.

Il. SYSTEM DEFINITION
2.1 The transmitter

The transmitter (Fig. 1) sends one block of data every W sampling
intervals. The data consist of the W code words of a conventional
dpcm encoder plus one pcm code word formed by quantizing the input
sample at the end of the block. In our implementation, the pcm and
dpcm samples are formed by the same quantizer. As a consequence,
for intermediate and high level inputs, the pcm signal is unable to code
the entire range of signal amplitudes. Therefore, at the receiver, the
error control mechanism is disabled when the pcm quantizer is over-
loaded so that errors affecting high amplitude speech samples go
uncorrected and are allowed to propagate beyond the blocks in which
they occur. We accept this penalty in order to derive the convenience

CLOCK
f/W

A/D
X Znw
\_/

7, A/D L

z(t)
AL §

—()

CLOCK

az—! D/A

Fig. 1—Transmitter. The dpcm and pcm bit streams are multiplexed to form the
transmitted sequence. The symbol rate is f,(W + 1)/ W Hz.
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Fig. 2—Receiver. If, at the end of the block, the pcm sample and the dpcm sample
differ by more than A, the correction logic is introduced. The switch in the integrator is
in position 1 for W samples and goes to position 2 at the end of each block provided x
is not an extreme value.

of a system with one quantizer, because high amplitude samples occur
with relatively low probability in speech, and because we anticipate
that errors in the idle channel and low amplitude regions of the signal
are the most damaging ones subjectively. .

2.2 The receiver

During reception of the nth block of data (Fig. 2), the integrator
generates W dpcm output words y,w+;, from the received dpcm
sequence {g.} according to:

Fnwaj = Q¥uwrj—1 + Gnwsj, Jj=12 ..., W (1

These W samples are stored for possible revision by the error correc-
tion algorithm. At the end of the block, y,+1w is reset to the pcm
sample Xi+nw if Xenw is not the most positive or the most negative
code word. When X(,.1)w is at an extreme value, y(,+1)w remains set at
the value computed from (1).

2.2.1 Error detection

Provided £(,+1)w does not indicate quantizer overload, it is compared
with Yn+1,w derived from (1). If these two samples differ by more than
A, the quantizer step size, an error in the nth block is inferred and a
search for the error is initiated. Otherwise the samples

5’/:W+l y _}‘;nW+2 PR 5’(n+1)W (2)
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are sent to the system low-pass filter, y.+1w is reset to X+1nw, and
block n + 1 is processed.

2.2.2 Error correction

When | Zn+enyw — Ymenw| > A, the system scans the samples in its
buffer and finds the largest sample-to-sample difference in the block.
That is, it computes

6j=|yAnW+j—yAnW+j—1|, j=1: 27 ct w

and determines the maximum §;. If this maximum occurs at the rth
position in the block, the corrector modifies g, by successively inverting
bits in the code word L,. With each bit inversion, §-, a version of §,, is
formed and (1) is iterated to produce a new trial value of y(.+1yw, which
we call ¥,+1,w. Thus we have

Fnwar = @QYnw+r-1 + Gr
and
Yawsj = @nwaj-1+ Guwssy, J=r+Lr+2,..., W
Now, if y(,+1yw satisfies the test,
| Finenyw — Znrnyw| < A,
the modified sequence

Ynw+1, ** %y YnWar—1y YnW+ry, *** , y(n+1)W

becomes the system output. Otherwise, a new value of g, is obtained
by inverting another bit in L,.

If no single-bit inversion in L, succeeds in bringing y,+1,w sufficiently
close to X(,+1w, the correction attempt ceases and the samples in (2)
are sent to the output filter.

Clearly, this correction scheme is effective only when there is one
bit in error in a block of W samples and this single error leads to a
large sample-to-sample difference. However, even when there is more
than one error in the block, the updating of the integrator signal
prevents long-term propagation of error effects.

Errors in pcm samples induce distortions that would not be present
in ordinary dpem. Our performance evaluations indicate that the
effects of these distortions are substantially smaller than the benefits
of error correction and integrator updating.

lll. EVALUATION

The technique was evaluated by means of computer simulation of a
7-bit, 8-kHz single-integration dpem system with prediction coefficient
0.9. To obtain the objective measurements displayed in Figs. 3 to 5, we
repeatedly played a single sentence through the system: “I have two
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Fig. 3—Performance as a function of input level. (a) No transmission errors. Segmen-
tal s/n ratio reflects only quantizing noise. The curves with and without error protection
virtually coincide. (b) Transmission error rate is 0.0014 and the system is unprotected.
(c) Error rate is 0.0014 and protection block size is 64.

daughters, Lorna and Susan,” spoken by a male. By listening to many
samples of processed speech from a variety of talkers, we confirmed
that the error protection indicated in these graphs is subjectively
meaningful and not peculiar to a single utterance.

For each system configuration, we measured segmental signal-to-
noise ratio,* defined as the decibel average of the signal-to-noise ratios
in 214 speech segments, each of duration 16 ms. These are the segments
(out of 224 in the 3.5-second utterance) in which the rms signal level
exceeds —60 dB relative to the peak signal. Segmental s/n ratio is
considered a better indicator of speech quality than ordinary s/n ratio.
In a study of adaptive dpcm, there was a correlation of 0.93 between
segmental s/n ratio and subjective ratings of speech quality.” The
comparable correlation with ordinary s/n ratio was only 0.69.

Variables in our experiment were input signal level, block size W,
and transmission error rate. The simulated channel introduces random
errors to the serial bit stream consisting of W 7-bit dpem code words
and one 7-bit pcm code word per block.

Figure 3 shows segmental s/n ratio as a function of input level for a
block size W = 64 and for unprotected dpcm. The top curve is for zero
error rate, in which case s/n ratio is the same (to within 0.3 dB) with
and without the error protection mechanism. Curve b shows the effect
on dpcm of a channel with error rate 0.0014. In the granular noise
region (signal level below the peak of curve a), these errors cause a
degradation of about 13 dB in s/n ratio. Over most of this region, the
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Fig. 4—The effect of block size on performance. The relative input level is 0 dB and
the error rate is 0.0014. Over most of the range, s/n ratio decreases by about 2 dB per
octave increase in block size.

protection system redeems about 9 dB of this loss. For reasons dis-
cussed in Section 2.1, the effectiveness of the error protection dimin-
ishes as signal level increases.

Figure 4 pertains to the 0-dB relative input level (see Fig. 3) and
0.0014 error rate. It shows the effect on segmental s/n ratio of varying
the block size, W, over the range 8 to 128 samples. A small block size
offers more protection but exacts a greater penalty in transmitted bit
rate than a large block size. With W = 8 there is almost one extra bit
per code word and an improvement of 11.5 dB in s/n ratio. The
improvement decreases by about 2 dB per octave change in W over
the range we investigated.

The effectiveness of the error protection as a function of channel
quality i1s shown in Fig. 5 for the input level 0 dB and W = 64. Our
error protection mechanism results in an s/n ratio improvement of
about 6 to 8 dB at error rates between 0.001 and 0.01. For comparison,
we also show the performance of a dpcm system protected by the ppc
(difference detection and correction) scheme.* bDDC requires no mod-
ification of the dpcm transmitter and no additional transmitted bits.
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relative input level. (b) dpcm output with 0.0042 error per bit. (c) After block protection
with W = 64. (d) After selective smoothing of (c¢) by means of ppc.
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Its performance, however, is about 2 dB poorer than that of the new
scheme.

IV. REPROCESSING THE PARTIALLY CORRECTED SPEECH

The forced updating of the integrator signal itself causes sharp
transients in the system output when a detected error cannot be
corrected. Thus, the output signal often contains many spurious spikes.
This phenomenon is illustrated by the speech waveforms in Fig. 6. A
segment of the original speech signal is shown in Fig. 6a, and Fig. 6b
shows the same segment corrupted by transmission errors (which
occurred with probability 0.0042). Figure 6¢ shows the output of the
protected dpcm system, which has suppressed most of the channel
error noise but left a residual spike (click) in the signal. ppc® (as
applied to pcm) is designed to smooth out such spikes and the effect
of reprocessing the system output with pDc is seen in Fig. 6d. In
general, appending DDC to the forced updating method is effective in
suppressing residual impulse noice.

V. CONCLUSIONS

By periodically introducing pcm samples to a dpcm signal sequence,
it is possible to reduce substantially the propagation of transmission
errors in dpcm. Furthermore, at the cost of some delay, storage, and
elementary signal processing in the receiver, many errors can be
completely corrected. Small block sizes (frequent pcm transmissions)
are more effective but introduce larger transmission rate penalties
than large block sizes.

We have shown that this block protection scheme improves segmen-
tal s/n ratio of speech signals, and our experience of listening to several
speech samples processed this way confirms that subjective quality is
correspondingly enhanced. The method is also very appropriate to
dpcm transmission of video signals in which error propagation causes
very objectionable streaks in pictures.’?
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Equivalent Circuits for the Analysis and
Synthesis of Switched Capacitor Networks
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An extensive library of z-domain building block equivalent circuits
is derived to facilitate the analysis and synthesis of switched capac-
itor (sc) networks. These sc building blocks, typically comprised of a
single capacitor and from one to four switches, serve as basic circuit
elements for sc networks in much the same spirit that resistors and
capacitors serve analog networks. This building block library facili-
tates the derivation of canonic z-domain equivalent circuits for
complex sc networks and the application of well-established mathe-
matical network analysis and synthesis tools. What has been sought
are easily applied techniques for achieving the same insights for sc
networks that we have long enjoyed with analog networks.

. INTRODUCTION

Over the past several years, many researchers'™'> have searched for
the means to realize monolithic analog recursive filters, particularly
for voice frequency applications. Initial attempts to realize a monolithic
filters technology led to the development of active-R or resistor-only
active filters.”® By removing the large external capacitors (C ~
5000 pF), such filters are, in principle, highly suited to integration with
standard bipolar processing. The frequency dependence for these
filters is derived'™ from the single-pole rolloff due to a compensation
capacitor (C ~ 30 pF) to achieve a unity gain frequency of 1 MHz.
This method of operation posed two significant barriers to the practical
application of active-R filters; namely, large resistor ratios'™ are re-
quired to reach audio frequencies and the unity gain frequencies are
not sufficiently stable'™ for precise filter realization. Although these
barriers have to some degree been overcome,” ¢ it has become clear
that the future of integrated circuits is in Mos large-scale integration
and very large-scale integration processing. Lsi has substantially re-
duced the cost of digital logic and memory, and vLsI will bring even
further cost reductions.
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With the overwhelming success of digital Mos LsI and the promises
of VLSI as motivation, much productive effort’'” has been spent on the
development of a compatible Mos LsI sample data technology. This.
work culminated in the development of compact operational ampli-
fiers'? with acceptable noise and power specifications, charge transfer
device (cTD) transversal filters,'* ' and switched capacitor (sc) recur-
sive filters’"" which fully utilize the advantages provided by M0s LsL.
The transfer function coefficients™™'' of an sc recursive filter are
determined by a highly stable clock frequency and capacitor ratios
which can be held to very tight tolerances (measured'” errors of less
than 0.2 percent have been achieved for binary valued capacitor
ratios). Furthermore, MOs capacitors are nearly ideal, with very low
dissipation factors and temperature coefficients'” of less than 100 ppm/
°C. This process of inherent precision and quality is sufficient to meet
many filter and system specifications.

Considering the growing interest in Mos switched capacitor net-
works, the need is obvious for analytical and computer-aided tools'*™'
for the analysis and synthesis of sc networks. The pioneering work'® '’
of Kurth and Moschytz provided a rigorous, network-theoretic foun-
dation to the characterization of sc networks. They considered the
analysis of sc networks comprised of capacitors and periodic, bi-phased
switches. These networks, which are sampled data in nature, were
shown to be characterized by nodal charge difference equations with
periodically time-varying coefficients. This system of equations can be
transformed into the z-domain® ** to obtain the frequency response of
the sc network. To reduce the analytical complexity, a building block
approach was introduced'” with the six basic building blocks: (i) shunt
capacitor, (if) series capacitor, (i11) shunt capacitor in parallel with a
switch, (iv) series capacitor in parallel with a switch, (v) shunt switch,
and (vi) series switch. These building blocks were expressed as four-
port equivalent circuits with each two-port pair accounting for each of
two signal paths which result from the two switch phases. The two
signal paths, denoted even and odd, were shown to be linked by a
common link two-port (LTP)'” network. Any sc network, comprised of
bi-phase switches, can be transformed into a z-domain equivalent
circuit by interconnecting the appropriate combination of these build-
ing-block equivalent circuits. This equivalent circuit then provides the
network designer with a pictorial representation of the circuit from
which transfer relations can be derived between any pair of node
voltages and provides the instant insight to circuit innovations we
have long enjoyed with analog, linear, time-invariant networks.

The primary objective of this paper is to extend the Kurth-
Moschytz'” library of building blocks to include those higher-order sc
elements which occur frequently in complex sc networks. These ele-
ments are typically comprised of one capacitor and from one to four
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switches. With this expanded library of equivalent circuits, one can
efficiently derive canonic z-domain equivalent circuits for any sc
network. It is shown that, by manipulating the equivalent circuit for a
toggle-switched four-port element one can derive all the equivalent
circuits in the library. Alternative interpretations of the Kurth-
Moschytz LTP are also provided which facilitate the derivation of
canonic equivalent circuits. Finally, several examples are given which
demonstrate the ease in which equivalent circuits are constructed and
the insight derived therefrom.

Il. APPLICATION OF Z-TRANSFORM TECHNIQUES TO THE ANALYSIS OF
SC NETWORKS WITH BI-PHASE SWITCHES

This section briefly reviews the basic assumptions'” " regarding the

sampled data nature of sc networks and the fundamentals germane to
the derivations and procedures given in the succeeding sections. This
review also provides an opportunity to define symbols and to acquaint
the reader with the notation employed.

2.1 Operation of ideal SC networks

Consider now the operation of an ideal sc network, comprised of
ideal capacitors, ideal switches, and ideal voltage-controlled voltage
sources (l.e., ideal operational amplifiers) when excited by sampled
data voltage inputs. Typically, the switches are controlled by a two-
phase, nonoverlapping clock of frequency f. = 1/27T, as shown in Fig.
1. Note that ¢" is used to denote the even clock phase that instanta-
neously closes the e-switch on the even 24T times. Similarly, ¢ denotes
the odd clock phase that instantaneously closes the o-switch on the
odd (2k + 1)T times. The switches are assumed to have a 50-percent
duty cycle with equal (7T-second) on- and-off time periods. It is further
assumed that both the input and output of the sc network are sampled
data signals which change in value only at switching instants #7T. Thus,
in their most general form, the voltage sources and internal circuit
voltages are assumed to be sampled at times 27 and held over a one-
half clock period interval (T) as shown in Fig. 2a. With this assumption,
we can apply'™" z-transform techniques to the general analysis and
synthesis of sc networks. The z-transform, z = ¢, where s is the
complex analog frequency variable and 7 is the clock period, then
provides us with a convenient means for performing frequency domain
analysis. Of course, the z-domain transfer functions obtained from this
procedure relate the input and output samples of switched capacitor
networks. Thus, to obtain the response, the input must also be char-
acterized in the z-domain. Furthermore, if the output is considered as
a held™ (staircase) signal, this computed response must be modified*!
by (sin x)/x. When continuous inputs are applied directly*' to sc
networks, the analysis can become considerably more complex.
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As pointed out in Ref. 16, the switching action described in Fig. 1
provides a time-varying nature to the sc network. That is, as the
switches open and close, the network graph changes, alternating be-
tween two topologies. One topology corresponds to the even clock
phase and a second topology to the odd clock phase. Thus, one can
view the time-varying sc network, with bi-phase switches, as two
interrelated time invariant networks.""' In lieu of this fundamental
approach, it is mathematically convenient to partition'® the sampled
data voltage waveform in Fig. 2a into its even and odd components as
shown, respectively, in Figs. 2b and 2¢. Comparing v and v° to the
clock waveforms ¢° and ¢°, we observe that v° is only nonzero when
the e-switch is closed and v” is only nonzero when the o-switch is
closed. This fundamental observation'® '’ has opened the door to a
rigorous understanding of switched capacitor networks and has re-
sulted in several methods for their analysis.

One way to interpret the relationship between the even and odd
topologies is to consider them topologically decoupled, with the states
of one determining the initial conditions for the other." ' This inter-
pretation results in two distinct circuits coupled together via dependent
sources which establish the initial conditions mentioned previously.
This formulation has been found'™ ' to be particularly convenient for
computer-aided analysis. Another interpretation'® ' is to combine the
even and odd networks topologically into a single z-domain equivalent
circuit. In general, an n-port sc network'®'? will require a 2n-port
equivalent circuit, i.e., n-ports for the even clock phase and n-ports for
the odd clock phase. It is this interpretation that provides the kinds of
valuable insight that Laplace transform techniques have provided for
analog linear-time invariant networks.

Since sc networks can be most rigorously characterized'” ' in terms
of charge transfer operations, discrete time voltages v;(AT) and dis-
crete time charge variations Aq;(£T') are used as port variables. At the
switching times kT, charges are instantaneously redistributed with the
principle of charge conservation maintained at every node in the
network. It is this principle that allows us to write nodal charge
equations in the same spirit with which we apply Kirchoff’s current
law to continuous networks. In general, due to the bi-phase switching
operation, two distinct, but coupled, nodal charge equations are re-
quired to characterize the charge conservation condition at a particular
node for all time instants £7. Namely, one equation for the even 2kT
times and a second equation for the odd (2% + 1) T times are required.
These equations are written, for some node p, as

M,

M,
Agp(RT) = Y qnikT) = ¥ quni((k=1T)
i=1 i=1

for £ an even integer, (la)

EQUIVALENT CIRCUITS FOR SC NETWORKS 733



and
Aqu(RT) = zq,,.(lm i"q;;,»«k—l):m
=1

for £ an odd integer, (1b)

or equivalently in the z-domain
M,

AQ(2) = Z Qpi(z) — 277 Z Qpi(2) (2a)

and

M,

M,
Qp(z) = E Qpi(z) — 27 ;} Q;i(2), (2b)

where ¢q;i, g5 and @ji, @, denote, respectively, the instantaneous
charges stored on the ith capacitor connected to node p for the even,
odd £T time instants and their z-transforms. Also M, and M,,, denote
respectively the total number of capacitors connected to node p during
the even and odd clock phases.

For single capacitor sc blocks, z-transformed nodal charge equa-
tions'® lead directly to the desired equivalent circuits as described in
Section III. To characterize a complex sc network one simply substi-
tutes, one-for-one, the appropriate z-domain block equivalent circuit
for each sc element in the network schematic. As demonstrated in
Section IV, transformed nodal charge equations for each node in the
network are then written by inspection from the equivalent circuit.
The desired voltage transfer function(s) is then obtained by algebrai-
cally manipulating these z-domain equations in the usual manner.

2.2 Sample data waveforms

It should be noted that there are several sample data waveforms
that can be modeled as special cases of the waveform depicted in
Fig. 2. These waveforms and their respective even and odd components
are shown in Fig. 3. One can immediately invoke the z-transform to
mathematically describe these waveforms. The return-to-zero wave-
forms in Figs. 3a and 3b can be expressed mathematically as

Vu(z) = Va(z) + Vi(2), (3a)
where
Valz) =0 (3b)
and
Vi(z) = Vi(z) + Vi(2), (4a)
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where
Vi(z) =0. (4b)

In a similar manner, we can characterize the full clock period sampled
and held (S/H) waveforms in Figs. 3c and 3d as

Ve(z) = Vi(z) + Vi(2), (5a)
where
Vi(z) = 272 Vi(2) (5b)
and
Vu(z) = Va(z) + Vi(z), (6a)
where
W(z)=2"""Viz). (6b)

If a capacitor of value C is placed across the terminals of the voltage
source v.(t), we observe that the charge on the capacitor changes in
value only once per clock cycle, i.e., at the even 2k7 time instants
when v.(f) changes. At the odd (2& + 1) T time instants v.(¢), the
capacitor voltage is unchanged, thus, the charge remains constant.
This phenomenon is described analytically, for the even and odd clock
phases, in the following manner:

AQ:(z) = CVi(z) = Cz27*Vi(z) =C(1 —27") Vi(z)  (7a)
and
AQ¢(2) = CV2(2) — Cz7'2Vi(2) = 0. (7b)

It is noted that the condition AQ%?(z) = 0 can also be obtained by
disconnecting V. from the capacitor with a switch which is open during
the odd clock phase. Thus, in the sense that no charge is transferred,
this open circuit condition also implies a full cycle sample and hold
operation. Corresponding relations can also be written for the full cycle
S/H waveform in Fig 3d.

It is useful to note that the return-to-zero waveforms v, (¢) and v,(¢)
can be obtained by processing v(f) in Fig. 2 with simple switch
networks as shown in Fig. 4. When the switches in Fig. 4 are ideal, v,
and v, are ideal, zero-impedance voltage sources with waveforms as
depicted in Figs. 3a and 3b, respectively.

The various sample data waveforms considered in this section can
be generated externally (i.e., an independent voltage source) and at
any internal node by an appropriate combination of switches and
capacitors. It is often crucial, particularly at the network output where
one may either resample or couple to another sc network, to identify
the waveform type of internal node voltages. From the properties
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described in this section, this identification process is usually straight-
forward.

2.3 SC network transfer function relations

The voltage transfer function is well recognized as a convenient
mathematical tool for the analysis and synthesis of continuous, linear,
time-invariant networks. The value of the voltage transfer function is
not expected to diminish with sc networks. At this point, it should be
obvious that sc network transfer functions are most conveniently
written in the z-domain.

Let us, for simplicity, confine the discussion in this subsection to
two-port sc networks with one input and one output. As noted previ-
ously, the two-port can be represented by an equivalent four-port, as
shown in Fig. 5. In general, a 2 X 2 transfer matrix is required to fully
characterize the input-output relations for this four-port network, i.e.,

[ ::u,(z>] _ [Hl(z) Hz(z>][v;;,(z>] -
Vou(2) H;(z) Hi(z) || Viu(2)
where, by superposition,
Vin(2) = Viu(2) + Vi (2) (9a)
Vou(2) = Viu(2) + Vou(2). (9b)

e o

o} o o+ oy o o+
e
V() Tﬁko— vl v(t)gb ngo_ volt)

L " =

(a) (b)

Fig. 4—Switch networks for return to zero voltage generation.
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Fig. 5—Four-port 2-domain equivalent circuit.
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In many cases, the signal conditioning performed at the input and
output imposes constraints on the form of the transfer relations. For
example, consider the application of the return-to-zero source in Fig.
3a to the sc network in Fig. 5. Substituting Vi,(z) = 0, obtained from
eq. (3b), into eq. (8) yields the following transfer relations

Vou(2) = Hi(2) Viy(2) (10)
and
ow(2) = H3(2) Viy(2). (11)

Thus, depending on whether v, (kT) is sampled at the even 2%T times
or the odd (2% + 1) T times, the voltage transfer function is either H,(z)
or H;(z), respectively. However, if v, is sampled at all 27 times, then

Vou(2) = (H1(2) + Hi(2)) Via(2). (12)

In general, H,(2) # H;(z); however, they are obviously interrelated.
Therefore, one is not able to independently synthesize H,(z) and H3(z).
In practice, by appropriately conditioning the input and output
signals, one can realize an sc network which is completely character-
ized by a single transfer function. Equations (10) and (11) describe
examples of this class of Sc network. One can in principle synthesize
sc networks of this type directly in the z-domain using digital filter* *
synthesis techniques. Several examples of multi-transfer function and
single transfer function sc networks are provided in Section IV.

lll. EQUIVALENT CIRCUIT MODELS FOR SC BUILDING BLOCKS

In this section, multi-port z-domain equivalent circuits will be de-
rived for several sc building blocks. It has been shown'’ that any sc
network can be constructed from the six blocks mentioned in Section
I and voltage controlled voltage sources. The objective here is to
facilitate the application of this approach by deriving a library of
higher order building blocks which, when interconnected, lead to
canonic z-domain equivalent circuits. sc elements comprised of one
capacitor and from one to four switches are treated as basic circuit
elements much like passive R’s, L’s, and C’s in analog circuits. As
noted in the previous section, the z-domain transfer relations can be
derived from the equivalent circuit using familiar network analysis
techniques.*

Figures 6 and 7 contain listings of the commonly occurring sc
elements and their respective z-domain equivalent circuits or building
blocks. In addition to the sc building blocks, z-domain models are also
given for each of the sample data sources discussed in the previous
section. This library is sufficiently general to accommodate all the
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Z—DOMAIN EQUIVALENT CIRCUIT
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(h) SINGLE PHASE SWITCHED CAPACITOR (SPSC)
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vy CT V2 ::>
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Fig. 6—
. 7-11, 17, 26, 2
published”'" ' 2%:*" g¢ networks

(continued).

which use nonoverlapping bi-phase

switches. The equivalent circuits in Fig. 6 are derived in their most

general 2n-port form, assuming
clock cycle intervals, as per v(¢)
the switch phasings as noted in t

that all voltages update at one-half
in Fig. 2. The e, o notation refers to
he previous section. Similarly, super-
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DISCRETE TIME CIRCUIT Z-DOMAIN EQUIVALENT CIRCUIT

(i) SHORT—CIRCUIT GROUNDED RESISTOR (SGR)
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(j) SHORT—CIRCUIT FLOATING RESISTOR (SFR) AQE© AQe0
C
49, c Aqy e A =+
s I =S
IA
Vi
—Oo—

Vi

Aq,

A
+ O

Fig. 6—(continued).

scripts e, o and o, e are used to denote the even or odd port variable
( Vi, AQ;) components and the complement odd or even port-variable
components, respectively. This e, o notation conveniently provides the
connectivity information for interconnecting the building blocks.
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DISCRETE TIME CIRCUIT
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Fig. 6—(continued).

AQE1'° c A092'°
-\
e B -
o e,
Vl_ \2 o
= -
e VO.e o,e -
1 V2
+0O . O +
AN AN
AQ%°= 40%°=0
aag° Ay

AQE."O cI AQ%’D
Me- v AN
+0 A s O+
vie vie
i -1
yvoe o
1 c, vy
+0 A O +
AQ%°¢ A0Q%°
aQg° aa%°
VWie N
+O g —_—0 +
vie c,[% vy
= —1
voe cz V2°‘e
= o =
409%® aQge

In practice, there are many sc networks in which the charges and
voltages update, due to the internal switching action of the sc network,
only on full clock cycle intervals. This behavior, which is readily
identified on a block-by-block basis, results in 2n-port equivalent
circuits with n open ports. Many of the sc blocks in Fig. 6 fall within
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DISCRETE TIME CIRCUIT
(q) INDEPENDENT VOLTAGE SOURCE (IVS)

vikT)( ; ) —=>

(s) FULL CYCLE S/H IVS
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(t) VOLTAGE CONTROLLED VOLTAGE SOURCE
(vevs)
+ O ° O +

Vi By Vo :>

+ Ome— >
o0 +
o +
V] +
vy v3
. 1

Z—-DOMAIN EQUIVALENT CIRCUIT

Fig. 6—(continued).

this category. When properly interconnected,'” these 2n-port equiva-
lent circuits can be reduced to the n-port equivalent circuits in Fig. 7.

3.1 2n-port SC building block equivalent circuits

In this section, derivations are given for several of the sc equivalent
circuits in Fig. 6. These derivations will be based on z-transformed
nodal charge equations which can be derived by inspection from the
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DISCRETE TIME CIRCUIT

(a) SINGLE PHASE GROUNDED
CAPACITOR (SPGC)
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Fig. 7—Simplified library of n port z-domain equivalent circuits ( continued on pp. 745-

746).

SC circuit. As noted in the previous section, one can write a distinct
nodal charge equation for each switch phase. Therefore an n-port sc
block is characterized by 2n nodal charge relations. The desired 2n-
port z-domain equivalent circuit evolves directly from these relations.
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DISCRETE TIME CIRCUIT
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Fig. 7—(continued).

The equivalent circuit for a complex sc network is derived by properly
interconnecting the appropriate block equivalent circuits. To avoid

boring the reader with excessive
provided for blocks b through f an

EQUIVALENT

repetition, derivations will only be
d 1 of Fig. 6. Once these derivations

CIRCUITS FOR SC NETWORKS 745



DISCRETE TIME CIRCUIT
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Fig. 7—(continued).

are understood, the validity of the remaining equivalent circuits can
be established by inspection. The independent and dependent voltage
source equivalent circuits are obtained directly from the relations in

the previous section.
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3.1.1 Floating capacitor equivalent circuit

One can derive the desired equivalent circuit in a straightforward
manner directly from the nodal charge equations. In these equations,
the even and odd voltage components (V¢ and V*) serve as independ-
ent variables and the even and odd charge variation components (AQ¢
and AQ") serve as the dependent variables. Since the floating capacitor
block in Fig. 6b contains no switches, the z-transformed nodal charge
equations, where V*, V*, Vi and V% are independent voltage excita-
tions, are instantly written as

AQ7°(z) =

CV$(z) — Cz7'2V9“(2) — CVs“(2) + Cz™'*Vy“(2), (13a)
AQs"(2) = |

CVs°(z) — Cz7 V¢ (2) — CV§(2) + C=z72V9<(2), (13b)
AQT(2) =

CVi<(z) — Cz7'2V§°(2) — CV3“(2) + Cz7'2 V5 (2), (13c)
and
AQ3“(2) =

CVs(z) — Cz7'*V§°(2) — CVY*(2) + Cz Vi’ (2). (13d)

There are perhaps several circuit interpretations for this set of

equations. One convenient interpretation is the balanced lattice equiv-
alent circuit shown in Fig. 6b. Another circuit interpretation'” for these
equations is a four-port network comprised of an unbalanced floating
LTP coupled to the even and odd transmission paths via ideal trans-
formers. By interpreting eqs. (13) as a balanced lattice, one can
eliminate the transformers. This balanced lattice is referred to in this
paper as a balanced floating LTP; in contrast, the Kurth-Moschytz

circuit is referred to as an unbalanced floating LTP. Both circuits are
equivalent and valid under all port termination conditions.

3.1.2 Toggle switched capacitor’ (TSC) equivalent circuit

Due to the switching action of the toggle switch, the capacitor C
receives charge from v;, only on the even (odd) times and charge from
v; on the odd (even) times. When the switches are open, the corre-
sponding ports are open and AQ = 0. These observations are consistent
with the z-transformed nodal charge equations:

AQ5"(z) = CVi°(z) — Cz7'*V§“(2) (14a)
AQ3(2) =0 (14b)
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AQT(z) =0 (14c)
AQ$*(2) = CVE*(2) — C272V3%(2). (14d)

These equations lead directly to the four-port equivalent circuit in Fig.
6¢c. As described in Ref. 17, an unbalanced LTP is seen to bridge the 1-
e,0 and 2-0,e ports. Note that ports 1-0,e and 2-e,0 are always open;
therefore, no transmission occurs at these ports. This is a property
common to all bi-phase toggle switched sc blocks (e.g., equivalent
circuits 6d and 6e in Fig. 6).

3.1.3 Toggle switched inverter'! (TSI) equivalent circuit

The operation of this circuit is similar to the Tsc element; with the
exception that in the TSI the voltage is inverted as the charge on C is
transferred from port 1 to port 2. This process is described by the
following z-transformed nodal charge equations:

AQ5“(2) = CV§“(2) + C272V*(2) (152)
AQi*(2) = 0 (15b)
AQ5(2) = 0 (15¢)
AQ3*(2) = CV§(2) + C2™*V3“(2). (15d)

These equations are readily interpreted by the four-port equivalent
circuit in Fig. 6d. Note for this block the 1-e,0 and 2-o,e ports are
bridged by an unbalanced LTP-like network in which the storage
elements (Cz~"?) are all premultiplied by (—1). Since this network
serves both as a link between even and odd transmission paths and as
a signal inverter, it is referred to as an unbalanced inverting LTP.

3.1.4 Toggle switched differencer’’ (TSD) equivalent circuit

In this element, the charge on C is determined by the voltage
difference v7’(£T) — v5°(kRT) during the e,o switch phase. When the
o,e switches close this voltage, difference appears directly across port
3. This operation is described by the following z-transformed nodal
charge equations:

AQ5°(z) = CV§°(2) — CV$°(2) — Cz7 2 V§*(2) (16a)
AQT(2) =0 (16b)
AQ5°(2) = CV5°(2) — CV§°(2) + Cz7'2V§“(2) (16¢)
AQ3“(z) =0 (16d)
AQ5°(2) =0 (16e)

and
AQ3¢(2) = CV3(z) — Cz7V2V5(z) + Cz7 2 V§°(2). (16f)
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The six-port equivalent circuit representation for these equations is
given in Fig. 6e. Note that three of the six ports are open. The TsD
element exhibits yet another form of LTP. In this element two e,0
transmission paths are linked to a single o,e path through a differencing
operation. It is perhaps appropriate to refer to this LTP as an unbal-
anced differencing LTP.

3.1.5 Single phase grounded capacitor (SPGC)

This sc element occurs frequently in sc networks, particularly in
low-pass sc filters. In a sense, it serves as a companion element for the
grounded capacitor in Fig. 6a. It is also a special case of the grounded
capacitor. The nodal charge relations for this block are readily written
as

AQi(z) = C(1 — 27 ) V*°(2) (17a)
AQ:"(z) = C(1 — 27)V*°(2) (17b)
AQ?*(z) =0 (17¢)
AQ3*(z) =0, (17d)

where V*°(z) = Vi°(2) = V§°(z). It is noted that one can derive egs.
(17) from the grounded capacitor equivalent circuit in Fig. 6a by setting
AQ9° = AQS*® = 0, which implies V°*(z) = z7"*V*°(z). For the spcc
block, V¢(z) represents the voltage stored and held on capacitor C
and no longer refers to port voltages Vi and V9°. As noted in Section
I1, this condition is equivalent to a full clock period S/H.

Equations (17a) through (17d) lead directly to the four port equiv-
alent circuit in Fig. 6f. Due to the switches, two of the ports are open
as described by eqs. (17¢) and (17d). This network is equivalent to the
open circuit LTP described in Ref. 17. The equivalent circuit for the
floating capacitor is seen to similarly reduce to that in Fig. 6g when a
series switch is added. Since these blocks occur frequently in complex
sc networks, their recognition results in substantially simplified equiv-
alent circuits.

3.1.6 Open circuit grounded resistor with series switch (OGR/SW)
equivalent circuit

This block performs a function similar to the sGr in Fig. 6i, except
that capacitor C is discharged while it is totally disconnected from the
circuit. Therefore the shorted capacitor does not load the circuit during
the discharging switch phase. The equivalent circuit, in Fig. 61, for this
block is obtained from the following z-transformed nodal charge equa-
tions

AQ$°(z) = CV*(2) (18a)
AQY(z) =0 (18b)
AQ5°(z) = CV*(2) (18¢)
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and
AQ3%(z) = 0, (18d)
where
Ve(z) = Vi(2) = V5'(2).

This block is memoryless, and it is an open circuit during the o,e clock
phase when capacitor C discharges. Thus during the e,o clock phase,
the block serves as a resistor and during the o,e clock phase it does
nothing. In many sc network arrangements, where it is only necessary
to transmit during one clock phase, this block serves as an excellent
resistor equivalent.

Equivalent circuits 6o and 6p represent straightforward, nevertheless
useful, generalizations of circuits 61 and 6m. These sc networks are
seen to provide, for the even and odd clock phases, different value
resistor-like components. This type of component suggests the possi-
bility of time-sharing capacitors and operational amplifiers to achieve
different even and odd circuit behaviors.

This concludes the derivations for-equivalent circuits in Fig. 6. At
this point, the interested reader should be able to derive the remaining
sc equivalent circuits easily.

3.2 Simplified SC building block equivalent circuits

In the previous section, it was observed that many of the four-port
equivalent circuits result in n (of 2n) open circuit ports. Obviously,
any signals applied to one or more of these open ports will neither be
processed nor transmitted. Therefore, sc networks comprised of these
blocks will only provide transmission and filtering, when the switches
are phased such that the blocks interconnect to provide one nonopen
signal path'’ from input to output. Assuming this connection rule, the
open ports are nonfunctional and can be removed from the equivalent
circuits. The immediate identification of these blocks in a complex sc
network results in much labor-saving equivalent circuit simplification.
More specifically, 2n-port equivalent circuits reduce directly to n-port
equivalent circuits. To emphasize this point, the appropriate four-port
equivalent circuits in Fig. 6 have been reconfigured as two-port equiv-
alent circuits in Fig. 7. Many complex sc networks”'' can be modeled
exclusively with these simplified equivalent circuits. For this class of
sc networks, circuit analysis is no more complex than that for contin-
uous (linear) time-invariant networks. Since the blocks listed in Fig. 7
perform all the necessary network functions, it is expected that one
can synthesize general z-domain transfer functions using only these
blocks. This restriction, with little sacrifice in generality, should lead
to efficient z-domain synthesis procedures for sc networks.

In addition to the reconfigured equivalent circuits from Fig. 6, Fig.
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7 contains two additional building blocks. These blocks are shown in
Fig. 7h and 7i. Let us briefly discuss each of these blocks on an
individual basis.

3.2.1 Toggle switched floating four-port (TSFFP) equivalent circuit

This element is the most general of the toggle switched (single)
capacitor elements. Thus the equivalent circuits for the Tsc, Ts1, and
the TSD can be derived directly from the equivalent circuit in Figure
7h, by simply shorting to ground the appropriate port or ports. The z-
transformed nodal charge equations for the block are expressed as

AQ{"(2) = CVi“(2) — CV§"(2) — C27V 2 V5(2)

+ Cz7'*V(2) (19a)
AQY(z) =0 (19b)
AQ8"(2) = CVE"(2) — CVE“(2) — C2™Vi“(2)

+ Cz7'?V$“(2) (19¢)
AQ5(z) =0 (19d)
AQ5°(2) =0 (19e)
AQ3°(2) = CV3(2) — CVi“(z) — Cz7*V§“(2)

+ Cz7'*V§°(2) (19f)
AQ5(z) =0 (19g)

and

AQi(2) = CVi(2) = CVi*(2) — C2 V5"(2)

+ 02-1/2 Vf,u(z). (19h)

To be completely general, egs. (19) describe an eight-port equivalent
circuit with four open ports. Such an eight-port description is shown
in Fig. 6n. The more useful four-port equivalent circuit in Fig. 7h is
obtained by deleting the open ports.

Comparing Figs. 6b and 7h, one observes that the four non-open
ports of the TSFFP are coupled together via a 90-degree rotated,
balanced floating LTP. In fact, if the TSFFP is rotated 90 degrees with
ports 1 and 3 serving as the incoming ports and ports 2 and 4 as the
outgoing ports, we indeed have the equivalent circuit for the floating
capacitor in Fig. 6b. If ports 2 and 4 are then shorted to ground, one
can then easily derive the equivalent circuit for the grounded capacitor
in Fig. 6a. All the toggle-switched (the Tsc, Ts1, and TSD) elements can
be readily derived from the TsrFp. For example, if ports 2 and 4 are
shorted to ground, the TSFFP equivalent circuit reduces to that of the
Tsc in Fig. 7e. Also, the Ts1 in Fig. 7f is obtained when ports 1 and 4
are shorted to ground. In summary, by providing the proper termina-
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tion conditions, one can derive the equivalent circuits for any of the
single capacitor sc elements in Figs. 6 and 7 with the TSFFp.

3.2.2 Toggle switched blocks driven by full clock cycle S/H voltage
sources

Equivalent full-cycle time delays can be experienced when toggle-
switched sc blocks are driven with full cycle S/H voltage sources. A
situation of this type is illustrated in Fig. 7i. The behavior of this
circuit can be described in the following manner. When source v.q(?)
changes to value v:g, the o,e switch is open; thus, the charge on
capacitor C remains unchanged. One-half clock period later when
switch o,e closes, capacitor C acquires the charge Cvgg. Another one-
half clock period later, the o,e switch opens, the e,o switch closes, and
voa appears at the output with a net time delay of one full clock period.
Obviously, when the source changes value in synchronism with the
initial o,e switch, the net time delay is one-half of a clock period. The
sc circuit in Fig. 7i can be modeled according to the equivalent circuit
in Fig. 8. Writing a nodal charge equation at node 2 yields

CV§°(z) = Cz™V4(27'*Via(2)) = C27'Via(z). (20)

The equivalent circuit in Figure 7i conveniently characterizes this
relationship. Similar equivalent circuits can be derived for the Ts1 and
TSD blocks as shown in Figs. 9a and 9b respectively. Full cycle time
delays can readily'' occur when appropriately phased toggle switched
blocks are driven by operational amplifier integrator circuits.

IV. APPLICATIONS TO THE ANALYSIS AND SYNTHESIS OF SC NET-
WORKS .

In this section, the concepts developed in the previous sections are
applied to the analysis of several passive and active sc networks. Many
examples are simple, to emphasize the insight provided by the equiv-
alent circuits.

4.1 Passive SC networks

In this section we examine two single pole passive sc networks. The
equivalent circuits in Figs. 6 and 7 allow one to examine a given sC
network under an assortment of input-output conditions, as in Fig. 3.
As we will see, such an examination can reveal some rather interesting
circuit behavior that is not immediately obvious.

4.1.1 First-order, low-pass SC networks

As the initial example, consider the simple first-order, low-pass
network depicted in Fig. 10a. An equivalent circuit for this network
can be obtained by simply cascading blocks 6c and 6f, as shown in Fig.
10b. This circuit can obviously be reduced to that in Fig. 10c. One
could have immediately written the equivalent circuit in Fig. 10c by
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Fig. 8—Toggle switched capacitor driven by a full clock period S/H voltage source.
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Fig. 9—(a) Toggle switched inverter and (b) toggle switched differencer, driven by
full clock period S/H voltage sources.

cascading the simplified block equivalent circuits 7a and 7e. Writing a
single nodal charge equation at node 2, namely,

(Cr = Ciz72 4+ C 1272+ Co — Coz ) Viu(2) = Ciz7*Vin(2)  (21)
yields the familiar low-pass z-domain transfer function
Vou(2) _ Ciz7"?

Vi(z) Ci+C—Cz™
Note that V§, and Vi, are removed by sampling operations at the
input and output respectively. Thus, the transmission through this

network is completely described by a single transfer function, namely
H;.

H’s(z) = (22)

4.1.2 First-order, high-pass SC network

The simple first-order, high-pass circuit shown in Fig. 11 is a rather
interesting circuit, as we shall soon see. Its interesting behavior stems
from the input-to-output switch free path which permits both V¥, and
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Fig. 10—Single pole “passive” sc low-pass network

Vi» to determine the e and o components of V.. To study this circuit
we write the equivalent circuit in Fig. 11b by cascading blocks 6b and
6k.

Analysis of the equivalent circuit yields the following relations
Ci(1
Veu(2) =

z™h

fn in 2
C 1 CoCa Vi(2) + OV, (2) (23a)

= H,(2) Vix(2) (23b)

and
" —Cyz71? .
Vou(2) = CiiC_C Vin(2) + Viu(2) (24a)
= H3(2) Vii(2) + Hy(2) Vin(2). (24b)
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Vin (kT) <i> Vout (kT)
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(b)
Fig. 11—Single pole “passive” sc high-pass network.
Note:
Veu(2) Ci(1-27"
H A = 25
@ LD V=0T Gt G- G (25a)
is a first-order, high-pass function, while
Viour(2) —Cyz7'?
H. A = 25b
LD V=0T Gt G- G (26b)

is a first-order, low-pass function. This is a most interesting result,
indeed. From egs. (24), we observe that by forcing Vi, = 0, as in Fig.
12a, this circuit behaves like a first-order, high-pass filter when the
output is sampled on the even times and behaves like a first-order,
low-pass filter when the output is sampled on the odd times. A circuit
that achieves this bifunctional characteristic is shown in Fig. 12b. To
achieve this behavior, a simple return-to-zero source of the form shown
previously in Fig. 3a, or equivalently in Fig. 4a, is used to drive the
high-pass circuit depicted in Fig. 11.

4.2 Active SC networks
Due to obvious reasons, much of our interest is in active®'"**?" sc

networks. These networks are typically®*'"***” comprised of capacitors,
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Fig. 12—Single pole “passive” sc high-pass/low-pass network.

switches and operational amplifiers. Many of the active sc networks
appearing®'' in the literature are comprised of simple sc building
blocks, of the form listed in Fig. 7, buffered by operational amplifiers.
When these operational amplifiers can be assumed to be ideal, the
virtual grounds result in further simplifications in the equivalent
circuits. In the voltage-charge domain, a “virtual” ground at the input
of an ideal operational amplifier shall be defined by the condition AQ
= 0, V = 0. Let us now consider the equivalent circuit representations
for the following selection of first-order active sc networks.

4.2.1 Lossless integrator

The equivalent circuit for the lossless integrator in Fig. 13a is
derived, in full generality, using blocks 6b, 6c, and 6u as shown in Fig.
13b. Of course, one may accommodate the finite gain of an actual
operational amplifier using the voltage-controlled voltage source, cited
in Fig. 6 as block 6t. The rather unwieldy circuit depicted in Fig. 13b
can be immediately simplified by removing all elements shunting
virtual ground points and voltage sources. This network is then re-
drawn in the form shown in Fig. 13¢, which can be again reconfigured
to yield the circuit in Fig. 13d. Finally, the second stage of Fig. 13d is
noted to be a voltage-controlled voltage source with 8 = z7'? as in
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Fig. 13—Active-sc integrator.

Fig. 8. The final equivalent circuit in Fig. 13e implies that the lossless
integrator could have been derived directly from the simplified equiv-
alent circuits in Fig. 7.

The transfer functions for the lossless integrator are then readily
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Fig. 14—Active-sc lossy integrator with Tsc damping.
determined to be
Voulz)  — (C/Ca)z7'?
H;(z) = = 26a
’ Vin(2) 1-2" (262)
and
Veu(z) = (Cy/Co)z!
Hl(Z) = oul( = ( 1/ i)} ) (26b)

Vi 1-2
Note that when the output of the lossless integrator is sampled at the

odd times, the transfer function is H; and when sampled on the even
times the transfer function is H,.
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4.2.2 Lossy integrator with TSC

As should be expected, the equivalent circuit for the lossy integrator,
shown in Fig. 14a, is similar to that derived for the lossless integrator.
To shift the pole to the left of z = 1 + 0, a toggle-switched capacitor
(Tsc) has been placed across the feedback capacitor. Obviously, the
intent is for the Tsc to play a role comparable to a resistor in active-Rc
lossy integrators. To analyze this network, let us first derive the
equivalent circuit. This equivalent circuit can be derived step by step,
as was done for the lossless integrator and shown successively in Figs.
14b and 14c, respectively. The final equivalent circuit in Fig. 14c, like
that in Fig. 13e, can be readily derived from the simplified equivalent
circuits in Fig. 7 by direct substitution. This result simplifies tremen-
dously the equivalent circuits for complex, high-order active sc net-
works.

The transfer functions for the lossy integrator are then readily
obtained from the circuit in Fig. 14¢, namely,

_ Viulz)  —(C/C)z”

e = = To =/ Cafe

(27a)

and

Voul(z) _ _(CI/C2)Z_1

Hi(z) = Vi) 1-[1—(Cy/C)]z™"

(27b)

It is interesting to examine H;(z) for different values of C;. Consider
the following three conditions Cs = C,, Cy = 2C,, and C; > 2C.. For C;
= Cz:

C .
Hy(z) = — F: 272 (28)
an ideal half-delay element. For C; = 2C,,
—(Cy/Cy)z7"*
ey - SO o

and the circuit is no longer stable. Finally, when C; > 2C, the pole of
Hj3(z) lies outside the unit circle and the circuit is clearly unstable.
Obviously, the Tsc is much more than a resistor; a point which has
been illustrated'” in other ways.

Let us look briefly at the effect of alternating the phases of the
switches which make up the feedback Tsc. This sc network along with
its equivalent circuits are shown in Fig. 15. The transfer functions are
then readily written

Vou(z) _ —(C1/Co) 27"

) = ) "1 - e

(30a)
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and

Viu(z) _ —(C/CI(C, — C3)/Cr] 2
Via(2) 1 —[1-(Cs/Co)]2""

Comparing the pole location for Hi(z) in eqs. (27) and (30), one
observes that the Tsc switch phasing has no effect on this parameter.
However, the dc gain for the even component V., is altered by the
factor (Co — Cs)/Co. It should be noted that these observations were
not totally expected.

Hi(z) = (30b)

e o
“T
|{
e o \c,
o%/c% ' w%/c s
oo O +
| .
Vi, (kT) T c, Vou (kT)
! —o-
1
(a)
L
Ve
" Vut
o-
22
—
e O+
(C,—Cs)
ve __2§3_ 2-12y0 Vi
T -
(c)

Fig. 15—Active-sc lossy integrator with Tsc damping. The switches of the feedback
Tsc are phased opposite to that shown in Fig. 14.
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4.2.3 Lossy integrator with OFR

Another lossy integrator realization is shown in Fig. 16a. Of perhaps
only theoretical interest is the comparison of the behavior of this
circuit with its counterpart in Fig. 14a. The equivalent circuit, shown
in successive stages of simplification in Figs. 14b and 14c respectively,
can be derived directly from the simplified block equivalent circuits in
Fig. 7. The transfer functions for this circuit are

Vour(2) _ [—-C/(C: + C':;)]Z—'/2

) = S 116Gt Gyl

(31a)

and

Veul(z) _ [=Ci/(Ce + Cy)]z™"
Vilz) 1-[C/(C:+ Cy)lz™""
The transfer functions expressed in eqgs. (31) are seen to be truly

representative of lossy integrators. Hj3(z) and H;(z) are absolutely
stable for all finite values of C;, C» and C;.

H\(z) = (31b)

4.2.4 Bilinear lossless integrators®® 27

Previously, in Section 4.1.1, an integrator was analyzed which
achieved integration in the sample-data sense according to the trans-
formations®

z-—]/2

(32a)

1
—_—=7 —
S 1

1—-=z
or

2-—1

T — .
1-2""

1 (32b)
s

It is well known® ? that eq. (32b) only adequately approximates the
function of an analog integrator for frequencies satisfying wr << 1.
Although eq. (32a) overcomes® this difficulty, it cannot always be
rigorously applied.’”* An accurate and mathematically convenient
integrator implementation is obtained via the well-known bilinear
transform 2> 26 28

1 71+27"
s 21—z (33)
There are several ways bilinear integration can be realized® * with
active-sc networks, as demonstrated in Figs. 17, 18, and 19. It is
interesting to examine the behavior of each of these circuits.
Let us initially consider the bilinear integrator’® shown in Fig. 17a.
The z-domain equivalent circuit, obtained by interconnecting blocks
6b, 6¢c, 6m, and 6u, is shown in Fig. 17b. By straightforward nodal-
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Fig. 16—Active-sc lossy integrator with oFR damping.
charge analysis, the following relations are easily obtained:
—(C1/Ca)z™"? (C1/Cy)
out = Vi — = Vin (34a)
1—-2 1—2
and
Viw=2""Viu. (34b)

From eq. (34a), we observe that the desired bilinear integration is only
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obtained when
Vie=2""*Vi,. (35)
Substituting eq. (35) into eq. (34a) yields the desired result

;;ul _ _(CI/CZ)(I + 2_])

Hi(z) = Ve = —— ; (36a)

also,

V::u - C C —172 1 + -1
Hi(z) = V‘-"= (C/ zl)Z_ Z‘(l z )' (36b)

In summary, this circuit, with the switches phased as shown in Fig.
17a, will provide bilinear integration only when the input and output
are sampled at the odd (2k + 1)T times and the input is held for the
entire clock period.

A second bilinear integrator realization?’ is shown in Fig. 18a. The
z-domain equivalent circuit, shown in Fig. 18b, is obtained by inter-
connecting blocks 6b, 6e, and 6u. The transfer relations for this circuit
are readily determined to be

_ ] —1 'y =172
ot = (C‘(/lcj)(zl_fgz )V:-;,—ECIL/_C—;)_ZI—V;;, (37a)
and
_ ] -1 ) 5172
St = (C‘(/lci)(zl_f;z Vv - 2(01'/_0 ‘Z)_Z, V.  (37b)

The output, sampled at all (both even and odd) &7 times, is obtained
by summing egs. (37a) and (37b) according to eq. (9) and cancelling
the common factor (1 + z7'%); i.e.,

‘/uul _ V:;ul + ::u! _ _(CI/C.Z)(I + Z_l/z)
‘/in V:n + V;'n 1- 2_1/2 )

H(z) = (38)
Comparing equations (38) and (36a), we see that the effective sampling
rate has been doubled with the circuit in Fig. 18a. Also, bilinear
integration is obtained independent of the input sampling conditions.
It is noted that sampling the output of this circuit at only the even
2kT times or only the odd (2& + 1)T times will result in an erroneous
output.

A third bilinear integrator is obtained by simply deleting one TsD
from Fig. 18a, as shown in Fig. 19a. It is interesting to analyze this
circuit and compare the results with that given in egs. (37) and (38) for
the integrator in Fig. 18a. The z-domain equivalent circuit in Fig. 19b
is readily obtained by deleting the appropriate elements from the
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Fig. 17—Active-sc bilinear integrator (Copeland, Ref. 26).

equivalent circuit in Fig. 18b. The transfer relations for this circuit are

=(C/C)A +27")

::u! = 1 — Z_l an (393)
and
=2(C,/Cy)z7 '
::ul = ‘_(ll/z—z_)lz_ Vlcn . (39b)

Summing eqgs. (39a) and (39b) yields

= (C/C) + z7'%)

Vvvul = Vtc;ul + V::u[ - 1 - 2_1/2 V:n . (40)

Note that bilinear integration is obtained when the output is either
sampled at the even 2T times or at all (both even and odd) AT times.
Again, bilinear integration is obtained independent of the input sam-
pling conditions. This concludes the first-order active sc network
examples. It should be noted that circuits similar to those in Figs. 13
through 16 could have been derived using the Ts1 and TSD elements
shown in Figs. 6d and 6e or Figs. 7f and 7g. To further illustrate the
procedure, the equivalent circuit for the fourth-order low-pass, leap-
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Fig. 18—Active-sc bilinear integrator (T'emes and Young, Ref. 27).

frog, active-sc filter, depicted in Fig. 20a, is given in Fig. 20b. This
equivalent circuit is readily derived from the equivalent circuit blocks
in Fig. 7 and the principles discussed in this section. The equivalent
circuit in Fig. 20b is seen to be no more complex than the equivalent
active-Rc circuit. Note that, in the absence of the output even switch,
the only modification to the z-domain equivalent circuit in Fig. 20b is
an additional voltage-controlled voltage source at the output. This
voltage-controlled voltage source defines the relation V5, =
27"?V¢., as shown previously in Fig. 14c. The verification of this
circuit is left as an exercise for the reader.

V. CONCLUDING REMARKS

The powerful tools which we commonly refer to as network or circuit
theory have been indispensable in advancing the analog filter art to its
present level of quality and sophistication. Such fundamental concepts
as transfer functions, poles, and zeros have provided the filter designer
with quick insight as to the behavior of a given filter. He can then
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Fig. 19—A reduced version of the bilinear integrator in Fig. 18.

efficiently design the filter by relating pole-zero movements to specific
circuit elements. It is interesting, in this era of high-speed computers
and sophisticated analysis programs, that many of the classical net-
works tools still maintain their important role in filter design. The
objective of this work has been to make tools'®'” of this kind more
accessible to the designers of switched capacitor filters.

In keeping with this goal, a comprehensive library of building-block
equivalent circuits has been given. This library extends that given in
Ref. 17 by providing equivalent circuits for higher order sc elements
and a variety of sampled data sources. These sc elements, typically
comprised of one capacitor and from one to four switches, serve as
circuit elements for sc networks much in the spirit in which resistors
and capacitors serve analog circuits. Viewing switched capacitor ele-
ments in this way facilitates the derivation of canonic z-domain equiv-
alent circuits for complex sc networks and the application of classical
networks tools to their analysis and synthesis.

In deriving the equivalent circuits, it is pointed out that there are
several interpretations and types of link two ports or LTPs. The
interpretation of the floating LTP as a balanced lattice network, in lieu
of an unbalanced structure, results in the elimination of two trans-
formers in the equivalent circuit for a floating capacitor. In addition,

766 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1979



292 SMHOMIL3N OS HO4 S1INJHIO LINITVAIND3T

Vip (KT
Omrnd

(b)

Fig. 20—Fourth-order, low-pass, leapfrog active-sc filter.

out

€ Vou(kT)
O——0



unbalanced inverting and differencing LTPs are also identified. An
equivalent circuit is provided for a general toggle switched floating
four port (TSFrp) element. The functioning ports are shown to be
linked via a 90-degree rotated, balanced floating LTP. By applying the
appropriate termination conditions to the TSFFP, its equivalent circuit
can be used to derive the equivalent circuit for any single capacitor
element in the library.

Several examples were worked out and discussed illustrating the
case of application of the proposed equivalent circuits and the insight
gained. Most interesting was the novel circuit depicted in Fig. 12 which
exhibits a bifunctional capability; namely, a high-pass function at the
even (2kT) times and a low-pass function at the odd (2% + 1) T times.
The application to active-sc networks of various complexities was also
discussed. Particularly noteworthy were the various subtle differences
among the circuits shown in Figs. 17, 18, and 19, all professed to realize
bilinear integration.
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Determination of the Basic Device Parameters
of a GaAs MESFET
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This paper describes a new technique to determine the basic
properties of the active channel of a gallium arsenide (GaAs) metal-
semiconductor field effect transistor (MESFET). The effective gate
length, channel thickness, and carrier concentration are determined
from dc parameters. A precise method of measuring the dc parameters
is also given. The new techniques are demonstrated using a wide
variety of sample devices. It is also shown that microwave perform-
ance parameters, such as the maximum output power and minimum
noise figure, are well predicted by dc parameters. Calculated values
of the intrinsic and extrinsic dc parameters, using simple analytical
expressions developed in terms of the geometrical and material
parameters of a device, are shown to be in excellent agreement with
their measured values. These expressions can be used as a basis for
device design.

I. INTRODUCTION

In a gallium arsenide (GaAs) metal-semiconductor field effect tran-
sistor (MESFET), the properties of the active channel are fundamental
in describing its operation. The channel properties can be characterized
by the four basic parameters: gate length, gate width, channel thick-
ness, and channel doping.

In a recent paper,' the maximally obtainable value of channel current
was defined as the maximum channel current, I... It was pointed out
that I, differs from either (fully open channel) saturation current, I,
or zero-gate-bias drain current, which is often referred to as Iy.
Currents I; and Iy have conventionally been used to show upper
limits of the drain current capability. However, neither I, nor 14, can
represent the maximally obtainable value of channel current. It was
emphasized that I,, plays an important role in determining the maxi-
mum capability of large-signal operation of the device. Simple expres-
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sions for I,, were then obtained in terms of the four basic channel
parameters, as a result of an extended study of Shockley’s gradual
channel approximation® on Grebene-Ghandhi’s two-section FET model®
with Fukui’s concept on the current limiting mechanism.'

Among the four basic channel parameters, the total gate width, Z, is
usually a given factor or merely a scaling factor. Therefore, the other
three parameters are noted to be the most crucial variables in the
design work. For these three parameters, their effective values were
adopted in Ref. 1. This was essential, especially for gate length. The
effective gate length, L, may be either shorter or longer than the
physical length of gate metallization, L,, depending upon the gate
junction topography. The channel thickness, a, and carrier concentra-
tion, N, represent their effective values in the active region of the
channel.

In Ref. 1, practical expressions for the zero-gate-bias channel current,
I, were also developed as functions of the basic channel parameters
N, a, L, and Z, and an additional parasitic parameter of source series
resistance, R,. An approximate expression for the knee voltage, Vi,
corresponding to I, in the drain I-V characteristic, was given by a
combination of N, ¢, L, Z, R,, and R, on a semi-empirical basis, Rq
being the drain series resistance. In addition, it has been known that
the total pinch-off voltage, W, is determined by the Na? product and
that W, is equal to the sum of terminal pinch-off voltage, V,, and
Schottky-barrier built-in voltage, V.

It is now conceivable that N, a, and L may be determined from the
measured values of I, I,, Vi, Vp, Vi, R, and Rg, provided that Z is
known. The prime purpose of this paper is to present a new technique
for carrying out this work. Throughout the paper, a transistor curve
tracer is exclusively used as the tool necessary for measuring the dc
parameters. However, test equipment of other types with the equiva-
lent functions can, of course, be used as well.

There has been a common practice in which either ¢ or N is
determined from V), after knowing either N or a, respectively, and
assuming an appropriate value of V,. Also, Fair showed that an
iterative analysis on I,, R,, and transconductance, g.,, makes it possible
to determine N and ¢ from known values of I,, V,, and terminal
transconductance, g,,.* However, as far as the author knows, there has
been no published report on an evaluation technique for the effective
gate length of a finished device. This paper presents such a technique
as well as simultaneous determination of N and a, from known values
of I, I,, V, Vo, Vi, Ry, and Ra.

The second purpose of this paper is to show prediction of the
microwave performance parameters, such as the maximum output
power and minimum noise figure, from the dc parameters and hence
the basic channel parameters. To predict the minimum noise figure,
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the values of g, and R,, which is the gate series resistance, must be
known. Therefore, the determination of g, and R, are also described
in this paper. Once the detail of the structure outside the gate channel
is given, the parasitic parameters, such as R, R, and R4 can be
analytically expressed in terms of the geometrical and material param-
eters of the corresponding sections of the device. The validity of such
expressions is then examined with experimental results in this paper.

II. PRINCIPLE OF NEW TECHNIQUE
2.1 Analytical expressions for device dc parameters

To determine the basic channel parameters of a GaAs MESFET from
the measured values of its dc parameters, expressions showing their
relationships are essential. It has been well known that W, and I, are
given by

Na?
W, = g2_‘ (1)
K€o
and
I, = qusNaZ, (2)

respectively,” in which g is the electronic charge, ¢, is the permittivity
of free space, k is the specific dielectric constant, and v; is the saturated
velocity of electrons in n-GaAs. Substituting ¢ = 1.60 X 107 C, ¢ =
8.85 X 107" F/cm, k = 12.5 for GaAs, and a best fit value of v, = 1.4
X 107 cm/sec (Ref. 1) into (1) and (2) yields the following practical
expressions:

W,=1723Na*=V,+ Vs, (V) (3)
and
I, =0.224ZNa (A), 4)

where N is in units of 10" cm™, a is in yum, and Z is in mm.
As mentioned earlier, analytical expressions for I, I, and V, have
been derived in Ref. 1. First, an expression for I,, is given in the form

Im = BISJ (5)
where B is the maximum channel opening factor. Parameter g is
expressed approximately as

018 [L

B:I—T N (6)

provided that a best-fit value of 0.29 X 10* V/cm is assumed for the
critical electric field, E.. Another approximate expression for I,, is
shown as
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I. 0.18N'“3ag'?®

Em = —om (A/mm), (7)
Second, an expression for I, is given in the form
I, = v, 8
where
y=1+0—vé+ 20+ o* 9)
Vs +0.234L
8= —w, (10)
and
.0155R,
o=————0 55R Z. (11)

Another approximate expression for v is given by

1 LR,
=gl -] .
where
Wp=W,+ V.. (13)

In (13), V. is a correction voltage that may vary from zero to a few
tenths of a volt, depending upon the configuration of the channel
structure. No analytical form is presently available for V..

Third, an expression for Vj,is given by

Vir= (1= B)°*W, + Ii(R, + Ra) + V., (14)

where I;is the maximum value of total forward drain current, including
the leakage current through the buffer layer and substrate.

2.2 Determination of basic channel parameters: Case |

If any one of the basic channel parameters N, a, and L is known, the
other two can be determined from known values of V,, Vs, and (I,./Z)
in a straightforward manner, using either a set of (3), (4), (5), and (6),
or (3) and (7). For example, if the N value is known as a result of the
epitaxial layer evaluation, a is readily determined by

_ Vo+ Vi
a= VW (pm), (15)

as is well known. The maximum channel opening factor is evaluated
as
121./Z

=, 16
g VN(V, + Vi) 1o
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Using this B value, L is determined by
L =427V, + Vy)(1 — B)* (um). (17)

In the case that L (or a) is known, similar evaluation for N and a (or
N and L) can also be carried out as well.

Among dc parameters, I,, and W, (= V, + V;) can be considered to
be primary, because they are determined only by the active channel
properties which are intrinsic. Other dc parameters, such as I and Vi,
are secondary, since they are affected by extrinsic elements outside
the gate channel region. The basic channel parameters can be deter-
mined only from the primary dc parameters, if any one of the three
basic parameters for the device under evaluation is known. This is a
characteristic of case L.

2.3 Determination of basic channel parameters: Case Il

In this case, none of the three basic channel parameters is known.
For the determination of these parameters, the secondary dc param-
eters play the major role and the primary dc parameters remain
auxiliary. There are two ways to determine the basic channel param-
eters in this category.

The first method is based on parameter Io. Rearranging (8) and (12)
yields

s
LeVet Vot Vel [y 2LR . a8
R, VV,+ Vo+ Vo1

After knowing I,, N and a can be determined from (3) and (4),
respectively, as follows:

1 2Ll .
and
Z
a=0.031(V,+ V) 7 (um). (20)

Now (17) can be used with (5) to obtain L as

2
L=427(V,+ Vb)[l - i—”] (um). 1)

s

The second method is to utilize parameter V. Rewriting (14) yields

B~1_\/ka—I/(Rs+Rd)—Vc
- Vp + V, )
After knowing the B value, N and a can be determined by (19) and

(20), respectively, provided that I, = I,,/8. The L value can be directly
determined from (14) and (17) as

(22)
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L=427[Vi—I{(R.+ Ra) — V.] (um). (23)

The first method demands the known values of Z, V,,, Vi, V., I, I,
and R,, whereas the second method requires Z, V,, Vs, V., Vi, I, R,,
and Ry already known. In the computation process of determining N,
a, and L, the subtraction of two major terms is included in both cases.
Therefore, chances of introducing an intolerable error are inevitable.
Thus, taking only a single method is not advisable. The results ob-
tained from one method have to be checked with the other method.
The simplified relationship given in (7) could be conveniently used as
a guide to examination and adjustment. Expressions (8) through (11)
for I, could also be applied for an additional checking of the determined
values of N, a, and L, in comparison with the directly measured value
of I,. Some adjustments on temporarily determined values of the
parameters are often necessary to reach their most probable values.

1. MEASUREMENTS OF DC PARAMETERS

As previously mentioned, a transistor curve tracer is used as the test
instrument in this paper. A good calibration of the measuring system
is essential. Not only the curve tracer but also the test fixture must be
taken into consideration. For example, lead resistances may introduce
an intolerable measuring error in large-size devices. An excessive
leakage current may mislead the determination of junction parameters.
Instability and/or relatively low-frequency oscillation, often taking
place in a high-performance device, are an annoying phenomena and
require a special skill to suppress.

In the following sections, measuring methods for the dc parameters
of a GaAs MESFET are described. Although some methods have been
known or are easily derived from known methods, they are included
with brief descriptions for completeness. The ideality parameter of a
gate junction, n, and the open channel resistance, R,, are needed
neither for determination of the basic channel parameters nor for
prediction of the microwave performance parameters. Nevertheless,
they are secondarily obtained in the course of determination of the
primary parameters. As they may be relevant to a further study of the
device, their determination is also described.

3.1 Determination of gate barrier built-in voltage and ideality parameter

As is well known,’ the forward current density, <, of a Schottky
barrier junction for V > 3kT/q is approximately written as

J=A*T*? exp[— i—‘;f:lexp[nik‘%:l, (24)

where A* is the effective Richardson constant, T is the junction
temperature in °K, % is the Boltzmann constant, n is the ideality
parameter, and V is the forward bias voltage.
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The extrapolated value of current density to zero bias gives the
saturation current density, J,. The barrier built-in voltage is then
obtained from

* 2
v,,=1’121n[*4 7 ] (25)
q Js
The ideality parameter is given by
_q Vv
" kTond) .

Figure 1 is a multi-exposed photograph of the forward I-V charac-
teristic of a gate junction at room temperature. As described in the
caption, each curve corresponds to a current range in a decimal step
for several orders of magnitude. In the highest current range, the gate
was against three different connections, i.e., source and drain com-
bined, source alone, and drain alone, in order to differentiate R,, R,
and Ry from each other later.

The I-V characteristic given in Fig. 1 is plotted as shown in Fig. 2.
At high values of the gate bias, V,, the gate current, I, tends to
saturate due to the series resistance effect. At low values of V,, I, is
often disturbed by a leakage current component around the gate

Fig. 1—A multi-exposed photograph of the forward I-V characteristic of a gate
junction at room temperature. Each curve corresponds to a current range of decimal
step. In the highest current range, three different ground connections are taken against
the gate. They are the source and drain connected together, source alone, and drain
alone. For all lower current ranges, the drain is connected to the source. The horizontal
scale is in units of 0.1 V/div. The vertical scales are, left to right, 1 pA/div, 10 pA/div,
100 pA/div, 1 mA/div, 10 mA/div (source and drain together), 10 mA/div (source only),
and 10 mA/div (drain only).
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Fig. 2—The forward I-V characteristic of an aluminum gate diode at room tempera-
ture. The slope and the location of its linear portion on a semi-log paper give the ideality
parameter, n, and the gate built-in voltage, V,, respectively.

periphery or with the package. In the middle range where the log I, vs
V, characteristic is linear, two gate biases, Vym and Vgm-1) in V, can
be chosen corresponding to I, = 10™ and I, = 10™ ! in A, respectively.
Usually, m takes a negative value.

If the effective mass of electrons in n-GaAs were taken into account,
the effective Richardson constant would be 8.7 A/cm®/°K at room
temperature.” Expression (25) for V, can then be reduced to the
following practical form at room temperature:

Vo = 0.768 — 0.06 log J, (V), (27)
in which
s = 10° (1077 A/cm?) (28)
' LZ
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1
y=12+m-——- (29)
1— Vg(m—l)

Vg(m)

and Lg is in units of ym and Z is in mm. A formula to be used for
deriving n is deduced from (26) as

n= 16.8[Vg(m) - Vg(m—])]- (30)

3.2 Determination of pinch-off voltage, active channel resistance, and
parasitic series resistances

Figure 3 shows the drain I-V characteristics in the so-called linear
region. The characteristics were taken with the lowest scale of Vg, on
the curve tracer, in which Vg, was the drain-source bias voltage. Each
characteristic corresponds to a gate-source bias voltage, V.. The drain
current, I, at Vg = 0.05 V is then plotted as a function of V,, as shown
in Fig. 4. The terminal pinch-off voltage, V,, can temporarily be
determined by an extrapolation of the plot to the abscissa.

The current shown in Fig. 4 can now be converted into the resistance
value as Ry = 14/ Vyas. Such a resistance for Vi = 0.05 V is shown in
Fig. 5 as a function of V,,, V;, and V,, in the same manner as used in
Ref. 8, as compounded in parameter X defined as

X= ! (31)

1_Jw—m'
Vo+ V,

RENEEEEEN
| /I VAR

Fig. 3—An expanded view of the drain I-V characteristics in the so-called linear
region near the origin on gate-bias offset mode (+0.4 V in this case).
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Fig. 4—Drain current as a function of gate bias voltage in both forward and reverse
directions at a drain-source bias voltage, Va,, of 0.05 V. An appropriate extrapolation of
this curve to the abscissa gives the external (or terminal) pinch-off voltage, V,. A
misjudgment in the determination of V,, as shown by the dash-dotted line, will cause a
problem in the next step.

This plot should be a straight line. However, the plot may deviate from
the line either upward or downward as X increases, as indicated by
dashed lines in Fig. 5. Such a deviation depends upon the temporarily
determined value of V). If the plot significantly departed from the
straight line, the previously determined V, had to be re-examined.
Usually, a slight adjustment on the V, value easily solves this problem
and V, is finally determined.

Such a way of determining V, seems to be much more complicated
and tedious than the conventional method. Usually, V, is simply
estimated from V corresponding to the bottom line of the drain I-V
characteristics. Indeed, the conventional method may not bring too
much error in the determination of V, in the case of thick active
channels, i.e., devices with high pinch-off voltages. However, in devices
with thin active channels, especially on buffer layers, the error may
reach as high as 100 percent with the conventional method, as will be
seen in Fig. 6. Therefore, the present method has been developed.

In Fig. 5, the linear extrapolation of the plot to the ordinate gives
the value of (R; + Rg4). The slope of the line is designated as R,. The
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parameter R,X represents the effective value of active channel resist-
ance at a given V.

As was mentioned previously, the forward gate current value is
affected by a combination of series resistances at high current levels.
Therefore, the slope of the I,-V, characteristic, measured at a current
density of around 10* A/cm? gives an estimate of series resistance
values. By measuring the gate current in three different ground con-
nections, i.e., source and drain combined, source only, and drain only,
three resistance values can be obtained. The differences between the
last two values yields (R, — Rq4). Since (R; + R4) has been known, R,
and R; are now readily separated. The gate series resistance R, can be

32

28

24

20

DRAIN-TO-SOURCE RESISTANCE IN OHMS
>

R, + Ry = 5.46Q

0 | | 1 1 1 1 1 1 1 ! 1
0 2 4 6 8 10 12

-1
X=|1- VoV
Vot Vy

Fig. 5—Determination of the open channel resistance, R., and parasitic series resist-
ances, R, and R4. The proper selection of V, value in Fig. 4 (i.e., V, = 0.356 V in this
case) is essential for this determination, as illustrated in two wrong cases (V, = 0.300 V
and 0.400 V).
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deduced from the first resistance value by subtracting the contribution
of the paralleled R; and R, from the resultant.

3.3 Determination of specific voltages and currents

Figure 6 is a typical photograph of the drain I-V characteristics for
negative gate potentials, taken with the nonoffset gate-bias mode of
the curve tracer. In contrast with Fig. 6, Fig. 7 is an unconventional
photograph of the drain characteristics of the same device when driven
in the forward gate bias with the offset mode. As the positive value of
gate offset is increased, the drain current increases. Beyond a certain
value of the offset, V;, however, the drain current no longer increases.
Figure 7 shows such a state of offsetting.

The knee voltage of a drain I-V characteristic could be defined as
the intercepting point between the extensions of two linear regions of
the characteristic. The knee voltage of the I-V curve for Vyis denoted
by Vs as shown in Fig. 7. Also, the knee voltage for the zero-gate-bias
curve is by V}, as shown in Fig. 6. Total drain currents, Iy and I4,, for
Vrand null gate bias, respectively, are measured at the corresponding
knee voltages, Vi and V,,. Leakage current components, Iy and I,
are also measured at Vs and V,, respectively, both for Vg, = =V,
The maximum channel current, I,,, and zero-gate-bias channel current,
I, are then evaluated as Iy — Iy and I4, — I, respectively.

Fig. 6—A conventional drain I-V characteristics with nonoffset gate-bias mode as
usual.
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Fig. 7—A special drain I-V characteristics with a forward gate-bias offsetting of V..
This is a critical value beyond which no increase in the drain current is observed.

3.4 Determination of transconductance

As is well known, the magnitude of the transconductance of a good
device can be assumed to remain constant up to nearly the cutoff
frequency. Therefore, the so-called dc transconductance can be consid-
ered a first-order approximation of the amplitude of microwave tran-
sconductance.

The following method of measuring g;. and evaluating g.. is conven-
tional. In the drain I-V characteristics, an increment of drain current,
Al,, between two adjacent curves for Vg = V7 and V= V; at a given
Vs yields an average transconductance as

Al

V.- W
However, this value is a result of degradation due to R,. The intrinsic
value of the small-signal transconductance at the bias points, Vg =
Vas and Vg = (Vi + V2)/2, can thus be derived as

&n
m 33
Em =TT gmR; (33)
IV. EXAMINATIONS OF NEW TECHNIQUE
4.1 Sample devices

gm = . (32)

To present the practical values of measured dc parameters and
hence to demonstrate the new technique for determining the basic
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channel parameters, 11 GaAs MESFETs of various designs were chosen,
as shown in Table L. The first five devices (A through E) were originally
designed for high-power use’ and the others (F through K) were for
low-noise applications.'

All devices had a total device width of 0.5 mm, except for device E
which had 1 mm. The distance between the source and drain electrodes
was nominally 6 ym for devices A through E and 3 um for devices F
through K. The nominal gate length was 2.0 to 2.5 um for devices A to
D, 1.0 to 1.5 um for device E, and 0.8 ym for devices F to K. The
physical length of the gate electrode, however, was not necessarily
equal to the effective gate length because the latter was subject to the
shape of a gate junction.

All the sample devices had a multi-layer structure consisting of an
undoped n-GaAs film 2 to 3 um thick as the buffer, an n-GaAs channel,
and n*-GaAs layer, except for devices J and K. All the layers were
grown sequentially on a semi-insulating GaAs substrate in an AsCl;/
Ga/H: cvDp system.'' After removing the n*-GaAs layer and part of n-
GaAs in the gate region, aluminum approximately 0.7 um thick was
deposited as the Schottky-gate metal. The ohmic contacts were formed
with a 12 percent Ge/Au-Ag-Au system approximately 0.25 um thick,
alloyed at nearly 500°C. The final metallization was completed with a
Ti-Pt-Au system 0.9 to 1.4 um thick.

4.2 Results of measurements

First, dc parameters n, Vi, V,, Wy, Vs, Vi, Ir, Lps, Iny Vo, Lao, Ipo, Lo,
R,, R,, R4, R, and g, were obtained in accordance with the measuring
technique described in Section III. The measured values of these
parameters are shown in Table I. Note that g7, is an average value
taken at approximately I,.

Second, basic channel parameters L and N were deduced from each
of the two methods described in Section 2.3. In the application of (18),
(22), and (23), V. was assumed: to be zero for devices A to E and to be
a single value of 0.17 V for devices F to K. The two deduced values for
each of L and N were then averaged to obtain the most probable value.
Using this mean value of N in (15), the most probable value of a was
determined. All values mentioned here are shown in Table II.

4.3 Comparison of calculated and measured results

By inserting the determined values of N, a, and L into (4), (6), and
(5), I, was calculated. The calculated value of I,, was then compared
with the measured value as shown in Table III. By adopting the
measured value of V;, and R, in (10) and (11), respectively, I, was also
calculated using (9), (4), and (8). The calculated I, was compared with
the measured value, again as shown in Table III. The comparison has
shown excellent agreement between the calculated and measured
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Table I—Measured values of dc parameters

Parameter Device

Symbol  Units A B C D E F G H 1 J K
Z mm 0.5 0.5 0.5 0.5 1.0 0.5 0.5 0.5 0.5 0.5 0.5
F4 mm 0.5 0.25 0.25 0.5 0.25 0.25 0.25 0.25 0.25 0.25 0.25
n 1.09 1.07 1.26 1.34 1.26 1.46 1.12 1.23 1.23 1.34 1.26
Vs \" 0.72 0.73 0.76 0.79 0.74 0.74 0.78 0.76 0.74 0.76 0.76
Vo \" 5.84 6.07 3.51 1.16 4.88 1.15 0.51 0.34 0.54 0.52 0.36
W, \' 6.56 6.80 4.27 1.95 5.62 1.89 1.29 1.10 1.28 1.28 1.12
Vs \ 1.95 1.95 2.10 1.55 1.85 0.75 0.59 0.68 0.77 1.08 0.83
Vi \% 1.49 1.34 1.80 1.49 1.62 1.39 0.97 0.96 1.12 1.30 1.14
I mA 176 196 179 136 400 83.0 86.0 82.0 107 94.0 87.5
Ly mA 1 1 2 2 5 40 15 15 4 3.0 3.0
I, mA 175 195 177 134 395 79.0 84.5 80.5 103 91.0 84.5
Vio \" 1.5 1.5 14 0.7 14 0.55 0.3 0.3 0.4 0.3 0.3
Iy mA 122 134 104 39.5 257 32.0 20 13 24.0 19.5 14.5
I, mA 0 1 1 1.5 3 2.7 1 1 2.5 2 2
1, mA 122 133 103 38.0 254 29.3 19 12 21.5 175 12.5
R, Q 4.1 3.0 29 34 1.2 4.0 29 2.9 2.5 2.7 3.0
R, Q 4.8 3.7 4.5 5.2 1.8 2.7 1.5 2.3 2.3 3.8 29
Ry 2 2.4 3.6 4.0 2.8 1.7 2.7 1.9 24 2.3 4.8 34
R, Q 3.8 1.7 1.7 4.5 4.4 13.7 3.8 3.7 4.0 4.5 3.8
En mU 28 32 28 53 72 30 45 51 52 45 48
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Table ll—Determination of the most probable values of active channel carrier concentration and thickness and

effective gate length

Parameter Device
Equations
Used Symbol Units A B C D E F G H I dJ K
V. \ 0 0 0 0 0 0.17 0.17 0.17 0.17 0.17 0.17
(18, 19) N. 10** cm™ 6.01 5.98 11.19 21.16 7.96 3.52 6.34 7.75 9.84 7.59 791
(18, 21) L wm 3.07 2.06 2.71 2.08 2.04 0568 0466 0537  0.502 0.491 0.486
(21, 5, 19) N 10" cm™ 5.86 6.15 10.58 20.13 7.78 351 6.78 7.76 9.83 7.23 8.31
(23) L wm 291 2.22 2.47 1.97 1.92 0563 0545 0532 0503 0.436 0.538
(averaged) N 10" em™ 5.94 6.07 10.89 20.65 7.87 3.52 6.56 7.76 9.84 7.41 8.11
(averaged) L um 2.99 2.14 2.59 2.03 1.98 0.566 0.508 0.534 0.502 0.463 0.512
(15) a pm 0.391  0.394 0.233 0114 0314 0273 0.165 0140 0.134 0.155 0.138
Table lll—Calculated values of the maximum channel current and zero-gate-bias channel current and their
comparison with measured values
Parameter Device
Equations
used Symbol Units A B C D E F G H I J K
(4, 5, 6) I, mA 175 195 177 134 395 790 84.4 80.6 103 91.0 84.4
4, 8,9,10,11) I, mA 118 133 99.0 36.2 272 310 18.5 11.0 23.1 18.4 121
I, (cal)/I,, (meas) 1.000  0.999 1.000 1.000  1.000 1.000 0.999 1.001 1.000 1.000 0.999
1, (cal)/I, (meas) 0965  1.002 0.971 0953  1.069 1.058 0.973 0.916 1.076 1.054 0.966




values in both cases. Note that the equations applied to calculate I,,
and I, had not been used to determine L, @, and N in Section 4.2.

The 11 devices used in this experiment were from 11 different slices.
The free carrier concentration of each slice was evaluated by a doping
profiler.”? It has been recognized that this particular profiler gives an
N-value 5 to 40 percent higher than the true value of N."” Also, a
standard deviation of + 3 percent in the doping across a wafer has
been known for these slices.’ Under such circumstances, the evaluated
value of N for each device was compared with an uncorrected, repre-
sentative N value obtained for the corresponding slice. The results
shown in Table IV seem to be very reasonable. A consistent pattern of
difference between the two N values is seen there, as expected from
the above observation.

V. ANALYSES OF EXPERIMENTAL RESULTS
5.1 Schottky-barrier built-in voltage

The built-in voltage of an aluminum Schottky-barrier gate junction
at room temperature has been expressed in an analytical form as a
function of N in n-GaAs' as follows:

Vs =0.706 + 0.06 log N (V), (34)

where N is in units of 10'® cm™. This expression is compared with the
measured value of V, for all devices used, as shown in Fig. 8. This
comparison indicates that (34) can be used for aluminum gates on
n-GaAs at room temperature.

5.2 Transconductance

The small-signal transconductance of a GaAs MESFET has been
described by the theoretical expression®

I,

L1’
w[1-2]

where I, is the dc drain bias current. Since g}, was measured approx-
imately at I,,, the theoretical value of g.. was also calculated for I; =
I, in (35). This calculated value was then compared with the measured
value obtained using (33). This comparison led to a conclusion that
the measured value of g,, would agree well with the predicted value if
the latter were calculated by

Bm = (35)

0.9 I

8m = (36)

L’
2V, + Vb)[1 —7}

s
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Table IV—Comparison of the most probable value of free carrier concentration in the active channel of an individual

device with an uncorrected value of doping in the epitaxial layer of the corresponding slice

Parameter Device
Symbol Units A B C D E F G H I J K
N (slice) 10" em™ 6.7 74 14.2 24.6 8.8 4.1 7.1 9.0 104 8.1 11.2
uncorrected
N (slice)/N(device) 1.13 1.22 1.30 1.20 1.12 1.16 1.08 1.16 1.06 1.09 1.38

uncor. most prob.
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Fig. 8—Comparison of the measured values of gate built-in voltage for aluminum
Schottky-barrier gates at room temperature, with a theoretical expression as a function
of free carrier concentration in n-GaAs.

where I. was the channel current, as shown in Table V.

5.3 Ohmic contacts and series channel resistance

The parasitic series resistance, R; or R4, consists of the ohmic
contact resistance, R.,, and series channel resistance, R.x, between the
two concerned electrodes. These component resistances are now sep-
arately expressed. The expression for R, given by Berger'* and
Murrmann and Widmann® can be simplified, as already shown by
Macksey and Adams'® as

1 ch] \/P1L2 1 \/chl
Rco == \/ th < = —= . 37
ZV @ “"NRa " z\V o (87)
The series channel resistance can be further divided into two compo-

nents which represent two individual parts of different structures in
the space between the gate and one ohmic contacts.

Thus,
R, = R: + R, (38)
where
p2Ls
R, =
2= T (39)
and
PaLa
R; = .
3= s (40)
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Table V—Measured and predicted values of transconductance at
zero-gate-bias channel current

Parameter Device

&n @1, A B C D E F G H I dJ K

Measured (m3) 32 36 46 69 83 33 48 58 59 b4 56
Predicted (m3) 33.6 352 474 712 819 351 500 554 609 52.1 56.2

In the above expressions, @i=1,23, pi-1,23 and L;—23 are, respectively, the
thickness, specific resistivity, and length of the GaAs epitaxial film at
the corresponding place i = 1, 2 or 3, L. is the length of the contacting
metal electrode, and R, is the specific contact resistance.

Parameters p and R, are both functions of N. Using the experimental
data taken by Matino on epitaxial n-GaAs films,"” the doping depend-
ence of p can be written in an analytical form

p =011 N* (Q-cm) (41)

in an N range of 107" to 10* X 10'® cm™. Based on the so-called
Shockley method,® R. was statistically investigated using monitor
areas provided within the same slices as those fabricated for either
high-power® or low-noise use.'” An empirical expression for R. was
then found to be

R.=4N% (107° Q-cm? (42)

for N values in the range of 3 to 10° X 10'® cm™>. This expression differs
from that given by Heime et al.,'® which is

R.=8N' (107°Q-cmd. (43)

However, both expressions give close values of R, for IV in the vicinity
of the mid-10' cm™ range. As the N value increases, the difference in
R.between the two expressions becomes recognizable. This would give
rise to the case of ohmic contacts formed on n*-GaAs layers. An
estimate by (43) would result in too-optimistic prediction of R..

Substitution of (41) and (42) into (37), (39), and (40) yields practical
expressions for R.., Rz, and R; as follows:

2.1
R, = Za NT® ) (44)
1.1 L,
B % ey @ “
1.1 L;
and B = znge (@ (46)

For the 11 sample devices with reasonable assumptions on N;, a,,
L:, Ns, a2, L3,, N5, and as, component resistances R.,, R2, and R3
were calculated using (44), (45), and (46), respectively. The predicted
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value of R, (or R,) was thus obtained as the sum of these resistances.
The average of the measured values of R, and R, for each device was
then compared with the predicted value, as shown in Table VI. They
were in good agreement.

5.4 QGate series resistance

Since the input signal applied to the feeding end of the gate travels
along the gate metallization to the other end, the gate must be
considered as a distributed network. The effective value of the gate
metallization resistance in a lumped equivalent circuit is, therefore,
different from the dc value measured from one end to the other. As
theoretically analyzed by Wolf,"” this effective value, R, is one-third
of the end-to-end dc resistance as a first-order approximation. Thus,

pu’
, < , 47
T 3L.hZ 47

where p, is the specific resistivity, L, is the mean length, A is the mean
height, and z is the unit width of the gate metallization.

By substituting the nominal values of Z, z, L, and A into (47) in
conjunction with the measured value of R,, p, was evaluated as shown
in Table VIL. The range from 3.8 to 5.7 X 10™° Q-cm gives a mean
value of 5.0 X 107° Q-cm. Although this value is higher than a bulk
aluminum resistivity of 2.8 X 107 Q-cm, it seems to be very reasonable
for such a fine, thin, and scaly structure of gate metallization. Based
on this finding, a practical expression for R, can be given by

_ 1727

R, ~
T L.z

(€2, (48)

where Z and z are in units of mm and L, and A are in pum.

It may be noted that annealing of a device sometimes results in an
improvement in the effective value of p,. The above measured values
were obtained without additional heat treatment.

5.5 Open channel resistance
The open channel resistance mentioned in Section III can be ex-
pressed as
L

R,=———,
Q}LQN(IZ

(49)

where y is the low-field mobility of electrons.® Thus, yo of an individual
device can be obtained from the measured value of R, in conjunction
with Z, L, a, and N, which have already been determined.

On the other hand, o is related to p in the form

1

0=m. (50)
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Table VI—Predicted values of parasitic source (or drain) series
resistance and its component resistances in comparison with measured value

Parameter Device
Symbol Units A B C D E F G H I J K
Z mm 0.5 0.5 0.5 0.5 1.0 0.5 0.5 0.5 0.5 0.5 0.5
N, 10" e 100 100 50 100 100 100 100 100 100 7.4 8.1
a pm 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.35 0.45
L, pm 2.1 21 2.1 2.1 2.5 0.85 0.75 0.85 0.85 0.75 0.75
N: 10" em™ 5.9 6.1 10.9 20.7 7.9 100 100 100 100 74 8.1
as pm 0.35 0.35 0.2 0.1 0.35 0.1 0.1 0.1 0.1 0.25 0.35
Ly pm 0 0 0 0 0 0.4 0.3 0.4 0.4 0.3 0.3
N, 10" cm™ — — — — — 35 6.6 7.8 9.8 74 8.1
as pm — — — — — 0.273 0.165 0.140 0.134 0155  0.138
R., Q 0.52 0.52 0.82 0.52 0.26 0.52 0.52 0.52 0.52 1.89 1.57
2 Q 3.07 3.01 3.26 3.86 1.45 0.68 0.59 0.68 0.68 1.28 0.85
R; Q 0 0 0 0 0 1.15 0.86 1.17 1.00 1.13 0.86
Predicted Q 3.59 3.53 4.08 4.38 1.71 2.35 1.97 2.37 2.20 4.30 3.28
Rsy Rd
Measured Q 3.6 3.65 4.25 45 1.75 2.7 1.7 2.35 2.3 43 3.15
(Rs+ Ra)/2
Table VIl—Determination of the effective resistivity for aluminum gate metallization
Parameter Device
Symbol Units A B C D E F G H I J K
z mm 0.5 0.5 0.5 0.5 1.0 0.5 0.5 0.5 0.5 0.5 0.5
z mm 0.5 0.25 0.25 0.5 0.25 0.25 0.25 0.25 0.25 0.25 0.25
L, pm 2.5 2.0 2.0 2.0 1.2 0.8 0.8 0.8 0.8 0.8 0.8
h wm 0.7 0.7 0.7 0.7 0.2 02 . 0.65 0.65 0.65 0.65 0.65
R, Q 3.8 1.7 1.7 4.5 44 13.7 3.8 3.7 40 45 3.8
e 107 Q-cm 4.0 5.7 5.7 3.8 5.1 5.3 49 4.8 5.0 5.6 4.9




Substituting (41) into (50) yields p as a function of N
to = 5.7 N (10°cm®/V-sec). (51)

The wo value deduced from the measured value of R, and that
predicted by (51) are shown in Table VIII for all the sample devices.
The evaluation of the latter value was based on the average value of
N shown in Table II. In the high-power devices, these two values of
1o were close enough to confirm Matino’s results'” and to support the
use of (41) and (51). In the low-noise devices, however, the u, value
deduced from R, appeared to be approximately one-half the predicted
value by (51). Such a discrepancy might be caused by a special two-
dimensional gate-recess structure of these devices, and/or be due to
an increased influence of the transition layer as the active layer was
thinned, this transition layer being between the active and buffer
layers. This is subject to further investigation.

As shown in Table VIII, the po value deduced from the measured
value of R, using (49) differs from one device to the other in some
degree. In accordance with the two-piece approximation of the v-E
characteristic, however, o is assumed to be constant by definition and
is equal to v,/E.. Substituting the aforementioned best-fit values of v,
and E. into this yields a fixed value of 4.8 X 10* cm?*/V-sec for o, which
is independent of N. This uo value is much greater than that deduced
from R, by (49) and that calculated by (51) as a function of N in the
normal range. On the contrary, the fixed values of v, and E. have been
satisfactory to evaluate I,, for a wide range of N, as seen in the previous
sections. Such a conflicting situation must be reconciled. This is also
subject to further study. Nevertheless, the following can be applied in
practice, for the time being. The fixed values of v, and E. are appro-
priate for the evaluation of I, for all devices. The o value provided by
(51) is adequate in (49) to calculate R, for devices with plane gates.
However, a suitable correction factor is necessary for o given by (51)
to make po effective for nonplane gate devices. For example, this factor
was 0.5 for the low-noise devices used as samples.

Tabie VIl—Comparison between the low-field electron mobility value
deduced from the measured value of open channel resistance by
(49) and that predicted from the most probable value of free-carrier
concentration in the active channel by (51)

Parameter Device
toin 10° cm*/V-sec A B c D E F G H 1 J K
Calculated by (49) 39 37 44 32 42 18 20 21 19 19 19
Calculated by (51) 41 41 37 33 39 45 41 39 38 40 39
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VI. PREDICTION OF MICROWAVE PERFORMANCE
6.1 Maximum output power

As was previously mentioned, devices A through E were originally
designed for high-power use. The maximum available output power,
Prax, of these devices were measured at 4 GHz in a coaxial system. A
double-slug tuner was provided in each of the input and output circuits
to obtain the conjugate match. The data taken at a drain bias of 12V
are shown in Table IX.

The maximum output power delivered from a GaAs MESFET oper-
ating at a drain-source voltage of Vy, is approximately given by

Il)l

Pru = " (Vas — Viy) (52)
if V, is sufficiently lower than the drain-source breakdown voltage.
By substituting the measured values of I, and Vi, into (52), Pp.. was
calculated for Vy, = 12V. Furthermore, P« was predicted using the
geometrical and material parameters, shown in Tables II and VI, to
calculate I,, and V. Both predicted values of P,.x are shown in
Table IX.

As seen in Table IX, there is excellent agreement between the
measured and predicted values of Ppa,y in devices C, D, and E at this
drain bias voltage. However, the measured values of devices A and B
were substantially smaller than the predicted values. This discrepancy
could be caused by the saturation effect in output power as Vi
increased. This problem of power saturation will be discussed in a
separate paper. Without power saturation mechanisms, the maximum
output power capability at microwave frequencies can be predicted
by dc parameters as well as by device geometrical and material
parameters.

6.2 Minimum noise figure

Devices F through K were originally designed for low-noise ampli-
fiers. The minimum noise figure, Fp,, of these devices was measured
at 5.92 GHz in a coaxial system with double-slug tuners. The measured
values are shown in Table X.

Table IX—Predicted and directly measured values of the maximum
output power at 4 GHz and 12V drain bias

Parameter Device
Pax @ 12 volts A B C D E
Measured directly (W) 0.40 0.40 0.44 0.36 1.00
Predicted from measured dc para’s (W) 0439 0491 0437 0350 1.001
Predicted from geo. and mat. para’s (W) 0439 0493 0440 0.353 1.006
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Table X—Predicted and directly measured values of the minimum
noise figure at 5.92 GHz

Parameter Device
Frin @ 5.92 GHz F G H I
Measured directly (dB) 222 151 184 174 175 176

Predicted from measured dc para’s (dB) 221 150 180 173 175 1.76
Predicted from geo. and mat. para’s (dB) 212 156 179 170 172 1.80

A simple expression for Fi, has been derived as
Fuin = 10 log [1 + KfL Vgu(R, + R.)] (dB), (53)

where fis the frequency of interest in GHz and K is the fitting factor.”
This fitting factor, which represents the channel material properties,
ranges from 0.25 to 0.3 in most cases. Substituting (33) into (53) with
a typical K-value of 0.27 yields

e gm(R; + R,)
Fuin = 10 log [1 +0.27 fL \/ T ] (dB). (54)

Using the measured values of g/, R, and R,, and deduced value of L
in (54), Fuin was calculated for devices F to K. The minimum noise
figure was also predicted from the geometrical and material param-
eters, using the values shown in Tables II, VI, and VII to calculate g,
R, and R,.

These predicted values are compared with the directly measured
value in Table X. The agreement is excellent between them. This
supports the idea that the dc characterization of a low-noise GaAs
MESFET makes it possible to predict Fnin at microwave frequencies
with a remarkably high accuracy. Also, once the geometrical and
material parameters are given for a device, its Fnin can be calculated
as well. It would be worthwhile to note that, if the operating frequency
approaches the cutoff frequency of a device or frequencies where the
skin effect on the gate metallization becomes significant, an additional
term is required in (54) for an improved accuracy.”

VIl. SUMMARY OF RELATIONSHIPS

Table XI is a summary of the relationships between the dc and rf
performance parameters and the geometrical and material parameters
of a GaAs MESFET.

VIIl. CONCLUSIONS

This paper complements the recent study of a new model of the
GaAs MESFET.! A new technique has been introduced in which the
basic channel parameters, such as the effective gate length, channel
doping, and channel thickness, are determined from the so-called dc
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Table XI—Summary of relationships

de . Participating Geometrical
Parameter Equations and Material Parameters
Vi, (34) N
W, (3) N, a
\A (3, 34) N, a
I, (4) N,a Z
B (6) N,a L
I, (5, 6, 4) or (7) Noa L Z
Rs, Rd (44, 45, 46) N, N*, a,, aq, as, L?, La, A
R, (48) Z, 2z, h, L, pg
I, (8,9, 10, 11, 4) N,a, L, Z R,
or (8, 12, 13, 3, 4) N, a,Z R, V.
Vhf (14, 37 4: 5r ] 4| 451 46) N’ a, L; Z; Rs; Rd; Vc
Performance Above Parameters
Parameter Equations plus Bias Parameter
8m (36, 3, 4) NoalLZ]I
En (36, 33, 3, 4, 44, 45, 46) N,a L Z R, I
ngx (52, 3, 4, 5, 6, N, Qa, L, Z, Rs, R([, Vd,
14, 44, 45, 46)
Frin (54, 36, 3, 4, NaL R,R,f
44, 45, 46, 48)

parameters. Also, a precise technique developed for measuring the dc
parameters was shown. Using 11 sample devices chosen from a wide
variety of designs, usefulness of the new techniques was demonstrated.

The determined values of the basic channel parameters for the
sample devices were used to calculate their dc parameters, such as the
maximum channel current, zero-gate-bias channel current, and
transconductance in the simple, analytical expressions recently ob-
tained.! Their predicted values were then compared with the measured
values in excellent agreement for all devices used. Practical expres-
sions, in terms of device geometrical and material parameters, devel-
oped for parasitic resistances were verified in good agreement with
measured values on all sample devices.

Using the sample devices, it was demonstrated that the maximum
output power and minimum noise figure at microwave frequencies can
be predicted by dc parameters as well as by device geometrical and
material parameters through simple, analytical expressions. In other
words, proper dc characterization of a GaAs MESFET makes it possible
to predict the microwave power handling capability and minimum
noise property.

Finally, the relationships between the dc and rf performance param-
eters of a GaAs MESFET and its geometrical and material parameters
were summarized with the relevant equations. This summary would
be very useful as a handy reference for the design and optimization
processes of a GaAs MESFET.
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