




































































































































































































































































E(LY) = E(erYl) = emmn+1/2(r'a}) (12)

Note that the moments grow exponentially with the order r* This
rapid growth of moments may be one of the reasons for the limited
range of applicability of the classical Wilkinson approximation (see
Ref. 11); dealing with diffferences of large numbers can lead to numer-
ical instability in trying to evaluate the approximate log-normal density
of the sum.

Marlow'® has shown that under quite general conditions, as K —
o, Pk is asymptotically normally distributed.* For fixed, finite K, and
with the X independent, identically distributed normal random vari-
ables (with mean m, and standard deviation o,), Marlow also derived
a small variance normal approximation.’ As o, — 0, a scaled version
of Pk approaches the distribution function of a unit normal.

In terms of log-normal variates, if we write

Px=10 logm(L) =10 10g10(L1 + Lo+ .- + L), (13)

Marlow’s second result says that, in the finite-component, small-vari-
ance case, the sum of log-normal variates is also approximately log-
normal. This result forms the analytical basis for the classical Wil-
kinson approximation, which is the usual normal approximation for
the distribution of the power sum.

The Wilkinson approximation proceeds as follows: With

L =¢é% (14)

now taken to be log-normal, Z is the associated Gaussian random
variable with parameters m. and g.. To find these quantities, one uses
(12) and equates the first two moments of both sides of (14). For
example, with K = 2, and Y3, and Y; identically distributed with mean
m, and variance o%,

E(L) —_ em2+1/2<r;1 — 2em_,+1/2aj5
E(L?) = e¥n+2i = 2e2m+20} 4. 9(gm+1/26)2 (15)

Taking logarithms gives a set of linear equations for the two unknowns,
m. and o2.

Figure 3, which will be discussed in detail later, presents the results
of a Monte Carlo simulation and the Wilkinson approximation, em-
ploying eq. (15). As indicated, the Wilkinson approach tends to break
down for 6. = 0,/A greater than 4 dB. This is consistent with the
above-quoted result from Marlow.

*For the infinite component case, Marlow also points out that there is asymptotic
normality both on the power scale, as well as on the dB scale. That is, both Py and L are
asymptotically normal.
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If one is interested in small o, but larger values of the random
variable, i.e., the tails of the power sum distribution, Fenton' suggests
a better approximation to the equivalent log-normal distribution by
utilizing higher-order moments. In this case, eq. (15) is replaced with
equality of, say, third and fourth moments. This procedure of using
different values of r in different regions results in an approximating
distribution which would be a series of connected straight lines when
plotted on log-probability graph paper.

At the other end of the o, component range, Farley’ has derived a
large variance approximation. With independent, identically distrib-
uted variables, as ¢, —

Pr[;l— (P — ma) < a] - [0, (16)
where ®(«) is the unit normal distribution function. (Clearly, this is a
decidedly non-Gaussian result.) Farley’s simulations indicate that the
large variance approximation gives better results than Wilkinson’s
approach for about o, > 10 dB and K fixed.

In this study, we also take K finite, but focus on the midrange, 4 <
o, = 12 dB, where neither Marlow’s nor Farley’s results are applicable.
This midrange is of particular interest for the shadowing phenomena
in mobile telephony, microwave radio fading, and airborne radar
clutter.

lll. ANALYTICAL RESULTS

We assume that
K K
L=Y Ly=Y e*=¢" (17)

for finite K is log-normal. The associated Gaussian variate is Z, and
the goal is to determine the quantities

m.,=E(nL)
o2 = E[(In L — m,)?] (18)

in terms of the mean and standard deviation of the component variates
Y:.

Below, we give exact expressions for m. and o. when there are two
components. The procedure for K greater than two combines the log-
normal variates in a nested fashion two-by-two, using the exact for-
mulas developed. To illustrate the procedure, suppose we have three
log-normal variates: L = L; + Ls + L;. The exact first and second
moments of In(L; + L) are computed. We then take

Zy =In(L, + Ly) (19)
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as a normal random variable and write*
Z =1In(L) = In(e” + L;) = In(e? + e3). (20)

We then compute the moments of In(L ), again using the exact expres-
sions developed for two components. This procedure has been tested
in a variety of situations and groupings of variates. The results are
very encouraging and will be discussed in the next section. Here, we
outline the development of the analytical formulae, with the details in
the Appendix.

Naus" has derived the moment-generating function, and computed
the first two moments of the power sum with two independent,
identically distributed normal components. (Hamdan'® generalized
Naus’ result for correlated variables with unequal variances.) Here, we
extend Naus’ general approach to the case of two independent vari-
ables with unequal means and variances.

For the two components, we have

eZ=L=L1+L2=eY‘+eY2 (21)
or

Z = In(e¥' + e?).

Define the Gaussian random variable

w=Y,—- Y, (22)
my, = W = m,, — Ny, (23)
O = 03, + 03, (24)

Taking the expectation of Z, we have
E{Z} = E[In(e" + )]
= E{In[e"(1 + "> )]}
= E(Y1) + E[In(1 + €)]. (25)

The second term is

Elln(1 + *)] = J’ [In(1 + ) ]f(w)dw, (26)

where f(w) denotes the normal density with the above-indicated mean
and variance. The logarithmic term is now expanded in a power series.
To ensure convergence of both the power series and the series resulting
from the subsequent integration, the integral is broken up into the
appropriate ranges. Thus,

* Equivalently, L, + L is assumed to be log-normal.
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o 0
J In(1 + e*)Aw)dw = f In(1 + €)A(w)dw

+ f [In(1 + e™) + w]flw)dw. (27)
0 .

The expansion

o« ) (_1)j+1
In(1+x) =Y Cux’/, C;= I (28)
j=1

valid for |x| < 1, can now be used for each of the above integrals. The
result (details are given in the Appendix) for the first moment is

m. = E[In(L, + Lo)]

Ow 2 102 my
= rnyl —_ e—mﬁ/ZﬂTr + my ¢)<____>

27 Ow
® — —- 2
+ Y Chetoir [ek’"w @(————mw kaw)
k=1 Ow
+ e @(—m“' — ko%”)]
Gur
=m,y, + Gi{ow, Mu), (29)

where ®(x) is the Gaussian probability distribution function as defined
in the Appendix, eq. (39), and G, is defined implicitly. It is not difficult
to show that the series in (29) converges. Our computer experience
indicates that about 40 terms are required for the 4th significant digit.

As might be expected, the formula for the second moment is more
complicated and is given by eq. (72) in the Appendix. The basic idea
however, remains the same: When expansions of logarithmic functions
are used, the expectation is broken up into integration ranges which
provide convergent series.

Although the formulae as developed involve infinite series and are
complicated, their application is relatively simple. We can write [see
eqs. (49) and (73) in the Appendix]:

m. = my, + Gi(0w, My)
0z = oy, — Gi (0w, M) — 20°G3(0w, M) + Go(0w, Mu), (30)
where the Gi(o,, m.) are defined in the Appendix and
p = —0y,/0u. (31)

Observe that the G; functions, i = 1, 2, 3, depend only on the two
parameters m.,, o,. Consequently, we can evaluate Gi(ow, m.) as a
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Table la—Coefficients of the approximating polynomials—Region |

[-20<m, <0, 0 <o, < 15]

Functions
Coefficients G1 G2 G3
A00 —0.1153239E 00 0.4012876E-01 —0.3958699E 01
A01 —0.5667912E 01 —0.4483259E 01 —0.5454983E 01
A02 0.1151279E 02 0.7391760E 01 0.1139280E 02
A03 —0.7162489E 01 —0.3772190E 01 —0.7116366E 01
A04 0.1312986E 01 0.5262268E 00 0.1315218E 01
A10 -0.1611385E 00 —0.1579114E 01 0.6839918E 01
All 0.2084215E 02 0.1637249E 02 0.1962529E 02
Al12 —0.4499768E 02 —0.2994901E 02 —0.4314091E 02
Al13 0.2756210E 02 0.1337812E 02 0.2647795E 02
Al4 ~0.5109783E 01 —0.1747459E 01 ~0.4940592E 01
A20 0.1345124E 00 0.2174588E 01 -0.4717296E 01
A21 —0.2670183E 02 —0.2114152E 02 —0.2486802E 02
A22 0.5919191E 02 0.3976749E 02 0.5618572E 02
A23 —0.3695334E 02 —0.1776890E 02 —0.3501815E 02
A24 0.6912766E 01 0.2195322E 01 0.6560938E 01
A30 0.8057054E-01 —0.7525302E 00 0.1819360E 01
A3l 0.1429709E 02 0.1147157E 02 0.1323538E 02
A32 ~0.3225969E 02 —0.2189501E 02 —0.3050022E 02
A33 0.2055628E 02 0.1006767E 02 0.1937757E 02
A34 —0.3888684E 01 —0.1224983E 01 —0.3658379E 01
A40 —0.3145306 E-01 0.8447987E-01 —0.2817493E 00
Ad1 —0.2730047E 01 ~0.2222839E 01 —0.2518272E 01
A42 0.6244253E 01 0.4289557E 01 0.5893337E 01
A43 —0.4048245E 01 —0.2035757E 01 —0.3809492E 01
A44 0.7746786E 00 0.2499568E 00 0.7260144E 00

function of these two parameters and store the results in three lookup
tables. An alternative is suggested by Fig. 5, which gives the three G/'s
as a function of g, with m, as a parameter. Since the curves are
smooth, we can fit low-order polynomials to them and use the resulting
expressions in (30) for the evaluation of the moments m, and ¢.. The
advantage of utilizing these analytical expressions in system perform-
ance studies is clear and, indeed, is what we have implemented.

A least-squares fit was performed to determine the polynomial
coefficients. After some experimentation, we chose the polynomial

J K
10810Gi(0w, mw) = 3 Y An(i)olf? |mu|*?,
J=0 k=0

1=1,2,3 (32

with J = K = 4. The coefficients A;.(f) were obtained for two regions
of the parameter space. The results for RegionI (-20<m, <0,0 <
ow = 15) and Region II (—40 = m,, = -20, 0 = 0, < 15) are presented
in Tables Ia and Ib. Over these regions of interest, the maximum error
produced by using the polynomial approximations was found to be
about 1 percent as compared to the exact calculations based on egs.
(49) and (73).

Before discussing the results of the simulation study, we digress to
note how the analytical results can be extended. First, the development
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Table Ib—Coefficients of the approximating polynomials—Region Il

[-40<m,<—-20,0<0,< 15]

Functions
Coefficients Gl G2 G3
A00 —0.3354792E 03 0.8942737E 02 —0.3596955E 03
A01 0.5281230E 03 —0.1521976E 03 0.5576596E 03
A02 —0.3085414E 03 0.9734654E 02 —0.3242909E 03
A03 0.7895054E 02 —0.2744724E 02 0.8271772E 02
A04 —0.7518427E 01 0.2756644E 01 —0.7863267E 01
A10 0.1354559E 04 —0.3688427E 03 0.1443269E 04
All —0.2133838E 04 0.6287175E 03 —0.2250748E 04
A12 0.1245491E 04 —0.4077784E 03 0.1307118E 04
A13 —0.3191052E 03 0.1148104E 03 —0.3336339E 03
Al4 0.3036738E 02 —0.1161187E 02 0.3167827E 02
A20 —0.1865732E 04 0.4966108E 03 —0.1986007E 04
A21 0.2941369E 04 —0.8514775E 03 0.3106047E 04
A22 —0.1718295E 04 0.5574036E 03 —0.1804377E 04
A23 0.4403198E 03 —0.1588548E 03 0.4603419E 03
A24 —0.4188256E 02 0.1624075E 02 —0.4366067E 02
A30 0.1059090E 04 —0.2684747E 03 0.1128759E 04
A3l —0.1671264E 04 0.4638312E 03 —0.1768423E 04
A32 0.9776851E 03 —0.3061915E 03 0.1028409E 04
A33 —0.2507169E 03 0.8842364E 02 —-0.2624284E 03
A34 0.2384698E 02 —0.9152624E 01 0.2487490E 02
A40 —0.2121206E 03 0.5077676E 02 —-0.2264791E 03
A4l 0.3350888E 03 —(.8833020E 02 0.3553536E 03
A42 -0.1963238E 03 0.5876009E 02 —-0.2069294E 03
A43 0.5040234E 02 —-0.1717538E 02 0.5284466E 02
A44 —0.4795980E 01 0.1799387E 01 —0.5008795E 01

is valid when the random variables Y; and Y, are correlated as well as
having different means and variances. With a simple modification in
eq. (24) to account for the correlation [and another in (52)],

0120 = 0.32 + 0’.}?1 - P120y10y2: (33)

the results remain unchanged. Furthermore, in principle, the under-
lying component variables do not have to be Gaussian. The proviso, of
course, is that the integration with the non-Gaussian f(w) be tractable,
and it must fall off fast enough so that the resulting series is convergent.
(Clearly, the components are no longer log-normal.)

Finally, we observe that the results can be extended in yet another
direction. By generalizing the procedure outlined above, exact formulae
for moments of more than two components can be obtained. However,
the resulting expressions are very complicated and, given the high
accuracy of our new method, the added complexity does not appear to
be warranted.

IV. SIMULATION RESULTS

We use the definitions introduced earlier:
L, = 10%/1° (34)
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k=1

K
Px =10 logm(L) =10 lng[ E Lk] . (35)

In the following discussion, by m, and o, we shall mean the first
moment and standard deviation of the random variable Px. The value
of K should be clear from the context. We focused our Monte Carlo
study on three issues:

(z) How good is the assumption that L = L, + L, + --- + Lx is
approximately log-normal or, equivalently, how well is the cumulative
distribution function (cdf) of Px = logio(L) described by a Gaussian
cdf? Furthermore, how closely does the Gaussian cdf (based on the
calculated m, and o,) match the true cdf of the power sum?

(ii) How accurate is the new analytical method in estimating the
resultant mean m,, and standard deviation ¢, and for what range of dB
spread o, and component number K is the technique accurate?

(itf) Is the nested procedure we have described numerically robust,
or are the estimates of m, and o, sensitive to the order in which we
combine the log-normal components?

The results of our Monte Carlo simulation confirmed the observation
of a number of other investigators, that the cdf of Pk is well approxi-
mated by the Gaussian cdf, particularly in the range of practical
interest.* Shown in Fig. 1 is the cdf of the sum of two log-normal
variates with o, = 6, 10, and 14 dB. We note that the Monte Carlo
simulation agrees quite closely with the assumed Gaussian cdf (based
on the calculated m, and o) in the range of 0.1 to 99 percent. Outside
this range, the simulation values start to deviate slightly. The cdf of
the sum of a large number of log-normal variates, discussed below in
Examples 1 to 3, together with a fourth case (the sum of six equal
components with m, = 0 dB and o, = 10 dB), are presented in Fig. 2.
Here we observe excellent agreement between the calculated (as-
sumed) and simulated cdf in the range 1 to 99 percent.

Having confirmed the Gaussian approximation for Px and the fact
that the calculated cdf closely represents the true cdf, we turn our
attention to the second issue, estimating the moments m, and o, from
the moments of the individual log-normal components. In Figs. 3a to
3c, the number of identically distributed components, K, is held fixed
and the component variance (dB spread) o2 is varied. In all cases, the
component mean m; is 0. Figure 3a illustrates the results for two
components and serves to verify the Monte Carlo program. Our
computed results coincide (as they should) with the simulation. In
contrast, the Wilkinson approximation begins to give inaccurate results

* The simulations typically had 10,000 sample points for each value quoted or
indicated on the figures.
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Fig. 1—Cumulative distribution function of sum of two log-normal variates with zero

means and variances equal to 6, 10, and 14 dB.
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1. THREE VARIATES: m=0,0=6,7,9.5.

2. SIX EQUAL COMPONENTS: m =0, 0= 10.

3. NINE COMPONENTS IN THREE GROUPS: GROUP 1,m = -10, 0= 6; GROUP 2, m = -18,
0=10;GROUP 3,m = -38,0=12.

4. EIGHTEEN COMPONENTS IN THREE GROUPS: GROUP 1, m = 10, 0= 10; GROUP 2, m = -2,
0 =10; GROUP 3, m=-8, 0=10.

99.99

Fig. 2—Cumulative distribution function of the sum of a large number of log-normal

variates corresponding to Examples 1 to 3 in Section IV plus an additional case.
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at about o, = 4 dB and becomes increasingly worse with increasing
Ox.

Figure 3b illustrates six components, and Fig. 3c illustrates ten. The
dB spread ranges from 2 to 14 dB. Our technique gives remarkably
accurate estimates of m,, while the estimate of ¢, is quite close for
¢. < 8 dB and then tends to underestimate the true standard deviation.
By way of contrast, for these ranges and number of components, the
Wilkinson approach gives gross inaccuracies and cannot be used.

In Figs. 4a and 4b, we vary the number of components, set m, = 0,
and hold the dB spread fixed. Again, our procedure gives very accurate
estimates of the mean and, as the number of components increases,
the variance is underestimated only slightly for o, = 6 dB (Fig. 4a) and
somewhat more so when o, = 10 dB (Fig. 4b). For these cases, the
error in the estimate of the variance as a function of the number of
components is as shown in Table II. (There are negligible errors in
estimates of the mean.) As indicated in the figures, the errors in the
Wilkinson approach are substantial, ranging up to 74 percent when
a. = 10 dB. .

It should be observed that the situation with equal mean components
and large dB spread is probably a worst-case situation. Indeed, from
the above table we see for K = 16, 6. = 10 dB, that the estimate of o,
is off by 12.8 percent. In contrast, in Example 3 below, we deal with
K = 18 components, and the same dB spread. There, the error in the
estimate is less—about 6 percent. The only substantial difference in
the two situations is the unequal mean values. These comments
notwithstanding, further study is warranted for this boundary of
parameter values, i.e., where the number of equal mean components
is high (K = 16) and the dB spread is identical and large (o. = 10 dB).

Our technique was also tested on a number of examples with unequal
components. We report on three that were chosen to illustrate the
general applicability of the new method.

Example 1—Three components, equal means, different variances:
m.,=0dB, i=1,23; 6, =6, 0,=7, o0x=95dB.

The Monte Carlo simulation gave m, = 8.08, g, = 5.356. Our procedure
provided the estimates m, = 8.05, g, = 5.273, for a 0.03-dB error in the
mean and 1.5 percent error in the variance.

Example 2—Nine components, taken in homogeneous groups of three:
m,, = —38 dB; o,,=12dB, i=1,2,3
ms, = —18 dB; 0, =10dB, i=4,5,6
my, = —10 dB; 0,=6dB, i=78,9.
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Fig. 4—Mean and standard deviation of power sum with varying number of identically
distributed components. (a) Component mean, m, = 0 and standard deviation, a: = 6
dB. (b) Component standard deviation o, = 10 dB.

Monte Carlo results gave m, = —0.61, g, = 3.90, while our technique
yielded m, = —0.6, o, = 3.79. This gives an error of 0.01 dB in m, and
2.8 percent in oj.

We now address the third issue raised at the beginning of this
section. To show that the way in which we combine the variables has
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Table ll—Error in estimate of variance
No. of Components (K)

Percent Error 2 4 8 16 32
o, =10dB 0.13 1.4 5.4 12.8 214
o, =6dB 0.43 2.0 3.3 8.2 11.5

little effect, we permuted the order in combining the nine components.
The resultant mean estimate varied between —0.59 and —0.64 dB,
while the standard deviation varied between 3.66 and 3.89 dB. This
example—and a number of others studied—illustrates the desired
numerical robustness of the procedure.

Example 3—Eighteen components: This example would correspond to
two tiers of interferers in a cellular mobile radio scheme.

Components 1 to 6: m.=10dB, o.=10dB.
Components 7 to 12: m, =—2dB, a.=10dB.
Components 13 to 18: m,=—8dB, o.=10dB.

The Monte Carlo results are: m, = 27.07, 0, = 4.54, and our technique
gave my, = 27.04, o, = 4.26. The error is 0.03 dB in the mean estimate
and 6.2 percent for g,,.

V. CONCLUSIONS

In this study, we have verified once again, as others have, that the
sum of a moderate number of log-normal random variables is well
approximated by another log-normal variate, especially in the cdf
range of 1 to 99 percent. Perhaps more important, we have been able
to relate the mean and variance of the resultant (Gaussian) power sum
to the first two moments of the individual underlying Gaussian com-
ponents. Our method is highly accurate in the range of parameter
values of most practical interest.

Based on our preliminary simulations, we may conclude that the
analytical method presented in this paper is extremely accurate in
evaluating the mean of the power sum for the complete range of
parameter values investigated. This range was a dB spread of 2 =<
0 =< 14 dB and up to K = 30 components. It is also accurate in
estimating the standard deviation with up to eight equal log-normal
variates when o is less than 10 dB. Outside this range, the approxi-
mation is slightly less accurate.

APPENDIX
Derivation of First and Second Moments

Our purpose is to provide enough detail so that an interested reader
can rederive the formulae for the first and second moments, as given
below by egs. (48) and (73).
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The expansions we use are
(_1)k+1
k

Inl+x)=Y Cwx*, |x|<1 and Ci=
E=1

In%(1 + x) = Y bpxtt,
k=1

2_1k+1k
T

|x|<1 and bk=—kT1_j=1

(36)

@37

The density function of a normal random variable with arbitrary mean

and variance is defined by

@ (x; m, 0) = e~ /202,

270

(38)

The distribution function is a simple parameter function and is given

by

x—m

X—my\ —12/2
<I)< 5 )—f_wd)(tmo)dt \/_ dt.

The function ®(x) is related to the error function by

X

2
erf(x) = —= eCdt
T Jo

®(x) = % + % erf(x/2).

Three integrals which occur often in the development are

+00
E{erx} — f erxq)l(x; m, o)dx = emr+r202/2

° -m — o°r
J erxq)l(x; m, G)dx — [emr+r202/2]q)(_o__>

- —
f ¢ (x; m, o)dx = [e-'"'+"°"’/2]q>(—m . r).
0

We repeat the definitions introduced in Section III:
eZ=L=L1+L2=eY1+eY2
Z =In(e" + "),

with the Y; Gaussian random variables. Let

(39)

(40)

(41)

(42)

(43)
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w=Y2—Y1
my = w = E(w) = m,, — m,,

oi=Ew—-w)’= ofz + afl. (44)

For convenience, we shall let f(w) denote the particular Gaussian
density function

fw) = @' (w; mw, ow); (45)
Z is rewritten as
Z =In(e"" + %) = In[e™'(1 + e9)]. (46)
Taking the required expectations
E{Z} =m.=m, + EIn(1 + €*)

=my, + f In(1 + e*)f(w)dw. 47

As discussed earlier, the integral is broken up into the intervals
(—oo, 0) and (0, »). Upon application of the series (36) and the
averaging (42) and (43), we obtain the result

my Ow 240 2
e m22) S i

0w/ 2m
o - —_ 2
+ 3 Ckek*olfﬂliekqu)( M k“‘”) (48)
k=1 Ow

+ e‘k"’w(D(—m'” — ko,%) }
Ow

All the terms, except m,, are lumped together and denoted by
Gi(ow, mu):

m. = my, + G1(Gw, Mu). (49)

The function G, is shown graphically in Fig. 5.
The second moment is decomposed as

E(Z% = E([Y, + In(1 + )]}
=o; +m} + E[2Y1In(1 + e*)] + E[In*(1 + €*)].  (50)
First, consider the cross term
A = E[2Y,In(1 + &9)], (51)

where Y; and w = Y, — Y; are jointly Gaussian with correlation
coefficient
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0., IN DECIBELS

Fig. 5—The plots of G/’s as a function of g, with m,, as a parameter.

. E[(Y1 — my,)(w - mw)]

05,0
=
Ow
2 2
= ~0y,/Vaoy, + 0y, . (52)

We utilize the conditional expectation property of jointly Gaussian
random variables (see Ref. 17, Section 7-5):

E[(Y: — my) | (w — mu)] = % (W — muw) (53)
or
E[(Y1|w)] = my, — p*(w — my).
Then, (51) becomes
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A = E[2Y, In(1 + €¥)]
=2E,[In(1 + e*)Ey,|w(Y1)]

= 2E.{In(1 + €*)[m,, — p*(w — m.)]}.

(54)

For convenience, we denote the first and second terms by A, and A,

respectively:
A=A - A..
Since
A, = 2m, E[In(1 + €“)]
= 2m,,(m. — my,)
from (47), we need only consider the second term Ao,
Az = 20°E[(w — my) In(1 + €¥)].
Integrate A by parts:

Az = 2pzj (w — mw) In(1 + €”)f(w)dw

e =]
T o = kz (_l)ke(k+l)w
=0
to obtain
0 &
A= 2p203,J T o fw)dw

= 20%2 3 (—1)kemulk+iy+er1iois2
k=0

(D[—mw — &k + 1)].

Ow

For the other part of (58), we have
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(56)

(67)

(58)

(59)

(60)
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=]

—9%el | 3 (—Dre e (fw)dw

o k=0

4

= 20%02 Y (—1)ke-tmuwtkioi/2
k=0

_ %
q,[i____] 61)

Ow
Collecting the results for the cross term,
A=A —A = A — (A2 + AY)
= A1 — 20°G3(0w, Mw)
= 2my, G1(0w, Mw) — 20°G3(0w, Mw). (62)

The remaining term in E(Z?) to evaluate is the last expression in (50).
We denote it by Ga(ow, muw).

G2(0w, my) = E[In?(1 + &*)]
0 ©
= J' In?(1 + ew)f(w)dw + J' In®*(1 + e*)f(w)dw
— s 0
= B; + Bs. (63)

For the integration over the negative real line, we can use the expansion
given by (37):

© 0
Bi=Y bkf e* V% fw)dw
Fm1 .

= Y bpelt+imut1ol/2]
k=1
—my — o*(k + 1
(I)[ a, ( )]' (64)

The expression Bs; is rewritten as:

B = f {In[e“(1 + e™)]}*flw)dw
0

= J [n*(1 + ™) + 2w In(1 + ™) + w?]f(w)dw
0

= Bs + B; + Bj. (65)

The expressions for Bs; and B; are relatively straightforward:
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B; = J ww)dw
0

=il o(3)]

+ V2/7 muoLe ™2k

+ 02[1 - q)(_;"‘”ﬂ _72‘”_"‘” g /20! (66)
w T

Bs = f In?(1 + e ) flw)dw

0

0
I In*(1 + e*)f(—w)dw

0 o«

= > bre*VUf(—w)dw
o k=1
E b e~ (k+D)my+(k+1)%02/2
[ - ow(k + 1)] (67)
The final term to consider is
B, = f 2w In(1 + e™)flw)dw
0
« 0
=-2Y CkJ' we f(—w)dw. (68)
k=1 e

Complete the square for the expression e*f(—w) and integrate to
obtain

- 2 —my Ow 5 o2
Bi=—2 Y Cpet-mukttoirn| m,d — 0 eminet | (69)
¢ k2=:l * I: * ( Ow ) Vor ]

where
m, = —my, + kob. (70)
Collecting the terms that make up G:(ow, m,) in (63), we have
G2(0w, mw) = B1+ B2 = By + (Bs + B, + Bs) (71)
as given by eqgs. (64), (66), (69), and (67).

To summarize, the second moment is given by the expression
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E(Z%) = a3, + m}, + 2 my,Gi(0w, mw)
— 20°G3(0w, Mw) + Ga(0w, Mmy), (72)
and, finally, the variance is
ot = E(Z°) — m}
= 03, — Gi (0w, Mw) — 20°G3(0w, M) + Go(0w, Muw). (73)

REFERENCES

1. L. F. Fenton, “The Sum of Log-Normal Probability Distributions in Scatter Trans-
mission Systems,” IRE Trans. Commun. Syst. CS-8, No. 1 (March 1960), pp. 57-
67.

2. D. C. Cox, “Co-Channel Interference Considerations in Frequency-Reuse Small-
Coverage-Area Radio Systems,” IEEE Trans. Commun., COM-30, No. 1 (January
1982), pp. 9-15.

. R. C. French, “The Effect of Fading and Shadowing on Channel Reuse in Mobile
Radio,” IEEE Trans. Vehicular Technology, VT-28, No. 3 (August 1979), pp. 171-
81.

. S. F. George, “The Detection of Nonfluctuating Targets in Log-Normal Clutter,”
NRL Report 6796, October 4, 1968.

. G. V. Trunk and S. F. George, “Detection of Targets in Non-Gaussian Sea Clutter,”
IEEE Trans. Aerospace and Elect. Syst. AES-6, No. 5 (Sept. 1970), pp. 620-8.

. J. Atchison and J. A. C. Brown, The Lognormal Distribution, Cambridge, Mass.:
Cambridge University Press, 1957.

. P. Bloomfield et al., “The Use of the Lognormal Distribution in Estimating Crude
Oil Reserves,” Technical Report, February 1979, Dept. of Statistics and Geology,
Princeton University, Princeton, NJ.

8. N. L. Johnson and S. Kotz, Continuous Univariate Distributions—1, New York:
Houghton Mifflin Co., 1970.
9. J. E. Farley, private communication.
10. W. A. Janos, “Tail of the Distribution of Sums of Log-Normal Variates,” IEEE
Trans. Inform. Theory, IT-16, No. 3 (May 1970), pp. 299-302.
11. L. E. O. Nasell, private communication.
12. 1. Nasell, “Some Properties of Power Sums of Truncated Normal Random Vari-
ables,” B.S.T.J., 46, No. 9 (November 1967), pp. 2091-110.
13. N. A. Marlow, “A Normal Limit Theorem for Power Sums of Normal Random
Variables,” B.S.T.J., 46, No. 9 (November 1967), pp. 2081-9.
14. N. A. Marlow, private communication.
15. J. . Naus, “The Distribution of the Logarithm of the Sum of Two Log-Normal
Variates,” J. Amer. Statist. Assoc., 64, No. 326 (June 1969), pp. 655-9.
16. M. A. Hamdan, “The Logarithm of the Sum of Two Correlated Log-Normal
Variates,” J. Amer. Statist. Assoc., 66, No. 333 (March 1971), pp. 105-6.
17. A. Papoulis, Probability, Random Variables, and Stochastic Processes, New York:
McGraw-Hill, 1965.

(2]

N O O s

1462 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1982



Copyright © 1982 American Telephone and Telegraph Company
THE BELL SYSTEM TECHNICAL JOURNAL
Vol. 61, No. 7, September 1982
Printed in U.S.A.

Piecewise Linear Approximation of Multivariate
Functions
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To approximate functions of a single variable by using linear
interpolation is routine in empirical studies. Here, we consider ap-
proximating functions of several variables in a similar piecewise
linear manner. We focus on the nontrivial part of this technique,
which is that of choosing the appropriate “pieces” for the piecewise
linear approximation. Precisely, we seek to identify the best interpo-
lants to use at a point of interpolation. This is not an issue for
functions of a single variable, since the linear ordering of the number
line leaves us with no choice. For functions of several variables, we
propose several simple tools to help uncover undesirable choices. The
techniques presented are useful in the empirical study of quantita-
tively complex functional relationships whose qualitative behavior is
nevertheless known and simple. Response time relationships para-
metrized by workloads in computer performance modeling often fall
into this category, and an actual bivariate function of this type is
used to motivate the development.

. INTRODUCTION

Linear approximation is a popular and economical way to gain
appreciation of the behavior of functional relationships. Especially in
higher dimensions, making sense out of a sample of data points in
terms of the underlying multivariate relationship is greatly facilitated
by some form of piecewise linear approximation. Such an approxima-
tion allows for estimation of the function at values not included in the
sample, sheds light on the activity of the function at selected neigh-
borhoods, and identifies regions where the relationship behaves inter-
estingly.

For the sake of concreteness let us consider a typical problem. A
simulation model of a computer system has been given. The workload
driving the system is described by two variables giving the respective
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percentages of two classes of users in the user population; there are
three classes of users altogether. The two variables, then, form a
bivariate parametrization of the workload. Six simulations were run,
and the resulting mean response times are shown below. (This response
time function will be denoted by & throughout this paper.)

h(60, 25) = 5.5
h(60,7) =21
h (40, 30) = 1.2
h(40,7) =1.0
h(20, 25) = 0.7
h(20, 15) = 0.7

It will be necessary to estimate the response times for many more
workloads than for the six simulations already run. Yet, it would be
inefficient to make a run for each possible parameter pair (xi, x2). It
would also not be necessary, given the qualitatively simple relationship
that generally exists between workloads and response times of com-
puter systems. In this particular case, the function is expected to be
monotone. Therefore, the six simulations not only give us the values
of the function at those six points, but also the values between and
around them, that is, at least approximately. For example, we could
safely assert that 2 (55, 10) should lie between 1.0 and 5.5. In fact, it
would be reasonable to estimate the range to be from 1.8 to 5.5. This
becomes obvious by plotting the six-parameter pairs used in the
simulations, plus the point P = (55, 10) on the (xi, x2) plane, as shown
in Fig. 1. The points A through F are labeled in the order in which
they were collected; point A is the oldest. Since the polygon with
corners A, D, B, and E bound the point (55, 10), it is reasonable to
deduce that the values of & at A, D, B, and E bound the value of £ at
(55, 10). This gives the interval (1.0, 5.5). Furthermore, £(55, 7) may
be estimated as 1.8 by linear interpolation between A(40, 7) = 1.0 and
Rh(60, 7) = 2.1. Since A is increasing in both x; and x,, A(55, 10) =
h(55, 7). This gives the sharper interval (1.8, 5.5).

As we will see, this approach can be continued until a numerical
estimate for h(55, 10) is reached. Two steps are required. The first
step identifies the data points that contain relevant information about
h(55, 10). For example, we have already rejected C and F as irrelevant
to P. This was simple and was done “by eye.” Finer methods need be
developed, however, to determine which one of A, B, D or E should be
further discarded. The major part of this paper, starting with Section
III, deals with this and related problems. The second step consists of
fitting a linear function over the data points chosen as a result of the
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B = (40, 30)

X2

F = (20, 25) D = (60, 25)

C=(20, 15)

P ={55,10)
[ ]

E=1(40,7) A= iSO, 7)

X1

Fig. 1—Data points for case study.

first step; the mechanics of linear fitting will be reviewed in Section II.
Together, the two steps produce the “best” way to fit the data points
in a piecewise linear way. The concluding recapitulation gives an
overview of the methodology in an iterative context.

Formulas used in our treatment are gathered in a sequence of
propositions. Since they are rather straightforward and our interest is
in their usage, only abbreviated arguments for their validity are
included. All calculations may be easily carried out on a computer.
Needed, aside from basic arithmetic, are routines to define and manip-
ulate matrices, perform matrix multiplications and inversions, take
determinants, and find eigenvectors of symmetric matrices. Compu-
tations for our examples have been carried out with relatively short
programs in the S statistical package.’

Our proposed approach is not meant to replace the standard practice
of fitting a single, global functional relationship to the data. The two
procedures reveal different aspects of the data. Function fitting, being
inherently global, is well suited for capturing the overall behavior of
the relationship. This we hope to complement with the piecewise
linear approach, which, being inherently local, is better suited for
pinpointing places where interesting things happen to the function.
This is especially relevant for iterative empirical studies, where it is
useful to know where the function is active in the parameter space so
that further experiments can be fruitfully specified.

Il. THE BASIC INTERPOLATION

Linear interpolation for functions of a single variable is usually
taught in high school in terms of such notions as similar triangles and
slopes. For the purpose of generalization to higher dimensions, an
alternative, though algebraically equivalent, viewpoint is preferred.
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Specifically, let f(x1) = y, f(x2) = y2, and x;.< x < x2. It can be shown
that the usual linear interpolation gives the estimate

a1y + azyz,
where a; and «; satisfy
ajx + axx2 = Xx,
a+a =1,
a1, ae > 0.

In other words, to estimate f(x) for some x in the interval x; < xg,
express x as a convex combination (weighted average) of x; and x.,
then estimate f(x) as the same convex combination of f(x:) and f(xz).
Notations: Asusual, R" is the set of n-dimensional real column vectors.
Also standard is the use of the prime notation for matrix transposition,
as in M'. If the jth column of matrix M is m;, we write M =
(m,, ---, m;). The length of a vector v = (vy, -+ -, v,)’ is denoted by

vl = v@i+ - +vi).

For any x € R", let x* € R*"' denote

(3):

i.e., the vector consisting of x followed by the singleton 1. If f is a
function, f denotes its approximation by linear interpolation.

A higher dimensional analogue of having the points x;, x» generate
an interval in one dimension is having points xi, X2, X3 generate a
triangle in two dimensions and having xi, X2, X3, X4 generate a pyramid
in three dimensions. Just as we require that an interval in one dimen-
sion should not shrink to a point, we require that a triangle
should contain area on a plane rather than reduce to a line segment,
and that a pyramid should contain volume in solid space rather than
collapse onto some plane. In general, we are concerned with the convex
hull of (n + 1) points x, - -+, X,+1 € R", subject to the condition that
these points do not lie in some lower (<n) dimensional hyperplane.
The matrix formulation of this geometric requirement is that the linear
transformation X given by

X = (xl — Xp41y v ,xn_xn+1)

should have the trivial kernel, or, by the rank-nullity theorem, satisfy
det(X) # 0.

Definition: An n-dimensional pyramid is the convex hull of a set of
(n + 1) vectors {xi1, ++-, Xn+1} C R” such that

det(xl — Xn+1y *°°, Xn — xn+l) # 0.
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The points x; are called its vertices, and any subset of n vertices forms
a face of the pyramid.

We will often call a set of points a pyramid, rather than a convex
hull generated by these points, as would be strictly correct; however,
this makes no difference since there is a one-to-one correspondence
between the set of vertices and the pyramid it generates.

Proposition 1: Let f: R — R be a function of n variables. Let
{x1, +++, X1} C R” be (ie., generate) an n-dimensional pyramid
containing x € R", and let f(x;) = y;. Then,

({) X* = (x{, --+, Xns1) is an invertible (n + 1) X (n + 1) matrix,
and

(ii) the estimate f(x) = (y1, -+, ¥ns1)(X*)"'x* is a higher dimen-
sional generalization of linear interpolation for a single variable.
Proof:

(i) If X* were not invertible, its columns would be linearly depend-
ent. Therefore, one of the vertices would be a convex (not necessarily
positive) combination of the n remaining vertices, implying that the n
+ 1 points lie in (n — 1)-dimensional hyperplane at most. This contra-
dicts the definition of a pyramid.

(i) Let a = (X*)7'x* = (a1, -+, ans1)’. Since x* = X*a, it follows
from the star (*) definition that

X=X+ -+ + On+1Xn+1,
o+ oo + aper = 1.

Thus, a expresses X as a convex combination of {xi, - -+, Xp+1}. Since
X is contained in the convex hull, @ = 0. Hence, the linear interpolation
at x should be

f(X) =my1 + o+ + An+1Yn+1,

which is as proposed.

In practice, we will not know whether x is contained in the convex
hull. Therefore, the vector of coefficients a should be explicitly com-
puted to check that « = 0. The use of the procedure with negative
components in « corresponds to linear extrapolation.

Example: Returning to the computer system response time function
h, we see from the (x1, x2) plot in the previous section that

wra={(2). (9). (%))

forms a two-dimensional pyramid, or triangle, containing

p-(%).
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Alternatively, if plots are not feasible, as would be the case in higher
dimensions, we calculate

det (40-60 40-60

0.7 7 7) = 460 # 0,

checking that a noncollapsing pyramid is obtained, and
. 40 40 60\7' /55 0.13
a=(30 7 7 10]=1012 |} =0,
1 1 1 1 0.75
checking that
55
10

is contained in the pyramid. Interpolation according to the formula

gives
0.13
(1.2 1.0 21)|0.12]|=185.

0.75

wan={(%). (%) ()

is a pyramid containing
55
10/°

and interpolation using this pyramid gives

40 60 60\"' /55
(10 21 55 7 7 2 10 | = 2.39.

Similarly,

1 1 1 1

lil. THE SELECTION PROBLEM

We have just seen how two different choices of pyramids can lead to
two markedly different approximations. Taking the average and ap-

proximating
~ (55
gty

by %(1.85 + 2.39) = 2.12 is not justified. An average is appropriate
when summarizing a batch of numbers that have been made different
by random error, since the averaging process “zeroes out” the random
errors. In our case, the difference between the two approximations
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does not arise from random error. One of the choices is better than the
other, and that is not a probabilistic phenomenon.

Another way to proceed is to put greater trust on closer interpolants
than on further ones and choose the pyramid yielding the least-
summed distance from its vertices to that point. Under this criterion,
the pyramid ADE should be preferred over ABE, since D is closer to
P than B is by nine units. Unfortunately, the notion of distance is not
invariant to the choice of scales on the axes, and the criterion becomes
sensitive to changes of units in the independent variables. The dis-
tance-type criteria have a further, more fundamental weakness, which
they share with, among others, the criterion of Lawson.?

As used by Akima® in his algorithm for bivariate smooth interpola-
tion, Lawson’s criterion triangulates the (xi, x2) plane in such a way
that minimum interior angles of triangles are maximized. The objective
is to set up as many “fat” triangles as possible. Under such “fatness-
type” criterion, ADE is again chosen over ABE, since ABE comes with
the companion triangle ABD, which is too “skinny.” An extremely
skinny triangle is undesirable for two reasons. First, its X* may be
numerically unstable to invert. Second, it biases the estimation along
a particular direction in the (x1, x2)-plane. (On the other hand, we will
see in Section VI that thoughtful biasing may be beneficial.) It is not
necessary, however, to make fatness an overall criterion just to avoid
such excesses.

The problem with these distance- and fatness-type criteria is that
only the configuration of the x variables is used in assessing pyramids.
(With the curve-fitting approach that uses Lagrangian and trigono-
metric polynomials,’ even this information is not taken into account.)
This is an unnecessary restriction. Surely the values of the function at
the interpolants, the f(x)’s, have much to say on the adequacy of an
interpolation. Our basic working tool to tie x together with f(x) is the
notion of steepest ascent. Using it, we show that the correct pyramid
to choose is ABE, rather than the pyramid ADE, favored by both
criteria above. Incidentally, the ABE choice for (55, 10) was confirmed
empirically by an actual simulation run which gave the result
h(55, 10) = 1.74. Recall that interpolation with ABE gives 1.85,
representing a 6.3 percent error, while interpolation with ADE gives
2.39, representing a 37.4 percent error. The fact that the interpolation
overestimates could also have been predicted. See Section VII, where
assumptions underlying our approach are discussed.

IV. STEEPEST ASCENT

Equipped with the mechanics of basic interpolation, we may analyze
in detail the function’s interpolated behavior on a given pyramid. We
would like to know along which direction inside the pyramid the
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function increases, and how fast that increase is. Because of the
linearity of the interpolation, both questions have well-defined an-
swers. The geometric way to derive an answer is to slice the pyramid
into parallel “contour hyperplanes,” which are systems of hyperplanes
such that points on the same hyperplane have the same interpolated
values.

Example: Figure 2 shows some contour hyperplanes (contour lines in
two dimensions) corresponding to the pyramid (triangle) ABE. Points
along the downward-sloping lines take the same interpolated values as
labeled. Clearly, A increases most rapidly along the direction of the
arrow, which is perpendicular to the contour lines.

Since the contour hyperplanes are parallel, a single vector perpen-
dicular to all of them can be found. Actually, there will be many such
vectors, but they can only have one of two opposite directions, one for
increasing f and another for decreasing f. We agree to take the
increasing direction. Being perpendicular to the contour hyperplanes,
this direction has no component along which f does not increase.
Therefore, it is the direction along which f increases the fastest. We
define a unit vector in this direction to be the direction of steepest
ascent of the function fin the pyramid. The rate of steepest ascent is
the increase of f along the direction of steepest ascent per unit distance
traveled.

It remains to formulate these geometric notions in matrix terms.

Proposition 2: Let f: R” — R be a function of n variables, {x;, ---,
X»+1} C R" be a pyramid, f(x;) = y;, and X* = (x{, - -+, Xn+1). Let

(@1, « -+, @na1) = (1, -+, Yorr) (X¥) 70

(i) The direction of steepest ascent in {x1, +--, Xp+1} is (@1, -+,
a»)/|(ai, - -+, ax)|, and
(ii). The rate of steepest ascent in {x1, +++, Xpa1} is |[(@1, -+, @n)|.

>

E 14 16 1.8

‘%X,

Fig. 2—Contour lines for ABE. Function increases in direction of arrow.
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Proof: By definition of (a;, ---, a.+1), the interpolation fits the
function

flxy, «oo,xn) =a1x1 4+ -+« + AnXn + Ann

on the pyramid {x,, - -+, X,41}.

To show (i), note that f(u) = f(v) implies that (a1, -+, @) (U — v)
= 0. To show (ii), note that f((a1, -+ -, a.)/|(@1, -+, an)|) = (0) =
||((11, ] an)"'

Example: Table I lists some directions and rates of steepest ascent
that we will use later.

V. A FIRST APPROACH: JUDGING BY FACES

Example: We are now ready to reject ADE in favor of ABE. Actually,
since ADE and BDE form a companion pair, we will reject them both.
This will be accomplished by analyzing the face DE. In Fig. 3, ADE
and BDE are shown along with their respective directions of steepest
ascent loosely placed about their centers. The two directions of steep-
est ascent make sense separately. Both show response time as an
increasing function of x; and x2. Together, however, they show that
DE is a ridge, i.e., & increases as DE is approached from either side.

Table |—Some directions and rates
of steepest ascent

Rate of
Direction of Steepest
Pyramid Steepest Ascent Ascent
ADE (0.29, 0.96)’ 0.197
BDE (0.99, 0.05)" 0.218
ABD (0.81, 0.58)" 0.323
ABE (0.98, 0.19) 0.059
8
X, 4
D
———
E A
X

Fig. 3—ADE and BDE with their directions of steepest ascent.
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Alternatively, a ridge indicates that £ is not monotone along some
direction on the (x;, x2) plane. From our knowledge of A, no such ridge
should exist. The triangulation {ADE, BDE} incorrectly shows a ridge
because A (D) is inordinately large. The triangulation allows D to pull
up both triangles, causing their boundary to buckle. The correct way
to picture & is shown in Fig. 4. For low values of x; and x., A grows
moderately (rate of steepest ascent = 0.059 on ABE), with x; being
mainly responsible for the increase. As x: and x, become large,
h explodes (rate of steepest ascent = 0.323 on ABD), and x begins to
affect A seriously, although x; is still the major contributor. Because
of the piecewise linearity of interpolation, AB has become an acceler-
ating, refracting boundary but not a ridge. In Section VI, we will see
another reason why ADE is a poor choice.

Note that specific knowledge about 2 was invoked to make the
selection: We knew that response time as a function of workload had
no ridges. In general, linear interpolation of functions with known
major ridges, valleys, maxima, or minima should be avoided. An
exception may be made if we are able to sprinkle such tricky terrain
generously with further interpolants. Under finer resolution, the vol-
atile formations should diminish. Of course, even if a ridge does exist,
it is highly improbable that it should coincide with one of our faces.

Definition: A face is a bad face if there are two pyramids containing it,
and their directions of steepest ascent either both point towards it or
both point away from it.

Thus, we accept as likely those faces that may refract and/or
accelerate steepest ascent vectors, but we question faces that gather
or scatter them.

Matrix techniques are clearly needed to identify bad faces in higher
dimensions, where graphs are not feasible. It is enough to find a
technique to determine if a given steepest ascent approaches a given

B
X2

Fig. 4——ABE and ABD with their directions of steepest ascent.
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face. Since approaching a face at 90 degrees is different from approach-
ing it at 0.0001 degree, the angle of approach is also of interest. Note
that knowledge of the angle alone does not tell us whether the ascent
approaches; the ascent may be located on either side of the face.

Proposition 3: Let a € R"” be a steepest ascent for the pyramid
{X1, +-+, Xp+1} C R"™ Let {xi1, ---, X} = F be the face of interest.
Define the n X (n — 1) matrix

X = (X1 — Xpn, X2 — Xp, *++, Xn-1— Xn).
Also define the n X n matrix
Y= ("‘X, a) = (Xn—-X1,Xn—X2, ey, Xp — Xp, a)'

(@) Let B=(B1, «-+, Bn) = Y ' (Xn — Xpu1). If B, > 0, a approaches
F.If B, < 0, a recedes from F. If Y is not invertible, a is parallel to F.
(i1) Let cos § = va&X(X'X)'X’a. Then 6 is the angle between a
and F.
Proof:

() The trick here is to pull the vertex x,.; to the origin so that we
may examine the relationship between a, now sitting at the origin, and
F, now translated to {X; — Xp+1, + ++ , Xn — Xu+1}. For 8 as given above,
letm,=8fori=1,.--,n=—1Lg,=1—(m+ -+ + 7p1),and £ =
Br. The reader may check that

n
ta= Y m(Xi— Xns1),

i=1

Z = 1.
i=1

The interpretation of the sign of B, follows from the trick just de-
scribed.

(i£) The trick is to translate the face to the origin by x,. We then
regress a against the translated face {x; — x,, -+, X,—1 — X, } so that
its projection proj(a) onto the linear subspace spanned by the trans-
lated face may be found by the usual formula. Now take the inner
product between a and proj(a), bearing in mind that a is a unit vector.
Example: Using the formulas above, we find the DE is approached by
the direction of steepest ascent of BDE at 31 degrees, and DE is also
approached by the direction of steepest ascent of ADE at 39 degrees.
Thus, DE is a ridge.

VI. ANOTHER APPROACH: THE AXES CRITERION

Example: Let’s consider again the selection problem with the response
time function y = h(x1, x2), but this time we consider the complemen-
tary pair of triangles ABD and BDE, shown in Fig. 5. While neither
triangle is very skinny, we could roughly identify directions along
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which they stretch out. For example, ADB stretches out in some
direction along AB, which is quite perpendicular to its direction of
steepest ascent. BDE, on the other hand, stretches somewhat along
DE, which is not at all perpendicular to its direction of steepest ascent.
This difference affords another basis for selection. Let’s exaggerate
somewhat and give the two triangles more definitive and mutually
perpendicular directions of stretch; we also assume that the “direction
of steepest ascent of the function” (a vague notion), denoted by a, is
perpendicular to the stretch of ABD. The situation is shown in Fig. 6.
We may now rotate the configuration to new axes (x1, x3) so that the
pair of triangles stretch in directions parallel to the new axes, as in Fig.
7. Because of our assumption, a becomes parallel to x7. This means
that x4 has no effect on y, so we may plot y as a function of x{ alone.

*2) [

X1

a; = ASCENT IN ABD
a, = ASCENT IN BDE

Fig. 5—Triangles ABD and BDE with directions of steepest ascent.

X2

x4

Fig. 6—ABD and BDE stretched in mutually perpendicular directions.
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Since a points along x1, y is an increasing function of x1. If y is a linear
function of x1, it will also be a linear function of (x1, x2), in which case
it doesn’t matter which triangle we select. Both will give perfect fit.
However, for 4, we must protect ourselves against nonlinearity. We
actually know that A is concave downwards as a function of xi. (If &
is concave upwards, the same argument below holds.) The elimination
of x5 leads to the (x1, y) plot given in Fig. 8. Clearly, ABD hugs the
function much better than BDE. By stretching linearly far along the
direction of ascent, BDE loses touch of the underlying, nonlinear
function. Here is the second reason why ABE is a better choice than
ADE.

The moral is that triangles perpendicular to their directions of
steepest ascent give better estimates. The same is true in higher
dimensions, although in higher dimensions it is not appropriate to talk
about the direction of stretch of a pyramid because a pyramid may
stretch in several directions at once. In three dimensions, for example,

X

Fig. 7—Rotation of Fig. 6.

*1

Fig. 8—Elimination of x».
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a solid pyramid may stretch out in one single direction, as in a needle-
like pyramid, or in two directions, as in a pancake-like pyramid.
Therefore, we will appeal to the notion of the axes of a pyramid—the
system of coordinates that best aligns with the vertices of the pyramid,
such that the first coordinate aligns with the furthest stretch of the
pyramid, ---, the last coordinate aligns with the shortest stretch of
the pyramid. The coordinates (x1, x2) found above by rotation are an
informal, visual example. Formally, it is necessary to define “best
alignment.” For convenience, we will define it in terms of least-squared
distances. Then, we may use the principal component technique from
multivariate statistical analysis.®

Definition: Let {xi1, +-+, Xn,+1} C R" be a pyramid with mean vector

X = 1 (x; + + X,41)
'—n+1 1 n+1/) -
Define the n X (n + 1) matrices
X=(xl,°",xn+l), X=(i)""i)'

Define the n X n covariance matrix

V=%(X—X)(X—X)’.

Let vy, ---, v, be the eigenvectors of V with eigenvalues \y = ... =
An. (That is, Vv; = A;v;.) Then v, is the first axis of the pyramid, v, is
the second axis of the pyramid, .- ., v, is the last axis.

The eigenvalue A; tells us how far the pyramid stretches along v;.
Thus, a four-dimensional pyramid with eigenvalues 1000 = 10 = 10 =
10 stretches out mainly along v,, while a four-dimensional pyramid
with eigenvalues 1000 = 500 = 10 = 10 stretches mainly along v; and
v, with the stretch along v, being significantly larger than the stretch
along va. A pyramid with identical eigenvalues does not stretch in any
direction and is “fat.” The eigenvalues cannot be 0 for pyramids.

The use of the axes vy, - - -, v, in evaluating a pyramid is as follows:
if a is its direction of steepest ascent, then the ideal pyramid
{x1, +++, Xn4+1} satisfies

avi=0

a'v,-; =0.

Thus, its first (n — 1) axes are perpendicular to the direction of steepest
ascent, leaving the last axis, the direction of shortest stretch of the
pyramid, to coincide with its direction of steepest ascent. When com-
paring less-than-ideal pyramids, we choose the one where |a’v;| is close
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to 0 for as many of the first vy, - --, v, as possible. Note that a’v; is
the cosine of the angle between a and v;.

Example: Using the formulas given above, Table II has been com-
pleted. Note that v; and v, are mutually perpendicular, as they must
be. From the relatively high ratios of Ai/As, it follows that all four
triangles have fairly prominent major (first) axes, i.e., they stretch
along some distinct direction. ABD and ABE form the narrower pair
of triangles. By comparing |a’v,|, it follows that ADE and BDE tend
to stretch along their respective directions of steepest ascent, while
ABD and ABE are more perpendicular to their respective steepest
ascents. Therefore, we chose the triangulation {ABD, ABE} over the
triangulation {ADE, BDE}.

VIl. ASSUMPTIONS

Now we spell out some assumptions about the underlying function
that are relevant to the validity of our linear interpolation.

The foremost assumption is that the function is reasonably smooth
with respect to the mesh of the interpolants. Without such basic
optimism, which is buttressed by the prerogative of adding further
interpolants to refine the mesh, systematic investigation could not
proceed. As described in Ref. 6: “The experimenter is like a person
attempting to map the depth of the sea by making soundings at a
limited number of places. - .- mapping a surface resembling a nest of
stalagmites or the back of a porcupine would be impossible --- since
characteristics of the surface at one point would not be related to
characteristics elsewhere.” Under the smoothness assumption, the axis
analysis presented in Section VI is valid, since it simply recommends,
in quantitative terms, the prudence of spacing out the interpolants
only where the function appears to behave uneventfully.

The face criterion of Section V applies when the function is mono-
tone, in addition to being smooth. (Monotonicity as defined here is
more stringent than what is usually required.)

Definition: A multivariate function f: R* — R is monotone if one of
the following holds for any x, y € R™

(i) Foralla, BE (0, 1), a > B — flax + (1 — a)y) = f(Bx +
(1= B)y), or

Table Il—Axes analysis for typical problem

Trian- Steepest As- Eigenvalues
gle cent a Eigenvectors v, v2 A A2 a'v

ADE (0.29, 0.96)" (—0.78, —0.63)’, ( 0.63, —~0.78)" 182.0, 59.3 —0.83
BDE (0.99, 0.05)’ (—0.65, —0.76)’, ( 0.76, —0.65)’ 183.7, 96.0 -0.68
ABD (0.81, 0.58)’ ( 0.68, —0.73)’, ( 0.73, 0.68)" 233.4, 46.3 0.13
ABE (0.98, 0.19)’ (—0.60, 0.80)", (—0.80, —0.60)’ 234.5, 75.2 —0.44
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(fGi) Forall o, B € (0,1), a > B = flax + (1 — a)y) = f(Bx +
1-R)y).

That is, f either increases or decreases consistently along whichever
direction one travels in the x-space.

Often, specific knowledge of the function includes its monotonicity.
With our A, for example, it is unlikely that any direction should be
singled out along which A “rollercoasts.”

A further useful assumption is convexity (concavity).

Definition: A function f: R* — R is convex on a convex region A C R”
if forany x,y € A and a € (0, 1),

flax + (1 — a)y) = aof (x) + (1 — a) f(y).
The function fis concave if
flax+ (1 —a)y) Zaf(x) + (1 —a)f(y).
If fis convex on the region A, the interpolated functionf satisfies
fx) = f(x) (x € A).

(Similarly, if f is concave, we have f = f.) Hence, knowledge of the
convexity (concavity) of f permits the conclusion that the interpolated
approximations are the upper (lower) bounds to the true values of f.
Since & appears to be convex on the hexagon ABCDEF, the response
time estimates obtained from linear interpolation are likely to be
worst-case estimates. This agrees with actual data:

h(55, 10) = 1.74 = 1.85 = A (55, 10).

Proposition 4: Let ||a| be the rate of steepest ascent in pyramid P =
{X1, +++, Xn+1} CR" Let r1, ---, r; be the rates of steepest ascent in
all pyramids that share some face F with P such that a recedes from
F. Similarly, let s;, ---, s; be the rates of steepest ascent in all
pyramids sharing some face with P that is approached by a. Then, for
monotone f:

(Z) It is consistent with the convexity of f on P that

ri, "',ri§”3”§31, I
(i7) It is consistent with the concavity of fon P that
ry, e riz|al|l= sy, -0, 85
Example: It follows from Fig. 9 that A is likely to be convex on ABE,
since 0.025 < 0.059 < 0.323.

VIIl. MORE ON THE SECOND APPROACH: A GLOBAL METRIC

Selecting the “best” system of pyramids was straightforward in our
example with ABE and ADE, since the number of triangles was few
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*2

F D
0.025 0.059 0.323
—-—
c a
E A

Fig. 9—Convexity of A.

and there was no trade-off between the two systems. When comparing
systems of pyramids involving possibly dozens of pyramids each, and
when each system contains both “good” and “bad” pyramids, individ-
ual assessments of pyramids must be combined into an overall measure
to facilitate the comparison. A combined, global measure of the opti-
mality of a system of pyramids is also necessary for the application of
our procedure on a computer. We now derive such a metric under the
principles discussed in Section VI.

Definition: Let P = {x1, +++, Xn+1} C R” be a pyramid with associated
steepest ascent vector a. Let Ay = --- = A, > 0 be the eigenvalues
derived from P as in Section VI, and let v, - - -, v, be the correspond-
ing eigenvectors. Define

n
Y Adavi|

mP) ="
i

INgE

1

In the above expression, m (P) is intended to measure the departure of
P from optimality. From the weighted-average form of its definition,
it follows that a large value of m (P) is caused by large values of |a’'v;|
for the larger values of A;. Equivalently, it implies alignment of the
major axes of P along a. An optimal P, of course, will do the opposite:
As seen in Section VI, it will align its least-significant axes along a.

Definition: Let {P,, ---, Py} be a system of pyramids. Let Vol(P;)
denote the volume of P;. [Recall that Vol({x;, ---, Xpt1}) =
det({x1, - - -, Xn+1})/n!; see (Ref. 7, p. 331).] Define

M({Pl, LI Pm}) = '21 Vol(P,)m(P,)
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The expression M ({P,, -- -, Pn}) is the proposed overall metric of the
departure of the system {P,, ..., P,} from optimality. It sums the
nonoptimality of each of its constituent pyramids, giving greater weight
to the more voluminous pyramids. Note that it is not necessary to
normalize M by the sum

m

Vol(P),
1

j=
since two comparable systems of pyramids will cover the same total
volume,
Example: Applying the definitions above,

m(ADE) = (182.0*0.83 + 59.3*0.56)/(182.0 + 0.56) = 0.765,

60 60 40
Vol(ADE) =det| 7 25 7| =180.
1 1 1

m(BDE) = 0.695, Vol(BDE) = 230.
M({ADE, BDE}) = 297.42;

m(ABD) = 0.269, Vol(ABD) = 180.

m(ABE) = 0.492, Vol(ABE) = 230.
M({ABD, ABE}) = 161.85.

Since M({ABD, ABE}) < M({ADE, BDE}), our calculation with the
metric M agrees with our earlier conclusion that {ABD, ABE} is the
preferred triangulation over {ADE, BDE}.

IX. BUILDING PYRAMIDS

One practical issue remains. In actual empirical studies, vertices
become available one by one, and except when the first pyramid is
formed, the pyramid building process is always applied to an existing
system of pyramids. Especially in higher dimensions, we need an
efficient and consistent method to incorporate new vertices into old
systems of pyramids.

Example: Suppose the vertices A, B, C, D in our computer performance
example have been satisfactorily triangulated, and E appears as a new
vertex, as shown in Fig. 10. What new triangulations are generated so
that they may be compared? If the new vertex is inside some triangle
[e.g., H = (55, 10) inside ABE], then an obvious reasonable answer
exists (e.g., replace ABE by HBE, AHE, and ABH). In higher dimen-
sions, the procedure is just as simple, so hereafter we will only consider
new vertices not in the convex hull of the old vertices. We should
specify that we start out with a minimal cover, that is, we start out
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X2 4

me

X1

Fig. 10—Adding a new vertex to a system of pyramids.

from a system of pyramids containing the convex hull of the old points

“cover”) in such a way that any point is in the interior of at most one
pyramid (“minimal”). For example, if triangle BCD were added to the
triangulation above, we would no longer have a minimal cover, since
some points close to B would be inside two triangles. We would also
like to end up with a minimal cover after incorporating the new point
E. By going from minimal cover to minimal cover, the method we
develop could be used again when a new vertex (e.g., F') comes around.
For the sake of consistency, we do not want to add any pyramid
implicitly rejected by the minimal cover we started out with, such as
BCD. We call new covers satisfying this desideratum consistent. The
appropriate building block for the new system of pyramids turns out
to be faces.
Definition: Let {xi1, ---, Xk} C R” be the set of vertices from the
starting minimal cover, and let p be a point outside its convex hull. A
new face is the convex hull of {p,x;, ---,x;_,} for any sequence 1 =
i1 < +++ <ip1= K such that:

(?) rowrank of (x;, — p, --+,X;,, —P) =n—1, and

(&Z) no x; (j # i1, -+, in-1), is in the convex hull of {p,x;, .-,
xin—l} .

Condition () ensures that the new face does not collapse to some
<(n — 1) dimensional surface. It may be checked by counting the
nonzero eigenvalues of the covariance matrix (see Section VI). Con-
dition (iZ) rules out pathologies such as face DE’ in the two-dimen-
sional case pictured in Fig. 11. (AE’, of course, is legitimate.)
Proposition 5: Let Fy be the set of old faces in the starting minimal
cover, and N be the set of new faces. If S is any consistent minimal
cover for the new convex hull whose set of faces is denoted by F, then

() Fis asubset of Fy U N,
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OLD VERTICES

® £ NEW VERTEX

Fig. 11—The pathological triangle ADE’.

(i) Any two faces from F do not intersect at interior points (though

they may met at boundaries), and

(iif) F'is a maximal set satisfying (i) and (i), i.e., any face not in F
either is not in Fo U N or meets some face from F' at interior points.
Proof: Check that the faces from any minimal cover must satisfy (iz).

Thus, assuming that we can enumerate all sets of faces satisfying (Z)
through (iii), we may proceed to reconstruct minimal covers from
these sets, and Proposition 5 tells us that we would have captured all
the consistent new minimal covers we want this way. Incidentally,
Proposition 5 does not rule out the possibility that we may catch more
than the new minimal covers or that some sets of faces may not be
reconstructible into new minimal covers. These situations are dealt
with by the converse to Proposition 5, which remains to be proven.
Therefore, we should guard ourselves against the first possibility and
not be surprised at the second.

The construction of all sets satisfying (f) to (iii) can be done neatly
along a downward-growing binary tree whose branches enumerate the
sets.

Example: Continuing the preceding example, it is clear that Fy = {AB,
AC,AD, BC, BD} and N = {EA, EB, EC, ED}. Next, we list pairs of
faces from Fy U N that meet at interior points in Table III. We now
grow our tree. The trunk of our tree contains those faces meeting no
others. Beyond that, we split the tree into two branches each time we
choose between a face and any one of the faces it meets. We extend
each branch as far as possible as long as it does not contain pairs of
intersecting faces. At the end of each branch we reconstruct a new
minimal cover from the faces listed on the branch; the result is
displayed in Fig. 12. Thus, the leftmost branch {AD, BC, BD, EA, EC,
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Table lll—Pairs of
intersecting faces for
typical problem
Face Meets Face(s)

AB ED
AC EB, ED
AD —
BC —
BD —
EA —
EB AC
EC —
ED AB, AC
AD
BC
BD
EA
EC
AB \ ED
AC/ EB EB
{ABD, ACE, ABC } ABD, BCE, ABE } { ADE, BCE, BDE }
Fig. 12—Tree from new vertex E.

AB, AC} lists one of the possible sets of faces that contains as many
faces as possible without including two that intersect at interior points.
It is easy to see that the branch is an enumeration of all faces from the
triangulation {ABD, ACE, ABC}. The other two branches are ob-
tained similarly. Using the evaluation techniques from Sections V, VI,
and VIII, the triangulation reconstructed from the faces listed in the
middle branch was chosen.

The only step in this procedure, which is nontrivial in higher
dimensions, is the tabulation of pairs of faces that intersect at interior
points. Especially where there are many pairs of faces, making a pair-
by-pair determination can be cumbersome.

Notation: Let e; € R" be the vector with 0 in every component except
the ith, where it is 1.

Proposition 6: Let F = {x3, -+-,X,}, G={y1, -+, ¥n} C R” be faces
from F, U N. Choose any j such that (x; — X, -+, Xp-1 — Xg, €) is
invertible, and let

P'(F) = en(X1 — Xp, +++, Xn-1 — Xp, €)' € R™.

(If F is a face, such j exists.) Similarly, define p’(G). Then F and G
have empty interior intersections if and only if either
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@) pPF)X1 < min{p’(Fy:, ---,
maX{p'(F)YI, M) P'(F)Yn}, or

@) p'(G)y: < min{p’(G)x1, ---,
max{p’(G)xy, -+, p'(G)X.}.
Proof: The clue is to recognize that p(F) is simply some vector
perpendicular to F and p’(F)y is the unscaled projection of y onto -
p(F). Clearly, two faces have disjoint interiors if and only if the two
faces have disjoint projections along some direction perpendicular to
one of them.

Example: We leave the response time function A so that we may
illustrate application of Proposition 6 in three dimensions. We are
given six vertices in R? and we wish to determine how the 20 resulting
faces intersect in pairs.

NURCRE
{3 () ()

Table IV contains the results of the calculations according to Propo-
sition 6. The last column of the table, where filled, lists the pairs of
faces with disjoint interiors that have been identified. There are five
such pairs. For example, the first row shows, using a projection
perpendicular to ABC, that ABC and DEF do not meet, since 30 <
min{80, 60, 69}. Note that A, B, and C have the same projection, 30,
since the projection is perpendicular to ABC. Note also that BCD and
BCE yield the same rows on Table IV. This is because B, C, D, and E
lie on the same plane. By Proposition 6, the five other pairs of faces
must meet at interior points.

Because only six points were involved, each row in the table could
only be used to separate two three-pointed faces. If more points were
involved, more than one pair of faces could be found disjoint at once.
For example, if we had two additional points G and H, and the first
row read as in Table V, then the following pairs of faces may imme-
diately be identified as disjoint:

p'(F)y.} or

p(G)x.} or p(G)y: >

pF)x >

ABC,DEF  ABH,DEF  AHC,DEF
ABC,EFG ABH,EFG  AHC, EFG
ABC,DFG  ABH,DFG  AHC,DFG
ABC,DEG ABH,DEG  AHC, DEG, -

This method clearly beats having to test each pair separately.
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Table IV—Determining how 20 faces meet in pairs
Face F p'(F)A p(F)B p(F)C p(F)D p(F)E p'F)F
ABC 30.0 30.0 30.0 80.0 60.0 69.0 ABC, DEF

ABD 17.5 17.5 5.0 17.5 -15.0 —6.0 ABD, CEF
ABE 24.0 24.0 18.0 50.0 24.0 33.0
ABF 22.2 222 14.4 41.0 13.2 22.2
ACD 30.0 5.0 30.0 30.0 85.0 6.9
ACE 30.0 60.0 30.0 140.0 30.0 69.0 ACE, BDF
ACF 13.3 0.0 6.7 0.0 0.0 6.0 ACF, BDE
ADE 22.1 12.9 14.3 22.1 22.1 21.9 ADE, BCF
ADF 22.2 12.8 14.4 22.2 22,6 222
AEF 22.2 13.2 144 23.0 222 22.2
BCD 20.0 10.0 10.0 10.0 10.0 9.0
BCE 20.0 10.0 10.0 10.0 10.0 9.0
BCF 20.3 10.5 10.5 11.8 11.3 10.5 ADE, BCF
BDE 20.0 10.0 10.0 10.0 10.0 9.0
BDF 20.1 9.7 10.2 9.7 11.1 9.7 ACE, BDF
BEF 20.4 114 10.8 14.0 114 114
CDE 20.0 10.0 10.0 10.0 10.0 9.0
CDF 20.3 9.9 10.5 10.5 11.9 10.5
CEF 20.3 11.3 10.5 13.3 10.5 105 ABD, CEF
DEF 23.0 14.0 16.0 27.0 27.0 27.0 ABC, DEF

Table V—Separating many pairs of faces simultaneously
Face F p'(F)A p'(F)B p'(F)C p'(F)D p'(F)E p'(F)F p(F)G p(F)H
ABC 30 30 30 80 60 69 70 25

X. RECAPITULATION

The cycle is now complete. We start out with some minimal cover—
possibly consisting of a single pyramid—on the x-space of some func-
tion y = f(x). The behavior of the function on the minimal cover may
be explored by linear interpolation as discussed in Section II. If further
information is subsequently found wanting, a new interpolant is cho-
sen, and a new data point is empirically acquired. Using the technique
from the preceding section, we are able to list all consistent ways to
extend the starting minimal cover into a new minimal cover that
incorporates the new interpolant. These new minimal covers should
be evaluated both in terms of their faces and in terms of the axes of
their pyramids. For either evaluation, the basic ingredient is the notion
of steepest ascent. Through this notion the values of the function at
the interpolants are taken into account. This distinguishes our ap-
proach from other schemes where only the x-space gets examined.
Eventually, a best new minimal cover is chosen, and we are ready,
once more, to interpolate and explore the function.
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A Traffic Overflow System With a Large
Primary Queue

By J. A. MORRISON and P. E. WRIGHT*
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We analyze a traffic overflow system that consists of two groups of
trunks, with waiting spaces for each group, and some overflow ca-
pability from the primary to the secondary group. We consider the
case in which the number of waiting spaces in the primary queue is
large compared to the corresponding number in the secondary queue
and to the number of trunks in the secondary group. The case of an
infinite number of waiting spaces in the primary queue is also
allowed. We contrast the approach presented with some previous
approaches that are suitable when the number of waiting spaces in
the primary queue is not comparatively large. As with previous
approaches, the aim is to reduce the dimensions of the system of
equations to be solved in order to calculate various steady-state
quantities of interest. Our results include expressions for the loss
probabilities, the probability of overflow from the primary to the
secondary group, and the average waiting times in the queues. We
also obtain the stability condition under which the results are valid
when the number of waiting spaces in the primary queue is infinite.

I. INTRODUCTION

In this paper, a particular traffic overflow system with queueing is
analyzed. The same system has been investigated previously where
techniques were developed for reducing the dimensions of the system
of equations to be solved in order to calculate various steady-state
quantities of interest."” This analysis is a considerable improvement
over the earlier study for the case when the number of waiting spaces
in the primary queue is large compared to the corresponding number

* The work of this author was performed during the summer of 1981, while he was a
Summer Research Associate at Bell Laboratories, Murray Hill, New Jersey.
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in the secondary queue and to the number of secondary trunks.! A
suitable analysis has already been made for the case when the number
of waiting spaces in the secondary queue is large compared to the
corresponding number in the primary queue and to the number of
trunks in the two groups.”

In cases of interest, the sparse system of linear equations for deter-
mining the steady-state probabilities of the number of demands in the
two groups may have very large dimensions. The reduced system of
equations then has considerably fewer dimensions, but the system will
be dense. Numerical results based on the solution of the original sparse
system of equations by successive over-relaxation techniques, and on
the solution of the reduced system of equations obtained earlier by
Morrison,! were presented by Kaufman, Seery, and Morrison.> The
numerical values of the various steady-state quantities of interest
obtained by the two procedures agree to many significant figures.
Other procedures for solving the original system of equations are
discussed in Refs. 1 and 4.

The dimensions of the reduced system of equations obtained in this
paper are independent of the number of waiting spaces in the primary
queue. On the other hand, the dimensions of the reduced system of
equations derived in Ref. 1 continue to increase as the number of
waiting spaces in the primary queue increases. This is even more
drastically the case for the original sparse system of equations. Con-
sequently, the reduced system of equations that we derive is advan-
tageous when the number of waiting spaces in the primary queue is
large, and even more so when the number is infinite.

The traffic overflow system considered consists of two groups, a
primary and a secondary, with n; > 0 servers and ¢, waiting spaces,
which receive demands from independent Poisson sources S; with
arrival rates A, > 0, 2 = 1 and 2, respectively, as shown in Fig. 1. The
service times of the demands are independent and exponentially dis-
tributed with mean service rate p > 0. If all n, servers in the secondary
group are busy when a demand from S arrives, the demand is queued
if one of the g waiting spaces is available; otherwise it is lost, that is,
blocked and cleared from the system. Demands waiting in the second-
ary queue enter service, in some prescribed order, as servers in the
secondary group become free.

If all n, servers in the primary group are busy when a demand from
S, arrives, and there is a free server in the secondary group and no
demands waiting in the secondary queue, the demand is served in the
secondary. If there are no free servers, then the demand is queued in
the primary queue, if one of the ¢, waiting spaces is available; otherwise
it is lost. Previously, two different cases were considered for the
treatment of demands waiting in the primary queue."” In case I, a
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Fig. 1—Mean flow rates for an overflow system with queueing.

demand waiting in the primary queue may enter service either in the
primary group, when a server becomes free, or in the secondary group,
if a server becomes free and there are no demands waiting in the
secondary queue. In case II, no overflow is permitted from the primary
queue, so that a demand in the primary queue must wait for a server
in the primary group to become free.

We consider only case I and use a different approach to analyze the
overflow system. The new approach is preferable to the earlier ap-
proach' when q, is large compared to g; and ns, or even infinite. The
alternate earlier approach? is preferable when g is large compared to
g1, ny, and ng, or even infinite.

Let p,; denote the steady-state probability that there are i demands
in the primary group and j demands in the secondary group, either in
service or waiting. These probabilities satisfy a set of generalized birth-
and-death equations, which take the form of partial difference equa-
tions connecting nearest neighboring states. The basic technique is to
separate variables in regions away from certain boundaries of the state
space, the elements of which are (i, j). These regions are shown in Fig.
2a. The analogous regions corresponding to the earlier analyses'” are
shown in Figs. 2b and 2¢. The separation of variables leads to two sets
of eigenvalue problems for the separation constant. The eigenvalues
are roots of polynomial equations. The probabilities p; are then
represented in terms of the corresponding eigenfunctions.
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The constant coefficients in these representations are determined
from the boundary conditions and the normalization condition that
the sum of the probabilities is unity. There are two sets of constants,
corresponding to the representations of the probabilities p;; in the two
shaded regions in Fig. 2a. In general, these constants have to be
evaluated numerically. However, we do show that the set of constants
corresponding to the representation in the primary queueing region
may be expressed explicitly in terms of the other set of constants. This
further reduction leads to a problem of fewer dimensions than the one
obtained in the first analysis,' regardless of the size of g, > 0. '

Various steady-state quantities of interest may be expressed in terms
of the probabilities p;;. Among these are the loss (or blocking) proba-
bilities, the probability of overflow from the primary to the secondary
group, the probabilities that a demand is queued, and the average
waiting times in the queues. These quantities may be expressed directly
in terms of the constant coefficients occurring in the representations
of the probabilities p;;, averting the need to calculate the p;;. This is a
key advantage of the reduction in the dimensions of the problem.

The solution is built up in stages. In Section II, we consider solutions
to the birth-and-death equations in the region0 =i=n, - 1,0=<j =<
ne + g2 of state space. This corresponds to the case ¢; = 0, and was
analyzed earlier as a special case.! Its inclusion here is for the sake of
completeness. In Section III, we examine the solution in the region of
state space corresponding to queueing in the primary, and give a
heuristic derivation of the stability condition when ¢; = . Section IV
discusses the boundary and normalization conditions, while Section V
is devoted to the calculation of various steady-state quantities of
interest. In Section VI, we show how to achieve a further reduction in
the dimensions of the problem by the introduction of a generating
function. This reduction is obtained in another way in Section VII.
Properties of the eigenfunctions that occur in the representations of
the probabilities p;; are given in Appendix A, the eigenvalues corre-
sponding to the primary queueing region are discussed in Appendix B,
and results pertaining to the generating function are derived in Appen-
dix C.

1l. REPRESENTATION OUTSIDE THE PRIMARY QUEUEING REGION
For convenience, we define
ki=n+ q, ks = ny + qo. (1)

Let pi; (0 =i =< k1, 0 = < k;) denote the steady-state probability that
there are i demands in the primary, and j demands in the secondary.
Define also the traffic intensities

a; = A/, a; = >\2/M. (2)
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As usual, we let §;; denote the Kronecker delta, i.e.,

L =g
b {0, i%]. ®
Finally, we introduce the function
_J1, =0,
xi= {0, 1<0. (4)

The probabilities p;; satisfy a set of generalized birth-and-death
equations. For case I, it may be shown' that

[a1(1 — 8ir, Xj-n,) + a2(1 — 8jz,) + min(Z, n1) + min(y, n2)]p;
= (1 = Xi-n;-1Xn—-D[@1(1 — 8i)pi1,j
+ (1 — Sp)min(j + 1, n)pij]  (5)
+ (1 — 8j0)[a18in, Xn,— + 82(1 = Xi—n;~1Xr,—~) 1 Pij1
+ (1 = 8 )[(1 = Xin, Xn,——1)min( + 1, n1) + n2xi-n,Ojn, ] Pirj

for 0 = i = ki1, 0 =j < k,. These equations were constructed to imply
that

pi=0,m+1=<i=<kh, 0=j=n.—1, (6)
since there can be no queued demands in the primary when there is a

free secondary server.
The normalization condition is

ny ko ky
Y Xpit X 2 pi=1 (7)
i=0 j=0 t=ny+1j =ny

For0=i=<n; —1and 0 =j =< ks, the variables in (5) may be
separated,’ and there are solutions of the form «;8;, where

(@1 + i+ p)ai = ar(1 — di)aim1 + (i + Datira, (8)
forO0=<i=<n;—1,and
[a2(1 = 8jz,) + min(j, n2) — plB;
= a2(1 - Bjo)ﬁj—l + (1 - 6]k2)min(] + 1, n2)ﬁj+ly (9)

for 0 = j = ks, and p is a separation constant. The solution of (8)
may be expressed in terms of Poisson-Charlier polynomials.>® We
denote here the solution of (8) for which ao = 1 by si(p, a1). The prop-
erties of si(A, a) which we will need in the analysis are contained in
Appendix A.

For 0 =j =< n., — 1, (9) becomes

(a2 +Jj — p)Bi = ax(l — §0)Bj—1 + (j + 1)Bj4, (10)

1492 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1982



and we see that there are solutions f; proportional to s;j(—p, az) for
0 <j =< n,. For n, <j < ky, we find that

[a2(1 = &) + n2 — p]B) = a2fj1 + na(1l — ) Bjnr- (11)
To find a representation for solutions to (11), we define!
12
n az+nz—p
Ti(p) = (—) Uz<—————> (12)
az 2V azne
and
®i(0) = ¥r,-1(0) — ¥r,j-1(p), (13)

where Ui(x) denotes the Ith Chebyshev polynomial of the second
kind.” The properties of these functions are discussed in Appendix A.
However, we note here that Up(x) = 1, U_i(x) = 0, and hence
¢r,(p) = 1. From (11), and (134), it follows that B; is proportional to
¢i(p) forns — 1 =j=<k,.

Thus, as a basic solution to (9), we take

_ 1si=p, @)n,(p),  O0=j=no,
A {8"2(_9’ a2)ei(p), ne—1=<j=ks, (14)

where
Sny-1(=p, A2)Pn,(p) = Sn,(—p, A2)Pn,—1(p). (15)

With the help of (13), (128), (129), and (133), (15) may be expressed in
the form,

plsn,(1 = p, @2)¥q,(p) — p,-1(1 = p, a2)¥g,1(p)] = 0. (16)

The expression in the square brackets is a polynomial in p of degree
k. It was shown' that its zeros are positive and distinct, and we denote
them by pn., m =1, 2, --., k. We adopt also the convention po = 0.
The calculation of the {pn»} for m > 0 is related to an eigenvalue
problem for a symmetric tridiagonal matrix.!

For the moment, we consider g, = 0, so that k; = n,. This corresponds
to the case of queueing in the secondary only, which has been analyzed
as a special case.! In terms of the separated solutions to (5) for
0 =<1i=n:—1, arepresentation of the solutionfor0<i<n;,0<j<k,
is

ko
Y dmsi(pm, @)Si(—pm, @)Pny(pm),  0=<j=<ns,

m=0

py= (7)

k2
Y, AmSi(Pm, @1)Sny(—pm, A2)di(pm), ng<j=<ks.

m=0
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The constants {d.} are determined only to within a multiplicative
factor by the boundary conditions at i = n,, 0 < j < k;, since the
boundary condition at j = n; may be shown to be redundant." The
multiplicative factor is determined by the normalization condition (7).
In general, the constants {d..} have to be calculated numerically.

For ¢g; > 0, the representation (17) may still be used for 0 < i < n,,
0 < Jj =< k2, but a different representation must be found for n, + 1 <
i < ki, n2 < j < kp. The earlier approach’ was to find separated
solutions to (5) intheregionn; + 1 <i<k,n:+ 1<j =< ks, ie, away
from the boundary at j = n.. This led to a representation of p;; for
ni <1i=< ki, ny <Jj=< ko. Solutions were found that match those in (17)
for i = ny, ns =j < ks, and an additional ¢; solutions were found that
vanish at i = n;. By the superposition of a suitable linear combination
of these ¢ solutions, the boundary conditions at j = ne, i + 1 <i <
k1 could be satisfied, without disturbing the matching of the represen-
tations at i = n1, n2 =Jj < k2. The constants {d,.} are still available to
satisfy the boundary conditions at i = ni, 0 < j < ks, and again the
condition at j = n2 is redundant.

Since the number of additional constants to be determined in the
above approach is g, this procedure is not suitable if g, is large. In the
next section, we investigate an alternate approach that is suitable if g;
is large or even infinite.

lll. REPRESENTATION IN THE PRIMARY QUEUEING REGION

We now assume that ¢; = 2 and g» = 1, although these restrictions
may be relaxed. For n; + 1 <i <k, — 1 and n; <j < k», the variables
in (5) may be separated and there are solutions to the partial difference
equations of the form

¢ ML, m=<i=<k, ne<j=<ke,
where

[(n1 - %)(1 — 0) + ax(l — &) + na(l — 8,0) ]fj

= qz(1 — 6,',1,2)}(}_1 + no(1 — 3jk2)f}+1, na Sj =< kz, (18)

and o is a separation constant. Since @, # 0, and we are interested in
nontrivial solutions, ¢ % 0. In particular, for n. + 1 <j < k., we have

[ax(1 — 3jk2) + nz — wlf; = asfi-1 + na(l — 8jk2)f}+1, (19)\

where

w= (ﬂ - nl)(l - o). (20)
g
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We see from (134) that a solution which satisfies the boundary condi-
tion at j = ko is

fi = fr.9i(w), ne<j= ke, (21)

with ¢; defined as in (13).
It remains to satisfy the boundary condition at j = n,, namely,

[az + n2(1 — 0) — wlfs, = Nafu,+1- (22)
With the help of (21) and (13), we obtain
na(1 — 0)pn,(w) + (a2 — W) [ Vg (w) — ¥y,-1(w)]
= 1o ¥o () = ¥ga(@)] = 0. (23)
This reduces with the help of (20) and (133) to
(1 — 0)H(o) = 0, (24)

where
H(o) = (nl - %)‘I’q2(w) + nagn,(w), (25)

with w defined as in (20). Hence, 6 = 1 or H(o) = 0.

Now ¥,(w) is a polynomial of degree ! in w. Hence, 6%2"'H(o) is a
polynomial of degree 2g, + 1 in o, so that H(s) = 0 has 2¢q. + 1 roots.
In Appendix B, we show that these roots are positive and distinct, and
that at least g@» of them lie between 0 and 1, and at least g of them are
greater than 1. More precisely, define

Ai=m+ nz[l —%}. (26)

Then, if a; < A1, g2 + 1 roots lie between 0 and 1, and ¢- roots exceed
1. If @; > Ai, then g2 roots lie between 0 and 1, and g2 + 1 roots exceed
1. Further, if a; = A;, then H(1) = 0. We denote the roots of H(o) = 0
by o,,r=1,:--,2g:+ 1, with0 < 0, < - - - < g¢,+1. For convenience,
we define g0 = 1. Then 0,, < 1 and 04,42 > 1, and 0g,+1 < 1 if a1 < A4,,
and og4,+1 > 1if a; > A,. Note that o,, r =0, ..., 2g> + 1 are distinct
if a1 # A;. On the other hand, 0o = 04,+1 if @1 = A;.

For ¢: < », we assume for simplicity that a; # A;. We then have
2g, + 2 distinct roots, and it follows that we may represent the
probabilities in the form

2go+1

pi= Y eoiMoiw,), m<i<k, ne<j=<k, (27

r=0
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where

@ = (ﬂ - nl)(l ~a)
Or

and the constants {e;} are to be determined. Consistency of the
representations (27) and (17) at i = n, requires that

2go+1 ko

2_:0 er¢j(wr) = 2_0 dmsnl(Pm, al)an(—Pm, a2)¢j(Pm)y (28)

forn;=j=<ks.

For g, = o, we assume that a; < A,; the reason for this will be
apparent shortly. We use the representation (27), but the normalization
condition (7) implies that e =0 and e, =0, r=¢qg2 + 2, ---,2¢2 + 1
sinceogo=1land e, >1,r=qs+ 2, ---, 2, + 1. We thus have q» + 1
conditions to replace the g2 + 1 boundary conditions lost on removal
of the boundary at ¢ = ki. If a1 > A, then o,,+1 > 1, and we would
have to take e,,+1 = 0 also. However, this would leave only g. constants
e, r =1, ..., g2 to satisfy the ¢ + 1 conditions (28), which is
insufficient.

The stability condition a; < A,, for ¢; = ©, may be derived heurist-
ically as follows. Consider the situation when there are demands
waiting in the primary queue. It follows that all n, servers in the
secondary are busy. As the point of instability is reached, the primary
queue will never be empty, and hence acts as an infinite source for the
secondary servers. Demands from this source enter the secondary only
when a server becomes available and there are no demands waiting in
the secondary queue. Since the secondary system is a loss system, it is
ergodic. _

Let Pj,j = no, - -+, ko, be the steady-state probability that there are
J demands in the secondary. Then the rate at which demands in the
primary queue are served in the secondary is nquP,,, and the rate at
which they are served in the primary is nip. Since A; = ai, it follows
that the stability condition is

a<n + nanz. (29)
But, as for the system without the infinite source,?

J—ng
pi= (5’3) P,, mnm<j<k.. (30)
ns

With the infinite source present, P;=0,j =0, ---, n2 — 1, and Py, is
determined by

ko
Y P=1 (31)

Jj=ny
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From (30), (31), and (136), we obtain

[, ¥ar(0)
P, = [1 o ] (32)

From (26), (29), and (32), it follows that the stability condition for
g = ® isa; <A,.

IV. BOUNDARY CONDITIONS

The constants {d.} and {e,} introduced in (17) and (27) must be
chosen so as to satisfy the boundary conditions at { = n, and i = k.
The boundary conditions at i = &, imply that

[a2(1 — &jx,) + n1 + n2lps,.j
= a1pr,-1,; + @2(1 — 8n))pr, j—1 + N2l — 8jr)pr,. 1 (33)
for ny < j < k. At i = n,, we have
(a1 + a2 + na + j)pn,,;
= a1pn,-1,; + (a1 + a2) (1 = §jo)pn,.j-1 + (j + Dpn,jr1 (34)
forO0<j=<n,—1,
(a1 + a2 + 1y + n2)pn,n,
= Q1 Pn;-1n, T (@1 + A2)Pryny—1 + NoPryny+r + (N1 + N)Pny41n,,  (3D)
and
fai + ax(1 = dz,) + n1 + n2]pn,,;
= @1Pn,—1,j + Q2Pny,j-1 + 01Pp+1,j + Nl — in)Pn, j+1,  (36)

forne+1=<j=<k,.
If we substitute (17) in (34), we find, on reduction with the help of
(125), (128), and (129), that

ky
Z dm‘bnz(Pm)[Pmsn,(l + Pm, al)sj(_pm, (12)

m=0
+ @18n,(Pm, a1)8(—1 = pm, @2)] =0, (37)

for 0 = j = n, — 1. Similarly, if we substitute from (17) and (27), (36)
implies, after reduction, that

ky
E dmpmsnl(]- + pm, al)snz(_pm, a2)¢’j(Pm)

m=1
2go+1

- Z e-(nio, — a1)gi(w;) =0, (38)

r=0
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for ny + 1 <j < k», and (33) implies, with the help of the fact that f; =
¢j(w,) satisfies (18) for 0 < r < 2¢, + 1, that
2go+1
Y erof[(ny + nedin,)or — arloi{w,) =0, (39)
r=0
for ns < j = ke. Finally, (17), (27), (15), (125), (128), and (129) in (35)
imply that

kg
Y dndny(Om) [ OmSn, (1 + Py @1)Sn(—0m, A2)
m=0

+ @15n,(Pm, @1)Sny(—1 — P, @2)]

2g9+1

— (n1 + no) Z erar‘}’)nq(wr) =0. (40

We will now show that the boundary condition at i = n,, j = ns is
redundant and may hence be dropped. Summing (39) from j = n; to
ks, we find that

2qo+1
Y eoi[(nio, — a) ¥y, (w) + naopn,(w)] = 0. (41)
r=0
Forr=1,2, ..., 2q; + 1, it is true that
a
H(o,) = (m - f)‘l’qz(wr) + ngdn,(wy) =0, (42)
and go = 1 and wo = 0, so that (41) and (26) imply that
eo(d1 — a)) =0,
that is,
e =0, (43)

since a; # A by assumption. The redundancy of the boundary condi-
tion (40) may then be verified by summing (37) from j = 0 to n; — 1,
(38) from j = ns + 1 to ks, and (28) from j = ns to ks, and by using the
facts that p,, satisfies (16) form =0, 1,2, -- ., ks, and e, = 0, together
with the recurrence relations found in Appendix A.

Consider (39) for j = n;. We note that ¢n,(w,) is nonzero; otherwise
(22) with f; = ¢;(w;) would imply that ¢n,+1(w;) = 0, and consequently
that ¢;(w,) = 0, in contradiction to the fact that ¢z,(w;) = 1. Further,
since the roots of H(s) are distinct, it follows that not all of the square-
bracketed terms are zero. Hence, the equation is nonvacuous. Since
summation of (39) from j = n, to k2 implies e, = 0, if we set eo = 0 in
(38) and (39), then (39) for j = n; is redundant and accordingly may be
dropped. We remark that even for a@; = A,, we are still free to take
eo = 0 since 0,,+1 = 1 in that case. As before, the boundary conditions
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at j = no (I = ny and i = k;) are redundant. Therefore, it follows that
the constants {d,»} and {e,} are determined by the boundary conditions
ati=nfor0<j=<ny;—1and n; + 1 < < k,, the consistency
relationships at i = ni, n. <j < k,, the boundary conditions at i = %,
ns + 1 <j =k, if g is finite, and the normalization condition (7).
We summarize the results of the last three sections as follows:
ko
Z dei(Pm, al)sj(_pm, a2)¢n2(pm), 0 S]S nz,
py=1"" (44)

ko
2 dnSi(pm, al)sne(—Pm, az)di(pm), ne<j=bk,

m=0

for 0 =i =<n, and,
2g,+1

Di= Y eori{w), ny<j =<k, (45)
r=1
for ni < i =k, (1 < ), where
Pm[3n2(1 = Pm, az)\I'qz(Pm) - sn2—1(1 = Pm, aZ)\I,qz—l(Pm)] =0, (46)

form=0,1,2, --., k2 and
H(o,) =0, r=123,..-,2¢q:+1 47)

. a
with wr = (= — n1 ) (1 = o).
Or

The k2 + 2g2 + 2 constants {d,} and {e,;} are determined, with e, = 0,
by (28) and (37) to (39) only to within a multiplicative constant, which
is determined by the normalization condition. From (44), (46), (13),
(130), it follows that

k2
Y. Pij = dosi(0, @)[sn,(1, a2)¥4,(0) — sn,-1(1, a2)¥4,1(0)],  (48)
=0

for 0 < i < ny, so that (7), (13), (45), and (130) imply that
dosn, (1, @1)[8n,(1, a2)¥4,(0) — sp,-1(1, a2)¥,,-1(0)]

2go+1

+ Y el (o)¥,(w) =1 (49)
r=1

where
_ e JEa -y -y, E#£1,
L)) = 3 &' = { o iy (50)

We point out that the special case g1 = 1, g2 = 0 has previously been
analyzed.! In the primary queue region, solutions of the form

i—n;
a) .
Din, = (nl T n2) Dnyngs nm<i=<kh, (51)
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where

23
Pnyny, = Zo denI(Pm, al)sng("Pm: a2)¢ng(Pm); (52)
=
were found. We note that since k2 = ns for g2 = 0, ¢n,(p) = ¢1,(p) = 1,
above. For q; = o, the stability condition was found to be a; < n; + n,.
It is readily verified that the representations (44) and (45), and the
stability condition a; < A, produce the same result.

For g = 0w and g2 = 1, we must set e, = 0 for r = g2 + 2, ---,
2g2 + 1, as well as e; = 0, as discussed in Section III. The remaining
ks + g2 + 2 constants {d.»} and {e,} are then determined by (28), (37),
and (38) to within a multiplicative constant, which is determined by
the normalization condition. But, from (50),

. _ ¢
Ta(® = lim T @) = 75

Hence, for ¢, = o, the normalization condition (49) is

dosn,(l, al)[snz(lg a2)\I'q2(O) - Sn2—1(1a aZ)\I'qQ—l(O)]

O=¢é¢<1. (53)

qa+1 eror
+ r§0 T Yo (w) =1 (54)

V. SOME STEADY-STATE QUANTITIES

We now proceed with the calculation of various steady-state quan-
tities of interest. These quantities are shown in Fig. 1, which depicts
mean flow rates. The loss probabilities are, for the primary and
secondary, respectively,

ky ky

Li= Y prj» L2= Y pin, (55)

J=ny i=0

while the probabilities that a demand from the primary, or secondary,
source is queued on arrival are

k-1 kg Ry kp—1
Q=3 Y pip@=l, Q=3 ¥ pjlg=1). (56)
i=n, j=ny i=0 j=n,

The probability that a demand arriving from the primary source
overflows immediately is

na— 1

Le= Y pn,j (57)
j=0
Since the mean service rate is p for each server, the mean departure
rate from the primary queue to the primary servers is

ko ke
Ru=np ) Y pi (g1=1), (58)
i=n+1 j=ny
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while the mean departure rate from the secondary queue is
ky kg
Re=nap ) Y py, (g2=1). (59)

=0 j=ny+1
The mean rate at which queued demands in the primary overflow to
the secondary servers is

&y
Reo=nop Y Pin, (g1 =1). (60)

i=n;+1

The average queue populations are, for the primary and secondary,
respectively,

B R
Vi= ¥ ¥ G—-nlpy, (@121), (61)
i=n+1 j=n,
and
Va=3) Y (J—n)py, (g2=1). (62)
i=0 j=ny+1

Also, the average number of demands in service in the two groups are

ny ky ky
Xi=3 Y ipy+ni(l—38q0 X 2 Dijs (63)
i=0 j=0 i=n+1 j=n,
and
ny; np—1 ky  ky
Xo=3% Y jpi+n Y ¥ pi (64)
i=0 j=0 i=0 j=n,

An application of Little’s theorem® to the primary and secondary
queues shows that the average waiting times of the queued demands
in the primary and secondary are given by

W, = =1), W, =

1= N Q (Q1 ) 2 = * Q

respectively, independently of the service order within each queue.

Also, if we apply Little’s theorem to the primary and secondary groups
of servers, we obtain

M(1 =Ly —Iip) = Rip=pXi1, Al = Ly) + Ailia + Ry =pXe, (66)

since the mean service rate is p.

The steady-state quantities of interest may be expressed directly in
terms of the constants {d..} and {e;}, with the help of the representa-
tions (44) and (45). From (55), with the help of (13), we find that

2go+1

L= E erogl\l'qz(wr); (67)

r=1

(2= 1), (65)
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and with the help of (130) and the fact that ¢z,(p) = 1, we find that
ko 2go+1
L2 = Z dmsnl(l + Pm, al)snz(_Pm, a2) + z errql(or), (68)
r=1

m=0

where I',(£) is as defined in (50). Similarly, it follows from (57) and
(130) that

ko
Ly =Y, dusn,(pm, @1)Sn,—1(1 — pm, @2)bn,(om)- (69)

m=0

Next, we find from (56), (50), and (13) that

2g9+1 e,
Q= Y (;) Tg,(07) ¥y, (w)). (70)
r=1 r
Also, (58), (50), and (13) imply that
2qo+1
Ru=np Y, el (0)¥q(wr), (71)
r=1
while from (60) and (50) it follows that
2go+1
R12 = NaL Z equl(or)d)nz(wr)- (72)
r=1

It may be shown directly from (5) that
Ry + Ry = M@, (73)

and, using (42), it is readily verified that this is consistent with the
representations (70) to (72).
At this point, we define

ky
= Y DPus ne=<j=ke. (74)

i=0
If we sum on i in (5), we obtain
[az(1 — 8z,) + nzlry = asrioy + no(1 — Sn,)rinn, (75)
for ny + 1 < j < k». It follows that
norj = Qgrj—1, ne+1=<j=<k. (76)

Hence, since L; = r4,, from (55) and (74), we find that

ko—j
,,:(E) L, m=j<h. )

Qaz

Then, it follows from (50) and (59) that

R22 = }\2Fq2<-z—2)L2. (78)
2
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Also, from (56) and (77), we deduce that
Q= qu(@)Lﬁ,. (79)
Qaz

These representations satisfy Ro» = A2@Q;. We remark that this latter
result, as well as (73), hold since, in the steady state, the average
arrival and departure rates are equal, for both the primary and sec-
ondary queues.

From (61) and (13), we find that

2g9+1
Vi= 2_:1 erAg (0¥, (wr), (80)
where
S g JEI = (@4 DET+ gt /(1 -8 E#£1,
M@ =2 = {qu(q +1), g=1 ©

We note in passing that
Ty(§) = g&€7" + (1 — §A,(8), (82)
a formula that may be numerically useful. From (62), (74), (77), and

(81), it follows that
q2
Vo= (ﬁ) Aq2<f'—2)L2. 83)
az (%)

Finally, from (63), with the help of (7), (48), and (131), we find that
Xi=nm— doSn,—1(2, al)[snz(ly a2)¥4,(0) — sn,a(1, 02)‘I’q2—1(0)], (84)
and, from (64), with the help of (7), (17), (130), and (131),

ko
Xo=ny — 20 dmsnl(l + om, al)sn2—1(2 — Pm, a2)¢n2(Pm)- (85)
We remark that in view of (67) to (69), (72), (84), and (85), the relations
presented in (66) provide a useful numerical check.

We point out that the results of this section up to this point are
valid for g, < . We recall that for g1 = o, e, =0forr=¢g2+ 2, .- -,
2g: + 1, since o, > 1 for these values of r. In addition, the stability
condition a; < A;, with A, defined in (26), is necessary. Under these
assumptions, since0 <o,<1forr=1, ..., gs + 1, we find, analogously
to (67), that

Ll l q=» = O) (86)

as expected. Also, with the help of (53), we obtain, analogously to (68)
and (70) to (72),
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ko qo+1

€0,
Ly| gm0 = Z dnsn, (1 + pm, @1)Sn,(—pm, az) + 2 T =0) (87
and
qot+l er
Ql|<11=°<7 = Z \I'qz(wr): (88)
r=1 (1 )
qo+1
Rlll‘h-“’ = mp Zl ) ‘I,‘h(wr)s (89)
and
qo+1 e
Riz|gmw = n2pt 2 ) ————— Py (wr). (90)
Similarly, from (81), we have
Aul®) = lim Ap(®) =—>— .  0<f<Ll (1)
qy—>® (1 - g)
Hence, corresponding to (80), we obtain
g2+l €0,
V1|‘11'=°° = 2 PRV q’qz(wr)' (92)
r=1 (1 r)

The expressions for 12, Rz, @2, V2, X1, and X,, given by (69), (78),
(79), and (83) to (85), still hold. Of course, the constants {d.} and
{en}, which occur in these expressions, (87) to (90) and (92), are those
pertaining to g: = o, and are determined in the manner discussed at
the end of Section IV.

VI. ELIMINATION OF ONE SET OF CONSTANTS

We will now show how to determine the constants {e.} in the
representation (27) of the probabilities p;; for n1 < i < ki, ne <j =< ko,
in terms of the constants {d.} in the representation (17) of the
probabilities pijfor0<i=n;,0<j<khk.Form=<i<k,n=<j=<kh
we have, from (5),

[ar + a2(1 = 8j,) + n1 + n2]pij
= a1 pi-1,; + [(a1 + @2)0in,8jn, + a2(1 — 8;n,) 1 Pij—1
+ (n + n28jn2)pi+1,j + no(1 — 8jkz)pi,j+1- (93)

We consider this equation for n, < i < o, and introduce the generating
function

Gi(2) = ¥ pyz'™. (94)

i=n;
The series will be convergent for sufficiently small |z|.
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We consider z # 0 and define
{=01- z)(% - a1>. (95)
Then, from (93) to (95), it follows that
[dz(l — &) + n2(1 - % 8,-,,2) - {]G,-(z)
— ax(1 = 8n,)Gj-1(2) — na2(1l — 81,) Gy1(2)
= G Dus+ (@ + @)1 = (3 + mabin) P, ()

for ny < j < ky. We now define G\"(2) for n, < I < k; as the solutions
of the equations

[a2(1 = Ojr,) + n2(1 - % 8]"‘2) - s"]G}”(z)

for ny; < j < k. Then, from (96) and (97), we have
ko

Gi(2) = Y (m1Pnyi— @12Pn,—1))G P (2)
i=n,y

+ [M2Dnyng — (@1 + @2)2Pn, 011G 2(2).  (98)
We define

Jj—ng
Tj(2) = (Z—z) [\I’j—nz(g) - ;Ziz ‘I’j—ng—x(f)], (99)

where ¥,(p) is as defined in (12). It is shown in Appendix C that the
solution of (97) is

2\ l§)T5(2) .
(E) a-oHGz =/=h
G}”(z) = z (100)
n2\ T2 (8) -
('a‘) A-oH/z SISk

for n: = I < ks, where ¢;(p) and H(o) are as defined in (13) and (25),
respectively, with w as defined in (20). We know that H(s,) = 0, r =
1,.--,2¢:+ 1, with 0 < 01 < - - - <02g,+1. As discussed in Section III,
Og, < 1, Og,+2 > 1, and Ogo+1 < lifa; < Al, and Ogy+1 > 1if a; > Al,
where A, is given by (26). We assume that a; # A,, so that o4,41 # 1.
Now, from (12), (13), (20), (25), (95), and (99), z2H(1/z), 2" 7¢; (%)
and z/7™%(z) are polynomials in z of degrees 2g; + 1, 2(k. — j) and
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2(j — n2), respectively. It follows from (100) that zG,(-’ "(2) > 0as z—
oo, for ny <j < ks, n2 = I < ky. Hence, from (98), we have G;(z) — 0 as
2 — oo, for ne < j < k,. It follows that we may expand G;(z) in partial
fractions in the form

2qo+1 gjr
Gi(z) = _— =j<ks, 101
B L ey mEER ton
where oo = 1, and
&r= Zlilll/l [(z — 1/0/)G;(2)]. (102)
From (93), for n; < i < ki, (94), and (101), we deduce that
2go+1 .
pi=— 3 of'Mg,  ms=isk, ne<j=k. (103
r=0

We proceed with the explicit calculation of g;-. Let
g9 = lim [(z - 1/6,)G{"(2)]. (104)

z—1/ar

Then, from (98), (102), and (104), we obtain

ko
1
or&jr = Z (nlarpnl,l - alpnl—l,l)gj('r)

l=n,
+ [126: Poyn, — (@1 + @3) P11 (105)
As we noted in Section IV, ¢n,(w;) # 0. It is shown in Appendix C
that
o) (wr)
¢n2(wr)’

with w, given by (47). Hence, from (100), (104), and (106), since oo = 1,
we obtain

Tj(l/or) =

ne<j<ks, (106)

l-n.
w__ [ * $1(0)¢;(0) __ %)
0 (a) o OHD - HQ) (107)

from (137). We note that H(1) # 0, since we have assumed that a; #
A;. We also obtain

l—n.
o _ E : ¢l(wr)¢j(wr) = ..
gjr = (az) O'r(l — Gr)H'(or)d),Lz(w,)’ r 1, s 2(]2 + 1, (108)

where the prime denotes derivative.
From (27), (103), (105), and (107), since go = 1, it follows that

ky
H(1)eo = z (nxpn,,z - alpnl_l_z) + nepnn, — (a1 + az)pnl,,.?_l. (109)

I=n,
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If we substitute for p.,; and pa, 1,4, ne < I < kg, and pu, »,-1 from (17),
and sum on /, and use (13) and (128), we obtain

ka
H(1l)eo = Z dm[pmsnl—l(l + pm, al)snz(_Pm, a2)‘1’q2(9m)

m=0
+ nzsn,(pm, al)SnQ("'pm, a2)¢n2(Pm)
— (a1 + a2)8n,(pm, €1)8n;-1(—Pm, G2)Pn,(Pm)]. (110)
After reduction with the help of (46) and some recurrence relations,

we deduce from (110) that

ko
H()eo = = Y, dntn,(pm)[pmSn,(1 + pm, @1)Sn,—1(1 — pim, @2)

m=0
+ a1, (0m, @1)Sp,-1(—pm, @2)].  (111)

But, summation of (37) from j = 0 to n, — 1 shows that the term on
the right-hand side of (111) is zero, so that

H(1)eo = 0. (112)

Since H(1) # 0 for a; # A,, it follows that e; = 0, as was shown in
Section IV. \
Next, from (27), (103), (105), and (108), we deduce that

ar(1— Ur)H’(O'r)d)n«_,(wr)er
ko ns l-ng
= Y (@1pn-12— N10:Pn, 1) (—) dr(wr)
l=n, Q2
+ [(al + aZ)I’n],nz—l - n20rpn1,nz]¢y|2(wr), (113)
for r =1, .-, 2g2 + 1. If we substitute for p,,; and p,, -1, n: < I
=< k2, and pa,,n,-1 from (17), we obtain

k2
Ur(l - O'r)H'(Ur)er = 2 dm[alsnl—l(pnh al) - nlorsnl(Pm, al)]

m=0
ko ns l—ny ko
'snz(_Pm, as) 1—2 <-(_l_2-) ¢I(Pm)¢l(wr)/¢n2(wr) + 2—0 dmsnl(Pm, ai)

flas + a2)sn2—1(_Pm; as) — n20r3nq(_Pma a2)]¢ﬂ2(9m)a (114)

forr=1, .-+, 2q2 + 1. The sums on [ are given explicitly by (144), or
by (145) if p = w,.

If we set o, = 1 in the right-hand side of (114), so that w, = 0 from
(47), it is found after reduction that the expression reduces to —H(1)eo,
as given by (111), and hence is zero, from (112). It follows that
(1 — o,) may be factored from both sides of (114). Consequently, we
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may consider the limiting case a; — A,, and obtain a finite expression
for e,,+1, even though 04,41 — 1 as a; — A;.

Now that we have determined the constants {e,} in terms of the
constants {d.}, it remains to determine the latter. These are deter-
mined from (37) for 0 =j =n., — 1, (89) for n: + 1 =j < ks and (49).
The redundancy of (39) for j = n, was discussed in Section IV, and
follows from the fact that H(1)e, = 0. Thus, the constants {d,.} are
determined from the boundary conditions at i = n,,0 <j<n, — 1 and
at i = k1, ns + 1 = j < ko, and from the normalization condition, the
boundary condition at i = %1, j = n. being redundant. The constants
{d.} have to be calculated numerically.

Vil. AN ALTERNATE DERIVATION

In this final section, we will give another derivation of the expressions
for e and e,, r = 1, ---, 2q2 + 1, given in (109) and (113). This
derivation is more direct, but somewhat obscure, and was not evident
until the results had been established with the help of the generating
function approach.

We make use of the representation (27) for the probabilities p;;,
which holds for n; = i < %k, and n. = j = k., and the boundary
conditions at { = n,, n; <j < k», as given by (35) and (36). In particular,
from (27) we have

2q9+1

Pri= % edi(w), nasj=ke. (115)
r=0
Next, from (27) and (36), with the help of (47) and (134), we obtain

2q2+1 e, .
Pn-1j= ) py oi(ws), ne+l=<j=<ks. (116)

r=0

Also, from (27) and (35), with the help of (47) and (140), we find that
2go+1

Q1 Pn—1,n, + (a: + a2)pn1,nz—1 = ay Z ;r ¢n2(wr)- (117)

r=0 Ur

From (115) to (117), it follows that

k2

ne Jj-ng
) (alpn,—l,j_nlampnl,j)(‘—> &j(wm)
Jj=nq az

+ [(al + a2)pn1,n2—-1 - nzompn,,n2]¢n2(wm)

2go+1 kg Jne
=0m ) er[((::m-—nl) Y, (Z—:) &) (wm) i (wr)

r=0 J=ny

_n2¢"2(wm)¢n2(wr)j|- (118)

1508 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1982



Now, from (47),

rOm

(wr — W) = (Om — Ur)( - _ nl). (119)

But, for a; # A,, we know that o, ¥ o for r # m. Hence, if we set
p = Wy in (143), and make use of (119) and (142), we obtain

a k2 (n, /o
<0r0m - nl) j=-2n2 (a—z) ¢j(wm)¢j(wr)

= NaPn,(Wm)Pn,(wr), r#m, rrm=0,...,2g,+ 1. (120)

This implies that all the terms on the right-hand side of equation
(118), except the ones corresponding to r = m, are zero.
Next, from (13), (20), (25), and (133), it follows that

(1 = 0)H(0) = az¢n,-1(w) — n20¢n,(w), (121)

and

d
e [1 - a0H(o)]

= (nl - %)[a@;z_l(w) - n20¢§,,2(w)] - nz(b,,?(w). (122)

Hence, from (145) we obtain

P j—ns
(% - nl) 2 (E> [ (wr)]2 - n2[¢n2(wr)]2
J

r =ny 2
= ¢n2(wr){% [a- G)H(o)]} y, r=0,..-,2¢:+1. (123)

But, 0o =1 and wo =0, and H(o,) =0, r=1, --., 2q2 + 1, so that

d _[-H©, r=0
{E.‘[(l’“’H(")]}FW‘{(1—0,)11'(0,), r=1,..,2+1. 129

The expressions in (109) and (113) for eoand e,, r =1, .-+, 2g2 + 1,
respectively, follow directly from (118), if we set m = 0 and m =
1, ---, 2g2 + 1, respectively, and make use of (120), (123), (124), and
(137).

APPENDIX A

Properties of the Eigenfunctions

We define s;()A, a) by the recurrence relation

(a+1i+MNs:i(A, a)
= a(l — 8i)si-i(A, a) + (L + Dsin(A, a); so(A, @) =1, (125)
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fori =0,1, ---. Thus, s.(A, a) is a polynomial of degree n in both A
and a, and it may be related to a Poisson-Charlier polynomial.®$
However, we will give here the properties of s.(A, @) that we will need.
An explicit formula is’

Si(Ay a) = i (}\)"al_r

—orii—rY (126)

where
Ao =1, Ar=AA+1D ---A+r-1, r=12.... (127
It was also shown' that
@+ s\, @) = as:(A, @) + AsiA + 1, a), (128)
and
siA, a) = siA + 1, a) — (1 — Si)sian(A + 1, a). (129)
From (129), it follows that

2 Si(Ay a) = Sn(}\ + 1: a), (130)
i=0
and, from (128) and (130), we deduce that

5 (2= D)si(h, @) = (L= u0)sea + 2, ). (131)

i=0

We now turn our attention to the Chebyshev polynomials of the
second kind,” U;(x). They may be defined by the recurrence relation

2xUi(x) = Upi(x) + Uia(x);  U-x) =0,  Uolx) =1, (132)
for!=0,1, ....From (12) and (132), it follows that
(az + nz — p)¥i(p) = a2¥11(p) + n2¥i-1(p);
Y_1(p) =0, Wo(p)=1. (133)
From (13) and (133), we deduce that
[a2(1 = §jr,) + n2 — pldi(p) = azdj-1(p) + na(l — djr,) djr1(p), (134)

for j < k. Since’

ulz(e+1)|= l g (135
1 E E _,Z::O ] )
it follows that
N2 2 az + ng ! no "
wo-(G) i) -5 @) o
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Hence, from (13), we have '
$;(0) = <@>k2 J. (137)
a:
If we set p = w, in (134), and also use (134) as it stands, we obtain
(wr — P)9i(P) pj(wr) = axldj1(p) dilwr) — ¢j(p)bj-1(wr)]
— na(1 = i) @i () pi1(wr) — Pjr1(p)Pi(wr)].  (138)
If we now multiply (138) by (n2/a2)’""2, and sum on J, we deduce that

ky
(wr - P) Z (

n2
J=ny :

J—n2
) i (p)d; (wr)

2
= 2| Pn,-1(0) P, (@r) = P (P)Pny—1(wr}].  (139)
But, from (21) and (22),
[az + na(1 = 0,) — wrldn,(w) = Radn,+1(w,), (140)
forr =0, ..., 2qs + 1. Also, from (134), since q> = 1,
(a2 + n2 — W) on,(wr) = Aodn,—1(wr) + Napn,+1(ws). (141)
From (140) and (141), it follows that
@rdn,-1(wr) = Ro0rpy(wr), r=0,+-+,2g2+ L. (142)
Hence, from (139) and (142), we have

J—ny
) éi(p)dj(wr)

k2
w3 (i

= ¢n2(wr)[a2¢'n2»—l(p) - n201¢n2(P)], r= 0, e, 2(]2 + 1. (143)

If we set p = pn in (143) and make use of the fact that p,, m =
0, - - -, ko, are the roots of equation (15), we deduce that

ky J—na
(wr - Pm)snz(—pm, aZ) Z (@> ¢j(Pnz)¢j(wr)

Jj=n, 2
= ¢n2(pm)¢n2(wr)[a23n2Al(_pm, a2) - nQO'rSnl(_'pm, a2)]- (144)

Also, if we divide (143) by (w, — p) and let p — w,, and use (142) and
L’Hospital’s rule, we find that

b ("—) [s(n) I

J=ny az
= ¢n,(wWr)[n20,$7,(wr) — Q2dph,—1(w))], r=0,.--,2g,+1, (145)
where the prime denotes derivative.
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APPENDIX B
Eigenvalues Corresponding to the Primary Queueing Region

We consider here the zeros of
Hio) = (nl - %)qf,h(w) + Nany (@), (146)
where
a
w = <; - n1>(1 - 0). (147)

As may be seen from (12) and (13), ¥,,(w) and ¢,,(w) are both
polynomials in w of degree g.. It follows that 6%*' H(o) is a polynomial
in o of degree 2g: + 1, so that H(o) = 0 has 2q. + 1 roots. Now’
Us(cos 6) = S+ D6 (148)
sin 0

We define

m = @z + nz — 2Vazn, cos(q::'irl), m=1,..-.,q2, (149)

and we note that 0 < a; < : -+ < ag,. From (12), it follows that
Yo lam) =0, m=1,...,¢q. (150)

Next, we consider
On,(w) = ¥y () — Vg, 1(w), (151)

and we note from (137) that ¢,,(0) > 0. If g» = 1, then ¢n,(c)) = —1,
and the unique zero B: of ¢n,(w) satisfies 0 < 81 < a;. For g2 = 2, we
define

§s=a2+n2—2@cos<%>, s=1---,q2—1, (152)
and we note that
O<a<ii <o <oag1< §g-1 < ag,. (153)
From (12) and (148), it follows that
Yo-1($s) =0, s=1,...,g2— 1L (154)
Then, from (150), (151), (153), and (154), we deduce that
dralon) =~ a(a) <O, du(§D) = T80 <0,
Ony(az) = —¥g,1(a2) >0, - -. (155)
We let
Ony(Bm) =0, m=1,...,qs, (156)
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with 8; < 2 < - -+ < f,. Then, it follows that

O<Bi<ai<fi<fe<ar<:++ <{g-1<Bg<ag. (157)

Now, from (147), it is seen that « decreases from +ow to 0 as o
increases from 0+ to min(1, a:/n1), and w increases from 0 to + as o
increases from max(1, a;/n1) to +w. Hence y, and 8, m = 1, - - -, @,
are determined uniquely by the relations

(gl- - nl)(l - Ym) = Qm, O0<ym < min(l, %),
m 1

(% - m)(l —8n) =Pm, 0<du< min(l, %) (158)

m 1

It follows from (157) that
0< v, <8g, < +++ <y1 <8 <min(l, ar/n1). (159)

Now, from (146) and (147), since ¢,,(0) > 0, we have H(ai/ny) > 0.
But, from (150) and (156) to (158),

H(8) = (nl

a)

81)‘Pq2(ﬂl) <0,  H(yi) = nadm,la) <0. (160)

Also, for g2 = 2,
H(:) = (n1 - %{)‘I’qz(ﬁz) >0, H(‘Yz) = nqu,,z(az) >0, (161)
2 .

and so on. Finally, consideration of the sign of ¥,,(w) for w — +o
leads to
—o0, if g2 is even,

4o, if goisodd. (162)

HO+) = {
From the above results, it follows that there are roots of H(c) = 0 in
the intervals (0, vq,), (84,5 Ygo-1)s -+, (82, y1) and (61, a1/n,). Since
8 < 1, there are at least g roots in the interval (0, 1).
Next, from (159), we have

a a a a a
max| 1, — | < —— < € e € < (163)
n; nié  mm 7118q2 niyg,

Also, from (146), (147), (150), and (156) to (158), we obtain

H( & )=n1<1-81>\1fq2(ﬁl)>0, H(;‘%—)=nz¢n2(m><0, (164)
171

n161

and, for g2 = 2,

H( % )=n1(1—32)\1rq2(32)<0, H(-f“—> = nadn,(02) >0, (165)
niys

n 82
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and so on. Hence there are g roots of H(o) = 0 in the intervals

a ) @ @ )
n161’ niyi ’ ’ n16q2’ niyq, ’
These g2 roots are greater than 1, and we have seen that at least g2 of
the remaining ¢ + 1 roots lie in the interval (0, 1). It is evident that
the 2g» + 1 roots of H(o) = 0 are positive and distinct.
It remains to consider the root that lies in the interval (8:, a1/n,).
But, from (146) and (147), with the help of (13), we obtain

H(1) = ¥,,(00(A; — a1), (166)

where A, is as defined in (26). Also, we have shown that H(§;) < 0 and
H(ai/n;) > 0. Hence, if a; < A, this root lies in the interval (8, 1), and
there are g- + 1 roots in the interval (0, 1), and ¢: roots greater than
1. If @) > A,, then a;/n; > 1 and the root lies in the interval (1, ai/n,),
and there are g- roots in the interval (0, 1), and g2 + 1 roots greater
than 1. If @; = A, then one root is unity, and there are g: roots in the
interval (0, 1), and g2 roots greater than 1.

APPENDIX C
Results Pertaining to the Generating Function

We derive here the solutions of (97), and we first consider [ = n,.
Then,

[a2(1 — &jz,) + n2 — ¢G(2)
= %2G(2) + na(l — 81,)G 3 (2),  (167)

= -

for ns + 1 < j < k». It follows from (134) that
G(2) = G (@) (§), ne=j=<ks, (168)

since ¢,({) = 1. If we set j = n» in (97), and substitute from (168), we
obtain

1 n 1
{,:az + nz(l - ;) - §:|¢n2(§) - n2¢n2+l(§)}G;e-_;2)(z) ==z (169)
With the help of (13), (95), and (133), we deduce that

l:az + nz(l - %) - §j|¢nl(§) - n2¢n2+1(§)

1
= (1 - 2)[(111 — a12)¥,,(§) + n2dn,($)] = (1 - E)H(l/z)’ (170)

from (20) and (25). Hence,
(1—2)H(1/2)G;?(2) = 1. (171)
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Since T,,(z) = 1, from (99), we have established (100) for / = n,.
Next, we consider [ = k,. Then, from (97)

|:0,2 + nz( - %) — {]G}kz)(Z)

= a1l — 8n,) G2 + naG)(2), (172)

for n; =j = ke, — 1. But, it may be verified from (95), (99), and (133),
that

[az + nz(l - %"‘2-) - §]T,~(z)
= aa(1 — Gjn,)Tj-1(2) + n2Tjri(2), (173)
for j = n,. It follows that
G (2) = G (2)Ti(2), me=j=<kh, (174)

since T,,(2) = 1. If we set j = &, in (97), and substitute from (174), we
obtain

[(n2 — OTh,(2) — a2Tr,-1(2) ]G (2) = — % (175)

With the help of (13), (95), (99), and (133), this may be written in the
form

q2
(—Z—:) (1 = 2)[(n1 — @12) Ty, (§) + nagn,($)1GE(2) = 1. (176)
It follows from (170) that
Qaz

q2
(;1—> (1 - 2)H(1/2)G¥(2) = 1. (177)
2

Since ¢,({) = 1, we have established (100) for I = ks.
Finally, we consider n; < I < ks. Then, from (97),

[az + n2(1 - 82‘?) - {]G}”(z)

= a2l — 82,)GP(2) + noGih(2), (178)

forna=j=1[1-1,and
[az(1 = 8z,) + n2 — {1G(2) = @2G2(2) + na(l — 8,)GfA(2),  (179)
for [ 4+ 1 <j < k.. It follows from (134) and (173) that

) L L=<
GP) = {an @LE), m=jsl

180
GP@H ),  I<j=h, (180)
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since T,,(z) = 1 and ¢4,({) = 1. The consistency of the representations
for j = [ requires that

Gl )T2) = Gl (2 i) (181)
Also, if we set j = [ in (97), and substitute from (180), we obtain
(@ + ns — GV (2)0u(8) = @:GO(2)Ti-1(2)
1
- n2G{N2) 1 (§) = — - (182)

It remains to solve (181) and (182) for Gﬁf; (z) and G;f; (2).
Now, since I < k., it follows from (134) and (182) that

@G @) 81(§) = GDT @] =~ 1. (189)

If we eliminate G\, (z) with the help of (181), we find that
a22Gj,) (2)[11(2) pr-1(§) — $i(§)Ti1(2)] = =Tu(2). (184)

But, from (134) and (173), for n. < j < ks,

(a2 + n2 — )i () = azdj-1({) + nagy+1($), (185)
and

(as + ny — {)Tj(2) = a2Ti-1(2) + naTi(2). (186)
Hence,

ax[Tj(2)$i-1($) — @ ($)Tj-1(2)]
= no[Tj+1(2)¢; (§) — ¢i+1(5)Ts(2)], (187)

for ny <j < k. Since ns < I < k2, it follows that
Ti(2) pr-1(8) — ¢i(§)Ti-1(2)

l—ny—1
= <%> [Th,41(2) 6, (§) — P 1)Ly (2)].  (188)

no
But, from (99) and (133),
o[ Try1(2) bay(§) = Grpr(§)Tny(2)]

= |:az + nz(l - %) - §:|¢nz(§) - n2¢n2+l(§)- (189)

Hence, from (170), (188), and (189), we obtain

az 1

I—ny
@) 11(8) = bu(O)Tir(2)] = <n—) <1 _ ;)HG) (190)

2
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It follows from (184) that

I-ng
(3"1) 1- z)H(l)G;’;(z) =Ty(2). (191)
nz b4
In view of (180), (181), and (191), we have established (100) for
ne<l<ko.

We will now establish the relationship (106). From (21) and (22), it
follows that

[az + na(l — 6:) — wrldn,(wr) = NP, +1(wy). (192)
Hence, from (47), (95), and (189), since T,,,(2) = 1, we have
Tn2+1(1/0r)¢’n2(wr) = ¢’r;2+1(wr)- (193)

As we noted in Section IV, ¢,,(w-) # 0. Since T,,,(1/0,) = 1, we see that
(106) holds for both j = n; and j = n. + 1. But, from (47), (95), (185),
and (186), ¢,{(w,) and T;(1/0,) are both solutions of

(az + ne — wr)h,- = azhj—l + nzhj+1, na <_] < ko. (194)
It follows that (106) holds for n, = j < k,.
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Memoryless Nonlinearities With Gaussian
Inputs: Elementary Results

By H. E. ROWE

(Manuscript received January 12, 1982)

The distortion-to-signal power ratio at the output of a memoryless
nonlinearity is determined by simple calculations. This is done by
application of Bussgang’s theorem, which may also be obtained as a
special case of Price’s theorem. Specific results are given for hard
and soft instantaneous and envelope limiters.

. INTRODUCTION

We present elementary derivations of some useful results for mem-
oryless nonlinearities driven by Gaussian noise. The present relations
may be obtained as special cases of more general results,' but the
present methods are elementary and give physical understanding.

Let a nonlinearity have input x, output 2, and nonlinear character-
istic h(x);

z = h(x). ' (1)

Let x(t) be a stationary, Gaussian random noise. Then it is well-known
(Bussgang’s theorem) that the cross-correlation between input and
output has the same shape as the autocorrelation of the input,

(x(t+ 7)2(t)) = a- (x(t + 1)x(£)). (2)

This may be seen as a special case of Price’s theorem,”” or directly as
outlined in the appendix.

From (2) we can write the output z(¢) of any instantaneous nonlin-
earity with Gaussian input x(¢) as

2(t) = a-x(t) + y(2), (3)
where y(¢) will be uncorrelated with x(¢);

(x(¢+7)y(t)) =0. 4)
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The constant « in eq. (3) is given as follows:

x2

e mh(x)dx

1 ® x
T B0 J_w #(0)

-1 ) -‘Z‘:’%h’( d )
o R
where

(@) =0, () = (x(t+ 7)x(?)). (6)

Il. NARROW-BAND INPUT

If x(¢) is narrow-band, it is useful to write

x(t) = R(t)cos[wet + 6(¢)]

i ; 1 . )
= % R(t)e—jo(t)e—]wct + _2_ R(t)eje(t)ejwct’ 0

where R(t) and 8(t), the envelope and angle, slowly varying compared
to w.t, are defined in terms of x(¢) and is Hilbert transform %(¢) in the
usual way:

R(t)e/*Deset = x(t) + ji(t). (8)
The output of the nonlinearity may then be written*
z(t) = Y An(R)cos(nw.t + nb), 9)
n=0

where R and 6 are understood to be functions of £. The different terms
of (9) occupy separate narrow bands, centered around their respective
midband frequencies nw.. The output envelopes A.(R) are nonlinear
functions of the input envelope R.*

We regard the first term of (3) as the undistorted, or signal, com-
ponent of the nonlinearity output, and the second term of (3) as
distortion. Thus, the signal component of (9) resides exclusively in the
n = 1 term, to which we subsequently restrict our attention. We
redefine z(¢) to be the response to (9) of a zonal filter centered on w.,
and drop the subscript 1 on the coefficient of the n = 1 term of (9), to
yield

2(t) = A(R)cos(w.t + ) (10)

as the output to be investigated. In eq. (10), A(R) is given by®

w

A(R) = %f h(R cos B)cos Bdp, (11)
0

in terms of the instantaneous nonlinear characteristic A( ) of (1).
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The output [egs. (10) and (11)] contains both signal and distortion
components. For Gaussian input x(¢), R(¢) is Rayleigh, and « of (5) is
given in terms of envelope by

_ (1/2)(R-A(R))

$(0)
B
o 260
250) J e *OdR
ym [ R R —R—Z}
=— fc — %0 |A(R)dR, (12
2 «mf " e G ”
where

erfc u = ——J 2 dy. (13)

The output signal power S is given by
S = a®.¢(0). (14)

The constant « in eq. (14) may be calculated from either (5) or (12),
whichever is more convenient. The second line of (12) is equivalent to
the m = 1 case of eq. (9) of Ref. 1.

In eq. (10), z(¢) contains both the signal component

a-x(t) = a-R(t)cos[w. + 6(t)] (15)

and a distortion component, of power D. To find this, we determine
the total power S + D in z(¢) of (10), and subtract S. We have

£ R?

S+D= % (A*(R)) = % fo A*(R)- g(}%)- e 204R. (16)
Since S = S + D, we must have from (12), (14), and (16)
(R-A(R))* = 24(0)- (A*(R)). (17)
Noting that
26(0) = (R*), (18)

(17) is simply the Schwarz inequality.

lIl. HARD (INSTANTANEOUS OR ENVELOPE) LIMITER
The instantaneous nonlinear characteristic of (1) is:

1, x>0.

-1, x <0. (19)

h(x) =sgn x =
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The corresponding envelope characteristic of (11) is:

A(R) = 4, R>0. (20)

T
The signal gain « of (3) is, by the second relation of either (5) or (12):

2
=\ =D

The output signal power S is by (14):

S= g (22)
o
Finally, the total power in the first zone is given by (16):
8
m
Therefore,
D T
=1--. 2
S+ D 1 4 (24)
IV. SOFT INSTANTANEOUS LIMITER
The instantaneous nonlinear characteristic of (1) is:
_x  |x=X
h(x) = |x| = X. (25)
This signal gain « is from the second relation of (5):
2 X
o =—-erf R (26)
Vo V2(0)
where
2
erfu=— e “dt =1 — erfc u. (27)
Va Jo
V. SOFT ENVELOPE LIMITER
The envelope nonlinear characteristic of (11) is:
_ R, 0<R=<A.
AR) =4 A<R=ow (28)
The signal gain « is, by the second relation of (12):
v we
a= m_4 .erfe 4 +1—e 20, (29)

2 26(0) 2600
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By (14), the output signal power is:

- _ 4t
A a2 +1—e2¢<0>]. (30)

2 50 V20

This is equivalent to eq. (24a) of Ref. 1. The total power in the first
zone is by (16):

S=¢<o>-[

AZ
S+D=¢(O)-[1-e 2¢<°>]. (31)
Therefore, for the soft envelope limiter (28):
D —_—
S+D

A? 2 A?
1—[ﬁ 4 erfc 4 +1—e_m]/[1—e_mi|- (32)
2 V26(0)  V26(0)

Asymptotically:
A2
D 1 —— A? A?
~Z-e 20 > 1. 33
S+D 2° [%(O)]’ 2¢(0) 43
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APPENDIX
Derivation of Eq. (2)

A special case of Price’s theorem® may be stated as follows.? Let x;
and x, be jointly Gaussian random variables with first and second
moments given as follows:

(x1) = (x2) = 0.
(x}) = (x3) = Ru. (34)
(x1x2) = Rio.

The normalized covariance is
Ry,
=—_— 35
P12 Ru ( )
Let x; and x; be passed through two different instantaneous nonlin-
earities with characteristics A; and h., yielding outputs A:(x:) and
ha(x2) with output cross-variance

¥ = (hi(x1)ha(x2)). (36)
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Then

R hs), (37)
ap12
where
, _ dhi(x) , _ dhs(x)
Hx) = T =x, ho(xs2) = - _ (38)

To derive Bussgang’s theorem set:

hi(x) = h(x).
ha(x) = x.
x1 = x(t).
xo=x(t + 7). (39
x(¢) = stationary Gaussian noise.
6(r) = (ale+ D20 pl) =20,
Substituting (39) into (34) to (38),
Z—:‘: = ¢—(1(-)—)- h’(x)) = constant. (40)
Integrating,
Y(1) = (x(¢t + 7)A(x)) = constant-¢(7), (41)

the result given in (2).
The following alternative derivation, without using Price’s theorem,
was given by Jack Salz. From (2)

_ (x(2 + 71)2(2))

EEE RO .

Express the nonlinear characteristic of (1) as the contour integral of
its transform;*

1 .
z=hx) =— J F(ju)e’*du. (43)
2 c
Write
1d .
= e/ 44
i e (44)
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Then,

(x(t+ 7)z(2)) = —1- lim _c_i_ F(ju)(e/wtrroxtesmy gy,
2mj v—o dv J,

- ¢(T),21_7T J’ F(ju)ue™***02qy, (45)

c

the same result as (41). Substituting in (42),

a=2L f F(ju)ue ™" du. (46)
27 |,

Equation (46) is readily shown to be equivalent to (5), by substituting
the transform relation (43) into (5) and interchanging the order of
integration.
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A Variation on CSMA/CD That Yields Movable
TDM Slots in Integrated Voice/Data Local
Networks

By N. F. MAXEMCHUK

(Manuscript received January 6, 1982)

A variation on the carrier-sense, multiple-access/collision-detec-
tion (csMa/cp) protocol for local-area, random-access broadcast
networks is presented. The new protocol supports any mix of voice
and data traffic, and has an upper bound on the delay of periodic
traffic. In conventional csMA/cD systems, statistical fluctuations in
the transmission delay may cause disruptions in reconstructed voice
waveforms. This does not occur with the new protocol. With this
protocol, data sources use conventional csmMa / cD techniques to access
the channel, while voice sources use a subset of these protocols, and
appear to acquire a time-division multiplexed (TbM) slot. As in TDM
systems, the entire system capacity can be used by the periodic
sources. Unlike TDM systems, periodic slots are repositioned when
other transmissions interfere with them, timing discrepancies between
sources can be tolerated, and a centralized controller is not required
to assign slots. Simulations are used to compare the delays in this
system with those in conventional cSMA/cD systems. It is shown that
at link utilizations of 0.9, voice sources can operate in a time-assign-
ment, speech-interpolation mode. The effect of periodic traffic on
conventional csMA/cD protocols is also determined.

I. INTRODUCTION

There are basic differences between the requirements for data and
voice transmission. There are also differences between the capabilities
of local networks and the functions that should be performed on these
networks, and general global networks. A protocol is described for
integrating data and voice in a local-area, random-access broadcast
network. It enables a single system, with similar interfaces for voice
and data, to be used for both. The protocol satisfies the transmission
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requirements of both media, and takes advantage of the characteristics
of local networks. This protocol can be applied to any system with
periodic and aperiodic sources, as long as all of the periodic sources
have the same transmission requirements.

In general, transmission capacity is less expensive in a local environ-
ment than in the global environment. This has resulted in significant
differences in the types of networks implemented for data transmission
in the two situations. In global networks, expensive access and switch-
ing techniques have been used to minimize the network capacity
required to effect communications, whereas in local networks simpler
switching techniques and less costly access nodes have been used.
Several global networks, which use store-and-forward and packet-
switching techniques to reduce the transmission requirements, are
described in Chapters 1 and 2 of Ref. 1. A survey of techniques used in
local networks, and an extensive bibliography is given in Ref. 2. Many
of these local networks are configured as loops or random-access
channels. Switching is simplified, but high-bandwidth communications
channels are required.

The proximity of nodes in local networks leads to smaller propaga-
tion delays than those that occur in global networks. This has resulted
in the development of more efficient random-access broadcast tech-
niques for local networks® than have been developed for global
networks (see Ref. 5 for a survey of random-access techniques and
additional references).

Most proposals for integrated digital voice and data networks have
applied to global networks. A survey of this work and an extensive
bibliography can be found in Ref. 6. These proposals use variable-rate
speech-coding techniques,”® packet-switching techniques,”’ or com-
plex strategies for combining circuit and packet switching.!' These
techniques are expensive to implement and should not be considered
for local area communications. As in local data networks, integrated
networks should take into account the reduced transmission costs and
propagation delays in a local environment. In addition, only simple
speech-coding techniques should be considered.

The requirements for digital voice transmission, both in terms of
capacity and delay, are significantly different from those of data. The
distribution of data traffic on local networks is typically bimodal,'
comprising short interactive messages and long file transfers. The
traffic from these sources arrives sporadically. If the message is divided
into packets, a variance in the packet delay can be tolerated, providing
the entire message delay is not excessive.

Uncompressed, digitized telephone calls require a large number of
bits to be transferred, with much more stringent delay requirements
than data sources have. Using a 32-kb/s speech coder, and transmitting
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only during active speech intervals, over 4-%4 Mb of data must be
transmitted during a 3-minute telephone call. The data cannot be
accumulated over the entire call and then transmitted as a large file
transfer between computers, because the participants interact. The
maximum delay allowed in current telephone connections is on the
order of a few hundred milliseconds. However, in a local network, the
maximum delay must be significantly less than this, since the connec-
tion may also use an outside facility.

In a packet voice system, overhead bits must be transmitted in
addition to the information from the digitized voice source. The more
voice samples included in this packet, the higher the ratio of infor-
mation to total bits in the packet, and the higher the transmission
efficiency of the channel. However, the more voice samples included
in a packet, the greater the delay between the time a sample is
generated and the time it is delivered to the receiving telephone. As a
compromise, packets consisting of several tens of milliseconds of
speech are used in the systems described in this paper.

The variance of the delay in digital speech systems must also be
constrained. The digital-to-analog converter at the receiver uses sam-
ples at a fixed rate. If a packet of samples is delayed to the extent that
the previously transmitted samples are completely used up before it
arrives, a discontinuity occurs in the speech. The probability of this
occurring can be reduced by delaying the first packet of voice samples
that arrives at the receiver and buffering future packets until they are
needed. If the maximum delay is not constrained, this technique can
reduce, but not eliminate, the problem. This delay adds to the overall
delay between the speaker and the listener, and must be kept small.

In the global networks referenced earlier, packets of voice that do
not arrive in time are lost. It is argued that if a small percentage of
voice packets are discarded at random, the resultant distortion is
tolerable. This same argument is used in proposals to integrate voice
and data on local networks.'®* It may be valid to assume that voice
packets are lost at random when aperiodic data sources generate most
of the network requirements, or when the periodicity of speech sources
is reduced by variable-rate speech-coding techniques. However, this
assumption will probably not hold in a local network.

Based upon the measured data utilization of local networks' and
the anticipated transmission requirements of digital voice, voice pack-
ets will most likely dominate integrated local networks. Since voice
packets are generated periodically, if packets from voice sources col-
lide, they are likely to continue colliding on successive transmissions.
Therefore, successive delays from the same source will be correlated.
Voice sources that do not contend with other sources may have a small
average and variance of delay, while those that contend with a large
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number of voice sources may have a large average and variance of
delay. If networks are designed based upon an acceptable average level
of lost packets, and these packets are concentrated among a small
number of connections during a small period of time, rather than being
distributed randomly, the resultant service may not be acceptable.

Instead of reducing the periodicities to achieve fair packet losses,
the periodicities can be used to eliminate lost packets entirely. This is
accomplished by a variation on the carrier-sense, multiple-access/
collision-detection (csSMA/cD) transmission protocol defined in Section
II. This protocol transmits data by conventional csmMa/cD techniques,
but uses only a subset of these techniques to transmit voice. The
periodic sources do not detect collisions. In addition, periodic packets
are tailored as described in Section III, the length of data packets is
constrained, and periodic packets are given a higher retransmission
priority. In Section IV, we show that this protocol limits the delay of
voice packets to one data packet transmission time.

Periodic sources using this protocol operate as if a time-division
multiplexed (TpM) channel has been assigned to each source. The
difference between this channel and standard TpM channels is that it
is not locked solidly into a time slot. The time slot may be shifted
slightly back in time. When this occurs, the voice samples that arrive
during the shift are transmitted in an expanded information area. An
interesting characteristic of this system is that a periodic source can
gain access to a system that does not appear to have the capacity to
handle another periodic source. The system does not fail, but begins
to operate as a completely utilized TDM system, with a slightly longer
slot period. This phenomenon is explained in Section V. Another result
of the time slot mobility is that timing discrepancies can exist between
periodic sources without time slots being overwritten. This type of
operation is described in Section VI.

In this system, if a periodic source and an aperiodic source are
waiting to use a busy channel, the periodic source has a higher access
priority and acquires the channel first. T'ypically, in queueing systems,
when the delay of one class of users is reduced by raising its priority,
the delay of the remaining users must increase. A simulator, which is
described in Section VII, has been written to study the delays in this
type of system. The model for the sources in the simulations is
explained in Section VIII. The delays of periodic and aperiodic sources
in this system are compared with the delays incurred when all sources
use the same access protocol. These results are reported in Section IX.
In Section X, alternative protocols are described.

1l. TRANSMISSION PROTOCOL
In this protocol, all of the packets from an aperiodic source, and the
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first packet from a periodic source that is beginning to transmit, use a
csMA/cD protocol. Before transmitting, the source listens to the chan-
nel and refrains from transmitting if the channel is busy. While
transmitting, the source also listens to the channel and stops trans-
mitting if a collision with another source is detected. If the channel is
busy, or if a collision occurs, the source tries again after the channel
becomes idle. This protocol is not dependent upon the specific retry
strategy these sources use to resolve contention. Any of the conven-
tional strategies will work.

After the first transmission, a periodic source transmits all of the
data it has accumulated whenever it acquires the channel. The source
schedules its next transmission attempt at a fixed time T, after the
last successful transmission. In the first description of the transmission
protocol, it will be assumed that T}, is the same for all sources. The
effect of timing errors will be investigated in Section VI.

A periodic source listens before transmitting and defers transmission
rights to terminals that are currently transmitting. However, this
source does not listen while transmitting, and never terminates trans-
mission prematurely. Instead, the packet structure for a periodic source
is designed to allow aperiodic sources to detect a collision and termi-
nate transmission before the periodic source begins transmitting useful
data. When busy channels are encountered, the periodic source begins
transmitting as soon as the channel becomes idle. This protocol, in
conjunction with a constraint on the packet size from aperiodic sources,
prevents packets from periodic sources from colliding.

As periodic traffic enters a system, the system becomes a TbMm
system. A periodic source acquires the channel and periodically uses
a slot starting at this time until it is delayed by aperiodic traffic, or
another periodic source starting to transmit. At this time, the periodic
slot scheduled for the periodic source is shifted slightly. Additional
data are transmitted in the first delayed slot to compensate for the
shift.

Il. PACKET STRUCTURE

The packets from aperiodic sources, Fig. 1a, consist of overhead bits
and data bits. The overhead bits contain synchronization bits, source
and destination addresses, packet-length counts, packet sequence num-
bers, error-control bits, and any other functions required by the com-
munications protocols. These are variable-length packets. They are
constrained to be less than or equal in length to the packets from the
periodic sources.

Packets from periodic sources, Fig. 1b, consist of preempt bits,
overhead bits, data bits, and overflow bits. During the preempt inter-
val, the periodic source places a signal on the transmission media but
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Fig. 1—(a) Packets from aperiodic sources. (b) Packets from periodic sources.

does not send information. This interval is long enough for an aperiodic
source to detect a collision, stop transmitting, and have the effects of
the transmission removed from the system before the periodic source
begins transmitting useful data.

The length of the preempt interval, 7,, is

To = 27+ Ton + T1 + Toff,

where

7. is the maximum one-way propagation delay in the medium,

Ton is the time required for a signal to be detected once it has

propagated to a position on the channel,

77 1s the time before the hardware reacts to a collision,
and

Tof 18 time for a signal that is turned off to stop affecting a receiver,

after the end of signal has propagated to the receiver.

Times 7o, and 7,4 take into account electronics delays in the receivers
and distortion in the received waveform caused by finite bandwidth
channels which may not be correctly terminated. The preempt interval
in a 3-Mb, 1-km simulated system is 38 bits long.

The overhead segment for periodic packets will be smaller than the
overhead segment for aperiodic packets. An error-control strategy may
not be used for periodic sources, since retransmitted packets will
probably arrive too late to be used, and a greater error rate can be
tolerated in sampled voice than in data. Packets will not arrive out of
sequence; therefore, sequence numbers are not necessary. In addition,
the number of bits of data in packets from these sources is determin-
istic, so that the length field is not required. In the simulations, Hs =
100 bits and H, = 40 bits.

When a periodic source acquires the channel, it transmits all the
data it has accumulated. The source schedules its next transmission
T, seconds after a successful transmission. If the channel is not busy
at this time, the samples it has collected fit in the data area. If the
channel is busy, it waits before transmitting. The samples that arrive
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during this time are transmitted in the overflow area. Even when there
are no overflow samples to be transmitted, the source transmits carrier
during the overflow time. This guarantees that a periodic source takes
no more time to transmit when it is delayed than when it acquires the
channel immediately.

The size of the overflow area is determined by the maximum delay
a periodic source can experience. This transmission protocol guaran-
tees that the maximum delay for a periodic source will not exceed a
packet transmission time. In the system simulated, the periodic sources
generate 8000 4-bit samples per second, and 7}, is 30 ms. A maximum
of four samples arrive during a packet transmission interval; therefore,
the overflow area is 16 bits.

The first packet from a periodic source may be shorter than succes-
sive packets since it does not include a preempt interval or an overhead
interval. However, the same packet size will be maintained for this
packet as for all other periodic packets. This guarantees that the
scheduled interval between the next packet from this source and a
packet from another periodic source is at least a periodic packet
transmission time, X,

IV. CHANNEL CONTENTION

Delay is incurred in csMA/cD networks when the channel is busy
and when transmitting sources collide. Systems with periodic and
aperiodic sources are being considered. Therefore, a periodic source
can be delayed because

(Z) the channel is busy transmitting an aperiodic packet,

(i) a collision with an aperiodic source occurs,

(ziZ) the channel is busy transmitting a periodic packet, or

(iv) a collision with a periodic source occurs.
In this section, it is shown that only the first and third of these four
mechanisms delay periodic sources, and that the maximum delay is
less than X. It is assumed that every periodic source has the same T.
The effects of timing inaccuracies are investigated in Section VI.

Whenever a periodic source and an aperiodic source collide, the
aperiodic source detects the collision and stops transmitting before the
periodic source begins transmitting useful data. Therefore, a periodic
source is not delayed by a collision with an aperiodic source.

Whenever a periodic source and an aperiodic source are waiting for
an idle channel, the periodic source obtains the channel. The periodic
source begins transmitting as soon as the channel becomes idle. If an
aperiodic source waits, it detects a busy channel and does not transmit.
If an aperiodic source begins transmitting immediately, it detects a
collision and stops transmitting. Therefore, a periodic source can only
be delayed by an aperiodic source whose transmission is already in
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progress. This delay is at most the packet transmission time for an
aperiodic source, X,, which is constrained to be less than X.

Consider a sequence of % periodic sources scheduled to transmit at
times

by, t22, <o o, e

Let
t; ; be the time the transmission from source i is scheduled to appear
at the location of source j(¢;; — ti; is the propagation delay from the
ith to the jth source),
t!; be the time the transmission from source i actually appears at
location j (this takes into account the channel acquisition delay for
the ith source),
and,
D, =t} ;— t;; be the delay of the ith source. (Since the propagation
time is independent of the delay, the delay between the scheduled
and actual arrival is the same for each destination j, and the second
subscript is not needed.)
The transmission from each periodic source lasts X,, and each
periodic source schedules its next transmission 7}, after its last suc-
cessful transmission. Therefore,

ti+1,i+1 - ti,i+1 = Xp~

If D; = 0, the ith periodic source does not delay the ( + 1)th periodic
source, and, as long as

D,‘<Xp

these two sources will not collide.

Periodic sources cannot be delayed by periodic sources which have
not been delayed. Therefore, the first periodic source to be delayed
must be delayed by an aperiodic source. The delay incurred by the
first periodic source is less than X,. The effect of this delay may
propagate and effect a sequence of periodic sources. In a general
sequence of periodic sources, if

D, < Xp,
then,
tiir1 < lirnirl,

and, the ith and (: + 1)th do not collide. The transmission time
required by the ith source is X, even though it is delayed, and must
transmit more samples. If

’
tiivn + Xp < tivri,
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then the (i + 1)th is not delayed by the ith periodic source. This source
may be delayed by an aperiodic source, and start a new sequence of
delayed periodic sources, but the delay it incurs will be less than X,. If

tf,i+1 + Xp > ti+1,i+1,
the delay incurred by the (i + 1)th source is
Di+1 = t;,i+1 + Xp - tt+l,i+1-

Since the (i + 1)th source is waiting for the channel, this delay cannot
be increased by an aperiodic source. The delay can be written as

Divy = D;i + tije1 — bivrin + X
Since
liiv1 — Livrin + Xp = 0,
Dy < D..

Therefore, the delay incurred by a sequence of periodic sources is a
nonincreasing function, the maximum delay incurred by a periodic
source is less than X}, and periodic sources do not collide.

V. OVERLOAD TRAFFIC

Consider a system operating in a mode in which the channel capacity
is nearly completely used by periodic sources. Assume that a time gap
remains that is large enough for another source to begin transmitting,
but not large enough to transmit an entire packet. Let another periodic
source acquire the channel at this time. Is a failure mode created? Do
delays build up until periodic sources start colliding? Is data lost? No.
Instead, the system begins to operate without time gaps. The period
between channel acquisitions increases, and some or all of the overflow
bits in every packet are always used. Whenever a periodic source can
acquire the channel, its ability to transmit is guaranteed.

Let a periodic source begin transmitting in a small time gap, such as
that described in the hypothetical example. The periodic source it
delays is delayed less than X,. This source transmits the data accu-
mulated during the delay in its overflow area and schedules its next
transmission 7, seconds after it successfully acquires the channel.
Successive periodic sources are delayed by an amount less than or
equal to the delay incurred by the preceding source, as shown in the
previous section.

The original interfering source becomes just another source in the
sequence of interfering sources. It can be delayed by no more than the
delay it originally caused, and can delay the source following it by no
more than it did originally. Since the delay is a nonincreasing function,
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and it cannot go to zero for the over-utilized channel, it must stabilize
at some positive time, ¢, which is the same for all sources. The delay,
€, is equal to X}, minus the sum of the idle channel times for a period
T, before the overflow source entered the channel. Using the termi-
nology from the preceding section:
e=Xp— X [t — (i1 + X))
tiiv1€Tp
When the stable situation occurs, each periodic source transmits a
packet every T}, + € seconds. It transmits the samples that have arrived
in this period of time in the data and overflow area. At the end of each
transmission, there is a periodic source that has been waiting € seconds.
This source acquires the channel before an aperiodic source or the first
packet from another periodic source can. Until one of the sources ends
its transmission, and channel capacity becomes available, the system
operates as a TDM system with a slot period of T, + € seconds. No data
are lost, and the slot delays do not grow indefinitely.

VI. TIMING CONSIDERATIONS

In a sampled data communication system, it is necessary for the
transmitter and receiver to be frequency locked, so that samples are
used at the same rate at which they are generated. In broadcast
networks, this can be achieved by sending a clock signal outside of the
data band or by using a modulation rule with a clock component. The
former technique provides accurate timing, but requires that one unit
be responsible for inserting the clock on the system. In the latter
technique, there is no centralized control, every transmitting unit is
identical, but timing discrepancies may exist between the transmitters,
particularly when very little data are being transmitted.

Timing discrepancies result in the periodic terminals having differ-
ent estimates of the interpacket interval T,. Let the interpacket
interval for the ith periodic terminal 7}, be within € of T}, so that

|Tip = Tp| < e
Let the ith and (i + 1)th periodic terminals transmit at
tiiv1 =,
and,
tivrin =t + X,

so that there is no separation of the packets at the (i + 1)th source.
The next packets from these terminals are scheduled at

tiiv1 = t+ Tip,
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and,
ti+1,i+1 =t+ Xp + Ti+1,p-

These two times may be separated by as little as X, — 2e. If the first
packet in this sequence is delayed by a packet from an aperiodic
source, it may be delayed until

tiim<t+ Tip+ X,

With the constraint X, =< X, it is possible that both periodic sources
will be waiting for the channel and will collide. This situation cannot
be resolved by the protocol. It can be prevented by constraining the
length of aperiodic packets to

Xa SXp — 2e.

With this constraint, it can be shown, as in Section IV, that sequences
of periodic sources do not collide, and that the delay of a periodic
source does not exceed Xj,.

This length constraint cannot be used to solve all of the problems
that arise because of timing inconsistencies. The first packet from a
periodic source must have length X, to reserve an entire slot, but must
enter the system like a periodic packet. This can be resolved by
allowing periodic sources to recognize and preempt the first packet
from a periodic source that begins transmitting within 2¢ of the periodic
source’s scheduled transmission. Now, the maximum delay caused by
the first packet from a periodic source is not greater than that caused
by a packet from an aperiodic source.

VIl. SIMULATION

A general-purpose simulator has been written to determine the
characteristics of broadcast networks. In this simulator, the protocols
used by sources, the traffic generated by a source, the physical position
of a source on a channel, the parameters that define a transmission
channel, and the interconnection of channels can be varied.

In the simulator, time jumps between the occurrence of significant
events, rather than continuously moving forward by small increments.
Functions such as wait for idle channel and listen while transmitting
are implemented by giving the channel the characteristics of an active
device. The channel notifies a source when the state of the channel, at
the location of the source, has changed. Actually, the channel in this
type of system is passive and sources that perform these functions
examine the channel continuously. However, the interval of time in
which the state of the channel can change and a significant event can
occur is small compared to the average time between significant events.
A simulator that models the continuous operation of the sources would
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have to examine the channel at small intervals, and would be much
less efficient, in terms of processing, than the technique selected.

In this simulator, the channel maintains lists of sources that are
transmitting, listening while transmitting, and listening for an idle
channel. When the state of the channel changes, channel maintenance
routines notify the terminals in the lists at the appropriate times.
These routines take into account the propagation delays between
terminals, and the detection time of terminals.

Queues of messages and packets waiting to be transmitted from the
sources are maintained without creating physical queues. Instead, the
clocks associated with packet and message generation are allowed to
run independent of the simulation clock. Each source keeps track of
the time the packet and message it is transmitting were generated.
When the transmission is complete, this time is updated to determine
the next packet or message arrival at this source. If this time is less
than the simulation time, this object has been waiting in a queue, and
can be transmitted immediately. If it is greater than the simulation
time, the queue is empty, and the message or packet is scheduled to
arrive in the future.

The periodic terminals approximate voice terminals that only trans-
mit during active speech intervals. For the parameters selected in the
simulations, the speech interval durations are more than three orders
of magnitude greater than the packet transmission time, and more
than six orders of magnitude greater than certain of the channel-
related events. The simulator tracks the fine structure of channel-
related events. Because of the different time scales, the simulations
could not be conducted for a long enough time to guarantee that all
combinations of active and inactive intervals occur with the proper
probabilities. To compensate for this, a different random-number
generator is used to generate active and silent intervals than is used to
generate the other random events in the simulation. This allows
different protocols for periodic sources to be compared when the same
active and silent intervals occur.

The systems simulated have the following characteristics:

() Sources are uniformly distributed along a single cable.

(ii) Channel length is 1 km.

(ii) Transmission rate is 3 Mb/second.

(iv) Time to detect the presence and removal of carrier, 7o, and 7o,
is 1 ps.

(v) Time to detect interference, 7, is 4 us.

(vz) Time the channel must remain idle between transmissions is
one-third of a microsecond.

These parameters do not correspond to a particular hardware real-
ization of a system, but are indicative of what might be expected.
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VIil. SOURCE MODELS

Aperiodic and periodic terminals are simulated. They correspond to
a number of data sources sharing a store and forward node, and a two-
way voice conversation. Some of the parameters associated with these
terminals are selected to study specific characteristics of the system or
to facilitate programming, rather than to accurately model the source.
The results of the simulations provide an indication of how the system
operates and not precisely how many terminals of a specific type can
be supported.

The model for the sources in this system is shown in Fig. 2. In the
remainder of this paper, the packets from the various sources are
referred to as follows:

Type A—all of the packets from aperiodic sources.

Type F—the first packets in active intervals from periodic sources.

Type P—all other packets from periodic sources.

Type X—a composite of all of the packets from periodic sources.

Type T—a composite of all of the packets from all sources.

The protocols for periodic sources are referred to as follows:
IT,—Periodic sources use the protocol proposed in this paper.
I1,—Periodic sources use the same protocol as data traffic and

transmit enough overhead bits to have the same packet size as Il4.

IIs—Periodic sources use the same protocol as data traffic, but
transmit fewer overhead bits than II;.

IIx—Either II; or IIs. This symbol is used when describing the
intersection set of these two protocols.

The doublet (x, y) refers to packets of type x, when the periodic

sources use protocol y.

In the model, all of the sources test the state of the transmission
medium before transmitting (LBT). If the channel is currently being
used (B), they wait until it is idle (wic), then schedule a transmission
retry according to a source-specific strategy (SRB). Transmission prior-
ities can be established by using different strategies for different
sources. For instance, if one type of source can retry sooner than
another, these sources are more likely to find the channel idle and will
have a smaller average delay. For this set of simulations, all of the
sources begin transmitting as soon as the channel becomes idle. If the
channel is not heavily used, there is seldom more than one source
waiting, and this will lead to the smallest possible delay. If more than
one source is waiting, they collide and the collision retry strategy
determines which source obtains the channel.

Transmitting sources may or may not listen while transmitting.
In this set of simulations, sources listen while transmitting type A,
(F, I14), and (X, Ilx) packets. When a collision is detected, a source-
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wic LBT

TEST-TAKES NO TIME.

[ ] EVENTWHICH MAY TAKE NONZERO TIME.
O CONDUCTS A TEST WHILE AN EVENT IS IN PROGRESS.
LBT — LISTEN TO THE CHANNEL BEFORE TRANSMITTING.
LWT — LISTEN TO THE CHANNEL WHILE TRANSMITTING.
XMIT — TRANSMIT.
WIC — WAIT FOR IDLE CHANNEL.
SRB - SCHEDULE A RETRY AFTER A BUSY CHANNEL.
SRC - SCHEDULE A RETRY AFTER A COLLISION.
SNP — SCHEDULE TRANSMISSION OF NEXT PACKET.
SNM - SCHEDULE TRANSMISSION OF NEXT MESSAGE.
B — CHANNEL BUSY.
B — CHANNEL NOT BUSY.
C - COLLISION DURING TRANSMISSION.
T - NO COLLISION DURING TRANSMISSION.
LP — TEST IF THE TRANSMITTED PACKET WAS THE LAST PACKET IN THE MESSAGE.
LM — TEST IF THE TRANSMITTED MESSAGE WAS THE LAST MESSAGE IN THE QUEUE.
WNM — WAIT FOR NEXT MESSAGE.
TLWT- TEST IF THIS TERMINAL IS TO LISTEN WHILE TALKING.

Fig. 2—Model of the transmission strategies used by the sources in the simulations.

dependent retry strategy (SRc) is initiated. The sources do not listen
while transmitting type (P, I11) packets.

The algorithm, src, provides another opportunity to assign trans-
mission priorities. Sources generating type A and (X, IIx) packets
distribute their retrys uniformly over an interval 2'Ar, where i is the
number of collisions this packet has experienced, and A7 is two round-
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trip transmissions delays. The value of i is limited to ten, so the retry
interval varies from two to 1024 round-trip delays. Sources generating
type (F, I14) packets distribute their retrys uniformly over an interval
Ar. Under heavy-load conditions, these souces retry sooner than those
generating type A packets and have a smaller average delay. The
periodic sources model voice terminals that only transmit during active
speech intervals. Type (F, I14) packets are given a higher priority
because they must acquire the channel in less than 50 ms more than
98 percent of the time.'>'¢ It is shown in Section IX that this require-
ment is met at channel utilizations of 0.9.

In this model, after a packet is successfully transmitted the source
determines if this is the last packet in a message. If it is not, the next
packet transmission is scheduled. If it is, the next message is scheduled.
For the periodic sources, a message corresponds to an active interval
during which packets are generated. After the last packet in an active
interval is transmitted, there is never a message waiting. Instead, a
silent interval is generated, and lasts until the next message arrives.
Type (P, IIx) packets are generated every T, seconds after the first
packet successfully acquires the channel. These packets are queued
until they can be transmitted. Type (P, I14) packets are generated T,
seconds after the last successful channel acquisition.

The aperiodic sources generate variable-length messages. The mes-
sages arrive independently and are queued until they can be transmit-
ted. The message length determines the number of packets in the
message and the length of the last packet. The source transmits all of
the packets in a message before determining if another message is
waiting. The packet scheduling algorithm (sNP) waits before transmit-
ting successive packets from this source. This enables other sources to
acquire the channel.

The aperiodic sources in these simulations have the following char-
acteristics:

() The message interarrival process is a negative exponential
distribution with a mean of 33.47 ms.

(it) The packet size is 1050 bits, 90 overhead bits, and 960 data
bits.

(i17) The message length is deterministic—it is 960 bits. (Each
message generates a single maximume-size packet.)

(iv) The minimum time between successive packets from the same
source is four round-trip transmission delays.

These characteristics do not correspond to any known data source.
They are selected to allow comparisons between systems with different
mixes of periodic and aperiodic sources. The average number of bits
transmitted by one of these sources is equal to the average number of
bits transmitted by a periodic source. This allows the network utiliza-
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tion to remain constant, while the mixture of periodic and aperiodic
sources is varied. From this, the effect of periodic rather than aperiodic
requirements on a broadcast network is determined. Using these
characteristics, type A packets are almost the same size as type
(X, I14) packets. This causes the largest possible delay to be incurred
by the periodic sources.

The periodic sources have the following characteristics:

() For all of the sources, T, is set to 30 ms. This results in 960
data bits per packet.

(ii) The duration of silent and active intervals are exponentially
distributed with means of 0.185 and 1.31 seconds, respectively.

(tit) For type (X, Ila) packets, H, = 40 bits, O, = 16 bits, and
P, = 38 bits. This results in 1054-bit packets.

(iv) For type (X, I11) packets, H, = 94 bits. This retains the same
link utilization as aperiodic sources and periodic sources using the new
protocol.

(v) For protocol I1,, H, = 40 bits. This shows the effect of increas-
ing the link utilization in the new protocol.

The mean values of the distributions are selected so that the total
active time, the average active interval, and the number of active
intervals correspond to those in a two-way telephone conversation.”
This model assumes that the two speakers in a conversation do not
talk simultaneously. It ignores the 0.07 probability of double talk. This
model is easier to implement than one which allows double talk and
should provide a reasonable indication of the system delays.

IX. SIMULATION RESULTS

Simulations have been conducted for protocols I14, I, and I1.. The
fraction of the requirements generated by periodic sources was set to
0, 10, 25, 50, 75, 90, and 100 percent of the total requirements and the
nominal offered utilization, S, to 0.7, 0.8, and 0.9. For protocols Il4 and
I1., the actual values of S are very close to the nominal values. For
protocol II,, the utilization generated by aperiodic sources and the
number of periodic packets is the same as for the other protocols.
However, the overhead associated with periodic packets is reduced.
Therefore, the actual value of S is less than the nominal value.

Statistics were taken for 10 seconds of elapsed time after a 2-second
initialization period. As the utilization varied from 0.7 to 0.9, the total
number of packets in the simulations varied from about 20,000 to
25,500. The time between successive starts of active intervals for the
periodic traffic is on the order of a second or two. It is unlikely that all
combinations of active and inactive periodic terminals are witnessed
in a 10-second interval. However, the same active intervals occurred
for each of the protocols, and the data show definite trends. The
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average and standard deviation of the channel access delay are plotted
as a function of the percentage of the load generated by periodic
sources in Figs. 3 and 4.

For I1,, the periodic and aperiodic sources use the same transmission
protocol and have the same packet lengths. For this protocol, the
network utilization remains constant as the load shifts from aperiodic
to periodic sources. All of the curves (T, II.) display the same char-
acteristic. For a small fraction of periodic load, the delay measures
increase. As the fraction of the load generated by periodic sources
becomes large, the delay measures decrease.

This behavior can be accounted for by characteristics of periodic
sources. As the periodic sources change between the active and inactive
mode, the short-term utilization changes. The delay versus utilization
curve for this type of system is concave upward so that the delay
averaged over a number of utilizations is greater than the delay
associated with the average utilization. This accounts for the initial
increase in the curves. The periodic sources transmit packets at a
multiple of 7, after the first successful transmission. This separates
sources so that a large number of sources do not collide. Since it takes
longer to resolve contention between larger numbers of sources, the
average delay decreases as the number of sources that may be sepa-
rated increases. This accounts for the decrease in the delay measures
when the fraction of the load generated by periodic sources exceeds
ten percent.

Curves (T, I14) show the delay characteristics for all of the packets
in a system that uses the new protocol. The total utilization is
the same as for II;. The delays for (T, I14) are less than those for
(T, II.). Protocol I14 guarantees that periodic sources do not collide
with each other and that they successfully acquire the channel when
they collide with aperiodic sources. Since there are fewer collisions,
and fewer of the collisions that occur result in unsuccessful transmis-
sions, less of the channel capacity is wasted. The decrease in delay is
a result of the reduced-channel contention.

Comparing I14 and 1, demonstrates the favorable characteristics of
the new protocol but not the unfavorable characteristics. Protocol 14
requires additional bits to be transmitted in the preempt and overflow
areas of the message. To show the effect of these bits, I, is examined.
This protocol is the same as II,, except the overhead in periodic
packets is reduced. As the fraction of the load generated by periodic
sources increases, the average channel utilization decreases. Curves
(T, I1;) are below (T, I1.), but are still above (T, I14). The latter result
is due to the ratio of data bits to packet length in the system simulated.
The preempt header is dependent upon the propagation delay in the
system. As the channel becomes longer, or the transmission rate
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increases, this will comprise a larger fraction of the packet in I14, and
the operation of I, will improve with respect to IT4. A similar improve-
ment will occur if T}, is decreased.

Protocol I14 establishes an upper bound on the delay experienced
by periodic traffic by giving this traffic a higher priority than aperiodic
traffic. The dashed curves (A, I14) and (P, I14) represent the compo-
nents of (7, I14) generated by aperiodic and periodic traffic, respec-
tively. As expected, curves (A4, I14) are above (T, I14), while (P, I14)
are below. However, there are some interesting effects noted on these
curves. As the fraction of the load generated by periodic sources
increases, the number of sources that have a higher priority than the
aperiodic sources increases. The delay experienced by the aperiodic
sources is expected to increase. However, at utilizations of 0.8 or 0.9,
there is not a significant increase in the average delay, and the standard
deviation of the delay decreases.

From curves (T, II.), it can be concluded that it is definitely
beneficial for aperiodic sources to share a channel with periodic
sources. From curves (4, I14), it may even be beneficial for aperiodic
sources to share a channel with higher priority periodic sources.

It has been stated that speech-activated systems should have a
channel-acquisition delay less than 50 ms at least 98-percent of the
time. From curves (4, I14), it should be possible to meet this constraint
up to utilizations of 0.9, even if the first packet of speech is given the
same transmission priority as aperiodic traffic, assuming that the 98-
percent point corresponds to two standard deviations beyond the
mean. In I14, the first packet from a periodic source is given a higher
priority than packets from aperiodic sources. Using this strategy, it
should be possible to lose no samples, not even those used to detect
the presence of energy. For instance, if the transmitter stores the last
30 ms of speech samples, and it takes 10 ms to detect the presence of
energy, no active samples are lost when the channel is acquired within
20 ms. At utilizations of 0.9, this appears to be well within the capability
of the system.

X. ALTERNATIVE PROTOCOLS

Several other protocols for periodic traffic were considered. These
protocols did not operate as well as the protocol described here and
were not completely characterized. However, it is instructive to de-
scribe two of these protocols and their perceived shortcoming.

One possible approach to reduce the average and variance of the
delay for periodic traffic is to give the periodic traffic a higher retrans-
mission priority than aperiodic traffic. This approach is used in I14 to
reduce the delay for the first packet in a periodic sequence. Note in
Figs. 3 and 4 that this strategy works best when the high-priority
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traffic is a very small fraction of the total traffic. Priority systems do
not reduce contention between high-priority users. In a local network
designed to handle data and voice requirements, the voice transmission
requirements are expected to far exceed the data requirements. A
priority system will not provide significant improvements in this type
of an environment.

In addition, the priority system may reduce delay problems, but it
does not eliminate them. The delay is still an unbounded statistical
variable. The probability of exceeding a specified delay is nonzero, and
packets will be lost. This probability may be acceptable for moderate
utilizations, but as the utilization approaches one, it will increase and
become significant. Because of the high transmission requirements of
voice, it is expected that a voice and data system will have to operate
at much higher utilizations than data only systems.

Another protocol, which was tried, gives periodic traffic absolute
preemptive right to the network. The periodic packets have a preempt
header. They begin transmitting without listening to the network and
interrupt any terminals that are transmitting. The preempt header is
long enough for the nonpreemptive terminals to detect a collision and
stop transmitting before useful data are transmitted by the preemptive
terminals. This protocol results in zero transmission delay for periodic
packets once they have acquired a slot. They acquire the slot for the
first packet by behaving like an aperiodic terminal, as in the recom-
mended protocol.

This protocol requires exact timing synchronization between pe-
riodic terminals and does not operate well at high-channel utilizations.
Since the periodic terminals do not listen to the channel before
transmitting and transmit periodically at what they perceive to be T},
seconds, if there is a discrepancy between various terminals’ estimates
of Tp, they will eventually interfere with one another. In addition,
when the utilization for periodic sources is slightly greater than 50
percent, it is possible for these sources to be spaced in such a way that
no new sources can obtain a time slot.

When this protocol was simulated, it was found that when the
channel utilization from periodic sources exceeded 0.7, the channel
efficiency decreased rapidly and the access time for the first packets
from periodic sources and packets from aperiodic sources became
intolerably long. The channel efficiency is the fraction of time the
channel is being used to transmit data that are successfully received,
over the total time that data are being transmitted. The unsuccessfully
transmitted data occurs when packets are interrupted by collisions.
The propagation delay in local networks is small compared with the
packet transmission time, and terminals listen before transmitting.
Therefore, for the previously defined protocols, collisions only occur
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near the beginning of transmission. In this protocol, a packet can be
interrupted at any time. As the fraction of time that preempt terminals
use the system increases, the probability of interrupting a terminal
that has completed a significant portion of its transmission increases
and the channel efficiency decreases. As the channel efficiency de-
creases, the fraction of the channel capacity remaining for successful
transmissions decreases and the delays increase. When the channel
utilizations generated by periodic sources approached 0.7, the delay
experienced by first periodic transmissions and aperiodic transmissions
ranged from several tenths of a second to a second. This is an
intolerable delay.

Xl. CONCLUSIONS

When periodic and aperiodic data are transmitted on the same
network, using conventional CSMA/CD protocols, the average and var-
iance of the delay can be reduced by the periodicities in the data. By
requiring periodic sources to begin generating periodic packets after
they have successfully acquired the channel, the periodic requirements
are separated in time, and collisions are reduced. This results in a
decrease in the network delay. Channel contention is further reduced
by requiring periodic sources to transmit all of the data they have
acquired whenever they transmit and to schedule their next transmis-
sion a fixed time after their last successful channel acquisition.

If, in addition, periodic sources are only delayed by aperiodic sources
with transmissions in progress, the size of packets from aperiodic
sources is less than that from periodic sources, and the size of packets
from periodic sources is not increased by the delay, then packets from
periodic sources do not collide. The maximum channel acquisition
delay experienced by periodic sources in this mode of operation is a
packet transmission time.

By delaying the use of the first packet from a periodic source by a
packet transmission time, the next packet is always received before all
of the samples in previous packets are used. There are no discontinu-
ities caused by the late arrival of samples in the reconstructed wave-
form, and packets of samples are never discarded because of excessive
transmission delays.

In this mode of operation, periodic sources appear to have a dedi-
cated TpMm channel. There is a difference between the bandwidth
allocation in this type of system and that of a true TbM system. In a
TDM system, the time slots for a particular channel always carry the
same number of bits and are fixed with respect to the beginning of a
periodically recurring frame. In this system, the time slot for a partic-
ular channel may be moved back with respect to a hypothetical start
of frame when the channel is busy. When this occurs, the number of
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bits of data being carried by the slot increases. In the extreme, when
the channel is overutilized, the slot is shifted back by the same amount
every time it occurs. The slot period and the amount of data in the
slot increases.

The mobility of time slots, in conjunction with the access protocol,
allows all of the excess capacity that is not being used to transmit
periodic packets to be used by aperiodic sources, even if the excess
capacity is dispersed in small intervals throughout the TpM frame. The
system can shift between any mix of periodic and aperiodic traffic
without a central controller reallocating the bandwidth.

In conventional TDM systems, all of the transmitters must be able to
accurately determine the location of their assigned slots to avoid
transmitting simultaneously with other sources. In this system, a
periodic source is willing to wait for a communication in progress to be
completed. Therefore, timing inaccuracies between periodic sources
can be tolerated, as long as the inaccuracy is not long enough to cause
two periodic sources to simultaneously initiate communications.

Finally, the simulation results indicate that periodic sources can
acquire a channel quickly enough to operate in a time-assignment,
speech-interpolation mode. Storage and delay in the system may be
used to reduce, and possibly eliminate, clipping which normally occurs
at the beginning of active intervals in this type of system.
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Low-Elevation-Angle Propagation Effects on
COMSTAR Satellite Signals

By J. M. TITUS* and H. W. ARNOLD
(Manuscript received April 30, 1982)

I. INTRODUCTION

Little information exists on earth-space propagation at lower eleva-
tion angles. One earlier experiment’ has shown greater fluctuation in
signal levels over low-elevation paths. This signal fluctuation likely
results from focusing and defocusing by inhomogeneities in the atmo-
sphere’s index of refraction caused by turbulence. The fluctuation
increases at lower elevation angles, then, because the signal must pass
through more atmosphere.

The opportunity existed during 1976 to make more low-elevation
observations at 19 GHz as the coMsTAR satellites were placed into
position. This paper describes the acquisition and analysis of the low-
elevation propagation data. Results are presented showing the fluctua-
tion intensity of the received signal at several elevation angles.

Il. EXPERIMENT

Two satellites were launched carrying 19-GHz beacon transmitters,
COMSTAR I in May 1976, and COMSTAR 1I in June 1976. As they were
placed in their final positions, they drifted upward from the horizon at
a rate of 1 to 2 degrees per day. Original data were taken at 19 GHz on
Crawford Hill for elevation angles from 1 to 10 degrees above the
horizon with a 3.7-meter diameter antenna and an interim receiver.?
Signals received on vertical and horizontal polarizations (relative to
the Crawford Hill horizon) were recorded on analog magnetic tape.

* This work was performed while Ms. Titus was a summer student.
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The satellites were rotating slowly; therefore, the directional antenna
on the satellites caused the received signal level to vary. There was
very little variation over a period of a few minutes, however. Weather
throughout the initial experiment was generally cloudy and overcast,
but there was no significant precipitation. The 0.3-degree beamwidth
of the Crawford Hill antenna precluded ground-reflected signals. Since
both transmitter and receiver had excellent amplitude stability, at-
mospheric turbulence was the only reasonable source of the signal-
amplitude fluctuations observed. These fluctuations occurred almost
all the time, as contrasted with the more infrequent multipath fading
observed on terrestrial paths.

On the analog magnetic tape, data samples were taken once every
hour for ten consecutive minutes. For each 10-minute interval (corre-
sponding to a particular elevation angle), three sets of 256 points,
sampled at a rate of 5 points per second, were digitized and recorded
under control of an HP 9830 calculator. Signal amplitudes for the two
polarizations were sampled simultaneously. The three 51-second sam-
ples of digitized signals were taken from the beginning of the ten-
minute run unless some readily apparent problem existed on the chart
data.

lil. RESULTS

After data samples were digitized from all magnetic tapes, an anal-
ysis was made to determine how elevation angle affected signal fluc-
tuation. For each sample set, the mean and standard deviation of the
received signal amplitude for each polarization and the correlation
coefficient between the vertically and horizontally polarized signals
were calculated.

Some sample sets were unusable because of low signal levels, so a
method was devised to locate and delete them. It was assumed that
the receiver noise level was the same as that existing later in the
experiment, when the signal-to-noise ratio was approximately 46 dB in
clear air. From this assumption a graph was constructed that gave, as
a function of mean receiver output in volts, the standard deviation-to-
mean ratio expected from receiver noise alone. Each sample set was
checked and deleted if its fluctuation was not at least two standard
deviations higher than that expected from receiver noise alone.

For all remaining sample sets, scatter plots of fluctuation (defined
as the ratio of the standard deviation to the mean) vs. elevation angle
were printed. Figure 1 shows an example for COMSTAR I using horizon-
tal polarization. Results for the horizontal polarization from coMSTAR
1 and for the vertical polarization from both satellites were also
plotted, and were very similar to the results shown. Multiple data exist
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Fig. 1—19-GHz signal amplitude fluctuation vs. path elevation angle for cOMSTAR 1
using horizontal polarization.

for certain elevation angles, because in those cases the satellites were
at nearly the same elevation angles for more than one hour.

Figure 1 indicates that signal fluctuation increases dramatically as
the path elevation angle decreases. A simple theory to explain this
trend involves the notion that the strength of the fluctuation is
dependent on the number of air masses through which the propagation
path passes. The number of air masses is proportional to the integral
of the density (kg/m®) of the atmosphere along the path. One air mass
is defined as the density integral along a vertical path.

The number of air masses as a function of elevation angle was
calculated in two ways: (i) by assuming that the atmosphere can be
modeled as evenly distributed over a height up to nine km, and (i) by
modeling the atmosphere as six layers from altitudes of 0 to 30 km
with different densities.® The latter was done for both evenly spaced
layers (steps of 5 km/layer) and unevenly spaced layers (steps of 2, 3,
5, 6, 6 and 8 km/layer) to observe the effect of the higher density of
the lower atmosphere at the very low angles. The results for the two
methods are compared in Fig. 2 and show no significant differences.
Therefore, the simpler method was used for the following results. Both
methods depart radically from the cosecant angular dependence seen
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Fig. 2—Path elevation angle vs. number of air masses for stepped-density and fixed-
density atmospheric models.

at higher elevation angles,* owing to the earth’s curvature.

Figure 3 shows a scatter plot of signal fluctuation vs. number of air
masses for the combined data from cOMSTAR I and cOMSTAR 11. This
figure shows that the fluctuation of the signal increases rapidly as the
number of air masses increases. The functional form of this dependence
cannot be determined from the available data, but appears to be at
least linear. For very low-elevation-angle paths (1 to 1.25 degrees)
traversing a large number of air masses (24), the signal fluctuation
varies about 0.25. For a significantly smaller number of air masses (i.e.,
below 8), and relatively higher elevation angles (above 6.50 degrees),
the fluctuation decreases to around 0.05.

Results for both received polarizations show that fluctuations with
number of air masses for the two polarizations are nearly identical.
Instantaneous correlation coefficients between the polarizations were
typically above 0.95 when the fluctuations were also large compared
with the receiver noise level (i.e., at low-elevation angles). It thus
appears that the cause of the fluctuation is not dependent on the state
of the polarization—vertical or horizontal. This is the first known
observation of this polarization independence for elevation angles
below 5 degrees.
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Fig. 3—19-GHz signal amplitude fluctuation vs. number of air masses along path for
combined COMSTAR I and COMSTAR I data using horizontal polarization.

IV. CONCLUSIONS

Two conclusions can be drawn from this experiment. One is that the
signal fluctuation is independent of polarization. Two facts lead to this
conclusion: (f) there is a very high correlation between signal strengths
at the two polarizations; and (iZ) the results for fluctuation vs. number
of air masses were nearly identical for the two polarizations. The
second conclusion is that fluctuation intensity increases at lower
elevation angles. This increase is consistent with the increase in the
number of air masses along the path.
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