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Fig. 7—Optical time-division demultiplexer. (a) Overall schematic diagram. (b) Ring
triggerable bistable element. (c) Output characteristic of ring bistable element.
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to the 1 W level. As this power is only required for 1 ps, however, the
operating energy would still be a very reasonable 1 pd.

VII. CONCLUSIONS

Having identified the physical limits for optical switching devices
and discussed some specific examples, let us try to draw some general
conclusions with regard to their future applications. The strong points
of optical switching devices are:

() Speed: With an electronic nonlinearity or free-carrier genera-
tion in semiconductors, sub-picosecond switching times are possible.

(if) Bandwidth: With a nonresonant bistable optical device or a
nonlinear interface, a large fraction of the visible light bandwidth can
be used.

(iit) Ability to treat directly signals already in the form of light.

(iv) Capability for parallel processing: With a liquid crystal bistable
array, image processing has already been demonstrated.”

The weak points of optical switching devices are:
() High power is required for fast switching. This will tend to
create thermal problems unless highly transparent materials are used.
(it) Materials do not yet exist that have the ideal combination of
properties for these devices.

(iit) Theoretical and practical problems involved in waveguide and
microresonator formation in A? volumes have yet to be overcome.

(Zv) The minimum size of an optical switching element cannot be
reduced below a volume of about A? unless lossy metallic structures
are used.

The field of digital optical switching is a dynamic one in which rapid
progress is being made. New materials and devices are being proposed
and studied. Let us close by proposing some areas where future work
should be directed.

There is clearly a need for good optical quality, high-nonlinearity
materials with low absorption coefficients. The development of such
materials will have a great impact on future applications. Techniques
must be developed for fabricating optical waveguides and optical
resonant structures with dimensions on the order of optical wave-
lengths. For many applications, the problem of regeneration of signals
associated with ‘fan out’ is important.” Some types of bistable lasers
may well find use here. Finally, the general problem of the optics—
electronics interface (i.e., making optics compatible with electronics)—
is one that will require a good deal of attention if the most effective
use is to be made of the tremendous potential of digital optical
switching.
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An Inversion Technique for the Laplace
Transform

By D. L. JAGERMAN
(Manuscript received February 8, 1982)

In this paper we use an approximation sequence defined by the
Widder Laplace transform inversion formula to provide a practical
method for inverting the Laplace transform. The approximation
sequence converges uniformly and retains essential structural char-
acteristics of the original function, e.g., nonnegativity, monotonicity,
and convexity. Thus, we approximate a distribution function by
distribution functions and use enhancement techniques to increase
the speed of convergence and to capture the quality of exponential
decay. Also, we present a practical computational method illustrated
by examples.

I. INTRODUCTION

The purpose of this paper is to summarize the techniques presented
in the paper “An Inversion Technique for the Laplace Transform™!
and to make available a useful reference of properties of the
‘approximation sequence,” and a new numerical method developed
since the publication of Ref. 1. The inversion, or approximation se-
quence, retains the essential structural characteristics of the original
function, e.g., nonnegativity, monotonicity, and convexity. Thus, we
approximate a distribution function by distribution functions. For
application to queueing theory, this may be considered quite impor-
tant. The basic inversion sequence, together with error estimates, is
discussed in Section II; also, two enhancement procedures are given—
namely, the construction of a sequence that is more rapidly convergent
than the approximation sequence and which was not given in Ref. 1,
and a method of accurate approximation to functions that decay
exponentially. Section III discusses the new numerical method, and
Section IV presents two examples of numerical inversion along with
controls. Except for the new material whose derivations are given here,
all proofs can be found in Ref. 1.
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Il. INVERSION SEQUENCE

Consider a function f(f) for which the Laplace transform, f(s),
defined by

fis) = f e *f(¢)dt (1)
0

exists for s > ¢ and f(£) = 0(e“) (t — =); then a sequence of functionals,
(L»)5, is defined by

L (0) = Fult) == 1’" e &76)

ds™

n+1° (2)

One has
,1533, fat) = f(2) (3)

uniformly in every finite closed interval throughout which f(¢) is
continuous. Equations (2) and (3) constitute a variant of Widder’s
theorem.”? The sequence [f.(£)]5 is called the “approximation se-
quence” of f(¢).

The following lists some important properties of f,(¢) valid for ¢t = 0,
n = 0; a dot indicates differentiation. Assumptions on f(¢) are to hold
in (0, ).

@) asft)<sbea=<f.(t)<b
fa(0+) = f(0+),
f(0+) = f(0+),

fa(®) = f(o0),
fa(®) = f(e),

(i) f(t) monotone = f,(¢) monotone in the same sense. f(¢) com-
pletely monotone, absolutely monotone, convex, log-convex implies
the same property, respectively, for f.(t).

fn(t)

t)y =0=
(@) f(2) m——]

(&) < f.(t), f(t)= 0= f.(t) monotone decreasing in n.

@v) If f(t)xg(t) = J f(é) g(u) cit_u (Mellin convolution), then
0

monotone decreasing in n, f(f) convex <

fn(t) is the approximation sequence of f(¢t) = f.(t)*g(¢) is the approx-
imation sequence of f(¢)+*g(¢).

The pointwise error, <, (# f ig defined by

A 11T PO 4Vi, Cnvey

&lt; f) = fa(8) — F(2). (4)
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One has
en(t; f) E Gl(_n -n — l)tlf(l)(t)y n-— o, (5)

in which Gy(—n — 1, —n — 1) are Poisson-Charlier polynomials.® Set
B: = Gi(—n — 1, —n — 1); then the following recursion is satisfied:

+Bi1], Bo=1, B1=0. (6)

Bl+1 =
The terms of eq (5) through order n~* are
enlt; ) ~ "’f‘z’(t)

1

+3
m[ 3f(3)( )+__1t4f(4)(t)]’ n— o. (7)

Some bounds for €,(¢ f) are
2

t "
n(E; = , 8
le(t; 1) | 2n+2sglf(x)l (8)
for pointwise error, and
len(t; F)| < ansup)| tf(t) | 9)
>0
uniform over all £&. The a, satisfies
2
o~ \|—, n— oo, (10)
m

It appears, therefore, that the convergence of f.(f) to f(¢) is not
rapid. In fact, from eq. (7) it is 0(1/n) and is not improved by assuming
a higher degree of smoothness for f(¢). However, one may decrease the
error, e,(t; f), for a given n in at least two ways by: (i) modifying the
sequence f,(¢) to obtain a higher convergence rate, and (zZ) modifying
fo(¢) to improve its approximation to f(¢). The first way may destroy
the desirable properties of the approximation sequence as previously
listed because the transformation from f(¢) to the members of the new
sequence may no longer be positive; the second way can be imple-
mented to preserve all the desirable properties with respect to a
function different from the original f(z).

The following procedure improves the convergence rate but does
not preserve positivity. Define the functionals, ¢, by

onf = aalt) = (2 + 1) fonlt) — (1 + 1) fult); (11)
n n
then, from eq. (7)
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1 1
O
3(n+1)2n +1) 7
1 2n24+9n +5
8 (n+ 1)%2n + 1)2

on(t) — f(t) ~ —

HfP¢), n-owo, (12)

and hence
oa(t) — f(¢) = 0(1/n?. (13)

Often, f(¢) decreases exponentially fast for # — oo; the inversion
method may not capture this effect well for large ¢ if the decrease is
very rapid. This problem is largely overcome by the following tech-
nique, which constitutes an example of the second method of improving
the approximation.

If f(s) converges for s = —B(8 > 0), and 0 < « < B, thenf(s — a)
exists and is the transform of g(¢) = e*f(¢). If g.(¢) is the approxima-
tion sequence for e*f(t) and

fra(t) = e gn(?), (14)
then
lim fo.(t) = f(¢). (15)

n—oo

The error €,.(t; f) = fua(t) — f(¢) can be much smaller than €,(¢; f),
corresponding to a = 0, so that a real improvement in accuracy can
result; of course,

enalt; f) = e enlt; g). (16)

The approximation f,..(¢) imitates the rapid exponential decrease of
f(2) with increasing accuracy as a approaches B. Since g.(t) is an
approximation sequence, it possesses all of the properties given earlier,
many of which carry over to f(£).

lll. NUMERICAL EVALUATION
A type of generating function may be constructed for [ £.(¢) 5. Let

1~(1—-2
G(z, t)=;f( p ) 17
and define [a,(¢)]5 by
Gle,t) = Y an(t)”; 18)
then
/ ¢ \
falt) = a (n - 1). (19)
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. This permits the use of numerical procedures for obtaining coeffi-
cients in a power series. The following is such a method. The notation

27x

eg(x) =e' ¢ (20)

will be used. Let 0 < r < 1, g prime and g > n, and define the functional
S by

Sf= ”—;—1 S, eq(—ni)f {”—;’—1 [1- req(j)]}, (21)

¢ J=1

then, in terms of f,.(¢), one has

n_—l—_lq;l t) rl. (22)

Sf= fn(t) + 1§1 fn+lq ( nt 1

For the purpose of computing f.(¢), Sf in the form of eq. (21) will be
used.

We will now assume that f(¢) is bounded so one may take
If(t)| = A. Clearly, from eq. (22) and property 1,

r?

1-r?

|Sf—fult) | = A (23)

and
lim Sf=f.(t). (24)

r—0+

Thus, Sf is an accurate approximation to f,(¢) when r is small;
however, if the round-off error of each term of eq. (21) is bounded by
¢, and the total round-off error by 7, then

n+1
t

n=<e€ r. (25)

It follows that a choice of r may be made to ensure the round-off
error, 17, is not too large, in accordance with eq. (25). The parameter ¢
may now be chosen to render the truncation error given by eq. (23)
comparably small.

IV. EXAMPLES

A Fortran program for the evaluation of Sf, as shown in Eq. (21),
was written by Bharat Doshi. Double precision arithmetic was used
with a round-off error of 107°, As a rough estimate, it was assumed
that the computations required to form each term of the summation
in eq. (21) resulted in a round-off error of 107" thus the choice € =
107" was made. The choices
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r = 0.83, q = 127, n = 50, .
r=0.91, q = 251; n =100 (26)

lead to about five units error in the sixth decimal; the values of g given
result in negligible truncation errors. These errors in computing fso and
fioo were considered acceptably small.

The function

f(t) =1/2e"t +1/2¢™* 27

is chosen for the first example. It represents a complementary distri-
bution function whose values may be accurately computed as a control,
and which shows the enhancement of accuracy obtainable by use of
egs. (11) and (14). Tables I and II illustrate these results. Since

~ 11 1 1
f&=5r1%s5+3

(28)

the choice a = 1 is the appropriate value to use.

It may be observed, from Table I, that the error is halved in going
from fs to fio as expected from the 0(1/n) behavior of eq. (7), while
the decrease of error from fie to o5 is better than 1/50 as seen from
the 0(1/n? rate of eq. (13). Table II shows that the effect of « is
greater for larger ¢ since the exponential term that is being tracked
becomes dominant.

The second example concerns the complementary busy-period dis-
tribution for an M/M/1.* The arrival rate is p and the service rate is
p = 1. For this case

¢
dx
fie)=1—p'2 f e_(HP)xL(Zx\/(—)) = (29)
0
and
~ 1 3
f(8)=%[p—1—8+~/(p+1+s) — 4p], (30)
Table [—a = 0
t f fso floo 50
2 0.06891 0.07203 0.07048 0.06890
4 0.00916 0.01064 0.00990 0.00915
8 0.00017 0.00030 0.00023 0.00016
Table ll—a = 1
t f fo0a frooa 00,1
2 0.06891 0.06911 0.06901 0.06891
4 0.00916 0.00916 0.00916 0.00916
8 0.00017 0.00017 0.00017 0.00017
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Table lil—p = 0.9, a =0

t f fe0 fi00 G50
3 0.2919 0.2942 0.2931 0.2919
6 0.1950 0.1967 0.1959 0.1950
9 0.1514 0.1528 0.1521 0.1514
Table V—p = 0.5, a = O
¢ f fro fioo 050
3 0.1803 0.1834 0.1819 0.1803
6 0.0764 0.0785 0.0775 0.0764
9 0.0399 0.0415 0.0407 0.0399
Table V—p =0.1,a =0
t f f50 me 050
3 0.0732 0.0774 0.0753 0.0732
6 0.0088 0.0103 0.0096 0.0088
9 0.0013 0.0018 0.0016 0.0013
Table VI—p = 0.1, a = 0.4675
t f f50,a fIOO.a 050,
3 - 0.0732 0.0742 0.0737 0.0732
6 0.0088 0.0090 0.0089 0.0088
9 0.0013 0.0014 0.0014 0.0013

in which Il(2xs/;)) is a modified Bessel function. The evaluation of the
control was accomplished by using a quadrature procedure. The values
p = 0.9, 0.5, and 0.1 were used. The best choice of «a is, from Section II,
1- «/;—))2; however, when « is small, one could simply set a = 0, since
there is little improvement in using the best a. For the case p = 0.1,
one has a = 0.4675; accordingly, a comparison was made with a = 0.
Tables III through VI sample the results obtained.

V. CONCLUSION

It may be observed that the best a for p = 0.1 noticeably improved
the approximation. The performance of the o, functionals in all cases
created a marked improvement in accuracy; however, one should
remember that the desirable properties of the L, functionals are not
possessed by the o,.. Nonetheless, there is a property of the g,, impor-
tant in numerical work, which follows from eq. (11). Namely, if § is the
round-off error in the computation of f,(¢) and f2.(¢), then (3 + 2/n)é,
n = 1 bounds the induced round-off error in o, (i.e., round-off errors
are not significantly magnified).
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An interesting use of the inversion technique follows. A function f (¢)
is given in the form

f(t) = f g(t, x)dx, (31)
0

with g(¢, x) known; it is required to evaluate f(¢) over a wide range of
values of £. Quadrature methods are accurate, for ¢ small, or can be
designed, for £ large, but do not apply equally well over all values of ¢,
including the important transition region from small to large. If the
transform f (s) can be obtained, then the inversion method described
here can be used to obtain sufficiently accurate values of f(¢) over the
entire range of ¢, since eq. (9) shows that the errors, €.(f; f), are
uniformly bounded.
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Approximate Mean Waiting Times in Transient
Gl/G/1 Queues

By D. L. JAGERMAN
(Manuscript received February 8, 1982)

In this paper we give an approximation method for obtaining the
probability the server is busy and the mean waiting time as seen by
the nth arriving customer for the GI/G/1 queueing system. Transient
behavior is the key issue of the method. The approximation consists
of a pair of recursion formulae whose state variables are the proba-
bility of delay and the mean waiting time. Any initial state may be
prescribed for the Oth arriving customer. Programming is very easy,
and the computation is rapid. The procedure is useful for rush-hour
analyses and for studying the recovery of a system from temporary
overload.

I. INTRODUCTION

This paper presents an approximation method for obtaining the
probability the server is busy and the mean waiting time as seen by
the nth arriving customer for the GI/G/1 queueing system. Thus,
transient behavior is the key issue of the method. The approximation
consists of a simultaneous pair of recursion formulae whose state
variables are the probability of delay and the mean waiting time. It is
assumed that the Oth arriving customer finds the queue in some
prescribed state from which the successive states are computed. Nat-
urally, for the nth arrival when n is large, the computations provide
approximations to the corresponding eqilibrium quantities when equi-
librium exists. The procedure, however, is not limited to queues
possessing an equilibrium state. For methods specially adapted to
approximating the equilibrium quantities, we refer to a paper by A. A.
Fredericks,' in which the approximation Ao of that paper essentially
corresponds to the equilibrium results obtained here; we also refer to
Fredericks for an application to computer systems.?

Transient analysis is of particular importance in studying the recov-
ery of a system from temporary overload. This can occur after a short
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downtime during which the buffers become full and the machine must
now work off the accumulated load. Another situation calling for
transient analysis occurs in the case of minicomputers receiving hourly
data from an electronic switching system (ESS). The hourly rush of
traffic requires a transient analysis to determine the buildup and falloff
of delays. This corresponds to the general problem of rush-hour
situations. Knowledge of the transient behavior of a queue also indi-
cates the number of customers needed in the arrival stream until
approximate equilibrium conditions are recovered from some tempo-
rary overload (i.e., the relaxation time may be estimated).

In Section II we obtain the general recursion formulae and the
corresponding formulae defining the equilibrium results. In Section 111
we specialize the recursions to the GI/M/1 queue and present the
exact solutions obtained using the Takaés® method as a control. We
show the relationship between the exact probability of delay and mean
waiting time, and also conclude that the approximate equilibrium
quantities are, in fact, exact. We discuss a number of numerical
examples and compare them with exact results. In Section IV we
reduce the general recursions to the M/G/1 case. A relation is again
obtained between the probability of delay and the mean waiting time.
The interesting property is proved that the approximate probability of
delay and mean waiting time as seen by the nth arrival satisfies the
same relation as the exact quantities; thus, the approximation method
is shown to preserve certain properties of the exact solution. We
discuss a number of numerical examples and compare them with
exact results. In Section V we present several numerical examples of
GI/G/1 queues. Exact solutions, however, are derived only for equi-
librium values.

In all the numerical examples given, the queues start empty; how-
ever, this is done only to facilitate obtaining the controls. Any initial
state may, of course, be used in the recursion formulae. A synopsis of
the important recursions and definitions of symbols is given in Section
VI

Il. RECURSION FORMULAE

Let A(x) be the distribution of time between arrivals with mean
arrival rate A, and B(x) the distribution of service time with mean
service rate y; the random variable ¢, which is service time minus
interarrival time, has the distribution

K(x) = [ B(x + y)dA(y). 1
LA UR

If W, is the waiting time of the nth arrival, then we have the recursion
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W, =W, + &0, (2)
in which
[x]" = x, x=0
=0, x=0

and the £, are iid with the common dAistribution K(x). Let W,(x) be
the distribution function of W,; then W,(s) is defined by

W(s) = f e dW(x), 3)
0

and hence
Wi(s) = Ee™*"=, )

A recursion relating Wo(s) to W,_1(s) will now be developed. From
eqgs. (2) and (4) we have

Wo(s) = Ee=>Wamr+tn)®, (5)
and hence
Wals) = E j e dK (x), (6)
in which the expectation is over the distribution of W,_;. Let
K(s) = J e " dK(x); V)]
then the functions
Ri(s) = j e *dK(x) 8
o_
and
0_
K (s) = f e **dK (x) 9)

will be used in the development. From eq. (6), we find that

0_
Wi(s) = Woi(s)K.(s) + f Ee sVt " gK (). (10)

The recursion of eq. (10) is exact but, to obtain a simple, explicit
recursion, an approximation will be used at this point for the distri-
bution of W,_;. The more accurate the approximation chosen, the
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more accurate the final recursion will be, but also, presumably, the
more difficult to use; accordingly, a simple exponential approximation
will be used.

Let
an=EW,, (11)
and
Jn=1— W,(0+); (12)
then we use the approximation
I
W) =1—dpe @, x=0,
=0, x<0. (13)

From eq. (13) we compute

It
—s[W,,_+x]* In-18 *
Ee =1 =1—-———e%1, x <. (14)

—1
4

Qn-1

Thus, egs. (10) and (14) yield the recursion

- - N - S s '

Wo(s) = Wh1(s)Ki(s) + K_(0) —-—ls—K_ (— J l). (15)
Jn—l Qn—1
——+s
On-1

A pair of recursion relations will now be obtained for <J,,, a,. Since

lim W,(s) =1 — J,, (16)
—W5L(0) = a, (17)

and
lim K.(s) =0, (18)

we obtain from eq. (15)
JIn = Ki(0) + Juos K- (— il) (19)
n—1
and
3 > Jn—l >,
an=| R0 +K_ |- - an-1 — K’(0). (20)
nfl

Equations (19) and (20) constitute the approximate recursions sought.
If the queueing system possesses equilibrium values, then approxi-
mations designated by <J, «, W(s) are obtained from

-\

J=R.(0) +JE (— %) 21)
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o= |:I§’+(O) + 12_(— g)] a — K’(0), (22)
and

Wi(s) =

R_(0) — JJS R (—g) . (23)

—+s
o

_r
1- K+ (s)

The recursions of eqgs. (15), (19), and (20), and all subsequent
recursions derived from them, apply to arbitrary initial conditions and
to stable or unstable queues.

. GI/M/1 QUEUEING SYSTEM

To ascertain the quality of the approximations obtained by egs. (19)
and (20), a control is needed. This will be provided by the explicit
solution formulated by Takaés® for the GI/G/1 system. Accordingly,
let

@

G(z,8) = ¥ Wals)2", (24)
n=0
A(s) = f e~ *dA(x), (25)
and
B(s) = f e~ **dB(x); (26)
0
then
R(s) = A(-s)B(s), (27)

and the factorization
1 — 2K(s) =T'+(z, s)T'_(z, s) (28)

defines the functions I'.(z, s), I'_(z, s). The function I'+(z, s) is to be
analytic for R.s > 0 and not to vanish for R.s = 0, while I'_(z, s) is to
be analytic for R.s < 0 and not to vanish for R.s < 0. Further, define
the projection operator 7' by

TEe™" = Ee™*"*, (29)

in which 7 is an arbitrarily given random variable. Then the exact
solution for the generating function, G(x, s), is

_ 1 Wo(s)
G =57 [mz, sJ‘ (30)
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The only exact solutions to be studied in this paper will correspond
to the queueing system starting empty; hence, Wy(s) = 1. For this case
the projection of eq. (30) may be evaluated; we find that

1

R R ) e
To apply eq. (31) to the GI/M/1, we consider
R(s) = A(=s) & (32)
u+s
and
1— 2R(s) = LF ST p2AZs) (33)
u+s
Let 8(z) > 0 be defined by
p—8—pzA(S) =0; (34)
then we find that
N _8+su+s—pzﬁ(—s)
1 zK(s)—“+s 51 s . (35)
Thus,
Tz, 9 =215, (36)
n+s
_pts-— uzA\(—s)
I'_(z ) = ST s ) (37)
and
I (z0) = Eua‘_z) (38)
Hence, from eq. (31), we obtain
§ pu+s
G(Z, S) = ;1,(1——2.)--6_-}: (39)

Let j., a. designate the exact values of 1 — W,(0+), and EW,,
respectively, and let

J(2) =3 jn2" (40)

n=0

a(z) = § a.z"; (41)

n=_0

then, from
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j(&) = —— = Gz, ), (42)
1—-=z
d
a(z) = — P G(z, s)|, (43)
and eq. (39), we get
it =120 (44)
-z
and
ae) =" (45)
1-2

Let L, =jn — ju-1,An = an — an—1 and L(z), A(z) be the corresponding
generating functions; then elimination of § in eqgs. (44) and (45) yields

_1 L(2)
Al2) = pl—L(2) (46)
and
_ 1 j@@
a(z) = " m. (47)
In particular eq. (47) implies the recursion relating j., a., as follows:
1, ! ..
an =—Jn+ Z An—k(]k _]k—l)- (48)
w k=1
From eq. (32), we find that
- _ ’L -
Ruls) =5 A, (49)
s o a A
K _(s) =——[A(-s) —
(s) i ts [A(=s) — A(p)], (50)
and
N “~ N 1 .
K.(0) =A(w), Ki(0)=- ;_LA(“)' (51)
Hence, egs. (19) and (20) specialized to the GI/M/1 are
Ju= A +—E2 | 4 (L) - A (52
1— lh Qn-1
B Gn-1

and

o =1 Ap) + 11J [A (Jn_l) - A(H)] an-1 + lfi\(u). (563)
1—-2nt Qn-1 B

B Qn—1
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We will now show that the limiting forms of /.., a5, that is J, a are
exact; thus J = j, « = a. Equations (52) and (53) show that

N J A -
J = A +—— [A (f) - A(m], (54)
-1 a
La
and
PS 1 ~ J -~ 1 -~
a= Am%+1_1JL4&J—Aw@ a+;AmL (55)
Lo
He'nce,
A (f) — Aw
« 1 .
—IF—= 1- jA(I-L) (56)
Mo
and, from eqs. (65) and (56),
1 J
o= ;m (57)
and
J= Al - J)]) (58)

Since egs. (57) and (58) are the exact relations defining j, a, the
statement is proved.

An M/M/1 will be used to start the numerical examples. For the
M/M/1, one has (p = A/p)

1 Jn—l

n=— +—
T+ |° 1+1 (59)
}\gn—l
and
1 + 1 +p
o = —— p+—— | a1 +-— |,
1+ 1
p 1+Xgn—1 I

in which the designation g, = J,/a, will henceforth be used.
Since <y = 0, ap = 0, the computations are started with
P

14 5
P S

Ji =K. (0) = , (60)

and
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Table I—M/M/1, p = 0.2.

n J a J a
1 0.1667 0.1667 0.1667 0.1667
2 0.1898 0.2176 0.1898 0.2176
3 0.1962 0.2368 0.1962 0.2364
4 0.1985 0.2445 0.1985 0.2440
5 0.1994 0.2477 0.1993 0.2473
Table l—M/M/1, p = 0.8.
n J a J a
1 0.4444 0.4444 0.4444 0.4444
2 0.5542 0.7517 0.5542 0.7517
3 0.6047 0.9959 0.6084 0.9912
4 0.6354 1.2016 0.6418 1.1890
5 0.6570 1.3804 0.6650 1.3578
Table Il—M/M/1, p = 2.0.
n J « J a
1 0.6667 0.6667 0.6667 0.6667
2 0.8148 1.2593 0.8148 1.2593
3 0.8719 1.8233 0.8807 1.8189
4 0.9012 2.3727 0.9172 2.3603
5 0.9191 2.9131 0.9362 2.8922
) 1 _»p
ar=—-Ki(0) = ——, (61)
pl+p

which are exact. The value p = 1 will be used in all examples. Tables
I through III below present approximate and exact values for p = 0.2,
0.8, and 2.0.

For the next example, the renewal stream is
1

A =TT

(62)

The recursion relations are

1 5+ 2gn—l
Ju==|14+u R 63
6 [ "I+ g1+ 2gn_1>] (63)

and

1 5+ 2gn—1
On = —
(1 + gn—l)(l + 2gn—1)

6
Some numerical results are given in Table IV.
As a further example the case D/M/1 is considered. We have

A(s) =7, (65)

:| Qp—1 + é (64)

The recursion relations are
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Table V—GI/M/1, p = 1/3.

n J « J a
1 0.1667 0.1667 0.1667 0.1667
2 0.1991 0.2269 0.1991 0.2269
3 0.2100 0.2538 0.2101 0.2534
4 0.2147 0.2670 0.2148 0.2662
o 0.2192 0.2808 0.2192 0.2808
Table V—D/M/1, T =2, p = 0.5.
n J a J a
1 0.1353 0.1353 0.1353 0.1353
2 0.1720 0.1903 0.1720 0.1903
3 0.1867 0.2179 0.1868 0.2175
4 0.1938 0.2331 0.1940 0.2324
5 0.1977 0.2419 0.1978 0.2410
e 0.2032 0.2550 0.2032 0.2550
—Tgn-1 ~T
_ e —e
Jo=e T+ Jpj———, (66)
1 - gn—l
and
~Tgn-t _ p—
e e
an=eT+—— | a1+ e~ (67)
1 - gn—l
We find that the exact result for j, is
n kk—l
jn = Z ——' Tk-le—kT. (68)
i B!

The equilibrium values for T'= 2 are J =j = 0.2032, « = a = 0.2550.
Table V presents the numerical results.

V. M/G/1 QUEUEING SYSTEM
For the M/G/1 queue, we have

Ris) = B(s); (69)
A—s
hence
A—s
Define 8(z) > 0 by
A—8—AzB(8) = 0; (71)

then
86— SA—s—AzB(s)

1~ZK(S)=}\—S §—s ’

(72)
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and hence

.z ) = A —s—AzB(s) ,
d—s
§—s
I'-(z5) = Pt
and
)
T_ =_,
(2, 0) X
Accordingly, the generating function, G(z, s), is
d—s
G(z, s _—
(& 8) = 3?\—-8—}\2B(s)
thus, the generating functions j(z), a(z) are
. 1 A
Jj(2) = _1——2‘ - 5
and
2) 1 1 11— 1-2p
@2 = § Al—2z

Elimination of é in egs. (77) and (78) yields
11 2p .
a@) =37 [1 — J(Z)],
which implies that the relation between j,, a, is

a +1 1.
n = Qn- ——3xJn
1 u }\J

@n _E_X ZJk

This may be compared with eq. (48) for the GI/M/1.
From eq. (69), we have

A A4

K _(s) = m BQ),

A A N ~
K.(s) = X—s [B(s) — B(\)],

K(0)=1-B(),
and

Kum=%u—ﬁau—5
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Thus, the recursion formulae eqgs. (19) and (20) become, for M/G/1,

J.=1— B0 + Jn_l—BfL, (86)
1 -+ Xgn—l
= |1-=BOM + —f& Qn1 + 1.1 [1-BMN]. (87
1 poA
1 + X gn—l

Insofar as approximations imitate characteristics of an original, we
may better apply the approximations. We will now show that the
approximations J,, ay, satisfy eq. (80). From eq. (86) we find that

B)) g, — 1+ B\

1+ 1 B Jn-1 ’ 9
A&
s _l Jn-1[Jn — 1 + B()\)l , (89)
A Jn_lB(}\) Jn+1— B\
-and, from eq. (87),
JurBA) — oJ + 1 — BN
Qn — Qp—1 = —

Jn-1 (90)
11 .
s + 2= 5 (1= B0

Thus, substitution of a,-1 from eq. (89) into the dexter of eq. (90) yields

1 1
Op = OQp-1+——— Jn, (91)
LA
and
+ ! i (92)
—3 a — — —
o ° B Aido
From egs. (81) and (92), we have
1 .
Qn — an = —0p + Jo — = 2 (]k_Jk); (93)
Ak

hence, for a stable queue,
Jr—Jr— 0, k— . (94)

Since j» — p, then also J, — p, B — . Unlike GI/M/1, however, a #
a. The equality that occurs in GI/M/1 was to be expected since the

T B . .
waiting-time distribution was approximated by an exponential in a

portion of the integration producing eq. (15), and the exact equilibrium
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distribution is, in fact, exponential. This does not occur in M/G/1,
however, since the waiting time is not exponential. The value for a is
simply
. é B” (O)
21—-p’
while solution of the equilibrium form of eqgs. (86) and (87) shows that
1 p—1+BM

(95)

o == =~ (96)
©(1—p)1—-BA]
thus, a =~ a for small A.
For the first numerical example, consider
-~ A 1
A =—L—, B = (97)
p+s L.l
(1+32)
then
Jo=—t (4+p+J 4 (98)
Tewer\ T e/

P 4 Y
an = PFE (4 +p+ P +gn—1) an1+1 P (1 o p)2>. (99)

We have

Ji

_pUtp lb 4 ] (100)

“erer Tl T Er ey

for the queue starting empty. Table VI presents some numerical values
for p = 0.5.
As another example let us consider the following M/D/1:

1

A(s) = 1T 95 B(s) =e° (101)
The recursion formulae are
-1/2
Jp=1—e 2+ J, HeT;_n_l, (102)
and
on = (1 —e V24 LW—) no1 + 2272 — 1. (103)
1+ 2g,

The values are summarized in Table VII below.

V. GI/G/1 QUEUEING SYSTEM
For the next group of examples, the control will provide only
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equilibrium values. The following uses an interrupted Poisson arrival

stream® defined by

3.004s + 0.913216
s® + 4.308s + 0.913216°

As) =

The service time distribution is given by
3+ bs

B =Giama v
Thus,
) (0.913216 — 3.0045)(3 + 55)
(0.223586 — 5)(4.084414 — 5)(1 + 25)(3 + 25)
Ry o OOO164T2 0672764
0.023586 — 5« 4.084414 — s
) 0.182021 1.266801
B =779 Y 3425
and

K.(0) = 0.604288,  K’%(0) = —0.645553.

The recursion formulae are

n = U, 2 + n-— +
Jn = 0.604288 + J,1 (0,223586 + g 4084414 + goy

and

0.0516472 + 0.672764
0.223586 + gn-1  4.084414 + g1

-an—1 + 0.645553.

oy = (0.604288 +

Table VI—M/G/1, p = 0.5.

0.0516472 0.672764 >

n J a J a

1 0.3600 0.2800 0.3600 0.2800
2 0.4245 0.4310 0.4266 0.4269
3 0.4515 0.5280 0.4547 0.5174
4 0.4666 0.5948 0.4698 0.5777
5 0.4762 0.6423 0.4789 0.6198
- 0.5000 0.7778 0.5000 0.7500

Table VIl—M/D/1, p = 0.5.

n J a J a

1 0.3935 0.2131 0.3935 0.2130
2 0.4443 0.3244 0.4482 0.3166
3 0.4655 0.3933 0.4701 0.3764
4 0.4773 0.4387 0.4812 0.4140
5 0.4846 0.4654 0.4876 4388
® 0.5000 0.5415 0.5000 0.5000
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Table VIIl—G//G/1, interrupted
Poisson, p = 0.7.

n J a

1 0.6043 0.6456
2 0.7123 1.1509
3 0.7498 1.5762
4 0.7703 1.9470
5 0.7842 2.2769
6 0.7947 2.5743
7 0.8031 2.8452
o 0.8824 8.0160

Table IX—Approximate and
exact waiting-time distributions.

x w(x) = w(x) =
0 0.1176 0.1183
1 0.2190 0.2212
2 0.3014 0.3026
3 0.3728 0.3717
4 0.4363 0.4323
5 0.4933 0.4863
6 0.5448 0.5350
7 0.5911 0.5789
8 0.6330 0.6187
9 0.6706 0.6547
10 0.7045 0.6872

Table VIII presents the numerical results. The exact equilibrium
values are j = 0.8817, a = 8.547.

We will use this example to illustrate eq. (23) for the approximate
distribution function. Using the approximate equilibrium values oJ, «,
as in Table VIII, we find that

w(x) = 1 — 0.894602e¢ 1% 4 0.0439472¢ 02061 (112)
— 0.0317493¢ ~0960454x,
The exact waiting-time distribution is
w(x) = 1 — 0.8420579¢ 0933 — 0,03963069e %%, (113)

The numerical comparison is given in Table IX.
As another GI/G/1 example, we consider

1

1+ s)(1+2s)’ (114)

fi(s) =

and
B(s) = Ye™™ + Ve 13, (115)

Here the service consists of a step function with two values. The
recursive equations are
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(116)

= 0157825 + oy (220734 _ 0.384559)
1+2g1 1+ g0

and
1.226734 _ 0.384559
1+ 28,1 1+ 8n-1

oy = (0.157825 + ) an—1 + 0.068909. (117)

We show the numerical values in Table X. The exact equilibrium
values are j = 0.1798, a = 0.09266.

Table X—GI/G/1, two-step
service time distribution, p =

1/3.

n J a

1 0.1578 0.06891
2 0.1741 0.08688
3 0.1782 0.09278
4 0.1795 0.09485
5 0.1800 0.09558
© 0.1802 0.0960

For the last example, a D/G/1 will be considered. Let
1

A(s)=e™T, B(s) = — (118)
(1 + § S)
then
. sT R —27 2 -27
RO =, Rul) =t ',
<1+§S> (1'*‘58) 1+§S
and
K_(s) = R(s) — K.(s). (120)
The recursion equations are
In= e T(1 + 2T) + Jn1 K- (—gn1), (121)
and

an = [eT(1 + 2T) + K- (—=gn-1)]on1 + e 2T(L + T).  (122)

Tables XI through XIII show values for T' = 2, 10/9, and 0.5, respec-
tively.

To obtain exact equilibrium values for the stable queues, define the
roots 8;(z), 82(z) by

1 — %8,(2) = Vze V2T0) (123)
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Table XI—D/G/1,t=2,p =

0.5.

n J a

1 0.0916 0.05495
2 0.1085 0.07016
3 0.1136 0.07561
4 0.1154 0.07775
5 0.1162 0.07863
o 0.1167 0.07927

Table XIl—D/G/1, T=10/9, p

= 0.9.

n J a

1 0.3492 0.2288
2 0.4614 0.3822
3 0.5185 0.5025
4 0.5545 0.6032
5 0.5801 0.6906
) 0.7590 2.0631

Table Xil—D/G/1, T=0.5, p =

2.
n J a
1 0.7358 0.5518
2 0.8875 1.0716
3 0.9362 1.5822
4 0.9566 2.0893
5 0.9672 2.5945
10 0.9850 5.1101
20 0.9928 10.1252
18:(2) — 1 = Vze /27502, (124)
then
. 1 1
J(@) =——11—=81(2)8(2) |, (125)
1-2z 4
and
1 -1 -1
a(z) = 1—_2 31(2) + 82(2) -1 (126)
Thus, the equilibrium values are
J=1—Y%6(1)8:2(1), a=581)"+&1) -1, 127)

and, hence, for T' = 2, we have j = 0.1164, a = 0.07842, and for T =
10/9, j = 0.7587, a = 1.9895.
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VI. SYNOPSIS

We list the recursions and definitions of symbols here for ready
reference.

6.1 Definitions

A(x): interarrival time distribution.
B(x): service time distribution.
Wo.(x): waiting-time distribution of nth arrival.

K(x) = J’ B(x + y)dA(y).
o
A:  mean arrival rate.

§: mean service rate.

p=Ap.

KR(s) =j e *dK(x).
R.(s) = f e *dK(x).
o_

0_

R (s) = f e *dK(x).
A(s) = f e *dA(x).
o_

B(s) = J e **dB(x).
0

Wals) = J e dW(x).

Ja: probability nth arrival sees server is busy.
Jn: approximate evaluation of j,.

a,: mean waiting time of nth arrival.

an: approximate evaluation of a..

gn = Jn/an, .
All symbols without the subscript n designate equilibrium values.
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6.2 Recursion formulae
6.2.1 General—Transient

In = Ko (0) + Jn1 K(—gn-1),
an = [Ri(0) + B (—gn_1)]on_1 — K4(0),

and

S

Wi(s) = Waoi(s) K. (s) + R-(0) — In1 K- (—gn).

s+ gn1
6.2.2 General—Equilibrium
J = K. (0) + JR_(—g),
a=[K.(0) + K-(-g)]a — K4(0),

and
ih(s) = — R_(0) - —— JR_(—g)
1-Kis) | stg g
6.2.3 GI/M/1
- Jn_ ~ -
Jn = Ap) ++[A<gn_l> - A,
1 - —gn—l
1!
N “ ~ 1 4
Qn = A(“) + 1 [A(gn—l) - A(I-L)] op-1+ _A(“)y
ik
1 - _gn—l
u
J=Alp1 - )],
and
a —3 ——L
pl—=dJ°
6.2.4 M/G/1
¢=1—mm+Jﬂ—£9Lﬂ
1+ X En-1
. B 1 R
a= | 1-Boy+ 2N g, 42— 1- B,
1+ Xgn_l K

J=j=p,
1 p—1+B@)

a=- = )
L (1—-p)1-BM\)]
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An Analysis of the Carrier-Sense Multiple-
Access Protocol

By D. P. HEYMAN
(Manuscript received February 16, 1982)

In this paper we analyze the throughput and delay characteristics
of the Carrier-Sense Multiple-Access protocol with a queueing model.
The effects of finite buffer size, bursty arrivals, and collision detection
with exponential rescheduling are examined.

The Carrier-Sense Multiple-Access protocol could be used on a bus
in a packet switch. It works by sending a signal to all sources when
the bus is occupied. A source postpones transmission to the bus when
this signal is heard. Since the signal takes a positive amount of time
to reach the sources, two or more sources occasionally will attempt to
use the bus at about the same time. When this occurs, all the packets
are destroyed and rescheduled.

We conclude that: (i) it is important to choose the mean resched-
uling time correctly, and (ii) performance degrades significantly
when compound Poisson arrivals (peaked traffic) replace Poisson
arrivals (smooth traffic).

I. INTRODUCTION

The Carrier-Sense Multiple-Access (csMA) protocol has been pro-
posed for resolving conflicts when several sources attempt to use a
single channel. In this paper we investigate the throughput and delay
characteristics of cSMA.

1.1 Background

When several sources attempt to use a single channel, a protocol (in
this context, protocol is synonymous with queue discipline) is required
to allocate the channel among the sources. When the channel is
occupied, a signal is sent indicating that state of affairs. When a source
wants to use the channel, it first listens for this signal. If the signal is
not heard, the source starts transmitting. If the signal is heard, the
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source postpones transmitting and tries again at another time. The
advantage of this system is that a device to control the sources is not
required. The disadvantage is that occasionally messages will be de-
stroyed because two sources will transmit at the same time. This is a
consequence of the fact that signals travel at finite speeds, so there is
a delay between the epoch when one source seizes an idle channel and
the epochs when the other sources can first hear the busy-channel
signal. Thus, soon after a source seizes the channel, another source
may sense that the channel is free even though the channel is busy.
When this occurs, both messages are destroyed because their bits have
been merged. At the end (earlier if collision detection is used) of each
transmission, the source determines whether the transmission was
successful. If it was, the source goes about its business; if it was not,
each message is rescheduled as if the channel were sensed as busy.

The csMa protocol is used in the Ethernet* local-area distribution
system and has been considered for part of a digital switch. Since csma
is envisioned as a protocol for packet networks, we will refer to the
arrivals as packets and the channel as a bus.

1.2 Relation to other work

The first study of csma is Kleinrock and Tobagi.! In addition to the
version of csMaA studied here, which they call nonpersistent csma, they
investigated various forms of persistent csma and slotted csma that
are not alluded to in this paper. Their paper implicitly assumes that
the rescheduling delay is infinite. This means that packets which find
the bus occupied or which are destroyed in a collision are abandoned.
For the most part, we assume, as their paper does, that packets arrive
according to a Poisson process. In a subsequent paper by Kleinrock
and Tobagi,® the rescheduling times are modelled as geometrically
distributed random variables. They used a finite number of sources
and assumed the arrivals to be quasi-random (i.e., finite-source Pois-
son). Also, they introduced an unnatural discretization of the time
scale, which causes some small distortions in the results. A continuous
version of this model is described and solved in Halfin.’ Our analysis
shares many features with the analysis found in Ref. 2, particularly
the exploitation of the regeneration epochs.

Tobagi and Hunt* add collision detection to the model of Kleinrock
and Tobagi.? Collision detection is a feature that informs a source that
its packet has been destroyed soon after the collision occurs. Our
model of collision detection is based on the model presented in Ref. 4.

Rappaport® and Rappaport and Bose® describe an elaborate model
of a protocol similar to csMa.

* Ethernet is a trademark of Xerox Corporation.
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1.3 Summary of results

The models considered in this paper can be easily solved numeri-
cally. The following conclusions were reached by considering many
numerical examples.

(7) Itisimportant to choose the mean rescheduling time correctly;
performance is not sensitive to changes in this number near its best
value.

(i) If the mean rescheduling time is based on a designed load but
the realized load is different, the realized performance is almost as
good as if the mean rescheduling time were based on the realized load.

(1) When the traffic intensity is no larger than 0.7, the throughput
is insignificantly lower than the traffic intensity.

(iv) Performance is significantly degraded when compound Poisson
arrivals (peaked traffic) replace Poisson arrivals (smooth traffic).

(v) When the traffic intensity is no larger than 0.7, collision detec-
tion lowers the average waiting time significantly and reduces the
sensitivity of the throughput to the mean rescheduling time. For higher
traffic intensities, collision detection significantly increases the
throughput and decreases the average delay.

1.4 Outline of this paper

Our model is described in detail in Section II, and the method of
solution is outlined. The details of the solution are presented in Section
III. Numerical examples and empirical conclusions from the model are
given in Section IV. In Section V, we consider the effects of bursty
traffic by introducing compound Poisson arrivals. We return to Poisson
arrivals in Section VI and examine the benefits of collision detection.
Appendix A records the transition probabilities omitted from the text,
and Appendix B lists the most important symbols used in the text.

Il. MODEL AND OVERVIEW OF THE SOLUTION METHOD

Our setting is a queue of the M/D/1/K type. Let A be the rate of the
Poisson arrival process. There is a single server with a constant service
time per packet. At most K packets may be in the system (queue plus
server) at any time. Packets that arrive when the system is full are lost
forever and have no effect on the system. Our use of constant service
times reflects the assumption that all packets have the same length.

The parameter K has two potential interpretations. One is to suppose
there is a buffer that can hold K — 1 packets, so the maximum number
of packets in the queue is K — 1. The other is to suppose there are K
ports and a packet that cannot seize a port is lost. We will show that
proper limiting probabilities will not exist without this bound on the
number of packets in the system.
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When a packet is on the bus (i.e., when it enters service), a signal is
sent that warns other packets that the bus is occupied. (Equivalently,
a signal indicating the bus is free is turned off when a packet is on the
bus.) Let & denote the one-way propagation delay for this signal. It is
common to all potential users. The propagation time between a source
and the bus depends on the distance between them. If we calculate A
for the source that is farthest from the bus, the assumption that A, the
one-way propagation delay, is common to all users will underestimate
the performance measures. This propagation delay has two effects.
The first effect is that for the first A time units after a packet occupies
a previously idle bus, other packets that arrive and want to use the
bus will do so because the signal that the bus is occupied has not
reached them. When this happens, we say that a “collision” has
occurred and the first 2 time units of a service time are called the
“vulnerable” period. The second effect is that the signal that the bus
is free is not received until the bus has been free for A time units.

When a collision occurs, the bits in both packets are scrambled, and
so both packets must be retransmitted. We assume that the collision
is detected at the end of the unsuccessful transmission. Then each
source involved in the collision draws a number from an exponential
distribution with mean 1/«, which is the length of time until the source
next attempts to use the bus. Furthermore, all sources that attempt to
transmit a packet and hear the signal that the bus is occupied make
their next attempt in this fashion. We call a the “retry rate.”

Our objective is to express the throughput (equivalently, the asymp-
totic departure rate or the asymptotic proportion of time that the bus
is successfully transmitting packets) and average waiting time of a
packet (i.e., the departure time minus the arrival time) to the system
parameters A, K, h, and a.

2.1 Outline of solution

Choose time units so that the processing time of a packet is unity.
Consider a packet, 2, that gets on an empty bus at time ¢. This pac-
ket will relinquish the server at ¢ + 1 and the signal that 2 is on the
bus will cease being sensed at some random time r with £ + 1 + A <
7 <1t + 1+ 2h. If no packets arrive during the vulnerable period, then
T=t+1+2h

Suppose we assume that £ holds the bus for a (nonrandom) length
of time », with 1 < » < 1 + 2h, at the end of which Zrelinquishes the
server and the signal that 2 is on the bus ceases. Retries that occur
during the vulnerable period destroy the messages involved in the
collision. These retries are not considered to have seized the bus.

When v = 1, these assumptions wiil provide an upper bound for the
throughput and a lower bound for the average number of customers
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present (in a buffer or on the bus) in the steady state. When » = 1 +
2h, a lower bound for the throughput and an upper bound for the
average number of customers present is obtained. Little’s theorem (the
queueing formula L = AW) implies that setting » = 1 provides an
upper bound for the average waiting time and that setting » = 1 + 2h
provides a lower bound. Therefore, we will solve a model with constant
service times ».

Since h is typically much smaller than one (we use 2 = 0.01 in our
examples), we expect that the bounds will be close together. That is
the case in our numerical examples. Therefore, either of the bounds is
a good approximation to the true measure of performance.

Let X(¢) be the number of packets present at time £. We want to
obtain

pi = lim P{X(¢) =i} (1)
t—oc
for each { = 1, 2, ..., K. These “limiting probabilities” are easily

shown to be independent of the distribution of the initial state X(0).
To obtain {p:}, we embed a discrete Markov chain at customer
“gjection” epochs, which are defined as follows. Let C,, be the epoch
where the mth packet to get on an empty bus leaves the bus. This may
be the end of a successful transmission where the packet leaves the
system or it may be the end of a destroyed transmission where the
packet rejoins the queue. To encompass both types of events, we call
C,. the mth ejection epoch.

Let Y, = X(Cr) & lims X(Cw + s); it represents the number of
customers present just after C,. Since the arrivals are Poisson and
retrials are governed by an exponential distribution, it is easy to see
that {Ym; m =0, 1, --- } is a Markov chain. It is also easy to see that
this chain is irreducible and aperiodic (details are omitted) so that the
limits

mi & lim P{Y, =i}, i=01,...,K,
exist and are independent of Yy, are positive, and sum to one.

Three steps are used to obtain {p;} from {=;}. The first step is to

relate {m;} to { pi} where
pi 4 lim P{Y, =i and transmission is successful},

i=0,1,...,K—-1 (2)

The relationship is obtained by calculating the state-dependent prob-
ability of having a collision. The second step is to use a “rate up equals
rate down” argument to show

Ap: = {pi, i=0,1,...,K—-1, (3)
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where ¢{ is the ejection rate. The third step is to obtain p, by a renewal-
reward argument. Then eq. (3) is used to calculate { and the remaining

pi’s.

lll. SOLVING THE MODEL

In this section we give details of the solution of the model described
in Section II.

3.1 Collision probabilities

Let ¢, be the probability that n packets arrive in an interval of
length, v; then

Y

1 s n=0’1’ovo.
n.

Cn
A well-known property of Poisson arrival processes (e.g., Corollary 5-
18 in Heyman and Sobel’) is that the arrival epochs are iid and uniform
over [0, »] when it is given that n > 0 arrivals occurred during [0, »].
Thus, for a service interval that starts with ¢ packets in the queue, we
have

1= & P{no arrivals prior to &|n arrivals in a
service interval that starts with i in queue}

=<u:h), n=0,1, ... and any i. (4)

Use the memoryless property of the exponential distribution to obtain

0; & P{no retries prior to 2|n arrivals in a
service that starts with i in queue}
—iah

=e " 1=0,1, ... and any n. (5)

Since a collision is avoided if, and only if, there are no arrivals and no
retries during the vulnerable period, we have

d,(i) & P{no collision and n arrivals in a service
interval |start with i in queue}

= nncn&'; i, n= O: (6)
and

d.(i) & P{collision and n arrivals in a service
interval|start with i in queue}

= (1 - nnai)cm i, n=0. (7)
Equations (6) and (7) are used to calculate the transition probabilities
of the embedded Markov chain {Y,,; m=0,1, -.- }.
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3.2 Transition probabilities

Recall from Section 2.1 that Y,, is the number of packets in the
system just after the mth ejection epoch. All of these packets must be
in the queue because of the propagation delay in broadcasting that the
bus is available. Let

P & P(Yar = j| Y = i). (8)

In this section we present formulas for computing p;, 0 < i,j < K. It
will be convenient to call both exogenous packet arrivals and retries
“arrivals”; the former are “outside” arrivals. Then, for2<=i<= K -1
and 0 < i+ n < K — 2, we may write

Pii+n = P{next arrival is from outside|: in queue}
X [P{n outside arrivals during service and no collision|service
starts with i in queue}
+ P{n — 1 outside arrivals during service and a collision|service
starts with  in queue}]
+ P{next arrival is a retry|i in queue}
X [P{n + 1 outside arrivals during service and no colli-
sion|service starts with ¢ — 1 in queue}
+ P{n outside arrivals during service and a collision|service
starts with i — 1 in queue}].
Use the memoryless property of the exponential distribution to obtain

P{next arrival is from outside|Z in queue} = —.
A+ ia
Set 8 = A/a for notational simplicity; then

Piien = % (@) + dnaa(D] + 7+LE [niri = 1) + dui = D] (9)
To obtain the remaining entries of (p;) we need to account for
boundary conditions. The details and the formulas are given in Ap-
pendix A.

It is easy to see that (py) is irreducible and aperiodic. Therefore,
there is a unique stationary distribution that is also the limiting
distribution. Furthermore, since the continuous-time process {X(¢);
t = 0} starts from scratch (i.e., it regenerates) each time the Y-process
reaches zero, the X-process is regenerative and the mean time between
regeneration points is finite. This implies the limits in eq. (1) exist. A
similar argument establishes that the limits in eq. (2) exist.

We can use eq. (9) to explain why the finite capacity, K, is essential
for our analysis. Suppose K = oo; then eq. (9) is valid for i = 2 and
every n = 0. Equation (9) is also valid for n = —1 if we set d;(i) = 0
whenever j < 0. Define
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8= ; NPii+n — Pii-1;
it is the expected size of a jump out of state i in the Y-process.
Intuitively, if lim; ... g > 0, the Y-process is tending to infinity and
limy, o, P{Y = j} = O for all j. From eq. (9) we can calculate (details
are omitted)
ﬂ(l _ e—iahe—z\h) B i[e—a(i—l)(e—)\v . e—)\h) + e—aie—M].

i = Av + - ; ;
gi=M i+ 8 i1+ 8

and so, if 2 > 0,
lim g; = Av. (10)

This phenomenon can be described physically. When j is large, e V"
is small so the probability that an ejection is a completion is very
small. This means that once state J is reached (as it must be because
the process is irreducible), the number of customers present grows
monotonically with very high probability.

The corollary in Kaplan® states that an irreducible and aperiodic
Markov chain for which eq. (10) holds is not ergodic if p;; = 0 whenever
J < i — k for some k that is independent of i{. At most, one departure
can occur at a time, so p; = 0 whenever j < i — 1. Therefore, the Y-
process is not ergodic when K = co.

3.3 Solving the balance equations

Instead of solving 7 = #P to obtain {m;}, we will solve balance
equations between two sets of states. Let ‘

K
p;(zj) A P{Ym+1 2]lyvm = l} = 2 Dik.
k=j

In the steady state, the rate of transitions between states {0, 1, -- ., i}
and states {i + 1,i + 2, ..., K} must be the same in both directions,
so*

Tiv1Pi+1,i = Z mepr(Zi + 1), t=0,1,..-,K—1. (11)
k=0

We can solve eq. (11) by replacing #; by x; and setting x, = 1, and using
eq. (11) to obtain x,.1 from xo, - - - , x;. By setting

K
T = Xi 2 X
Jj=0

we obtain a nonnegative solution of eq. (11) that sums to one.

* The basic idea was developed by Robert Morris and Eric Wolman. The details for
Markov chains are given in Theorem 7-13 of Heyman and Sobel.”
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3.4 Departure point probabilities

Recall that C,, is the mth ejection epoch. Let us write C,, = D when
C,. is a departure epoch. Now

P{Cm+1 = D: Y"l"H =j}

P{Crni1=D, Yn1=j|Ym=0P{Yn=1}

™=

I
=)

15

for every j and m. We will see below that P{Cps1 = D, Ypu =
J1Ym = i} does not depend on m, so denote it by q;. Then

K
p;= lim P{Cm+1 = D, Ym+1 =j} = 2 q i,

m—ow =0

Jj=01-.---,K—1. (12)

Observe that,forl=j=K—-2andl1=<i=<j— 1, P{Cns1=D, Yon

=j|Yn =1}

= P {next arrival is from outside|i in queue}

X P {j — i outside arrivals during service and no collision|service
starts with 7 in queue}

+ P {next arrival is a retry|i in queue}

X P {j—1+ 1outside arrivals during service and no collision|service
starts with i — 1 in queue}

= _B lj--l g]—t(l) + E:‘—i d_j_i"'l(i - 1).

The remaining entries are obtained by accounting for boundary be-
havior. The results are:

Goo = CoMo = Co, (13a)
c
quo =1 4?/3’ (13b)
and

gio=0 for i=2 (13¢)

Forl=j=K-2,
qoj = d;(0), (14a)

- . i S . ..
q; = Bf_ ; d;i—i(i) + B+i diia(i—1), l=i=j, (14b)
J+1 - .

qi+1,j = B+ +1 do( ), (14c)
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and
g;i=0, i=j+2. (14d)

When j = K — 1 we obtain

Qox-1= Y d,(0), (15a)
K-1
- b ii(i)+ : §J(i—1)
q:K—-l B + 1 k5 n ﬁ ¥ iK_,' n 3
l=si=sK-1 (15b)

gdK.Kk-1= Ok-1.

In eq. (46) we show that the infinite sums in eq. (15) have represen-
tations as finite sums containing no more than K terms. Since Cp+1 =
D and Y,.+1 = K cannot occur simultaneously, g.x = 0 for every i.
Notice that (the subscript « denotes a limit)
K-1

n.a %p}=P{Cm=D, Y.=K-1}

= P{an ejection epoch is a departure epoch}
= P{no collision}, (16)

where the last two probabilities are steady-state quantities and can be
interpreted as long-run proportions.

3.5 Converting {pi} to { p:}

Let E(t) be the number of ejections by time £ Since {E(¢); ¢ = 0}
regenerates when an ejection leaves the system empty (i.e., when
Y.. = 0 for some m),

$ALmE()/t
t—>

exists. It is the ejection rate. It is also the rate at which packets gain
access to an idle bus, so { is the arrival rate of new and rescheduled
packets, which is denoted by G in Kleinrock and Tobagi.!

The rate at which the number of packets present jumps from i to
i + 1is Ap;. The rate at which it jumps from { + 1 to i is {p}. In the
steady state these rates must be equal so we have

Lemma 1. Ap: = {pi, i=0,1,..-, K- 1. a7

Lemma 1 can be proved rigorously. The proof uses standard methods
and is omitted. '
There are K + 1 unknowns in eq. (17) and K equations. We will find
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Po by an independent argument; the remaining p;’s and ¢ are obtained
from eq. (17).

Let T, be the amount of time X(-) is zero in an arbitrary cycle of the
X-process, and let M be the expected length of a regeneration cycle. A
basic property of regenerative processes (see, e.g., Theorem 6-7 in
Heyman and Sobel’) is that

= E(To)/M. (18)
Since X(t) = 0 if, and only if, £ is in an idle period,
E(To) = 1/ (19)

When Y = i, let y; be the average time between en ejection epoch and
the next ejection epoch. We have
1

+ - i<K
o+ A

Y =

1
+ — if i=K
g Ka ot

, (20)

because y; is v plus the expected time to the next arrival after the
ejection epoch. Let m; be the mean number of visits of the Y-process
to state ¢ during an arbitrary regeneration cycle of the X-process. Thus,
m; is the mean number of visits of the Y-process to state i between
visits of the Y-process to state zero, because the X-process regenerates
whenever the Y-process enters state zero. It is easy to show (see
Exercise 7-78 in Heyman and Sobel’) that

m; = i/, 1=0,1,...,K. (21)
Using egs. (20) and (21) we obtain

K 1 K-1 1 1
M—igolpimi—;o §7i<v+ia+>\)+ﬂl{(l)+ﬂ):|

11 lﬁm 4 Prx
_'n—oX( +Z K)’ (22)

where p = Av.
Substituting egs. (19) and (22) into (18) yields

K-1
B B’”K
= . 23
Do WO/<P+E’8+l (23)
Obviously [and formally from egs. (12) and (13)], we find that
p6 = To. (24)
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Combining eq. (17) with i = 0 and egs. (23) and (24) yields

_ , K-1 B'”i B'”K
{—)\po/Po—A/(p+§ﬁ+i+T>. (25)

Equation (25) shows that ¢ can be computed when the balance equa-
tions are solved.

3.6 The throughput, occupancy, and average waiting time

The throughput, 4, is the asymptotic departure rate. Since the
departure process regenerates whenever the ejection process regener-
ates, # is well defined. The asymptotic departure rate equals the
asymptotic rate at which packets are accepted, because all accepted
packets eventually depart and the number of packets present is no
larger than K; therefore

K-1

6=\ Y p. (26)
0

Combining eq. (26) with eqs. (16) and (17) yields
0 = {n.. 27)

This equation states that the departure rate equals the ejection rate
multiplied by the asymptotic proportion of ejections that do not suffer
a collision. Equation (27) illuminates the essential trade-offs involved
in using csMA. One expects that { increases and n. decreases as A and
o increase. This means that for each A, there is a value of « that
maximizes §. Let 8*(A) be the largest value of § that can be achieved
when A is specified. We also expect that §*(\) will first increase with
A and then start decreasing.

Let ¢ be the long-run proportion of time that the bus is occupied.
The regenerative arguments used above can be used to prove that ¢ is
well defined and that

K
¢=vYy mi/M. (28)
0

Using egs. (22) through (25) in conjunction with eq. (28) yields
o = ¢, (29)

This equation can be obtained from Little’s theorem by regarding
the bus as “the system.” Then { is the arrival rate (since only packets
that depart could have arrived) and » is the expected time a packet is
on the bus. Little’s theorem asserts that {» is the average number of
packets on the bus, which is the proportion of time that the bus is
occupied. Combining egs. (27) and (29) yields

¢ = vi/n.. (30)
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Suppose that we attempt to increase 6 by increasing the arrival rate,
and K and « are adjusted to keep n. constant (i.e., a fixed proportion
of collisions). Equation (27) shows that increases in # must be accom-
panied by decreases in the occupancy of the bus, and that doubling
the throughput would halve the occupancy.

From eqgs. (17) and (25), p; for 1 = i < K — 1 is obtained in the
obvious way and pg is obtained from px = 1 — Y& p.. Then

K
L=Yip
1

is the average number of packets present in the steady state. Since §
is the arrival rate of packets that enter the system, Little’s theorem
yields

W=1L/8, (31)
where W is the average length of time that a packet is in the system.

3.7 Relation to the model of Kleinrock and Tobagi

In this section we explain how the “basic equation for the through-
put” [eq. (3) in Ref. 1] can be obtained from the model in this paper.
This will clarify the similarities and differences between the two
models.

In Ref. 1 Assumption 1 states that the average retry interval is large
compared with the packet transmission time. In our notation, this
assumption is that 1/« is large compared with ». Since there is no
parameter corresponding to « in eq. (3) of Ref. 1, it appears that they
have set « = 0. Let us do that. This means that every transmission
that is destroyed by a collision stays in the queue forever. Conse-
quently, Assumption 2 in Ref. 1, which states that the interarrival
times of the point process consisting of packet arrival epochs and retry
epochs is a Poisson process, is valid because there are no retry epochs
and the arrival epochs form a Poisson process.

Another consequence of a = 0 is that without a finite buffer,
lim, ,,P{X(t) = i} = O for all { because each packet transmission has
a positive probability of being destroyed by a collision. Therefore, we
make these two assumptions.

Assumption 3. There is a finite buffer that can hold K — 1 = 0
packets.

Assumption 4. If a packet transmission is destroyed when the buffer
is full, that packet is flushed from the system.

The next assumption is required to replicate the collision process in
Ref. 1.

Assumption 5. Packets that arrive when the buffer is full and a
packet is being transmitted will destroy that transmission.
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With these assumptions and «a = 0, the arguments and formulas in
Sections 3.2 through 3.5 can be used to obtain the results given below,
but we will bypass that roundabout route and give a direct argument

~ (which is essentially the argument in Ref. 1).

In the steady state, whenever a packet seizes the bus, there are
K — 1 packets in the buffer. The mean time between entries to state
K — 1 is, via eq. (20), v + 1/A, and 1/A is the mean length of stay in
state K — 1, so

R 2.
—V+1/}\_1+}\V.

PE—1 (32)

The probability that a transmission is not destroyed by a collision is
e so
6 = Apx—1e™. (33)
Equation (7) of Ref. 1 and « = 0 show that
v=1+2h— (1 —e™M)/A. (34)
Substituting eqs. (32) and (34) into eq. (33) yields

}\e —Ah

b= AL+ 2h) + e

which is eq. (3) in Ref. 1.

We can conclude that eq. (3) in Ref. 1 is valid when a = 0 and the
derivation in Ref. 1 requires assumptions 3, 4, and 5. Our model does
not use assumptions 4 and 5 so it should produce a greater throughput
when all other factors are the same; this is demonstrated numerically
in Section IV. Since K = 1 is allowed, this derivation explains why eq.
(3) in Ref. 1 becomes the single-server Erlang loss formula when there
are no collisions, i.e.,, why A | 0 yields eq. (9) in Ref. 1.

IV. NUMERICAL RESULTS

A Fortran program to solve the equations in Section III was imple-
mented in double-precision arithmetic on a PDP-1170. Because of
memory limitations and the design of the program, K = 30 was
required. The running time on a cRT display terminal with a 9600-baud
line is less than a twinkling of an eye.

In all the numerical examples we use A = 0.01. This is the value
used by other authors. It is a reasonable value to use for a system such
as Ethernet with loops of about 300 meters carrying 128-byte packets
at 10 megabits/sec. In general, ’

ir

hy = —,
sc
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where
1 = loop length in meters,
r = transmission rate in bits/second,
s = packet size in bits, and

¢ = speed of light in m/second.

4.1 The upper and lower bounds are close

In Table I we present various cases that demonstrate that the lower
and upper bounds for § and W are close. The subscript “avg” stands
for average and the entries are obtained by setting » = 1 + A. In all
these cases, K = 20.

Table I suggests the approximations

Wavg = %(Wp + W)  and  Oavg = %(01 + 0us).

We make no claim for the general validity of these approximations.
Based on the encouraging results in Table I, and on several dozen
other examples not reported here, we will henceforth use the case v =
1 + A as an approximation; there will be no explicit mention that our
numerical results are approximate.

4.2 The effects of changing «

The first two pairs of columns in Table I show that for fixed A,
different values of « yield different values of the performance measures.
In this section we explore the consequences of changing a.

When K and A are given, the maximum achievable throughput is
attained when there are no lost service times from collisions and
instantaneous retries, i.e., by an M/D/1/K queue. Let the throughput
of the M/D/1/K queue be denoted by Omax. When K = 20 and A = 0.7,
Omax = 0.700 to three decimal places. In Table IT we show that good
choices of a will achieve § = 0.699, but the throughput for poor choices
of a have a much lower value. In particular, very small values of « do

Table 1—Evidence that the bounds for # and W are close

A 0.7 0.7 0.5 0.9 1.0 3.0

a 0.01 3.0 0.5 1.0 1.0 2.0
O 0.459 0.673 0.818 0.803 0.798 0.560
Oave 0.457 0.667 0.812 0.796 0.790 0.555
(i 0.455 0.660 0.806 0.788 0.782 0.549
W 42.1 114 19.6 19.9 22.7 35.8
Wavg 41.9 10.2 19.1 19.3 22.3 35.5
Wi 41.7 9.1 18.7 18.7 21.9 35.1
avg ne 0.991 0.828 0.923 0.861 0.824 0.570
avg ¢ 0.466 0.814 0.888 0.933 0.947 0.984
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not do well. This confirms the observation given in Section 3.7 that
the model in Ref. 1, in which a = 0, underestimates the throughput.

The explanation for the qualitative properties shown in Table II is
as follows. When « is very small, a packet that upon arrival finds
another packet in service will spend a long time waiting to retry. This
makes collisions rare but tends to keep the buffer positions full, which
makes the throughput and bus utilization low. As « is increased, the
retries are more frequent, and although there are more collisions, this
is more than offset by the shorter times spent waiting to retry. When
a is made sufficiently large, the retries occur so rapidly that too many
packets are destroyed and performance degrades.

A significant feature of the data in Table II is that 8 does not vary
much for 0.5 < a =< 1.6. The variation within the interval 0.5 = a < 14
is in the fourth decimal place. The value of « that achieves the lowest
value of W also achieves a high value of 8, but the value of a that
achieves the highest value of @ has a value of W about 9 percent larger
than the best value of W we have found.

Let #* denote the largest value of 6 that is found for fixed values of
A, h, and K. Numerical results not reported here have shown that 6*/
Omax increases as A decreases. This is not surprising because lower input
rates result in fewer collisions. Since §* = 0.6993 and 6,,., = 0.700, 6*/
Omax is very close to one. This suggests that csma will provide good
throughput performance when A = 0.7, and that collision detection
schemes will not increase throughput very much when A < 0.7.

4.3 The effects of changing A

Take K = 20 and A = 0.01. Choose a so that the throughput is
maximized. The effects of changing A are shown in Table II1.

Notice that 6 increases with A for A < 2 and then # decreases very
slightly when A = 3. This indicates that the phenomenon of lower
throughput with higher arrival rate will not occur in the normal
operating range of A =< 1. Table III also shows that a should not
increase as A increases. This property also appeared in every example
we tried.

Table ll—Performance measures vs. «a when K = 20 and A = 0.7

a 0.001 0.01 0.1 0.5 0.8 1.0
9 0.362 0.457 0.660 0.6989 0.6993* 0.6992
w 53.9 41.9 22.8 8.34 6.51 6.51
ne 0.993 0.991 0.979 0.968 0.963 0.963
¢ 0.368 0.468 0.681 0.729 0.734 0.734
a 14 1.6 2.0 3.0 4.0 5.0
9 0.6986 0.6980 0.696 0.667 0.556 0.423
w 553 552 587 10.2 241 42.1
ne 0.949 0.943 0.927 0.828 0.612 0.437
3 0.743 0.747 0.758 0.814 0.917 0.977
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The average waiting times shown in Table IIT are about the same as
the corresponding quantities for 1000 sources shown in Fig. 3 of
Ref. 2.

Suppose we design a system for a nominal arrival rate and from time
to time the actual arrival rate differs from the nominal arrival rate. In
Table II we see that performance suffers if a poor value of « is chosen.
Now we show that moderate changes in A will not cause much
degradation in the throughput rate or the average waiting time.

We assume that K = 10 and A = 0.01 are held fixed. The nominal
arrival rate is 0.7 and « = 1.6 yields the largest throughput rate. We
also assume that when A changes, the new value is maintained long
enough to ensure that steady-state performance measures are ade-
quate. If we achieve good performance with arrival rates A; and Ao, it
is reasonable to suppose that we will achieve reasonable performance
when A is changing from A, to A;.

We will use the notations §* and W* for the best values of § and W
we have found by varying a. The entries marked 6 and W are for
a = 1.6.

Table IV shows that, for the values chosen, deviations from the
nominal load will not cause serious performance degradation if « is
kept fixed.

4.4 The effects of changing K

As K is increased, more packets can be stored, so the throughput
should increase. This cannot be carried too far because as K — o,
lim,_. Y, = o (as shown in Section 3.2), which causes the probability
of a collision to approach 1 and § — 0. We have not found a value of
K to demonstrate this numerically.

Table lll—Performance measures vs. A when K = 20 and h = 0.01

A 0.7 0.9 1.0 2.0 3.0
o 0.8 0.6 0.5 0.5 0.4
0 0.699 0.813 0.817 0.818 0.817
Omax 0.700 0.898 0.975 1.00 1.00
w 6.51 18.9 214 23.9 24.1
n. 0.963 0.911 0.914 0913 0.905
¢ 0.734 0.901 0.904 0.905 0.912

Table IV—f and W vs. A when o« = 1.6, K = 10, and h = 0.01

A 0.5 0.6 0.7 0.8 0.9 1.0
g 0.500 0.599 0.692 0.764 0.801 0.812
o* 0.500 0.599 0.692 0.764 0.801 0.815
w 2.30 3.07 4.37 6.22 8.06 9.39
w* 2.18 2.65 4.18 6.09 8.05 9.38
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In Table V below we use the following notations:
0* = largest value of § found

aj = value of « that achieves 6*
W* = smallest value of W found
oty = value of « that achieves W*
W(ag) = Wwhen a = af
O(al) = 6 when a = aly
Omax = throughput of M/D/1/K queue.

In Table V, §* and W* increase with K; o}y and a§ decrease with K;
aly = a4, and the difference is small and gets smaller as K increases;
W(aj3) is not much bigger than W*; and #(ajv) is not much smaller
than 6*.

4.5 Conclusions

From the data presented in this section, and from dozens of unre-
ported sets of calculations, we conclude that:
() The bounds on # and W are close, and choosing » = 1 + A yields
a good approximation.
(¢i) It is important to choose a good value of «, and performance is
not sensitive to changes in « near the best value.
(ii) The value of « that minimizes W is close to the value of « that
maximizes 6.
(iv) The best value of o decreases as A and K increase.
(v) For A = 0.7, 6* is essentially the same as fm.x when K = 5.
(vi) Although a should vary with A, #§ and W do not significantly
differ from their best values if « is held fixed while A varies over a
moderately wide interval.

V. BATCH ARRIVALS

In this section we replace the assumption that packets arrive ac-
cording to a Poisson process with the assumption that packets arrive

Table V—Performance measures vs. K when A = 0.9 and h = 0.01

K 5 10 15 20 30
Omax 0.842 0.885 0.895 0.898 0.900
9 0.771 0.801 0.810 0.813 0.814
O(a) 0.771 0.798 0.808 0.811 0.814
af 3.0 14 0.8 0.6 04
af 4.0 1.8 1.0 0.7 04
w* 3.61 8.05 13.2 18.8 30.5
W (af) 3.66 8.12 13.4 "18.9 - 305
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according to a compound Poisson process. In Fuchs and Jackson,’
statistical analysis of call arrival times are given. Two of their conclu-
sions are as follows: The exponential distribution is a reasonably good
approximation of the time between bursts, and the size of a burst
(measured in various ways) has a geometric distribution. The purpose
of this investigation is to find out how sensitive the performance
measures are to the assumption of Poisson arrivals. We will see that in
this model, the throughput can be significantly lower with bursty
arrivals than with Poisson arrivals with same rate.

Specifically, we assume that bursts arrive according to a Poisson
process with rate A, and the bursts By, B,, - - - are iid with

PBi=i}=(1-9¢, i=12-... (35)

It would be nice to interpret this process as one where messages arrive
according to a Poisson process with rate A, and the jth message
consists of a random number of packets with a geometric distribution.
Unfortunately, we cannot do that in the context of the model described
in Section II. This arrival process does not conform to the finite buffer
interpretation of the model because only the current lead packet in
each message would compete for the bus; we, on the other hand,
assume that all packets in the buffer compete for the bus. This arrival
process does not conform to the interpretation that there are K ports
because that would require that if the first packet (i.e., the message)
finds a free port, then all the packets in the message would enter the
system. We assume that only those packets that find a port gain access
to the system.

5.1 Details of the arrival process

Let A(t) be the number of arrivals during (0, 7). Since A(¢) is a
compound Poisson process, we know that there are constants M and
V, such that

E[A(t)] = Mt
and
Var[A(t)] = Vt
with V= M. We call M the arrival rate. From eq. (35) we obtain

1 £
E(Bl) = 1= g and Var(Bl) =(T_—'S—)2‘.
Standard calculations yield
Ast
E[A@O] = ME(B) =1
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and
Var[A(2)] = Ast Var(Bi) + At[E(B1)]?

_At(§+ 1)
-9
In an obvious way we obtain
2M?* V—-M
Meawrev ™M Sarwv
Letting z = V/M = 1 yields
2M z—1
= d = . 3
A 1+z and ¢ z+1 (36)

Equation (36) relates the parameters we might obtain from measure-
ments, M and z, to the parameters of the model, A, and £. Let

b(n,j) = P{Bi+ Bz + .-+ B;=n};

it is the probability that n packets are contained in j bursts. The sum
of iid geometric random variables has a negative binomial distribution,

0 if n<j

for all nonnegative integers j and n. We can compute b(n, j) by
recursion from

b(0,00=1, b1, 1)=1-¢

(7 ,/)=10-8b(j—1,j—-1), Jj=2,
and
J+k—1

7 E(j+E-1,)), k=1 and j=0.

b(j +k,j) =

5.2 Changes in the Poisson model

In this section we describe the changes in the equations in Section
III that are caused by compound Poisson arrivals.
Let c»(J) be the probability that j batches arrive in an interval of
length »; therefore,
A (>\bV)j
—

c(j) =e (37

Let

d,(i,j) = P{no collision and n arrivals in a service interval|j
batches arrive and start with i in queue};
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then

a.0) = £ &, Nesl). (38)
Expand on the argument used to obtain eq. (6) to conclude that
du(i, j) = 8im;b(n, j). (39)
Similarly,
4. = 3 (1 = 8m)blm, fent). (40)

The transition probabilities described in Section 3.2 and Appendix
A are given in terms of the d and d functions, so they do not change
form. The infinite sums, used in Section A.1 of Appendix A, have to be
recomputed; this is done in Section A.2 of Appendix A.

The steady-state balance equations depend only on the transition
probabilities, so everything in Section 3.3 is still valid. No changes are
required for the equations in Section 3.4.

Since the arrivals do not form a Poisson process, time-average
probabilities need not equal arrival epoch probabilities and we cannot
use the arguments in Section 3.5 to obtain the steady-state probability
that i packets are present. This means we have not obtained L and W
for this model. We can obtain the throughput by using the arguments
in Section 3.5.

Let ¢ be the ejection rate and po = lim, . P{X(¢t) = 0}. In the steady
state, Aypo is the rate at which transitions leave state 0 and {=o is the
rate at which transitions enter state 0. Since these rates are equal, we
have

5“ = )\bpo/'ﬂo. (41)

Equations (18) through (25) are valid for compound Poisson arrivals
when A is replaced by As. The throughput is obtained from eq. (27).

5.3 Numerical examples

Let 6. be the throughput when z is the variance to mean ratio. In
Tables VI and VII we use the value of a that maximizes 6, and A =
0.01.

In Tables VI and VII we see that batch arrivals can significantly
degrade throughput, and the degradation increases with z and de-
creases (except, possibly, for very large A) with A.

In Section IV we saw that 6 is strongly influenced by «. That
observation suggests that the throughput values in Tables I and II
might improve if a varied with z. Our numerical experience suggests
that, in the vicinity of the best «, 8, is not sensitive to changes in a.
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Table VI—Throughput vs. M for K = 5 and h = 0.01

M 0.1 0.5 0.7 0.9 1.0 2.0 5.0
a 20.0 4.0 4.0 3.0 3.0 2.0 2.0
o, 0.100 0.497 0.667 0.771 0.798 0.828 0.819
0, 0.069 0.382 0.535 0.663 0.709 0.819 0.813
05 0.035 0.205 0.304 0.403 0.451 0.741 0.804
0./0, 0.689 0.769 0.868 0.860 0.888 0.989 0.993
05/6, 0.349 0.412 0.456 0.523 0.565 0.895 0.982

Table VIl—Throughput vs. M for K = 10 and h = 0.01

M 0.1 0.5 0.7 0.9 1.0 2.0 5.0
a 10.0 15 1.6 14 1.2 0.9 0.6
0, 0.100 0.500 0.692 0.801 0.815 0.821 0.816
0. 0.069 0.400 0.590 0.737 0.775 0.816 0.805
s 0.035 0.235 0.371 0.512 0.576 0.798 0.788
0:/6, 0.690 0.800 0.853 0.920 0.951 0.994 0.987
0:/6, 0.350 0.470 0.536 0.639 0.707 0.972 0.966

The largest improvement that we could achieve by changing a was
0.003.

VI. COLLISION DETECTION

Suppose that a time units after the vulnerable period ends, the bus
is examined for a collision. When a collision is detected, the packet
transmission is aborted and that packet is returned to the buffer.
Collision detection reduces the time spent transmitting garbage, so it
will increase throughput and reduce delays.

6.1 Changes in the model without collision detection

Two changes in the equations in Section III are required to describe
collision detection. The first change is in eq. (7). Let

15 = P{no outside arrivals prior to A|n outside arrivals
prior to a + h};

then

a = a " = .o
nn—(a+h>, n=01,---. (42)

Let c? be the probability than n outside arrivals occur in an interval of
length a + A, i.e.,

_ (a + h)"
c;1l=e>\(a+h)—" n=0,1,'..;
n!
then
di(i) A P{collision and n outside arrivals by a + 2|service
starts with i in queue}
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= (1 — nndi}er, ,n=0, (43)

where §; is given by eq. (5).

The equations in Sections 3.2, 3.3, and 3.4 are given in terms of the
functions d and d, so no changes are required. In Section 3.5 we need
to change eq. (20) because the expected length of time that a packet
is on the bus is not ». Let

Dc(i) = P{a collision occurs|service starts with ¢ in the queue}.

There are no collisions if, and only if, no arrivals (inside or outside)
occur within a time interval of length A. Thus,

1= pc(i) = 6icé
or
pe(i) =1 — §;cq, i=01,..., K—2. (44a)
When i = K — 1, no outside arrivals are permitted, so
PAK —1) =1~— 8g-1. (44b)

Let T; be the transmission time of a packet, given that i packets
were present at the last ejection epoch, and let »; = E(T}); then

)

T = 1 + A if no collision
"~ | a + Aif a collision

— = {1+ W1 = pe@)] + (a + Ape(i))

iy (W+ ML= pli = D]+ (@ + hpeli — 1)

) Bpc(E) + ip.(i — 1)

=1+h—-(1-a - ,
1+ f

i=0,1,...,K—1. (45)

We replace the v in eq. (20) by »;, which induces some obvious changes
in egs. (22) through (25).

6.2 Numerical examples

In Tables II and III we saw that when A = 0.7, the throughput in the
vicinity of the best « (0.8) is very close to 0.7; but when a« < 0.1 or
a = 3.0, the throughput can be much smaller than 0.7. With collision
detection, with a = 0.02, throughputs of about 0.7 can be achieved with
« as large as 5.0. Collision detection reduces the average waiting time
by about one-third. This example suggests that when a throughput
close to the maximum possible can be achieved without collision

MULTIPLE-ACCESS PROTOCOL 2045



Table VIll—Performance measures vs. A when
K =20,h =0.01,and a = 0.02

A 0.9 1.0 2.0 3.0
a 45 3.0 2.5 2.5

[/ 0.891 0.935 0.943 0.942
w 8.53 14.9 20.6 20.9
n. 0.718 0.673 * 0.628 0.619
¢ 0.910 0.958 0.969 0.970

Table IX—Performance measures without
collision detection

A 0.9 1.0 2.0 3.0
a 4.5 3.0 2.5 2.5
0 0.434 0.569 0.606 0.602
N 44.2 33.3 32.4 32.9
n. 0.444 0.685 0.625 0.620
¢ 0.989 0.983 0.980 0.981

detection, collision detection will lower the average waiting time and
make the throughput less sensitive to a.

Now we investigate the effects of collision detection when the
throughput is significantly smaller than the arrival rate.

By comparing Tables III and VIII we can see the effects of collision
detection. Throughput increases significantly for each A and W de-
creases. An indirect effect of collision detection is that larger values of
« are best. This reduces the time spent waiting for a retry, makes the
probability of no collision smaller, and yields a larger occupancy for
the bus. If the values of a shown in Table VIII were used without
collision detection, performance would degrade significantly, as shown
in Table IX. From the last two rows of Table IX we deduce that the
bus wastes a lot of time transmitting packets that have been destroyed.
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APPENDIX A
Transition Probabilities

In Appendix A we record the transition probabilities omitted from
the text.

A.1 Transition probabilities for Section 3.2
Let

Sz, ) = 3 @)

n=j
and

Sa(j, 1) = ¥ dn(@).

n=j
The former is the probability that more than j — 1 packets arrive in a
service interval and there are no collisions when i packets are in the
buffer at the start of the service interval. The latter is the correspond-
ing probability when there is a collision. For computational purposes
it is important to represent these infinite sums as finite sums. Observe
that

-1
Sa(j, 1) = 8200, 1) — Y dn(i), Jj=1,
n=0
and
j-1
Sa(j, 1) = Sa(0,7) — 3, dn(t), J=1;
n=0
then

S7(0, i) = 2 d,(i) = & Z( - h) e"“’—(é’-lv')—n= Sie M. (46)

n=0

Since S7(0, i) + Sa(0, i) = 1 is easily established,

Sa(0,i) =1—e™ (47)
this equation also can be obtained by calculating the sum explicitly.
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To modify eq. (9) when i = 0 we have to delete terms with negative
arguments. When i + n = K — 1 we need to recognize that state K —
1is reached if n = K — 1 — i packets arrive and there is no collision.
When i + n = K, we need to recognize that state K is reached if, and
only if, at least K — 1 — i packets arrive and there is a collision.

The following transition probabilities are obtained:

Poo = do(0)
poj =di0) +dii(0) 1=j=K-2

Dok—1 = ), d.(0) + dx—2(0) = Sz(K — 1, 0) + dx—2(0)
K1

S du(0) = S«(K — 1, 0)
K-1

Porx =
-1 a0
Piro = 1 +,8 o(
P g + (@0 + dol0)
Pia = 1 +.3 0 m 1 0 ]
=130+ 41+ 50 + 0]
D = +B ~1 j—2 1+8 j j—1 ’
2=j=K-2
Pt = —P—[SaK — 2, 1) + dxs(D)]
1,K-1 1 +B d »
1 - —_
+ 153 [Sa(K — 1, 0) + dx-—2(0)]
P = —P— SuK -2, 1) + 15 SalK ~ 1,0).
1L,K 1 +B )8
For2=i1=K -2,
= do(i — 1)
DPii-1 = e B oll
pii = B do(i) +———[d1(z — 1) +do(i — 1)]
Yo+ B +8
pij = B [di-i(i) + dj—i—1(i)] g1l — 1)
i I,+B = = J

+dj~i(i—1)], i+1=<j=K-2,
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Dik-1 = L [SaK —1—1, i) + dr2-i(i)]

i+ 8
+Hf 5 SalK = b, i = 1) + di-1-46i = D]
K = B Sa(K—1—-1,1) + L SaK—-1i,i—1)
Dix ir B d ’ y d L1l
K-1
Pk1xk-2 = m do(K — 2)
_ B 5 _ K-1 _
Pk = g5 Si0 K = 1) + g[S, K~ 2)
+ do(K — 2)]
___B T Sl N _
PK-1K —msd(O,K 1)+K_1+Bsd(1,K 2)

Prk-1 = 0k

Prk =1— 6g-1.

A.2 The effect of batch arrivals

Equations (46) and (47) have to be modified for the compound
arrival process. From egs. (38) and (39) we obtain
S3(0,1) = ¥ du(i) = T ¥ duli, ))es())

n=0 n=0 j=0

™ 8

es(j) 3 dniv )

0

J

co(J) Y 8im;b(n, j)

0 n=j

=5 () ¥ (#) bn, j). (48)

=0 n=j

N

~.
I

To evaluate the double sum, let

a, = Y, b(n,j)es(j);
Jj=0
it is the probability that n customers arrive during a service interval.
Let

oo

A(z) = §=:0 2'a, = ) 2" 20 b(n, j)ee(]). (49)

n=0 J
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QOmparing egs. (48) and (49) we see that the double sum in eq. (48) is
A(.) evaluated at z = (v — h) /.
Standard generating-function arguments yield

A(z) = C1B(2)], (50)
where
B@e) = § 2"P{B, = k} _21-9
k=0 1-¢z
and

o0

C(2) = ¥, Zes(j) = e,

Jj=0

Substitution into eq. (50) yields

Aiz) = exp (?\bv z—1 ) (51)

1—2¢

Evaluating eq. (51) at z = (v — h)/» and substituting the result into eq.
(48) yields

SJ(O, l) = &'exp [%] .

As before,
Sa(0, 1) = 1 — Sa(0, 7)

is obtained easily.

APPENDIX B
List of Symbols

The following is a list of symbols and their definitions as used in this
paper.
= retry rate
one-way propagation delay
system capacity in packets
Poisson arrival rate
compound Poisson arrival rate
P{no collision}
service time (constant)
proportion of time bus is occupied
throughput
throughput of an M/D/1/K queue

= average wait (in queue plus in service) of a packet

N5
1
|

NPT N RE>RIR
It

variance to mean ratio of compound Poisson process
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¢ = ejection rate of packets from the bus.

An asterisk on a symbol means the best value found. The subscripts
Ib, ub, and avg stand for lower bound, upper bound, and average,
respectively.
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Implementing and Testing New Versions of a
Good, 48-Bit, Pseudo-Random Number
Generator

By C. S. ROBERTS
(Manuscript received October 27, 1981)

In this paper we describe the design, testing, and use of drand48—
a good, pseudo-random number generator based upon the linear
congruential algorithm and 48-bit integer arithmetic. The drand48
subroutine is callable from C-language programs and is available in
the subroutine library of the UNIX * operating system. Versions coded
in assembly language now exist for both the PDP-11 and VAX-11
computers; a version coded in a “portable” dialect of C language has
been produced by Rosler for the Western Electric 3B20 and other
machines. Given the same initialization value, all these versions
produce the identical sequence of pseudo-random numbers. Versions
of drand48 in the assembly language of other computers or for other
programming languages clearly could be implemented, and some
output results have been tabulated to aid in testing and debugging
such newly coded subroutines. Timing results for drand48 on the
PDP-11/45, the PDP-11/70, the VAX-11/750, and the VAX-11/780
are also presented and compared.

I. INTRODUCTION

The work described in this paper arose when one day the author
found himself in need of a good, pseudo-random number generator
that would execute and produce identical results on two different
computers (in this case, the 16-bit PDP-11 and the 32-bit VAX-11,
both manufactured by Digital Equipment Corporation). Good, pseudo-
random number generators often require multiple-precision arithme-
tic; hence, to achieve speed they are usually implemented in assembly
language and are dependent upon the word length of the computer. If

* UNIX is a trademark of Bell Laboratories.
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this is not enough of a barrier to portability, add the fact that the
recoding of a pseudo-random number generator for a different com-
puter is an error-prone endeavor. The author has himself found bugs
in several pseudo-random number subroutines that were supposedly
“correctly” coded. (The author admits to being facetious, but do such
bugs make the output from a generator more or less random?)

This paper does not present a magical method to eliminate these
difficulties. However, it does present enough data and intermediate
results so that a person may code on any computer a good generator
based upon 48-bit integer arithmetic and then begin to test the new
version for bugs. In addition, we describe proper usage of routines
drand48, Irand48, mrand48, erand48, nrand48, and jrand48—C-lan-
guage callable functions to generate pseudo-random numbers—cur-
rently available at Bell Laboratories in the subroutine library of the
UNIX* operating system for the Western Electric 3B20, the PDP-11,
the VAX-11, and other computers.

The pseudo-random number generator considered in this paper is
based upon the well known linear congruential algorithm, e.g., see
Section 3.2.1 of Knuth.! The next number in the pseudo-random
sequence is generated according to the formula

Xn+1 = (aXn + c)modm n=0.

We choose the value of m to be 2%%; hence, 48-bit integer arithmetic is
required. The values of the multiplier a and the addend c are chosen
as follows:

a = 5DEECE66D,¢ = 2736731631555
c= Ble = 138.

While other equally good choices for m are clearly possible, we chose
28 for the following reasons, based upon matters of taste and judgment.
The word length of many popular computers is a multiple of 16 bits;
hence, it seemed wise and convenient to choose logsm to be an integer
multiple of 16. A period of 2*® for the generated pseudo-random
sequence seemed long enough for most purposes, while 2% seemed
dangerously short. Assuming it takes 10 second to generate a pseudo-
random number (see the timing results in Section IV), a period of 2*
corresponds to 893 years, while 2** would only require 119 hours for
the complete cycle to be generated. The argument for 48 bits becomes
even more compelling if we assume that a future processor or custom-
ized hardware might be a factor of 10 or 100 faster.

The value of a, chosen above, was one of the multiplier values
judged by Coveyou and MacPherson® to be satisfactory according to
the “spectral test,” one of the most demanding of the canonical tests
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for overall pseudo-random number-generator quality. The above val-
ues of a, ¢, and m ensure that the generated pseudo-random sequence
will have the maximum possible period, i.e., 2*® (see Theorem A,
Section 3.2.1.2 of Knuth'). The testing done by Coveyou and Mac-
Pherson® was demanding enough and the properties of pseudo-random
sequences based upon the linear congruential algorithm are well
enough understood' that further statistical testing of the generator
was deemed unnecessary.

The linear congruential algorithm with these choices for the param-
eters yields a generator that exceeds the requirements of most users
and is much better than many generators in common use today.
Obviously, this is not the “optimum” pseudo-random number genera-
tor; it will not meet all the requirements of any potential user, and the
author makes no such claims. However, in more than four years of use
in numerous programs at Bell Laboratories, it has served well, even in
situations where other generators have failed.

il. PSEUDO-RANDOM GENERATOR RESULTS

The pseudo-random sequence generator described and specified in
Section I was coded in assembly language three times—once on the
PDP-11 using the 16-bit integer arithmetic instructions “mul” and
“add,”® once on the PDP-11 using the 64-bit floating-point arithmetic
instructions “mulf” and “addf,”® and once on the VAX-11 using the
32-bit integer extended multiply and add instruction “emul.”* After a
bit of debugging, all three independent versions finally produced the
identical sequence of 48-bit pseudo-random integers. For purposes of
comparison with future newly coded subroutines, a portion of that
sequence is presented below (in hexadecimal) as Table 1.

Since it is common practice to treat the output from a pseudo-
random number generator as a pure binary fraction, thus yielding a
uniform distribution over the interval 0 to 1, the numbers in Table I
were so treated and then multiplied by 4096 to yield the decimal

Table |I—A portion of the pseudo-random sequence X; of 48-bit

integers
1234ABCD330E  657EB7255101 D72A0C966378 5A743C062A23  72534ABF62F2
5195D97A8D15 E2ECF94AEFFC 03FD3(D49657 9586EFCA2D16  28CC6 1DEF669
623B341D40C0 BOES5A9A111CB  OF1160B4F57A E65CDA1020FD  29DE25BD59C4
28B8E8F5507F 8876EDD9601E  9AA93190EODI  952BC3577F08  451CD3C24673
63F661075102 4BIC4CBD49ES BE0C7218348C  4C6C2C9427A7  135676A8EC26
67ACF11EB039 DB7DIEFO3E50 F124D606681B A9AF4526958A D8B2A2FFA7CD
00B48E98A054 765E7CT7BBCF 8858368AF12E C9B2484004A1 43FF29D69E98
FB9SA6FE16C3 4E897866E312 99D1A468DABS 9BD4CIFFBDIC  3662639AACF7
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Table Il—Pseudo-random integers Y; corresponding to the X; in
Table |

291 1623 3442 1447 1829 1305 3630 63 2392 652
1571 2830 241 3685 669 651 2183 2474 2386 1105
1599 1201 3040 1222 309 1658 3511 3858 2714 3467

11 1893 2181 3227 1087 4025 1256 2461 2493 870
3628 1247 622 1383 1587 2636 3086 2472 2177 1881
2672 1340 3876 1507 3866 30 2115 1117 99 2424

839 3595 243 1068 1240 3651 2040 2908 1173 3542

2767 1877 3930 3173 1542 936 1452 1230 2743 2944

integers in Table II. More precisely, each integer Y; in Table II was
computed from the corresponding value of X; in Table I by the formula

Y: = [(X:)(27%)(4096) ] = [27%°X; ).

For some purposes, Table II may be more convenient or appropriate
than Table I.

Tables I and II should be valuable to a person attempting to code
and test a new version of the generator subroutine. After initializing
with X, = 1234ABCD330E;6, the new version, if correct, should repro-
duce Table I (or Table II). The fact that three independent codings of
the 48-bit linear congruential algorithm gave the same results gives
the author substantial confidence that Tables I and II are indeed
accurate. In addition, Lawrence Rosler of Bell Laboratories has inde-
pendently verified Tables I and IT using both C- and assembly-language
code he produced for the Honeywell H6000 series of 36-bit computers.’

The author has found that an empirical but effective heuristic for
quickly evaluating the general quality of any pseudo-random number
generator is to display the output bits on a bilevel display device, and
this has been done in Fig. 1 for the generator defined in Section I of
this paper. (A bilevel display device consists of an n X m rectangular
array of dots, each of which can be made either white or black.) Figure
1 was generated using only the leftmost 32 bits of each 48-bit X;; 2"
values of X; were generated, thus giving a total of 2'® bits. These bits
were displayed on a 512 X 512 crT display device with a 1 being
displayed as white and a 0 being displayed as black. Good quality
pseudo-random number generators produce displays similar in ap-
pearance to Fig. 1—random salt and pepper effect with no visible
patterning. For comparison, Fig. 2 shows the display produced by an
inferior generator.* Note the prominent nonrandom patterns visible in

* The author apologizes for the generally poor quality of Figs. 1 and 2 and assures the
reader that the result is much more striking and apparent when the original CRT or
photographic plates are viewed. Glossy prints such as these simply do not reproduce
well.
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Fig. 1—Bilevel dot display generated by drand48.

Fig. 2, which was produced by a 1977 version of the library routine
“rand,” described in Section III of the UNIX Programmer’s Manual.
(This 1977 version used the linear congruential algorithm with m =
2'% the version of “rand” currently in the UNIX library (1982) is better
since it uses m = 2%.)

lll. SUBROUTINES FOR USE WITH THE C PROGRAMMING LANGUAGE

As an example of how the calling sequences to the pseudo-random
number generator might be designed, we now describe some routines
that were coded for use with the C programming language.® So far the
author has himself implemented versions of these routines only for the
PDP-11 and VAX-11 computers. However, a version for other com-
puters that support the C language has been implemented by Rosler’
and is now in use on the Western Electric 3B20, the Honeywell H6000,
the IBM-370, and the Motorola MC68000 computers.

The pseudo-random number generator was implemented in assem-
bly language as one subroutine having nine entry points. Six of the
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Fig. 2—Bilevel dot display generated by an inferior pseudo-random number generator.

entry points generate the next pseudo-random X; in the sequence and
then convert the leftmost bits of it into the particular type of data
item desired—floating-point fraction, positive integer, or signed inte-
ger. The entry points erand48, nrand48, and jrand48 can be called
without first having to invoke a special initialization entry point. Calls
to the entry points drand48, Irand48, and mrand48 should be preceded
by at least one call to one of the initialization entry points—either
srand48, seed48, or lcong48.

3.1 Function drand48

Example C usage:
double fnext, drand48( );
fnext = drand48( );

The next pseudo-random number is returned as a non-negative
binary fraction in double precision floating-point format; i.e., the value
returned is 27**X;. The values returned are uniformly distributed over
the interval [0, 1). Thus, in the above C-code example, the value range
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for fnext is 0 =< fnext < 1. Either srand48, seed48, or lcong48 should be
invoked before calling drand48.

3.2 Function Irand48

Example C usage:
long int Inext, Irand48( );
Inext = lrand48( );

The next pseudo-random number is returned as a non-negative
integer in long integer format. The long integer is formed by taking
the leftmost 31 bits of X;, i.e., the value returned is |27'X;]. In the
above C-code example, the value range for Inext is 0 < Inext < 2°.
Either srand48, seed48, or lcong48 should be invoked before calling
Irand48.

3.3 Function mrand48

Example C usage:
long int mnext, mrand48( );
mnext = mrand48( );

The next pseudo-random number is returned as a signed integer in
long integer format. The long integer is formed by taking the leftmost
32 bits of X; to be a signed integer in two’s-complement format. Hence,
the leftmost bit of X; determines the sign of the output value. In the
above C-code example, the value range for mnext is —2% < mnext <
231, Either srand48, seed48, or lcong48 should be invoked before calling
mrand48.

3.4 Functions erand48, nrand48, and jrand48

These functions are identical to drand48, lrand48, and mrand48,
respectively, in the characteristics of the data value returned. The
difference is that erand48, nrand48, and jrand48 allow, and require,
the calling program to provide the storage for the current 48-bit X;
value, while drand48, Irand48, and mrand48 provide this storage inter-
nally for themselves. For those programs that require only a single
stream of pseudo-random numbers, drand48, lrand48, and mrand48
are a little more convenient and simpler to use. However, erand48,
nrand48, and jrand48 allow multiple “independent” streams of pseudo-
random numbers to be generated, i.e., subsequent numbers in each
stream will not depend upon how many times the routines are called
by other parts of a program to generate numbers for other streams.
This property can be a big asset for certain statistical computations
and for program debugging.

3.4.1 Function erand48

Example C usage:
double fnext, erand48( );
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short int xsubi[3];
fnext = erand48(xsubi);

3.4.2 Function nrand48

Example C usage:
long int Inext, nrand48( );
short int xsubi[3];
Inext = nrand48(xsubi);

3.4.3 Function jrand48

Example C usage:
long int mnext, jrand48( );
short int xsubi[3];
mnext = jrand48(xsubi);

3.5 Function srand48

Example C usage:
long int seedval;
seedval = 0x1234ABCD;
srand48(seedval);

This is an initialization entry point that sets the value of Xo; the
multiplier ¢ and the addend ¢ are set to the values specified in Section
I. The leftmost 32 bits of X, are taken from the argument passed to
srand48 when it is called (seedval in the above C-code example). The
rightmost 16 bits of X, are arbitrarily set to 330E;s. Hence, the above
C-code example sets the value of X, to 1234ABCD330E;s.

3.6 Function seed48

Example C usage:
short int seed16v{3], *shp, *seed48( );
seed16v[0] = 0x330E;
seed16v[1] = 0xABCD;
seed16v[2] = 0x1234;
shp = seed48(seed16v); /* pointer to previous X; stored in shp */
/* or alternatively, */
seed48(seed16v); /* pointer to previous X; just ignored */

This is an initialization entry point that sets the value of X, to the
48 bits specified by the argument passed to seed48; the multiplier a
and the addend ¢ are set to the values specified in Section 1. In
addition, the previous value of X; is automatically stored in a 48-bit
internal buffer, used only by seed48, and the value returned is a pointer
to this buffer. The argument is an array of three 16-bit integers. The
above C-code example sets the value of X to 1234 ABCD330Es.

The pointer to the previous value of x; is useful if a restart from that
point is desired at a later time. The 48-bit X; value must be copied out
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of the internal buffer before seed48 is called again or it will be
destroyed. The following code sequence, for example, restarts a pro-
gram with a saved value of X,.

short int newx[3], oldx[3], *shp, *seed48(), i;

shp = seed48(newx); /* initialize with whatever is in newx */

for 1 = 0; i < 3; i++) oldx[i] = shp[i]; /* save previous X; in
oldx */

seed48(oldx); /* reinitialize with oldx */
3.7 Function Icong48

Example C usage:
short int param[7];
param[0] = 0x330E; param[1] = 0xABCD; parem [2] = 0x1234;
param[3] = 0xE66D; param[4] = OxDEEC; param[5] = 0x5;
param[6] = 0xB;
lcong48(param);

This is an initialization entry point that sets the values of X;, a, and
¢; hence, different 48-bit linear congruential generators may be created
by specifying different values for the multiplier ¢ and the addend c.
The argument passed to lcong48 is an array of seven 16-bit integers.
The first three specify a 48-bit value of X,; the next three specify a 48-
bit value of the multiplier a, and the last one specifies a 16-bit value of
the addend c¢. Hence, the above C-code examples set X, =
1234ABCD330E s, a = 5DEECE66S;6, and ¢ = Bys.

IV. TIMING RESULTS

Table III presents the time required to generate, using function
drand48, 10° pseudo-random numbers on five different computer hard-
ware configurations. More precisely, Table III gives the time required
to execute the following short C-language program:

main() {
register int i, J, h;

Table ll—Time required to generate 10°
pseudo-random numbers

Computer Time (sec)
PDP-11/45 440
PDP-11/45 with Fabritek cache 340
PDP-11/70 162
VAX-11/750 200
VAX-11/780 96
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double nfd, drand48( );
int 11, 113;
short int nn[500];
long int seedval;
seedval = 0x1234ABCD; srand48(seedval);
for(i = 0; i < 500; i++) nn[i] = 0;
1li = 1000; 11j = 1000;
nfd = 500;
for(i = 0; i < lli; i++) for(j = 0; j < 1Ij; j++)
{h = nfd*drand48( );
nn(h)++;
}
}

Execution of drand48 accounts for 80 percent, approximately, of the
times listed in Table III. For the timing tests on the PDP-11/45 and
PDP-11/70, our version of drand48 that employs the floating-point
arithmetic instructions was used, since it is substantially faster than
the version that employs the integer arithmetic instructions. The first
three entries in Table III represent separate executions of the same
binary machine code; hence, the time differences reflect brute-force
speed differences of the processor and/or memory hardware. The same
is true for the last two entries in Table III. The comparison between
the PDP-11 and the VAX-11 is, however, more subtle since a complete
recoding of drand48 is involved here. Essentially, when comparing the
VAX-11 with the PDP-11 in Table III, we are comparing the time
required to accomplish the identical “function” on both computers
using a near optimally coded version of drand48 on each machine. The
faster time for the VAX-11/780 must be attributed to at least two
factors: a more powerful and capable instruction set than the PDP-11,
and faster basic hardware.

V. DISCUSSION

We have described the design of drand48, a good, pseudo-random
number-generator subroutine, and presented enough output data so
that this subroutine can be recoded for a new processor and quickly
tested for bugs. While the reproduction by a new drand48 implemen-
tation of either Table I or II surely is not a logically complete test of
correctness, it is, at least, a first-order indication that will catch many
of the common types of programming errors. The drand48 subroutine
is not a panacea, an “ultimate” generator for all purposes. There are
numerous other algorithms for generating pseudo-random sequences,
tractors. The most sophisticated requirements will always have to be
met by custom design of the generator and extensive statistical testing.
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However, it is not at these most sophisticated users that drand48 is
aimed.

We live in an age when new computers are coming into existence
very rapidly. The UNIX operating system and the C programming
language are already running on the Western Electric 3B20 processor,
and the 3B05 is not far behind. Other new processors have been or are
being introduced by other manufacturers. As existing programs mi-
grate to these new machines, it would be desirable for the associated
pseudo-random number generator to continue to produce the same
output sequences. A subroutine written in a portable, high-level pro-
gramming language is one possible solution, and drand48 has proven
itself amenable to such an approach. However, for applications in
which speed is of paramount importance, subroutines written in assem-
bly language are useful. (The implementation of drand48 in the
“portable” dialect of C ran significantly slower’ than the assembly
language versions described in this paper.) The drand48 subroutine
has worked well on the PDP-11 and VAX-11 computers; the author
hopes that the information provided in this paper will make it possible
for new implementations of drand48 and its variants to be accurately
coded for at least some of the new computers that will ultimately
become popular in the future.
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Some Extremal Markov Chains
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Using a Markov chain model for the motion of a particle through
a V-node network, we consider the quantities ny which are the
average number of steps taken by the particle in traveling from an
originating node, i, to a destination node, j. A figure-of-merit, N, for
the entire network is introduced by averaging n; over i and j. We
investigate which networks minimize or maximize N, either when no
restriction is placed on the Markov chain, or when we restrict it so
that it corresponds to random routing. By the latter we mean that at
each node the particle “selects at random” lines from an undirected
network graph. We show that for random routing, the complete graph
has N = (V — 1) and is the minimizing graph. The maximizing graph
is unknown, but we establish that the worst behavior of N increases
at least with the cube of the number of vertices, but no worse than the
3.5 power. Properties of the class of graphs known as barbells are
useful here. The minimizing unrestricted chain corresponds to plac-
ing the nodes on a circle and proceeding unidirectionally from one
node to the next. Here, N = V/2.

I. INTRODUCTION AND RESULTS

Our work is set against the background of the Markov chain model
for the movement of a “particle” or “message” through a network of
V nodes. Thus, suppose a particle originates at node i and is destined
for node j # i. The particle wanders through the network toward its
destination via a Markov chain, going to node n from node m with
probability pm.. The quantity p.. is the (m, n) element of the transition
matrix P of the Markov chain whose states correspond to the nodes of
the network. Denote the average number of steps required by the
particle to reach its destination by n;, and assume that any node is
accessible from any other (the Markov chain is irreducible). Then we
introduce the figure-of-merit, N, for any such chain by averaging n;
over the (V — 1) possible destinations and V origins of particles:
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Our problem is: Which chains minimize or maximize N, either for a
random-walk Markov chain or for an unrestricted chain?

An unrestricted chain means that no restrictions are placed on the
transition matrix P other than irreducibility and the requirement that
pii = 0 for all i. The random-walk chain is a special case of interest and
is defined as follows. Draw any connected undirected graph on the V
nodes. If m and n are not joined by an edge of this graph set pm. =0,
while if they are so joined set pm., = 1/l,, where [, is the number of
edges of the graph leaving node m. Thus, at any node, the particle
chooses from the available lines “at random.” This random walk on
the graph has previously been used by Kleinrock in Ref. 1, where it is
referred to as random routing.

Our results are:

() For random routing, the average number of steps N is mini-
mized when the graph of the network is the complete graph. For this
case N= (V- 1).

(ii) For the unrestricted chain, N is minimized when the nodes are
placed consecutively on a circle and we proceed deterministically from
1to 2 to 3, etc. Here N = V/2.

(iti) By choosing pi12 = pa1 = 1 — €, ¢ > 0, N can be arbitrarily large
for the unrestricted chain (when V > 2).

(iv) We have not been able to determine the “worst” graph for
random routing, but we can show for large V that O(V?®) < Nyerst <
O(V?%). The barbell graphs of Mitra-Weiss® and Landau-Odlyzko® are
good candidates for bad graphs.

ll. THE MINIMAL WALK

In this section, we demonstrate that the complete graph is the only
graph which minimizes N for the random-walk problem.

The fact that the symmetry of the complete graph requires n; = N
for all i # j allows a simple demonstration of the fact N = (V — 1) for
this case. If the particle originates at node i, we go directly to our
destination j with probability 1/(V — 1), requiring only one step, or we
go to another node with probability (V — 2)/(V — 1) and then require
an average of (1 + N) steps to reach j from i. Thus,

1 V-2
N=v3*v=31

Solving (2) yields N = (V — 1).
To show N > (V — 1) for other graphs is more involved. We first

[1+ N} (2
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give properties of those transition matrices that correspond to random
routing, ending with (12) which gives the stationary probabilities for
those chains. We then derive (24), which is an expression for the
average of the first passage times with which we are concerned. Finally,
we obtain our result by giving a lower bound to (24).

Standard results on Markov chains or positive matrices may be used
without reference when needed. For the former, the reader may consult
Ref. 4, while Ref. 6 is a useful source for matrices.

In this paper, we denote transposition, complex conjugation, and
hermitian conjugate by the symbols 7', *, and , respectively.

For random routing, the transition matrix P is given by

P=DA, (3)

where A is the symmetric adjacency matrix of the graph and is defined
by
1  ifisjandandJ are joined
;= by an edge
0 otherwise,

and D is a diagonal matrix with diagonal elements
di =1/1l; (4)

l; being the ith row sum of A and also, therefore, the number of edges
of the graph incident on node i. The matrix P is stochastic, that is, it
has nonnegative elements and the rows sum to one. Further, the
assumed connectivity of the network graph implies that P is irreduci-
ble. The facts that P is stochastic and irreducible imply that the largest
positive eigenvalue of P is unity and has multiplicity one. All other
eigenvalues of P have modulus less than, or equal to, one. Set A\; = 1
and let A, - - -, Av be the remaining eigenvalues of P.

We now investigate the eigenvalue and eigenvector structure of P.
The matrices P = DA and @ = DY?AD'? differ by a similarity
transformation (P = DY2QD™"/?) and so have the same eigenvalues.
Since @ is real symmetric, the A; are real. Further @ has a complete set
of orthonormal eigenvectors ¢

Q(b(i) = Ai‘b(i)
¢(i)’r¢(j) - aij. (5)

If we denote the eigenvectors of P and P7, which correspond to A; by
U® and W, respectively, then we clearly have

U = ¢;DV%®
W = ai_lD-l/z(j)(i)'
wWOTygY) = §;. (6)
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The «; in (6) are any convenient constants. In addition, we have the
spectral representation

14
P =Y NUOWOT, (7
i=1

Since the rows of P sum to unity, the eigenvector U” may be chosen
to be

U(l) = ) (8)

The eigenvector W,
PTW® = WO, 9)
is then the stationary probability vector for the Markov chain

P1
P2
W(l) — E (10)

Pv

obeying the normalization of (6).
Equation (9) is easy to solve when P corresponds to random routing.
Define a vector Y by (Y): = £, so DY = U™, Then, using (3),

PTY = ADY = AUV =Y. (11)

Thus, the stationary probability vector for the chain has components

li

where L equals the number of edges in the graph. Using (12) in (6), we
find

6); = vp:. (13)

We next derive the expression (24) for N that will be our point of

departure. Let f;(n), n = 1, 2, - - - be the first passage probability from

node i to node j at time n. Then, if P" is the nth power of the transition
matrix P, we have (Feller, in Ref. 4, p. 352)

fi(1) = Py 7 (14)

fi) = (P = 3 (PYfyn=h), n=z2.
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In terms of the generating functions, defined for |s| < 1 by

Fi(s) = §=Il fi(n)s™ (15)
Py(s) = 21 (P™)ys", (16)
(14) is equivalent to
p;
FU(S)=TP(.§)(—S)-, |S|<1. (17)

Since all eigenvalues A; of P satisfy |A;| = 1, (16) shows that (17) may
be rewritten for i # j as

I — sP];' i#J

I - sP];’ [s] < 1.
Denoting the ith component of U® by U™, and similarly for W®,
set

Fi(s) = (18)

UPwy =oy (19)
and note from (8) and (10) that
by =pi. (20)
Then, using the spectral representation (7), (18) may be written
14
1
pi+d-s) 3 - by
p=2 1 = SA,
Fij(s) = ] . (21)
i+ (1—s b
pi+( ) ,Ez N, Y

In this form, F;(s) may be analytically continued to a neighborhood of
s = 1. Then, from (15) and a standard Abelian theorem we have

® dF;(s=1)
ij = i = 22
n; n§1 nf] (n) ds ( )
Using (21) to (22), we obtain
n,»,-=l § L6 - 5. (23)
Digm2 1 —A, 7 v

Finally, using the definition (1) and relations (6) and (19), we see that
the average number of steps, N, required to reach a destination with
random routing for V nodes may be written

1 Y 1 [X1 1 W 2]
N=——0> — Y~ il A Ly | S B B (24)
= F=21->\#[j§1pj'¢f V|25
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Again, p; are the stationary probabilities of the Markov chain governed
by transition matrix P = DA. The A,, p = 2, are the nonunity
eigenvalues of P and @ = DY2AD'?, the latter matrix having ortho-
normal eigenvectors ¢*. Also ¢, the eigenvector of @ associated with
the eigenvalue A; = 1, is given by (13).

We now lower bound the right member of (24). A few known facts
about the quantities A,, ¢, and p; will be exploited, but their great
interdependence (they are all determined by P) will be ignored.

Set

2

a3 L lepp - 1)) i (25)
=10j J \/[_);
and rewrite (24) as
\'’4
N=g PE. (26)

We assert a, > 0, since, by Cauchy’s inequality,

2 2
P3E =565 (y)-515E e
However, equality can hold only if
@
o
that is, if
o< vpi= ¢}

Since ¢ is orthogonal to ¢ for u = 2, this cannot happen.’

With the positivity of the a, established, minimize (26) over the A,
holding the a, > 0 fixed. During this minimization, we only impose
two constraints on the A, First, A, < 1, and second ¥ }—2 A, = —1. The
first has been amply discussed already while the second follows from
the fact that the diagonal elements of the transition matrix P are zero
and so

14
0=trP=Y A,. (28)
p=1

Since A; = 1, the second constraint follows. Introducing the second
constraint via a Lagrange multiplier (call it —8), we find that the
unique stationary point of

tIncidentally, if we write n; = ¥, W/ - A.) it is not necessary that 1'3—" = 0.
However, 1{-}‘) + 1'}?) =0.
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14
a,

— BZA,, 29
F§2 1 _ A“ B ad ( )
satisfying the two constraints, occurs when
— \%4
)\” =1 a, -+ | (30)
2 Va,
»=2
Therefore, applying (30) to (26) gives
1 v ?
Nz——— v . 31
. V(iv-1) (,Ez ay) @D

Next, use the fact that the arithmetic mean exceeds the geometric
mean:

z% [(IV[ «/Z)ﬁ} =$ (Ii aﬂ)ﬁ. (32)

Motivated by the definition of the a, [see (25)], introduce the real
symmetric matrix M having elements

My= Lo, %’—J;:n (33)
Then,
a, = WM™, (34)
Note that
v
w3 (2 au-iv—é—z) V5 =0, (35)
while we have already shown
$tMp>0 if (¢, ") =0. (36)

Thus, M is positive semi-definite, having precisely one zero eigenvalue.
Fixp;>0,i=1, ..., V, and proceed to lower bound (32) by writing

v A%
I a. = min 1:[2 YOI (37)

n=2

the minimum in (37) being taken over all orthonormal sets of vectors
¢ which satisfy
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@9, 4) = 8,
('4’(#)’ ¢(1)) = 0’ n, v = 2; Ct V‘ (38)

An inequality of Ky Fan® implies that under the conditions of (38) we
have

\4
min H 4/(',)1.M4'(p) = ”1“2, *t “V—ly (39)
=2

where y;, i =1, ..., V— 1 are the nonzero eigenvalues of the matrix M,
which was defined in (33). Thus,

1

V-1 —
N> ——v——— [}Llﬂz v }LV—l]an. (40)

If g; are the components of an eigenvector of M associated. with
eigenvalue p, the equation

v
21 Mg = pgi (41)
=

yields, when (33) is substituted for M;;,
1

&= kf’ (42)
or (=)
k being a normalization constant. Since for g # 0 we must have
v v
0= _21 gipl) = Zl g:Vpi, (43)
we obtain, using (42),
v 1
Y ———=0. (44)

Equation (44) determines the (V — 1) positive eigenvalues y;. Clearing
fractions in (44) yields

1Y Vi1
ot - - = 45
DEm‘E} (pj ﬂ) 45)
with
vV /1

AL o dqmmonnfommdims TY 3am FAEY oo oo Lo X33 Y Y b Al Y1 L
111C QCLIVILHIALUL LV 111 (49) Illay DE uisCdliacu aiu uiell ule proaucue vi

the nonzero eigenvalues of M is simply read off the remaining poly-
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nomial. Since the coefficient of p*~! in the numerator polynomial in
(45) is V(-1)" Y,

1

M1 oo Qv—1 = T/ (47)

M«
<

o

1
P

~ S~
~

The product of positive numbers having a fixed sum is maximized
when each number is the same, so we have

IYI = (l—p:) -
MV
Fig
or
1% (v-1\"
“1...‘U.V—12"7.2 (1 p) . (48)
i=1 - M

Finally, the minimum of (48) subject to ¥\-1 p; = 1 occurs when p; =
1

T/) or,
1Y /v—-1\V!
Q1o v > — Z —_— = VV_I. (49)
Vi 1— _1_
\%
Combining (49) with (40) produces our desired result:
V 1
Nz=—80n (VV'I)V‘ (V-1). (50)

It is easy to work backwards through the argument to see that the
complete graph is the only one that can achieve N = (V — 1). Clearly,
equality in the last step of the argument can only be attained if p; =

—1‘7. Substituting this into (24) and using the orthonormality of the

¢ yields
v—-1Y 1
N - 7 “§2 T:'T‘uy (51)
which only equals the minimum when A, = Vo7 =2 ..., V.
Using this, and the fact that A\; = 1 in (7) yields
1 v ) .
= TOWWT _ O (T
P=U"W Vo112 2 U“'w
— GOWHT 14 WWOT
= —'V_— 2 UYwot 4 ——— V= U W (52)
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The first dyad sum in the right member of (52) is the identity matrix,
while the last dyad in (52) is the matrix that has all elements equal to
1/V. Thus, P is precisely the transition matrix associated with the
complete graph.

lil. THE MINIMAL CHAIN

Now we turn to finding the minimum value of N for the unrestricted
chain. In the introduction we stated that for this we should place the
nodes on a circle and go unidirectionally from one node to the next.
Clearly, in this case, Y,; n;; does not depend on i, and, in fact,

N=—1 {:n =1 [1+2+83+ - +(V 1)]—V (53)
V154" V-1 2"

We must now show that no other setup can do as well. For this end,
expressions such as (23) are not useful since the A,, U* and W* may
be complex and it would be difficult to pick out even real combinations,
let alone positive ones that might be lower bounded. Rather, we retreat
to an obvious generalization of the argument we used to derive (2).
This generalization reads

,j=1 .-,V
ni=pi+ Y pa(l + ny), Z-i . (54)
k l
kot
or, since P is stochastic,
,j=1,..., V.
nj — %‘. pirng =1, oy (55)

kotf

Equation (55) is our new point of departure.

Let N, j =1, ..., V, be the (V — 1) dimensional vector whose
components are n;, with j fixed and i # j. Also let ﬁ(j),j =1,...,V,
be the (V — 1) X (V — 1) matrix obtained by crossing out the jth row
and the jth column of P. The B(j) still have positive elements, but the
irreducibility of P implies that not all rows of P(j) can sum to one,
and so the largest eigenvalue of B( J) is strictly less than one. The
equations represented by (55) may now be written

[I_ﬁ(j)]N(j)=u’ j=1"°"‘/, (56)

where u is the (V — 1) dimensional vector having all components
unity. From (56),

N =[I-B()]a=[I+P(j) + P*(j) + ---Ju. (567)

if Pi( J) denotes the (r, s) element of the zth power of B J), then (1)
and (57) yield
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V V-1 =

N =y V=D 5,2 2T 58)
where by P°(j) we mean the identity matrix for (V — 1) dimensions.
Equation (58) succumbs to the application of the following:

Lemma: Let P be any stochastic V X V matrix and let P(j), j =
., Vbethe (V—1) X (V— 1) matrix obtained by crossing out the
Jjth row and jth column of P. Then

v 0 for k=0
k
D Prs(J)Z{V(V_k_l) for 0sk=sV-2.

J=1 r;s=1

(59)

Proof: The positivity of the sum for all % is trivial since B J) has
nonnegative elements. If 2 = 0, P°(j) is the identity for all j, so the
sum of all its elements if (V — 1), and we obtain V(V — 1) when we
sum over j. Next consider 2 = 1 and make use of the stochastic nature

of P, that is },s Prs = 1.

YEPuj)=Y Y Ps=3% % (1—Py)
,$ J ::j J rEj

=V(V=1) =Y S P,;+Y P.= WV -2).
Jjr r

Now proceed by induction assuming that the lemma is true for 2 and
show it true for (& + 1)

vV V-1
k+1
Z 2 P 2 Z P"1"2P"2"a ter P"k+1"k+2
J=1rs=1 J n,#j
”k+27é]
= Z 2 P"1"2P"2"3 e P"k"k+1
J "1.’"1‘
Ry
_Z 2 P"lnz ce Pnk+]j
J nl?él
LS
SV(V—k=1) =Y 3 Pun -+ Pu.s. (60

J nynge..

The inequality follows from the induction assumption (true for &) and
is further strengthened by extending the range of summation on the
negative term. In the negative term, the sums over j, nz+1, - - -, nz yield
unity, and, finally, the sum over n; gives V. The conclusions of the
lemma follow.

Now apply the lemma to (59).
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1 V-2
NEV_(V———IS- ) [ZZP (])]

k=0 J rs
V-2
X V(V-k=1) =Z (61)

V(V— 1) =

as desired.

The condition for equality in (61) obviously requires that
Z Z.P”ln2... L% B 2 Z P"1"2
J n;f] J Rk

nk.#j

P, k=1 ..., V-1. (62

Since all terms on the right member of (62) are nonegative, any term
present there but not appearing on the left must be zero. In particular,
we must have for any j

Py=0 if k=1 (63)
S Py Poy=0 k=2 ... V-1. (64)
ny e

These equations state that it is impossible to return to any initial state
J in less than V steps. This, plus irreducibility, implies the unidirec-
tional movement or a circle.

The reason why the lemma is exact in this case is that each P(j) is,
then—except for a reordering of nodes—a canonical Jordan block with
all zeros in the matrix except for (V — 2) ones on the appropriate off-
diagonal.

IV. THE WORST WALK

We have been unable to describe the worst setup for random routing.
For V = 3, 4, and 5, numerical work shows that arranging the vertices
on a straight line gives the worst cases. In fact, for V nodes on a
straight line it is possible to show that

Vi-1
3 b
which is significantly worse than (V — 1), the best attainable with

random routing. However, for large V one can do worse than (65). Our
result for this situation is

O(V?) = Nuowt = O(V>?). (66)

In (66) Nyorst denotes the largest value of N obtained from any of the
connected network graphs on the V vertices.

For the lower bound, assume V = 6m — 1 and consider the bar-

N=

(65)
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Fig. 1—An 11-node barbell.

bell graphs described by Landau-Odlyzko.? This class of graphs has
(2m — 1) nodes connected in a straight line with complete graphs of
2m nodes attached to each end of the line by a single edge of the graph.
If m = 1, this only describes a straight line, but for m = 2 or greater,
the barbell nature is evident. The case for V = 11 is shown in Fig. 1.

In Ref. 3 the authors show that for such graphs A., the second largest
eigenvalue of P = DA, satisfies

>\221—% (67)

1
withy=54+ 0O (T’) Then from (26), (67), and (34),

1 az

N= V—-11-X:
> O(V2)yr, (68)

= O V2)¢(2)TM¢(2)

pv—1 being the smallest nonzero eigenvalue of M. Equation (44) shows

My—1 > (69)

max p;’
Since the nodes of the complete graphs in the barbell each have O(V)
incident edges and there are O(V?) edges in the barbell, (12) implies

that max p; = O (%/) Equations (68) and (69) then give

N = 0(V)O(V) = O(V?). (70)

Although we will not give the details here, it is possible to show that,
in fact, N = O(V?) for barbell graphs.
Our upper bound will be based on (57), but first we need the result

that the largest eigenvalue of P(j) satisifes
. = . 1
M) =M[PH]=1-0 (—V—3> (71)

Just as tlle matrix f( J) was defined in Section III, now introduce
matrices D(j) and A(j) by eliminating the jth row and column of D
and A, respectively. Then,

P(j) = D()A()). (72)
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Also set
Q) = DVX(HA()D*(j) (73)

so that Q( J) is symmetric and has the same eigenvalues as B 7). In
fact, we have

MIPGH] = MQ)] = max yi@U)y

= max z'A(j)z = max x'Ax. (74)
Zliz,g=1 xj=20
Y lxi=1

Note that in (74) we have returned to the V X V adjacency matrix A
by introducing the constraint x; = 0. If S is the set of those (ordered)
pairs of indices which corresponds to vertices connected by an edge of
the graph, we have'

1
x'Ax= Y xmxn=§2[x?n+x?,—(xm—xn)z]
S

(m,n)eS
2 1 2
=Y lnXm — = % (Xm — %) (75)
m 2 S
Using (75) in (74) we easily obtain
. 1 .
AM(J)=1-= min ¥ (xn — xn)°. (76)
2 x=0 g
Elix,z»=1

Let x; be the component of x having the largest square. Then

1= 3 la? < (V = Dl (77)
or
M=t (78)
- lmax(V - 1) ’

where Inax (Or Imim) is the maximum (or minimum) of the I, { =
..., V.

Now, from the connectivity of the graph, vertex j is attached to
another vertex £. So, using (76),

M) =1 -2af, (79)
since x; = 0. If ¢ = &, (78) and (79) yield
. 1
Al(])Sl*m (t="F). (80)

If ¢ # k, there exists a chain of r distinct edges joing vertices ¢ and .

t The remainder of this demonstration is entirely inspired by Ref. 3.
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Clearly, r < d, where d is the diameter of the graph. Then, using the
basic trick of Ref. 3,

Xp— Xe = (Xp — Xn) + (Xp, — Xny) + -0 + (xXr_, — X4) (81)

and so, by Cauchy’s inequality,

[ SH

(s — x)° = gg (= )" < 55, (om = 2", (82)

Equations (76) and (82) thus yield
(xr — x:)2
—

Combine (79) and (83) by averaging and then minimize over the
numerical value of x; to obtain, with (78), for ¢ # &,

_ 2
?\1(1')51—%[36:2+M]51- 1 . (84)

M(J)=1- (83)

d 2(1 + d)(V_ l)lmax
Both cases (80) and (84) are included in
1 1
=1-—
2(1 + d)(V = 1)lmax 2V¥
since d = (V—1) and lnax = (V — 1).

To complete the upper bound on N, start with (58) and write
(suppressing the j-dependence of the matrices in the notation)
1 v ~
N=———3Yu[I- P u
V=D & [ (N]

Jul?
v e 2 1= PO

ZII DVHI - QD2

A()=1- (85)

IA

<I'-‘ <:I

LD DV | DAL - Q17

lna 1
_— 86
N7 V V,=1 T=N0) (86)

From lyin = 1, Inax = (V — 1), (85) and (86) we thus have
N=2V&V-1, (87)

IA

M

as desired.

Is it possible that the complete graph is optimal for random routing
because adding any edge to a graph decreases N? No. Many edges
must be added to the straight-line graph to form the barbell, but the
former has N = O(V?) while for the latter, N = O(V?3).
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An important function of the Bell Laboratories Quality Assurance
Center and the Western Electric Quality Assurance Directorate is to
audit the quality of the products manufactured and the services
provided by the Western Electric Company to determine if the in-
tended quality standards are met. Until the sixth period of 1980, the
t-rate system was used to make inference on the product quality.
Starting the seventh period of 1980, the Quality Measurement Plan
(QMP) has been implemented. The @MP is based on an empirical Bayes
model of the audit-sampling process using the current and the pre-
ceding five periods of data. Because it ignores the time order of the
data, it is slow in responding to drifts in the process mean. The
Quality Evaluation Plan (QEP) has been designed to take into account
the time order of the data and to be more sensitive to drifts in the
process mean. In this paper we present the Quality Evaluation Plan,
which uses the entire time series of data on a given product to
determine if that product meets the quality standard. The time series
is modeled by a stochastic process, which allows for the possibility
that the process mean may drift or fluctuate around a fixed value. An
adaptive Kalman filtering theory is developed for filtering out the
sampling variance and obtaining the best estimate of the true defect
index and its confidence interval. Thus, in QEP the best estimate of
the true defect index is obtained by a combination of adaptive
exponential smoothing and shrinkage to the mean. The QEP compu-
tations are recursive, and the total computing efforts of QEP and Qmp
are roughly equal. The paper contains several examples to illustrate
the QEP.

I. INTRODUCTION

An important function of the Bell Laboratories Quality Assurance
Center and the Western Electric Quality Assurance Directorate is to
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audit the quality of the products manufactured, and the services
provided by the Western Electric Company to determine if the in-
tended quality standards are met. This is achieved by dividing the
products and services into some 3000 homogeneous classes. A small
sample is taken from each class during each period (there are eight
rating periods in a year). Based on this data, an inference is made in
each period regarding the compliance of each class to the quality
standard.

Until the sixth period of 1980, the ¢-rate system, evolved from the
work of Dodge and others,! was used to rate the product quality.
Starting with the seventh period of 1980, the Quality Measurement
Plan (@qMP) was implemented. The qmp, developed by A. B. Hoadley,’
is based on an empirical Bayes model of the audit-sampling process. It
uses the current and the preceding five periods of data. It represents
a considerable improvement in the statistical power for detecting
substandard quality as compared with the old rules based on the ¢-
rate. However, QMP ignores the time order of the observations, so it is
less sensitive to drifts in the process mean. The Quality Evaluation
Plan (QeP) has been designed to take into account the time order of
the data and to be more sensitive to drifts in the process mean.

The object of this paper is to present the Quality Evaluation Plan,
which uses the entire time series of data on a given class to determine
if that class meets the quality standard. The time series is modeled by
a stochastic process, which allows for the possibility of the process
mean to (i) drift or (if) fluctuate around a fixed value. An adaptive
Kalman filtering theory is developed for filtering out the sampling
variance and obtaining the best estimate of the true defect index and
its confidence interval. Some of the salient features of QEP are: (i) the
best estimate of the defect index is obtained by an adaptive exponential
smoothing process, making QEP more responsive to shifts and drifts in
the process mean; (ii) the QupP model is a special case of the general
model proposed here; and (iif) the computational method is recursive.

This paper is divided into nine sections. We describe the model in
Section II. Section III gives the Kalman filter solution of the model.
Adaptive estimates of the model parameters are developed in Section
1V, and in Section V we modify the Kalman filter solution of Section
I1I to reflect the fact that the model parameters are estimated. The
solution thus obtained is the adaptive Kalman filter. The construction
of the box chart for displaying the results, and the rules for the
exception report are spelled out in Section VI. The selection of the
starting values for the estimation of the model parameters and the
adaptive Kalman filter solution is discussed in Section VII. The
algorithm has been tried on a number of rating classes and also on
simulated data. We present representative examples in Section VIII.
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Some numerical comparison between QEP and QMP is also presented in
that section. Finally, in Section IX, we discuss the features of the QEP
and other potential applications of the adaptive Kalman filtering
methodology developed in this paper. A summary of the QEP formulae
is given in Appendix C.

Parts of the derivation of QEP are heuristic. The heuristic has a
sound theoretical foundation under two assumptions: (i) the audit
sample size for a rating class does not vary in time by orders of
magnitude, and (i) the maximum likelihood estimates of the time
series parameters fall within their feasible region. These assumptions
are satisfied in about 95 percent of the audit examples. QEP appears to
work for the other 5 percent as well, but this has not been fully tested.

Il. DESCRIPTION OF THE MODEL

Let 8, denote the true defect index in period ¢ for the particular
rating class under study. Thus,

Total number of defects present in
the production of period t

0¢=

Total number of defects allowed in '
that production under the quality standard

In deriving the present @up, Bruce Hoadley” assumed that over a time
window of six periods the successive values of §; are independently and
identically distributed around a fixed mean, called the long-term
process mean. Consequently, the time order of the past observations
is ignored in estimating the current defect index. Hence, QMP responds
to a drift in the defect index only through having the moving window,
which means a slow response. In our model we will overcome this
deficiency by explicitly allowing for drift and serial correlation.

The mathematical analysis of serially correlated data is greatly
simplified when the random variables involved are normally distrib-
uted. The audit problem can be put in this framework by the square
root transformation described in the following paragraph.

For the chosen sample, let e; be the expected number of defects
under standard quality, x: be the observed number of defects, and
I, = x:/e: be the observed defect index; then x; has a Poisson distribu-
tion with mean e.8,. It is well known that the distribution of vx, can be
approximated by the Gaussian density with mean Je.8, and variance
Y. Let Y, = V1. The distribution of Y, is approximately normal with
mean V#, and variance 0.25/¢;. We shall denote N/ by {: and refer to
it as the transformed true defect index, or simply as the true defect
index.
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When the observations are defined in terms of demerits or defectives
we will take x; and e, equal to the observed and the expected equivalent
defects, respectively, as defined by Hoadley.? In this case the distri-
bution of x, is approximately Poisson with mean é.e;, so we can still
use the square root transform defined in the previous paragraph.

Autoregressive-integrated-moving average models with appropriate
trend terms may be used to characterize a wide range of serial corre-
lations and trends. However, since the available data on each product
is limited, it is essential that we keep the structure simple, involving
only a few parameters. Thus, we propose the following model for the
variation of {:

gz =m;+ Ve, (1)

where m;, is the trend term (including the mean) and »;; is the deviation
from the trend. The successive values of »;; will be assumed to be
independently distributed with zero mean and variance o%;.

Since the exact nature of the drift is not known to begin with, we
shall assume that m, is a random walk. We found in control engineering
literature® that the random walk model serves well in tracking a variety
of trends in unknown parameters, and therefore we chose to use it in
the present problem. Thus,

me = me1 + vy, (2)

where vy is a sequence of independently distributed random variables
with mean zero and variance oj;. Further, the sequence .. will be
assumed to be independent of the sequence »y,.

Equations (1) and (2) thus characterize the variation of the defect
index—the component m. describes the low-frequency (smooth)
changes, while »,; describes the high-frequency changes in {;. If we
take 03, = 0 and 0% = o} = constant, then these equations imply that
the {/s and hence ;s are independently and identically distributed.
Thus, the QMP model is a special case of the general model of this
paper.

The transformed observed defect index, Y., is the transformed true
defect index plus the sampling error, .. Thus,

Yt = ft + 7. (3)

As discussed earlier, the expected value of Y. is {; and the variance of
Y, is 0.25/¢;, so n: has zero mean and its variance is equal to 0.25/e..
We assume that the successive random variables 7, are independent.
Also, since the origins of 7, »; and ve, are unrelated, we assume that
these three series are mutually uncrosscorrelated. Further, the distri-
butions of »i, vz, and 7, are assumed to be normal. The justification
for this assumption comes from the fact that Y/s are approximately

normally distributed.
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The problem at hand is to make an inference on 8, given data up to
and including the nth time period. In particular, we wish to determine
the posterior probability of the event that 8, exceeds one.

1lI. KALMAN FILTER SOLUTION

In the Kalman filter terminology, {. and m, are the unobserved state
variables about which we wish to make inference using the observa-
tions Y3, ---, Y,. Let us, for now, assume that the model parameters
0%, 0%, and ¢ are known for ¢ = 1, - - - n and that the means and the
variances of {, and m, are known. Then the Kalman filter provides
recursive formulae for estimating the posterior means and variances of
$» and m,. The derivation of the general Kalman filter may be found
in a number of books (e.g., see Jazwinsky® or Gelb*). A simple deriva-
tion for the special case of the audit model is given in Appendix A.
The desired recursive formulae are given below.

Conditional on the data up to time ¢, the distribution of m;, is normal
with mean 1, and variance g,

i.e., mt[t ~ N('ﬁt, qt))

where 1, = wotie1 + (1 — wa) Y 4)
q:= (1 — wx) (o} + U%t) 5)

2 + 2
w2 T O (6)

= 2 3 -
o1+ oy + 02+ Qi1

Likewise, conditiongl on the data up to time ¢, the distribution of ¢
is normal with mean {; and variance p;,

ie., &t ~N(G, po),

where ft = 0)2tw1t7ﬁt—1 + (1 - wztwlt) Y, (7)
Pe= (1- thwu)G%t (8

2

g
W2 = d (9)

2 2 2 .
One + 01t + 02 + @1

To use these recursive equations the starting values m, and g, must
be specified. The choice of these values is discussed in Section VII.
For now, we note that as ¢ — «, the effect of the starting values
reduces to zero.

Notice that eq. (4) is an adaptive, exponential smoothing equation.
The smoothing constant, ws, is a function of time and is determined
by the relative values of the different variances as given by eq. (6).
Observe that V(Y:|m.) = of, + o% so that oi; + o5 measures the
uncertainty in using Y, for estimating m,; also, 63 = V(m.|m.-,) and
g1 = V(m |t — 1). Thus, 0% + g1 is a measure of uncertainty in
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using rm,—; for estimating m,. It is clear from egs. (4) and (6) that the
weights given to Y, and 11, are inversely proportional to their respec-
tive uncertainties in estimating m,.

Equations (7) and (9) are the analogous equations for computing
the posterior mean of ¢{,. Note that V(Y:|{) = o% is the uncertainty
in using Y, to estimate {. Further, V({;|m.1) = oi; + o3 and
V(me1|t — 1) = gi-1 so that 6%, + 03, + g,-1 is the uncertainty in using
-1 to estimate {;. The weights on Y; and r,—; are thus seen to be
inversely proportional to the respective uncertainties.

From eq. (8) we note that the posterior variance of {; conditional on
data up to time ¢ is smaller than o2 by the factor (1 — w2 wi,). Thus,
the factor (1 — wewie) represents the advantage of filtering in estimat-
ing {,. Similarly, from eq. (5) we see that the factor (1 — ws) is the
benefit of filtering in estimating m..

To compare the QMP model given in Ref. 2 with the QEP model we
shall rewrite eqgs. (7) and (9) as follows:

ft = wyry + (1 — w) Y,
o
wre = 0,27,: + a2,
Analogous to the QMmP, eq. (7) expresses tasa weighted sum of m,, the
estimated current mean level, and Y., the current observation. The
weight wy, is analogous to the shrinkage constant given in Ref. 2, and
we will also call it a shrinkage constant.

The discussion of this section was based on the assumption that o3,
0%, and o2, are known quantities. However, in the audit problem o3,
and o% are not known and must be estimated from the observed data.
In the following section we will derive the estimates of o%, and 03, and
in Section V we will modify eqgs. (4) through (9) to accommodate the
fact that o3, and o3, are estimated.

IV. ESTIMATION OF THE MODEL PARAMETERS

Consider the case where 0% = o = constant, ¢3; = 65 = constant,
and o2, = o> = constant.

Let us define Z;, = Y; — Y,-;. Under the assumed model E(Z;) = 0
and the autocovariances of Z; are given by

E(Z}) = 261 + o5 + 202, (10)
E(Z:Zi-)) = —6i — o2, (11)

and
E(Z:Z,)) = 0, =2 (12)
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Thus, Z, is a first-order moving average [MA(1)] process of zero mean,
1.e., Z; can be represented as

Z; =a;+ Bat_l, (13)

where a, is a white noise series of variance ¢°>. The parameters 8 and
o are related to of, 03, and o> through the autocovariance function;
ie.,

E(Z}) = (1 + B%d® = 20} + o3 + 202, (14)
and
E(Z:Z,-,) = Bo* = —of — o2 (15)
Solving egs. (14) and (15) we have
o3 = —fo* — a2 (16)
and
o3 = (1 + B)%>. 7

The nonnegativity of % and the invertibility of the model given by eq.
(13) impose the following restriction on 8: —1 < 8 < —2/0”. Thus, the
feasible region for 8 and ¢ is the one enclosed by the lines: 8 = —1,
Bo* = —o2, and o = «. The region is shown in Fig. 1.

The parameters 8 and o” can be estimated using a suitable time-
series method. Once 8 and ¢* are known, egs. (16) and (17) may be
used to estimate o} and o3.

Contrary to the assumption made at the beginning of this section,
o, 03, and 6% may in fact vary from period to period. Through egs.
(14) and (15) this implies that 8 and ¢ may vary with time. In other
words, Z, is like a MA (1) process with changing parameters. Therefore,

0-2
0 0.1 0.2 0.3 0.4 05
0 T T T T T
2 - 2 2=
02=0,07 +02=0-,
% ! K
,/
A LINE WITH
02 = CONSTANT
FEASIBLE REGION
. // Z
-2
r*"n"‘l 0?=0,8=-1

Fig. 1—Feasible region for 8 and o2

KALMAN FILTERING 2087



we need an adaptive, recursive estimation method for estimating 8 and
o, rather than the usual time series estimation methods. The recursive
method of Phadke® will therefore be used here. The method discounts
the past data exponentially and thus can respond to changes in the
model parameters. The necessary recursion formulae are given below.
Appendix B gives the derivation of these formulae.

[}t = Bo - Rt_th (18)
6; = St(,ét)/At, (19)
where

Ve = }\Vt—l + 2a, ((11—;; (20)

dat 2
R,=AR, 1+ 2 <d_ﬁ> (21)
ar=2Z;— ,Boat—l (22)

dat dat—l
B —ai1— fo aF (23)
S:(Bo) = ASi=1(Bo) + af (24)
Si(Be) = S(Bo) + (Be — Boyve + (B — Bo)R. (25)
Ar=M, + 1. (26)

The choice of the starting values for these recursions will be studied
in Section VII. The parameter A, 0 < A < 1, determines how fast the
old data is discounted in estimating the model parameters. A = 1
implies that the entire past data is used. The smaller the A the faster
the past data is discounted.

The estimates 67 and B, are uncorrelated and have the following
approximate variances:

V(B:) = 26?/R, 27
V(6?) = 26¢/A.. (28)

The estimated values of ¢ and 8 may be substituted in egs.
(16) and (17) to compute of; and o3,. When o;; varies with time, we
should use the exponentially smoothed value, o2, , as defined below:

02, =Ao21 + (1 — Ao, (29)
in place of o2 in eq. (16). Thus,

A2 H A2 2
O1t = "Btot = Oyt
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and
85 = (1+ Bo)st.

In the rare case of extreme variations (order of magnitude variations)
in 0%, eq. (29) has not been fully tested, so we urge caution for such
cases.

It is possible that egs. (18) and (19) would yield infeasible values of
B:and 6%. In that case we propose the following truncation rules, which
take us close to the maximum point on the feasible boundary.

Step 1: Truncate B: to the region [—1, 0]. Denote the truncated
value by B¥, where

Bo_‘ Vt/Rg if _ISBO— Vt/RtSO
Bf=140 if Bo—v/R:>0
—1 if Bo - Vt/Rt < _1

Step 2: Compute ¢} and 63,:

ot? = Si(B#)/A: = {Su(Bo) + (B¥ — Bo)v: + %(BF — Bo)’R.}/A,
6% = (1 + B¥)* of*.

Step 3: If 87 and o} belong to the feasible region, i.e., if (—Bfo**
— 0%) = 0 then B, = B#, 6% = 0¥ and 63, = ~B.67 — o2

Step 4: If 8 and 67? do not belong to the feasible region, i.e.,
if (—B#0#% — 62,) < 0, then set 6% = 0. Compute B and 67 by solving
the following two equations:

6%)} = _,Btég - Oﬁt = 0,
and
6%5 = (1 + ,8026;2

The resulting j3: and &7 are given by

fom — @2+ 6%/02) + V(2 + 6%/02) — 4
=
2

and

o =— 33:_,t/ ,é,,
Note that when these truncations are applied there will be a larger
degree of approximation involved in using egs. (27) and (28) for
computing the variances of 8; and 67. However, these variances enter
only into the secondary terms of the adaptive Kalman filter to be

derived in the next section. Consequently, we may ignore the effect of
truncation.
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V. ADAPTIVE KALMAN FILTER

In deriving the Kalman filter solution of Section III, it was assumed
that o}, and % are known quantities. Since in the audit problem these
parameters are estimated using the observed data, we need to make
due modifications to the Kalman filter solution. We will refer to the
resulting formulae as the adaptive Kalman filter.

Consider the distribution of m, conditional on data up to time ¢:

e = E(m.|t) = EE (mu|t, 6%, 63:) = E(wafte—1 + (1 — w2r) Yo);
hence,
e = Gortti—y + (1 — &2) Yo (30)
where

42 2
o1 + Oyt

(31)

et o5 + 0?,: + 65 + Qt—l'

The distribution of ws conditional on data up to time ¢ is very
complicated. So the expected value of ws cannot be simply computed.
Therefore, in eq. (30) we have approximated E(wx|t) by &2, the
maximum posterior density point. This approximation would be very
good when j3; and 67 lie inside the feasible region. However, if 8; and
67 lie on the boundary of the feasible region, &2 will be a less accurate
approximation of E (w2 |t). The extent of the inaccuracy will depend
on the values of R, and A;. For large R, and A, the likelihood of 8; and
o7 will drop very rapidly as one goes away from the feasible boundary
nearest to the maximum likelihood point. Thus, the inaccuracy would
be smaller for larger values of R, and A..

Now consider the variance of m, given data up to time #:

ge = V(m|t) = EV(m.|t, 0%, 03) + VE(m.|¢, 0%, 0%)

= E[(1 - w2t)(0%t + U?,t)] + V[‘*’Zlmt—l + (1- wzt)Yt];
hence,

qr=(1- @or) (3% + ogyt) + (Y, — m—1)*Vi(wz). (32)

The effect of B, and &7 lying on the feasible boundary will be to
introduce an inaccuracy in the term (1 — &2)(63: + 02) of eq. (32), as
discussed above. Knowing the variance of 8, and o?, the variance of
w2 can be derived via the Taylor series approximation as follows. We
have

22 2
o1 + Oyt

W2 = 25 2 A2
o1 + Oyt + 03 + qit-1

2 __ 2 . 2
—Pt0; — Oyt + Oyt

(1+ B+ Bo? + g1 + o3 — oo
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=~ Qg + (1‘;2:) (B: — :é!) + (?,;?) (07 — 63).

Hence, to the first-order approximation the variance of ws; is

dw 2 a dw 2
Viwa) = < aﬁz:) V(B + (802;) V(e?)

= {26{[1 + Gu (1 + 2B) F/R.
+ 2638 + (1 + Be + B2 TP/ Al
+ (6% + of + 63 + qi1)”. (33)

Note that the smoothing constant w,, is restricted to the interval
[0, 1]. The most noninformative distribution on this interval is the
uniform distribution whose variance is %2. The &2 computed by eq.
(31) clearly adheres to the interval [0, 1]. However, because of the
approximations involved, the computed V(wz) may come out larger
than Y%2. In that case we propose to truncate it to %e.

When j; and 6% lie on the boundary of their feasible region, the use
of the Taylor series approximation would yield inaccurate estimates of
V(wz:). Since the contribution of this variance is secondary in comput-
ing V(m.|t), we may ignore the effect of truncation.

We can proceed in an analogous way to compute E (§;|t) = ¢ and
V(§:|t) = p. to yield:

§o = dubutiua + (1 = Gad1) Y, (34)
where
2
A ont
=T _ 35
w1 0'5; ¥ O’%[ ( )
and
pe=(1- (32:(315)0%: + (Y: — i)V (0201), (36)
where

V(wzwie) = [263(1 + 2:)%635%: /R,
+ 2651 + B + BHOUGL /AL
+ (6% + 0% + 63 + qi1)?. (37)

For the reasons discussed in the case of V(ws), if eq. (37) yields a
value of V(wmwuz > Y2, then we will truncate it to Y.

The effects of 8, and 67 lying on the feasible boundary are similar to
those explained in connection with i, and g..
VI. BOX CHART AND THE EXCEPTION REPORT

In Ref. 2 Bruce Hoadley has proposed a format for displaying the
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conditional distribution of @, given data up to time ¢£. He has also
proposed exception rules in terms of this distribution. We shall use the
same reporting format and the exception rules.

The conditional distribution of 6; will be summarized by a box chart
that shows the 99, 95, 5, and 1 percentiles of the distribution, the best
estimate of 6;, denoted by 8, the mean level, M,, and the current
defect index I,. By applying the inverse square root transformation,
we have

M,=m? and 4,={7.

The quantiles of ; are once again obtained by squaring the quantiles
of ¢:. Since ¢, is restricted to be positive, and we have approximated its
density by the normal distribution, we may have to truncate some of
the extreme quantiles to zero. If we take this fact into account, the
desired quantiles of 8; are:

Q: = 99% quantile = [max({, — 2-326Vp;, 0) 2
Q: = 95% quantile = [max({, — 1-645 Vp,, 0)]?
Qs = 5% quantile = ({, + 1.645 Vp,)?
Q1 = 1% quantile = ({, + 2-326 Vp,)>.

A sample box chart is shown in Fig. 2.
The exception rules are:
() Below Normal: A rating class will be declared below normal if
the posterior probability of §, being larger than one exceeds 0.99.
(ii) Alert: An alert will be declared for a rating class if the posterior
probability of 8; being greater than one exceeds 0.95 but it is less than
or equal to 0.99.

Q, 1% QUANTILE
Q4 5% QUANTILE
2 -
xAk”l
N

i -9
a A
E o<-——M QUALITY STANDARD
51
w
b Q, 95% QUANTILE
[=]

Q, 99% QUANTILE

0

Fig. 2—Sample box chart of the conditional distribution of 8,.
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So in terms of the quantiles derived above, we will declare below
normal if @, > 1 and alert if ¢4 < 1 but Q. > 1.

VIl. CHOICE OF STARTING VALUES

The Kalman filter solution described in Section III and the estima-
tion of model parameters described in Section IV are both recursive
procedures that must be appropriately initialized. Note that since each
of these procedures discounts the past data, the effect of initialization
diminishes to zero as more data is accumulated on any rating class. So
any biases introduced by the initialization process are transient and
temporary. The best way to choose the initial values is by analyzing
the historical data on all rating classes. Pending such an analysis, we
shall tentatively choose the initial parameter values, as follows.

We will take 1y = 1.0 and §o = 0.134. This amounts to choosing a
very diffused prior distribution on the mean level. On the square-root
defect-index scale the lower and the upper one percentiles of this
distribution are 0.149 and 1.851, respectively; while on the defect-index
scale the lower and the upper one percentiles are 0.022 and 3.428,
respectively. The mean and the median of this distribution are equal
to one on either scale. Consistent with this we will choose Y, = 1.0.

The parameter o2 should be taken equal to the variance of the
transformed defect index associated with the planned equivalent ex-
pectancy for a period’s sample for the particular rating class. In the
present analysis we will take e, = e, and 62 = 029 = 0.25/e,.

The parameter A determines how many periods of data are effec-
tively used in estimating the time series parameters §; and o7 and,
hence, the parameters o and o3;. We will take A = 0.95, which implies
that effectively 1/(1 — A) = 20 periods of data are used in estimating
the model parameters.

We also need to specify the values of Bo, ao, dao/dB, So(Bo), eo, Ro,
and Ao. All these variables enter into the recursive maximum likelihood
estimation of 8 and 6*. We shall take 8, = —0.6, which is an approximate
midpoint of the feasible range of 8. The quantities ao and dao/dB will
be taken equal to their respective expected values, namely, zero in
each case; and Ao will be set equal to its steady-state value, namely,
1/(1 — A). We will take vo = 0, So(Bo) = 0.625/[eo{1 — N)], and Ry =
20.0/eo.

The above starting values imply that at ¢ = 0 the mean and the
variance of f are respectively —0.6 and 0.063. The variance of the
uniform distribution on the (—1, 0) interval is %2 = 0.083. Since the
feasible interval for 8 is smaller than (-1, 0), the variance of 0.063
represents a fairly diffused initialization.

Also, the above starting values imply that the mean and the variance
of ¢ at t = 0 are 2.5 o}y and 0.625(c%)°. Therefore, by the gamma
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density assumption, the 95-percent confidence interval on ¢” is (1.2 62,
4.28 o?,o), which is a very wide interval.

The values of o and o3 implied by the above starting values are
0.5 02 and 0.4 62, respectively.

Viil. ILLUSTRATIVE EXAMPLES

To illustrate the properties of the quality evaluation plan we shall
now present six examples. The first three examples are the simulated
examples, while the latter three use real audit data.

Example 1: Figure 3a shows the response of QEP to a sudden shift
in the quality level. For the first ten periods the observed defect index
fluctuates randomly around the fixed level 3.0. From the eleventh to
the twentieth period the observed defect index is fixed at 1.0. In each
period the expectancy at standard is 5.0. Notice that starting with the
eleventh period the estimated mean level rapidly approaches the new
mean level. Also, starting with the eleventh observation the product
gets off the exception report. Figure 3b shows the corresponding results
for qmp. It is clear that in terms of both M, and 8, the response of QEP
is quicker than the response of QmP.

Example 2: Figure 4a displays the response of QEP to a linear trend
in the quality level. As in the case of Example 1, for the first ten
periods the observed defect index randomly fluctuates around the fixed
level 3.0. From the eleventh to the twentieth period the observed
defect index has a linear downtrend, as plotted. In all twenty periods
the expectancy at standard is 5.0. Notice that both M, and 8, follow
the trend with a small lag. Also note that the QEP algorithm recognizes
that the process has a drift rather than random fluctuation. Conse-
quently, M, and 8, are very close while following the drift. Figure 4b
shows the results of QMP for the same data. Here again, M, and 8,
follow the trend, but the lag is much larger. This is manifested in the
fact that QEP gets the product off below normal in the seventeenth
period while with qMPp that happens a period later.

Example 3: This example illustrates that QEP and QMP have similar
behaviors when the defect index fluctuates about a fixed value for a
long period of time. Figure 5a shows the results of QEP when the defect
index fluctuates around the fixed level of 2.0, while Fig. 5b shows the
results of qMp with the same data. Note that both the methods declare
below normals and alerts in the same periods.

Example 4: Figure 6a gives the data for repaired remreed grids,
rating class OC038TT, for periods 7801 through 7904. The periods are

numbered 1 through 12 in the figure. The QEP results are also shown
in the figure. Similar results with qmp are plotted in Fig. 6b. In

411 UAAT 1igwuicT. LA =16 G 8 4

response to the drift in the quality we see that QEP attaches a heavier
weight to the current data. Consequently, with QEP the mean level, M,
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Fig. 3—Response to a sudden shift in the quality level for: (a) QEP, and (b) QMP.

follows the drift more closely than with QMp. In the period 5, recogniz-
ing the drift, QEP takes the product off the exception report while QMP
still calls it an alert. Also period 7 is an alert according to QMP while,
according to QEP, it is off the exception report. These differences
between QEP and QMP are clearly seen to be the result of the fact that
QEP exponentially discounts the past data, while QMP considers every
observation in the six-period window to be equally important.
Example 5: Figures 7a and 7b give the results of QEP and qmP,
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Fig. 4—Response to a linear trend in the quality level for: (a) QEP, and (b) QmP.

respectively, for the rating class OHO60CM, consisting of modular
telephone chords. The periods covered by the chart are 7701-7808. As
we saw in Example 4, QEP follows the drift more closely. In terms of
the exception report, there are several differences. In periods 8, 15, and
16 qmp declares below normal, while QEP calls it only an alert. In
period 10 qump calls it an alert while QEP does not declare any exception.
These differences are once again a result of the fact that QEP recognizes
the drift and hence heavily discounts the past data.
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Fig. 5—Response to a random fluctuation in the quality level for: (a) QEP, and (b)
QMP.

Example 6: The last example to be considered is the rating class
MV104MJ. The results of both the methods are shown in Fig. 8. In
this example the quality fluctuates more or less randomly about a
fixed mean and, as expected, the two methods give comparable results.

The average values of the weights wi, and ws, and the equivalent
expectancies e, for the three audit examples are tabulated in Table 1.
Notice that average value of wz, for OC038TT and OHO060CM is 0.48
compared with 0.55 for MV104MJ. This is a direct consequence of the
fact that MV104MJ does not exhibit a drift while the others do. The
high-frequency fluctuation about the mean function M, is depicted by
wy:. Relative to the sampling variance (0.25/e;) OC038TT exhibits a
smaller fluctuation than OHO60CM. This concurs with the average
values of wy, for these rating classes.
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Fig. 6—Results for the rating class OC038TT, periods 7801 through 7904 for (a) QEP,
and (b) Qmp.

Through the preceding examples it is quite apparent that QEP and
QMP could give somewhat different results. Now the key question is:
Which method yields a more precise estimate of the unobserved “true
defect index”? The only way to answer this question decisively is to
take a 100-percent sample of a number of rating classes to find out the
true defect indices and compare them with the QEP and qQMP results.
This is obviously an impossible task. A feasible way to answer the
question is by using the models to predict one step ahead and compare
the mean-squared prediction errors. Note that M,_, is a predictor of I,.
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Fig. 7—Results for the rating class OH060CM, periods 7701 through 7808 for: (a) QEP,
and (b) QMP.

The mean-squared errors for the three audit data examples, viz.
Examples 4, 5, and 6, are given in Table II. For the rating class
OCO038TT we notice that the mean-squared prediction error (m.s.p.e.)
of QMP is 33 percent larger than that of QEP; for OH060CM the m.s.p.e.
of QmP is 11 percent larger, and for MV104MJ the m.s.p.e. of QMP is
only 3 percent larger. Thus, whenever there is a drift in the quality we
may expect QEP to perform better than QMP, whereas if the quality
fluctuates randomly around a fixed mean, both QMP and QEP would
give similar results.

Effect of truncation: In addition to the numerical examples cited
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Fig. 8—Results for the rating class MV104MJ, periods 7701 through 7808 for: (a) QEP,
and (b) QMP.

above, a limited numerical study was made with thirteen representa-
tive rating classes. Each rating class had about fourteen periods of
data. This represents a total of 182 test periods. Among these examples,
truncation occurred in only 7 percent of the periods. Except for one
case, all the truncations caused 62; = 0. These cases of truncation could
be recognized broadly as situations where the variance of the observed
defect indices was much smaller than that for the Poisson distribution.
In each case of truncation the confidence intervals computed by QEP
looked reasonable and comparable to those obtained by QmPp, so we
can tentatively conclude that the effect of truncation is negligible. Of
course, an extensive trial of QEP may suggest some modifications to
the truncation rules.

One such modification may be to view the likelihood function of 8,
and o7 as the posterior-probability density function. Then the Bayes
estimates of 8; and 67 may be used in place of the maximum likelihood
estimates used in this paper. Because of the complexity of the feasible

2100 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1982



Table I—Computed qep weights for the
examples
Average Value of

Rating Class Wy way e
0C038TT 0.83 0.48 3.7
OH060CM 0.67 0.48 7.9
MV104MJ 0.75 0.55 4.6

Table ll—Comparison of the mean-
squared prediction error

Mean Squared Predic-
tion Error
Rating Class QEP QMP
0OC038TT 0.69 0.92
OH060CM 0.94 1.04
MV104MJ 0.29 0.30

region, computing Bayes estimates would involve extensive numerical
effort, which may be unnecessary.

IX. DISCUSSIONS

In summary, the QEP model consists of two parts—the system model
and the observation model. The system model states that the trans-
formed true-defect index is equal to the process mean that follows the
random walk model plus process fluctuation, which is statistically
independent from period to period. The random walk model takes care
of the process drift. The observation model states that the transformed
observed defect index is equal to the transformed true-defect index
plus sampling error with a known variance. The different parameters
of the QEP model are estimated from the observed data by the recur-
sive, exponentially discounted, maximum likelihood method. The suc-
cessive transformed true defect indices and the process mean levels
are then estimated by the adaptive Kalman filtering algorithm.

From the derivation of the plan and the illustrative examples the
following advantages of QEP are apparent:

(i) The QeEP model takes into account the time order of the
observations, while in QMP the time order of the observations is
ignored.

(Zi) The best estimate of the process mean level is obtained by an
adaptive exponential smoothing procedure. This makes QEP more
responsive to the shifts and drifts in the process level. This is evidenced
by the lower mean-squared prediction error for the examples discussed
in Section VIII.
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(i1i) The qmP model is a special case of the QEP model. However,
the two algorithms are quite different.

(iv) The computations are recursive. The entire past data are
summarized by ten numbers.

(v) The computational efforts of QEP and qQmP algorithms are
comparable.

In the light of the advantages listed above it is proposed that QEP be
considered as a serious alternative to Qmp for official rating. In prep-
aration for using QEP it is suggested that it be tried on all rating classes
for a number of rating periods, and the resulting exception reports
carefully compared with those from the qMp and the ¢-rate system.
Such a study would aid us in fine tuning the starting conditions,
quantifying the effect of truncation, and perhaps in making some other
minor modifications for improving the performance of the QEP.

For small expectancies, the square root transform of the Poisson
distribution has a significantly different variance than 0.25, assumed
in Section II. Since the audit samples can at times be very small it
would be necessary to use the correct variances. A study of this aspect
will be done in a later memorandum.

The adaptive Kalman filtering methodology derived in this paper,
with appropriate extensions and modifications, can be put to many
other applications. In the field of quality control, Phadke’ had devel-
oped a sequential empirical Bayes acceptance sampling plan. The
adaptive Kaman filtering method developed in this paper would be
particularly suited for updating the empirical prior distribution. An-
other potential application is in combining the traditional X and R
control charts into a single box chart. Here the adaptive Kalman filter
would permit one to take into account serial correlation in the data as
well as process drifts and shifts, and changes in the process variance.
Yet another application is in adaptive time series forecasting.
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APPENDIX A
Derivation of the Kalman filter solution

Let the conditional distribution of m,—; given data up to time ¢ — 1
be normal with mean ri,-; and variance q,-, i.e.,

mt—llt -1~ N(ﬁl:—l, Qt—l) . (38)

Eq. (2) expresses m: as a sum of two independent normal random
variables m.-; and vy. Since the mean and variance of vs; are respec-
tively 0 and o%, it follows that

me|t — 1 ~ N(tf-1, 03 + qe1). (39)
Substituting eq. (1) in eq. (3) we have
Y. =m:+ vy + e, (40)
which implies that
Y:|m: ~ N(m, o5 + o2). (41)

In the Bayesian framework we may view eq. (39) as a prior distri-
bution on m,, and Y; as an observation of m, with the distribution
specified by eq. (41). Applying the Bayes theorem the distribution of
m, conditional on data up to time ¢ is seen to be

f(m |t)0<ex - (mt—nAlt—l)z_ (Yt_mt)Z
¢ p 2(6% + qr1)  2(0% + 02)

o< exp{— M} , (42)
2q,
where
m; = wettt—1 + (1 — w2,) Yy, 4)
wee = (03 + 02 /(0% + 0% + 6% + qi-1), (5)
and
qr= (1 — wa) (0% + one). (6)

From eq. (42) it can be inferred that the distribution of m, conditional
on data up to time ¢ is normal with mean i, and variance g;.

Equations (7) through (9), used for computing the conditional dis-
tribution of {;, can be derived analogously as follows. First by substi-
tuting eq. (2) in (1) we have
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r = My—1 + i+ vou; (43)
hence,
G|t — 1~ N(h-1, 61 + 0%+ qi-1) . (44)
From eq. (3) we have
Y&~ N(&, o2). (45)

Treating eq. (44) as a prior distribution for {; and applying the Bayes
theorem, we readily obtain the distribution of {; conditional on data
up to time ¢ as

f(&t) oceXp{—

(§e = 1)’ (Y. — §z)2}

2(0% + 0% + Q1) 20%
o< exp {— (§¢_2:m§_¢)_2} , (46)
where
§ = onwutie g + (1 = wiws) Yo, (7)
wiwze = 0%/(0% + 6% + 0% + qi-1), (8)
and
De = (1 — 01:02)02%. 9)

Thus, the conditional distribution of {; on data up to time ¢ is normal
with mean {; and variance p:. Equations (7) through (9) form the
desired recursive equations for computing {; and p,.

APPENDIX B
Estimation of f# and o?

Given the observed transformed defect indices Yo, Y1, Ys, -+, Y,
one can compute Z,= Y, — Y, for t =1, ... , n. The Z, series follows

MA (1) model given by eq. (13). The exponentially discounted proba-
bility density function of a,, ---, a: is given by

A
3

play, «-+, alo® =[] [ 47

J=1

R—"
7o

where A; = A’ Thus, the exponentially discounted probability density
function of Zi, .- . , Z, conditional on the knowledge of ao, 8, and ¢? is

given by

t 1 )‘j
Zy, -, Ze|ao, B, 02) = - —a2/26%) | | 48
P Zan, B, = T | exp a,/o>] «®)
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where q; is related to Z; and 8 via the recursion relation in eq. (13), i.e.,

a; = ZJ - ,Baj_l. (49)
Thus, the conditional, exponentially discounted, log-likelihood func-
tion is

L{B, 6®) = —%(A;In ¢ + S;/d?), (50)
where
t
A=Y N, (51)
j=1
~and
t
S =Y ANaj. (52)
j=1

By differentiating eq. (50) with respect to 8 and ¢® and equating the
derivatives to zero, it can be shown that L. is maximum at (ﬁt, %),
where 3, is the minimum point of S;(8) and &7 = S.(B:)/A. .

In the neighborhood of a point By, we can approximate a; by the
linear function:

da;(B)

ai(B) = ai(Bo) + (B — Bo) a |, (63)
Substituting this approximation in eq. (52) we have
Si(B) = Se(Bo) + (B — Bo)ve + Y2(B — Bo)’R, (54)

where »;, R, and S;(fo) obey the recursion relations shown in egs. (20)
through (26). It is easy to verify that B, given by eq. (18) minimizes
the approximate S;(f) of eq. (54), and eq. (19) gives &7 .
The matrix of second partial derivatives of L, is
R,
e
At ’
20!
so by the Fisher-information theory, the estimates B: and & are
uncorrelated and their approximate variances are as given by egs. (27)
and (28).
The above recursive procedure also has a Bayesian interpretation,
as given by Phadke.®

APPENDIX C
Summary of the Formulae
C.1 Initial conditions
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qo= 0.134

Yo = 10
ﬁo = —0.6
A= 0.95
— da() —_
dp
€= €
0.625
So(Bo) = eo(l——}\)
Vo = 0
Ry = 20.0/60
Ao=1/(1-N)

020 = 0.25/eo

C.2 Recursive formulae

I,= x/e
Y, = VI,
Z;=Y — Y,
02, = 0.25/e,
a;= Zt — Lol
da_ _ g da
dp ag
Si(Bo) = AS-1(Bo) + a?
ve= Avioy + 2a, (tji_(;
da:\’
R,= AR;-1 + 2 <d—B)
A= M, +1
Bt = Bo— Ri'w, -1=8(=<0

Si(BF) = Si(Bo) + (BF — Bo)ve + Ya(B¥ — Bo)°R:

sz = St(,B;k)/At
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02 = A 01 + (1= Nai

6% = —Biat?— o4, % =0
6% = (1 + B’

If — B}o}? — 0% = 0, then
Bt ,Bt & 02 = U?‘Q. ‘

If — Bfo}2 — 0%, <0, then

L =2+ 8%/ + V(@ + 68/ ) — 4

ﬁt B and
N =5
0% = _Unt/ﬁt-
2
D1 = g2
1= ~3 32
o1 + Oyt
A2 2
N o1 + oyt
wWor =

6% + 072,t + 6%+ g
m; = (tarﬁz-l + (1 - 032t) Yt
{t = éufﬁt + (1 - ‘:Slt) Yt

(2881 + Gu(1 + 2B)T/R2)

_ +{26HA+ (L + B+ PHGaIYAY 1
Viws) = 1
fond (6% + 65 + 0% + qi-1)? ; Viwz) = 13

[26%(1 + 2/?,)2@%@%,/3,]
+[26:(1 + B: + 52./A
[20¢ i Bt Bt)wltw;t/ t]  V(wonws) < i
(63 + 65 + Unt + q-1) 12

qr= (1 — &) (6% + 02) + (Y, — 1e-1)*V (w2e)

V(wuwzt) =

pe= (1— (31!(32t)0'12;t + (Y = 1) V(wrwae)

C.3 Points for the box chart

Current defect index I

Best estimate of the defect index: 8, = f%

The mean level M, =

99% quantile : @ = [max({ — 2.326 Vpi, 0)
95% quantile : @ = [max({, — 1.645 Vp,, 0)]
5% quantile : Qs = (§ + 1.645 Vp))?

1% quantile : Qs = (£ + 2.326 Vp))?
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