













































































































































































Cela est d’autant plus valable que T'Af est plus telle ligne A retard est donnée par :
grand. A cet égard la figure 2 repréiente Ia vraie corte

donnant [¢(f)] en fonction de £ pour les valeurs numé- _ 4
riques indiquécs page précédente. p=-2| T df
LI, T
Jow] ¢=-2x[7},+ A f+1rAIf
L h Tat.n Et cette phase cst bien I'opposé de /¢(f),
(<L) | -
L } 4 un déphasage constant pids (sans importance)
/i k et A un retard Ty prés (indvitable).
d heat Un signal utile S() traversant un tel filtre adapté

donne & la sortic (A un retard T prés et & un dépha-
sage prés de la porteuse) un signal dont la transformée
Fua- 2 de Foursier est réelle, constante entre fy et fo+Af,
¢t nulle de part et d’autre de f, et de fo+Af, c'est-
a-dire un signal de fréquence portcuss fo+Af]2 et
Dens ce cas, le filtre adapté pourra #re coustitué, dont I'eaveloppe a la forme indiquée A fa figure 5,

'ormémen figure cascade ol I'on a représenté simultanément le signal S(r).
coaf vk dprh ° et le signal S,(r) correspondant obtenu 2 la sortic

~ d'un fiitre pasce-bande de transfert unité pour du filtre adapté, On comprend le nom de récepteur
Jo & /< fo+Af e de transfert quasi nul pour & compression d’impulsion donné A ce genre de
J < foct[> fo+Af, filtre no modifiant pas la phase filtre adapté : la « largeur » (3 3 dB) du signal com-
des composants le traversant ; primé étant égale 4 1/Af, Je rapport de compression

est dcl., TAf

3 1/Af
.—{ J_LH AR ]»—»— s

Po. 3
- filre suivi d'use ligne & retard (LAR) disper- Enetapr da 5it)
sive ayant un temps de propagation de groupe T, e
dénroistant lindai avec la frég [ suivant - -
I'expression : . . s — 5
T
TamTo+(fo-f)— (@vecTo>T) To s thim
Af ateshim
(voir g, 4), e
\{]
FiG. 3
T,
On saisit physiq le phénoméne de com-
pression en réalisant que loisque le signal S(r) entse
TeoT: e o e dans la ligne A retard (LAR) la fréquence qui entre
la premidre 2 Dinstant 0 est la fréquence basse f,,

(d)
Fig. 16(d)—Original CCITT document five (first 2000 lines).

symbol-matching technique of Pratt et al.> and the two-dimensional
CCITT code. The results are without any synchronization or stuffing
bits, which is natural since pattern matching coding would be intended
for future facsimile networks such as group four facsimile machines
with fewer overhead bits. Therefore, the compressions of the two-
dimensional CCITT code and symbol matching have been corrected
by deleting the synchronization and stuffing bits and are different
from their values given in Refs. 2 and 5.
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THE SLEREXE COMPANY LIMITED

SAPORS LANE - BOOLE - DORSET - BH25 8 ER
TELEPHONE BOOLE (945 13) 51617 . TeLRx 123456

Our Ref. 350/PJC/EAC 18th January, 1972,

Dr. P.N. Cundall,
Mining Surveys Ltd.,
Bolroyd Road,
Reading,

Berks.

Dear Pete,

Permit me to introduce you to the facility of facsimile
transmission.

In facsimile a photocell is caused to perform a raster scan over
the subject copy. The variations of print demsity on the document
cause the photocell to generate an analogous electrical video signal,
This signal is used to modulate a carrier, which is transmitted to a
remote destination over a radio or cable cosmunications 1link.

At the remote terminal, demodulation reconstructs the video
signal, which fs used to modulate the density of print produced by a
printing device. This device is scanning in a raster scan synchronised
with that at the transmitting terminal. As a result, a facsimile
copy of the subject document is produced.

Probably you have uses for this facility in your organisation.

Yours sincerely,

7.
P.J. CROSS
Group Leader - Facsimile Research

(a)
Fig. 17(a)—Document on (first 2000 lines) after pattern matching (first 2000 lines).

Very high compressions are obtained—up to 80. The compression
has often doubled compared to that of the two-dimensional CCITT
code and is sometimes 4.8 times higher. The compression is, depending
upon the documents, 20 to 80 percent higher than the compression
derived from the symbol matching technique by Pratt et al.2 More
detailed comparisons and observations are useful when considering
the performances of facsimile coding by pattern matching:

1. An astonishing fact is the difference in compression observed
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(b)
Fig. 17(b)—Document two (first 2000 lines) after pattern matching.

between the old and the official version of the CCITT documents. For
documents three and five the compressions are nearly twice as high
for the old version than for the official version. Significant discrep-
ancies are also observed for documents one and eight. This is in spite
of the fact that old and official documents are the same except that
they were scanned differently. It can also be noted that for the two-
dimensional CCITT code, the difference in compression is smaller
than five percent except for document eight, where the difference is
about 20 percent. It must therefore be concluded that the performances
of the pattern matching coding techniques are much more dependent
upon the scanning and binary thresholding. Observing both versions
of documents three and five, the main difference is that in the official
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- 34 -

L'ordre de lancement et de réalisation des applications fait 1'objet de décisions au plus haut
niveau de la Direction Générale des Télécommunications. Il n'est certes pas question de
construire ce systéme intégré ""en bloc" mais bien au contrafre de procéder par étapes, par
paliers successifs. Certaines applications, dont la rentabilité ne pourra etre assurée,re
seront pas entreprises, Actuellement, sur trente applications qui ont pu etre globalement
définies, sixen sont au stade de 1'exploitation, six autres se sont vu donner la priorité pour
leur réalisation,

Chagque application est confiée a un 'chef de projet", resp ble success! t de sa
conception, de son analyse-programmation et de sa mise en oeuvre dans une région-pilote.
La généralisation ultérieure de l'application réalisée dans cette région-pilote dépend des
résultats obtenus et falt 1'objet d'une décision de la Directifon Générale. Néanmoins, le
chef de projet doit des le départ considérer que son activité a une vocation nationale donc
refuser tout partlcularisme régional. Il est aidé d'une équipe d'analystes-programmeurs
et entouré d'un "groupe de conception' chargé de rédiger le document de "définition des
objectifs globaux" puis le "cahier des charges” de 1'application, qui sont adressés pour avis
A tous les services utilisateurs potentiels et aux chefs de projet des autres applications.
Le groupe de conception comprend 6 & 10 personnes représentant les services les plus
divers concernés par le projet,jet comporte obligatoirement un bon analyste attaché A 1'ap-
plication.

I - L'IMPLANTATION GEOGRAPHIQUE D'UN RESEAU INFORMATIQUE PERFORMANT

L'organisation de l'entreprise frangaise des télécommunications repose sur 1'existence de
20 réglons. Des calculateurs ont ét¢ implantés dans le passé au moins dans toutes les plus
importantes. Ontrouve ainsi des machines Bull Gamma 30 & Lyon et Marseille, des GE 425
A Lille, Bordeaux, Toulouse et Montpellier, un GE 437 3 Massy, enfin quelques machines
Bull 300 TI 2 programmes c8blés étaient récemment ou sont encore en service dans les
régionsde Nancy, Nantes, Limoges, Poitiers et Rouen ; ce parc est essentiellement utilisé
pour 1a ptabilité téléphonique.

Al'avenir, sila plupart des fichiers nécessaires aux applications décrites plus haut peuvent
etre gérésentemps différé, un certain nombre d'entre eux devront nécessairement etre ac-
cessibles, voire mis 2 jour en temps réel : parmi ces derniers le fichier commercial des
abonnés, le fichier des remseignements, le fichler des circuits, le fichier technique des
abonnés contiendront des quantités considérables d'informations.

Le volume total de caractéres i gérer en phase finale sur un ordinateur ayant en charge
quelq 500 000 abonnés a été estimé a un milliard de caractéres au moins. Au moins le
tiers des données seront concernées par des traitements en temps réel.

Aucun des calculateurs énumérés plus haut ne permettait d'envisager de tels traltements.
L'intégration progressive de toutes les applications suppose la création d'un support commun
pour toutes les informations, une véritable "Banque de données", répartie sur des moyens
de traitement nationaux et régionaux, et qui devra rester alimentée, mise & jour en perma-
nence, a partir de la base de l'entreprise, c'est-i-dire les chantfers, les magasins, les
guichets des services d'abonnement, les services de personnel etc.

L'étude des différents fichiers A constituer a donc permis de définir les principales carac-
téristiques du réseau d'ordinateurs nouveaux & mettre en place pour aborder la réalisation
du systéme informatif. L'obligationde faire appel & des ordinateurs de troisi®me génération,
trés puissants et dotés de volumineuses mémoires de masse, a conduijt 4 en réduire substan-
tiellement le nombre.

L'implantation de sept centres de calcul interrégionaux constituera un compromis entre :
d'unepartle désir de réduire le cont é fque de 1' ble. de faciliter la coordination
des équipes d'informaticiens; et d'autre part le refus de créer des centres trop importants
difficiles 2 gérer et a diriger,et posant des problémes délicats de sécurité. Le regroupe-
ment des traitements relatifs a plusieurs régions sur chacun de ces sept centres permettra
de leur donner une taille relativement homogdne. Chaque centre “gérera" environ un mil-

()
Fig. 17(c)—Document four (first 2000 lines) after pattern matching.

version, characters are often clustered together, which leads to incor-
rectly (or rather “nonconveniently”) isolated characters (as shown in
Fig. 18a), while for the old version, the characters are rarely clustered
together. However, sometimes a character in the old version is isolated
into several patterns because not all its pels are connected (as shown
in Fig. 18b). The old version of documents three and five should have
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Cela e3t d’autant plus valable que T Af est plus
grand. A cet égard la figure 2 représente [a vraie courbe
doanant |§(f)] en fonction de f pour les valeurs numé-
riques indiquées page précédente.
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conformément .4 Ia figure 3, par la cascade :

— d'un filire passe-bande de transfert unité pour
So €S < fo+Af et dc transfert quasi nul pour

T < foetf> fo+Af, filtre nemodifiant pas Ia phase
des composants le traversant ;

=

o 3

— filtre suivi d'une ligne & retard (LAR) disper-
sive ayast un temps de propagation de groupe Ty
décroi lindai avec la fréq) [ suivant
'expression :
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(voir fig. 4),

telle ligne & retard est donnée par :
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q--ZxJ. hdf
°

fo T 2
= 2x | Tot = | [ X f
? [ ° af i) Iv;

Et cette phase est bien I'opposé de /¢(f),

4 un déphasage constant prés (sans importance)

et & un retard T, prés (inévitable).

Un signal utile S(r) traversant un tel filtre adapté
donne i la sortie (A un retard T, prés et & un dépha-
sage prés de la porteuse) un signal dont la transformée
de Fourier est réelle, constante entre fo et fo+4/,
et nulle de part et d’autre de £, et de fo+4f, c'est-
A-dire un signal de fréquence porteuse fo+A4f72 et
dont Penveloppe a la forme indiquée 2 la figure 5,
ob l'on a représenté simultanément le signal S(r)
¢t le signal S,(r) correspondant obtenu A la sortic
du filtre adapté. On comprend ke nom de récepteur
4 compression d’impulsion donné A ce genre de
filtre adapté : la « largeur » (4 3 dB) du signal com-
primé étant égale A 1/Af, le rapport de compression
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On saisit physiq de com-
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pression en réalisant que lorsque le signal S(r) entre
dans la ligne 2 retard (LAR) la fréquence qui entre
la premidre A 'instart O est la fréquence basse f,,

Fig. 17(d)—Document five (first 2000 lines) after pattern matching.

more patterns than the official but fewer library patterns. In fact, old
CCITT document three has 2199 patterns and 225 library patterns,
while the official version has 1945 patterns and 551 library patterns.
The coding length of a library pattern is much greater (by a factor of
about 10) than that of a nonlibrary pattern, which explains the
difference in compression ratios. It can be concluded that pattern
matching is much more dependent on the scanning quality and the
thresholding than two-dimensional facsimile codes.
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Table 111—Coding length in bits with pattern matching coding

(a) CCITT documents (2376 lines, 1728 pels/line)

CCITT1T CCITT2 CCITTS CCITT4 CCITT5 CCITTé CCITT7 CCITTS8
Mode bit 2376 2376 2376 2376 2376 2376 2376 2376
Horizontal position 11847 8096 21395 46464 23551 15356 36828 31240
No more pattern 888 1587 2193 1854 2235 1929 3165 3231
Vertical move of pattern 1114 411 1921 5724 2242 1347 3427 3642
Library identification code 4895 3749 9458 18584 10848 6426 19289 13085
Library pattern description 43983 71427 120749 41138 94923 71959 204113 115415
Total 65103 87646 158092 116140 136175 99393 269198 168989

(b) Older CCITT documents (same as documents used in Ref. 1) (2128 lines, 1728 pels/line)

CCITT1 CCITT2 CCITT3 CCITT4 CCITT5 CCITTé CCITT7 CCITT8
Mode bit 2128 2128 2128 2128 2128 2128 2128 2128
Horizontal position 12342 7733 24189 49610 27511 16049 38566 30635
No more pattern 846 1533 2103 2574 2091 2007 3942 3168
Vertical move of pattern 1155 463 2448 5726 3028 1411 3812 2441
Library identification code 4958 3599 11078 21385 11940 6927 21842 12773
Library pattern description 23254 62825 29368 26700 22441 55077 155681 122986
Total 44683 78281 71314 108123 69139 83599 225971 174131




Table IV—Comparison of compression ratios
(a) Official CCITT documents (2376 X 1728 pels)

Increase Versus Two-
Two-Dimensional Dimensional CCITT

Picture Pattern Matching CCITT Code Code
CCITT1 63.1 28.3 122%
CCITT2 46.8 475 -1%
CCITT3 26.0 17.9 46%
CCITT4 35.4 7.4 378%
CCITT5 30.2 15.9 90%
CCITTeé 41.3 30.8 34%
CCITT7 15.3 7.4 106%
CCITTS8 24.3 26.9 ~8%

(b) Nonofficial CCITT document (2128 X 1728 pels)

Increase Ver-
Two-Dimen- Increase Ver- sus Two-Di-

Pattern Symbol  sional CCITT sus Symbol  mensional
Picture Matching Matching Code Matching  CCITT Code
CCITT1 82.3 63.1 28.6 30% 188%
CCITT2 47.0 38.1 45.4 23% 3%
CCITT3 51.6 32.4 18.5 59% 179%
CCITT4 34.0 25.6 7.5 33% 353%
CCITT5 53.2 33.6 16.5 58% 222%
CCITTé6 44.0 29.5 30.2 49% 46%
CCITT7 16.3 9.0 7.1 81% 130%
CCITTS8 21.1 17.8 22.1 19% 5%

BLlMY (rop 1
momo
usus ¢. L.¢ re

ubub nt res pe

Fig. 18—Characters isolated in an unwanted way. (a) Characters clustered together.
(b) Text containing characters isolated into several symbols.

2. The increase in compression ratio compared to the two-dimen-
sional run-length code is quite variable. For documents containing
mostly handwritten drawings and text, such as documents two and
eight, there is sometimes a slight decrease in the compression ratio.
That is because there are few matching patterns. For example, for
document two, there are 736 patterns, but 448 of them are library
patterns. For documents containing mostly text, such as document
four, the compression ratio increases by a factor of about 4.5. For
documents containing a mixture of text and drawings, the increase
varies between 35 and 220 percent, depending on the content and
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thresholding. It should be noted that for document seven, which
contains printed ideograms, the increase in compression ratio is
smaller than for regular printed text because there are more ideograms
than letters, but the compression ratio still doubled.

3. The increase in -compression ratio by pattern matching is 20 to
80 percent compared to the symbol matching of Ref. 2. The increase
has been obtained by a combination of several factors. The most
important are (a) isolation of nonsymbols (lead to significant improve-
ment for documents three, four, five, and six, but has a slight negative
effect on documents two and eight), (b) better matching, leading to
fewer library patterns, and (c¢) improved coding efficiency obtained by
sorting the patterns and by other coding modifications.

By looking at the coding length necessary for the different kinds of
code words, in Table III, it is clear that the predominant part of the
code is used for the description of the library patterns, accounting
generally for more than 60 percent of the total coding length. There-
fore, improving it can bring the highest reward. The improvement can
be obtained by reducing the number of library patterns or by coding
the pattern description more efficiently. The next most bit-consuming
part is the coding of the horizontal position; it uses about 20 percent
of the total coding length.

6.3 Complexity

The pattern-matching coding has the disadvantage of being complex
and time-consuming—the price to pay for an efficient coding. The
most time-consuming parts are: the isolation, the template matching,
and the matching decision. The isolation is both complex and time-
consuming, and therefore the most difficult part, but by using fast
logic, it is possible to isolate all the patterns in about one second. The
template matching is a simple operation, but it takes a long time. It is
therefore less of a challenge, since it is easily done in parallel and with
simple hardware. The most time-consuming part of the matching
decision uses local operators on, for example, 3 X 3 windows and can
therefore also be realized without much complication. Most of the
high-level operations are much slower and can be done by micropro-
cessors. This system should not be more complicated than in Ref. 2.

An important factor is that the decoding is much easier and faster
than the coding, since there is no isolation or matching. Such a
technique is therefore particularly suited for transmission with one
sender and several receivers.

An experimental pattern matcher has been built to show that the
same kind of compression can be obtained when scanning real docu-
ments. By using a mixture of custom logic and programmed logic,
transmission has reached speeds at rates up to 64 kb/s. A document
is then usually sent in one to two seconds.
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"VII. EXTENSIONS

Several improvements or different applications of a pattern matcher
can be considered. Some of them will be described here.

7.1 Multipage document and prestored libraries

When transmitting several pages of a document, the library from
one page can be used for next page, thus reducing the number of
library patterns for each page. In such cases, compressions up to eight
times higher than with conventional coding techniques can be
achieved. If a few fonts are prestored in the coder and decoder, the
compression can be increased significantly.

7.2 Very high-quality transmission

It is possible to use a tighter matching algorithm when even slight
distortions are not tolerated. Such a mode can easily be implemented.
It reduces the compression by an average of 15 percent. In that case,
most of the postprocessing can be deleted.

7.3 Standardization

The CCITT is looking into standardizing facsimile coding tech-
niques for future facsimile machines communicating over digital links
(Group four facsimile apparatus). The modified READ code (also
called two-dimensional CCITT code) has been standardized. The
pattern matching coding technique has been proposed by AT&T to
the CCITT as an optional coding technique yielding much higher
compression. The only difference in the proposal compared to this
paper is that no cross decomposition is applied. The compression is
therefore slightly lower.

7.4 High-resolution graphics

Future scanners and coders will probably include resolutions higher
than 200 pels/in. They will probably use 300 and 400 pels/in. The
pattern matching technique can easily be modified for such resolution.
The maximum size of the patterns should be increased to keep the
coding efficient. In addition, the codes for the positioning of patterns
must be slightly changed. The matching algorithm would stay un-
changed. Compared to conventional techniques, the improvement in
the compression will be as high and often even higher at such resolu-
tions.

VIII. CONCLUSION

A system for coding of facsimiles using pattern matching has been
described. It allows an important increase in the compression ratio
compared with a symbol matching system® and gives a compression
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ratio that is up to 4.8 times that of conventional facsimile coding
techniques. The improvement is naturally greater for printed text than
for handwritten text. It is felt that further significant inprovements
are possible by better matching and coding. An important observation
is that pattern matching coding is very dependent on the digitization
and thresholding. Therefore, the combination of the thresholding and
the isolation could lead to significant improvements in compressions.
Another consequence is that if a bad quality scanner is used, the
pattern matching will hardly lead to higher compressions than con-
ventional facsimile codes. With modern electronics components, a
pattern matcher can be realized by hardware and would lead to an
important reduction in the transmission costs of high-volume facsim-
iles.
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Data-Transport Performance Analysis of Fasnet
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This paper presents a queueing model to assess the performance of Fasnet,
a recently invented local-area network. Fasnet is intended for high-speed lines
capable of carrying a wide mix of traffic. We confine our attention to data
traffic only. An approximate formula for the expected delay of a packet is
obtained; the approximate formula compares favorably to simulations of
Fasnet.

I. INTRODUCTION

Fasnet is an implicit token-passing local-area network.! It is in-
tended for high-speed lines capable of carrying a wide mix of traffic
(data, voice, video, and facsimile). In this paper, we present a queueing
model to assess the performance of Fasnet with data traffic only. An
approximation for the expected delay of a packet is obtained; the
approximate solution compares favorably with measurements taken
from a simulation of Fasnet. Our numerical results yield a mean delay
that is less than 1 ms for a 1-kb packet when the line speed is 100
Mb/s and the occupancy of the line is 0.9.

Section II consists of a brief description of Fasnet. Section III
describes our model and its approximate solution and Section IV
presents comparisons with simulations. The effects of bursty traffic
are given in Section V and our conclusions are stated in Section VL

Il. A BRIEF DESCRIPTION OF FASNET

We will now give a description of Fasnet that will enable the reader
to appreciate the model in Section III. A complete description is given
in Ref. 1.

* Bell Laboratories.

©Copyright 1983, American Telephone & Telegraph Company. Photo reproduction for
noncommercial use is permitted without payment of royalty provided that each repro-
duction is done without alteration and that the Journal reference and copyright notice
are included on the first page. The title and abstract, but no other portions, of this
paper may be copied or distributed royalty free by computer-based and other informa-
tion-service systems without further permission. Permission to reproduce or republish
any other portion of this paper must be obtained from the Editor.
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Fig. 1—Physical configuration of a Fasnet link.

The basic link as shown in Fig. 1 consists of two lines. One line
carries traffic in one direction and the other line carries traffic in the
reverse direction. For line A (which carries traffic from station 1
towards station N), station 1 is called the head station and station
N + 1is called the end station. For line B, the roles are reversed. Each
station makes two connections to each line. A read tap precedes a
passive directional coupler used for writing. The signal read from the
read tap will be unaffected by the signal being written simultaneously
on the line via the directional coupler. Except for specific fields of the
header, the protocol ensures that only one station at a time writes on
the line. Thus, once a message is written on a line, it is not removed
or changed by any station.

The access control is similar for lines A and B. For line A, the head
station (station 1) will initiate a cycle, which operates in the following
way. One time each cycle, each station with packets destined toward
the end station is allowed to access the line for a single time interval,
during which at most p..x packets can be sent. A station knows when
to place its packets.on the line by reading a particular bit (called the
busy bit) in the access control field. This bit is added to the message
packet by the network layer of the protocol. Thus, in each cycle,
station 1 has the first opportunity to send packets, station 2 has the
second opportunity, and station N has the Nth and last* opportunity.
Each station has exactly one opportunity per cycle to send packets.
When station N + 1 receives a packet in which the busy bit indicates
that the packet has not been used, it sends a message to station 1
(using line B) to start a new cycle. There may be synchronization
delays at each end of the transmission of this message. The operation
on line B is identical to the operation of line A, with station N + 1 as
the head station and all flows reversed accordingly.

* We assume that station N + 1 will not send messages to itself.
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ill. THE MODEL

Fasnet behaves as an implicit token-passing protocol because con-
trol passes from station to station as if a token were sent from station
1 to station 2, - - -, to station N + 1 to station 1, and so forth. This
suggests that a queueing model of queues served in cyclic order would
be appropriate. In this type of model, there is a single server that visits
N + 1 different queues in the cyclic order described above. For Fasnet,
the server is conceptual: it is the opportunity to place packets on the
line. The service time is the length of time to write a packet. The
queues correspond to the buffers at each station.

Several papers have been written about queues served in cyclic
order. In most of these papers, it is assumed that there is exhaustive
service at each station. This means that the server processes all
customers waiting at the station at the epoch that the server reaches
the station. The most general model of exhaustive service is in Eisen-
berg,2 where each queue is of the M/G/1 type and the times to travel
between adjacent stations may depend on the pair of stations involved.
The solution of this model is in terms of transforms that are not given
in closed form; however, the equations can be solved numerically. A
special case of the model in Ref. 2 is treated in Konheim and Meister.?
Here, all service times are the constant A, and all travel times between
adjacent stations have the same distribution, which is concentrated
on A, 24, ---. Konheim and Meister are able to obtain closed-form
solutions for steady-state performance measures in this case. Their
results will be used in our analysis. The only paper where service is
not exhaustive is Ref. 4 by Eisenberg. That paper contains two M/M/1
type queues, and the server can process at most one customer during
a visit to a server. The solution to this model requires extensive
calculations, and the restriction to two stations is unrealistic for
Fasnet.

We have chosen to seek approximate solutions where each station
is of the M/D/1 type and service is either exhaustive or one-at-a-time
(as in Ref. 4). These correspond to ppax = © and prax = 1, respectively.
When the system is not heavily loaded, each station will have a small
load SO pmax = ® should not behave much differently from puax = 1.
This behavior is exhibited by our approximate solution and by simu-
lations.

We will analyze our models by embedding them in a server-vacation
model. In an M/G/1/FIFO queue, assume that at the end of each busy
period the server takes a vacation. The vacations are iid random
variables generically denoted by T. The expected delay of a customer,
in the steady state, is given by
o E(T?)

ED*) = EWD) + SE(T)"

0y
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Here E(D) is the Pollaczek-Khintchine formula for the expected delay
in an M/G/1 queue: E(D) = aby/2(1 — ab;), where a is the arrival rate
and b, and b, are the first and second moments of the service times.
A derivation of eq. (1) can be found in Levy and Yechiali.’ Our first
step is to describe the vacations.

3.1 Assumptions and notation

The notation used in this paper and some self-explanatory symbols
are given below.

N = number of potential transmitting stations.

\; = packet arrival rate at station i.

A = constant service time/packet.

pi = N;A = load due to station i.

R = Y% p; = load on the line.

A = YV \; = total arrival rate.

T = one-way propagation delay.

v = 27 + A = average overhead/cycle.

Lines A and B shown in Fig. 1 are the same except for direction, so
it is sufficient to model only line A. Notice that station N + 1 does
not send messages on line A and that station 1 does not send messages
on line B. We assume that packets to be transmitted appear at station
1 according to a homogeneous Poisson process with rate \;, i = 1, 2,
..., N. The arrivals at station ¢ and j are independent when i # j.
We assume that all the packets contain the same number of bits. The
amount of time that a line spends taking a packet from a station is
the time required to read the bits of the packet. Therefore, the service
time of each packet is a constant, A, say, where A is the number of
bits/packet divided by the line speed in b/s. The time for a bit to
travel between adjacent read taps is called the walk time; the average
walk time between stations is denoted by w.

Let 7 be the time to send a bit from station 1 to station N + 1 (and
from N + 1 to 1). Then 27 is expended in each cycle to send a message
indicating that the busy bit must be reset. An average of one-half of a
packet processing time is lost in synchronization at each end station,
so v = 27 + A is the average overhead per cycle. Notice that 7 is the
time to walk from station 1 to station N + 1.

3.2 Analysis of the exhaustive service model

In this subsection, we assume that the packet arrival rates are the
same at each station. We let A denote the common arrival rate and p
denote the common load on a station. The load on the line is R = Np.
We also assume that stations 1, 2, - - -, N + 1 are evenly spaced along
the line.

Let T represent the amount of time between a departure from
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station 1 and the beginning of the next visit to station 1. Then T is
the length of a vacation from station 1. By symmetry, T is the length
of a vacation between successive visits to any station. Thus, when a
station gains access to the line, an average of AE(T') packets are
present. With exhaustive service, the expected time to clear a station
is AE(T)A/(1 — p). Since a vacation from station 1 consists of reading
packets at stations 2 through N and overhead,

B(T) =y + (N — 1) 2204
1-p
SO
(U]
B(I) =Y —3" R<L @)

Equation (2) is a special case of eq. (54) in Ref. 2.
Let X denote the number of packets at station 1 at the end of a
vacation. Then

E(X) = \E(T), (3a)
and
Var(X) = A*Var(T). (3b)
Theorem 4.7 in Ref. 3 asserts that
M1 — (N + 1)p + (2N — 1)p*]

Var(X) = 1 =Ry 4)
From egs. (2), (3), and (4) we obtain
E(T?) _ p(N = DA + v(1 — p)? 5)
E(T) (1-p)1-R)
Equation (5) is exact when the walk times between any pair of stations
are concentrated on A, 24, ---. In Fasnet, we expect that the walk

times are much less than A because the packets travel between stations
at the speed of light and the read times are controlled by the speed of
the line. Thus, we should regard eq. (5) as an approximation.

From egs. (1) and (5),

pA o(N — 1)A (1 — p)
20-p) 20-p(Q-R) 2(1-R)
___Ra + (1 — p)

20— R) 2(1—-R)
By symmetry, eq. (6) gives the expected delay of a packet at any

station. The expected number of packets in a buffer, E(Q), say, is
obtained from eq. (6) and Little’s theorem:

E(D*) =

R<1 (6)
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_ « _ _ Bp YA(1 — p)
E(Q)—)\E(D)—2(1_R)+ 51—R)" (7)

Consequently, the expected number of customers in buffers 1 through
N is

2 Al —
NEQ) = 5 + L

1-R  21-R)’ ®)

Equation (7) is compared to simulation experiments in Section IV.

An intuitive understanding of eq. (6) may be gained by considering
what happens for light loads. When p is small, the vacations are almost
of constant length because (mostly) no customers are served during a
vacation. Then E(T?) is about [E(T)}?. Now merge all the customers
to obtain an M/D/1 queue with mean delay RA/[2(1 — R)]. Then egs.
(1) and (2) yield

RA v(1 = p)

EDY =50 Y 2u=Rr)

which is eq. (6). It is surprising that this heuristic light traffic argument
produces the exact (modulo our other approximations) result for any
R<1.

3.3 Analysis of the one-at-a-time service model

In this subsection we will obtain an approximate solution to a model
where pp.. = 1. The approximation is based on an idea used in
Lehoczky, Sha, and Jensen® for a similar model. We do not assume
that the arrival rates are the same at each station (as we did in Section
3.2).

A central notion in the approximation is the completion time of a
station. The completion time of a station is the duration of the interval
that starts when that station begins processing a packet, and ends at
the first epoch that another packet may begin (does begin, provided it
is present) its processing at the station. The purpose of the approxi-
mate solution is to estimate the mean and variance of the completion
time, use these moments in the Pollaczek-Khintchine formula, and
apply eq. (1) to an appropriate server-vacation model.

Let V; denote a generic completion time at station i, in the steady
state. Then
V: = cycle overhead + A(1 + number of other stations sending a packet

in this cycle).

Let p; be the asymptotic proportion of time that packets are present
at station i. For T very large, the number of packets served at station
[ by time T is
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T
E(V)
where o(T') is some function such that o(T")/T — 0 as T' — oo. The

arrival rate at station i is A\;. Equating the arrival and departure rates
yields

+ o(T),

pi = NE(V)). (9)

Now we make our first approximation.

Approximation 1: In each cycle, the probability that station i trans-
mits a packet is b; & N,E(V;).

The effect of approximation 1 is to use the long-run proportion p;
as a probability for each cycle. Thus, the expected number of other
stations sending a packet during a completion time of station i is

Ej;ei bj, SO

E(V,) = A (1 + Z b,) + Y. (10)

J#i

b,‘é)\,‘E(Vi)=pi <1+ E bj)‘f‘)\fy, i=1, 2, ---,N. (11)

j#i

The solution of eq. (11) is
_ pm l+v/A -
e

1+ Pi l—«a
which can be verified by substitution into eq. (11). When p; = p and
= 0, eq. (12) becomes

p _ R/N
1-(N-1p . N-1
1 N R
which is the approximation given in Lehoczky et al.®
Since b; must be no larger than one (because it is a probability), eq.
(12) constrains the feasible values of {p;}. When all the arrival rates
have the common value A\, « = Np/(1 + p) = R/(1 + p), so

Ry/A
1-R

Equation (13) shows that for a given total load, R, stability is
achieved only when the load is shared by a sufficiently large number

of stations. For Fasnet, v/A = 3 is a typical value. Then eq. (13)
asserts that for R = 0.9, N > 27 is required for stability; for R = 0.8,

i i=1,2""9N: (12)

1+p,

bi=

for all i,

bi<le N> —— (13)
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N > 12 is required for stability; and for R = 0.5, N = 8 is required for
stability.

Here is why N cannot be too small. When N is small, the overhead
per cycle (y) will be spread over a few customers, which has the effect
of decreasing the capacity of the line. To see this more precisely, let ¢
be the expected number of packets processed in a cycle. Then use eq.
(11) to obtain

S 1L+v/A8 p (1+ v/
— ;= = ) 14
¢ zl:b l—« §1+p,- l—a (14)
When all the arrival rates have the common value A, eq. (14) yields
_RA ++/8)
€= 1+p—R’ (15)

where p = AA. From eq. (15) we compute the average amount of
overhead expended per packet per cycle* v/c:

vy 1-R+R/N v 1-R 1
¢ R(L+v/4) 7“1+~Y/A( R +N>' 19

Eq. (16) shows that the average overhead per packet is a decreasing
function of N, so if N were small, the overhead per packet might cause
the line to be overloaded.

It is interesting to note that this consideration does not arise in
Section 3.2. When pg., < %, from time to time a station will stop
transmitting packets because its quota for the cycle has been filled.
This is the effect that is shown in eq. (16). We conjecture that when
all other parameters are fixed, v/c is a decreasing function of pax.

Now we turn to an approximation for the mean delay. This will be
done by proposing a suitable server-vacation model and applying eq.
(1). The service-time moments in the Pollaczek-Khintchine formula
correspond to completion-time moments here. When a packet arrives
at station i, and no other packets are waiting to be transmitted at
station j, that packet cannot be transmitted until station i gains access
to the line. The length of time that station i does not have access to
the line is the length of time to process the other stations in a cycle
plus the overhead time, which is the completion time less one service
time. Thus, T; = V; — A, so

E(T) = E(V)) — A, (17

* The fact that v/c is the right quantity to compute may not be obvious. A rigorous
proof could use ergodic theory for regenerative processes (see, e.g., Section 6-4 of
Heyman and Sobel,’ particularly Theorem 6-8).

’
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and
Var(T;) = Var(V;). (18)

From egs. (10), (12), and (17) we can obtain E(T}). From egs. (1) and
(18) we see that only Var(V;) remains to be obtained. To get it, we
make our second approximation.

Approximation 2: In each cycle, the event that station i transmits a
packet is independent of the event that station j transmits a packet
for every j # i.

The effect of approximation 2 is that the variance of the number of
packets served at station i is b;(1 — b;) and the variance of the number
of packets served in a cycle is Y b;(1 — b;). This yields the approxi-
mation

Var(Vi) = A2 2 bj(l - b,) (19)
jri
Using egs. (10), (12), (17), (18), and (19) in eq. (1) produces our
approximation for the expected delay at stationi,i=1,2, ---, N. The
resulting formula does not appear to provide any insight and is omitted.
As a partial check on the efficacy of our approximation for the mean
delay, we consider the limiting case of no overhead and identical
stations. In this situation, the total content of the output buffers at
stations 1, 2, . .. N fluctuates as the queue length in an M/D/1 queue
with arrival rate A and service time A. From the Pollaczek-Khintchine
formula, the expected queue length in the steady state, E(Q,), say, is
R2
E =—) R<1.
@ =553
Our approximations produce (after some algebra)

R plR+(1-R(R-p]+1-R
1-R+p) 1-R ’

E(Qo) = 5 R<1.

Now let N — o and p | 0 with R = Np held fixed. This represents a
system with many lightly loaded stations. Then

A R
E(Q) — m as p| 0.

In this limiting case, E(Qo) overestimates E(Q,) by R/2 and, the
relative error is (1 — R)/R. Thus, the absolute error increases with R
and is less than one-half, and the relative error decreases as the
absolute error increases.
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IV. COMPARISONS WITH SIMULATIONS

A computer simulation of Fasnet has been constructed. There are
N =50 sending stations equally spaced along the line. The propagation
time (r) equals the packet processing time at each station (A).
We have chosen to consider 1000-bit packets and a line speed of 100
Mb/s, which is representative of the operating region. Then A = 10
us, and A = (R/50) x 10° packets/s.

The measure of performance is the average queue length at the
stations. Specifically, the simulation estimates the steady-state distri-
bution of the queue length at station i and then computes the mean,
E(Q)), say. The average queue length is Y5° E(Q;)/50 A E(Q). The
corresponding quantity from our formulas is called E(Q). From the
queueing formula E(Q) = AE(D) we use E(Q) to estimate the average
delay of a packet, E(D).

Table I shows the results.

The analytic approximation adequately replicates the simulation
results. Table I and Fig. 2 demonstrate that for R as large as 0.8,
DPmax = 1 and pmax = ® produce nearly the same average queue size.
This means that the efficiency (in terms of not incurring too much
overhead) of pn.. = % and the protection against a few stations
dominating the line of pmex = 1 can be simultaneously obtained by
setting 1 < pmayx < . Table I shows that puax = 3 is almost as efficient
48 Prax = .

The approximation for the mean delay of a packet is less than 1/2
ms even when R = 0.9 and pp.x = 1.

V. THE EFFECTS OF BURSTY TRAFFIC

In this section we return to the exhaustive service model and replace
the assumption that packets arrive according to a Poisson process
with the assumption that packets arrive according to a compound
Poisson process. Fuchs and Jackson give statistical analyses of arrival
times for terminal-to-computer calls.® Two of their conclusions are as
follows:

1. The exponential distribution is a reasonably good approximation
of the times between bursts.

Table I—Comparison of simulations and analytic approximations

Dinax E(Q) Simulation  E(Q) Analysis E(D)
1 0.216 0.209 130 s
R=081{3 0.184 — _
0o 0.184 0.150 94 ps
1 0.684 0.782 430 ps
R=0913 0.440 —
© 0.398 0.346 192 ps
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Fig. 2—Expected delay vs R for 1-kb packets, 50 stations, and 100-Mb/s line speed.

2. The size of a burst (measured in various ways) has a geometric
distribution.
Recent analyses by Morgan of host-to-host file traffic indicate that
the assumption of Poisson arrivals may not be justified.’

The purpose of this section is to find out how sensitive the average
delay is to the assumption of Poisson arrivals. We will see that in the
exhaustive service model, the average delay can be significantly greater
with bursty arrivals than with Poisson arrivals with the same rate.

Specifically, we assume that the bursts arrive according to a
Poisson process with rate A\, and the burst sizes By, By, --- are iid
with

P{B, =i} = (1 — £)&7, i=1,2, ...

This arrival process can be interpreted as one where messages arrive
according to a Poisson process with rate \,, and the jth message
consists of a random number of packets with a geometric distribution.
One reason for choosing a geometric distribution is that it equates the
average delay of a packet and the average delay of a message (see
Halfin'®). (The delay of a message is the delay of its last packet.)
Another reason is that it uses only one parameter, and so we can
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specify the mean (Mt, say) and variance (Vt, say) of the number of
arrivals in an interval of length ¢ and then solve for A, and ¢. Doing
so yields

2M? V-M
Y=y W Sy
Letting z = V/M = 1 yields
2M z—1
)\b_1+z and g (20)

Equation (20) relates the parameters we might obtain from meas-
urements, M and z, to the parameters of the model, A\, and £.

We will now obtain the delay of an arbitrary packet in the steady
state. The analysis is similar to the analysis in subsection 3.2; as
before we assume that the stations have statistically identical arrival
processes.

The analog of the Pollaczek-Khintchine formula for compound
Poisson arrivals is given in Burke.'! In our notation, the formula is

MAZ(1 + £) EA
20—p) 1-¢

E(D) = (21)
where p = MA/(1 — £) = MA,

To obtain the mean and variance of the vacation times, let X
denote the number of packets at station 1 at the end of a vacation.
From theorem 4.7 in Ref. 3, for R <1

_yMQA - p)
E(X) = “1-Rr (22a)
and
Var(X) = (T)fLR)Q [1 =N+ 1)p+ (2N — 1)p?]. (22b)

Since X is the number of packets that arrive in an interval of length
T,

E(X) = ME(T), (23a)
and
Var(X) = E[Var(X | T)] + Var[E(X| T)]
= E[VT] + Var[MT]
= VE(T) + M*Var(T). (23b)
From egs. (22) and (23) we obtain
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E(T?) Var(X) V.
BT - mBEx) a2 D

_ (N = 1)VA? + v(1 — p)?

a-p(-R) &
Substituting egs. (21) and (24) into eq. (1) yields
o NAL+E) L A (N-1)VA* + y(1 - p)?
EDY="50-pn T1-:' 1-pa-B
Using eq. (20) yields
E(D*) = . RAz Y1 —-p) (z-1A _ pAz(z — 1) (25)

(1-R) 21-R) 2 21 — p)(1 + 2)°

To compare egs. (6) and (25), let a subscript z denote batch arrivals
with variance to mean ratio z. Then

Az —1)  pAz(z—1)
201 —-R) 21 —-pA+2)

When N is large, so that p is much smaller than R, the first term
dominates, especially in heavy traffic.

Table II shows the values of E(D}). The case E(D¥) represents
Poisson arrivals. The data are the same as in Section IV: A =7 =10
us, and N = 50.

Table II shows that bursty traffic can have much larger expected
delays than Poisson traffic with the same arrival rate. A crude ap-
proximation of the increase is E(Df) = E(Df)vz — 1 for 2 < z < 10.
Even when z = 10 and R = 0.9, the mean delay is less than 1 ms.

E(D?) — E(D*) =

VI. CONCLUSIONS

We have three conclusions. The first is that the approximations
presented in Section III are sufficiently accurate for data transport
performance studies of Fasnet. The second is that p,.x = 3 appears to
be a good choice if the offered traffic is reasonably smooth (Poisson)
and approximately equal to all stations. The third is that Fasnet
should be able to provide 1-ms average-delay performance for bursty
traffic.

Table I—E(D2) in us for several values of z

E(DY) E(D?) E(D3) E(D)
R=038 94 119 193 318
R=09 192 242 392 642
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Exponential Smoothing (ES) as a forecasting technique has been exten-
sively used since its introduction in the 1960s. It is simple, hence easy to
implement, and in many cases performs surprisingly well. However, many
phenomena require a more sophisticated forecasting technique. In this paper
we introduce a new forecasting technique, Adaptive Gradient Exponential
Smoothing (AGES). This technique extends the classical ES as used on simple
data or on data with linear trend. For data with both linear trend and seasonal
effects this extension results in a new and more general form of ES, which is
presented in this paper. The new forecasting technique is tested on simulated
data and some real data of the types mentioned above, and its performance in
all these tests is clearly superior to ES. It is shown by analysis and by the
experimentations that for certain types of data it does in fact converge to the
optimal (in the mean square error sense) forecasts.

. INTRODUCTION

The need for quick and reliable forecasts of various time series is
often encountered in economic and business situations. In the Bell
System, forecasting is used to help plan trunk and facilities for the
telephone network,'® as well as to project computer workload, to
determine staffing levels for operators or service observers, and more.

Many forecasting techniques exist and different time series may
require different techniques. In general, there is a clear trade-off
between simplicity (resulting in cheaper implementation) and per-

* Bell Laboratories.
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formance of the forecasting technique. One of the simplest forecasting .
techniques, Exponential Smoothing (ES), has surprisingly good per-
formance. This technique was presented originally by Winters* and
Brown® and is described briefly in Section II. In Ref. 6 the optimality
properties of ES are studied and we expand on these studies and use
the conclusions as the basis for a new technique we introduce here.

In fact, these studies revealed a relationship between the ES and
the Autoregressive-Integrated Moving Average (ARIMA) model-fit-
ting-based forecasting suggested by Box and Jenkins.” This is further
discussed in Section III.

The extensive use of ES clearly indicated that for time series with
nonstationary discontinuities or changes in the generating parameters,
ES performance is not satisfactory. This prompted a number of
researchers to develop the Adaptive Exponential Smoothing (AES)
idea. In these techniques the algorithm is supposedly evaluating its
own performance and correcting its parameters to obtain improved
performance. Recently, the existing AESs (see, for example, Refs. 8
through 11) were reviewed critically by Ekern.’? One of the points
raised in Ref. 12 was that none of the existing AESs is supported by
analysis or general performance claims (e.g., optimality). In addition,
it should be pointed out that only Roberts’ and Reed’s AES!! can be
used on data with both linear trend and seasonal effects, while the
other AESs are limited to simpler data and have no natural generali-
zation.

In this paper we present a new AES algorithm, which we call
Adaptive Gradient Exponential Smoothing (AGES). This technique
naturally generalizes to data with both linear trend and seasonal effect.
In addition, analysis of AGES for simple data and extensive simula-
tions, using simple as well as more general data, strongly suggests that
this technique converges to optimal performance in the mean square
error (MSE) sense.

Section II presents ES as commonly used. A new, more general form
is developed with a discussion of its optimal properties. The new
technique, AGES, is derived and presented in Section III, while the
results of experiments with this technique on both real and simulated
data are presented in Section IV.

1. EXPONENTIAL SMOOTHING AND ITS OPTIMAL PROPERTIES

First we consider ES as Winters* did for three types of data: simple*
(S), with linear trend (LT), and with both linear trend and multi-
plicative seasonal effects (LSM). Common to all the configurations is

*Simple data are of the form a + n(t), where a is a fixed value and n(t) is noise with
Zero mean.
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the following: a time series {x(t)} is measured every time interval T'
(e.g., hour, day, or week), and ¢ is an integer representing the time 7.
Then, one is interested in forecasting the value x(t + 1)* based on the
data available up to and including t, namely x(0), x(1), -- -, x(¢).

If (¢ + 1) denotes the forecast, carried out at time ¢ for x(¢ + 1),
from Ref. 4 we have (using our own notation for consistency with the
discussions in the sequel), for S data:

£t + 1) = ax(t) + (1 — a)i(t) (1a)
0<a=l; (1b)
for LT data:

it + 1) = d(t) + b(t) (2a)
a(t) = ax(t) + (1 — a)fd(t — 1) + b(t — 1)] (2b)
b(t) = Bla(t) — 4(t — ] + (1 — B)b(t — 1) (2c)
0<aqfB8<1; (2d)

and for LSM data:
&t + 1) = (6(t) + b(t))ét — L + 1) (3a)
i(t) = a 6(:(_’5)L) +(1- Q-1 +b@E-1] (3b)
b(t) = Bla(e) — d(t — D] + (1 = B)b(t — 1) (3c)
{0 =y 55+ (1= i - ) (3d)
0<afv=<1, (3e)

where L is the known periodicity of the season.

In all the equations above, the parameters «, 8, and +y are called the
“smoothing coefficients”.

Our first step is to rewrite eq. (1) and, more importantly, eq. (2).
This provides the basis for a new form of ES for LSM data, more
general than (3). The new form, which is a natural extension of (1)
and (2), suggests types of data for which the ES algorithm can result
in optimal (in the MSE sense) performance.

Equation (1) can be readily rewritten as

2t + 1) =0&0E) + (1 — 0)x@), (4a)

*Note that we restrict our discussions to one-interval-ahead forecasting with the
understanding that it can be generalized to more time intervals ahead.
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where clearly
hi=1-a (4b)
With some algebra one can show that eq. (2) is equivalent to
i+ 1) = 0,£(t) + boii(t — 1)

+ (2 = B)x(t) — (1 + B)x(t — 1), (5a)
where

b=2-a(l+8) (5b)

0y =a — 1. (5¢)

The basic difference between (2) and (5) is that (5) reflects the
assumption that the noise-free part of the data x(¢) is generated by
the difference equation

y(@) =2yt —1) +y(t—2) =0, (6)
while (2) reflects the assumption that the solution of (6) is
y(t) = a + bt. (7)

[Note that in (2) @(t) is the current estimate of ‘a + bt’ and b(¢) is the
current estimate of ‘b.’]

The ES as given in (38) for LSM data is clearly based on the
assumption that the noise-free part of the data has the form

y(t) = (a + bt)ce(t), (8a)
where
c(t + L) = c(2). (8b)
The difference equation satisfied by (8) is
y(@) — 2y(¢ = L) + y(t — 2L) = 0, 9)

and the corresponding ES

M M
it+1) =Y it—j+1) — X dxt—j+1)
j=1

+ 2x(t—L+1)—x(t—2L+1). (10)

The parameters @j, j=1, ..., M and the constraints they have to
satisfy are discussed later. Also, the claimed correspondence between
(9) and (10) will become more apparent in later discussion.

At this point, however, we emphasize that while (7) is the general
solution of (6), and thus (2) and (5) are equivalent, (8) is only one of
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many possible solutions of (9). Hence (10) represents an ES form that
is more general than (3).

Similarly, data with linear trend and additive seasonal effects*
(LSA) have the underlying difference equation

) —yit—-1)—yEt—-L)+y¢t—-L-1)=0 (11)
and the corresponding ES is
M R M R
M+1)=Y6gt—j+1)— Y bxt—j+1)
j=1 j=1
+x(t) + x(t — L+ 1) — x(t — L). (12)

To unify and simplify the discussions ahead we introduce the
following notation. Let D be a unit delay operator, namely Dx(t) =
x(t — 1), and let A(D) be a polynomial in D such that

1 for S data
_ 2-D for LT data
AD) = 2Dt — p-t for LSM data (13)
1+ D¥'— Dt for LSA data.
With these definitions (4), (5), (10), and (12) can be unified as
M
it +1) =3 D71 E@E) — x(t)) + AD)x(2), (14)

Jj=1

where M = 1 will result in (4) and M = 2 in (5).

It should also be pointed out that the ES as given by eq(s). (1) [(2)
or (3)] has an implicit assumption in it. The assumption is that one
(two or three) coefficient(s) can, in fact, smoothen the data. In other
words, M in (14) is equal to one (two or three). However, its general
form, (14), allows for a larger number of coefficients to get better
approximations.

To observe the optimal properties of the ES forecasts we define the
forecast error as

e(t) = x(t) — x(t) (15)

and use as our criteria for the forecast quality the mean square error
(MSE), ie., Efe%(t)}. With this in mind, it is clear that optimal
performance is achieved if the e(t) becomes a white noise sequence
(i.e., independent and identically distributed with zero mean). Namely,
the ES technique, while assuming knowledge of the generating process
for the noise-free component of the data, attempts to “whiten” the

*This type of data was not addressed in Ref. 4 and, as far as we know, no form of
ES applicable to it was proposed before the one here.
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noise component. This attempt implies an underlying assumption that
the data are generated through, or at least approximated by, the
process

M
[1 — DA(D)]x(t) = [1 -¥ 0,-D’] e(t), (16)
j=t
where ¢(¢) is a white noise with variance ¢2.

Substituting (14) and (16) into (15) results in

M M
[1 - 2 0]'D"] e(t) = [1 - E (),-D’] e(t). (17)
j=1 j=1
This equation satisfied by e(t) is the basis of our claims for correspond-
ence between egs. (9) and (10), and (11) and (12). Equation (17)
immediately suggests the conditions for optimal forecasting. First, to
get bounded MSE one must require:

Condition 1: All zeros of the polynomial [1 — 2X, 6;M] are outside
the unit circle.

If, in addition, we also require:
Condition 2: 8;=6;,j=1,2, ---, M,

then, clearly, from eq. (17), e(t) will converge to e(t) and optimal
forecasting (in the MSE sense) is achieved.

Remark 1: As we discussed here, the sufficiency of Conditions 1 and
2 is quite obvious; however, they are also necessary. This
is argued in Appendix A.

Remark 2: In Ref. 4 a and 8 for LT data are restricted to interval
[0, 1], which corresponds to the set S, in Fig. 1. The actual
constraints follow from applying Condition 1 to the M = 2
case. This results in the set S; in Fig. 1, which clearly
contains S; and is considerably larger. Allowing for a larger
constraint set for ; and 6, (or, correspondingly, «, 8) will
result in more cases for which ES could result in optimal
performance.

ill. ADAPTIVE GRADIENT EXPONENTIAL SMOOTHING

In the previous section we argued that for data that can be approx-
imated by (16), forecasting with ES of the form (14) can result in
optimal performance in the MSE sense. To achieve this, Conditions 1
and 2 must be satisfled. However, while Condition 1 can be satisfied
by proper choice of 6;, Condition 2 is, in general, hard to satisfy since
the values of #; in eq. (16) are not known. Basically, the ARIMA
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Fig. 1—The constraint sets:
S, = I(?)x, az): |92| <1, b+ 6, < 1, b, — 6, < 1}
Sz=[(51,52)191=2—a(1+ﬂ),ag=a—l,0<a,ﬁ<1}.

model-fitting-based forecasting” deals with exactly this type of prob-
lem. The 0,-’§ of eq. (16) are estimated and these estimates are then
used as the 6;’s in eq. (14) in an attempt to satisfy Condition 2. In the
ES algorithm no such attempt is made. In practice, the forecasters
using ES choose some fixed values for the 6;, which satisfy Condition
1 [or even more restrictively, e.g., eq. (2d)]. These values are based on
intuition, experience, and familiarity with the data they forecast.
However, considerable differences between the underlying 6;’s and
the chosen éj’s can result in significant performance degradation. This
is demonstrated in Fig. 2 for the case M = 2. The MSE for this case
was computed in a closed form as a function of 6, and 6, for some
fixed 8, and 6, and graphed in the figure. Together with phenomena
like nonstationary discontinuity* and changes in the data-generating
process (i.e., the 6; change values), this resulted in unsatisfactory
performance of the ES. The realization of what may cause this poor
performance brought about the idea of using adaptive schemes where

*Step-like changes in the data.
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MSE — MEAN SQUARED ERROR

Fig. 2—The mean squared error as a function of the data-generating parameters for
M = 2. (The smoothing coefficients are fixed at 6, = —0.3, 82 = —0.3.)

the 5; are not fixed but are adjusted in an attempt to improve perform-
ance.

Compared to the existing Adaptive Exponential Smoothing (AES)
techniques (see, e.g., Refs. 8 through 11), the new technique we
introduce here is analytically more sound and there are strong indi-
cations that it converges to opptimal performance in the MSE sense
for the data approximated by (16).

This new technique is based on the gradient search for the minimum
of the MSE. If the MSE would have been available as a function of
the 6;, then one could compute the gradient

_ 0E{e*(t)}
T

v (18)

where 6 = [6;, 8, - - -, 07, and recursively update the 3,- through
it + 1) = 8(t) — v, (19)

where u > 0 is the adaptation constant. This is the gradient search
technique, sometimes referred to as the steepest descent technique. In
general, however, the MSE is not available as a function of the 6;;
hence, neither is the gradient. Instead, we use an instantaneous
estimate of this gradient. To get this estimate we replace E{e®(t)} by
e%(t) and the gradient by

200 _ ey 2O,
T b

<P

(20)
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Let us denote

de(t)

s(t) = a0

as the “sensitivity vector,” since it gives an indication of how sensitive
the error e(t) is to the values of 9,~.

While s(t) is not available we can use eq. (17) to develop a means
for generating it. Let us take partial derivatives of both sides of this
equation with respect to §. Since the right-hand side does not depend
explicitly on 6 we get:

M
(1 - 2 @-DH) Sj(t) = Dj"le(t) ] = 1, 2, ey, M. (21)

i=1

At this point we are ready to introduce the Adaptive Gradient
Exponential Smoothing (AGES) technique. Combining egs. (14), (19),
(20), and (21) we get:

the forecast:

M
it +1) = AD)x(t) — 3 Bi(t)e(t — i+ 1) (22)

[see definition of A(D) in eq. (13)],

the sensitivity functions:

M
st +1) =3 Bie)s;t —i+1) +elt —j+1)

i=1
j=112’ ---,M, (23)
and the coefficient adjustments:
Bt +1) = §(t) — 2ue(t)si(t) j=1,2---, M.  (24)

Recall that the error e(t) = x(t) — £(¢).

Both our simulations and our experiments (as described in the next
section) strongly indicate that AGES converges to optimal perform-
ance through convergence of #;(t) to 0;. Namely, the error e(t) is
adaptively whitened. Despite these indications, since the resulting
equations are quite complex, a global proof of convergence of the
AGES technique is beyond the scope of this paper. However, we
conclude this section by treating the special case M = 1 and show
local convergence properties for it.

Let M = 1; then egs. (17), (23), and (24) become

e(t + 1) = 0,(t)e(t) + e(t + 1) — bre(t)
si(t + 1) = hi(t)si(t) + e(t),
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and
8t + 1) = 0,(¢) — 2ue(t)si(t).

Assuming 8;(t) is independent of e(t) and s;(t) (similar assumptions
are common in convergence proofs of adaptive filters) and observing
that E{e(t)-e(t)} = o2, E{e(t)-e(t + 1)} = 0, E{s(t)-e(t)} = 0 we get

Ele’(t + 1)} = E{3(t)}- E{e*(t)}
+ o1 + 68 — 26,E{6:(t)}]
Efsi(t + 1)-e(t + 1)} = E{63(t)}-E{s(t)-e(t)}
+ E{6,(t)}-EfeX(t)} — 0ic%>
E{fy(t + 1)} = E{6\(t)} — 2uEls:(t)e(t)}. (25)

If we assume in addition that 6,(¢) has a small variance, namely
E{63(t)} = [E{6:(t)}]*> (the simulation results tend to support this
assumption), defining

1(t) = Efe’(t)} — o

v2(t) = Efsi(t)-e(t)}

vs(t) = E{6i(t)} — 0, (26)
and substituting in (25) results in

v1(t + 1) = [ya(t) + 0.P271(t) + o[va(t)]?
Yot + 1) = [ys(t) + 0u]Pv2(8) + [va(t) + 0:]va(t) + o2ys(t)
va(t + 1) = y3(t) — 2uy2(t). (27)

Clearly, if we could prove that v,(t), v2(t), and vs(t) converge to the
origin globally (i.e., independent of the initial values), it would mean
that [see eq. (26)] the MSE converges to the minimum o2 and E{6,(t)}
converges to ;. However, despite strong indications from our simula-
tions that these variables do converge globally, we can prove only local
convergence. In addition, the proof provides an indication as to how
to choose the parameter u.

Let us linearize eq. (27) around the origin to get

it + 1) = 03y1(¢)
valt + 1) = 03y2(t) + 01v1(t) + o2ys(t)
va(t + 1) = y3(t) — 2uy2(t). (28)
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The coefficients matrix is

2 0 0
A= 01 0% 0’2
0 —2u 1

and to ensure convergence all eigenvalues of A must be within the unit
circle. The eigenvalues of A are

A = 3%
Aes = 1/2{1 + 6% + [(1 — 6})* — 8ua®]"%),
and it can be verified that choosing

1-—62
202

< (29)
will guarantee the convergence of eq. (28).

Condition (29) implies that if | 6, | is close to one, p must be chosen
very small and the convergence will be slow. Again, our simulation
experiments verified this observation.

IV. SIMULATION RESULTS

We divide our experiments with AGES into two parts. In the first
part we applied both ES and AGES on data generated by the computer

I
AGES — ADAPTIVE GRADIENT EXPONENTIAL SMOOTHING
9 ES — EXPONENTIAL SMOOTHING

MEAN SQUARED ERROR (X 0°2)

Fig. 3—Comparison of forecasting performance between ES (8 = 0.8) and AGES.
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and compared the results. In the second part we applied the AGES to
real data that we took from Ref. 7.

Equation (16) was used to generate data of type S, LT, and LSM by
the computer. The results of applying both ES and AGES on these
data are presented in Figs. 3, 4, and 5 and in Table 1. Each point on
the curves of Fig. 3 corresponds to a complete run on a sequence of
data generated with the particular choice of the ;. The resulting MSE
for the ES and the AGES forecasts are presented and the comparison
clearly indicates the superiority of the AGES algorithm. In addition,
we observe that the AGES results, in almost all the runs, in a MSE
very close to the minimum, ¢

In Fig. 5, we followed the variation of the 6,(t) with time in a number
of runs. The results clearly show that the B:¢t) converge to the 6; from
a variety of initial values; this indicates global convergence properties.
Similar results are observed in Table 1 for data with seasonal multi-
plicative effects and linear trend. The 6;(t) clearly converge to the 6,’s,
and the MSE, when AGES is applied, is again very close to the optimal

T
AGES — ADAPTIVE GRADIENT EXPONENTIAL SMOOTHING
sl (b) ES — EXPONENTIAL SMOOTHING

MEAN SQUARED ERROR (X 02)
~

1

0 | ] 1 1 | | | ] | |
-1.8 -15 -1.2 -09 06 -03 O 03 06 09 12 15 18
6
Fig. 4—Comparison of mean squared error in forecasting with ES (§; = 6, = —0.3)

and AGES as a function of the data-generating parameters 6, and 6.. (a) 8, = —0.9.
(b) 6, = —0.6.
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0.6 #,=05

0.4

6 ()

(b)

0.4}~ T =02

0.2 \ #,=-02
1 I 1 1 Il i Il

8,
Fig. 5—Convergence of: (a) 8,(¢) to the optimal value §; in the AGES method. (b) :(¢)

and 6,(t) from various initial conditions to 8, and 6,, using AGES on data with linear
trend.

value, o2 From Ref. 7 we took data of the simple kind (no linear trend
or seasonal effects): The IBM common stock closing prices, daily,
from May 17, 1961 through November 2, 1962. On the data we applied
both ES and AGES and the results are presented in Fig. 6. Each point
on the curves corresponds to a run on the same data, each time with
a different coefficient (for the ES) and different initial condition (for
the AGES). The further the coefficient used in the ES is from 6,
(which in this case is equal to —0.1, as indicated in Ref. 7), the better
the performance is for AGES.

Further experiments were conducted on monthly international air-
line passengers data.” These data, as Fig. 7 indicates, are with linear
trend and multiplicative seasonal effects. We applied the AGES algo-
rithm (with M = 3) and the results are presented in Fig. 8. In Ref. 7
it is claimed that sometimes rather than work with the actual data it
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Table I—Comparison of MSE in forecasting with ES 6, =-02,0, =
0.5, 03 0.4) and AGES

Data-Generating Coefficients (and Adaptive Coefficients) MSE (X?)
01 (0,)* 05 (62) 03 (03) AGES ES
14 (1.39) -13 (-1.29) 0.8 (0.75) 1.1972 11.7155
2.1 (1.97) -1.95 (—-1.79) 0.8 (0.68) 1.3831 20.5821
0.75 (0.69) —0.6 (—0.56) 0.8 (0.78) 1.0749 5.1431
0.6 (0.6) —-0.75 (—0.76) 0.8 (0.77) 1.0600 5.0256
—0.75 (—0.73) 0.6 (0.6) 0.8 (0.79) 1.0663 1.3577
0.0 (—0.04) 0.0 (0.01) 0.0 (0.03) 1.0040 1.5737
1.0 (0.98) -1.0 (—0.99) 1.0 (0.94) 1.2001 8.6414
—0.2 (-0.16) _05 (0.49) 0.4 (0.4) 1.0397 1.0137
-0.1 (—0.09) 70.25 (0.26) 0.4 (0.41) 0.9973 1.0839
1.2 (1.19) —0.9 (—0.81) 0.4 (0.36) 1.1044 7.1069
1.8 (1.74) —1.35 (—1.24) 0.4 (0.34) 1.2192 13.0215
0.3 (0.31) —0.75 (—0.75) 0.4 (0.38) 1.0574 3.8630
1.0 (0.96) —-0.5 (—0.48) 0.0 (—0.04) 1.0605 4.2218
1.5 (1.42) —0.75 (—0.66) 0.0 (—0.05) 1.1165 6.9455
0.75 (0.77) 0.0 (0.03) 0.0 (0.03) 1.0212 2.4687
0.0 (—0.03) -0.75 (—0.74) 0.0 (0.02) 1.0314 3.5907
0.2 (0.19) 0.5 (0.53) —0.4 (—0.43) 1.0186 1.7692
1.2 (1.19) —0.15 (—0.14) —0.4 (—0.39) 1.1116 4.0338
-1.8 (-1.7) —1.35 (—1.22) —0.4 (—0.36) 1.2077 13.8494
—-0.3 (—0.3) -0.75 (—0.76) —0.4 (—0.39) 1.0438 4.6957
—0.75 (—0.79) —-0.3 (—0.28) —0.4 (—0.38) 1.0062 3.9623
0.4 (0.43) 0.5 (0.49) -0.8 (—0.78) 1.0461 2.6126
-0.7 (—0.73) —0.65 (—0.62) —0.8 (—0.8) 1.0670 6.1628
—-0.6 (—0.61) -0.75 (—0.75) —0.8 (—0.79) 1.0815 6.8677
—=0.75 (=0.74) —0.6 (—0.56) —-0.8 (—0.74) 1.1065 7.0182
-0.5 (—0.52) —-0.4 (—0.38) —0.8 (—0.81) 1.0759 5.1676

* The values to which 0;(t) converge are given in parentheses.

is more convenient to work with the logarithm of the data. As we
argue in Appendix B, these logarithms, as data, have linear trend and
additive seasonal effects (see Fig. 8). Hence, on the logarithms we
applied AGES for linear trend and additive seasonal effects and the
results are presented in Fig. 8a (M = 3). We used the same data (the
logarithms) to see whether the performance improves with larger M.
AGES was applied with M = 13 and the results, as presented in Fig.
8b, clearly indicate that for this data M = 3 was sufficient.

V. CONCLUSIONS

In this paper we have introduced a new forecasting technique,
Adaptive Gradient Exponential Smoothing (AGES), which is based
on Exponential Smoothing (ES). We have elaborated on the optimality
properties in the MSE sense of the ES. For certain types of data, the
ES can result in optimal performance provided some coefficients are
known. In general, these coefficients are unavailable, and the AGES
shows strong indications of converging to these unknown coefficients
and providing optimal performance.
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Fig. 6—Comparison of performance of forecasting with the ES (varying the coefficient
in each run) and the AGES methods.
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Fig. 7—Forecasting with AGES international airline passengers (M = 3). (Note that
these data have linear trend and multiplicative seasonal effects.)

Clearly, more extensive experiments and practical use of the pro-
posed forecasting technique, the AGES, are required. A user-friendly
software package can be developed for implementation of this tech-
nique if sufficient interest is generated.
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APPENDIX A
Necessity of Conditions 1 and 2 for the Convergence of e(t) to (t) in
Equation (17)

Condition 1 is clearly necessary (as well as sufficient) for the
convergence of E{e’(t)} to a finite value. We want to show that
Condition 2 is necessary for E{e®(t)} to converge to o2

Let

Yee(r) = Efe(t)-e(t — 7)} (30)
and
Yeer) = Efe(t)e(t — 7)}. (31)
Clearly,
YeelT) = Yeel—7) (32)
and, from eq. (17) and the definition of «(¢)
Ye(—7) = 0. (33)

With these definitions it follows from eq. (17), after transients die,
that

76((0) = 02
'Yee(]-) - éI'Yee(o) = —010'2
Yel2) = Br¥ed1) = B27e0) = —B0°

Yei(M) - al’Ye((M - 1) —_— i —- aM‘YEc . _6M0_2’
or in matrix form
1 0 0 --- 07 _ -1
—01 1 O cee O 72&2?; 01
-6, —6; 1 ... 0 free y
. . . s e . — _02 . ) (34)
| =0 —Op—1 - - 1| Ye(M)_| O]
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Also,

Yeel0) = Orvee(1) = Bryee(2) — - -+ — Baryee(M)
= Ye0) = O1ve1) — -+ - — Omye M)
Yeel) = 01%ee(0) — Bryeell) — -+ = ByryeeM — 1)
= =017e(0) — -+ - = OpryeM — 1)
Yeel2) = Or¥ee(1) = Bryee(0) — -+ - = BpryeeM — 2)
= —02Yee(0) — + -+ — Omye M — 2)
YeelM) = Brvee(M — 1) = frveelM — 2) = -+ = B3r72e(0)
= —Opmyel0)

or again in a matrix form

I 1 0 0
- 1 o0

0 6 6,
0 0 0
0 6; 0,
0 Oy O
L 0 0 O

1

_01

_02

L Om

2578 THE BELL SYSTEM TECHNICAL JOURNAL, OCTOBER 1983

- OO O

1

Om-2 Om-1 Om

Om—1 Om
On 0
0 0
0 0
-0, —0;
—b0, —0;
—0; —04
0 0

0
0

Y [ veel0) |
'Yee(l)
Yee(2)
} .
Yee(M)
_1J _'Yee(M) _
—BMT 0 'Yee(o)—
0 Yee(1)
0 Yeel2)
0 L vee(3)]

(35)



Now, if we claim that e(¢) converges to e(t), it means that
2
_ 9 _Jo® for 7 =0
Ye) = b(r)o” = {0 for 7 # 0
and
7ee(7) = 6(7')0'2-
Then, substituting this in (34) or (35) results in
bj=6 for j=1,2, ..., M,

which is Condition 2. Hence this condition is necessary as claimed.

APPENDIX B

Possible Transformation of Multiplicative Seasonal Effects Into Additive
Seasonal Effects

Suppose we are given data of the noise-free form

y(£) = (a + bt)e(t)
olt + L) = c(t) } (36)

which is with linear trend and multiplicative seasonal effects.
Let

2(t) = Log[y(¢)]. (37)

Then substitution of (36) gives (if we assume bt < a, which is true in
most real data):

2(t) = log a + log <1 + g t) + log c(t)

zloga+§t+logc(t)

= a+ bt + &), (38)
where
a=1loga
b="2
a

¢(t) = log c(t).

Hence z(t) clearly has the form of data with linear trend and additive
seasonal effects.
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COSMOS—the Computer System for Main Frame Operations—is an op-
erational support system that inventories and assigns central office facilities
to serve customer circuits. As part of this assignment responsibility, COSMOS
must provide the central office personnel who will physically connect the
circuit not only with information about the facilities to be connected, but also
the order in which they will be connected (i.e., connection sequence or
“connectivity”). Also, COSMOS must determine the' circuit connectivity to
permit automatic assignment of tie pairs—inter- and intra-frame cables that
permit the connection of facilities that are widely separated physically. A new
algorithm has been added to COSMOS to permit the determination of con-
nectivity. This algorithm is based on the algorithm that determines the
minimum-weight spanning tree of a connected graph. However, the algorithm
is specialized for COSMOS by taking into account such factors as minimizing
the maximum number of connections at any node and restricting certain nodes
to a maximum number of connections.

I. INTRODUCTION

When a mechanized system assigns facilities to provide a telephone
circuit (to fulfill a request for service, say), it must accomplish three
things. It must

1. Determine which facility types are required to provide the service

* Bell Laboratories.
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2. Select a particular unit which is available for each such facility
type

3. Determine the circuit topology of the assigned facilities.

Steps 1 and 2 can be reduced to an algorithm using straightforward
procedures. Step 3, however, has proved to be difficult and has been
left for manual determination in all but the simplest cases. In this
paper an algorithm is reported that has been successful in determining
the circuit topology for most of the circuits encountered in telephony.

II. A PARTICULAR APPLICATION—COSMOS

COSMOS is the name of a minicomputer system (DEC PDP 11/70
and PDP 11/45) designed for use by telephone operating companies
to assign and administer central office equipment.! A major impetus
for its development and continued deployment is to increase the
efficiency of central office personnel who must physically connect,
rearrange, and disconnect facilities to provide service to customers.
Accordingly, an important feature of COSMOS is its ability to produce
a report (called the Frame Output Report or “FOR”) for the central
office personnel that clearly specifies what should be connected to
what. Most circuits for which COSMOS must create a FOR are simple,
i.e., only two facilities must be interconnected on the frame. Some
circuits, however, can be quite complicated in that some facilities in
the circuit must be interconnected in series while others must be
connected in parallel. An example of such a case would be a circuit
with a main line and an off-premises extension where the bridge point
is in the central office. This example becomes more complex if signal
conditioning equipment must be placed in series with each line.

Such an example is illustrated in Fig. 1. This circuit includes a main
line (cable pair 4-980) and three off-premises extensions (cable pairs
4-981, 4-982, and 4-983). Each cable pair must be connected to the
line equipment through a bridge lifter (BL 49, 50, 51, and 52). Since
the bridge lifters are located on a different frame from the line
equipment and the cable pairs, tie pairs (TP 107, 304, 305, 306, and
307) must be used to interconnect all the components of this circuit.

Since the FOR must unambiguously state how the connections are
to be made, either the person establishing the order for service in
COSMOS must provide the connection sequence (“connectivity”), or
COSMOS itself has to be capable of determining the connectivity. All
initial versions of COSMOS had to be connected manually. Starting
about 1977 logic was added so COSMOS could automatically determine
connectivity in certain situations. The current generic of COSMOS
(generic 9.0) is being developed to incorporate connectivity determi-
nation in all cases but still allow the user to manually override the
automatic connectivity logic if necessary. This paper presents the
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Fig. 1—Example of a main line with three off-premises extensions.

algorithm developed to achieve this capability and illustrates how it
benefits the COSMOS user.

IIl. REVIEW OF COSMOS CAPABILITIES

As we already mentioned, COSMOS accepts a service order as input
and creates the FOR as output. The service order is input to COSMOS
by a clerk in the Loop Assignment Center (LAC). Certain information
must be entered by the clerk so the order can be processed by
COSMOS, while other information is optional, depending on the
particular order. The required information is the order number and
the order due date. If a switching equipment connection is to be
assigned to the customer, then the switching equipment features and
the customer class of service must be specified also. Specific facilities
to be assigned to the customer can either be specified when entered or
automatically assigned by COSMOS. Actually, the automatic assign-
ment takes place in two levels, depending on the facilities: 1) COSMOS
determines the need for the facility and then selects a particular
facility for the circuit, or 2) the LAC clerk specifies the need for a
facility on input and COSMOS selects a particular facility for the
circuit. Table I lists the facilities administered by COSMOS and how
they are selected for a particular circuit by COSMOS—i.e., manual
specification of the particular facility, manual specification of the need
for the facility, or complete automatic selection by COSMOS. Table I
also specifies that some facilities are terminated on a Main Distrib-
uting Frame (MDF), while others are not. The facilities that are not
terminated on an MDF either have no physical termination (for
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Table I—COSMOS administered facilities

MDF Assignment Mode

Frame Ter- Need Full

Facility mination Manual Specified Auto
Telephone Number (TN) No Yes Yes No
Extra Number (XN) No Yes No No
Group (GP) No Yes No No
Terminal (TER) No Yes No No
Relay (RLY) No Yes Yes Yes
Message Register (MR) No Yes Yes Yes
Private Line Number (PL) No Yes No No
Special Equipment (SE) No Yes No No
Special Equipment (SE) Yes Yes No No
Cable Pair (CP) Yes Yes No No
Line Equipment (OE) Yes Yes Yes No
Concentrator (CON) Yes Yes No No
Tie Pair (TP) Yes Yes Yes Yes
Bridge Lifter (BL) Yes Yes Yes Yes
Trunk (TK) Yes Yes No No

example, telephone numbers, groups, and terminals on an electronic
switching system are software variables) while others are terminated
on an intermediate distributing frame [such as relays and message
registers on a No. 5 crossbar switching system (5XB)].

Appendix A describes an overview of the input language for the
Service Order Establishment (SOE) transaction. An appreciation of
the language is helpful in understanding the example presented in
Appendix B, which shows the effect of the connectivity algorithm on
the user input. The example in this appendix shows the service order
input, as well as excerpts from the FOR to connect the circuit shown
in Fig. 1. The detailed functioning of the connectivity algorithm for a
particular example is described in Appendix C.

So far, only orders resulting from customer requests for service have
been described as input to COSMOS. Another major source of input
to COSMOS are work orders; i.e., orders initiated by the telephone
company personnel to change out defective equipment or to rearrange
circuits to accommodate growth. These transactions also use the
connectivity algorithm.

IV. THE CONNECTIVITY ALGORITHM

The connectivity algorithm, which was first proposed by H. L. York,?
is based on the concept of a minimum-weight spanning tree of a
connected graph. For each circuit whose connectivity is to be deter-
mined, a graph whose nodes correspond to each of the elements of the
circuit is constructed. The edges of this graph are assigned weights
such that the smaller the weight the more likely the two circuit
elements (nodes) are to be connected directly to each other. The final
connections between the circuit elements is determined by finding a
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spanning tree whose edges have a total weight less than or equal to all
other spanning trees for this graph. Well-known methods are available
for finding the minimum-weight spanning tree of a connected graph.
One very straightforward algorithm is given by E. Horowitz and S.
Sahni® (see especially Section 6.2). An apparently more efficient
algorithm plus other extensions of the spanning-tree concept is given
by R. C. Prim.* As this paper describes later, none of these algorithms
could be applied directly to the COSMOS problem because of addi-
tional side-constraints that had to be imposed on real circuits. These
in turn led to a more efficient algorithm than can be obtained for the
general case. The problem of determining circuit connectivity is now
reduced to obtaining pair-wise connection weights for all facility
combinations and to specifying the particular algorithm for calculating
the minimum-weight spanning tree. These will each be discussed in
turn.

4.1 Determination of connective weights

In Table I, two types of special equipment (SE) are noted: those
with a frame location and those without. Even among SE terminated
on the frame there are subgroupings that must be treated differently
by the connectivity algorithm. These will now be described.

The SE file in COSMOS contains “miscellaneous” equipment that
is not explicitly recorded in any of the other COSMOS equipment
files. The name of the SE is created during the order input and a
record for the SE is allocated at that time. When an order to disconnect
the circuit is established and completed, the record allocated to this
SE is released to a list of free records. During input of the name of
the SE, the frame location (if one exists) is input also. The SE receives
special treatment by the connectivity algorithm, depending on the SE
name and the presence or absence of a frame location. The various
subcategories of SE are shown in Table II.

With these subdivisions of the equipment that can be represented
in the SE field, plus the other facilities that have frame terminations
as listed in Table I, the user can construct a complete list of facility

Table Il—Subcategories of special equipment

Input Action

If no frame location is input Ignore SE for connectivity determina-
tion

First two characters are RE Treat as a REG (repeater with gain)

First two characters are DL Treat as a DLL (dial Long Lines) unit

First two characters are VR Treat as a VR (voice repeater)—an ex-
ample would be an E6 repeater

First four characters are DPP- or char- Treat as a trunk

acter string begins with “.”
Anything else Treat as an SE

FACILITIES ASSIGNMENT 2585



types that must be processed by the connectivity algorithm. The next
step is to construct a matrix whose rows and columns represent each
of these facilities and whose elements are the numerical weights
associated with how likely the two facilities are to be connected directly
to one another. This will be referred to as the generalized weight table.
When the algorithm is presented an actual list of elements that must
be connected together, the weights for the graph constructed for this
circuit will be obtained from the generalized weight table.

The generalized weight table is constructed as follows:

1. All possible facility types are classified in four broad categories:
switching equipment, conditioning equipment, metallic facilities, and
tie pairs. In general, any circuit must be connected in the order:
switching equipment-conditioning equipment-metallic facilities. Tie
pairs are assigned as needed to facilitate these connections.

2. Table III shows this classification of facilities. When assigning
weights, the user should note that some conditioning equipment is
likely to be connected directly to another conditioning equipment of
the same type while other types would be unlikely to be connected
directly to each other. For example, if several bridge lifters (BLs) were
in the same circuit, they would likely all be connected together.
Facilities of this type are noted as “bunching” on Table III.

The range of weights is arbitrarily chosen to lie between zero and
one hundred. With the considerations just described plus a review of
many likely circuits, the generalized weight table shown in Table IV
was developed.

As mentioned earlier, for a particular circuit a graph is established
and the weights for the edges are taken from the generalized weight
table. After that step the weights are further modified if any of the
following additional information applies to the circuit.

1. If tie pairs are already present in the circuit (i.e., an existing
circuit is being modified), then the two facilities connected by the tie
pair are recorded in the tie pair record. The weight between these two
facilities and the tie pair is reduced to a small value.

Table Ill—Grouping of facilities
I Switching equipment Line equipment

II Conditioning equipment Bridge lifter (bunching)
Special equipment (RE)
Special equipment (DL)
Special equipment (VR)
Special equipment (bunching)

III Metallic facilities Cable pair
Trunk
Concentrator
Special equipment (DPP-)
Special equipment (.)
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Table IV—Generalized weight table

SE: SE: SE: SE: SE:
OE BL DL RE VR SE CP TK . DPP- CO TP
OE 90
BL 35 5

SE:DL 40 50 90

SE 45 55 10 15 10 10
CP 65 60 30 30 6 30 170
TK 65 60 25 25 5 256 7 170

SE:. 65 60 25 25 5 26 75 70 170

SE:DPP-| 65 60 25 25 5 256 7 70 70 70

CO 65 60 70 70 73 70 % T 1 75 90

TP 90 90 90 90 90 90 90 90 90 90 90 90

2. If a party circuit is being processed, then the facilities associated
with each party are identified by a party number. Those facilities that
do not belong to the same party have their weights increased to a
maximum value.

3. If a circuit with one or more off-premises extensions is being
processed, then those facilities belonging to the same “leg” will have a
Different Premise Address (DPA) value assigned to them. Conse-
quently, the weights are increased to a maximum value for those edges
connecting facilities in different “legs”.

4. Ifthe circuit contains tie pairs, then the weights between facilities
terminated on different frames will be increased somewhat. This is
done to avoid assigning tie pairs unnecessarily.

4.2 Fundamental considerations

There are two special conditions that apply to determining circuits
for central office facilities that do not apply to circuit connectivity in
general. Not only do these conditions enable COSMOS to determine
the correct configuration, but their use speeds up the algorithm as well
since some nodes can be eliminated from consideration after a certain
point in the algorithm has been reached. These special conditions are:

1. When a user is choosing among several Minimum-Weight Span-
ning Trees (MWSTs) (they need not be unique for a given graph), the
tree with the minimum number of branches at the node with the most
branches is preferred. An example of this is shown in Fig. 2. The
algorithm does not actually calculate all possible MWSTs and then
choose the one with the minimum number of branches at the node
with the maximum number of branches. Instead, several strategies are
employed, depending on the circuit being processed. If the circuit
contains office equipment (OE), then most nodes have a maximum
number of connections to them which is calculated before the MWST
processing begins (as described in item 2 of this listing). The only
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(b) CP — CABLE PAIR (c)

Fig. 2—The minimum-weight spanning tree showing (a) the graph; (b) a maximum
of three branches; (¢c) a maximum of two branches. In this case (c) is the preferred tree.

exceptions are nodes that represent BLs. To prevent all BLs from
connecting to one BL, the edge weights of all BL edges not yet selected
for the MWST terminating on a BL just connected are incremented.
For a circuit that contains no OE, the edge weights of all edges not
yet selected for the MWST terminating on a node that has been
selected for the MWST are incremented. These strategies direct the
algorithm towards selecting the MWST with the required branch
minimization. This requirement relates to how circuits are actually
wired on the frame. If too many connections must be made at one
terminal, the craftsperson may physically run out of room on the
terminal and thus be unable to complete all the connections. Also, if
an order is subsequently received to disconnect one of the legs of the
circuit, proper “housekeeping” might require dismantling all connec-
tions at a terminal and then reconnecting the remaining legs. This
process is much simplified if the number of connections at a terminal
is minimized.

2. When an OE is present in the circuit, each facility is allowed a
maximum number of “outward connections.” An outward connection
is defined as a connection away from the OE. When an OE is present,
it will be the root of the tree and therefore a direction away from the
OE (root) is always defined. The maximum number of outward con-
nections is determined by the following rules:

(a) Metallic facilities (see Table III) have zero outward connections
since they must always be at the outermost “tips” of the
branches.

(b) Conditioning equipment (see Table III) is allowed one outward
connection. In determining outward connections, a connection
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between two BLs is not counted. This is because a BL will
usually be at a branch point and therefore will have additional
outward connections.

(¢) If no BLs are present in the circuit, the number of outward

connections from the OE equals the number of metallic facilities.
If BLs are present, the number of outward connections from the
OE equals the number of metallic facilities minus the number
of BLs plus one. This formula reflects the actual way in which
such circuits are wired: If BLs are present, they are the bridge
point instead of the OE. In fact, BLs are often hard-wired in
parallel in anticipation of their use as bridge points.
This set of rules (a through ¢) constitutes the principal reason for a
speed-up of this algorithm over the general case, since once the
maximum number of outward connections is achieved, a particular
node no longer needs to be considered.

3. When an edge is chosen for the MWST, its weight is increased
to the maximum value (100). This was chosen as the most efficient
method to signal the algorithm not to consider this edge for the MWST
again.

4.3 Detailed description

This section describes determining the list of facilities to be con-
nected, the actual algorithm, and how the output list of facilities in
connectivity order is assembled from the internal tables populated by
the connectivity algorithm. This breakdown parallels the construction
of the actual software.

4.3.1 The list of facilities to be connected

Connectivity processing is initiated when another COSMOS module
determines that connectivity must be established. If this is the case,
the connectivity module is invoked and a list of facilities is presented
to it. Before this list can be passed along to the connectivity algorithm,
certain facilities must be “weeded out”.

There are two types of facilities that must be excluded from con-
nectivity considerations. The first type includes facilities that have no
mainframe terminations. These facilities are telephone numbers
(T'Ns), No. 1XB coded terminals (XNs), No. 5XB relays, electronic
switching system groups and terminals (GP and TER), and special
equipment (SEs) for which no frame termination has been entered.

The second type of facility that must be excluded is frame-termi-
nated facilities that will not be in the circuit at the time that the order
being processed will be worked. This situation can arise because
COSMOS allows multiple orders to be established on the same circuit
if they are logically consistent with one another. Thus order number
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1 with due date X may be removing facilities from an established
circuit while order number 2 (the one being processed, say) with due
date Y is adding facilities to the same circuit. If due date X precedes
due date Y, then in processing order 2 the facilities being removed by
order 1 should not be considered. However, if due date X is later than
due date Y, then all facilities must be considered in processing order
2.

With these two considerations, a list of facilities is prepared for
processing by the connectivity algorithm. After connectivity is deter-
mined for these facilities, those facilities that were excluded are added
to the end of the list of facilities that were placed in connectivity order.

4.3.2 The algorithm itself

The first step performed by the algorithm is to identify the equip-
ment types that have been presented to it. It then proceeds to calculate
the connection weights for all the edges of the graph describing the
circuit using the considerations outlined in Section 4.1. These weights
are stored in a weight table. Next the actual MWST processing begins.
This is facilitated by updating a “working” table. Each row of the table
contains the following information: facility, count of connections to
the facility, available outward connections, lowest connection cost,
and the facility connected by the “lowest connection cost” edge. Also,
as the algorithm proceeds, a third table, the connection list, is created.
The connection list table maintains a list of the edges selected for the
MWST.

The “working” table is populated as follows: each input facility is
placed into the table. Initially, the count of all connections to the
facility is set to zero for each facility. The available outward connec-
tions for each facility are determined based on the considerations
described in item 2 of Section 4.2. The lowest cost connection and the
corresponding facility are determined by scanning the weight table for
each facility. In case of a tie the first edge encountered in the weight
table is chosen for inclusion in the working table.

Now the first facility to be placed in the circuit must be chosen. If
there is an OE in the working table, it is chosen as the first facility;
otherwise the first facility in the working table is chosen. The first
facility and the facility it is connected to in the working table are
placed in the connection list.

In the following, the first facility is taken as a facility appearing in
the connection list. While there are still facilities that have not been
connected to the circuit, the following instructions are repeated:

1. Choosing among the facilities already in the circuit (i.e., in the
connection list), find the facility in the working table with the lowest
cost connection. In case of a tie take the facility that appears first in
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the working table. The facility connected by the lowest cost connection
edge will be referred to as the “new facility”; the original facility will
be called the “old facility”.

2. If the number of connections to the new facility is not zero, this
edge cannot be part of the MWST or else a cycle would be formed.
Skip to instruction 8 below.

3. Add this connection to the connection list.

4. Increment the number of connections for the two facilities.

5. If the circuit contains an OE, decrement the number of available
outward connections for the old facility unless both facilities are BLs.
If both facilities are BLs, add one to the cost of all edges in the weight
table that emanate from the old BL. This will reduce the maximum
number of connections made at one bridge point, as explained in
Section 4.2.

6. If the circuit contains an OE, and if either the old or the new
facility (or both) have zero outward connections available, change the
costs in the weight table for all edges emanating from such a node to
a maximum value.

7. If the circuit does not contain an OE, and the old facility has two
or more connections, add one to the cost of all edges in the weight
table that emanate from the old facility node.

8. Change the cost of the edge in the weight table that connects the
old and the new facility to a maximum value.

9. Reestablish the working table based on the new weight table
costs.

We may now assume that all facilities have been placed in the
connection list. (Note that if there are N facilities to be connected,
there will be N-1 entries in the connection list so that the end of the
algorithm is readily detected.) Now the connection list must be con-
verted to a linear list. A tree will be described by a linear list that
enumerates each branch, one after another. The beginning of a new
branch is detected by the repetition of a facility that already appears
higher up on the list (the branch point).

The algorithm for creating the linear list makes use of the working
table left over from the MWST algorithm and the connection list. The
algorithm

1. Searches the working table (in reverse order) until a facility is
found with only one connection. This facility is one end of a branch.
It places the facility in the linear list.

2. Searches the connection list (in reverse order) for the facility just
placed in the linear list. It places the facility connected to it in the
linear list.

3. Decrements the connection count for both the old and the new
facilities. It removes their connection from the connection list.
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4. If the connection count for the new facility is greater than zero,
it repeats Steps 2 and 3. If the connection count for the new facility
is zero, the end of the current branch has been reached. It will then
go to the next step.

5. For each facility already on the linear list, it determines the
number of remaining connections in the working table. If all connec-
tions are zero, the linear list is complete. Otherwise, it selects the first
facility encountered with a nonzero connection count.

6. Enters this facility in the linear list and proceeds to Step 2.

Note that the lists in Steps 1 and 2 are searched in reverse order so
that the frame instructions are in a more “pleasing” sequence: line
equipment first, then the first “leg”, then the second “leg”, etc.

The connectivity algorithm is now complete. The facilities that were
excluded from consideration at the start of the algorithm can be added
to the end of the list.

The steps just described are applied to a particular example in
Appendix C.
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APPENDIX A
COSMOS Service Order Language

When COSMOS is ready to accept a command, it will print a
prompt (%). Immediately preceding the prompt character two alpha-
numeric characters are printed. These two characters represent the
wire center with whose facilities the user wishes to work. The wire
center is identified by the user at log-in time.

After the prompt letters have been printed the user can enter the
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transaction name. All service orders are initiated in COSMOS through
the transaction SOE (Service Order Establishment). Particular inputs
to SOE are established on separate lines, as many as are needed to
specify the order.

The first character of the first input line must be an H (standing
for header). The remainder of the line contains general data pertaining
to the order. Typical data items that appear on this line are the order
number (identified by the prefix ORD), the order type (OT), and the
due date (DD). The prefix-data groupings are separated by a vergule
(/). This applies to all line types, not just to the H line.

If all the data do not fit on the first H line, they may be continued
on subsequent H lines. Once all the header data have been entered,
facilities to be connected on the order are entered on a line (or lines)
whose first character is I (standing for “in”). Facilities to be discon-
nected by the order are entered on a line (or lines) whose first character
is O (standing for “out”). Typical data items that appear on I or O
lines are Cable Pair (CP), Telephone Number (TN), Office Equipment
(OE), Universal Service Order Code (US), features (FEA), Telephone
Number Exchange code (NNX), and Resistance Zone (RZ).

In the case of facilities that are automatically assigned by COSMOS,
the facility prefix may be followed by a question mark (?). This is a
signal to COSMOS to assign the facility automatically. For example,
if COSMOS is to select a telephone number somewhere on the I line
the construction

should appear. However, some wire centers contain several different
switching entities. To distinguish among them the user is instead
required to specify the exchange code. In this case automatic telephone
number selection is triggered by the input.

I.... /[NNX 351/ ...

When all I and/or O lines have been input the user types a “.” on a
single line. At this point processing of the order commences. It should
also be noted that as each line is entered, rudimentary checks are
performed. When this processing is completed COSMOS prints an
underscore () as a prompt to indicate that the next line can be
processed.

APPENDIX B
An Example of Automatic Connectivity Determination

In this case COSMOS will be asked to process order number
NAS0789. This is a new connect order (OT NC) and has a due date
of August 1, 1981. The exchange code is 111 and COSMOS is to assign
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the line equipment with a Universal Service Order Code (US) of 1FR
and features (FEA) consisting of Touch-Tone* service (T), nonsleeve
lead (N), nonessential (N), and loop start (L). Four cable pairs are to
be assigned to the order—pairs 980, 981, 982, and 983 in cable 4. The
resistance zones of these pairs are 22, 11, 12, and 13, respectively. A
parameter is maintained in the database to indicate whether bridge
lifters are needed. If any one of these resistance zones exceeds this
parameter, then all pairs will be assigned bridge lifters. In this case
the parameter is set to 18, a value exceeded by the resistance zone of
the first pair.

The input and the SOE response is as follows:

90% SOE ‘

H ORD NAS0789/OT NC/DD 8-1-81

_I NNX 111/OE 2/US 1FR/FEA TNNL

—I CP 4-980/RZ 22

_1 CP 4-981/RZ 11

—I CP 4-982/RZ 12

_1 CP 4-982/RZ 13

SO000122

ORD NAS0789

IN: CP 4-0980

IN: CP  4-0981

IN: CP 4-0982

IN: CP 4-0983

IN:  OE 000-007-401
IN: TN 111-1096

IN: BL 49
IN: BL 51
IN: BL 50
IN: BL 52

IN: TP CM11-0107

IN: TP CM11-0304

IN: TP CM11-0305

IN: TP CM11-0306

IN: TP CM11-0307

*TRANSACTION COMPLETED

90%

The string “S0000122” immediately following the period is the
record number in the service order file selected by COSMOS to hold
information about the order. This record number is useful in the event

* Registered service mark of AT&T.
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the order is not established properly and manual corrective action is
required.

The rest of the SOEs output are COSMOS assignments. First the
four cable pairs are echoed back. These are followed by eleven auto-
matically assigned facilities: an office equipment, a telephone number,
four bridge lifters, and five tie pairs. (The tie pairs are needed to
interconnect the bridge lifters and the office equipment and cable
pairs since the bridge lifters are terminated on a different frame.) The
facilities are listed by SOE in the order in which they are assigned.
This is not the connectivity order.

To show the connectivity order the frame output report must be
executed. This is the report used by telephone company personnel to
actually wire the circuit in the central office. The report itself is in a
lengthy format for ease of reading. Instead of reproducing the entire

report here, only excerpts that show connectivity are listed below:

LINE EQP IN 000-007-401
TIE PAIR IN CM11-0107
MISC EQP IN BL 49
TIE PAIR IN CM11-0304
CABLE PR IN 4-0980
*MISC EQP IN BL 49
MISC EQP IN BL 51
TIE PAIR IN CM11-0305
CABLE PR IN 4-0981
*MISC EQP IN BL 51
MISC EQP IN BL 50
TIE PAIR IN CM11-0306
CABLE PR IN 4-0982
*MISC EQP IN BL 50
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MISC EQP IN  BL 52
TIE PAIR IN  CM11-0307

CABLE PR IN  4-0983

Note the first leg of the circuit—extending from OE 000-007-401 to
CP 4-0980. The beginning of the next leg is indicated by the asterisk
(*) and the repetition of the facility BL 49. This is the first bridge
point. This leg extends down to CP 4-0981. Now BL 51 is shown as
the next bridge point. Notice that BL 49 is not the bridge point for all
legs. This is the effect of the algorithm described in Section 4.2 to
minimize the maximum number of legs emanating from a single bridge
point. The remaining two legs extend from BL 51 to CP 4-0982 and
BL 50 to CP 4-0983.

APPENDIX C
An Example of the Algorithm’s Execution

The algorithm described in Section 4.3.2 will be followed in detail
for a particular set of facilities: two bridge lifters (BL1 and BL2), two
cable pairs (CP1 and CP2), and one line equipment (OE). The first
step is to determine the connection weights for all the edges of the
graph. These weights are determined from Table IV. Note that the
diagonal terms are given a weight of 100, since a facility cannot be
connected to itself.

Step 1—Weight table

BL1 BL2 CP1 CP2 OE
BL1 100 5 60 60 35
BL2 5 100 60 60 35
CP1 60 60 100 70 65
CP2 60 60 70 100 65
OE 35 35 65 65 100

In this particular case CP1 and BL1 have been assigned a DPA
value of “ ” (i.e., a blank) and CP2 and BL2 have been assigned a
DPA value of “999” by a previously invoked load module of SOE. Thus
those edges connecting facilities in different “legs” (i.e., BL1-CP2 and
BL2-CP1) have their weights changed to a maximum value. (In the
next and in all following tables entries that have changed from the
previous table are enclosed in parentheses.)
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Step 2—Weight table

BL1 BL2 CP1 CP2 OE
BL1 100 5 60 (100) 35
BL2 5 100 (100) 60 35
CP1 60 (100) 100 70 65
CP2 (100) 60 70 100 65
OE 35 35 65 65 100

Now the working table is constructed. Each facility has an entry
and the connection count is initially set to zero. The Available Outward
Connections (AOC) equal zero for the two metallic facilities (CP1 and
CP2), equals one for the two conditioning facilities (BL1 and BL2),
and equals one for the OE based on the formula:

AOC = # metallic facilities — # BL’s + 1
=2—-2+1=1

The lowest connection cost and corresponding facility are obtained
from the weight table.

Step 3—Working table

Available Lowest
Connection Outward Connection Corresponding
Facility Count  Connections Cost Facility
BL1 0 1 5 BL2
BL2 0 1 5 BL1
CP1 0 0 60 BL1
CP2 0 0 60 BL2
OE 0 1 35 BL1

Since the circuit contains an OE, this facility is chosen first and
placed on the connection list.

Step 4—Connection list
OE-BL1

The number of connections to the OE and BL1 are incremented
(Step 6, working table). The number of AOC to the old facility (the
OE) is decremented (Step 6, working table). The old facility now has
zero AOC so the weight of all edges emanating from it is changed to a
maximum value (Step 5, weight table). Finally, the working table is
modified due to changes in the weight table.
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Step 5—Weight table

BL1 BL2 CP1 CP2 OE
BL1 100 5 60 100 (100)
BL2 5 100 100 60 (100)
CP1 60 100 100 70 (100)
CP2 100 60 70 100 (100)
OE (100) (100) (100) (100) 100
Step 6—Working table
Available Lowest
- Connection Outward Connection Corresponding

Facility Count Connections Cost Facility

BL1 1) 1 5 BL2

BL2 0 1 5 BL1

CP1 0 0 60 BL1

CP2 0 0 60 BL2

OE 1) (0) (100) BL1

If we choose among the facilities already in the connection list (OE
and BL1), the one with the lowest connection cost in the weight table
is the first entry. The edge BL.1-BL2 is added to the connection list.

Step 7—Connection list
OE-BL1
BL1-BL2

Since the connection count to BL2 is zero, this is an acceptable
choice. The number of connections to BL1 and BL2 are incremented
(Step 9, working table). However, the number of AOC to the old
facility (BL1) is not decremented, since both facilities are BLs. In-
stead, one is added to the cost of all edges that emanate from BL1
(Step 8, weight table). Since neither the old nor the new facility has
zero AOC, the edges emanating from these nodes do not have their
weights set to 100. However, the BL1-BL2 weights are set to the
maximum value (Step 8, weight table). Finally, the working table is
modified according to changes in the weight table.

Step 8—Weight table

BL1 BL2 CP1 CP2 OE
BL1 (101) (100) (61) (101) (101)
BL2 (100) 100 100 60 100
CP1 (61) 100 100 70 100
CP2 (101) 60 70 100 100
OE (101) 100 100 100 100
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Step 9—Working table

Available Lowest
Connection Qutward Connection Corresponding
Facility Count  Connections Cost Facility
BL1 (2) 1 (61) (CP1)
BL2 1) 1 (60) (CP2)
CP1 0 0 (61) BL1
CP2 0 0 60 BL2
OE 1 0 100 (BL2)

If we choose among the facilities already on the connection list (OE,
BL1, and BL2), the one with the lowest connection cost in the weight
table is the BL2 entry. Therefore, BL2-CP2 is added to the connection
list.

Step 10—Connection list
OE-BL1
BL1-BL2
BL2-CP2

Since the connection count to CP2 is zero, this is an acceptable
choice. The number of connections to BL2 and CP2 are incremented
(Step 12, working table). The number of AOC to the old facility (BL2)
is decremented (Step 12, working table). Since both BL2 and CP2 now
have zero AOC, the weights for all edges emanating from BL2 and
CP2 are set to the maximum value (Step 11, weight table). Finally,
the working table is modified according to changes in the weight table.

Step 11—Weight table

BL1 BL2 CP1 CP2 OE
BL1 101 100 61 101 101
BL2 100 100 100 (100) 100
CP1 61 100 100 (100) 100
CP2 101 (100) (100) 100 100
OE 101 100 100 100 100

Step 12—Working table

Available Lowest
Connection Outward Connection Corresponding

Facility Count  Connections Cost Facility
BL1 2 1 61 CP1
BL2 2) 0) (100) (BL1)
CP1 0 0 61 BL1
CP2 1) 0 (100) BL2
Ok 1 0 100 BL2
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If we choose among the facilities already on the connection list (OE,
BL1, BL2, CP2), the one with the lowest connection cost in the weight
table is the BL1 entry. Therefore, BL1-CP1 is added to the connection
list.

Step 13—Connection list
OE-BL1
BL1-BL2
BL2-CP2
BL1-CP1

Since the connection count to CP1 is zero, this is an acceptable
choice. The number of connections to BL1 and CP1 are incremented
(Step 15, working table). The number of AOC to the old facility (BL1)
is decremented (Step 15, working table). Since both BLi1 and CP1 now
have zero AOC, the weight of all edges emanating from BL1 and CP1
are set to the maximum value (Step 14, weight table). Finally, the
working table is modified according to changes in the weight table.

Step 14—Weight table

BL1 BL2 CP1 CPp2 OE
BL1 101 100 (100) 101 101
BL2 100 100 100 100 100
CP1 (100) 100 100 100 100
CP2 101 100 100 100 100
OE 101 100 100 100 100

Step 15-Working table

Available Lowest
Connection QOutward Connection Corresponding

Facility Count  Connections Cost Facility
BL1 3) 0) (100) (BL2)
BL2 2 0 100 BL1
CP1 1) 0 (100) BL1
CP2 1 0 100 BL2
OE 1 0 100 BL2

The algorithm is completed when the connection list contains N-1
entries, where N equals the number of facilities. In this case N-1 =4
and so all connections have been obtained. The remainder of the
algorithm transforms the connection list to a linear list.

Initially, the connection count for each facility, the connection list,
and the linear list are as shown in Step 16. Search the connection
count (from the bottom) to find a facility with a connection count of
one. In this case the facility found is the OE. Next, search the
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connection list (from the bottom) to find a corresponding facility. In
this case the facility is BL1. Place these two facilities on the linear
list and decrement the connection count for each.

Step 16—Linear list

Connection
Facility Count Connection List Linear List
BL1 3 OE-BL1
BL2 2 BL1-BL2
CP1 1 BL2-CP2
CP2 1 BL1-CP1
OE 1

Applying this algorithm results in the table shown in Step 17. Since
the connection count for BL1 is greater than zero, search the connec-
tion list (from the bottom) to find another entry for BL1. The
connection BL1-CP1 is found, so CP1 is added to the linear list, and
the connection count for both BL1 and CP1 are decremented.

Step 17—Linear list

Connection
Facility Count Connection List Linear List
BL1 2 e OE
BL2 2 BL1-BL2 BL1
CP1 1 BL2-CP2
CP2 1 BL1-CP1
OE 0

The table now changes to what is shown in Step 18. Since the
connection count for CP1 is zero, the connection count list is again
searched (from the bottom) but only for facilities on the linear list
(i.e., OE, BL1, CP1) for an entry with a nonzero connection count.
The entry found is BL1. Searching the connection list for a corre-
sponding facility results in the addition of the BL1-BL2 connection
to the linear list. The connection count of each of these facilities is
therefore decremented.

Step 18—Linear list

Connection
Facility Count Connection List Linear List
BL1 ) OE
BL2 2 BL1-BL2 BL1
CP1 0 BL2-CP2 CP1
CP2 1
OE 0
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The table now changes to what is shown in Step 19. Since the
connection count for BL2 is greater than zero, search the connection
list to find another entry for BL2. The connection BL2-CP2 is found
so CP2 is added to the linear list and the connection count for both
BL2 and CP2 are decremented.

Step 19—Linear list

Connection
Facility Count Connection List Linear List
BL1 0o e OE
BL2 1 e BL1
CP1 0 BL2-CP2 CP1
CP2 3 BL1
OE 0 BL2

The table now changes as shown in Step 20. Since all connection
counts are zero, the algorithm terminates.

Step 20—Linear list

Connection
Facility Count Connection List Linear List

BL1 o e OE

BL2 L BL1

CP1 o e CP1

CP2 o e BL1

OE o - BL2
CP2
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Vector quantization has been used in coding applications for several years.
Recently, quantization of linear predictive coding (LPC) vectors has been used
for speech coding and recognition. In these latter applications, the only method
that has been used for deriving the vector quantizer code book from a set of
training vectors is the one described by Linde, Buzo, and Gray. In this paper,
we compare this algorithm to several alternative algorithms and also study
the properties of the resulting code books. Our conclusion is that the various
algorithms that we tried gave essentially identical code books.

I. INTRODUCTION

The technique of vector quantization for LPC voice coding has been
in use for several years, and has been shown to be of great utility for
LPC analysis/synthesis systems.’™ Recently, vector quantization of
LPC vectors has been applied to speech-recognition systems both in
direct applications®® and in conjunction with work on the application
of hidden Markov models (HMMs) to recognition.”®

The main idea of vector quantization is summarized as follows:
assume that a training set {T'} of I LPC vectors is given. It is desired
to find a code book of M* LPC vectors such that the average distance
of a vector in { T} from the closest code book entry is minimized. Thus
we wish to find a set {R} of reference vectors that minimizes the
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average distance D;(M*) given by

1
Dy(M*) = min [l Y, min [d(Ti,Rm)]], (1)
{R} I i=1 lsm<M*
where d(T;,R,,) is the LPC distance between training vector T; and

code book entry R,,..

The optimum code book is generated by a method similar to the K-
means algorithm. Starting with an initial guess of M* entries, each
vector of the training set is assigned to the closest entry. The centroids
of the M* subsets (clusters) obtained in this manner are used as new
trial entries in the code book, and the iteration is continued until some
stopping criterion is satisfied.

For large M*, the choice of initial guesses can be quite important,
and it is unlikely that a randomly chosen initial guess is a good one.
For this reason the splitting algorithm was devised in Ref. 1. In this
algorithm a code book of M = 2 entries is optimized, as described
above, starting with a random initial guess. Next, each optimum code
book entry for M = 2 is split into 2 and used as an initial guess for a
code book of size 2M. This process is used until M = M* To
distinguish this algorithm from others considered later, we call it the
binary-split algorithm.

To the best of our knowledge, all speech-related applications of
vector quantization so far have used this binary-split algorithm. How-
ever, a priori, the requirement that every code word be split appears
to be too restrictive. For example, after optimizing an M = 2 code
book, if one cluster contains almost all the training set and the other
contains just a few elements, it might be argued that only the larger
cluster should be split. Thus it is of interest to consider “single-split”
algorithms in which a single cluster is split at each iteration.

For very large M* (e.g., 1024 or 2048) single-split algorithms might
require prohibitive amounts of computation. However, M* on the
order of 64 or 128 can be quite useful in certain applications.® In these
cases a single-split algorithm is quite feasible. In any case, it is of
interest to know whether or not a single-split algorithm yields a better
code book than the binary-split algorithm.

There are at least three reasonable ways of implementing the
splitting rule of a single-split algorithm for training the vector quan-
tizer. To describe these three splitting rules we need some definitions.
Let

{Ty(m)} = The set of training vectors represented by the mth code
book entry (cluster) in a size M vector quantizer

Cu(m) = The number of training vectors in TM(m)
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dy(m) =The average distance (distortion) of the Cy(m) vectors
from the mth code-book entry

Dy(m) = The total distance (distortion) of the Cy(m) vectors.
We then have the relationships

M
I= 3 Cum) @
1 .
dyu(m) = Corlm) §1 d(Tu(m)g, Rm) @3)
Dy(m) = Cp(m)-dy(m). (4)

Using eqgs. (2) through (4) we can write the average distortion of eq.
(1) as

M
2 Dy (m)
D;(m) = min %———— (5a)
WY Culm)
L m=1
© M
Z dy(m)Cy(m)
= min |2 . (5b)
" Y Calm)

Based on the above definitions, the three splitting rules we have
considered are:

Rule 1: Split the cluster, m, with the largest number of vectors,
Cu(m). We denote the resulting (vector quantizer) VQ
code-word set as R,.

Rule 2: Split the cluster, m, with the largest average distortion,
dy(m). We denote the resulting VQ code-word set as Rg.

Rule 3: Split the cluster, m, with the largest total distortion,
Dy(m). We denote the resulting VQ code-word set as Rp.

The key issue is how do the different splitting rules affect the prop-
erties of the resulting vector quantizer—in particular the average
distortion [eq. (1)] and the coverage of the LPC space.

We have run a series of experimental evaluations of the single-split
and binary-split algorithms for training the VQ. We have found that
each of the different splitting criteria leads to a different reference
prototype set (VQ code book); however, all the VQ sets had essentially
the same average distortion. We were also able to show that the
coverage of the LPC space for all VQ sets was identical, and that the
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average distance of any one VQ set from another VQ set was smaller
than the average distortion of the training set. Hence, the different
implementations of the training algorithm for the VQ lead to equiva-
lent VQ reference sets. Thus for any practical application the simple
binary-split algorithm is effective for deriving the VQ code book
entries.

The outline of this paper is as follows. In Section II we review the
Linde et al.! implementation of the binary-split VQ training algorithm
and show how we modified it to handle the single-split case. In Section
III we discuss the results of several experiments on testing the different
implementations of the training algorithm. In Section IV we provide
a discussion and summary of the results.

II. IMPLEMENTATION OF THE VQ TRAINING ALGORITHM

The implementation of the VQ training algorithm is essentially the
one proposed by Linde et al.! A flow diagram of this procedure for the
binary-split case is given in Fig. 1a and for the single-split case in Fig.
1b. Given M code words, each vector of the training set T is assigned
to the code word closest to it. The average distortion D;(M) is
computed for this assignment of the I training vectors to M clusters.
M new code words are obtained as centroids (i.e., averaged normalized
autocorrelations) of each cluster, and the distortion D;(M) computed
again. This process is iterated until it converges, i.e., until the percent
change in distortion is less than a preset value ¢ (chosen to be 1
percent in our simulations). Once convergence is achieved, M is
doubled by splitting each code word into two. The entire process is
repeated until M = M*. The iteration is initialized by choosing two
arbitrary code words.

In our implementation, we made one modification to the VQ training
algorithm of Fig. 1. We inserted a check after the classification of the
training set vectors to see if any cluster is empty (i.e., contains none
of the training set vectors). In such a case the “largest” cluster is split
into two clusters, and the convergence test is bypassed (to ensure a
reclassification in which each cluster is nonempty). However, for the
data used in this experiment, an empty cluster never occurred. In
subsequent tests with larger M* we did encounter such cases.

For the single-split algorithm (Fig. 1b), only one modification is
required. After convergence, only the “largest cluster” is split. Here
largest can refer to the cluster with the largest average distortion, total
distortion, or count.

For a convergence criterion of ¢ = 1 percent, typically it takes three
to six iterations of the classification loop to obtain a convergent set of
clusters and centroids. We also found that the algorithms of Fig. 1la
and 1b work extremely reliably over a broad range of types of training
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data (e.g., collected from a single talker, collected from many talkers,
collected from a corpus of isolated words, collected from sentence-
length material, etc.).

Ill. COMPARISON OF THE BINARY- AND SINGLE-SPLIT ALGORITHMS

To compare the performances of the binary- and single-split VQ
training algorithms of Fig. 1, several tests were run. The database
consisted of a set of 39,708 LPC vectors. The LPC analysis used a
6.67-kHz sampling rate and an eigth-order analysis of 300 sample (45
ms) frames of speech. The sample frames had been preemphasized
with a simple, first-order digital network (preemphasis factor of 0.95)
and windowed by a 300-sample Hamming window. Frames were taken
100 samples apart across the duration of each word of a series of 1000
isolated words (digits) spoken by 100 talkers (50 male, 50 female). All
recordings were made over dialed-up telephone lines through a local
PBX connection. All silence outside the spoken words was eliminated
by a word endpoint detector;® hence, all LPC training frames were
from within word boundaries.

Several aspects of the binary- and single-split training algorithms
were studied. The first question considered was whether the two
training procedures yielded identical results (i.e., whether the resulting
LPC code words and the clusters from which they were derived were
identical). Figure 2 shows plots of the cluster splitting for an M* =8
solution for the binary-split algorithm (Fig. 2a) and the single-split
algorithm based on average distance splitting (Fig. 2b). It can be seen
that the resulting eight clusters in the single-split case come from very
different splits than those for the binary-split case. For example, in

(a) (b)

Fig. 2—Splitting charts for an M* = 8 vector quantizer with splits based on average
distortion. (a) The binary-split training algorithm. (b) The single-split algorithm.
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the single-split case, final clusters 6 and 7 come from four splits of the
original cluster 2, whereas final clusters 1 and 2 come from single
splits of original clusters 1 and 2. In the binary-split case all final
clusters come from two splits of original clusters 1 and 2. Similarly,
the actual clusters were grossly different for the three different criteria
for the single-split algorithm.

The next question we considered was how the different training
procedures differed in performance. Figures 3 through 5 show a series
of plots of statistics comparing some of the details of the individual
training procedures. For each of these plots, Parts (a) through (d)
show results for the binary-split case, the single-split case based on
count, the single-split case based on average distortion, and the single-

- () -
i
N >
1 | i 1 { | ] | |
15
) -
= I~ -
g |
: L ]
g L
=
g —
5 1 1 | | | | |
g_ 15
o —
e [© ]
[+ | _
=
z -
p ]
8 .
B ]
1 1 | | | ! | | 1
15
@) -
1 1 | 1 i 1 | 1 |
1 64

SIZE OF VECTOR QUANTIZER (M¥)

Fig. 3—Plots of count ratio (maximum cluster count divided by minimum cluster
count) as a function of the size of the vector quantizer. (a) Binary-split training. (b)
Single-split training based on count. (c) Single-split training based on average distortion.
(d) Single-split training based on total distortion.
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Fig. 4—Plots of average distortion ratio as a function of the size of the vector
quantizer. (a) Binary-split training. (b) Single-split training based on count. (¢) Single-
zplit training based on average distortion. (d) Single-split training based on total

istortion.

split case based on total distortion. The statistics plotted are ratio of
maximum to minimum cluster count (Fig. 3), ratio of maximum to
minimum average distortion (Fig. 4), and ratio of maximum to mini-
mum total distortion (Fig. 5) versus size of the vector quantizer. These
statistics were chosen because each of them should ideally approach
1.0 for clusters that are of equal size according to the corresponding
splitting criterion. For example, we would expect the count ratio to
approach 1.0 for the split on count criterion but not necessarily for
the other splitting criteria.

Examination of Figs. 3 through 5 shows several interesting things.
As seen in Fig. 3, the count ratio for the binary-split case for M* = 64
(4.1) is actually smaller than the count ratio for the single split on
count case for M* = 64 (4.8). The count ratios for the other two split
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Fig. 5—Plots of total-distortion ratio as a function of the size of the vector quantizer.
(a) Binary-split training. (b) Single-split training based on count. (c) Single-split
training based on average distortion. (d) Single-split training based on total distortion.

criteria are indeed larger than for the split on count, as expected.
Figure 4 shows that the average-distortion ratio is smallest (4.1) at
M* = 64 for the single split on average-distortion case; however, the
distortion ratios for the binary case (4.4) and the single split on total-
distortion (4.7) cases are only slightly larger. Finally, Fig. 5 shows a
similar set of results on the total-distortion-ratio statistic in which
the results for M* = 64 for the binary-split case (2.7) are only slightly
worse than for the single split on total-distortion case (2.6).

The results of Figs. 3 through 5 indicate that the binary-split case
seems to yield cluster training statistics that are almost as good as the
best statistics for any of the single-split cases in terms of count ratio,
average-distortion ratio, and total-distortion ratio. Hence, from the
point of view of cluster statistics, the binary-split cases appear to give
the best overall performance.
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Two gross performance checks were made on the training algo-
rithms. In the first test, the average distance between vector quantizer
sets obtained from the different training procedures was calculated as
a function of M*. The results of this test are given in Table I. It can

Table I—Average distance between code book entries of vector
quantizers designed on the basis of count (R.), average distortion
(R4), total distortion (Rp), and binary splitting (Rs)

M* d(R., Rq) d(R., Rp) d(R., Rs) d(Ry, Rp) di(M*)t
4 0.384 0.019 0.047 0.270 0.707
8 0.125 0.138 0.157 0.101 0.426

16 0.148 0.143 0.160 0.065 0.326

32 0.191 0.108 0.175 0.132 0.255

64 0.216 0.131 0.148 0.131 0.203

1 Average distance between the training vectors and the code words representing
them.

0.9

*)

51(M

2 4 8 16 32 64
M*ON LOG SCALE

Fig. 6—Plot of average training set distortion D;(M*) as a function of the size of the
vector quantizer.
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be seen that the average distance between vector quantizer sets is as
small or smaller than the average distance of the training vectors to
the code book sets. Hence, the code book sets derived from the different
training algorithms are, on average, quite close to each other.

The second test we performed was to measure the average distortion,
Dy(M*) versus M* for the different training algorithms for values of
M* from 2 to 64. The results of this test are plotted in Fig. 6. On the

M* = 64 VECTOR QUANTIZER
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Fig. 7—Plots of code-word coverage in the Fi-F,, Fy-F,, and Fs-F; planes for an M*
= 64 vector quantizer.
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scale of this plot, the differences in average distortion are indistin-
guishable among the different vector quantizers.

The third and final question we considered concerns the coverage
of the space of speech sounds by the optimum code books. A good way
of displaying this coverage is to look at the code books in the space of
formant frequencies. The formant frequencies (and bandwidths) for
each entry of the code book are given by the zeroes of the trigonometric
polynomial associated with it. Thus each code book may be displayed

M* = 1024 VECTOR QUANTIZER
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Fig. 8—Plots of code-word coverage in the Fy-F,, Fi-Fs, and F,-F; planes for an M*
= 1024 vector quantizer.
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as a scatter plot in F-F,-F, space. Projections of this scatter diagram
on the F;-F,, F,-Fs, and F,-F; planes are shown for a typical code book
in Figs. 7 and 8 for the code books obtained from the binary-split
training algorithm for M* = 64 (Fig. 7) and M* = 1024 (Fig. 8). It is
seen that the code words cover the expected regions in the formant
frequency planes fairly uniformly. The major difference between the
coverage of the M* = 1024 and the M* = 64 code books is the density
of coverage of the areas in the respective formant frequency planes.
The coverage of the single-split algorithms for M* = 64 was essentially
identical to that of the binary-split algorithm.

IV. DISCUSSION

Our overall conclusion from the tests that compared the fine and
gross differences in clustering LPC vectors via a VQ training algorithm
is that all the variations in the training procedure that we studied (i.e.,
different splitting procedures, different convergence criteria, etc.) lead
to essentially indistinguishable differences in the set of VQ code book
entries. Since the binary-split algorithm, as discussed by Linde et al.!
requires the least amount of computation, it is the best of the algo-
rithms considered.

In this paper we present the results of a series of experiments on a
training set of 39,708 vectors. More recently we have experimented
with the binary-split VQ training procedure on a number of different
training sets whose size varied from 10,000 to 600,000 vectors. We
found that the training procedure always rapidly and reliably con-
verged to a set of code book vectors whose properties were similar to
those described in this paper. We are currently using the VQ code
book sets in work related to speech recognition and speech coding.
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A trellis code is a “sliding window” method of encoding a binary data stream
into a sequence of real numbers that are input to a noisy transmission channel.
When a trellis code is used to encode data at the rate of & bits/channel symbol,
each channel input will depend not only on the most recent block of k& data
bits to enter the encoder but will also depend on, say, the v bits preceding this
block. The v bits determine the state of the encoder and the most recent block
of k bits generates the channel symbol conditional on the encoder state. The
performance of trellis codes, like that of block codes, depends on a suitably
defined minimum-distance property of the code. In this paper we obtain upper
bounds on this minimum distance that are simple functions of k and ». These
results also provide a lower bound on the number of states required to achieve
a specific coding gain.

L. INTRODUCTION

In this paper we are concerned with transmission of digital data
using trellis codes to gain some noise immunity over standard uncoded
methods. We assume pulse amplitude modulation whereby the values
of the transmitted data are estimated from a sequence of samples r’
generated by a receiver. These output samples are often modeled as

ri=x+n’ (1)

where x’ is a real number sequence determined by the source sequence
of binary data and n’ is an independent zero-mean white Gaussian
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noise sequence of variance o2 For uncoded transmission at rate % bits/
symbol, x’ takes on one of 2* fixed values. Error performance may be
improved using coding, but if we insist on transmitting at rate k bits/
symbol then we must increase the number of possible values taken by
the x/. We can choose either a block or tree (trellis) structure for the
code. In this paper we consider only trellis codes. The performance of
trellis codes, like that of block codes, depends on a suitably defined
minimum-distance property of the code. We obtain upper bounds on
this minimum distance, d;,. The analogous problem for block codes
is well studied, but little work has been done on distance properties of
trellis codes.?

We assume the following model for encoding the binary data (i.e.,
choosing the x’) prior to transmission over the Gaussian channel.
Regard the incoming binary digits as partitioned into blocks of k
consecutive bits. The real number x/ is to be a time-independent
function of the most recent k-bit block and also of the » bits preceding
this block. Thus if {a;} is the binary data sequence, we assume

2 = 2@y Qjr—1, 5 Qp—e-1); A1k * * * 5 A(j=1)h=(—1))- (2)

This is an example of a k-bit/symbol trellis code. We regard the v
“old” bits as determining the state of the encoder (there are 2’ possible
states) and the k “new” bits as generating the channel symbol (there
are 2* possible symbols) conditional on the encoder state. The trellis
structure is made evident by drawing an example. Fig. 1 shows the
casek=1,v=2,

If, in this example, the encoder is in state (00) at time j, and the
next bit (block of k = 1 bits) to be transmitted is a 1, then we transmit
the symbol x(100) and move to state (10).

Other trellis codes exist. For example, we could define a code with
just three trellis states or the symbols x’ could also depend on the time
index j. However, we shall only consider trellis codes determined by
(2). The trellis structure of (2) is identical to that of linear algebraic

00

1"

F

x(111) (111
STATE ; i+ 2
LABELS

Fig. 1—Diagram of a trellis code.
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convolutional codes. We use the term sliding window trellis codes for
trellis codes determined by (2).

To simplify the discussion in the text we shall assume that k divides
v. The general case is treated in Appendix B.

The problem we consider involves certain distance properties of
trellis codes. To motivate it, consider the decoding problem. Optimum
decoding involves finding the most likely path through the trellis,
given the observed sequence (1). Typically, the path chosen will not
coincide with the correct path for all time but will occasionally diverge
from it and remerge at a later time. This is called an error event, and
we generically denote it by the letter E. For example, with the trellis
in Fig. 1, x(000) may have been sent several times in succession,
resulting in the straight path shown in Fig. 2, but noise may have
caused the decoder to choose an alternate path. In Fig. 2 the decoder
chose the symbols x(100), x(010), x(001) instead of x(000), x(000),
x(000).

An error event E of length L lasts from time i to time i + L, the
decoder having decided upon the symbol sequence £+, ..., "L
instead of the correct sequence x™*, - . . , x"*L. The (squared) Euclidean
distance d? (= d?(E)) between the two paths of E is given by

i+L
= Y (-3 (3)
j=it1
and is crucial to determining the probability P(E) of an error event
E. With the white noise assumption made in (1), P(E) is easy to
calculate and, when d? > ¢?, it is approximately given by

2
P(E) ~ exp (— Sd_a2) 4)

Equation (4) leads us to expect that, for small noise, symbol error
probabilities will be determined by error events having the smallest
minimum distance between their two paths and it becomes of interest
to design codes that have good minimum-distance properties in this
sense. Such designs have recently been considered by Ungerboeck,
who obtained on the order of 3-dB performance improvements (factor

x(000) x(000) _ x{000) x(000) x(000)

x(100
10 QO O O (0]
x(010) x(001)
01 O (o] (o] o

1M1 O (o] (o] (o] o]

Fig. 2—Example of an error event.

0O 0 O O
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of 2 in minimum distance) over the uncoded case for k = 1, 2, and four
or eight states in the trellis.*

Ungerboeck based his designs on a computer search of binary
convolutional codes with 2” states, rate k/(k + 1), and a particular
mapping of the output binary (k + 1) tuples to 2**' equally spaced
channel symbols (+1, £3, etc.). His use of convolutional codes thus
conforms to the general scheme of (2), which implies the same trellis
structure as described herein. However, his a priori choice of only 2**
equally spaced channel symbols is certainly restrictive in principle. In
this paper we consider the natural question of how large d2;,/P can
be made if these restrictions are removed. Here, d., is the minimum
distance between all pairs of paths associated with error events in the
trellis, and P is the average transmitted power.

Section II gives a detailed description of the trellis structure and of
error events. If S is a finite set of error events, then

1
— d*(E), 5)
57 2 4P ‘
since the minimum of a set of real numbers is bounded above by their
average. This observation is the basis of our first two bounds. The
first and simplest bound is

min {dX(E)} <
EeS

d?nin 14
P <4 (1 + k)’ (6)
which is obtained in Section III. A more detailed analysis in Section
IV gives
dfn in 2k+1 v
—_— 1 —_
P " 2k-1 ( + k)’ (M

which is stronger than (6) provided k& > 1. Let T be another finite set

of error events and let ry, r- = 0 be real numbers satisfying r; + r2 =
1. Then,

: 2 < _1_ 2 i 2
i, 100 < (15 3, 00) . 137 2 o). @

since the minimum of a set of real numbers is bounded above by any
weighted average of those numbers. In Section V, by choosing S, T,
r1, and ry, appropriately, we prove

dxznin 22k+1

This bound is stronger than (7) provided » > k(2" — 1). Combining (7)
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and (9) we have
dxznin

2k+1 v 22k+1 v
< mi 1+<) 55— -1
P < min [2k 1 ( + k)’ P — (2 + k)] (10)

Extensions of bounds (6), (7), and (9) to the case when k does not
divide » are given in Appendix B.

Il. A GROUP ACTION ON THE TRELLIS

In later sections we obtain upper bounds on d2;,/P by considering
sets of error events that are fixed by a group of symmetries of the
trellis. In this section we describe the group.

We consider trellis codes with 2” states transmitting k bits/channel
symbol and for simplicity we assume that k divides ». States are
labelled with binary v tuples, and edges of the trellis are labelled with
binary v + k tuples. We identify the binary r tuple (bo, - - - , b,—;) with
the integer

bo2° + b2 + ... + b, 271

The states are labelled with binary v tuples 00...0, 10...0,
010---0,110.--0, ---, 11 .-. 1, in increasing order, from top to
bottom as in Fig. 1. The edges are labelled with binary v + & tuples
% =x(0---0), 2, =x(10---0), x, =x(010 - .- 0), xa = x(110 - -- 0),

-+, xo+k_y = x(11 . .. 1), also in increasing order, from top to bottom
as in Fig. 1. Set N = (k + v)/k. If we write an edge label as x(s, - - -,
Sn-1), then it will be understood that each s; is a binary & tuple. A “+”
appearing in the argument of a label means bit-by-bit modulo 2
addition. A similar notation will be used for states.

We define a group of symmetries of the trellis. These symmetries
will map error events of length L to error events of length L. For each
binary » + & tuple t, we define a permutation g, of the edge labels x(s)
by the rule

g:(x(s)) = x(s + t). (11)

For example, when k=1, v = 2, and ¢ = (010),

[ x(000) [ x(010) ]
x(100) x(110)
xEOlO; x(000)

_ | x(110 _ | x2(100)
x(101) x(111)
x(011) x(001)

[ x(111) | | x(101)
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This may also be written

gowolx) = Tx, (13)
where T is the permutation matrix
[0 0 10 ]
0 0 01
1 0 00
{0100
T = 0010}l (14)
0001
1 000
B 010 0]

If Gy, = {g:|t is a binary v + k tuple}, then G, is an abelian group of
order 2***, and every element g, of G;,, satisfies g = e, where e is the
group identity.
Lemma 1: Any pair of edge labels is interchanged by a unique group
element.
Proof: Edge labels x(s) and x(u) are interchanged only by g..,. O
We call the time sections (0, 1), (1, 2), - -- the components of the
trellis. We shall now show how to choose binary » + k tuples ¢ = t°, ¢,
.- - so0 that if g,: is applied to the edges in component i, then an error
event of length L is always mapped to another error event of length
L. 1t is, in general, necessary to choose a different g, for each compo-
nent since if we simply apply the same permutation g; to the edges in
every component, then an error event E need not be transformed to
another error event. Thus, if go is applied to each component of the
error event shown in Fig. 2, then we obtain the edges shown in Fig. 3.
The permutation gy, transforms the edge labelled x(uvw), joining state
vw and state uv, into the edge labelled x(u(1 + v)w), joining state
(1 + v)w and state u(1 + v). If ¢ = t® = 010, then go;0 permutes the
encoder states at time 0 by the rule

vw — (1 + v)w, (15)
and permutes the encoder states at time 1 by the rule
uv — u(l + v). (16)
0 o x{000) o

01 O

x(011}

x(010) Owo
o

Fig. 3—Permutation go0 applied to all edges of an error event.

1 o
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Similarly, the permutation g, permutes encoder states at time 1 and
encoder states at time 2. If we want to map error events to error
events, then the action of g on encoder states at time 1 must be given
by (16). Choose t! = 001, t* = 100, t* = 010, t* = 001, - . - . The action
of g0, g1, and g.> on components 0, 1, and 2 is shown in Fig. 4. Thus
the sequence (g, g:1, g2, - - -) transforms the error event shown in
Fig. 2 to the error event shown in Fig. 5.

For general k and v, let t = t° = (ty, - - -, tny—1) where N = (k + v)/k
and £y, - - -, tn—1 are binary k tuples. Let t' = (ty-1, to, - -, tn—2) be
the vector obtained from ¢° by cycling the blocks of & bits to the right
and moving the last block, fy_;, to the front. Repeat this operation i
times to obtain t' = (¢n_i, - - -, ENc1, Lo, « - - 5 tn—i1). For i = N we view
i as an integer modulo N. Thus ¢tV =t =¢, t¥*1 = ¢!, ..., The action
of g, on encoder states at time i coincides with that of g, being given
by the rule

§ > (tncit1, =+ + 5 EN=1, Lo, +» tn—i1) + S. (17)

If G¥, = {(g, g, ---)|t°is a binary k tuple}, then G}, is a group of
2"tk symmetries of the trellis. The group G, is abelian, and every
element has order 2. We denote (gpo, g1, ---) by gh, since it is
determined by ¢°.

Lemma 2: If i = 0 and if x(s), x(t) are any pair of edge labels in
component i, then there is a unique element of Gi, that interchanges
x(s) and x(t).
Proof: This follows from Lemma 1, since the restriction of G¥, to the
edges in component i is just G,,. O

A set S of error events is said to be fixed by G%, if for all g € G¥,
and all E € S we have g(E) € S.

t=0 t=1 =1 t=2 t=2 =3
00 (@) O
10 x(uvw) x{uvw) O O  xluww) 3
o € x(u(l{vlw) x(uv(‘ﬂw))o © X(“i)vw)?
n O O

COMPONENT 0O COMPONENT 1 COMPONENT 2

Fig. 4—Action of gs, g1, and ge.

Fig. 5—The symmetry (g, g1, g2, - - -) applied to an error event.
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Lemma 3: Let i = 0and let S be a set of error events of the same length
that is fixed by G¥,. If mi(x(a)) is the total number of times the edge
label x(a) occurs in component i of the error events of S, then

2|8|

okt for all v + k& tuples a.

m;(x(a)) =

Proof: Let s, t be binary v + k tuples. By Lemma 2 there is an element
of G}, interchanging error events involving x(s) in component i with
error events involving x(¢) in component i. Hence m;(x(s)) = m;(x(t)).
Since the total number of edges in component i is 2|S|, we have
mi(x(a)) = 2|S|/2¥* for all » + & tuples a.

An orbit S of the group G, is a set of error events satisfying

1. if E€ Sand g € G, then g(E) € S, and

2. if E;, E,; € S then there exists g € G, such that g(E;) = E,.
Fig. 6 shows an orbit of G¥,. Observe that m;(x(a)) = 1 for all i and
for all a.

IlIl. THE FIRST BOUND
In this section we derive the upper bound

d%nin 14
T <4 (1 + k)

This bound will be strengthened in later sections but it seems worth
presenting the simpler argument here.
Observe that the average transmitted signal power is simply the
average of the transmitted channel symbols, namely
1 2v+k_1

P=com 3 st (18)

i=0

O
O O 0 @]

(o]

(o]

x{010)
G | Ke)
x(101)7 (110 %(011)
@] o

(900191009010 (€}

(9011:9101:9110) (£}
Fig. 6—An orbit of Gf..
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(Recall that the channel symbol x(ay .- @,4x-1) is also denoted x;
where i = ap + ,2' + --- + @+2-12"*"1) The Euclidean distance
between the paths of the error event E shown in Fig. 2 is

d*(E) = (%o — x1)* + (x0 — x3)* + (%0 — 25)%,
which is a quadratic form in the variables x;. In general we define
xT = (xg, X1, +++, Xprh_y), (19)

where the superscript 7' denotes matrix transpose. Then the Euclidean
distance d(E) between the paths of an error event E is given by

d*(E) = x"A(E)x, (20)

where A(E) is a symmetric, positive semi-definite matrix which we
call the distance matrix of E. The distance matrix A(E) has two
properties that we wish to note:
Property I. The ith diagonal element of A(E) counts the number
of times the symbol x; occurs in the error event.
Property II. The rows of A(E) sum to zero.
By (18) and (20),

2 T T
dlme _ mpin x AI(JE)a_c - mén x i;f)x, 1)

where we minimize over all error events E.

Although we will make no use of the fact in this work, we note that
in (21) only a finite number of error events need be considered, for no
error event need be considered that has a repeated pair of states. Thus,
if the pair of states u and w occur at time i and also at a later time j,
all components between i and j may be eliminated and the remainder
of the error event after time j may be placed after time i. Since
components cannot make a negative contribution to d?(E) the new
error event has distance no greater than the original one. By (21) the
best normalized minimum distance that can be achieved for any choice
of channel symbols is

T
2% max min J‘c—‘%)—x (22)
z E X

Consider an error event E with initial state (time t = 0) a =
(ai, ---, any-1) and final state z = (2y, --., 2y—1). If k tuples b,, b¥
are input at time 0, then at time 1 the two paths occupy states
(b1, a1, - -+, an—g) and (b, ay, - - -, an-g). There must be at least N —
1 further inputs before the paths can remerge. To remerge at z, the k
tuples zy-1, 2n—2, - -+, 21 must be input in that order to both paths.
We denote this error event by E(a, z; b;, bF). Thus, the minimal length
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of an error event is N = (k + v)/k. Fig. 2 shows the error event
E(00, 00; 0, 1) which has minimal length 3.
Given an arbitrary set S of error events, define

1
57 24 e
Let SN be the set of all error events of length N. Note that SV is fixed
by the group G¥,.
Theorem 1: If k divides v then the normalized minimum distance of any
sliding window trellis code with 2” states and rate k bits/channel symbol
satisfies

Q(S) =

d%nin 14
—P— <4 (1 + k).

Proof: By (22),

d; xTA(E)x
min < vk o x X
) 2 mfx min —J_CT&
xTA(E)x

< 2% max min =—;
x EeSN  x'X%

2v+k EcSN
< max
|SN| % xTx

xT< > A(E)) x

The last inequality simply states that the minimum is not more than
the average. Setting Ay = Y zesv A(E), we have

2v+k -&TAN& 2v+k
5] Max ST = e M(An),

where \;(Ay) denotes the largest eigenvalue of Ay. By Property I, the
ith diagonal entry of Ay counts the total number of times the edge x;
appears in some component of the error events of length N. By Lemma
3 all diagonal entries are equal to 2N |S™|/2"**. Property II implies
that all row sums of Ay are zero. By the Gersgorin Circle Theorem®

N N
M(Ax) < 2(diagonal entry) = 2 (2—2%)
and so
drznin _ v
?S4N—4(1+k). O
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Remarks: In Section IV we derive a formula for Q(SY), and, by
computing A (Ay), we prove

d2 i 2k+1 v
= < 1+ ).

P 2k —1 k

In Appendix B we prove that if v = (N — 1)k + [, where 0 < [ < k,

then
d?nin v
e < 4 (1 + [k])

where L y] denotes the integer part of y.

IV. A FORMULA FOR Q(S") AND A SHARPER BOUND

In this section we derive a formula for Q(S"), the matrix obtained
by averaging the distance matrices of all error events of minimal
length N = (k + v)/k. We require a matrix representation of the group
Gg,.

If A is an m X n matrix and B is an m; X n; matrix, then the tensor
product A ® B (also called the Kronecker product) is the mm; X nn,
matrix

B auB al2B ...... a,B 7]
anB aupB ... as,B
A®B=
| amlB amZB """ amnB_‘

Tensor products are discussed in Ref. 5, where they are called direct
products. For appropriately sized matrices, A, B, C, and D, we have
(A®B)(C® D) = (AC) ® (BD). If X is an eigenvalue of A with
associated eigenvector v, and u is an eigenvalue of B with associated
eigenvector w, then Ay is an eigenvalue of A ® B with eigenvector
v® w.

We denote the n X n identity matrix by I, and we abbreviate I, to

I. Set
0 1
A= [1 0]' (24)
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Consider the 2% X 2°** matrix
P=1I1®...Q] QAR I® ...Q1I
—> ——y

J terms 1 terms
= Izi AR Izi, (25)
where i + j + 1 = v + k. This is the matrix
0 Izi
Izi 0 0
0 Izi
Igl' 0
P,' =
0 0 Iy
Izi 0

with the indicated block repeated 2’ times along the main diagonal.
Define u;, i =0, 1, ---, 2°** — 1, to be the binary v + k tuple with a 1
in position i and 0’s elsewhere. Let

x = (x07 "'yx2"+k—1)T= (x(o s 0)1 Tty x(l e 1))T-

The permutation g,, maps x(s) to x(u; + s) and so it interchanges edges
with subscripts differing by 2. But this is precisely the effect of the
transformation x — P;x. If t is an arbitrary » + k tuple then the matrix
describing the permutation g, is obtained by multiplying the appropri-
ate matrices P;. For t = (to, £, - - -, t+r—1) We define

Mt)=Mp1® --- @ M; ® M, (26)
where
I i =0
M; = {A it 6= 1. @n

Note that the subscript order in (26) is the reverse of the subscript
order in the vector t. We have now proved the following lemma.

Lemma 4: If tis a v + k tuple, then the permutation g;: x(s) — x(s + t)
is represented by x — M(t)x.

As an example, the permutation gy given in (12) is represented by
the matrix P = I ® A ® I given in (14). By Lemma 4 we may regard
Gy, as the following group of matrices:

G = {Mysr ® - ® My ® Mo|M; = I or A,
j=0,-,v+k—1]. (28)

We shall prove that Q(SYV) is a particular linear combination of
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matrices M(t) in Gy,. To calculate A\;(Q(S™)) we need to work with
eigenvectors and eigenvalues of the matrices M(t).

The matrices M(t) are symmetric and they all commute; hence, they
can be simultaneously diagonalized. Let H be the tensor product of

v + k copies of
111 1
Jo i1 —17

Observe that H™! = HT. Since (1, 1)7 and (1, —1)7 are eigenvectors of
A, the columns of H are eigenvectors of M(t) for all v + k tuples t.
Thus, H'M(¢t)H is diagonal for every matrix M(t) in Gy,. If p=
(po, - -+ , Py+r-1) is a binary v + k tuple, define

w(p) = Wysp1® - - @ w; @ wy,
where
1@, i p=0
W= {(1, 17, i =1 ®9

The vectors w(p) are the columns of H. Note that w(p) is formed by
reversing the vector p. We have A(1, 1)7 = (1, 1)" and A(1, -1)T =
—(1, DT Ift = (o, - - -, t,er—1) then by (27) and (29)

v+k—1 v+k—1
M@®)w(p) ® Mw = ( _];[0 (-1)‘/&') w(p)

j=0

= (-1)"'w(p), (30)

where p-t is the dot product of the vectors p and ¢.

Lemma 5: Suppose R is a diagonable matrix that commutes with every
matrix M(t) in Gy,. Then R is a linear combination of the matrices
M(t) in Gy,.

Proof: If s, t are different v + k tuples, then by Lemma 1, g,(x;) #
&:(x0). The permutation matrices M(t) are therefore linearly independ-
ent because the 1’s in row 0 are in different positions. Thus we have
2"** linearly independent diagonal matrices H 'M(t)H. Since R com-
mutes with every matrix M(t), H'RH commutes with every matrix
H'M(t)H, and therefore H'RH is diagonal. The matrices HM(¢)H
span the set of diagonal matrices so H'RH is a linear combination of
matrices H'M(t)H and the lemma follows. [J

Lemma 6: If S is a set of error events fixed by G¥, then (X pes A(E)) is
a linear combination of the matrices M(t) in Gy,.

Proof: The distance matrix A(E) of an error event is the sum of
contributions from each component:

A(E) = ¥ AdE), (31)
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where we sum over the components c of E. The restriction of G¥, to
the edges in any component c is just the group G;,. If edges x(s), x(3)
appear in component c¢ of error event E, then edges g.(x(s)), g:(x($))
appear in component c¢ of error event E’ = g,(E). We have

ALE’) = M(t)"ALE)M(2). (32)

Since M(t) is a permutation matrix and M(t)? = I, we have M(t)T =
M(t)™. Now g, merely permutes the error events in S, so that by (32),

2 ALE) = X Adg(E)) = X M(t)A(E)M(t)
EeS EesS

EeS

= M(@)™! (Eés Ac(E)) M(t) (33)

for all matrices M(t) and for all components ¢. Summing (33) over all
components ¢ finishes the proof. O

Example: If S is the orbit of error events shown in Fig. 6 then

3 —1]-1 -1
-1 3 -1 -1
-1 3 -1 -1
A(E) - -1 -1 3 -1
EES S 3 —1]-1
-1 -1 3 -1
-1 -1 3 -1
-1 -11-1 3

=3IQIRI-(IQIQA+IQASI+ARIR®I). (34)

Consider S¥, the set of all error events E(a, z; by, b¥) of minimal
length N = (k + v)/k. Recall that a = (ay, - - - , an_) is the initial state,
z = (21, --+, zy-1) is the final state, and b;, b% are the first pair of

2k
inputs. We have |SV| = <2 ) 2v.9",

Lemma 7:

(1) Lett= (to, -+, ty-1) and let t’ = (t1, - - -, ty-1) where t;, i =0, 1,

---,N—1,is a binary k tuple. If g¥ = (g, gp, - - -, g&~1) € GE,, then
g (E(a, z; by, bY)) = E(a + t', z + t/, by + 1o, bT + t). (35)

(2) The group G}, partitions the set S¥ of error events of length N into

2°(2% — 1) orbits each of size 2*71,

Proof: Part (1) follows from the definition of g, given in (17). To

verify part (2) we note that E(a, z; b;, b¥) is fixed only by the symmetry
g&, where b = (b; + b7, 0,0, ---, 0). Hence, each orbit consists of
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2v*+k=1 distinct error events. Since the total number of error events in
SN is (27-27(2%)(2F — 1))/2, we see that there are 2°(2* — 1) orbits. O
The orbit containing the error event E(a, z; b, b¥) is determined by
a + z and b; + b¥. Setting f = b, + b}, we denote this orbit by
S(a + z; f). This orbit contains E(a, z; 0, f); note that f # 0 because
b, # b¥. Recall that if fis a k tuple, then the v + k tuple (f0 - - - 0)’
equals (o, y1, -+ -, Yn—1) Where y; = fand y; = 0 for j # i.
Lemma 8: Let SN be the set of all error events of length N and let
S(a + z; f) be the orbit of G¥, containing the error event E(a, z; 0, f).
Then

N-1

(1) 2*Q(S(a + z; f)) = 2NIp+ — 2 g:o M((f0 ---0)) (36)
(2) 27%(2" — DQ(S™) = 2(2* — 1)NIp+
N-1
-2 Y ¥ M((fo---0)). (37)

f#0 i=0

Proof: We calculate the contribution to @(S(a + z; f)) made by pairs
of edges in component 0. Since the restriction of G}, to the edges in
any component is just the group Gy,, this distance contribution is

= 3 [6x(0m -+ ava)) = 8alfan - anc)F

= o S+ (0ay - aya) = 2(E+ (fan - an)P

= 2,1+k {2 2 () = 2 ¥ 2(e)x(t + (f0 --- 0))]

=L oL — 2M(f0 ... O)x.

- 2v+k x
In general, the distance contribution made by edges in component i is

# ; [g(x(zn-i -+ - 2n-10a; -+ an-i-1))
— &(x(zni -+ + Z2n-1far -+ an-ic))]?
= %@ ; [x(t + (25— -+ 2y-10a1 - -+ @N-i-1))
—x(t + (zvmi -+ 2v-1far -+ an—i-1))]P

1
= 2v+k x

T[2Lex = 2M((fO --- 0))]x. (38)
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Summing (38) over all components ¢, we obtain (36). Since (36) is
independent of a + z, we obtain the formula for Q(S¥) by summing
(36) over all nonzero k tuples f. O

Remark: When k = 1, there is only one choice for f, namely f=1, and
so every form Q(S(a + z; f)) is equal to Q(SY). For k=1, v = 2, we
have

Q(S(00; 1)) = Q(S(10; 1)) = Q(S(01; 1)) = Q(S(11; 1)) = Q(S?)
=1/48L, —(I®RI®A+I®A®I+ AR I®I)

[see the matrix given as (34)]. However, for & > 1, the form
Q(S(a + z; f)) will change with f. Thus, for k = 2, » = 4, we have

Q(S(a + 2 11)) = 1/32[3[ss — (1. ® I, ® (A ® A)
+ [ ®ARA)BL+(AB®A)BIQ L),
while
Q(S(a + z; 10)) = 1/32[3les — (14 ® I, ® (I ® A)
+L,QURA)RL+(I®A) QI QL)

Theorem 2: If k divides v, then the normalized minimum distance of
any sliding window trellis code with 2’ states and rate k bits/channel

symbol satisfies
d?n in 2k+1 v
= =-].
P ~2_1 <1 * k)

Proof: From the proof of Theorem 1, we have

2
d min

ot < 2 [Q(SM)]

1
= gr— 7 M(@n), (39)
where Qy = (2% — 1)2"**Q(S™). Let ¢ = (co, - - - , cn—1) be a binary v + k
tuple and let v be the number of nonzero & tuples ¢;. Then by (30), the
eigenvalue of Qy associated with w(c) is

22— DN -2 F T (=1)

f#0 =0

N-1

=22-1)N-2 Y ¥ (-1 (40)

i=0 f#0
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where we sum over all nonzero & tuples f. Since

k-1, if =0
— C.'-f - » i

eq. (40) becomes
2(2F — N = 2[(2* — D(N — ) — 7] = 2**'y. (41)

The largest eigenvalue of Qy is obtained when v = N = (1 + (v/k)).
The theorem now follows from (39). [
Remarks: Observe that the largest eigenvalue of Q(SV) is associated
with w(c), where cq, ¢, - -+, cy—1 are all nonzero. For example, with
k=1, the largest eigenvalue, 4(1 + (v/k)) has multiplicity one and is
associated with the eigenvector (1, —1)7® (1, -1)T® ... ® (1, -1)%.
When k > 1, there will be several linearly independent eigenvectors
associated with \;(Q(S™)) because there are several choices for ¢ with
all ¢; ¢ 0. Also, note that Theorem 2 gives the same bound as Theorem
1 when k = 1. For k = 2, the bound of Theorem 2 is an improvement.
In Appendix B we prove that if v = (N — 1)k + [ where 0 < [ < &,

then
dx2nin 2k—l+l v
p S _1\}*|zl)

where Lyl denotes the integer part of y.

V. A FINAL BOUND OBTAINED FROM A WEIGHTED AVERAGE

Let S¥*! be the set of all error events of length N + 1 = 2 + (v/k).
Let Q(S™*') be the matrix obtained by averaging the distance matrices
of all error events of length N + 1. In this section we derive a formula
for Q(S™*') and we prove

2 2k+1
dmm< 2 (2 +K>

P 9% k

using a weighted average of Q(S") and Q(S™*).

An error event E of length N + 1 is determined by the initial state
a=(a, ---,ay-1), the final state z = (2, - - -, 2n—1), the inputs b,, b}
at time 0, and the inputs b, b3 at time 1. Since the two paths diverge
at time 0, we must have b; # bf. To remerge at z the last N — 1 inputs
must be the & tuples zy_1, Zn-3, - -+ , 2; In that order. After N inputs
the two paths occupy states zo - .- zy—1b2 and 23 --- 2y-1b%. At this
stage the two paths must be disjoint so b; # b3. We denote this error
event E by E(a, z; b1, bf; b, b¥) [equivalently E(a, z; bf, by; b3, bs)].

The group G}, maps error events of length N + 1 to error events of
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length N + 1. To be specific, let t = (to, - - -, tn—1) be a v + & tuple and
set t, = (tl’ Tty tN—l)a t” = (tO’ Tty tN—2)' If gt"k = (gh gtl’ R} gtN_l’
g:) then it follows from the definition of g, given in (7) that

g#(E(a, z; by, bf; b, b%))
= E((I + t,, 2+ t”; b1 + to, bik + t(); b2 + tN—l’ b;‘ + tN—l)- (42)

This group action does not preserve a + z but it does preserve b, + b
and b, + b5. Set g = b; + bf and f = b, + bf. We denote the orbit of

¥, containing the error event E(a’, 2; 0, g; 0, f) by S(a’, 2"; g, ) (in
the discussion above, a’ = (ay, + -+, Gy—2, an-1 + by) and 2’ = (2, + by,
22, + v, zn-1)). Note that f, g+ 0.

If f, g are k tuples, then the » + k tuple (fg0 --- 0)° = (fg0 --. 0)
and (fg0 --- 0)' is obtained from (fg0 - - 0)""! by cycling the blocks
of k bits to the right and moving the last block to the front. Thus
(fg0 ... 0)M2 = (0 -.. Ofg). Define matrices M;(fg0 --- 0), i =
0, ---, Nin Gy, as follows:

Mo(fg0 --- 0) = M(g0 --- 0)
Mi(fg0 --- 0) = M((fg0 --- 0)"") i=1,...,N—1,
Mn(fg0 --- 0) = M(0 --- 0Of). (43)

Example: For k = 1, v = 2, the orbit S(00, 00; 1, 1) is shown in Fig. 7.
The quadratic form Q(S(00, 00; 1, 1)) is given by

8 -2 -2 -2 -2
-2 8|-2 -2 )
-2 8 —-2(-2 -2
S(00, 00; 1, 1)) = £ [ =2 —2 8 —2 —2
Q( ( ’ y Ly - 8 _2 _2 8 _2 _2
-2 -2 -2 8(-2
-2 -2 -2 8 -2
-2 -21-2 -2 8
=%(8I3—2(I®I®A+I®A®A+A®A®I
+A®I®I))
1 3
=3 (8[8 -2 M,-(110)). (44)
=0

Lemma 9: Let SN*! be the set of all error events of length N + 1 and let
S(a, z; g, f) be the orbit of G¥, containing the error event E(a, z; 0, g; 0,
f). Then,
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E=£(00, 00; 0,1; 0,1} (9100-9010-9001 9100 (£)
O O O O Q [e] (o]

o [e] (o}
[0} o o O
(¢] (o] O o o O o

(9010-9001 -9100+9010" (£) (9110-9011 /91019110 (€}
o O O O O

o

O O O O ©o o O
(99119101 91109011 ) {E) {9111:9111.9111.9111) ()
O 0 o o ©° o O o O

o O o O

Fig. 7—The orbit S(00, 00; 1, 1).

N
(1) 27*Q(S(a, 2 &, ) = 2(N + DI+ — 2 3 Mi(fg0 --- 0). (45)

=0
(2) 27%(2F = 1°Q(S™) = 2(2* — 1)*(N + 1)Ly
N
-2 ¥ X M(fg0 --- 0). (46)
£,8#0 i=0

Proof: We calculate the contribution to @(S(q, z; g, f)) made by pairs
of edges in component 0. This distance contribution is

ﬁ 2 [x(t + (0a; -+ an-1)) — x(t + (gay -+ an-1))]?

= 5 T2l — 2M(gO --- 0)]x

as found in the proof of Lemma 8. Similarly, the contribution made
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by pairs of edges in component N (the last component of the error
events) is

— B [ole + (a1 -+ 2wei0)) = 3t + (a1 - znaf NP

= o €12l = 2MO - O]z

Fori=1, ..., N — 1, the contribution made by pairs of edges in
component i is

1
o 2 [x(t + (zy—i+1 - -+ 2nv—1000; - - - an-i-1))
t

— x(t + (2n-i+1 *++ Zn-1f8a1 -+ - an-i-))]

= §,I+_k [2 > x(t)? -2 ; x(®)x(t + (fg0 --- 0).‘—1)]

- 2,1+k 72Ty — 2M((f20 - - 0)7)]x.

The sum of the contributions from all N + 1 components is

N
QS(a, 5 g ) = 2}+k £" [2(N + DIy — 2 % M{fe0 - -- 0)] .

i=0
This proves part (1). Observe that (45) is independent of a and z. We

obtain Q(S™*!) by summing (45) over all pairs g, f of nonzero k tuples.
Since there are (2* — 1)? such pairs,

(2k — 1)22v+kQ(SN+1)
N
=22 - 1)’(N+ D+ -2 ¥ ¥ M(fg0 .- 0)

f,g+#0 i=0
as required. [

Remarks: When k = 1, we must have f =g =1 and so every form
Q(S(a, z; g, f)) is equal to Q(SN*). In this case, N =1 + » and

QM) = -1 [2(2 + o) =2 3 MA110 - 0)]

1
2 i=0

[see the matrix given as (44)]. For & > 1, there are several choices for
fand g. Thus, for k = 2, v = 4, we have, with g = (1, 1) and f = (0, 1),

Q(S(a, z; 11, 01)) = 1/64{8cs — 2(I, ® I, ® (A ® A)
+I,Q®ABA)QA®I)
+(ABA)BMABI)BI
+(A®I)®I QL
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while with g = (01) and f = (10) we get
Q(S(a, z; 01; 10)) = 1/64[8lsy — 2(, ® [, ® (A ® I)
+ QAR (IRA)
+(ARB®(I®A) QI
+(I®A)®L® L.

Theorem 3: If k divides v then the normalized minimum distance of any
convolutionally derived trellis code with 2" states and rate k bits/channel

symbol satisfies
d2 i 22k+1 v
min s e =1.
P S2%F-1 (2 * k)

Proof: If @ is any weighted average of Q(S™) and Q(S™*"), then by (8)
we have

dlznin
P

Let 6 = 1/(2% — 1). Then 2(2* — 1)6 + (2* — 1)?6 = 1. Define @ to be
the following weighted average of Q(S¥) and Q(S™*?):

Q = 2(2* — 1)6Q(SY) + (2% — 1)%Q(S™).

< 27\ (Q). 47)

Set
Qn = 2728 = 1DQ(S™)
and
Quar = 272" — 1°Q(S™™).
Then by (47)

d?nin

> = oM(2Qn + Qn+1)- (48)
The eigenvectors, w(c), of Qn and Qn4; are in 1-1 correspondence with
binary vectors ¢ = (¢y, ---, cn), where ¢;, i = 1, ..., N are k tuples.
By (41)

Qnw(c) = 2y (cJwl(c), (49)

where v(c) is the number of nonzero k tuples c;. Introduce & tuples
¢o = cn+1 = 0 and define

ale) = |{ileg =0, ¢iy1 # 00r¢; # 0, ¢ig = 0}

and
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Blc) = |{i]lc; # 0 and ci+1 # 0}]. (50)
There are (N + 1) — a(c) — B(c) indices i, 0 < i < N, for which ¢; =
ci+1 = 0. By (30) the eigenvalue of Q.1 associated with w(c) is

N
22— 1AN+1) =2 3 3 (=1)ftne

f,.8#0 i=0
N
=22 -1DAN+1) -2 % ( > (—1)°"") ( P (—1)°"“'g). (51)
i=0 \f#0 g+0

Recall that the sum Y. (—1)%7 is (2* — 1) when ¢; = 0, but equal to
—1 whenever c¢; # 0. Hence (50) is equal to

2(2F — AN + 1) — 2[((N + 1) — alc) — B(e))(2F — 1)?
— a(e)(2* = 1) + B(0)]
= 2(2* = 1)"(ale) + B(e)) + 22" — Dae) - 26(c)
= 2¥1(2H(alc) + B(c) — 2ale) + B(e)) + alc)
= 2M12%(a(c) + B(c)) — (alc) + 26(c))]. (52)

Now, v(c) is the number of nonzero ¢’s. Since each nonzero c;
appears in two pairs, (¢;-3, ¢;) and (c;, ¢;+1), we have

alc) + 26(c) = 2v(c). (53)

Substitution in (52) shows that the eigenvalue in (51), of Qx4 asso-
ciated with w(c) is

2M12%2v(c) — B(e)) — 2v(0)]. (54)
By (49) and (54) we have
(2Qn + @n)w(c)
= 2M1(2y(c) + 25(2v(c) — B(c)) — 2v(c))wlc)
= 22*1(2y(c) — B(c))w(c). (55)

There are N — v(c) indices i, 1 < i < N, for which ¢; = 0. Since every
¢, 1 < j < N, appears in the two pairs (c;j-1, ¢;) and (c;, ¢j+1), there are
at most 2 + 2(IN ~ v(c)) indices i, 0 < i < N, for which ¢;=0or ¢;y; =
0. Hence

Ble)=(N+1) —2—-2(N—=7()) =2y(c) —-N-1

and
2(y(c)) — B(c) < N + 1. (56)
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Now (48), (55), and (56) imply

dxznin 22k+1 22k+1 v
P S22k_1(N+1)_22k—_1(2+E . g

Remarks: Equality can hold in (56). If Nis odd, set ¢ =cpa = --- =
envo1=0and ey, 3, -+, ey # 0. Then y(c) = (N + 1)/2 and B(c) = 0.
(Observe that for k = 1, » = 2, the largest eigenvalue of the form
2Qn + Qn+1 is associated with eigenvector (1, — 1)7 ® (1, 1)T ®
(1,-1D)T)If Nis even, set co =c3 =¢cs =c; = --+ = cyyq = 0 and
€1,Cz, C4,Co, - -+, CN # 0 to get y(c) = (N + 2)/2 and 8(c) = 1. Setting

2k+1 v 22k+1 M
1+2)=—0— (242
R (EHEE-= (Y

yields v = k(2" — 1). If » < k(2% — 1), then Theorem 2 gives the stronger
bound; if » > k(2* — 1) then Theorem 3 gives the stronger bound. In
particular, for £ = 1, Theorem 3 gives a stronger bound for any » > 1.
The bound given by Theorem 3 is obtained from the largest eigen-
value of a particular weighted average of Q(S™) and Q(S™*!). In
Appendix A we use the duality theorem of linear programming to
prove that no other weighted average of Q(S¥) and Q(S™*') gives a

stronger bound.
In Appendix B we prove that if v = (N — 1)k + [, where 0 < I <k,

then
dl2nin 22(k—l)+l v
P S \2 )

where Lyl denotes the integer part of y.

VI. CONCLUSIONS

Three upper bounds on the normalized minimum distance, (d2;./
P), have been given for trellis codes. The bound

d?nin 14
T$4 <1 + k)

given in Theorem 1 is typical. This certainly provides nontrivial
information. For example, is it possible to gain 10 dB in minimum
distance using 2° = 64 states at rate 1 bit/symbol? The answer is no.
Theorem 1 bounds the gain at 8.4 dB; Theorem 3 bounds the gain at
7.3 dB. Nevertheless, there still remain the questions of how tight
these bounds are and if they exhibit the “right” dependence on the
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Table I—Possible gains at rate
1 bit/symbol
Upper Bounds

Lower
Bound Theorems 1
(Ungerboeck) and 2 Theorem 3
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parameters » and k. For example, consider the normalized minimum
distance for block codes of length n, having 2™ code words (k bits/
symbol). In that case, known upper bounds behave, for large n, like
d?/P s 2n/4*. Thus the linear dependence on », a quantity analogous
to block length, appears correct. However, the true dependence on &
may be different from our bound. Table I gives upper and lower bounds
on the gain (in dB) that is possible at rate 1 bit/channel symbol. The
lower bounds arise from codes constructed by Ungerboeck.*

Also minimum distance is by no means the complete story with
regard to error rate. The heuristics leading to the claim that terms
involving d.,;, would dominate an upper bound on the error rate make
the assumption that the infinite series determining the upper bound
converges. Even if a code with a good d,,;, were found, an upper bound
on error rate should still be computed for that particular code. As an
example of a catastrophe that may occur, consider the assighment of
edge labels x7 = (1, -1, -1, 1, —1, 1, 1, —1) to the trellis of Fig. 1. One
observes that a pair of edges leaving a node always contributes (1 —
(—1))% = 4 to the distance and similarly for a pair of edges merging
into a node. One immediately concludes that no error event has
distance less than 8 for this edge assignment. Since P = 1, this is a 3
dB gain over the uncoded *1 situation. How could this happen with
only +1 symbols? One answer is that we forgot to include unmerged
events, events which go on forever. We had implicitly assigned infinity
to their distance, but now some have distance 4. However, this could
be rectified by perturbing the +1 edge labels by small amounts. A
more serious trouble with this code is that an infinite number of error
events have (essentially) the minimum distance and so a coefficient
that we did not explicitly consider turns out to be infinite for this
particular code.
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APPENDIX A

The upper bound of Theorem 3 is obtained from the largest eigen-
value of a particular weighted average of the quadratic forms Q(S™)
and Q(S™M*Y). In this appendix we prove that no other weighted average
gives a stronger bound. We shall assume throughout that » = k(2" —
1) since the bound given in Theorem 3 improves upon that given in
Theorem 2 only for » in this range.

Ifri,r,=0andr, + r, =1, then

d?nin

> = 27 M(r Q(S™) + rQ(SMY).

Recall from (29) that the eigenvectors w(c) of Q(S") and Q(SN*') are
1:1 correspondence with binary v + k tuples c. Let ¢ = (¢4, - -, cn),
where ¢;, i =1, ..., N is a binary & tuple and let ¢o = cn+1 = 0. Recall
that

ale) = |{ile; =0, ¢y # 0 0r ¢; # 0, ¢y = 0},
B(c) = |{i]c; # 0 and c;11 # 0},

and
v(c) = |{ile; # 0}].

Define ¢n(c) and ¢n+1(c) by 277%(2F — 1)Q(SM)w(c) = ¢n(c)w(c) and
27k(2% — 1)2Q(SM ) w(c) = dn+1(c)w(c). Then by (49) and (54)

onlc) = 281y (c) (57)
and
dn+(c) = 28 1[2%(2v(c) — B(e)) — 2v()]. (58)

To find the optimal weighted average we have to solve the following
linear programming problem.

Choose real variables ry, rz, r 2 0 so as to minimize r subject to the
inequalities

—(r1 + r2) < -1 (59)
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and

én(c) Pn+1(c)
Mgk _q1tT (2k11)2—r$0, forall »+ ktuplesc.
In Theorem 3 we proved that a feasible solution to (43) is
2 9k — 1 92k+1 y
= = =—=|2+-)
rl 2k+1) r2 2k+1’ r 22k_1 k (60)

The linear program (59) is the dual of the primal linear program given
below.

Choose real variables a., a = 0, where the index ¢ runs through all
binary » + k tuples, so as to maximize a subject to the inequalities

2k1_ 1 <2 ¢~(C)ac> -a=0

1

w (; ¢N+1(C)ac) —a=0

—(2 ac) = -1. (61)

If we can find a feasible solution to (61) with

_ 22k+1 2+V
=g k)

then by the duality theorem of linear programming,? (60) is an optimal
solution to (59). We consider two cases.

Case 1. N odd

Pick f=(fi, ---, fn), where f;,i =1, ..., N is a binary k tuple and
every [; is nonzero. Pick g = (g1, ---, gv), where g;,i =1, ..., Nisa
binary k tuple and g; # 0 if and only if { is odd. Then y(f) = N, 8(f)
=N —1and v(g = (N + 1)/2, 8(g) = 0. By (57) and (58), ¢n(f),
n(8), dn+a(f), and dn+1(g) are as follows:

f g
ON KN 2N + 1)
dne1 | 22K + 1) — 2N] | 2¥[(2F — 1)(N + 1)]
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Set

(2 — 1\ [N +1
(m) (m) ie=f
@ = 4 . 2(N-2H e
1 af—(2k+1)(N_1), if c=g
L0, otherwise,
2k+1 v
a= W (2 + E). (62)

Direct calculation shows that (62) is a feasible solution to (61). (Since
v = k(2F — 1), the variables a. are all nonnegative.)

Case 2. N even

Pick h = (hy, - -+, hy), where h;, i =1, ..., N, is a binary k& tuple,
h2=h5=h7=h9= te =hN—1=Oyandhlth,h‘i)hG’h&’ "’thare
nonzero. Then y(h) = (N + 2)/2, 8(h) = 1 and, by (57) and (58),

on(h) = 28N + 2) and  ¢ni(h) = 28 [(2F — 1)(N + 2) — 2%].
Set

(28— 1)N — 2 it o=
2 + (N = 2) B
e = 1—a = 2(N — 29 if ¢=
=+ )N - 2)° g
0, otherwise,
22k+l
0=y (2 + i) (63)

Direct calculation shows that (63) is a feasible solution to (61). (Again
since v = k(2" — 1), the variables a, are all nonnegative.)
We have now shown that (60) is an optimal solution to (59).

APPENDIX B

In this appendix we extend Theorems 1, 2, and 3 to the case when
k does not divide v. Setting v = (N — 1)k + [, where 0 < [ < k, we have
N = L(v + k)/kl where L y] denotes the integer part of y.

Encoder states are labelled with binary » tuples in the way described
in Section II. Edges of the trellis are labelled with real numbers x(s),
where s is a binary v + k tuple. The group Gy, is defined in the way
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described in Section II; for each binary v + k tuple ¢, we define a
permutation of the edge labels x(s) by the rule

&(x(s)) = x(s + ).
The symmetry gf is the sequence

g;k = (gt", 84, gt23 "')7

where t° = t and ¢’ is obtained from ¢! by cycling the entries & bits
to the right and moving the last k bits to the front. When & = 2 and
v=23,

% —_
8001 = (811001, Zo1110, 100115 11100, oo111, L11001, * = *)-

In general, t' = t%* where d = (k + v)/ged(k, kB + v). Given any
component of the trellis and any pair of edges x(s), x(t) in that
component there is a unique element of G, interchanging x(s) and
x(t). The proof of Theorem 1 goes through without change and we
have

d%nin
P

where N is the minimal length of an error event.

To see that Ny = N, consider an error event E with initial state
(time t =0) a = (a; - -- an-1ay), where ay, - - - , an—1, are k tuples and
ay is an [ tuple. If k tuples by, b} are input at time 0 then at time 1 the
two paths occupy states (b, ay, - -+ , an—2, @n—1) and (bF, ay, - -, an-1,
dn-1), where § denotes the [ tuple (s; - - - s;) obtained from the k tuple
(s1 - - sp) by deleting the last k — [ bits. At time 1 the k-tuple znc is
input to both paths, where c is a fixed but arbitrary k& — [ tuple. At
time 2 the two paths occupy states (znc, by, a1, - -+, an-3, Gn—2) and
(znc, b, a1, - - -, an-3, Gn-2). At time N, after inputs zy—, - - - , 2o, the
two paths occupy states (2s, 23, « - - , 2w-1, 2n¢C, b1) and (2s, 23, -+ - , ZN-1,
znc, b%). If b, = b¥ then the two paths remerge at time N in state
2= (29, 23, -+ , 2N-1, 2NC, b1). We denote this error event by E(a, z; by,

bY). Thus by (64)

d%nin v

—P— <4 (1 + [k]) (65)
for general k and ».

Let S(a, z; by, bf) be the orbit of G¥, containing the error event
E(a, z; by, b}). We calculate the contribution to @(S(a, z; by, bf)) made
by pairs of edges in component 0 in the same way as Lemma 8. Setting

< 4N,, (64)
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f= b, + b} this distance contribution is
1
o 2 [8x(bray -+ anman)) — glx(blar -+ av-10w)))’
t

1
= 2v+k x

T[2ps — 2M(fO - -+ O)]x.

Similarly, the distance contribution made by pairs of edges in com-
ponent N — 11is

e T2 = 2M(fO - O

Note that the first [ bits of f are zero and that the last [ bits of

(f0 .. 0) are zero for 0 < i < N — 1. Arguing as in Lemma 8 we
obtain
N-1
2"Q(S(a, z; by, b)) = 2NIpw — 2 3, M((fO --- 0)").
=0

There are (27" — 1) k tuples f for which f # 0 and = 0. Hence

N-1
272 — DQ(SY) = 22" — DNLw =2 T 3 M((f0 --- 0)).
)}:(()) =0
Setting @ = 2"**(2! — 1)Q(SY) we obtain
dxznin 1
p S g—7 M@) (66)

which reduces to (39) when [ = 0. The proof of Theorem 2 goes through
(change “c; = 0(#0)” to “the last k — [ digits of ¢; are zero (nonzero)”)

M(Q) = 2FFIN. (67)

dx2nin 2k—l+1
e E (0 3) ()

By (66) and (67)

for general k and ».

Finally we consider the set S’ of all error events of length N + 1 for
which the % tuples b;, b% input at time 0 satisfy &, = b% = 0 and for
which the k tuples b,, b% input at time 1 satisfy b, = % = 0. Let
E € S’ with initial state a = (a,, - - - , an-1, an) and final state z = (2,
-+, 2ZN-1, 2n), Where @;, z;, i =1 ..., N — 1 are & tuples and ay, zn
are [ tuples. At time 2 the two paths occupy states ((zx0 - - - 0) + bs,
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by, @y, - -+, an-3, Gn—2) and ((2x0 - - - 0) + b3, bY, ay, - -, an-3, GN-2).
At time N the two paths occupy states (2o, 23, - -+, 2y-1, (250 - -+ 0)
+ by, by) and (23, 23, - - -, 2n-1(2n0 - - - 0) + b, b¥). Set f = b, + b
and g = b, + bf and define M;(fg) i =0, ... N as in (43). Arguing as
in Lemma 9 we obtain

2v+k(2k—l) (2k—l _ I)Q(S ’ )
N
=202 = 1)@ - DN+ DI+ —2 F ¥ T Mi(fg0---0).
/fo £+0 i=0
f=0 g=0
Let 6 =1/(22*"Y —1) and let @ = 2(2*' — 1)6Q(S™) + (2¥' - 1)%6Q(S’).
Then 2(25* — 1)6 + (2*"'— 1) = 1 and so
d?nin ~
? < 2"+k>\1(Q).
The proof of Theorem 3 goes through [change “c; = 0 (#0)” to “the
last k — [ digits of ¢; are zero (nonzero)”] and we obtain

dlznin 22(k—l)+1 v
-—I—)— < 2Tk_l)‘—_—1 (2 + [EJ>, (69)

for general k& and ».
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