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APPENDIX 

Building Descriptions 

A.l Nabisco, Naperville 
Surroundings: Open area, without nearby multistory build­

ings. 
Construction: Masonry with some corrugated siding. The 

interior has some windowed office space but 
a large portion is devoted to cereal processing 
equipment. 

Cell site signals: 1st floor-Eola 
2nd floor-Eola, Lemont 
4th floor-Cloverdale, Eola, Lemont. 

A.2 Metropolitan Life Insurance Co., Naperville 
Surroundings: Open area without nearby structures. 
Construction: Large glass sections alternated with large 

concrete slab sections. 
Cell site signals: 1st floor-Cloverdale, Eola 

2nd floor-Cloverdale, Eola, Lemont 
3rd floor-Cloverdale, Eola, Lemont. 

A.3 Bell Laboratories, Naperville 
Surroundings: Open area without nearby structures. 
Construction: Low light transmission glass in metal frame­

work. Mostly windowed halls with interior 
office space. 

Cell site signals: 1st floor-Cloverdale, Eola 
3rd floor-Cloverdale, Eola 
5th floor-Coverdale, Eola, Lemont. 

A.4 Bell System Center for Technical Education, Lisle 
Surroundings: Open area without nearby structures. Lo­

cated at the bottom of a hill to the East. 
Construction: 

Cell site signals: 

Brick and glass with high-rise dormitory area. 
Windowed office space. 
1st floor-Cloverdale, Eola, Lemont 
3rd floor-Cloverdale, Eola, Lemont 
5th floor-Cloverdale, Eola, Lemont, Lyons 
9th floor-Cloverdale, Eola, Lemont, Lyons 
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A.5 Illinois Bell, Oak Brook 
Surroundings: Stand-alone with other multistory buildings 

spaced several hundred yards distant. 
Construction: Brick and glass windowed office space and 

work space. 
Cell site signals: 1st floor-Cloverdale, Eola, Lemont, Lyons 

2nd floor-Cloverdale, Eola, Lemont, Lyons. 
A.6 McDonalds, Oak Brook 

Surroundings: Stand-alone with other multistory buildings 
spaced several hundred yards distant. 

Construction: Narrow windows with concrete in a ratio of 
approximately 50 percent. Interior office 
space uses half-height dividers. First floor is 
a lobby area. 

Cell site signals: 1st floor-Cloverdale, Lemont, Lyons 
2nd floor-Lyons 
8th floor-Cloverdale, Eola, Lemont, Lyons. 

A.7 Chrysler, Elk Groue 
Surroundings: Open area without nearby multistory build­

ings. 
Construction: Concrete slabs, only one floor. The interior 

is a large warehouse with metal storage bins 
for automobile parts. An attached office 
building had no measurable signal because 
copper-sputtered windows constituted 100 
percent of outside surface. 

Cell site signals: Cloverdale and Morton Grove. 
A.8 Allied Van Lines, Hillside 

Surroundings: Residential area without nearby multistory 
structures. 

Construction: Concrete and glass with windowed office and 
work space. 

Cell site signals: 1st floor-Lyons, Canal 
2nd floor-Cloverdale, Lemont, Lyons 
4th floor-Cloverdale, Lemont, Lyons, 

Canal, Morton Grove. 
A.9 Illinois Bell, Oak Park 

Surroundings: Corner buildings in area with other multi­
story buildings of about same height. 

Construction: Brick and glass. Windowed office space and 
work space. 

Cell site signals: 3rd floor-Lyons, Canal, Morton Grove 
4th floor-Lyons, Canal, Morton Grove. 
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A.I0 Western Electric, Hawthorne 
Surroundings: Corner building without nearby structures. 
Construction: Brick and smaller glass windows typical of 

factory construction. First floor is open area 
with heavy machinery; second floor is open 
area with assembly lines; third floor is office 
space with windowed space. 

Cell site signals: 1st floor-Lyons 
2nd flo or-Lyons 
3rd floor-Lyons, Canal, Morton Grove. 

A.ll Illinois Bell, Kedzie and 61st Street 
Surroundings: Corner building in area with other multistory 

buildings of similar height. 
Construction: Brick and glass. Windowed office space and 

work space. 
Cell site signals: 1st floor-Lyons, Canal, Beverly 

4th floor-Lyons, Canal, Beverly. 
A.12 American Medical Association, State Street (Downtown) 

Surroundings: Bounded on all sides by streets or parking 
area. 

Construction: Reflective glass windows and concrete. The 
interior office area is open with three-quarter 
partitions. 

Cell site signals: 1st floor-Lyons, Canal, Morton Grove 
2nd floor-Lyons, Canal, Morton Grove. 

A.13 Illinois Bell, Randolph (Downtown) 
Surroundings: Bounded on four sides by city streets. Neigh­

boring buildings are multistory. 
Construction: Concrete and glass with lobby on first floor 

and windowed work and office spaces on up­
per floors. Office partitions are three-quarter­
high dividers. 

Cell site signals: 1st floor-Canal 
3rd floor-Canal 
5th floor-Canal, Morton Grove, Beverly. 

A.14 Bell Training Center, West Adams (Downtown) 
Surroundings: Neighboring multistory buildings in a busi­

ness district. The building front is open to 
the street and both sides abut neighboring 
buildings. The rear of the building opens into 
a service courtyard. 

Construction: Concrete and glass. Interior upper floors have 
windowed office space. 
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Cell site signals: 1st floor-Canal 
2nd floor-Canal 
12th floor-Canal 
15th floor-Canal. 

A.15 Private Home, Lombard 
Surroundings: Residential neighborhood. 
Construction: Aluminum siding. 
Cell site signals: Cloverdale, Eola, Lemont, Lyons. 
The outside reference measurements for this building were inc om -
plete because a complete perimeter path was not available. The 
measurements for this building are not combined with the results 
from other buildings. 
The penetration loss for this building based on the available 
street-level reference measurements is 7.3 dB with a sigma of 6.7 
dB. 
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We have derived formulas for the combined effects of quantization and 
transmission errors on the performance of embedded Differential Pulse Code 
Modulation (DPCM), a source code that can be used for variable-bit-rate 
speech transmission. Our analysis is more general and more precise than 
previous work on transmission errors in digital communication of analog 
signals. Special cases include conventional DPCM and Pulse Code Modulation 
(PCM). Our main result is a signal-to-noise ratio formula in which the effects 
of source characteristics (input signal, codec design parameters) and the effects 
of transmission characteristics (modulation, channel, forward error correction) 
are clearly distinguish.able. We also present, in computationally convenient 
forms, specialized formulas that apply to uncoded transmission through a 
random-error channel, transmission through a slowly fading channel, and 
transmission with part or all of the DPCM signal protected by an error­
correcting code. Numerical results show how channel coding can have different 
effects on conventional and embedded DPCM. They also show how the binary­
number representation of quantizer outputs influences performance. 

I. INTRODUCTION 

1.1 Embedded Differential Pulse Code Modulation 

Embedded coding can playa valuable role in variable-bit-rate speech 
transmission. With an embedded code the analog-to-digital (a/d) and 
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digital-to-analog (d/a) converters operate at a constant, high bit rate, 
and the transmission system controls the instantaneous rate. Proposed 
applications for variable-bit-rate operation include a digital private 
branch exchange,! digital speech interpolation,2 packet-switched voice 
transmission,3 and mobile radio.4 

Sophisticated versions of Differential Pulse Code Modulation 
(DPCM) are promising speech codes for these and other environ­
ments.5

-
7 However, conventional DPCM is not suited to variable-bit­

rate transmission because the decoder amplifies the effects of bit-rate 
adjustments. On the other hand, a slightly modified form of DPCM 
avoids this problem and produces an embedded code.s 

Figure 1 shows the codec (coder, decoder) structure of embedded 
DPCM. Although up to E bits/sample can be transmitted, the signals 
presented to the two integrators have a resolution of only M bits/ 
sample, the minimum bit rate of the channel. While Fig. 1 is a useful 
guide to practical implementations, Fig. 2, which is equivalent, is 
easier to analyze. It shows the quantizer at the encoder as a successive­
approximation combination of two quantizers: a "minimal" quantizer 
with M bits/sample and a "supplemental" quantizer with E-M bits/ 
sample, operating on the error signal of the minimal quantizer.* 

In embedded DPCM, all of the bits from the minimal quantizer 
arrive at the decoder; the transmission system can delete some or all 
of the supplemental bits. With 8 bits/sample of the supplemental 
quantizer transmitted to the decoder, the rate is D = M + 8 bits/ 
sample, and the quantizing distortion is very close to that of a conven­
tional codec with D bits/sample. 

Errors in the two bit streams have different effects on the decoder 
output. Errors in the M, minimal bits, are enhanced by the decoder 
integrator, which has no effect on errors in the 8, supplemental bits. 
This situation compares favorably with conventional DPCM, where 
all errors are integrated at the decoder. It also has implications for 
forward error correction in embedded D PCM. Figures 1 and 2 will be 
further explained in Section II. 

1.2 The scope of this paper 

Our principal contribution in this paper is an analysis of the com­
bined effects of granular quantizing distortion and transmission errors 
on the mean-square error of embedded DPCM. The analysis 
is quite general: special cases include Pulse Code Modulation (PCM) 
(M = 0) and conventional DPCM (8 = 0). The formulas for the noisy-

* Based on the structure of Fig. 2, Jayant has recently described an enhanced 
supplemental quantizer (called an explicit noise coder) that uses memory and delay to 
improve speech quality.9 
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channel performance of conventional DPCM are new, and the spe­
cialization to PCM is more precise than previous work on the sub­
ject,10-12 which includes several approximations that are accurate for 
multibit (~6-bit) quantizers, but are rather imprecise at lower bit 
rates. The method of analysis has the advantage of separating source 
effects from transmission effects. The source effects include the char­
acteristics of the analog input signal and the codec design parameters. 
The transmission effects include modulation and demodulation, the 
channel, forward error correction, and diversity reception. 

The main result is eq. (61), in which the transmission effects are 
contained in the discrete probability function P(l), where l is an index 
of binary error patterns. The other symbols in (61) are source param­
eters and functions of source parameters. After deriving (61) we apply 
it to specific transmission environments and present, in Table VI, 
specialized formulas that are convenient for numerical computation. 

In all, there are 78 formulas in Sections III through VI, most of 
them intermediate steps in derivations of a few key results. Anticipat­
ing that few readers will require all these details we provide here a 
summary of the analysis and we display a few numerical results. 
Sections I, II, and VII contain the main ideas of our work and sufficient 
information to allow readers to perform, on hand calculators, compu­
tations similar to the ones we present. 

Section III introduces the notations for the signals and errors in the 
M-bit minimal DPCM codec and the S-bit supplementary PCM codec 
of Fig. 2. The analysis of Section III leads to (2), which expresses the 
sampled-data error sequence as a function of quantization errors, 
transmission errors, and integrator characteristics. Section IV begins 
the analysis of the mean-square value of (2) by deriving (35), the ratio 
of the mean-square codec input to the mean-square value of the 
encoder difference signal. Section V defines A factors, which are 
conditional mean squares of the errors due to specific binary error 
patterns, and derives (61), the general signal-to-noise ratio (s/n) 
formula. Section VI adapts (61) to specific transmission models and 
provides guides to numerical computation. 

1.3 Examples of numerical results 

Figure 3 shows the performance of embedded DPCM in four trans­
mission environments, all of them employing Coherent Phase Shift 
Keying (CPSK) modulation at 32 kb/s in a white-Gaussian-noise 
channel. The encoder operates at 32 kb/s (8-kHz sampling, 4 bits/ 
sample), and in format 1 all of this information is transmitted. Figure 
3 indicates that when the channel sin falls below 10 dB, the audio 
sin deteriorates rapidly. In format· 2, the least significant bit of each 
DPCM code word is deleted, and the remaining 3 bits/sample are 
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Fig. 3-Performance of embedded DPCM in four transmission environments. 

protected by a rate 3/4 convolutional code. Although there is more 
quantizing noise than in format 1 (the sin is 6 dB lower in the absence 
of transmission errors), the convolutional code permits accurate re­
ception of the transmitted bit stream at channel sin's down to 3 dB. 
Going one step further with this approach to channel coding, we have 
format 4, in which 16 kb/s of speech data are transmitted under the 
protection of a rate 112 code. The threshold of essentially error-free 
performance is now extended down to a channel sin of about 0 dB. 

In code format 3 the speech transmission rate is 24 kb/s, as in 
format 2, but now only 2 of the 3 bitslsample are protected by the 
convolutional code, which has rate 2/3. The threshold of curve 3 in 
Fig. 3 is about 1 dB lower than that of curve 2. On the other hand, 
format 3 is slightly worse than format 2 in intermediate channel 
conditions (sin's between 3 and 5 dB). Over this range, format 2 is 
essentially error free, while format 3 is affected by errors in the 
unprotected third bit of each code word. The effect is small, however, 
because these errors are not amplified at the decoder. 

With conventional, rather than embedded, DPCM, the correspond­
ing picture, Fig. 4, is rather different, especially with respect to format 
3. Here channel errors in the unprotected third bit are amplified by 
the integrator at the decoder. The result is a noticeably lower output 
sin relative to format 2 (all three bits protected) when the channel 
sin is between 3 and 6 dB. On the other hand, in clear channels the 
greater accuracy of prediction in the conventional encoder causes the 
output sin of conventional DPCM at 24 kb/s (formats 2 and 3) and 
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32 kb/s (format 1) to be about 0.7 dB higher than that of embedded 
DPCM. 

Figure 5, which applies to 24kb/s speech transmission with a rate 
2/3 code, summarizes the performance differences between conven­
tional and embedded DPCM. Conventional DPCM has somewhat 
lower quantizing noise, which is reflected in the higher s/n in good 
channels. In intermediate conditions, when errors in the unprotected 
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bit influence performance, embedded DPCM is better because the 
effects of these errors are not amplified at the decoder. In very difficult 
channels, errors in the two coded bits dominate performance and the 
sin's of conventional and embedded DPCM are virtually equal. 

II. EMBEDDED DPCM SIGNAL PROCESSING 

Figure 1 shows the signal processing operations that take place in 
embedded DPCM encoding, transmission, and decoding. While the 
analog-to-digital converter at the encoder generates E bits/sample, 
the resolution of the signal presented to the integrator is limited to M 
bits/sample, where M is the minimum bit rate of the transmission 
system. The transmitted bit rate, D, can vary between M and E. At 
the receiver E-D filler bits are appended to the incoming signal. As in 
the encoder, E-M bits are deleted at the integrator input so that in 
the absence of transmission errors the encoder integrator and the 
decoder integrator produce the same approximation signal. When this 
signal is added to the full-resolution (D bits) quantizing error, the sum 
has nearly the quality of a conventional DPCM signal with D bits/ 
sample. 

While Fig. 1 demonstrates practical implementations, Fig. 2, which 
is equivalent, is easier to analyze. It represents the analog-to-digital 
conversion as a two-step, successive-approximation process. First the 
input to the converter is represented by M bits/sample. Then the error 
of this representation is processed by another analog-to-digital con­
verter with E-M bits/sample. Taken together, the two digital signals 
comprise an E bits/sample representation of the DPCM difference 
signal. All of the M bits of the minimal analog-to-digital converter are 
transmitted. The other E-M bits are subject to deletion by the trans­
mission system. At the receiver the minimal, M-bit signal is processed 
by a conventional DPCM decoder. The result is added to the supple­
mental, S = D - M bit representation of the DPCM error signal to 
produce the system output. 

III. SIGNAL ANALYSIS 
3.1 Error sequence 

To analyze Fig. 2, we introduce Fig. 6, which shows the signals that 
appear in the analysis and defines their notations. Weare interested 
in the overall error signal 

e(k) = x'(k) - x(k), (1) 

the difference between decoder output and encoder input. In particular 
we will derive the formula 

e(k) = nn(k) + en(k) + L bieM(k - i), (2) 
i=l 

2742 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1983 



"i:J 
n 
~ 
m 
;:;0 
;:;0 

o 
;:;0 
Vl 

~ 

~ 
W 

x(k) 

y(k) 

QUANTIZING ERRORS 

nM(k) = qM(k) - ~(k) 

nS(k) = qS(k) + nM(k) 

no (k) = qo (k) - ~(k) 

qS(k) qO(k) q'O(k) 

q'S(k) 

+ 
TRANSMISSION ERRORS 

eM(k) = q'M(k) - qM(k) 

es(k) = q's(k) - qs(k) 

eo(k) = q'o(k) - qo(k) 

A/D - ANALOG-DIGITAL 
D/A - DIGITAL-ANALOG Yk = alqM(k-l) + a2qM(k-2) + ... + aKqM(k-K) 

Fig. 6-The signal-processing operations of Fig. 2 and the notation used to analyze 
them. Three new digital-to-analog converters define signals that appear in the analysis. 

x'(k) 

+ 

x'M(k) 



where nD(k) is the quantization noise of the two-stage, D-bit analog­
to-digital conversion, eD(k) is the effect of a transmission error on the 
entire D-bit transmitted code word, and eM(k) is the effect of a 
transmission error on the minimal, M-bit DPCM code word. The 
coefficients bi are related to the predictor coefficients aI,a2, ... aK 
according to (12). 

Formally, 
(3) 

the difference between the quantized inputs to the decoder and encoder 
integrators. To define nD(k) and eD(k), we view the combined code 
word with M + S = D bits as a digital representation of Hk) = x(k) -
y(k). AD-bit digital-to-analog converter would produce the quantized 
signal qD(k), and so we have the definition of quantization error: 

nD(k) = qD(k) - Hk). (4) 

At the receiver, where the D bits/sample are possibly corrupted by 
transmission errors, a digital-to-analog converter would produce qb(k). 
The transmision error is 

eD(k) = qb(k) - qD(k). (5) 

In the remainder of Section III we derive eq. (2); in Section IV and V 
we analyze its mean square. 

3.2 Derivation of the error sequence 

Here the signal analysis is facilitated by the transform notation of 
Table I. The reader may verify that the output of the minimal encoder, 
QM(Z), is related to input and quantizing noises by· 

QM(Z) = [X(z) + N M(z)][l - F(z)]. 

Table I-Transform notation for codec signals 
Encoder Signal 

X(Z) 

F(z) 

Description 

Encoder input, decoder output 
Minimal decoder output 
Approximation signal 
M-bit representation of X(z) - Y(z) 
QM(Z) - [X(z) - Y(z)] 
Quantizing error in QM(Z) 
QM(Z) - QM(Z) 
Transmission error in QM(Z) 
S-bit representation of -NM(z) 
Qs(z) + NM(z) 
Quantizing error in Qs(z) 
Qs(z) - Qs(z) 
Transmission error in Qs(z) 

K 

Predictor Laiz-1 
i=l 

Decoder Signal 

X'(z) 
XM(z) 
Y'(z) 
QM(Z) 

Es(z) 

F(z) 
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In the minimal decoder 
, QM(Z) 

XM(Z) = 1 - F(z) , (7) 

which leads to 
, EM(z) 

XM(Z) = X(Z) + NM(z) + 1 _ F(z) (8) 

In the supplemental encoder, 

Qs(z) = -NM(z) + ND(z), (9) 

and at the decoder 

Qs(z) = -NM(z) + ND(z) + Es(z). (10) 

Combining (8) and (10) we have the output of the entire decoder, 

X'(z) = XM(z) + Qs(z) = X(z) + ND(z) + Es(z) + 1 ~M~lz). (11) 

To transform (11) to time-domain notation, we defined bi, i = 0, 1, 
2, ... , to be the inverse z transform of 1/(1 - F), such that 

(12) 

Then we have 

i=O 

and the error is 

e(k) = x' (k) - x(k) 

= nD(k) + es(k) + eM(k) + L bieM(k - i), (14) 
i=l 

where we have substituted bo = 1. Equation (14) is identical to (2) 
because 

eD(k) = eM(k) + es(k). 

IV. MEAN-SQUARE ERROR 

The square of (2) is 

e2(k) = [nD(k) + eD(k)]2 + L b7et(k - i) 
i=l 

+ 2 L bi[nD(k) + eD(k)]eM(k - i) 
i=l 

(15) 

+ 2 L L bibjeM(k - i)eM(k - j). (16) 
i=l j=i+l 
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To analyze the mean value of (16), we assume that the sequence {x(k)} 
is drawn from a stationary ergodic random process. In our derivations 
we ignore all correlations in (16) between non simultaneous samples. 
That is, we assume 

i ~ 1 (17) 

and 
i =t= j. (18) 

Equation (17) indicates that the overall error (quantizing plus channel 
distortion) in the kth sample is uncorrelated with errors in other 
samples of the minimal M-bit quantized samples. Equation (18) states 
that errors in different minimal samples are uncorrelated. These 
approximations are accurate because the sequence of samples at the 
input to a DPCM quantizer is decorrelated by the differential coding 
process and because transmission errors affecting different code words 
are independent or only weakly correlated. 

The approximations, (17) and (18), remove the last two sums from 
the expected value of (16), leaving 

E{e2(k)} = E{[nn(k) + en(k)]2} + bpE{e~(k)}, (19) 

in which we summarize the influence of the predictor in 

(20) 
i=l 

The expectations in (19) are related to the quantization and trans­
mission of ~(k), the DPCM difference signal. In Section V, we present 
a complete theory of the errors due to these operations. While this 
theory relates these errors to u~ = E{e(k)}, we are ultimately interested 
in the s/n of the codec input, x(k): 

s/n = E{x2(k)}/E{e2(k)} = u;/u;. (21) 

To find this quantity, we will now derive u;/ u~ and then combine it 
with the results of Section V. To begin the derivation, we refer to Fig. 
6 and verify 

Y(z) = F(z)[X(z) + NM(z)], (22) 
which leads to 

K K 

Hk) = x(k) - y(k) = x(k) - L aix(k - i) - L amM(k - i). (23) 
i=l i=l 

We write the mean-square value of (23) as 

u~ = E {[ x(k) - i~ a,x(k - i) n + E [.~, a,nM(k - i) r 
- 2E {[ x(k) - ,~ a,x(k - i)] [~, a,nM(k - i)]}. (24) 
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The first term in (24) depends on the spectral properties of x(k) and 
on the predictor. The ratio of <T~ to this quantity is called the prediction 
gain, 

G = U;/E {[X(k) - i~' a,x(k - i)]l (25) 

It indicates that extent to which the predictor (in the absence of 
quantization) reduces the mean-square value of the signal to be quan­
tized. Formally we have 

(26) 

in which ao = 1, a[ = -ai, i = 1, 2, ... , K, and r n is a normalized 
covariance coefficient of the stationary input, 

rn = E(x(k)x(k + n)}/<T~. (27) 

In evaluating the second and third terms of (24), we ignore corre­
lation between different quantizing-noise samples and correlations 
between quantizing-noise samples and samples of the codec input. 
Thus we use (18) and the approximation 

(28) 

This allows us to write 

<T~ = G-l<T~ + apE(nL(k)}, (29) 

where we define 
K 

ap = L a7. (30) 
i=l 

The noise component of (29), which depends on the quantizer 
overload point and on the statistical properties of Hk), is analyzed in 
Section V, where we restrict our attention to granular quantizing noise 
and derive <T~(B), the noise power of a B-bit quantizer with unity 
overload point. If the actual overload point is ~max' the noise power of 
the M-bit minimal quantizer is 

E(nL(k)} = ~inax<T~(M) ~ ~L/12. (31) 

The quantizer step size is 

(32) 

and the approximation would be exact if nM(k) were uniformly distrib­
uted over the range -~M/2 to ~M/2. Table II presents <T~(B) numeri­
cally and indicates the fractional error due to the above approximation. 
A parameter in Table II is the dimensionless load factor 
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Table II-Quantizing noise 

Load 
Gaussian 

Factor 2 bits 3 bits 

1.78 Noise power CT~(B) 0.02066 0.005198 
Approximation error* -0.01 0.00 

3.16 Noise power CT~(B) 0.02082 0.005207 
Approximation error* 0.00 0.00 

5.62 Noise power CT~(B) 0.02292 0.005209 
Approximation error* 0.09 0.00 

* Relative error of the approximation ~(B) ;::;: 2-2B /3. 

L = ~max/(J'~. 

Combining (29), (31), and (33), we arrive at 

(J'~ = G-l(J'~ + apL2(J'~(M)(J'~, 
or the quantity we set out to derive: 

(J'~/(J'~ = G[1 - apL2(J'~(M)]. 

Exponential 

2 bits 3 bits 

0.02189 0.005276 
0.05 0.01 

0.02394 0.005419 
0.13 0.04 

0.02885 0.005836 
0.28 0.11 

(33) 

(34) 

(35) 

v. QUANTIZATION NOISE AND TRANSMISSION NOISE IN PCM 

5.1 Granular and overload conditions 

To analyze (19), we study, statistically, the quantization and trans­
mission of the DPCM difference signal Hk). In this type of study it is 
customary to separate the quantizing error into two components: 
overload distortion and granular noise. In speech communication this 
distinction is valuable for predicting subjective quality.13,14 Moreover, 
in analyzing DPCM the distinction is essential because, except for a 
codec with an ideal integrator,15 (F(z) = z-I, which is pathologically 
vulnerable to transmission errors), there is no theory for computing 
the mean-square slope-overload distortion. Thus our analysis sepa­
rates the transmission of clipped samples of Hk) from samples subject 
to granular distortion. Our theory pertains only to the transmission 
of unclipped samples. For those samples we add two different distor­
tions, quantizing noise and noise due to transmission errors. Unlike 
slope overload, both of these impairments are essentially uncorrelated 
with the signal. This gives us confidence that the mean-square sum is 
a reasonable quality measure. 

Formally, we rewrite (19) as 

(J'; = povE(e 2(k) II Hk) I > ~max} + PgrE(e 2(k) II Hk) I ~ ~max}' (36) 

where Hk) is the quantizer input and ~max is the overload point of the 
uniform DPCM quantizer. The probability of overload is Pov andpgr = 
1 - pov is the probability of granular quantization. By definition, the 
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quantizer is overloaded at time k if the quantization error exceeds half 
of a quantization step, i.e., if 

The step size of the D-bit uniform quantizer is 

/lD = ~max2-(D-l) = /lM/2D-M. 

(37) 

(38) 

Our remaining analysis will be confined to the second expectation 
on the right side of (36) and in particular to the ratio, 

(39) 

To be concise in the remainder of this paper, we will omit the granular 
condition, I Hk) I :::::; ~max' from our notation of expected values. 

5.2 Transmission model, normalized quantizer 

To facilitate numerical evaluation of sin's, we will present three 
tables of normalized error terms. The normalization relates these 
errors to a quantizer with a unity overload point and an input with 
probability density function Pu(·). If the quantizer of interest has an 
overload point of ~max and the input has the probability density p~(. ), 
the relevant errors are table entries scaled by ~~ax. The two probability 
densities are related by 

(40) 

To confine our attention to the granular quantization condition, we 
perform our averages with respect to the conditional probability den­
sity 

pgiu) = 11 , 
Pu(u)du 

-1 

=0 lui> 1. (41) 

The model is illustrated in Fig. 7. The signal u = ~I ~max is processed 
by a B-bit analog-to-digital converter with overload point 1 and step 
SIze 

/lB = 2-(B-l). (42) 

The digital output of the aid is i, and the corresponding quantized 
signal is Ui, which is related to u by the graph in Fig. 7 and by 

Ui = -1 + (i + 0.5)/lB when 

i = 0, 1, ... , 2B - 1. (43) 

In Fig. 7, the B-bit code word i is transmitted, and i' is received, 
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with the transformation of i to i' characterized by a binary-error 
pattern with index l, l being an integer in the range 0, 2B - 1. To relate 
the error effect to l, we refer to the natural-binary representation of l 
and specify that a 1 in the bth least-significant position of l causes an 
inversion of the bth most-significant* bit in the binary representation 
of i. Thus l = ° refers to error-free transmission (i = i'); l = 1 refers 
to an error only in the most significant bit; l = 5 refers to errors in 
the first and third most significant bits; etc. 

With U the quantizer input and l the binary error pattern, we denote 
the received sample in Fig. 7, Uil. It is helpful to separate the complete 
error Ui/ - U into quantization-noise and transmission-noise compo­
nents as follows, 

5.3 Conditional expectations of transmission-error effects 

5.3.1 The general approach 

(44) 

Our goal is to evaluate the mean-square of (44) over the joint 
distribution of input statistics and binary-error patterns. The key to 
our analysis is the definition of A factors, which are conditional mean­
square errors, each related to a specific binary-error pattern, l. By 
analyzing these conditional errors, we separate the effects of source 
characteristics from the effects of transmission characteristics. The 
source effects are embodied in the A factors; the transmission effects 
are embodied in probabilities of error patterns. These probabilities 
govern the weighted addition of the A factors to produce the final 
result. 

This approach to analyzing transmission impairments was intro­
duced by Rydbeck and Sundberg,I°-12 who were mainly concerned with 
quantizers with 6 to 8 bits/sample. This high resolution admitted 
various approximations that are inaccurate in the 2- to 4-bit quantizers 
of greatest interest for embedded DPCM transmission. Thus we pro­
ceed to a precise calculation of two types of A factors: conditional 
expectations related to the isolated effects of digital transmission 
errors and conditional expectations that include correlations between 
transmission errors and quantizing noise. In high-resolution quantiz­
ers this correlation is negligible, and the two types of A factors are 
essentially equal. 

5.3.2 Analysis 

To compute the mean-square value of (44), conditioned on error 
pattern l, we will identify three important quantities: u;(B), the 

* This reversal of the bit ordering of I relative to the binary representation of i will 
facilitate bookkeeping in subsequent computations. 
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granular-noise power of a B-bit quantizer; AI(B), the mean-square 
effect of error pattern l on the quantized signal Ui; and .JAB), the 
overall effect of error pattern l on the mean-square error of the analog 
output Uil. 

To derive computationally convenient expressions for (T~(B), AI(B), 
and .JAB), we defined the integrals 

Pi = l';H p",(u)du (45) 

q, = l';H (Ui - u)p",(u)du (46) 

(47) 

in which Vi is the lower boundary and Vi+1 is the upper boundary of 
quantizing interval i: 

i = 0, 1, ... , 2B. (48) 

The first integral (45) is the probability of using interval i. The second 
integral (46) is the average quantization error in interval i. If B is 
large, ~B is small, and qi ~ 0 because Ui is in the center of the 
quantization interval. The third integral (47) is the mean-square signal 
when the quantizer is in the granular condition. 

Now we write the definitions followed by computational formulas 
for the quantizing noise and the effects of error pattern l: 

2B_1 

(T~(B) = E(Ui - U)2 = (J"~r + L (2qiUi - PiU7) (49) 
i=O 

2B_1 

AI(B) = E(Uil - UJ2 = L Pi(Uil - Ui)2 (50) 
i=O 

2B_1 

AI(B) = E(Uil - U)2 - E(Ui - U)2 = AI(B) + 2 L qi(Uil - Ui). (51) 
i=O 

AI(B), the difference between the total noise and the quantizing noise, 
includes the correlation between quantization effects and transmis­
sion-error effects. In multibit quantizers (B > 4) this correlation is 
small, and AI(B) ~ AI(B), an assumption inherent in previous work on 
PCM. Because low-resolution quantizers are of interest in DPCM, we 
take account of this correlation in our present work. 

Finally, we combine (49), (50), and (51) to write the mean-square 
value of (44) 

(52) 
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5.3.3 Computations 

Table III displays formulas for Ph qj, and (T~r that apply to inputs 
with Gaussian and exponential probability density functions. Because 
the input, U, of the normalized quantizer is related to the input, ~, of 
the quantizer with overload point ~max by U = ~/~max' we have 

2 _ 2/t2 - 1/L2 (T u - (T i; .:;; max - , (53) 

where L is the dimensionless load factor defined in (33). Because L is 
a familiar quantizer design quantity, we have written the formulas in 
Table III as functions of L. 

With the formulas in Table III, it is a simple matter to compute 
(T~(B) precisely. However, for B ;;::: 4 the approximation 

(54) 

is very accurate (within 3 percent of the exact value for L :s:; 5.6). For 
B = 2 and 3, Table II shows the exact values of (T~(B) and the 
approximation errors 

[(T~(B) - b.~/12]/ (T~(B) (55) 

for L = 1.78, 3.16, 5.62 (L 2 = 10 ± 5 dB). 
To compute Al(B), Al(B), it is necessary to know Uil - Ui, which 

depends on the binary number representation of Ui. 

5.3.4 Binary number representations 

We consider two representations: natural-binary and sign-magni­
tude, both defined in Fig. 7. Although in general the Al(B) and Al(B) 
depend on Pi and qi, there are some special cases that are important 
and illuminating. For example, in the natural-binary code, the single­
error A factors are independent of the signal statistics and of the 
quantizer. An error in the most significant bit causes Uil - Ui = ±1 
provided it is the only error in the B-bit code word. Thus Al (B) = 1. 
Likewise, any isolated error in the second most significant bit causes 
an output error of ±1/2, and in general a single binary error in position 
b causes the mean-square error 

(56) 

In the sign-magnitude code, isolated binary errors in positions b = 
2, 3, "', B have the same effects as corresponding errors in the 
natural-binary code. However, an isolated error in the most significant 
position transforms Ui to Uil = -Ui. The mean-square effect is 

(57) 

The approximation becomes more and more precise as B increases. 
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Vi = -1 + i2-(B-l);Ui = Vi + 2-B 

Gaussian 

l eo 1 -u2/2du --e 
x J2; 

_1_ exp[- (UL)2] 
J2; 2 

p(u) 
1 _ 2Q(L); I u I ~ 1 

o ; lui> 1 

Q(LVi) - Q(LVi+1) 

1 - 2Q(L) 

Exponential 

L _ e-luIL~ ~ 2 

p(u) 
1 _ e-L"/2; I u I ~ 1 

o . ,lui> 1 

e-PiL~2 _ e-'i+lL~2 
·2B- 1 • 

2(1 _ e-L~2)' ~ £ ~ 2B - 1 
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5.4 The sIn of the embedded codec 

Referring to (52) and Fig. 7, we have the mean-square difference 
between ~' and ~, over all possible error patterns 

EIW - ~)21 = ~i';,~EI'fI = ~i';,~ [q~(B) + T P(l)liAB)), (58) 

where P(l) is the probability of error pattern I. The effect of the 
transmission errors on the quantized version of ~ is ~~ax L~11 
P(l)A1(B). Returning to (19), we have two expectations: the first is the 
combined (quantizing and transmission) noise of a D-bit signal; the 
second expectation is the noise due to transmission errors in the M­
bit minimal signal. Thus, we can write (19) as 

q; = ~i';,,,[ q~(D) + 7f P(I)A,(D) + bp 2%,' P(llA,(M»), (59) 

where ~~ax = L2(J~ is related to (J~ by 

2 _ L2(J~ 
~max - G[l - apL2(J~(M)]' (60) 

The sin, which is the principal subject of this paper, is, therefore, 

sin = 2D_~[1 - apL2(J~(M)~M_l (61) 

L2[(J~(D) + L p(l)AAD) + bp L P(l)A1(M)] 
1=1 1=1 

With the exception of the two summations in the denominator, all of 
the quantities in (61) are properties of the input signal and the codec 
design parameters. These summations, 

2D_l 2M_l 

(J~t = L P(l)A1(D) + bp L P(l)A1(M) (62) 
1=1 1=1 

comprise the effects of transmission errors on the performance of 
embedded DPCM. We analyze them in Section VI. 

VI. TRANSMISSION EFFECTS, BINARY-ERROR PROBABILITIES 

The 2D probabilities, P(l), of binary-error patterns are properties of 
the digital transmission system, which includes a modulator, a channel, 
a demodulator, possibly a codec for forward error correction, and 
possibly a means for combining different versions (diversity branches) 
of the received signal. Depending on these components, the P(l) 
exhibit properties that facilitate evaluation of the sums in (61). In the 
following subsections we consider three paradigms: (1) random errors 
with statistically independent transmission of all bits; (2) slow fading 
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with the bit-error probability constant over each code word, but 
independent from word to word; and (3) channel coding that makes 
all error patterns equally likely. 

6.1 Random binary errors 

Errors in all bits are statistically independent of each other and 
occur with probability, P. The probability of error pattern l depends 
only on w, the Hamming weight of l, i.e., the number of ones in the 
B-bit binary representation of l. Thus, 

P(l) = pW(1 - p)B-w = pw B~W (-l)i (B -: w) pi. (63) 
i=O J 

This expansion leads us to express the summations in (61) as poly­
nomials in P. The coefficients of the polynomial involve the sums of 
all A factors with a fixed weight, w. Let us denote these sums Sw(B) 
where, for example, 

Sl(B) = A1(B) + A2(B) + A 4(B) + ... + A2B-l(B); 

S2(B) = A 3(B) + ... + A2B-l+2B-2 (B), (64) 

and in general, 

Sw(B) = L Al(B); Sw(B) = L AAB), (65) 
lw lw 

where lw is the set of all error patterns with Hamming weight, w. 
Combining (63) and (65), we can write 

2B_l B B-w () 
l~l P(l)Al(B) = W~l i~O pi+w(_l)i B j W Sw(B). (66) 

The summations in (66) can be manipulated to form 

2I P(l)A/(B) = 1 pw j~l (~ :::: ~) (-l)W-jSj(B) 

B 

= L PWTw(B), (67) 
w=l 

where we define 

Tw(B) = j~l (~ :::: ~) (-l)w-
j
Sj (B); 

Tw(B) = f (B =~) (-l)w-iSi (B). 
i=l W J 

(68) 

For the natural-binary and sign-;magnitude representations we have 
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discovered and proved that for any input probability distribution, 
Tw(B) = Tw(B) = 0 for w ~ 3. Thus the tranmission term in (61) is 

2D_1 2M_1 

lT~t = L P(l)Al(D) + bp L P(l)Al(M) 
l=1 l=1 
2 

L PW[Tw(D) + bpTw(M)] (69) 
w=1 

This formula is valid for channels with random binary errors, and 
Table IV presents values of T 1(B), T 2(B), T 1(B), and T 2(B) for three 
quantizer load factors, B = 2-6 bits and Gaussian and exponential 
inputs. 

Table IV-Error constants for uncoded transmission 

B T1(B) T 2(B) 7\(B) T 2(B) T1(B) T 2(B) T1(B) T 2(B) 
Sign Magnitude Natural Binary 

Gaussian Inputs, Load Factor 1.78 
2 1.146 -0.146 1.085 -0.137 1.250 -0.354 1.194 -0.354 
3 1.186 -0.186 1.170 -0.183 1.313 -0.439 1.298 -0.439 
4 1.196 -0.196 1.192 -0.195 1.328 -0.461 1.325 -0.461 
5 1.198 -0.198 1.197 -0.198 1.332 -0.466 1.331 -0.466 
6 1.199 -0.199 1.198 -0.199 1.333 -0.467 1.333 -0.467 

Gaussian Inputs, Load Factor 3.16 
2 0.725 0.275 0.670 0.219 1.250 -0.775 1.167 -0.775 
3 0.726 0.274 0.711 0.262 1.313 -0.899 1.292 -0.899 
4 0.726 0.274 0.723 0.271 1.328 -0.930 1.323 -0.930 
5 0.726 0.274 0.726 0.273 1.332 -0.938 1.331 -0.938 
6 0.727 0.273 0.726 0.273 1.333 -0.940 1.333 -0.940 

Gaussian Inputs, Load Factor 5.62 
2 0.510 0.490 0.506 0.273 1.250 -0.990 1.137 -0.990 
3 0.460 0.540 0.467 0.485 1.313 -1.165 1.292 -1.165 
4 0.460 0.540 0.461 0.527 1.328 -1.196 1.323 -1.196 
5 0.460 0.540 0.460 0.537 1.332 -1.204 1.331 -1.204 
6 0.460 0.540 0.460 0.539 1.333 -1.206 1.333 -1.206 

Exponential Inputs, Load Factor 1.78 
2 0.943 0.057 0.898 0.000 1.250 -0.557 1.176 -0.557 
3 0.958 0.042 0.950 0.024 1.313 -0.667 1.296 -0.667 
4 0.964 0.036 0.962 0.031 1.328 -0.692 1.324 -0.692 
5 0.966 0.034 0.965 0.033 1.332 -0.698 1.331 -0.698 
6 0.966 0.034 0.966 0.033 1.333 -0.700 1.333 -0.700 

Exponential Inputs, Load Factor 3.16 
2 0.693 0.307 0.660 0.168 1.250 -0.807 1.147 -0.807 
3 0.667 0.333 0.670 0.285 1.313 -0.958 1.291 -0.958 
4 0.666 0.334 0.668 0.321 1.328 -0.990 1.323 -0.990 
5 0.666 0.334 0.667 0.330 1.332 -0.998 1.331 -0.998 
6 0.666 0.334 0.667 0.333 1.333 -1.000 1.333 -1.000 

Exponential Inputs, Load Factor 5.62 
2 0.537 0.463 0.527 0.205 1.250 -0.963 1.111 -0.963 
3 0.465 0.535 0.492 0.430 1.313 -1.160 1.287 -1.160 
4 0.459 0.541 0.468 0.512 1.328 -1.198 1.323 -1.198 
5 0.458 0.542 0.461 0.534 1.332 -1.206 1.331 -1.206 
6 0.458 0.542 0.459 0.540 1.333 -1.208 1.333 -1.208 
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6.2 Slow fading 

Now the binary-error probability is a random variable that is con­
stant over each code word but varies from word to word. In this case 
the effects of digital errors can be calculated as in (69) but with the 
average values pw replacing PW. These averages are computed over the 
distributions of channel sin's that govern the random fluctuation of 
P from one code word to the next. 

6.3 Error-correcting codes 

To analyze the performance of embedded DPCM protected by an 
error-correcting channel code, we make three simplifying approxima­
tions. The first one, which pertains to the error-correcting code, states 
that when there is a decoding error, all error patterns are equally 
likely. Thus we assume that if the C most significant DPCM bits are 
protected by the code, 

1 1 
P(l) = 2c _ 1 Pw = 2C-1 Pe , l = 1, 2, ... , 2c - 1, (70) 

where Pw is the word-error probability and Pe is the binary-error 
probability of the channel code. They are related by 

2c - 1 
Pw = 2C- 1 Pee (71) 

The other two approximations apply when C < D, so that the C 
most significant DPCM bits are protected and the other D-C bits are 
uncoded. To simplify computations for this case, we (1) ignore simul­
taneous errors in the protected and unprotected parts of the D-bit 
word and (2) ignore multiple errors in the unprotected part. We 
consider separately three different relationships among C, the number 
of coded bits; D, the length of the entire DPCM code word; and M, 
the number of bits in the minimal quantizer. 

6.3.1 Entire code word protected (M ::::; D = C) 

In this case P(l) may be calculated according to (70) for all D-bit 
error patterns, l = 1, 2, ... , 2D

-
1

• This value of P(l) is constant 
throughout the first sum in (62). In the second sum we have the 
probability of M-bit error patterns. For each M-bit error pattern there 
are 2D

-
M D-bit patterns. Hence P(l) in the second sum of (62) is higher 

by the factor 2D
-

M than P(l) in the first sum. Because each sum in 
(61) is a constant probability times a sum of A factors, we write 

2 - _1_ P [A- (D) (D) b 2D- MA (M) (M)] 
(J' qt - 2C- 1 e sum + P sum , (72) 

where we define the sum of the first 2c - 1 A factors 
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2C-1 2C-1 

A~~~(D) = L Az(D); A~~~(D) = L Az(D). (73) 
Z=1 Z=1 

Table V contains numerical values of Asum and Asum for the sets of 
conditions of interest to us here. 

6.3.2 Entire minimal code word, parts of the supplemental code word 
protected (M ==::; C < DJ 

In this event we assume that all of the unprotected bits have the 
binary-error probability P and that as before the protected bits have 
binary-error probability Pe. Furthermore, we set to 0 the probability 
of simultaneous errors in the protected and unprotected parts of the 
code word. (These errors occur with probability related to PeP.) We 
also set to 0 the probability of multiple errors in the unprotected part 
of the code word (which occur with probability less than P2). Thus we 
break the first sum in (61) into two parts. The first part accounts for 

Table V-Error constraints A~~~(B) and A~~~(B) for coded transmission 

Load 
B = 2 B=3 B=4 

Factor C=l C=2 C=l C=2 C=3 C=l C=2 C=3 C=4 

Gaussian Inputs, Sign Magnitude 
1.78 0.90 2.15 0.87 2.11 4.37 0.87 2.10 4.35 8.78 
3.16 A 0.47 1.72 0.41 1.56 3.45 0.40 1.52 3.37 6.91 
5.62 0.26 1.51 0.15 1.11 2.92 0.13 1.05 2.77 5.84 

1.78 0.84 2.03 0.86 2.08 4.31 0.86 2.09 4.34 8.75 
3.16 A 0.39 1.56 0.39 1.52 3.37 0.39 1.51 3.35 6.86 
5.62 0.15 1.28 0.13 1.07 2.84 0.13 1.04 2.75 5.80 

Gaussian Inputs, Natural Binary 
1.78 1.00 2.15 1.00 2.15 4.37 1.00 2.15 4.37 8.78 
3.16 A 1.00 1.72 1.00 1.72 3.45 1.00 1.72 3.45 6.91 
5.62 1.00 1.51 1.00 1.51 2.92 1.00 1.51 2.92 5.84 

1.78 0.95 2.03 0.99 2.12 4.31 1.00 2.14 4.36 8.75 
3.16 A 0.89 1.56 0.97 1.68 3.37 0.99 1.71 3.43 6.86 
5.62 0.78 1.28 0.95 1.46 2.84 0.99 1.50 2.90 5.80 

Exponential Inputs, Sign Magnitude 
1.78 0.69 1.94 0.65 1.81 3.92 0.64 1.78 3.85 7.86 
3.16 A 0.44 1.69 0.35 1.41 3.33 0.34 1.35 3.20 6.66 
5.62 0.29 1.54 0.15 1.09 2.93 0.13 0.99 2.69 5.83 

1.78 0.62 1.80 0.63 1.77 3.85 0.63 1.77 3.83 7.82 
3.16 A 0.34 1.49 0.33 1.37 3.25 0.33 1.34 3.18 6.62 
5.62 0.15 1.26 0.13 1.03 2.83 0.12 0.97 2.67 5.79 

Exponential Inputs, Natural Binary 
1.78 1.00 1.94 1.00 1.94 3.92 1.00 1.94 3.92 7.86 
3.16 A 1.00 1.69 1.00 1.69 3.33 1.00 1.69 3.33 6.66 
5.62 1.00 1.54 1.00 1.54 2.93 1.00 1.54 2.93 5.83 

1.78 0.90 1.80 0.97 1.91 3.85 0.99 1.93 3.90 7.82 
3.16 A 0.83 1.49 0.95 1.64 3.25 0.99 1.68 3.31 6.62 
5.62 0.73 1.26 0.92 1.46 2.83 0.98 1.52 2.90 5.79 
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errors in the first C (protected) bits when the other D-C bits are error 
free, l = 1, 2, "', 2c - 1. The second part accounts for single errors 
in the remaining D-C bits when the first C bits are error free, l = 
2C,2C+1, "', 2D- 1

• The result is 

P D-1 P 
2 __ e_ ~(C) ~ ~. C-M _e_ (M) 

<Tqt - 2C- 1 Asum(D) + P i;;C A21(D) + bp2 2C- 1 Asum(M). (74) 

In the second term we use the approximation 

P ::::: P(l - P)D-C+1(l - Pw ) (75) 

for the probability of a single error in the unprotected part of the code 
word. A further approximation A2i(D) ::::: A2i(D) simplifies computation 
of the second term of (74) because, for natural-binary and sign­
magnitude representations, (56) applies for b > 1. This allows us to 
derive 

D-1 

L A2i(D) = 4(4-c - 4-D)/3 = A~~)(D). (76) 
i=C 

Thus for M ~ C < D we have the formula 

<T~t = 2~-1 Pe[A~~~(D) + bp2c-MA~~~(M)] + PA~~)(D). (77) 

6.3.3 Part of the minimal code word protected (C < M ~ D) 

Just as we decomposed the first sum in (61) into two parts in the 
previous case, we similarly decompose the second sum when some of 
the M minimal bits are unprotected. The result is 

<T~t = 2~~1 [A~~~(D) + bpA~~~(M)] + P[A~~)(D) + bpA~~)(M)]. (78) 

VII. NUMERICAL RESULTS 

The useful computational formulas (61), (62), (69), (72), (77), and 
(78) are summarized in Table VI. In this section we apply these 
formulas to illustrate some of the properties of embedded DPCM and 
its relationship to conventional DPCM. 

7.1 Source characteristics 

All of our numerical results pertain to a Gauss-Markov input signal 
with adjacent-sample correlation '1 = 0.85. The codec uses single 
integration with coefficient a1 = 0.85 and the load factor, L = M. 
For this configuration the coding gain is G = 3.6. If the embedded 
codec has a minimal quantizer with M = 2 bits, Csource in Table VI is 
0.31. For conventional DPCM Csource = 0.35 with 3 bits/sample and 
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Table VI-Signal-to-noise ratio of embedded DPCM 

(a) Notation 

General Formula for Single 
Symbol Description Formula Integration 

G Coding gain (26) (1 - 2alrl + af}-l 
ap Predictor gain (30) ai 
L Load factor (33) 
M Minimal codec bits 
D Transmitted bits 
bp 1 + bp is integrator gain (20), (21) af!(1 - ai) 
rl Adjacent-sample autocorrelation (27) 
u~(B) Quantizing noise (49) 2-2B /3 or Table II 
U~t Transmission -error effects (62) 

Transmission Format 

No channel code (Table IV) 

C bits coded (Table V) 

M~D=C 

M~C<D 

(b) Error Formulas * 

Error Effect U~t 
2 

L PW[Tw(D) + bpTw(M)] 
w=l 

2~~1[A~~J,(D) + bp2D-MA~~J(M)] 
~(A (C) (D) + b 2C-MA (M)(M)] + PA (C)(D) 2C- 1 sum p sum un 

C<M~D 2~~1[A~~ln(D) + bpA~~ln(M)] + P[A~~)(D) + bpA~~)(M)] 
* P: binary-error rate, uncoded bits; Pe: binary-error rate, coded bits; A~~)(D) = 

4(4-C - 4-D)/3. 

0.36 with 4 bits/sample. Thus the quantizing-noise penalty of the 
embedded codec is 0.54 dB when 3 bits are transmitted, and 0.68 dB 
when 4 bits are transmitted. As indicated in Ref. 8 these penalties 
increase for higher values of Land al. They decrease rapidly as M 
increases. 

7.2 Modulation, channel, error-correcting codes 

In our numerical examples the modulation is coherent phase shift 
keying (CPSK) so that in a white-Gaussian-noise channel the binary 
error probability is 

(79) 

where p is the channel sin and 

1 Joo Q(x) = -- e- t2
/
2dt. 

J2; x 
(80) 

Figures 3 and 4 depict performance with three different convolutional 

peM ERRORS 2761 



codes. For all of them, we use the following truncated union bound to 
calculate binary-error probability: 

1 d+4 

Pe = - L WiQ( J2iP). (81) 
m i=d 

where m = 1, 2, 3 for the rate 1/2, 2/3, and 3/4 codes, respectively, 
and the coefficients Wi and the free distance, d, characterize the 
convolutional coder and decoder. The codes considered here are punc­
tured codes16 with constraint length 5 (16 states in the decoder mem­
ory). Table VII contains their coefficients and free distances. The 
combination of (79) and (81) with the formulas in Table VI produces 
the curves in Figs. 3, 4, 5, and 8. 

For transmission environments other than CPSK in a white-Gaus­
sian-noise channel, there are formulas for P and Pe to be used in place 
of (79) and (81). There are many families of modulation schemes, 
channel conditions, error-correcting codes, and reception techniques 
that are of practical interest. This paper provides the tools for studying 
their effects on the performance of embedded and conventional 
DPCM. This is a subject worthy of further investigation. 

7.3 Binary number representation 

Without forward-error correction, the noise due to transmission 
errors is dominated by the effects of single errors in the most signifi­
cant part of the transmitted code word. With the natural-binary 
representation, an error in the most significant bit always causes a 
noise impulse of half the peak-to-peak range of the quantizer (56). 
With the sign-magnitude representation, an error in the sign bit 
inverts the polarity of the quantized signal, thereby producing a noise 
impulse of approximately twice the magnitude of the quantizer input 

Table VII-Source and channel code formats, 
convolutional code properties 

Format 1 Format 2 Format 3 Format 4 

Source code 
bits/sample 4 3 3 2 
bits/second 32K 24K 24K 16K 
bits/sample 
protected 0 3 2 2 

Channel code 
rate No code 3/4 2/3 1/2 
Free distance, d 4 5 7 
Weight Wd 22 25 4 

Wd+l Error 0 112 12 
Wd+2 Properties 1687 357 20 
Wd+3 0 1858 72 
Wd+4 66964 8406 225 
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Fig.8-Performance of embedded DPCM with sign-magnitude and natural-binary 
representations of quantizer outputs. 

(57). Consequently, quantizers employing the sign-magnitude repre­
sentation are somewhat less affected by transmission errors than 
quantizers with the natural-binary representation when the input 
probability distribution has its mode at zero. This is illustrated in Fig. 
8, which pertains to uncoded 32 kbls embedded DPCM transmission. 
When transmission errors are the dominant distortion, signals repre­
sented in the natural-binary format are about 2 dB noisier than signals 
represented by the sign-magnitude format. 

With forward error correction, all error patterns are equally likely, 
and the two representations have essentially the same sin. 
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The Comite Consultatif International Telegraphique et Telephonique 
(CCITT) has recently recommended a code for two-level (black and white) 
graphics transmission. A large number of pictures in graphics communication 
contain areas that cannot be represented adequately by only two shades of 
gray. We describe techniques by which a composite picture, containing an 
arbitrary mixture of two- and multilevel areas, can be coded by schemes that 
are compatible with the CCITT code. First, the composite picture is segmented 
automatically into two types of areas: one requiring only two levels (text, 
drawings, etc.) and the other requiring multilevels (for example, photos). A 
Differential Pulse Code Modulation (DPCM) scheme is then used to code the 
multilevel areas. Code assignment for the outputs of the DPCM quantizer are 
based on the local conditional statistics, and the bit stream is processed to 
change the statistics of the run lengths so that the CCITT run -length code 
becomes efficient. Results of computer simulations are presented in terms of 
quality of processed pictures and the required bit rate. Simulations show that 
our CCITT compatible scheme is as efficient as an incompatible but optimum 
DPCM coding scheme. 

I. INTRODUCTION 

Simultaneous developments (algorithmic as well as systems) have 
taken place for many years in coding and transmission of two-level 
(black and white) document facsimile, and multilevel (many shades of 
gray) pictures.1

•
2 The former type of pictures require very high spatial 

resolution to preserve the sharpness and have been coded by one-

* Bell Laboratories. 
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paper may be copied or distributed royalty free by computer-based and other informa­
tion-service systems without further permission. Permission to reproduce or republish 
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2765 



dimensional run-length coding and two-dimensional edge difference 
coding [Comite Consultatif International Telegraphique et Telepho­
nique (CCITT) one- and two-dimensional codes].3 On the other hand, 
multilevel pictures contain gradual luminance transitions, and there­
fore require lower spatial resolution. They have been coded by Differ­
ential Pulse Code Modulation (DPCM) and transform methods. Most 
pictures used in business facsimile systems and audiographics confer­
encing contain a mixture of two-level and multilevel segments or 
subpictures. Coding such pictures using two-level techniques would 
not be adequate from the point of view of the picture quality, and 
using multilevel techniques would generate enormous data rates. Thus, 
it is of interest to devise schemes that automatically divide a picture 
into segments, each segment with a specified amplitude (gray shades) 
and spatial resolution and code each segment as best suited for it. 
Another practical requirement is that of compatibility. A coding 
scheme that handles a mixture of two-level and multilevel segments 
should be upwardly compatible with the CCITT standard schemes for 
two-level pictures. System cost will be reduced if the scheme for two­
level multilevel pictures uses hardware blocks that are also used by 
the two-level picture coder. We present such a scheme below. Principal 
characteristics of our scheme are: 

1. Compatibility with the CCITT schemes for two-level pictures 
2. Automatic segmentation of pictures into two-level and multilevel 

segments 
3. High coding efficiency by preprocessing the multilevel segments 

to fit the CCITT codes 
4. Lower spatial resolution for gray-level segments (if desired) 
5. Nonlossy (information preserving) coding of two-level segments, 

and lossy coding of multilevel segments. 

II. CODING ALGORITHM 

The coding algorithm is explained in the following steps. 

2.1 Segmentation 

The function of the segmentor is to classify each picture element as 
one of the three: 

1. Black} 
2. White --,) Two-Level 

3. Gray --,) Multilevel 
Figure 1 shows a neighborhood of the current picture element (pel) 
used for segmentation. We assume that each pel, obtained from the 
scanner, is specified by many shades of gray (e.g., 8 bits). The size of 
the neighborhood can be arbitrary. If it is too small, then many 
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NEIGHBORHOOD 
X X X X X X X USED FOR 

SEGMENTATION 

X X X X X X X 

X X X X X X X 
_-------CURRENT PEL 

X X X (Y-X X X 

X X X X X X X 

X X X X X X X 

X X X X X X X 

Fig. I-Picture elements used for segmentation of the current pel. The size of the 
neighborhood is not necessarily 5 x 5 as suggested in the figure. 

discontinuous segments of gray pixels will be generated. On the other 
hand, if the neighborhood is too large, then the ability to resolve small 
gray areas is lost. We slide this window of neighborhood over the pels 
along a scan line and classify each pel. We consider the boundary pels 
of the picture separately. Two thresholds, t1 and t2 (t1 < t2), are 
selected. It is hypothesized that most black pels will have intensity 
less than t1, white pels will have intensity greater than t2, and gray pel 
intensities may lie anywhere. Within the neighborhood let 

n1 = number of pels with intensity value < t1 

n2 = number of pels with intensity value> t2 

n3 = all the rest of the pels. 

We define a state, 8, consisting of three components: 81, 8 2, and 8 3• 

A picture is segmented on the basis of the value of 8. Let 

where 

= 0, otherwise 

8 2 = 1, if previous pel is gray 

= 0, otherwise 

and 

8 3 = 1, if t1 < intensity of present pel < t2 

= 0, otherwise. 

The segmentation rule is then given by 

(1) 
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s ~ 2 = > current pel gray 

S < 2 and intensity of current pel > T = > current pel white 

S < 2 and intensity of current pel ::5 T = > current pel black. 

T is a threshold used to distinguish black elements from white ones, 
once they are known to be of the two-level type. If the range (t2 - t 1) 
is decreased by increasing tl and decreasing t2, then more elements 
will be regarded as two-level and the quality of picture may suffer, but 
this will also decrease the bit rate. 

We evaluated the performance of the segmentor, in particular its 
dependence on the block size and (t2 - t 1) by computer simulation. 
Since there are no standard mixtures of two-level and multilevel 
images, we created our own by taking a 512 X 512 gray-level image 
(shown in Fig. 2) and superimposing it on the CCITT documents four 
and five. Since this 512 X 512 original was scanned at low resolution 
(compared to 200 pels/inch used for CCITT documents), it contains 
significant sharp transitions that would not be present in a photograph 
scanned at 200 pels/inch. Also, because the original gray-level picture 
and the CCITT documents are rather "clean", segmentor works quite 

Fig. 2-A 512 x 512 multilevel (8 bits/pel) picture used for simulation. 
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well. However, this may not be a typical situation if a nonideal scanner 
was used. We, therefore, added random noise to the entire composite 
picture. This noise had a variance of 425 (on an 8-bit scale, 0-255). 
Table I shows the performance of the segmentor with respect to block 
size for a composite picture made from CCITT document 4. Here tl = 
28, t2 = 195. As we view such a s~gmented picture we realize that a 
5 X 5 block may be too small. A 9 X 9 block appears quite adequate 
even when the added noise variance reaches 758. Higher block sizes 
result in a larger number of contiguous gray pels, thereby decreasing 
the number of segments. Figure 3 shows a segmented picture. Due to 
equipment limitations we show only a 512 X 512 section of the 

Table I-Performance of the segmentor 
No. of Gray Pels* 

Block Size Without Noise With Noiset 

5x5 
9X9 

15 X 15 

221,045 
222,818 
224,595 

257,952 
226,691 
224,598 

* Total number of gray pels is 512 X 512. 
t Variance of the noise = 758 (8-bit, 0-255 scale). 

No. of Segments 

Without Noise With Noise 

5394 
3918 
3052 

27,910 
6662 
3062 

Fig.3-A segmented picture. Pels classified black and white are reproduced with 
intensities 30 and 211), respectively. Gray-level pels are reproduced with 8-bit intensities. 
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composite picture. The segmentor has adequately separated the two­
level areas from the multilevel areas. 

2.2 Subsampling and interpolation 

In most cases, areas of the picture that are segmented to be gray do 
not need as much spatial resolution as the two-level segments. If the 
two-level picture is at a very high spatial resolution (e.g., 200 pels/ 
inch), then without any significant loss of quality, spatial resolution 
can be reduced in gray areas. Following is a scheme for subsampling 
and interpolation. A subsampling pattern is shown in Fig. 4. Interpo­
lation is performed by averaging four surrounding pels, as in Fig. 4. 
Although we show only 2:1 subsampling, higher subsampling ratios 
may be used if the quality requirements are not very high. Also, two­
dimensional subsampling may be performed, but this may increase the 
complexity. 

2.3 Coding 

After the pels (black, white, or gray) are classified and the gray 
areas to be transmitted are determined, a DPCM coder is used for 
gray areas. The resulting bit stream from the DPCM coder is pre­
processed, multiplexed with bits from the two-level segments, and then 
coded by a CCITT one-dimensional or two-dimensional coder. Ad­
dresses for the segments of gray pels are coded separately and multi­
plexed with the coded data to transmit on the channel. A block diagram 
for the transmitter portion is shown in Fig. 5. Details of the algorithm 
are given below. Only a nonsubsampled case is illustrated; a subsam­
pled case follows trivially. 

2.3.1 Grey segment coding 

The purpose of gray segment coding is to convert an 8-bit/pel signal 
representing gray areas into a coded 3-bit/pel signal, which can then 
be preprocessed and run -length coded. This procedure reduces the bit 
rate for gray pels to about 2 bits/pel. 

x 

o 

x 

o 

o 

o 

x o 

o x 

o 

o x 

x o 

INTERPOLATION OF A = (8+C+D+E)/4 

x: SAMPLE SELECTED FOR TRANS. 

C: SAMPLE DROPPED 

Fig. 4-Subsampling and interpolation pattern used in gray areas. Only one-dimen­
sional subsampling is considered. 
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CCIn - COMITE CONSULTATIF INTERNATIONAL 
TELEGRAPHIQUE ET TELEPHONIQUE 

Fig. 5-Block diagram of the transmitter portion of the coder. 

c 
)( 

A 

B 
)( PREVIOUS LINE 

---i)~( -----*")(- PRESENT LINE 

~ 
" .... PRESENT PEL 

Fig. 6-Configuration of pels used for prediction. Only a nonsubsampled case is 
shown. 

2.3.2 DPCM predictor 

On Fig. 6 we see that the present pel is predicted by 

X = prediction of the present pel 

= 0.5A + 0.25(B + C). 

It is assumed in this figure that all elements A, B, C are gray elements. 
Appropriate modification is made if some of these are two-level ele­
ments. 

2.3.3 DPCM quantizer 

The prediction error is quantized by a symmetric seven-level quan­
tizer with the transfer characteristics given in Fig. 7. For most pictures 
with a resolution of 100 pels/inch, this appears adequate, although in 
some cases dynamic range may not be sufficient. Subjective studies 
are needed to optimize the characteristics for a given· set of pictures. 
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L7 L5 L3 Ll L2 L4 L6 
REPRESENTATIVE - -40 -17 -6 0 6 17 40 

LEVELS 

~ ~ ~ ,........ ,........ ,.--.. ~ 
DECISION LEVE LS - -255 -28 -27 -11 -10 -3 -2 2 3 10 11 27 28 255 

Fig. 7-Transfer characteristics of the quantizer. 

Efficiency can be improved further by adapting the prediction and 
quantization. 

2.3.4 Code assignment 

To reduce statistical redundancy and create a bit stream that can 
be coded compatibly with the CCITT code, seven levels of the quan­
tizer output are mapped into a three-bit code. First, a table of 49 states 
is constructed by looking at the seven outcomes of the quantized 
prediction values for both elements A and B (in Fig. 6). Given a state, 
the code words for the present pel are arranged in order of conditional 
frequency of occurrence. Such statistics are precomputed for a set of 
pictures. The code word that is most frequent (for a given state) is 
given the code [000], the next highest is given code [001], etc. In 
addition, to decrease the probability of occurrence of isolated '1', if 
the last bit of the code word for A is a '1', then the entire code word 
for the present pel is complemented (i.e., '0' ~ '1', and '1' ~ '0'). The 
table of 49 states and the corresponding code words are shown in 
Table II. 

2.4 Preprocessing 

The code words for various states (e.g., runs) for the CCITT scheme 
are already defined based on the statistics. The statistics of the states 
for the gray-level segments are quite different. As an example, Fig. 8 
shows histograms of the runs for black and white pels on which the 
one-dimensional CCITT code is based. The same figure also shows 
the histograms of the runs of the bits from gray-level picture (only 
512 X 512) with the code assignment of the previous section but 
without any bit complementing. It is clear that the histograms are not 
similar in shape, and therefore using the CCITT code for runs of bits 
from gray segments would not be efficient. Since our experience shows 
that the two-dimensional CCITT code is not efficient for the gray 
segments, we give below a method of preprocessing that makes efficient 
use of the one-dimensional CCITT code. Let n~(i) and nb(i) be the 
histograms of the runs of black elements for the CCITT code and the 
gray-level segments, respectively. Also let c(i) be the code assigned to 
the ith run by the CCITT coder. Let j(i) be the sequence that is 
arranged in descending order of the histogram function h~(i), i.e., 

h~(j(i» :S h~[j(i - 1)] . 
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Similarly, arrange the gray-level histogram hb(i) with the function 
j*(i). Then the code word for a lengthj*(i) of the gray segment is the 
same as c(j (i) ). Thus, we arrange the two histograms in descending 
order and choose the code to be the same for entries of both the 

Table II-Uncomplemented code words 

Quantizer Quantizer 
Decreasing Frequency of Occurrence - > 

No. Level for B Level forA 000 001 011 111 110 100 010 
1 Ll Ll Ll L2 L3 L4 L5 Ls L7 
2 Ll L2 Ll L2 L3 L4 L5 Ls L7 
3 Ll L3 Ll L3 L2 L5 L4 Ls L7 
4 Ll L4 L2 Ll L4 L3 L7 L5 Ls 
5 Ll L5 L3 L5 Ll L2 Ls L4 L7 
6 Ll Ls L5 Ls L3 L2 L7 Ll L4 
7 Ll L7 L7 L4 L2 Ls L5 L3 Ll 
8 L2 Ll Ll L3 L2 L4 L5 L7 Ls 
9 L2 L2 Ll L2 L3 L4 L5 L7 Ls 

10 L2 L3 L3 Ll L2 L5 L4 Ls L7 
11 L2 L4 L2 L4 Ll L3 L7 L5 Ls 
12 L2 L5 L3 L5 Ll L2 Ls L4 L7 
13 L2 Ls Ls L5 L7 L3 L4 Ll L2 
14 L2 L7 L7 L5 L4 Ls L2 L3 L5 
15 L3 Ll Ll L2 L3 L4 L5 Ls L7 
16 L3 L2 Ll L2 L3 L4 L5 L7 Ls 
17 L3 L3 Ll L3 L2 L5 L4 Ls L7 
18 L3 L4 L2 Ll L4 L3 L7 L5 Ls 
19 L3 L5 L3 Ll L5 L2 Ls L4 L7 
20 L3 Ls Ls L5 L3 L2 Ll L7 L4 
21 L3 L7 L7 Ls L5 L3 L2 L4 Ll 
22 L4 Ll L3 Ll L2 L5 L4 L7 Ls 
23 L4 L2 L2 Ll L3 L4 L5 L7 Ls 
24 L4 L3 L3 Ll L5 L2 L4 L7 Ls 
25 L4 L4 L4 L2 Ll L7 L3 L5 Ls 
26 L4 L5 L5 L3 Ll L2 Ls L4 L7 
27 L4 Ls Ls Ll L5 L4 L2 L3 L7 
28 L4 L7 L7 L4 L2 L3 Ls Ll L5 
29 L5 Ll L2 Ll L3 L4 L5 Ls L7 
30 L5 L2 Ll ~ L4 L3 L5 Ls L7 
31 L5 L3 L3 Ll L2 L5 L4 Ls L7 
32 L5 L4 L4 L2 L7 Ll L3 L5 Ls 
33 L5 L5 L5 L3 Ls Ll L2 L4 L7 
34 L5 Ls Ls L5 L3 Ll L2 L7 L4 
35 L5 L7 Ls L7 L4 L5 L2 Ll L3 
36 Ls Ll Ll Ls L7 L3 L2 L5 L4 
37 Ls L2 Ls L7 L2 L4 L5 Ll L3 
38 Ls L3 L3 Ls L2 L4 Ll L7 L4 
39 Ls L4 L7 Ls L4 L2 Ll L3 L5 
40 Ls L5 L5 Ls L3 Ll L2 L4 L7 
41 Ls Ls Ls L5 L3 L7 Ll L4 L2 
42 Ls L7 Ls L7 L5 L4 L2 L3 Ll 
43 L7 Ll L7 L5 L3 L4 Ls L2 Ll 
44 L7 L2 L7 L2 L3 L4 Ll L5 Ls 
45 L7 L3 L7 L5 Ls L4 L3 Ll L2 
46 L7 L4 L4 L7 L2 L3 Ll Ls L5 
47 L7 L5 L7 Ls L5 L3 L4 L2 Ll 
48 L7 Ls L7 Ls L4 L5 L2 L3 Ll 
49 L7 L7 L7 L4 Ll L2 L3 Ls L5 
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Fig. 8-Histograms of the (a) white and (b) black runs used in the ID CCITT code 
and the processed gray-level pictures. 

rearranged histograms. We found that in reality much of the gain in 
coding efficiency can be obtained by exchanging the code words for a 
few run lengths. This leads to simple preprocessing. Figure 9 shows 
the results of preprocessing on the histograms. It is clear that, if bit 
complementing is not used, after the preprocessing the code set is 
more attached to the histograms and therefore leads to more efficient 
code. However, if bit complementing is used, the histogram without 
any preprocessing is not too different from the CCITT histogram. 
Therefore, when bit complementing is used, the advantages of pre­
processing are not large. Although this is the case for the picture we 
considered, more experiments are needed to evaluate statistics of 
typical pictures and usefulness of the preprocessing for such statistics. 

2.5 Addressing 

To encode positional information of the boundaries of a segmented 
picture, each composite line is considered as a sequence of alternating 
black and white runs corresponding to the lengths of two-level and 
gray-level segments, respectively. This is then coded by the two-
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Fig. 9-Effect of preprocessing on the histograms ofthe (a) white and (b) black runs. 

dimensional CCITT code and is transmitted at the beginning of each 
composite line., 

2.6 Multiplexing and CCITT coding 

The bits resulting from the above procedure for gray areas are 
multiplexed pel by pel with those of the two-level pels. Our experiments 
show that while it is advantageous to encode two-level areas by two­
dimensional code, most of the two-dimensional correlation in gray 
segments is removed by two-dimensional prediction and code assign­
ment. Therefore, gray areas are coded by one-dimensional code. Since 
the number of gray-level pels may vary from line to line, in order to 
maintain proper registration of two-level pels (for two-dimensional 
coding), a sample count is maintained and is used to initialize the two­
dimensional coder once it comes out of the gray segment within a line. 

III. SIMULATION RESULTS 

Results of computer simulations are given in Tables III and IV. 
Table III shows results for 512 X 512 gray-level picture, and Table IV 
shows results for composite pictures with CCITT standard documents 
4 and 5. It is clear from Table III that for the gray-level picture, 
without any preprocessing or bit complementing, coding efficiency is 
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No. 

1. 
2. 
3. 

4. 

5. 

6. 

7. 
8. 
9. 

10. 

11. 
12. 
13. 
14. 

Table III-Performance of coding algorithms for 512 X 512 
gray picture 

Coded bits 
Coding Algorithms (bits/pel) 

Entropy of the quantizer output (no subsampling) 1.84 
Entropy of the quantizer output (2:1 subsampling) 1.05 
Entropy with one-dimensional run-length coding (no comple- 2.76 

menting, no preprocessing, no subsampling) 
Entropy with one-dimensional run-length coding (no comple- 1.98 

menting, no preprocessing, 2:1 subsampling) 
One-dimensional run-length coding (no complementing, no pre- 3.68 

processing, CCITT code, no subsampling) 
One-dimensional run-length coding (no complementing, no pre-

processing, CCITT code, 2:1 subsampling 
2.86 

5+ preprocessing 3.14 
6+ preprocessing 2.24 
Entropy with one-dimensional run-length coding (complement-

ing, no preprocessing) 
1.88 

Entropy with one-dimensional run-length coding (complement- 1.17 
ing, no preprocessing, 2:1 subsampling) 

9+ CCITT code 2.05 
10+ CCITT code 1.31 
11 + preprocessing 1.98 
12+ preprocessing 1.19 

Table IV-Performance of coding algorithms for composite pictures 
Coded bits 

Docu- Docu-
No. Coding algorithms ment 4 ment5 

1. One-dimensional CCITT code on noncomposite docu- 870803 547853 
ment 

2. Two-dimensional CCITT code on noncomposite docu- 577527 286911 
ment 

3. Two-dimensional code for two-level, one-dimensional 1169270 893288 
code for gray level (no complementing) 

4. Two-dimensional code for two-level, one-dimensional 961210 686777 
code for gray level (no complementing), 2:1 subsam-
pIing 

5. 3+ preprocessing 1086589 811897 
6. 4+ preprocessing 879796 601189 
7. (3) + complementing 909876 628626 
8. (4) + complementing 755133 470539 
9. (5) + complementing 894444 616956 

10. (6) + complementing 739874 453229 
11. Two-dimensional code for entire document 999125 714651 
12. Bits for addressing 18147 18153 

rather low. This is a result of the mismatch of the run -length statistics. 
Considerable improvement is obtained by preprocessing the run 
lengths before applying the CCITT coder. Even higher improvement 
is obtained by the bit-complementing technique. Much of the mis-

2776 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1983 



match between the statistics is removed by the complementing tech­
nique, and therefore additional improvement obtained by preprocess­
ing the complemented output is marginal. The use of complementing 
makes it possible to achieve bit rates that are close to the entropy of 
the coded output. Coding of composite pictures shows similar results. 
Another interesting conclusion from Table IV is that the two-dimen­
sional CCITT code is not very efficient for gray-level segments of the 
composite picture. This is a result of lack of line-to-line correlation 
among bits that are outputs of the quantizer. Much of the line-to-line 
correlation is already removed by the two-dimensional prediction and 
the bit assignment based on conditional statistics. 

IV. CONCLUSIONS 

We have presented an algorithm that can automatically segment 
areas of a picture that require only two shades of gray from those that 
require many shades of gray. Gray areas are coded in a way that 
creates a bit stream that subsequently can be efficiently coded by a 
CCITT coder. We find that, for the gray areas, it is possible to achieve 
coding efficiencies close to the entropy of the DPCM quantizer output. 
Therefore, we conclude that it is possible to encode documents that 
contain an arbitrary mixture of two-level and multilevel areas using a 
CCITT coder that requires only a preprocessor at the transmitter and 
a postprocessor at the receiver. 
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This paper describes the Queueing Network Analyzer (QNA), a software 
package developed at Bell Laboratories to calculate approximate congestion 
measures for a network of queues. The first version of QNA analyzes open 
networks of multiserver nodes with the first-come, first-served discipline and 
no capacity constraints. An important feature is that the external arrival 
processes need not be Poisson and the service-time distributions need not be 
exponential. Treating other kinds of variability is important. For example, 
with packet-switched communication networks we need to describe the conges­
tion resulting from bursty traffic and the nearly constant service times of 
packets. The general approach in QNA is to approximately characterize the 
arrival processes by two or three parameters and then analyze the individual 
nodes separately. The first version of QNA uses two parameters to characterize 
the arrival processes and service times, one to describe the rate and the other 
to describe the variability. The nodes are then analyzed as standard GI/G/m 
queues partially characterized by the first two moments of the interarrival­
time and service-time distributions. Congestion measures for the network as 
a whole are obtained by assuming as an approximation that the nodes are 
stochastically independent given the approximate flow parameters. 

I. INTRODUCTION AND SUMMARY 

Networks of queues have proven to be useful models to analyze the 
performance of complex systems such as computers, switching ma­
chines, communications networks, and production job shops.1-7 To 
facilitate the analysis of these models, several software packages have 

* Bell Laboratories. 
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been developed in recent years, e.g., BEST/l,8 CADS,9 PANA­
CEA,IO-12 and one based on Heffes.13 These software packages contain 
algorithms for Markov models that can be solved exactly. For some 
applications, the model assumptions are at least approximately satis­
fied, so that the analysis can be very helpful. For many other appli­
cations, however, the model assumptions are not even approximately 
satisfied, so that the analysis can be misleading. 

A natural alternative to an exact analysis of an approximate model 
is an approximate analysis of a more exact model. This paper describes 
a software package called the Queueing Network Analyzer (QNA), 
which was recently developed at Bell Laboratories to calculate ap­
proximate congestion measures for networks of queues. QNA goes 
beyond existing exact methods by treating non-Markov networks: The 
arrival processes need not be Poisson and the service-time distribu­
tions need not be exponential. QNA treats other kinds of variability 
by approximately characterizing each arrival process and each service­
time distribution with a variability parameter. It is also possible to 
analyze large networks quickly with QNA because the required calcu­
lations are minimal, the most complicated part being the solution of a 
system of linear equations. The current version of QNA is written in 
FORTRAN. 

Here is a rough description of the model: There is a network of 
nodes and directed arcs. The nodes represent service facilities and the 
arcs represent flows of customers, jobs, or packets. There is also one 
external node, which is not a service facility, representing the outside 
world. Customers enter the network on directed arcs from the external 
node to the internal nodes, move from node to node along the internal 
directed arcs, and eventually leave the system on one of the directed 
arcs from an internal node to the external node. The flows of customers 
on the arcs are assumed to be random so that they can be represented 
as stochastic processes. 

If all servers are busy at a node when a customer arrives, then the 
customer joins a queue and waits until a server is free. When there is 
a free server, that customer begins service, which is carried out without 
interruption. Successive service times at each node are assumed to be 
random variables, which may depend on the type of customer but 
which otherwise are independent of the history of the network and are 
mutually independent and identically distributed. After the customer 
completes service, he goes along some directed arc from that node to 
another node. The customer receives service in this way from several 
i~ternal nodes and then eventually leaves the network. A picture of a 
typical network (without the external node) is given in Fig. l. 

An important feature of the model is that there may be flows from 
node j to node i, as well as flows from node i to node j. This is of 

2780 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1983 



~----IillO-

Fig. l-An open network of queues. 

course useful when customers can return to a node where they previ­
ously received service, but it is also useful when customers cannot 
return to a node where they previously received service. Then flows 
from node j to node i represent different customers than the customers 
that flow from node i to node j. 

To be precise about the model, we give a list of basic assumptions. 
It is worth noting, however, that work is under way to extend QNA so 
that it can analyze systems in which each of the following assumptions 
is replaced by obvious alternatives. The general approximation tech­
nique is flexible, so that it is not difficult to modify and extend the 
algorithm. 

Assumption 1. The network is open rather than closed. Customers 
come from outside, receive service at one or more nodes, and eventually 
leave the system. 

Assumption 2. There are no capacity constraints. There is no limit 
on the number of customers that can be in the entire network and 
each service facility has unlimited waiting space. 

Assumption 3. There can be any number of servers at each node. 
They are identical independent servers, each serving one customer at 
a time. 

Assumption 4. Customers are selected for service at each facility 
according to the first-come, first-served discipline. 

Assumption 5. There can be any number of customer classes, but 
customers cannot change classes. Moreover, much of the analysis in 
-QN A is done for the aggregate or typical customer (see Sections 2.3 
and VI). 

Assumption 6. Customers can be created or combined at the nodes, 
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e.g., an arrival can cause more than one departure (see Section 2.2). 
(Think of messages.) 

The general approach is to represent all the arrival processes and 
service-time distributions by a few parameters. The congestion at each 
facility is then described by approximate formulas that depend only 
on these parameters. The parameters for the internal flows are deter­
mined by applying an elementary calculus that transforms the param­
eters for each of the three basic network operations: superposition 
(merging), thinning (splitting), and flow through a queue (departure). 
These basic operations are depicted in Fig. 2. When the network is 
acyclic (e.g., queues in series), the basic transformations can be applied 
successively one at a time, but in general it is necessary to solve a 
system of equations or use an iterative method. To summarize, there 
are four key elements in this general approach: 

1. Parameters characterizing the flows and nodes that will be readily 
available in applications and that have considerable descriptive power 
in approximations of the congestion at each node. 

2. Approximations for multiserver queues based on the partial infor­
mation provided by the parameters characterizing the arrival process 
and the service-time distribution at each node. 

3. A calculus for transforming the parameters to represent the basic 
network operations: merging, splitting, and departure. 

4. A synthesis algorithm to solve the system of equations resulting 
from the basic calculus applied to the network. 

The current version of QNA uses two parameters to characterize 
the arrival processes and the service times, one to describe the rate 
and the other to describe the variability. (Three-parameter algorithms 
are being developed, however.) For the service times, the two param-

(a) (b) 

--
(c) 

Fig. 2-Basic network operations: (a) Superposition or merging. (b) Decomposition 
or splitting. (c) Departure or flow through a queue. 
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eters are the first two moments. However, we actually work with the 
mean service time 7 and the squared coefficient of variation c;, which 
is the variance of the service time divided by the square of its mean. 
The user has the option of working with the service rate J.l = 7-

1 

instead of 7. For the arrival processes, the parameters are associated 
with renewal-process approximations. The first two parameters are 
equivalent to the first two moments of the renewal interval (interval 
between successive points) in the approximating renewal process. The 
equivalent parameters we use are the arrival rate A, which is the 
reciprocal of the renewal-interval mean, and the squared coefficient 
of variation c;, which is the variance of the renewal interval divided 
by the square of its mean. 

We obtain the approximation of the flows by applying the general 
framework and the basic procedures for approximating point processes 
in Whitt,14 incorporating refinements such as the hybrid procedures 
developed for merging by Albin.15,16 Of course, the general idea of 
simple two-parameter approximations for stochastic point processes 
goes back at least to the equivalent random method for approximating 
overflow streams (see Wilkinson,I7 Cooper,I8 and references there). 
Renewal-process approximations for such point processes were intro­
duced by Kuczura19 (also see Rath and Sheng20). Two-parameter 
approximations for networks of queues similar to QNA have also been 
developed by others, apparently first by Reiser and Kobayashi21 (also 
see Kuehn,22 Sevcik et al.,23 Chandy and Sauer,24 Chapter 4 of Gelenbe 
and Mitrani,4 and Shanthikumar and Buzacott6). These two-parame­
ter approximations for networks of queues are also similar in spirit to 
two-parameter approximations for networks of blocking systems with 
alternate routing (see Katz25). 

Some authors have referred to these two-parameter heuristic ap­
proximations for networks of queues as diffusion approximations,4,21 
but diffusion processes are not actually used. Diffusion approximations 
and associated heavy-traffic limit theorems have motivated some of 
the heuristic approximations in the literature and in QNA, and they 
are closely related to the asymptotic method for approximating point 
processes,14 but the heuristic approximations in QN A are not the same 
as the more complicated diffusion approximations for networks of 
queues in Iglehart and Whitt,26 Harrison and Reiman,27 and Rei­
man.28,29 

The approximation method in QNA is perhaps best described as a 
parametric-decomposition method,22 because the nodes are analyzed 
separately after the parameters for the internal flows are determined. 
Moreover, when the congestion measures are calculated for the net­
work as a whole, the nodes are treated (approximately) as being 
stochastically independent. This independence can be interpreted as 
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a generalization of the product-form solution that is valid for Marko­
vian networks, i.e., in the Markov models the components of the vector 
representing the equilibrium number of customers at each node are 
stochastically independent, so that the probability mass functions for 
the vector is the product of the probability mass functions for the 
components. While QNA can be thought of as a decomposition method 
or an extended-product-form solution, an effort is made to capture the 
dependence among the nodes. The idea is to represent this dependence 
approximately through the internal flow parameters. 

To see the motivation for QNA, consider the elementary open 
network containing a single node with a single server, an infinite 
waiting room, and the first-come, first-served discipline. Suppose there 
is a single customer class with each customer being served only once 
before departing. The standard Markov model of this elementary 
network, which is embodied in BEST/I, CADS, and PANACEA, is 
the classical M/M/I queue,l,3,18 which has a Poisson arrival process 
and an exponential service-time distribution. For the M/M/I model, 
the expected waiting time EW (before the customer begins service) is 

EW = rp/(I - p), (1) 

where r is the mean service time and p is the traffic intensity, which 
is assumed to satisfy 0 ::::;; p < 1. 

On the other hand, QNA uses an approximation for the GI/G/I 
model to represent this one-node network. The GI/G/I model has a 
renewal arrival process and both the interarrival-time distribution and 
the service-time distribution are general. In QNA, the arrival process 
is represented by a renewal process partially characterized by two 
parameters: the arrival rate A and the variability parameter c;. The 
service-time distribution is also partially characterized by two param­
eters: the mean service time r and the variability parameter c;. In 
contrast to (1), the formula for the expected waiting time in QNA is 

EW = rp(c; + c;)g/2(I - p), (2) 

where g == g(p, c;, c;) is either one (when c; ~ 1) or less than one 
(when c; < 1); see (45). When g(p, c;, c;) = 1, (2) differs from (1) by 
the factor (c; + c;)/2. When the arrival process is Poisson, c; = 1; 
when the service-time distribution is exponential, c; = 1. Hence, if the 
GI/G/I model is actually an M/M/I model, (2) reduces to (1). Of 
course, the user of QNA can set c; = c; = 1 and obtain (1). In fact, 
the values c; = 1 and c; = 1 are default values that the program uses 
if the user does not have variability parameters to provide. Each c2 

can assume any nonnegative value: c2 = 0 for the degenerate deter­
ministic distribution; c2 = k-1 for an erlang Ek , the sum of k i.i.d. 
exponential random variables; and c2 > 1 for mixtures of exponential 
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distributions. Obviously, the difference between (2) and (1) can be 
large, so that (2) often significantly reduces the error. 

To obtain (2), we studied the GI/G/l queue partially characterized 
by the moments of the interarrival-time and service-time distributions. 
Building on previous work by Holtzman,3o Rolski,31 and Eckberg,32 we 
investigated the set of possible values of EW given the partial infor­
mation.33-37 When c; === 1, formula (2) is always a possible value, i.e., 
there always is a GIjG/l system with interarrival-time and service­
time distributions having the specified moments in which (2) is correct. 
In general, (2) appears to be a reasonably typical value. 

For the single-node example just considered, the arrival process was 
a renewal process. More generally, it is natural to think of all the non­
Poisson arrival processes in the model as renewal processes, either 
because they are initially renewal processes or because the algorithm 
can be~interpreted as approximating general arrival processes by 
renewal processes. Hence, with one customer class, it is natural to 
think of the model as a generalization of the open Jackson network 
M/M/m queues to an open Jackson network of GI/G/m queues. Each 
node is approximated by a GIjG/m queue having a renewal arrival 
process independent of service times that are independent and iden­
tically distributed with a general distribution. It is significant that 
QNA is consistent with the Jackson network theory: If there is a single 
class of customers, if all the arrival processes are Poisson, and if all 
the service-time distributions are exponential, then QNA is exact. 
However, for the general model few analytical results are available, so 
approximations are needed. 

The software package QNA has a flexible input procedure: the model 
will accept more than one kind of input (see Section II). For the 
standard input, only limited information is required. Only two param­
eters are needed for each service-time distribution and each external 
arrival process. Also, a routing matrix is needed, which gives the 
proportion of those customers completing service at facility i that go 
next to facility j. (The algorithm is based on Markovian routing.) 
Hence, for n nodes, the input consists of n 2 + 4n numbers. 

There is also an alternate input by classes and routes. In this scheme 
there are different classes of customers and each class enters the 
network at a fixed node and passes through a specified sequence of 
nodes. For each class, there are two parameters characterizing its 
external arrival process and two parameters characterizing the service­
time distribution at each node on its route. With this input by routes, 
different classes can have different service-time distributions at a 
given node and the Harne class can have different service-time distri­
butions during different visits to the same node. For a class with n 
nodes on its route, the input consists of 3n + 2 numbers. (This includes 
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the n nodes on the route.) QNA analyzes this route input by aggrega­
tion: All the classes are aggregated by QNA to convert the route input 
into the standard input. Afterwards, the special parameters of each 
class are used to describe its sojourn times. 

QNA also provides a fairly rich output. Several different congestion 
measures are calculated for each node: the traffic intensity (utiliza­
tion), the expected number of busy servers (offered load), and the 
mean and variance of the equilibrium delay and number of customers 
present. In fact, for single-server nodes the delay distribution itself is 
described. Congestion measures for the entire network are also calcu­
lated, under the approximation assumption that the nodes are sto­
chastically independent given the approximate flow parameters. 
Means and variances of total service t~mes, total delays, and total 
sojourn times (response times) are given. When the input is by routes, 
these characteristics are given for each customer class. Otherwise, 
these characteristics are given for any route requested by the user. 

A desirable feature of QN A is the structure of the calculus to 
transform the parameters to characterize the internal flows. The 
calculus is linear for each network operation, so that the parameters 
for the internal flows are determined simply by solving systems of 
linear equations. For the rates, the system of linear equations is just 
the familiar traffic rate equations occurring in the Jackson network of 
M/M/m queues. After having obtained the rates, we obtain the vari­
ability parameters of the internal flows (the squared coefficients of 
variations) by solving another system of linear equations. As a by­
product, the existence of a unique nonnegative solution for the flow 
parameters is trivially guaranteed. There is no guarantee that an 
iterative scheme will converge, and if it does, there is typically no 
guarantee that a solution is unique. The linearity also guarantees that 
the computation required is not great. Since there is only one linear 
equation per node in the network, QNA can be used to analyze large 
networks repeatedly at minimal cost. 

The linear calculus for transforming the variability parameters 
incorporates results of recent studies to improve the accuracy of the 
approximations. The general framework for approximating point proc­
esses in Whitt14 is used. Significant improvement over previous ap­
proximation methods of this kind has been obtained by paying partic­
ular attention to the difficult superposition operation. For superposi­
tion, we use a modification of the hybrid procedure developed at Bell 
Laboratories by Albin.15,16,38,39 

We emphasize that QNA is approximate. In applications it is im­
portant to validate the QNA output by comparing it with simulations 
and/or measurements. QNA is designed so that it is easy to incorporate 
improvements and it is easy to tune QNA for particular applications. 
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QNA also provides a useful framework for developing new approxi­
mation procedures. Moreover, it is easy to use QNA in conjunction 
with other special algorithms available to analyze the nodes or the 
flows. 

The rest of this paper describes QN A in more detail. The paper is 
organized-just as the output is-according to the main steps in the 
analysis. The input is described in Section II. Section III describes the 
preliminary analysis to eliminate immediate feedback. The procedures 
to determine the internal flow parameters are contained in Section 
IV, and the procedures to calculate approximate congestion measures 
for the nodes are contained in Section V. Section VI contains the 
procedures to calculate approximate congestion measures for the net­
work as a whole. 

In a sequel in this issue of the Journal, 40 we describe the performance 
of QNA by comparing it with simulation and other approximations of 
several networks of queues. The sequel illustrates how to apply QNA 
and demonstrates the importance of the variability parameters. 

II. THE INPUT 

In this section we describe the input options currently available for 
QNA. We anticipate more input options in the future. In Section 2.1 
we describe the standard input, which is relatively compact. In Section 
2.2 we describe a minor modification of the standard input, which 
allows for the creation or combination of customers at the nodes. For 
example, when a packet completes service at some node, it may cause 
several packets to be sent to other nodes. In Section 2.3 we describe 
an alternate input for different classes of customers having specified 
routes. We also describe the way QNA converts this input by classes 
and routes into the standard input of Section 2.1. 

2.1 The standard input 

With the standard input, there is a single customer class and no 
creation of customers at the nodes. Any number of networks can be 
processed during a single run, so the user first specifies the number of 
networks. Then, for each network, the user specifies the number of 
nodes, and for each node the number of servers. For each node in the 
network, there are two parameters for the service-time distribution 
and two parameters for the external arrival process. Finally, there is 
a routing matrix, indicating the proportion of customers that go to 
node j from node i. Here is a list of the input data for each network 
with the notation we use: 

n = number of (internal) nodes in the network 
mj = number of servers at node j 
AOj = external arrival rate to node j 
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C5j = variability parameter of the external arrival process to node j 
(squared coefficient of variation of the renewal interval in the 
approximating renewal process) 

Tj = mean service time at node j 
C;j = squared coefficient of variation of the service-time distribution 

at node j 
qij = proportion of those customers completing service at node i 

that go next to node j. 
In matrix notation, Q == (qij) is an n X n matrix and Ao == (AOj) is an 

1 X n vector. The user has the option of inputting Tj or its reciprocal 
Jlj, the service rate at node j. (The same form must be used for all 
nodes.) 

The user need not specify the variability parameters C5j and c;j, in 
which case they are set equal to the default value one, corresponding 
to the M/M/1 model having a Poisson arrival proccess and an expo­
nential service-time distribution. (Again, this option applies to all 
nodes.) Alternatively, the user can specify only the service-time vari­
ability parameters, c;j, in which case either all the arrival-process 
variability parameters are automatically set equal to 1, yielding an 
M/G/1 approximation for each node, or the QNA algorithm is applied. 

2.2 Creating and combining customers 

QNA has an option to allow creating or combining customers at the 
nodes following the completion of service. For example, a message 
processed at some node might cause messages to be sent to several 
other nodes. Alternatively, messages might be divided into packets 
after service at one node and then later recombined into messages 
after service at another node. In a job shop, the focus might shift back 
and forth between units and lots, e.g., at different nodes we might 
consider bottles, six-packs, cases, and even truckloads. 

With this option, the user must specify the multiplicative factor "/j 
of customer creation or combination at node j for each j. There is 
customer creation (combination) at node j if "/j > 1 ("/j < 1). If 
customers are neither created nor combined, then "/j = 1. If Aj is the 
overall arrival rate to node j, then the departure rate, after this 
modification, is Aj"/j and the rate of departure from the network j is 

Aj"/j (1 - ~ qjk). 
k=l 

When artificial nodes are used, the creation or combination can also 
be placed before service. 

To obtain our approximation formulas, we work with the following 
models of customer creation and combination. These models require 
integer values, but the approximation formulas and the QNA input do 
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not. For customer creation, we replace each departure from node j 
with a batch of size "Ij. For customer combination, we replace "IiI 
successive interdeparture intervals by a single one. From these models 
it is not difficult to calculate the impact of "Ij, e.g., the departure rate 
at node j is simply multiplied by "Ij. 

2.3 Input by classes and routes 

QNA provides the option of defining different customer classes. 
Each class has its own route or itinerary that specifies the sequence 
of nodes visited. Thus, for each class the routing is deterministic. Each 
class has an external arrival process that goes to the first node on the 
route. As usual, the external arrival process is characterized by rate 
and variability parameters. Also, each class may have its own service­
time distribution at each node on its route. The service-time distri­
butions can be different, not only for different classes, but also for 
different visits to the same node by the same class. These service-time 
distributions are also characterized by rate and variability parameters. 
(Alternatively, the user can elect to input the service-time parameters 
for each node. Then all classes have the same service-time distribution 
at each visit to a particular node.) 

As with the standard input, the user must specify the number of 
nodes and the number of servers at each node. Now we need the 
number of routes too. The required data are: 

n = number of nodes 
mj = number of servers at node j 

r = number of routes. 
Here is a list of the input data for the kth customer class of a network: 

nk = number of nodes on route k 
~k = external arrival rate of class k 
d = variability parameter of the external arrival process for class 

k 
nkj = the jth node visited by customer class·k 
Tkj = the mean service time of class k at the jth node of its route 

C;kj = the variability parameter of the service-time distribution of 
class k at the jth node of its route. 

QNA converts this input by classes and routes into the standard 
input in Section 2.1. It then calculates the parameters of a typical or 
aggregate customer. Later, when computing sojourn times or response 
times of each customer class, QNA uses the service-time parameters 
of that customer class. The first version of QN A assumes as an 
approximation that each customer sees independent versions· of the 
equilibrium distribution at each node. Hence, the waiting time before 
beginning service at each node is assumed to be the same for all classes 
and all visits. 
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We now indicate how QNA converts the input by classes and routes 
into the standard input of Section 2.1. For this purpose, let 1H be the 
indicator function of the set H, i.e., 1H(x) = 1 if x E Hand 1H(x) = 0 
otherwise. 

First, we obtain the external arrival rates by 
r 

AOj = L ~k1{k:nkl = j}, (3) 
k=1 

i.e., the external arrival rate at node j, AOj, is the sum of all route 
arrival rates ~k for which the first node on the route is j. (Here the 1H 
notation is used for H = {k:nkl = j}.) Similarly, the flow rate from i to 
j is 

"r nk-1 
Aij = L L ~k1{(k, tf):nkt"= i, nk,?'+1 = j} (4) 

k=1 t"=1 

and the flow from i out of the network is 
r 

AiO = L ~k1{k:nknk = i}. 
k=1 

(5) 

From (4) and (5), we obtain the routing matrix Q. The proportion of 
customers that go to j from i is 

qij = Aij / (Ai. + ~, Aik). (6) 

If node i is an active part of the network, then the denominator will 
be strictly positive. Otherwise, QNA gives an error message. 

Next, if the service-time parameters are given by routes, we obtain 
the service-time parameters for the nodes by averaging: 

r nk 
L L ~k7kt"1{(k, ,f):nkt" = j} 

k=1 t"=1 ( ) 
7j = r nk . 7 

L L ~k 1 { (k, ,f): nkt" = j} 
k=1 t"=1 

The denominator in (7) will be strictly positive if node j is ever visited. 
Otherwise, as with (6), QNA supplies an error message. 

We obtain the node variability parameters C;j using the property 
that the second moment of a mixture of distributions is the mixture 
of the second moments. Therefore, we have 

r nk 
L L ~k7~Ac;kt"+ l)l{(k, I'):nkt"= j} 

2 (2 1) _ :.:..k=-=I-=t'_=..:...1 ___________ _ 
7j Csj + - r nk 

L L ~k1{(k, ,f):nkr= j} 
(8) 

k=1 t"=1 
At this point, QNA has calculated enough information about the 
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standard input to compute the internal flow rates Aj and the traffic 
intensities Pj as described in Section 4.1, i.e., 

Pj = AjTi/mj. (9) 

QNA uses this information to calculate the variability parameters C5j 
of the external arrival process. The hybrid approximation for super­
position arrival processes in Section 4.2 is also used here because the 
external arrival process to node j is the superposition of the external 
arrival processes to node j from the different classes. If AOj = 0, then 
c5j does not matter and QNA sets C5j = 1. Otherwise, 

C6j = (1 - Wj) 

+ Wj [t d (~k1{k:nk1 = j} / ± ~t'l{k:nk1 = j})], (10) 
~1 ~1 

where 

Wj == Wj(Ph iij) = [1 + 4(1 - pj)2(iij - 1)]-\ (11) 

Pi is the traffic intensity in (9), and 

iij = [± (~k1 {k:nk1 = j} / ± ~t'l {I':nn = j})2]-1. (12) 
k=1 1'=1 

Example 1: To help fix the ideas, we consider an elementary example 
with n = 2 nodes and r = 3 routes. Let the number of servers at the 
nodes be m1 = 40 and m2 = 10. Let the route input be described by 
vectors 

A 2 
(nk, Ak, Ck; nkl, Tkl, C;k1; ... ; nknk' Tknk' C;knk). (13) 

Here suppose that the r vectors are: 

(2, 2, 1; 1, 1, 1; 1, 3, 3) 

(3, 3, 2; 1, 2, 0; 2, 1, 1; 1, 2, 1) 

(2, 2, 4; 2, 1, 1; 1, 2, 1). (14) 

The first route corresponds to a Poisson arrival process at rate 2 to 
node 1, with all customers being fed back immediately for a second 
service before departing from the network. (Of course, the arrival 
process need not actually be Poisson; a Poisson process always has 
c2 = 1 but other processes could have c2 = 1 too.) The second class 
also enters at node 1, then goes to node 2 and back to node 1 before 
departing from the network, etc. 

By (3), the external arrival rates are A01 = 5 and A02 = 2. By (4), the 
internal flow rates are An = 2, A12 = 3, A21 = 5, and A22 = O. By (5), 
the flow rates out of the network are AlO = 7 and A20 = o. By (6), the 
routing probahilities are: qn = 1/6, q12 = 1/4, q21 = 1, and q22 = o. By 
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(7), the mean service times are 71 = 2 and 72 = 1. By (8), C;I = 1.67 
and C;2 = 1.00. Note that both service times at node 2 in (14). have 
mean 1 and squared coefficient of variation 1, as with a common 
exponential distribution, so we should want 72 = C;2 = 1. 

To obtain the internal arrival rates, we solve the traffic rate equa­
tions as in Section 4.1, i.e., 

n 

Aj = AOj + L Aiqij, (15) 
i=I 

to obtain Al = 12, A2 = 5, PI = 0.6, and P2 = 0.5. 
Finally we obtain the variability parameters C6j. First, from (12), 

VI = 25/13 and V2 = 1.0. Then, from (11), WI = 0.629 and W2 = 1, so 
that C6I = 1.38 and C62 = 4. Since there is only one external arrival 
process to node 2, we should have V2 = W2 = 1 and C62 = d = 4. 

III. ELIMINATING IMMEDIATE FEEDBACK 

In this section we describe a function that QN A can perform before 
calculating the internal flow parameters and analyzing the congestion. 
The user can elect to reconfigure the network to eliminate immediate 
feedback. This procedure, which was originally suggested by Kuehn,22 
usually improves the quality of approximations. Hence, it is recom­
mended and is performed in the standard version of QNA. 

Immediate feedback occurs whenever qii > O. Since QNA assumes 
Markovian routing, each customer completing service at node i is 
immediately fed back to node i to be served again with probability qu. 
Each time the customer goes to the end of the line. With the decom­
position method, QNA assumes the customer finds the equilibrium 
number of customers at the node each time, with each visit being an 
independent experiment. 

QNA eliminates immediate feedback by giving each customer, upon 
arrival from another node, his or her total service time before going 
to a different node. This is equivalent to putting a customer immedi­
ately fed back at the head of the line instead of at the end of the line. 
Transitions from node i back to node i are eliminated and the new 
probability of a transition to node j becomes the old conditional 
probability given that the customer departs from node i. In other 
words, each visit to node i from elsewhere plus all subsequent times 
immediately fed back are interpreted as a single visit. The service time 
is increased to compensate. 

The motivation for this procedure is easy to explain. For a multi­
server node with Bernoulli (Markovian) feedback and iid service times 
that are independent of a general arrival process (not necessarily 
Poisson or renewal), the distribution of the queue length process (but 
not the waiting times) is the same after this transformation. Hence, 
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we calculate the approximate values of the mean and variance of the 
equilibrium queue length for the transformed node without feedqack 
and use them to derive approximate waiting time characteristics. By 
Little's formula,41,42 the expected waiting time is also exact, i.e., the 
only error is in the approximation of the arrival process by a renewal 
process and the approximations for the characteristics of the GI/G/m 
queue; there is no additional error due to the immediate feedback. 

The first step of the reconfiguring procedure is quite simple: the 
new service time is regarded as a geometric mixture of the n-fold 
convolution of the old service-time distribution. The parameters Ti, 
C~i' and qij are changed to Ti, C~i' and qij when qii > 0: 

Ti = TJ(1 - qiJ 

C~i = qii + (1 - qii)C~i 

qii = 0 

qij = qii/(1 - qiJ, j =1= i. (16) 

Afterwards, when calculating congestion measures for node i, QNA 
makes further adjustments. When we eliminate immediate feedback 
according to (16), we no longer count the times a customer is fed back 
immediately as separate visits. Hence, we need to adjust the congestion 
measures that are expressed per visit. For example, since the expected 
number of visits to node i per visit from outside is (1 - qii)-I, to obtain 
the expected waiting time per original visit to node i, we multiply the 
values of the expected waiting time EWi obtained from (16) by 
(1 - qiJ. Of course, the number of customers at each node is not 
affected by the feedback treatment. 

Let 'Xi, Ti, etc., represent the new adjusted values. In terms of the 
parameters Ai, Ti, etc., obtained using (16), the new adjusted values 
are: 

'Xi = AJ(1 - qii) 

Ti = (1 - qii)ri 

C~i = (C~i - qd/(1 - qii) 

Var(WJ = (1 - qii)Var(Tf) - C~iTr 

Var(Tf) = c2(Tf)(EWi + Ti)2 

c'2(Tf) = c2(Tf)(1 + qii) + qii 

c'2(,pn = (Var Wf + c~iir)(EWi + Ti)-2 

Var( Wf) = ENic~iTr + c2(Ni)(ENJ2Tl, (17) 

DESCRIPTION OF QNA 2793 



where Ni represents the equilibrium number of customers at node i 
and the Ti variables represent the sojourn time per visit at node i. 

We obtain the variables Ti and C;i in (17) by inverting the operation 
in (16), so we receive the original data again. The last five formulas in 
(17) involving the second-moment characteristics of Wi are based on 
the results of Ni in the transformed system and heavy-traffic limit 
theorems for networks of queues by Reiman.28

,29 The main quantity 
desired is Var( Wi); the variable W { is a preliminary approximation 
for Wi. 

In heavy traffic, the changes in the queue length at the nodes are 
negligible during a customer's sojourn in the network. Hence, if node 
i is visited Xi times by some customer, then the total sojourn time at 
node i, say T (, is distributed approximately (in heavy traffic) as Xi T { , 
where Xi is independent of T{ and T{ is the sojourn time per individual 
visit in (17). (We use T( and T{ instead of Ti and Ti because we do 
not use the description of Ti obtained directly from (16) and Ti will 
differ from T{.) By the independence, ET{2 = EX'fET{2. Since Xi is 
geometrically distributed with mean (1 - qid-l, C

2(Xi) = qii, and we 
obtain the seventh formula in (17). 

The sixth and eighth formulas in (17) just express the formula for 
c2 in terms of the mean and variance and the fact that the sojourn 
time is the sum of a waiting time and a service time. The final formula 
for Var( W () is obtained by approximating W/ by the sum of Ni iid 
service times, using standard formulas for the variance of a random 
sum (e.g., compute EW{2 by first conditioning on N i ). Finally, we 
obtain the fifth formula for Var(Wi ) by splitting the variance of T{ 
into waiting-time and service-time components and dividing by the 
expected number of visits to node i. As a consequence, V ar( T f) seems 
more reliable than Var(Wi ). This procedure makes Var(Td, computed 
from Var( WJ by adding variance components as in Section VI, agree 
with the direct formula for Var(Tf) in (17). 

The congestion measures based on (16) can be used to describe the 
total delays and total sojourn times of arbitrary customers in the 
network as in Section 6.2, but the congestion measures based on (17) 
are needed to describe the behavior of particular customers with 
specified routes as in Section 6.3. However, as stated above, Var(Tf) 
in (17) is an attractive alternative to Var(Ti ) obtained via (16). 

Experience indicates that eliminating immediate feedback often 
yields a better approximation (see Kuehn22 and Sections V and VII of 
Whitt40

). It is also often desirable to reconfigure the network to 
eliminate almost-immediate feedback, e.g., flows that return relatively 
quickly after passing through one or more other nodes (see Section V 
of Whitt40

). Further study is needed to understand feedback phenom­
ena and to develop improved approximations. 
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IV. THE INTERNAL FLOW PARAMETERS 

In this section we indicate how QNA calculates the internal flow 
parameters. In Section 4.1 we focus on the flow rates, which are 
obtained via the traffic rate equations, just as with the Markov models. 
In Section 4.2 we display the corresponding system of linear equations 
yielding the variability parameters. The remaining subsections explain 
how the variability parameter equations were obtained. The basic 
operations of superposition, splitting, and departure are discussed in 
Section 4.3, Section 4.4, and Section 4.5, and their synthesis in Section 
4.6. 

4.1 Traffic-rate equations 

In this step QNA calculates the total arrival rate to each node. Let 
Aj be the total arrival rate to node j, let "Ij be the multiplicative factor 
of customer creation at node j as specified in Section 2.2, and let OJ be 
the departure rate (to other nodes as well as out of the network) at 
node j. In general, OJ = Aj"lj. If there is no customer creation, then 
"Ij = 1 and the rate in equals the rate out. 

The fundamental traffic-rate equations are just 
n 

Aj = AOj + L Ai"liqij 
i=l 

for j = 1, 2, ... , n, or in matrix notation 

A = Ao(I - rQ)-l, 

(18) 

(19) 

where Ao == (AOj) is the external arrival-rate vector, Q == (qiJ is the 
routing matrix, and r = ("Iij) is the diagonal matrix with "Iii = "Ii and 
"Iij = 0 for i =1= j. When there is no customer creation, "Ii = 1 and r = 
1. Of course, (18) is just a system of linear equations. To solve them is 
equivalent to inverting the matrix (I - rQ) in (19). When customers 
can be created at the nodes as in Section 2.2, special care should be 
taken to be sure that (18) has a solution. We need to have sp(rQ) < 1 
where sp(rQ) is the spectral radius of rQ. 

Given the arrival rates, it is possible to solve for the traffic intensities 
or utilizations at each node, defined by 

1 :::;; i :::;; n. (20) 

If Pi ~ 1, then the ith node is unstable. If any node is unstable, the 
algorithm gives an error message, prints out the traffic intensities, and 
stops. The associated offered load at node i, which coincides with the 
expected number of busy servers [see p. 400 of Heyman and Sobel41 

or (4.2.3) of Franken et a1.421is 

1 :::;; i :::;; n. (21) 
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The parameters (Xi and Pi coincide for a single server, with (Xi tending 
to be more useful as the number of servers, mi, increases (obviously 
when mi = 00). 

After the arrival rates have been calculated for the nodes, QNA 
calculates related quantities for the arcs: 

Aij = Ai'Yiqij 

pij = AijAj 

-the arrival rate to node j from node i 

-the proportion of arrivals to j that 
came from i, i ~ O. (22) 

Similarly, QNA calculates the following output rates: 

di = A(Yi (1 - .~ qij ) -the departure rate out of the 
J=l network from node i 

i=l 

4.2 Traffic variability equations 

the total departure rate out 
of the network. (23) 

The heart of the approximation is the system of equations yielding 
the variability parameters for the internal flows, i.e., the squared 
coefficients of variation for the arrival processes, C;j. (These are' 
derived in Sections 4.3 through 4.7.) The equations are linear, of the 
form 

n 

C;j = aj + L c;ibij, 
i=l 

1 ~ j ~ n, 

where aj and bij are constants, depending on the input data: 

aj = 1 + Wj {(poj4 - 1) 

(24) 

+ it PiAU - qij) + (1 - Vijl'YiqijP1X;]} (25) 

and 

(26) 

where Xi, Vij, and Wj depend on the basic data determined previously, 
e.g., Pi, mi and C;i, but not on the variability parameters C;j being 
calculated. The parameter l'i is the multiplicative factor of customer 
creation or combination, introduced in Section 2.2. The variables Xi 

and Vij are used to specify the departure operation; the variable Wj is 
used to specify the superposition operation. The variables Vij and Wj 

are weights or probabilities that are used in convex combinations 
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arising in hybrid approximations for departure and superpositions, 
respectively. The variables xh Vij, and Wj are included to make modifi­
cation of the algorithm based on (24) easy. The specific values in this 
version of QNA are: 

Vij = 0, 

and 

with 

and Pij in (22). 

Vj = ["~ p&"]-l 
!=o 

(27) 

(28) 

(29) 

(30) 

It is significant that it is easy to modify this system of equations. 
For example, other hybrid procedures for departures or superpositions 
can be introduced just by changing Vij and Wj, respectively. In this way, 
it is easy to calculate and compare the variability parameters for 
several different approximation procedures. 

4.3 Superposition 

The purpose of the following sections is to explain the key approx­
imation equations (24) through (30), which yield the variability param­
eters for the internal flows. The approximations are all based on the 
basic methods in Whitt:14 the asymptotic method and the stationary­
interval method. We consider the- basic operations-superposition, 
splitting, and departure-in turn, and then their synthesis. 

For superposition, the stationary-interval method is nonlinear so it 
presents difficulties. 14

-
16

,22 Moreover, there appears to be no natural 
modification that makes it linear. On the other hand, the asymptotic 
method is linear. By the asymptotic method, the superposition squared 
coefficient of variation ci as a function of component squared coeffi­
cients of variation cf and the rates Ai is just the convex combination 

(31) 

However, neither the asymptotic method nor the stationary-interval 
method alone works very well over a wide range of cases, e.g., see 
Section III of Whitt. 40 Albin15

,16 found that considerable improvement 
could be obtained by using a refined composite procedure, which is 
based on a convex combination of ci for the asymptotic method and 
C§I for the stationary-interval method. Her hybrid c~ is of the form 
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eiI = wei + (1 - w)dn. (32) 

Unfortunately, since e§I is nonlinear, so is eiI. However, Albin found 
that a convex combination of ei and the exponential e2 of 1 worked 
almost as well, having 4-percent average absolute error as opposed to 
3 percent. Hence, we use such a hybrid procedure, namely, 

eiI = wei + (1 - w) 

= w t (Ai,/ ~ Ak) d + 1 - w, (33) 

where w is a function of p and the rates. Extensive simulation 
prompted Albin to suggest the weighting function 

w = [1 + 2.1(1 - p)1.8vft, (34) 

where 

(35) 

Note that if there are k component processes with equal rates then 
v = k. The parameter v can be thought of as the number of component 
streams, with it being an equivalent number if the rates are unequal. 

However, the weighting function (58) fails to satisfy an important 
consistency condition: We should have w = 1 when v = 1; if there is a 
single arrival process, the superposition operation should leave the e2 

parameter unchanged. Moreover, new theoretical results39 indicate 
that the exponent of (1 - p) in (34) should be 2. Hence, we use formula 
(33) based on the weight function w in (29). 

4.4 Splitting 

No approximation is needed for splitting because a renewal process 
that is split by independent probabilities (Markovian routing) is again 
a renewal process. However, approximation is of course indirectly 
associated with this step because the real process being split is typically 
not a renewal process and the splitting is often not according to 
Markovian routing. 

Since a renewal process split according to Markovian routing is a 
renewal process, the asymptotic method and the stationary-interval 
method coincide. If a stream with a parameter e 2 is split into k streams, 
with each being selected independently according to probabilities Pi, 
i = 1, 2, "', k, then the ith process obtained from the splitting has 
squared coefficient of variation e'f given by 

(36) 

which is clearly linear. Formula (36) is easy to obtain because the 
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renewal-interval distribution in the split stream is a geometrically 
distributed random sum of the original renewal intervals. 

4.5 Departures 

For the stationary-interval method with single-server nodes, we 
apply Marshall's formula for the squared coefficient of variation of an 
interdeparture time, say ca, in a GI/G/1 queue:43,44 

(37) 

where EW is the mean waiting time. Since EW appears in (37), the 
congestion at the node affects the variability of the departure process. 
A stationary-interval method approximation for ca is obtained by 
inserting an approximation for EW in a GI/G/1 queue. Our analy­
sis33-37 suggests that it suffices to use the linear approximation (2) 
with g set equal to one. When this is combined with (37), we obtain 
the simple formula 

(38) 

A simple extension of (38) for GI/G/m queues that is being used in 
the current version of QNA is 

p2 ca = 1 + (1 - p2)(C; - 1) + rm (c; - 1). (39) 

Note that (39) agrees with (38) when m = 1 and (39) yields ca = 1 as 
it should for M/M/m and M/G/oo systems for which the stationary 
departure process is known to be Poisson. The third term in (39) 
approaches 0 as m increases, reflecting the way multiple servers tend 
to act as a superposition operation. A basis for further refinements of 
(39) is the asymptotic analysis of departure processes in Whitt.45 This 
asymptotic analysis shows that in some cases the variability of the 
departure process depends on the arrival and service processes in a 
more complicated way. 

As with superposition, the asymptotic method yields a more elemen­
tary approximation than the stationary-interval method. In fact, the 
asymptotic-method approximation for the departure process is just 
the arrival process itself, i.e., the asymptotic-method approximation 
for ca is just C~.44 The number of departures in a long interval of time 
is just the number of arrivals minus the number in queue, and the 
number in queue fluctuates around its steady-state distribution, 
whereas the number of arrivals goes to infinity. 

It remains to combine the basic methods to form a refined hybrid 
procedure. However, limited experience indicates that this refinement 
is not as critical as for superposition. The stationary-interval method 
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alone seems to perform better for departure processes than for super­
position processes.44 

The most appropriate view for the departure process-the station­
ary-interval method or the asymptotic method-depends on the traffic 
intensities at the next nodes where the departures are arrivals. As the 
traffic intensity of the next node increases, the asymptotic-method 
approximation for the departure process becomes more relevant. For 
example, consider the case of two queues in series with parameters 
Ao!, C51, /-Ll, C;I, /-L2, and C;2. If /-L2 ~ A while /-Ll remains unchanged, then 
P2 ~ 1 and the second queue is in heavy traffic. Under such heavy 
traffic conditions, it· has been shown26 that the congestion measures 
at the second node are asymptotically the same as if the first facility 
were removed, i.e., as if the arrival process to the second node were 
just the arrival process to the first node. More generally, for any arrival 
process it has been proved that the asymptotic method is an asymp­
totically correct approximation for a queue in heavy traffic.26 

Hence, it is natural to tune the departure approximation by using 
the traffic intensities in the following nodes. Since the departure 
process typically will be split and sent to different nodes with different 
traffic intensities, it is appropriate to do the tuning after splitting. Let 
di be the departure c2 at node i. Then 

(40) 

is the c2 for the portion of the departures going to node j. We let c~ be 
a weighted combination of the approximations obtained by the asymp­
totic method and the stationary-interval method [using (39)]: 

+ (1 - Vij)[qiA1 + (1 - pr)(c~i - 1) 

+ prmiO.5(c;i - 1)] + 1 - qij], (41) 

where Vij is chosen to satisfy 0 :s; Vij :s; 1 and be increasing in Pj with 
Vij ~ 1 as Pj ~ 1. However, we have not yet found that positive Vij 

helps,44 so the current version of the QNA uses (28). 
From (38) it" is clear that the departure process variability, as 

depicted by QNA, is an appropriate weighted average of the arrival­
process variability and the service-time variability. Hence, when the 
service time is deterministic, so that C;j = 0, the departure process is 
less variable than the arrival process. However, the actual reduction 
of variability in a network caused by deterministic service times often 
is not as great as predicted by (38) or (39). Hence, we have replaced 
(39) by 
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p2 
Ca = 1 + (1 - p2)(C; - 1) + Jm (max!c;, 0.2} - 1). (42) 

After making this change, we get (25) through (28). 

4.6 Customer creation or combination 

We treat customer creation or combination as a modification of the 
departure process. When there is customer creation at node i, we 
replace each departure by a batch of size "Ii. When there is combination 
at node i, we replace each interdeparture interval by the sum of "Ii1 

such intervals. These make more sense for integer values, but we do 
not require it. Hence, as described in Section 2.2, the departure rate 
from node i is "IiAi when the arrival rate is Ai. We use the asymptotic 
method to obtain the variability parameter. Since the number of 
departures from node i in a large time interval is "Ii times the number 
of arrivals, the asymptotic-method approximation of the variability 
parameter for customer creation or combination is just to multiply 
cai by "Ii. (By the asymptotic method, c2 = limt~ClO Var N(t)/EN(t); see 
Section 2 of Whitt.14) This is done before splitting. 

4.7 Synthesis 

We obtain the basic system of equations (24) through (30) by 
combining Sections 4.3 through 4.6 as follows: 

n 

C;j = 1 - Wj + Wj L pijC~ 
i=O 

= 1 - Wj + Wj [POjC6j + .~ Pij(Vij[qij"liC;i + (1 - qij)] 
z=l 

+ (1 - Vij)l"liqij[l + (1 - pr)(c;i - 1) 

+ pfmio.5(maxlc;i, 0.2] - 1)] + 1 - qijO]. (43) 

The first line is based on superposition, Section 4.3, and the second 
line is based on departure, splitting and customer creation, Sections 
4.4 through 4.6. 

v. CONGESTION AT THE NODES 

Having calculated the rate and variability parameters associated 
with each internal arrival process, we are ready to calculate the 
approximate congestion measures for each node. At this point we have 
decomposed the network into separate service facilities that are ana­
lyzed in isolation. Each facility is a standard GI/G/m queue partially 
characterized hy five parameters: the number of servers plus the first 
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two moments of the interarrival time and the first two moments of 
the service time. Instead of the moments we use the arrival rate A, the 
mean service time T, and the squared coefficients of variation c; and 
c;. Since we are focusing on a single node, we omit the subscript 
indexing the node throughout this section. 

There are many procedures that could be applied at this point. 
We could fit complete distributions to the parameters,14 and then 
apply any existing algorithm for solving a GI/G/m queue or a special 
case. Among the attractive options are procedures for analyzing the 
GI/G/1 queue,46 the M/PH/m queue with phase-type service-time 
distributions,47-52 the GI/Hk/m queue with hyperexponential service­
time distributions53,54 and the GI/Ek/m queue with Erlang service­
time distributions.55 Also available are approximations based on 
heavy-traffic and light-traffic limiting behavior.56,57 The actual proce­
dures used in this version of QNA, however, are quite elementary. Our 
study of the GI/G/1 queue33-37 indicates that these elementary proce­
dures are consistent with the limited information available. Since the 
arrival process is usually not a renewal process, and since only two 
moments are known for each distribution, there is little to be gained 
from more elaborate procedures. In fact, a user of QNA should be 
cautioned not to rely too heavily on detailed descriptions such as the 
tail of the waiting-time distribution. Such detailed descriptions may 
prove to be reasonably accurate, but they should certainly be checked 
by simulation. 

We now describe the congestion measures provided by QNA. In 
Section 5.1 we treat the single-server node and in Section 5.2 we treat 
the multiserver node. 

5.1 The CIICll queue 

We begin with the steady-state waiting time (before beginning 
service), here denoted by W. The main congestion measure is the 
mean EW, but we also generate an entire probability distribution for 
W. First, the approximation formula for the mean is as in (2): 

EW = Tp(C; + c;)g/2(1 - p), 

where g = g(p, c;, c;) is defined as 

{ 

exp [- 2(1 - p) (\- C;:2] , c; < 1 
g(p, c;, c;) = 3p Ca + Cs 

1, c; ~ 1. 

(44) 

(45) 

When c; < 1, (44) is the Kraemer and Langenbach-Belz approxima­
tion,58 which is known to perform we11.33-37,59 When c; > 1, the original 
Kraemer and Langenbach-Belz refinement does not seem to help, so 
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it is not used. Note that (44) is exact for the M/G/1 queue having 
c; = 1. 

Let the number of customers in the facility, including the one in 
service, be denoted by N. The probability that the server is busy at an 
arbitrary time, P(N > 0), and the mean EN can be obtained from 
Little's formula (see Section 11.3 of Heyman and SobeI41): 

P(N) 0) = p (46) 

and 

EN = p + AEW. (47) 

Formula (46) is exact even for stationary nonrenewal arrival processes 
and (47) is exact given EW. 

For the probability of delay, P( W > 0), denoted here by (J, we use 
the Kraemer and Langenbach-Belz approximation:58 

(J == P(W > 0) = p + (c; - l)p(1 - p)h(p, c;, c;), (48) 

where 

( 1 + c; + pc; 

) 1 + p(c; - 1) + p2(4c; + c;)' 

h(p, c;, c;) = ( 
4p -------c; + p2(4c; + c;)' 

(49) 

Formula (48) also yields the correct value for M/G/1 systems, namely, 
p. Additional supporting evidence for (48) is contained in Whitt.60 

We next focus on the conditional delay given that the server is busy, 
denoted by D. Obviously, ED = EW/(J. We first give an approximation 
formula for the squared coefficient of variation of D, cb. This formula 
is the exact formula for the M/G/1 queue, with the service-time 
distribution being H~ when c; ~ 1 and Ek when c; = k-I, where H~ is 
the hyperexponential distribution with balanced means and Ek is the 
Erlang distribution (see p. 256 of Cohen61 and Section 3 of Whitt14). 
The idea underlying this approximation is that the conditional delay 
D in a GI/G/1 queue (rather than the total delay W) depends more 
on the service-time distribution than on the interarrival-time distri­
bution. Hence, the M/G/1 formula for cb is used as an approximation 
for all GI/G/1 systems. The M/G/1 formula for cb is: 

cf) = 2p - 1 + 4(1 - p)d~/3(c; + 1)2, (50) 

where d~ = E(,,:I)/(Ev)3 with v being a service-time random variable. 
Even E(v:l) is available, it can be used in (50), but since E(v3

) is not 
available with two parameters, we use approximations for d~. The 
approximations arc based on the H~ and Ek distributions. 
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Case 1: When c; ~ 1, 

d~ = 3c;(1 + c;), 

which comes from the H~ formulas: 

3 3[1 1] 
d s = 4 q2 + (1 _ q)2 

and 

q = [1 + v'4(c; - l)/(c; + 1)]/2. 

Case 2: When c; < 1, 

d~ = (2c; + l)(c; + 1). 

(51) 

(52) 

We obtain formula (52) by considering an Erlang Ek variable, which 
can be represented as the sum of k iid exponential random variables 
Xi with mean T /k, where T is the mean of the Ek variable. In this case 

E(X1 + ... + X k )3 = kE(Xn + 3k(k - 1)E(Xi)E(X1) 

+ k(k - l)(k - 2)(EX1)3 

= (~r [6k + 6k(k - 1) + k(k - 1)(k - 2)] 

so that 

d 3 = (k + 2)(k + l)k = (1 ~)(1 !) 
s k3 + k + k ' 

which reduces to (52) because c; = k-1 for an Ek variable. Note that 
(51) and (52) agree at the boundary when c; = 1. 

From (44), (48), and (50) through (52), we immediately obtain 
formulas for Var(D) and ED2: 

Var(D) = (ED)2Cb = (EW)2Cb/u2 

E(D2) = Var(D) + (ED)2. (53) 

From D we then obtain second-moment characteristics for W: 

2 _ E( W2) _ _ uE(D2) _ 1 _ cb + 1 - u 
Cw - (EW)2 1 - (uED)2 - U ' 

Var(W) = (EW)2C~ and E(W2) = Var(W) + (EW)2. (54) 

We now indicate how QNA calculates an approximate probability 
distribution for W. The distribution has an atom at zero as given in 
(48) and a density above zero. The density is chosen so that Wand D 
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have the first two moments already determined for them. (This is the 
general rule, but it is not quite followed in Cases 2 and 4 below.) 

Case 1: c~ > 1.01. Let D have the H~ density (hyperexponential with 
balanced means) 

x ~ 0, (55) 

where 

p = [1 + ../(c~ - l)/(cb + 1)]/2, 

1'1 = 2p/ED and 1'2 = 2(1 - p)/ED. (56) 

Case 2: 0.99 ~ cb ~ 1.01. Let D have the exponential density with 
mean ED. 

Case 3: 0.501 ~ c~ < 0.99. Let the distribution of D be the convo­
lution of two exponential distributions with parameters 1'1 and 1'2 
(1'1 > 1'2), i.e., let D have density 

x ~ 0, (57) 

where 

-1 ED + ../2 Var(D) - (ED)2 
1'2 = 2 

and 

I'll = ED - 1'2"1. (58) 

The associated tail probabilities are 

P(D > x) = (1'le-'Y2X - 1'2e-'YIX)/(1'1 - 1'2). (59) 

Case 4: c~ < 0.501. Let D have an E2 (Erlang) distribution with 
mean ED, which has c2 = 0.5. Its density is 

x ~ 0, (60) 

where I' = 2/ED. The associated tail probabilities are 

x ~ o. (61) 

For deterministic service times, d~ = 1, so that the smallest possible 
cb via (50) is (1 + 2p)/3. Hence, Case 4 above will not occur often. 

Finally, we come to the second moment and variance of N, the 
number in system. For the M/G/1 queue, it is not difficult to compute 
E(N2

). Since the steady-state number in the facility is equal to the 
number of arrivals during a customer's time in the facility, it is easy 
to compute the moments of N from the moments of W; for example, 
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E(N2) = A(EW + Ev) + A2[E(W2) + 2EWEv + E(v2)] 

= AEW + p + A2E(W2) + 2ApEW + p2(C~ + 1), (62) 

and 

Var(N) = AEW + p + p2c; + A2Var(W). (63) 

We now modify the M/G/1 formulas (62) and (63) for the GI/G/1 
queue. Let cJv be defined by 

(64) 

where Y1 is the M/G/1 value of Var(N) in (63) using (44) for EW and 
(54) and Var(W), 

Y2 = (1 - p + O")/max{(l - 0" + p), 0.000001} 

Y3 = max{(p + AEW)2, 0.000001}, (65) 

and 0" is the probability of delay in (48). The maximum is used in (65) 
to avoid dividing by zero. For the M/G/1 queue, Y2 = 1; for GI/M/1 
queues, Y2 in (65) provides just the right correction, so that (64) is 
exact given the true value of 0", EW and Var(W). The correction Y2 

in (65) makes (64) too small for D/D/1 queues by a factor of (1 + p)-l, 
but (64) is asymptotically correct in heavy traffic: cJv ~ 1 as p ~ 1 if 
either c; > 0 or c; > o. 

From (47) and (64) we immediately obtain 

Var(N) = (EN)2C'Jv 

and 

(66) 

When there is immediate feedback at the node and it is eliminated, 
adjustments are necessary in the formulas of this section, as indicated 
in Section III. 

5.2 The GI/G/m queue 

The first congestion measures for multiserver nodes provided by 
QNA are exact. Even for nonrenewal stationary-arrival processes, the 
expected number of busy servers is just the offered load [see p. 400 of 
Heyman and Sobel41 and (4.2.3) of Franken et al.42

]: 

E min{N, m} = a = AT 

and the traffic intensity or utilization is 

p = aim. 
By Little's formula, as in (47), 

EN= a + AEW. 

(67) 

(68) 

(69) 
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QNA currently provides only a few simple approximate congestion 
measures for multiserver nodes. These are obtained by modifying the 
exact formulas for the M/M/m model.18 Let characteristics such as 
EW(c;, c;, m) represent the characteristic as a function of the param­
eters c;, c;, and m, and let characteristics such as EW(M/M/m) be 
the exact value for M/M/m system. A simple approximation for EW 
based on heavy-traffic limit theorems26,56,62,63 is: 

2 2 (c; + c;) EW(c a, c s , m) = 2 EW(M/M/m). (70) 

Formula (70) has frequently been used for M/G/m queues and is 
known to perform quite well in that case.64

-
67 By virtue of heavy-traffic 

limit theorems, we know that (70) is also asymptotically correct for 
GI/G/m systems as p ~ 1 for fixed m. Limited additional study 
indicates that (70) is also reasonable for moderate values of p when 
c; ~ 0.9 and c; ~ 0.9, or when c; =s; 1.1 and c; =s; 1.1. The actual 
value may be significantly smaller (larger) when c; < 0.9 and c; > 1.1 
(c; > 1.1 and c; < 0.9). 

The simple approximation (70) is also supplemented by simple 
approximations for the second moments of Wand N. They are 
obtained from: 

civ(c;, c;, m) = civ(M/M/m) 

and 

cJv(c;, c;, m) = cJv(M/M/m). (71) 

Related second-moment characteristics are computed as in (54) and 
(66). 

More detailed and sophisticated approximations for multi­
server nodes are being studied. As we indicated before, a variety of 
methods and algorithms can be applied given the parameters of the 
arrival process.47

-
57 

VI. TOTAL NETWORK PERFORMANCE MEASURES 

In this section we describe the approximate congestion measures 
calculated by QNA for the network as a whole. In Section 6.1 we 
discuss congestion measures representing the system view, e.g., 
throughput and number of customers in the network; in Sections 6.2 
and 6.3 we discuss congestion measures representing the customer 
view, e.g., number of nodes visited and response times. In fact, there 
are actually two different customer views. In Section 6.2 we discuss 
the view of an arbi trnry, typical, or aggregate customer; in Section 6.3 
we discuss the view of a particular customer with a specified route 
through the network. 
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6.1 System congestion measures 

A basic total network performance measure is the throughput, which 
we define as the total external arrival rate Ao, 

Ao = AOl + ... + Aon • (72) 

When no customers are created at the nodes, the total external arrival 
rate equals the total departure rate from the network, so that there is 
little ambiguity about what we mean by throughput. However, when 
customers are created or combined at the nodes, as in Section 2.2, 
there is more than one possible interpretation. We might be interested 
in the rate at which arrivals are processed, i.e., (72). For example, the 
customers created at the nodes might be regarded only as extra work 
that must be done to serve the arrivals. On the other hand, we might 
be interested in the rate at which customers leave the network or in 
the rate of service completions. The departure rate from the network 
is 

d = tl d, = tl A(y, (1 -j~ q(j) (73) 

and the total rate of service completions is 
n n 

S = L Si = L A('fi. (74) 
i=l i=l 

A description of the overall congestion is provided by the mean and 
variance of the number N of customers in the entire network. In 
general, 

EN = ENl + ... + ENn (75) 

and, as an approximation based on assuming that the nodes are 
independent, we have 

Var(N) = Var(Nl ) + ... + Var(Nn ). (76) 

Formula (76) is valid for the Markovian models as a consequence of 
the product-form solution, but is an approximation in general. 

6.2 The experience of an aggregate customer 

When we turn to the congestion experienced by individual cus­
tomers, there are two very different approaches. The first approach 
keeps strict adherence to the model assumptions with the standard 
input in Section 2.1, and is based on interpreting the routing matrix 
as independent probabilities (Markovian routing). This means that 
each time any customer completes service at node i, that customer 
proceeds to node j with probability qij, independent of the current state 
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and history of the network. If the network is cyclic, this means that 
every customer has positive probability of visting some nodes more 
than once. This is the perspective of an aggregate customer. It might 
be that no individual customer actually ever visits the same node more 
than once. 

If the aggregate view is desired, then the customer experience can 
be described by employing the basic theory of absorbing Markov chains 
as in Chapter III of Kemeny and Snell.68 We can regard the external 
node as a single absorbing state to which all customers go when they 
leave the network or we can have more absorbing states, to distinguish 
between network departures from different nodes or different subsets 
of nodes. For this interpretation, the routing matrix Q is the transient 
sub chain associated with the absorbing Markov chain and the inverse 
(I - Q)-l in (19) with r = I is the fundamental matrix of the absorbing 
chain (see p. 45 of Kemeny and Sne1l68

). Solving the traffic-rate 
equations is tantamount to solving for this fundamental matrix. 

From the fundamental matrix it is easy to calculate the moments of 
the number nij of visits to any state j starting from any state i (on an 
external arrival process). For example, Enij is just the (i, j)-th entry 
of (I - Q)-l. It is also easy to calculate the probability of absorption 
into each of the absorbing states starting from any initial distribution. 
These various congestion measures are easily obtained working with 
n X n matrices.68 

Suppose that we focus on an arbitrary, typical, or aggregate customer 
arriving on an external arrival process. Then that customer enters 
node i with probability Ao/Ao, where Ao is defined in (72) and the 
expected number of visits to node i for each customer is 

(77) 

(We have used the fundamental matrix to get Ai.) The mean of the 
time, Ti, that an arbitrary customer spends in node i during his or her 
time in the network is thus 

(78) 

and the expected total sojourn time (time spent in the network from 
first arrival to final departure) for an arbitrary customer is thus 

n n 

ET = L ETi = L EVi(Ti + EWd. (79) 
i=l i=l 

The variance of Tj is thus 

Var(Tj ) = EVj(Var(Wi ) + T;C~J + Var(Vi)(EWi + Ti)2. (80) 

The term Var( Vj) in (80) as well as EVi is easily obtained from the 
fundamental matrix. In particular, Var( Vi) = EV; - (EVi )2 and 
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n 

EV7 = L (AoJAo)[F(2Fdg - l)lii, 
j=l 

(81) 

where F is the fundamental matrix (1- Q)-I, Fdg is the n X n matrix 
with all off-diagonal entries 0 and diagonal entries the same as F. 

To obtain an approximation for the variance of the total sojourn 
time in the network, we assume that the sojourn times at the different 
nodes are conditionally independent, given any particular routing. 
(This is not valid even for all acyclic networks of MIMI 1 nodes,69 but 
is often approximately true.7

,70) In particular, for a customer entering 
some specified node and making Vj visits to node j, 1 ~ j ~ n, before 
eventually leaving the network, 

T = CL~, Tkj ). 
(82) 

where Tkj is the sojourn time for the kth visit to node j. Our approxi­
mation assumption is that the variables Tkj are mutually independent 
given the vector (VI, V2 , ••• , Vn ). 

Hence, 

E(T') = i~' E C~, Tki) 

2 

+ 2 i~ j, E C~, Tki ,~, T,j ) 

n 

L {EViE(TiJ + E[Vi(Vi - 1)]E(TIJ2
} 

i=l 
n n 

+ 2 L L E(T1JE(T1j)E(ViVj) (83) 
i=l j=i+1 

so that 
n n n 

Var(T) = L Var(Ti ) + 2 L L E(Tli)E(Tlj)COV(Vi, Vj ). (84) 
i=l i=l j=i+l 

However, the current version of QNA ignores the covariance terms in 
(84) in the calculation of Var(T). 

6.3 The experience of a particular customer 

Another approach is to decouple the macroscopic and microscopic 
interpretations. This view is common in statistical mechanics. The 
total network may exhibit statistical regularity not evidenced in any 
single particle (customer). In this view, we think of the total system 
evolving as if customers were routed according to independent proba­
bilities, even though individual customers may have very different 
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routing probabilities, perhaps nonrandom routing or acyclic routing. 
For example, we may consider the cyclic network entirely appropriate 
for the macroscopic view even though no individual customer ever 
visits any node more than once. In order for this view to be realistic, 
each individual customer should have a relatively negligible effect on 
the total network. 

The procedure here is to solve for the equilibrium or macroscopic 
behavior of the network first and then afterwards consider particular 
customers. The particular customers will have their own routes 
through the network and perhaps their own service times at the nodes 
along the way. There are two cases, depending on whether the input 
is by classes and routes, as in Section 2.3 or the standard input as in 
Section 2.1. 

6.3.1 Input by classes and routes 

First, suppose that we are using the input by classes and routes in 
Section 2.3. Then the particular customers correspond to the customer 
classes specified in the input. Hence, each customer has a deterministic 
route through the network and possibly special service times at the 
nodes on the route. In this case, as described in Section 2.3, QNA first 
converts the input by classes and routes into the standard input in 
Section 2.1. Then QNA solves for the equilibrium behavior. Finally, 
congestion measures are calculated for the different classes under the 
assumption that they follow their originally specified special routes 
and that upon arrival at the nodes on the route they see independent 
versions of the equilibrium state of the network. Hence, in the notation 
of Section 2.3, for a customer in class k, the expected total service 
time is 

(85) 

the expected total waiting time is 

nk 

L E(Wnk) , (86) 
j=l 

and the expected total sojourn time or response time is the sum of 
(85) and (86). Similarly, for a customer in class k the variance of the 
total service time is 

nk 

L T~jC~kj, 
j=l 

the variance of the total waiting time is 

(87) 
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nk 

L Var(Wnk), 

j=l 
(88) 

and the variance of the total sojourn time is the sum of (87) and (88). 

6.3.2 The standard input 

With the standard input in Section 2.1, the user must specify the 
particular customers to be analyzed. In this case, the user specifies 
classes. with routes and possibly service times (rate and variability 
parameters), but these data are not used in calculating the equilibrium 
behavior. The decoupling principle is used with greater force here; 
there need not be any consistency between the microscopic and mac­
roscopic views: This additional input does not affect the equilibrium 
behavior of the total network. 

In the current version of QNA the individual customer routes are 
deterministic, so that the additional input required is just as in Section 
2.3 and the congestion measures are just as in (85) through (88) in 
Section 6.3.1. However, it is possible to modify QNA to allow random 
routes. Then the additional input would be just as in Section 2.1; for 
each class it would consist of a routing matrix plus parameters for the 
arrivals process and service times. 
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This paper describes the performance of the Queueing Network Analyzer 
(QNA), a software package developed at Bell Laboratories to calculate ap­
proximate congestion measures for networks of queues. QNA is compared with 
simulations and other approximations of several open networks of single­
server queues. This paper illustrates how to apply QNA and indicates the 
quality that can be expected from the approximations. The examples here 
demonstrate the importance of the variability parameters used in QNA to 
describe non-Poisson arrival processes and nonexponential service-time dis­
tributions. For these examples, QNA performs much better than the standard 
Markovian algorithm, which does not use variability parameters. The accuracy 
of the QNA results (e.g., the expected delays) in these examples is satisfactory 
for engineering purposes. 

I. INTRODUCTION AND SUMMARY 

This paper is a sequel to Whitt,! which described the software 
package called the Queueing Network Analyzer (QNA). QNA calcu­
lates approximate congestion measures for networks of queues. The 
first version of QNA treats open networks of multiserver queues with 
the first-come, first-served discipline and no capacity constraints. 
QNA is designed to treat non-Markovian models: The arrival processes 
need not be Poisson and the service-time distributions need not be 
exponential. QNA approximately characterizes other kinds of varia­
bility through variability parameters assigned to each arrival process 
and each service-time distribution. The first step in the algorithm is 
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to solve for the flow rates and the variability parameters of the internal 
arrival processes. The second step is to compute approximate conges­
tion measures for each queue separately by regarding it as a standard 
GI/G/m queue in which the renewal arrival process and the service­
time distribution are each partially characterized by their first two 
moments or, equivalently, the rate and variability parameters. The 
third and final step is to calculate congestion measures for the network 
as a whole. 

This paper describes the performance of QN A by comparing it with 
simulations and other approximations of networks of queues. Even 
though QNA can analyze multiserver queues, only single-server queues 
are considered here. Among the other approximations in each case are 
the M/M/1 and M/G/1 approximations, which can be obtained from 
QNA by using default options. The M/M/1 approximation, which is 
embodied in the Markovian algorithms, is obtained by setting all 
variability parameters equal to 1. With the M/M/1 approximation, 
the nodes are treated as independent M/M/1 queues with the correct 
rates. The M/M/1 approximation yields the exact equilibrium distri­
bution of queue lengths for the Markov model with Poisson external 
arrival processes, exponential service-time distributions and one cus­
tomer class. The M/G/1 approximation is obtained by setting the 
variability parameter of each arrival process equal to 1 and using the 
specified service-time variability parameter c;; then the expected wait­
ing time at each node is (1 + c;)/2 times the MIMII value. 

The congestion measures we consider in the examples here are the 
expected waiting time (before beginning service) and the expected 
sojourn time (waiting time plus service time) at a node or in the entire 
network. Of course, QNA produces other congestion measures, but we 
are comparing with previously published simulation results, which are 
mostly limited to expected waiting times and sojourn times. 

We begin in Section II with a single GI/G/I queue and discuss the 
implications of previous work on approximations for the GI/G/I 
queue.2

-
7 In Section III we consider a single queue with a superposition 

arrival process and compare QNA with simulations by Albin.s-1o In 
Section IV we consider a network of eight queues in series analyzed 
by Fraker,ll and in Sections V and VI we consider two networks 
analyzed by Kuehn:12 Section V treats a tightly coupled two-node 
network and Section VI treats a nine-node network. In Section VII 
we treat a five-node network used to model a Bell Laboratories 
. computer system. Finally, in Section VIII we consider a model from 
Gelenbe and MitranF3 for a packet-switched communication network. 
The examples in Sections VII and VIII have input by classes and 
routes as in Section 2.3 of Whitt. 1 

These examples indicate the approximation quality that can be 
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expected in applications ofQNA. They also demonstrate the impor­
tance of the variability parameters when the external arrival processes 
are not nearly Poisson or the service-time distributions are not nearly 
exponential. These examples also illustrate how to apply QNA, e.g., 
to model superposition arrival processes (Section III), to eliminate 
almost immediate feedback (Section V), and to conduct sensitivity 
analyses for the variability (Section VII). 

II. A SINGLE GljGj1 QUEUE 

We begin by considering the special network containing a single 
service facility, in particular, the GI/G/1 queue with service times and 
interarrival times each partially characterized by their first two mo­
ments or, equivalently, by the four parameters T (the mean service 
time), c~ (the squared coefficient of variation of the service time), A 
(the arrival rate), and c; (the squared coefficient of variation of the 
interarrival time).! The subscript indexing the node is suppressed 
since there is only one node. 

It is useful to consider this model because it has been extensively 
studied and is relatively well understood. In many cases we can 
analytically determine the quality of the approximations for the 
GI/G/1 queue. Hence, we can get an idea about the quality of the 
approximations for more general networks. Of course, approximations 
for a node in a general network might be worse because the internal 
arrival processes usually are not actually renewal processes. On the 
other hand, the network operations of superposition and splitting tend 
to make stochastic point processes more like Poisson processes, so 
that larger networks may actually be better behaved. 

The model specification above determines the approximate conges­
tion measures produced by QNA, but the model specification is not 
complete since there are many service-time and interarrival-time 
distributions with the given parameters. The formulas produced by 
the QNA are approximations for all these systems, so it is natural to 
ask how the approximate congestion measures compare to the set of 
all possible values that are consistent with the partial specification. 
Fortunately, it is often possible to identify the set of all possible 
values.2

-
5 Moreover, it is often possible to locate the more likely values 

by identifying the set of all possible values under various natural 
constraints on the distribution. When this cannot be done exactly, it 
can often be done approximately using bounds.6 

We now give a brief summary of results evaluating approximations 
for the expected waiting time or, equivalently (by Little's formula!4), 
the expected queue length in the GI/G/1 queue based on the four 
parameters A, c:;., r, and c~. First, recall that for the M/G/1 queue, 
with Poisson arrival process (c; = 1), the expected waiting time 
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actually depends on the service-time distribution only through the two 
parameters T and c;. Nonexponential interarrival-time distributions 
tend to be more difficult, however. For the GI/M/1 queue with an 
exponential service-time distribution (c; = 1), the expected waiting 
time depends on the interarrival-time distribution beyond the param­
eters A and c;. Given A and c; in the GI/M/1 queue, the maximum 
relative error (upper bound minus lower bound divided by lower bound) 
in the mean queue length (number in system including anyone in 
service) is exactly c; (see Ref. 2). A similar, but somewhat less concise, 
result holds for the expected waiting time by virtue of Little's formula. 
The maximum relative error for the expected sojourn time (waiting 
time plus service time) is also c;. This result suggests more generally 
that the reliability of the approximations might decrease when c; 
increases, which is consistent with numerical experience. 

If we assume that the interarrival-time distribution is not too 
irregular, then the maximum relative error becomes much less. In the 
Hk/M/1 queue with a hyperexponential interarrival-time distribution 
(mixture of exponential distributions having c; > 1), the maximum 
relative error in the mean queue length is (c; - 1)/2 (see Ref. 4). 
It turns out that the extremal interarrival-time distributions for 
Hk/M/1 queues also are extremal for all interarrival-time distributions 
that have Increasing Mean Residual Life (IMRL) (also c; > 1) and all 
service-time distributions,5 so that the maximum relative error in the 
mean queue length for IMRL/G/1 queues is (c; - 1)/[2 + p(c; - 1)]. 

Other kinds of shape constraints for the G I/M/1 queue have been 
investigated by means of nonlinear programming.3 In general, we 
conclude that if the distributions are not irregular, then the maximum 
relative error in the GI/G/1 queue might be about 0.05 c;, e.g., about 
10 percent when c; = 2.0. 

From heavy-traffic limit theorems that describe the queue as p ~ 

1,6 where p = AT is the traffic intensity, we know that asymptotically 
the queue length and waiting-time distributions depend on the inter­
arrival-time and service-time distributions only through the four pa­
rameters A, c;, T, and c;. This suggests that more generally the quality 
of the approximations might improve as p increases. This is certainly 
consistent with experience for the GI/G/1 queue, but not necessarily 
for more complex networks, e.g., the tightly coupled two-node network 
here in Section V. 

The heavy-traffic limit theorems are closely related to diffusion 
approximations because diffusion processes emerge as limits in the 
heavy-traffic limit theorems. We have recently compared various 
diffusion approximations for the expected waiting time in a GI/G/1 
queue to known bounds.6 We now show how QNA and other related 
approximations fit into this framework. Table I here compares four 
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Table I-Bounds and approximations for the expected waiting time, 
EW, in a GI/G/l queue: Three cases 

Daley's general upper bound 
Monotone failure rate upper bound5 

Kraemer and Langenbach-Belz7 

QNAI 
M/G/1 
M/M/1 
MFR lower bound5 

c; = 0.5 
c; = 4.0 
p = 0.7 

5.75 
5.83 
5.14 
5.14 
5.83 H 
2.33 L 
5.00 . 

Notes: 1. In each case the mean service time is T = 1. 

Parameter Values 

c; = 2.0 
c; = 4.0 
p = 0.7 

9.00 
7.50 
6.88 
7.00 
5.83 L 
2.33 L 
5.83 

c; = 0.8 
c; = 4.0 
p = 0.3 

1.82 
1.07 
1.02 
1.02 
1.07 H 
0.43 L 
0.93 

2. "H" indicates high (greater than or equal to) and "L" indicates low (less than 
or equal to) in comparison with the bounds. 

approximations for the expected waiting time, EW, with various upper 
and lower bounds in the three cases in Table 1 of Ref. 6. The four 
approximations are the M/M/l, M/G/l, Kraemer and Langenbach­
Belz,7 and QNA. 

The M/M/l approximation is obtained by replacing both variability 
parameters c~ and c; by 1. The M/M/l approximation is produced by 
a direct application of the Markovian software packages. The M/G/l 
approximation is obtained by replacing c~ by 1 and using the specified 
value of c;. The M/G/l approximation EW is the exact value for the 
approximating M/G/l system since EW depends on the service-time 
distribution only through its first two moments. Both the M/M/l and 
M/G/l approximations are produced by QNA using default options. 

The QNA approximation is the Kraemer and Langenbach-Belz 
approximation when c~ ::::; 1 and is slightly greater when c~ > 1.1 The 
one case in which c~ > 1 in Table I shows that the difference between 
the two approximations is small compared to the distance between the 
upper and lower Monotone Failure Rate (MFR) bounds.5 The MFR 
bounds are for interarrival-time distributions with decreasing failure 
rate when c~ ~ 1 and increasing failure rate when c~ ::::; 1. The MFR 
bounds are tight when c~ ~ 1 but not when c~ < 1 (see Ref. 5). Since 
the interarrival-time distribution need not have monotone failure rate, 
the range of all possible values is greater, but the MFR bounds indicate 
the more likely values. 

For the three cases in Table I, the M/M/l approximation performs 
very poorly, falling way outside the bounds. The M/G/l approximation 
always coincides with one of the MFR bounds-the upper bound when 
c~ ::::; 1 and the lower bound when c~ ~ I-but it would be better to 
have an approximation somewhere in the middle between the bounds. 
When c~ ~ 1, the QNA approximation is a convex combination of the 
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two MFR bounds.5 Since the MFR bounds are tight when c; ~ 1, the 
QNA approximation always yields the exact value of EW for some 
GI/G/1 system with the given parameters.5 When c; ~ 1, the QNA 
approximation is slightly less than the convex combination of the 
MFR bounds. The convex combination of the MFR bounds is known 
to be an upper bound for Ek/G/1 systems,5 so that it is appropriate to 
use a smaller value. We conjecture that the QNA approximation always 
yields an exact value of EW for some GI/G/1 system with the given 
parameters when c; ~ 1 too. 

Table I provides a sample of the comparisons possible using the 
previous studies.2

-
6 Since QNA coincides with the Kraemer and Lan­

genbach-Belz approximation when c~ ~ 1 and the Sakasegawa-Yu 
approximation when c; ~ 1, previous comparisons such as Tables 13 
and 14 in Klincewicz and White also apply to QNA. 

III. A QUEUE WITH A SUPERPOSITION ARRIVAL PROCESS 

In this section we consider one single-server queue with a superpo­
sition arrival process. Such a system with two component arrival 
processes is depicted in Fig. 1a. Since only one external arrival process 
at each node is allowed in QNA, this model cannot be analyzed directly, 
but it is easy to modify the model so that QNA does apply. We added 
dummy nodes with very low traffic intensity on each component arrival 
process, as shown in Fig. lb. Since the new dummy nodes have low 

III K2r--

(a) 

-III 

III~ 

- I I I 
(b) 

Fig. l-(a) The original queue with a superposition arrival process. (b) The equivalent 
network with one external arrival process at each node. 
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traffic intensity, the rate and variability parameters of the departure 
processes from the dummy nodes will be almost identical to the 
corresponding parameters of the external arrival processes. 

This model has recently been studied quite extensively by Albin8
-
lo 

and is now relatively well understood. As in Section I, here we consider 
one illustrative example, which suggests the accuracy to expect more 
generally and shows the importance of the variability parameters. 

The specific model we analyze is the ~G IJM/1 system with an 
exponential service-time distribution and n iid stationary renewal 
processes as component arrival processes. The total arrival rate is 1, 
so the rate of each component process is n- I

• We consider six cases 
involving two values of n, n = 2 and 16, and three values of the traffic 
intensity p, p = 0.3, 0.7, and 0.9. In each case the component renewal­
interval distribution is Ht i.e., the mixture of two exponentials with 
balanced means: one with mean ml realized with probability p and the 
other with mean m2 realized with probability 1 - p, where pml = 
(1 - p)m2. In each case the squared coefficient of variation of the 
component renewal process interval is c2 = 6. This is quite high 
variability, so that the component processes are not nearly Poisson. 
The three parameters of an H2 distribution are determined by speci­
fying the mean as n, c2 = 6 and balanced means. 

This model is taken from Chapter 3 and Appendix 6 of Albin.8 

Albin's approximations are based on the rate and variability parame­
ters just as in QNA. In fact, the superposition approximation in QNA 
is a modification of Albin's procedure. I With Albin's procedure, the 
variability parameter of the superposition process is a convex combi­
nation of the variability parameters obtained from the stationary­
interval method and asymptotic method described in Whitt.15 The 
specific implementation of the stationary-interval method in WhittI5 

and Albin8 is part of Kuehn'sl2 algorithm for approximating networks 
of queues. Since Kuehn's implementation of the stationary-interval 
method is nonlinear, a different procedure is used in QNA. In QNA 
the variability parameter of the superposition process is a convex 
combination of the variability parameters obtained from the asymp­
totic method and a Poisson process. I Extensive experimentation has 
shown, however, that the approximation in QNA is very close to 
Albin's hybrid approximation, which performed very well in many 
experiments (about 3-percent average absolute relative percent error). 

Several different approximations for the expected waiting time are 
compared with simulation in Table II. The simulation results were 
obtained in Albin.H The sample standard deviation is given in paren­
theses below the simulation estimate in Table II to indicate the 
statistical reliability of the estimate. The simulation program was 
written in FOHTHAN using the "Super-Duper" subprogram in Mar-
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Table II-A comparison of approximations and simulation of the 
expected waiting time, EW, in a ~GI/Mf1 queue with a superposition 

arrival process 

Approximation Method 

No. of Simu- Kuehn's 
Renewal Traffic lation Stationary- Asymp- Albin's 

Pro- Inten- Esti- Interval totic Hybrid 
cesses, n sity, p mate MIMl1 Method Method Procedure QNA 

0.3 0.205 0.128 0.231 0.281 0.240 0.236 
(0.007) (-37.6) (+12.7) (+37.1) (+17.1) (+15.1) 

2 0.7 4.57 1.63 3.54 5.32 4.51 4.64 
(0.14) (-64.3) (-22.5) (+ 16.4) ( -1.3) (+1.5) 

0.9 26.3 8.1 18.2 28.2 27.5 27.5 
(1.2) (-69.2) (-30.8) (+7.2) (+4.6) (+4.6) 

0.3 0.138 0.128 0.147 0.281 0.153 0.139 
(0.004) (-7.2) (+6.5) (+103.6) (+10.9) (+0.7) 

16 0.7 2.57 1.63 1.88 5.32 2.36 2.16 
(0.07) (-36.6) (-26.8) (+107.0) (-8.2) (-15.9) 

0.9 20.8 8.1 9.4 28.2 21.1 20.7 
(0.94) (-61.1) (-54.8) (+35.6) (+ 1.4) (-0.5) 

Average Absolute Relative 46.0 25.7 51.2 7.3 6.4 
Percent Error 

Notes: 1. The total arrival rate is 1 in each case. 
2. The component renewal processes have m (hyperexponential) renewal-inter­

val distributions with mean n, c2 = 6, and balanced means. 
3. The sample standard deviations appear below the simulation estimates in 

parentheses. 
4. The relative percent error appears below the approximation values in paren­

theses. 

saglia et al. to generate uniform random numbers. I6 A different random 
number seed was used for each simulation. The simulations began 
with an empty system, but the first 1000 customers were not counted 
to allow the system to approach steady-state. Each simulation con­
sisted of 20 batches, with the number of customers per batch depending 
on the traffic intensity: 3,000 per batch for p = 0.3, 15,000 per batch 
for p = 0.7, and 50,000 per batch for p = 0.9. Even though much more 
simulation time was spent on the cases with higher traffic intensities, 
the statistical reliability was slightly less. 

In Table II, in parentheses below the approximation values are the 
relative percent errors (RE), which are defined as 

RE = 100(Approx. - Simul.)/Simul. (1) 

At the bottom of Table II are the average absolute relative percent 
errors (ARE), which are defined as 

6 

ARE = L I REd/6. (2) 
i=I 

Dividing by the simulation value perhaps inflates the errors when p = 
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0.3 too much, but these summary measures provide a good overall 
comparison. 

The stationary-interval method and the MIMI 1 approximation are 
not bad for large n and small p because the superposition process 
converages to a Poisson process as n ~ 00 and the queue reflects this 
if p is not too big, in particular, if n(l - p)2 is sufficiently large. lO

,17 

However, for p = 0.9, these two methods perform poorly. On the other 
hand, the asymptotic method performs reasonably well for p = 0.9, 
but not well in other cases. In particular, the asymptotic method does 
not reflect the convergence to a Poisson process as n ~ 00; it gives the 
same answers for n = 2 and 16. So, for fixed p, the asymptotic method 
gets worse as n increases. 

As Albin determined in extensive experiments,8,9 her hybrid approx­
imation is much better than either basic method alone. This example 
also illustrates how close QNA is to Albin's hybrid procedure. For 
queues with superposition arrival processes, we conclude that QNA 
usually gives reasonable results and strongly dominates the two basic 
methods. 

In closing this section, we add a caveat. The component processes 
in the simulation for Table II, in Albin's hybrid procedure and in 
QNA, are all based on the case of balanced means. However, as 
discussed in Whitt,4,5 given the first two moments, the one-parameter 
family of renewal processes with hyperexponential renewal-interval 
distributions range from a Poisson process to a batch Poisson process 
with geometrically distributed batch size. For a single renewal arrival 
process, the expected waiting time, EW, in an H2/G/1 queue also 
ranges between these same extremes, i.e., the M/G/1 and the MB IG/1 
systems. Unfortunately, no related theory yet exists for superposition 
arrival processes. However, we can easily describe what happens in 
the two extremes. The superposition of independent Poisson processes 
is Poisson and the superposition of independent batch Poisson proc­
esses with geometrically distributed batches having a common mean 
is batch Poisson with geometrically distributed batches. Thus, we 
conjecture that the maximum and minimum values for EW with a 
superposition of iid H 2-renewal processes correspond to the MB IG/1 
and M/G/1 systems, respectively. If the conjecture is true, then we 
would have the same range of possible values for HTsuperposition 
arrival processes as for H 2-renewal processes. However, if the compo­
nent processes are not too batchy, then the superposition process will 
become more Poisson as n increases. We should usually expect the 
superposition process to be more nearly Poisson as n increases. To 
summarize, t.his heuristic analysis suggests that the range of possible 
values for R~V in the ~GIJG/1 queue given the basic parameters A, 
c~, T, c; may he ahout the same as for the GI/G/1 queue. In fact, the 
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superposition operation may actually make the arrival process better 
behaved. 

IV. EIGHT QUEUES IN SERIES 

In this section we apply QNA to a network of eight single-server 
queues in series previously analyzed by Fraker.ll The external arrival 
process is Poisson and all service-time distributions are Erlang. Fraker 
considered eight cases involving four traffic intensities (p = 0.3, 0.5, 
0.7, and 0.9) and four Erlang service-time distributions (M = Eb E4, 

Es, and D = Eoo). Each of the traffic intensities and each of the service­
time distributions are assigned randomly to two of the eight nodes. 
Fraker developed an approximation for these systems and compared 
it with simulations. 

Tables III and IV describe Fraker's first two cases and the approx­
imations for the expected waiting time at each node. The service-time 
squared coefficient of variation specifies the Erlang distribution since 
c2 = k- I for Ek • Fraker made three simulation runs of 2500 customers, 
discarding the first 500 in each case to damp out the transient effects 
of starting the simulation. Statistics were collected for six blocks of 
1000 customers each. Unfortunately, this is not enough to produce 
very good accuracy, especially for the nodes with higher traffic inten­
sities. (Compare with the simulation length in Section III.) The 
statistical reliability can be seen from the results of the six runs 
displayed in Fraker.ll (These also appear in Appendix 1 of Whitt. IS) 
An idea of the variability can also be seen from node 1 because all the 
approximations except the MIMll approximation are exact for node 
1. When p = 0.9 the length of a 95-percent confidence interval 
approximately equals the estimated value; when p = 0.7 the length of 

Table III-A comparison of approximations and simulation of the 
expected waiting time at each node in Fraker's model of eight 

queues in series: Case 1 

Squared 
Approximation Methods 

Coeffi- (Marko- (Asymp- (Lag-1 QNA 
Traffic cient of vian Net- totic Corre-

Node Intensity, Variation, Simulated work) Method) lations) 
No. Pj C;j Value MIMl1 MIGl1 Fraker EWj C;j 

1 0.7 1/8 0.98 1.63 0.92 0.92 0.92 1.00 
2 0.5 1 0.30 0.50 0.50 0.38 0.38 0.61 
3 0.5 0 0.19 0.50 0.25 0.13 0.16 0.71 
4 0.7 1/4 0.73 1.63 1.02 0.62 0.63 0.58 

5 0.3 0 0.01 0.13 0.07 0.01 0.01 0.42 
6 0.9 1 7.50 8.10 8.10 6.03 5.56 0.40 
7 0.9 1/8 3.91 8.10 4.55 4.16 4.09 0.89 
8 0.3 1/4 0.00 0.13 0.08 0.01 0.01 0.33 

Note: The arrival process is Poisson with rate 1 and the service-time distributions are 
Erlang. 
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Table IV-A comparison of approximations and simulation of the 
expected waiting time at each node in Fraker's model of eight 

queues in series: Case 2 

Squared 
Approximation Methods 

Coeffi- (Marko- (Asymp- (Lag-1 QNA 
Traffic cient of vian totic Corre-

Node Intensity, Variation, Simulated Network) Method) lations) 
No. Pj C;j Value M/M/1 M/G/1 Fraker EWj c2 . 

OJ 

1 0.9 1 6.25 8.10 8.10 8.10 8.10 1.00 
2 0.7 1/8 0.84 1.63 0.92 0.92 0.92 1.00 
3 0.3 1/4 0.01 0.13 0.08 0.04 0.04 0.61 
4 0.9 0 2.61 8.10 4.05 2.45 2.28 0.58 

5 0.3 1/8 0.00 0.13 0.07 0.00 0.00 0.27 0.5 6 0.5 1/4 0.02 0.50 0.31 0.05 0.06 0.26 
7 0.7 0 0.02 0.50 0.25 0.02 0.02 0.26 
8 1 0.78 1.63 1.63 0.82 0.89 0.25 

Note: The arrival process is Poisson with rate 1 and the service-time distributions are 
Erlang. 

a 95-percent confidence interval is about 25 percent of the estimated 
value. 

Table V compares the approximations with simulation for the nodes 
with traffic intensity P = 0.7 in all eight cases. Since the approxima­
tions are exact for the first node, the first node is not included for the 
cases in which PI = 0.7 (Cases 1, 5, and 6). For the approximations, 
the difference between the approximation value and the simulation 
value is displayed. 

Tables III through V show that QN A performs about the same as 
Fraker's approximation, which is based on lag-1 correlations and is 
especially designed for queues with Erlang service times. Both these 
approximations performed significantly better than the MIGl1 ap­
proximation, which in turn performs significantly better than the 
MIMl1 approximation. 

Additional analysis of Fraker's models plus other queues in series is 
contained in Whitt.18 The performance of QNA in these other cases 
is consistent with the description here. 

v. A TIGHTLY COUPLED NETWORK OF TWO NODES 

In this section we consider a two-node network analyzed by KuehnI2 

and Gelenbe and Mitrani. I3 This network is depicted in Fig. 2. It has 
one external arrival process, which comes to node 1. Customers com­
pleting service at node 1 le-a-ve the system with probability 1/2; other­
wise they go to node 2 and then back to node 1 to be served again. At 
node 2 customers are immediately fed back to node 2 for another 
service with probability Q22, but in most cases q22 = o. 

We first cOIlHider Kuehn's experiment. There are eight cases with 
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Table V-The expected waiting time at the nodes with Pi = 0.7 in 
Fraker's eight cases of eight single-server queues in series 

Simulated Approximation Methods 
Case Node Value of 
No. No. E"0 MIMl1 MIGl1 Fraker QNA 

1 4 0.73 +0.90 +0.29 -0.11 -0.10 
2 2 0.84 +0.79 +0.08 +0.08 +0.08 

8 0.78 +0.85 +0.85 +0.04 +0.11 
3 4 1.08 +0.55 +0.55 -0.04 +0.04 

8 0.55 +1.08 +0.37 0.00 -0.02 
4 3 1.52 +0.11 +0.11 -0.04 -0.04 

6 0.02 +1.61 +0.80 +0.09 +0.16 
5 3 0.74 +0.89 +0.28 +0.10 +0.11 
6 5 0.33 +1.30 +0.49 +0.05 -0.01 
7 4 0.78 +0.85 +0.14 -0.06 -0.02 

7 0.17 +1.46 +0.65 +0.02 -0.01 
8 5 0.50 +1.13 +0.52 +0.04 +0.02 

Average 0.67 +0.96 +0.43 +0.01 +0.03 
Average Absolute Difference 0.96 0.43 0.05 0.06 

Note: The value for the approximations is the approximate value minus the simulated 
value. 

(T, = 1. c~,) 

(A Ol • c~,) 
III 

1-Q'2 = 1/2 

III 
(T2.C;2) 

Fig.2-Kuehn's first example: A network of two queues with one external arrival 
process. 

three values of the external arrival rate for each case: AOl = 0.15, 0.30, 
and 0.45. In each case the mean service time at node 1 is 71 = 1 and 
the transition probability from node 1 to node 2 is qI2 = 1/2, so that 
the traffic intensity at node 1 is PI = 2AOl. For node 1 these three 
external arrival rates correspond roughly to light traffic (PI = 0.3), 
moderate traffic (PI = 0.6), and heavy traffic (PI = 0.9). In Cases 2 and 
3 the traffic intensity at node 2 is the same as at node 1, i.e., P2 = 2AOb 
but in all other cases it is P2 = AOl. In these other cases node 2 is 
always in relatively light traffic. The external arrival process is always 
a renewal process. Each interarrival-time distribution and service­
time distribution is one of four distributions: deterministic (D with c2 
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= 0), Erlang of order 4 (E4 with c2 = 0.25), exponential (M with c2 = 
1), or hyperexponential with balanced means (H~ with c2 = 2.25). The 
eight cases are indicated in Table VI. The system type is described by 
a triple such as M/H2/E4' which means that the interarrival-time 
distribution is M and the service-time distributions at nodes 1 and 2 
are H2 and E 4 , respectively. 

The results are described in Tables VII and VIII. The simulation 
results and Kuehn's approximation are taken from Kuehn.12 Two 
different approximation results are given for QNA in Table VII. The 
first column is the standard application ,of QNA with the network 
reconfigured to eliminate immediate feedback in the one case it occurs, 
at node 2 in Case 3. (See Section 3 of Ref. 1.) The final column of 
Table VII is an adjusted version of QNA to eliminate almost immediate 
feedback, which we discuss below. 

For this network the quality of the standard QNA approximation is 
about the same as Kuehn's approximation. They both work well for 
low and moderate traffic intensities, e.g., about 10-percent average 
absolute relative percent error when PI = 0.6 (Table VIII), but not so 
well in heavy traffic. This two-node network presents an obvious 
difficulty for QNA. The network is tightly coupled so that many 
departures from node 1 rapidly return to node 1 for additional service. 
However, since these returning customers first pass through node 2, 
there is no immediate feedback, so that QNA does not reconfigure the 
network to eliminate the feedback. Nevertheless, it is evident that this 
almost immediate feedback for node 1 is very similar to immediate 
feedback and the potential exists for better results by reconfiguring 
the network to eliminate this feedback too. 

In all cases except 2 and 3, almost immediate feedback is eliminated 
by applying the standard version of QNA with immediate feedback 
elimination twice. The first time we apply QNA to the full network 
and the second time we apply QNA with node 2 removed. When node 

Table VI-The eight cases of Kuehn's two-node example in Fig. 2 

System 
Defining Parameters 

Number System Type C61 72 C;l C;2 q22 

1 M/H2/E4 1.00 1.0 2.25 0.25 0.0 
2 M/H2/E4 1.00 2.0 2.25 0.25 0.0 
3 M/HdE4 1.00 1.0 2.25 0.25 0.5 
4 M/HdH2 1.00 1.0 2.25 2.25 0.0 

5 M/E4/E4 1.00 1.0 0.25 0.25 0.0 
6 M/D /D 1.00 1.0 0.00 0.00 0.0 
7 l-IjHdE4 2.25 1.0 2.25 0.25 0.0 
8 E.,/H~/E4 0.25 1.0 2.25 0.25 0.0 

Notes: 1. In each case Tl = 1 and q12 = 1/2. 
2. In eaeh elise t he arrival rate assumes one of three values: AOl = 0.15, 0.30, and 

0.15. 
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Table VII-A comparison of approximations and simulation of the 
expected total sojourn time (waiting time plus service time) in 

Kuehn's two-node network 

Simulation 
(with 95-Per- Approximation Methods 

External cent Confi-
System Arrival dence Inter- QNA 

No. Rate, AOl vals) MIMll MIGll Kuehn QNA Adjusted 

0.15 4.24 ± 0.08 4.04 4.50 4.51 4.51 4.24 
1 0.30 7.51 ± 0.29 6.43 8.13 8.22 8.26 7.25 

0.45 27.27 ± 5.63 21.82 32.67 33.47 34.10 27.35 

0.15 5.95 ± 0.89 5.29 5.65 5.94 5.95 4.41 
2 0.30 10.91 ± 0.64 8.50 9.79 10.89 11.01 8.22 

0.45 49.49 ± 6.80 31.00 38.74 46.31 46.57 36.79 

0.15 6.09 ± 0.19 5.29 5.65 6.11 6.12 4.48 
3 0.30 11.08 ± 0.63 8.50 9.79 11.60 11.66 8.25 

0.45 61. 72 ± 17.99 31.00 38.74 51.27 51.43 35.07 

0.15 4.50 ± 0.16 4.04 4.68 4.69 4.69 4.42 
4 0.30 7.96 ± 0.55 6.43 8.55 8.71 8.79 7.68 

0.45 29.91 ± 6.14 21.82 33.48 34.94 36.75 28.17 

0.15 3.66 ± 0.05 4.04 3.63 3.63 3.64 3.81 
5 0.30 5.35 ± 0.16 6.43 5.13 4.93 5.00 5.67 

0.45 18.29 ± 3.27 21.82 14.67 12.80 12.80 18.12 

0.15 3.43 ± 0.04 4.04 3.51 3.49 3.51 3.72 
6 0.30 4.83 ± 0.07 6.43 4.71 4.42 4.56 5.42 

0.45 13.59 ± 1.79 21.82 12.41 9.79 10.32 16.73 

0.15 4.73 ± 0.12 4.04 4.50 4.60 4.62 4.78 
7 0.30 9.04 ± 0.56 6.43 8.13 8.59 8.92 9.14 

0.45 46.83 ± 10.64 21.82 32.67 35.88 39.74 39.50 

0.15 3.67 ± 0.09 4.04 4.50 4.19 4.43 3.91 
8 0.30 5.78 ± 0.16 6.43 8.13 7.49 7.84 6.09 

0.45 17.46 ± 1.67 21.82 32.67 29.57 30.68 20.47 

Notes: 1. In each case the traffic intensity at node 1 is PI = 2A01. 
2. In Cases 2 and 3 the traffic intensity at node 2 is P2 = 2Aol; otherwise it is 

P2 = AOI. 

2 is removed, the feedback to node 1 becomes immediate and the 
network is reconfigured by QNA to eliminate it. We use the second 
run with node 2 removed to determine the expected waiting time per 
visit at node 1. We use the first run to determine the expected number 
of visits to node 1 and the expected total sojourn time at node 2. 

We do not treat nodes 1 and 2 symmetrically in Cases 1 and 4 
through 8 because PI = 2P2 so that P2 is relatively small compared to 
Pl. Customers that return to node 1 via node 2 will not be delayed long 
at node 2 before coming back, but customers returning to node 2 via 
node 1 will be delayed relatively longer before coming back. If we had 
PI < P2, we would remove node 1 in the second run of the QNA and 
focus instead on node 2. 

In Cases 2 and 3 the traffic intensities at nodes 1 and 2 are equal, 
so the motivation for eliminating almost immediate feedback is less. 
What we have done for Table IV is first calculate the congestion 
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Table VIII-A comparison of approximation methods in Kuehn's 
two-node network with A01 = 0.3 (P1 = 0.6): The average absolute 
relative percent error in the expected total sojourn time compared 

with simulation 

Approximation Methods 

System QNA QNA Ad- QNA Re-
Number MIMI 1 MIGII Kuehn Standard justed fined 

1 -14.3 +8.3 +9.5 +10.0 -3.5 -3.5 
2 -22.1 -10.3 -0.2 +0.9 -24.7 +0.9 
3 -23.3 -11.6 +4.7 +5.2 -25.5 +5.2 
4 -19.2 +7.4 +9.4 +10.4 -3.5 -3.5 

5 +20.2 -4.1 -7.9 -6.5 +6.0 +6.0 
6 +33.1 -2.5 -8.5 -5.6 +12.2 +12.2 
7 -28.9 -10.1 -5.0 -1.3 +1.1 +1.1 
8 +11.2 +40.7 +29.6 +35.6 +5.4 +5.4 

Average 21.5 11.9 9.4 9.4 10.2 4.7 
Percent 
Error 

measures for node 1 via the second run of QN A with node 2 removed 
as before. Then we use the results for node 1 to approximate the 
variability parameter of the arrival process to node 2. Finally, we 
analyze node 2 in isolation with the correct rates and this approximate 
arrival variability parameter. This works slightly better than the first 
procedure, but neither works well. 

The results demonstrate that the standard version of QNA performs 
relatively well in Cases 2 and 3 when PI = P2. The adjustment to 
eliminate almost immediate feedback yields a significant improvement 
when PI > P2, but the results after adjustment to eliminate almost 
immediate feedback are much worse when PI = P2. 

As a refined procedure for this two-node network, we suggest elim­
inating almost immediate feedback at the node with higher traffic 
intensity when the traffic intensities differ significantly, and using the 
standard QNA algorithm otherwise. The refined procedure in Table 
VIII is standard QNA in Cases 2 and 3 and the adjusted QNA in all 
other cases. 

Table VIII displays the relative percentage errors for all the approx­
imations for the eight cases with AOl = 0.3 (PI = 0.6). The refined 
procedure in the last column yields very good results. Table VIII also 
demonstrates that the standard version of QNA is significantly better 
than the M/M/1 approximation, but not uniformly better. In some 
cases, e.g., in Case 8, errors in opposite directions can cancel for the 
M/M/1 approximation. 

The improvement from eliminating almost immediate feedback "by 
hand" suggests that it would be desirable to develop an automatic 
procedure for eliminating almost immediate feedback to incorporate 
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in QN A, and this is being investigated. It also indicates the potential 
for "tuning" QN A for particular applications. 

We now consider Gelenbe and Mitrani'sl3 experiment, which con­
sists of five cases. The network is as depicted in Fig. 2 except the 
routing probability ql2 is not exactly 1/2. The parameter values are 
given in Table IX and the results in Table X (pp. 137, 138 of Gelenbe 
and MitraniI3). We only include the best of three approximation 
schemes discussed by Gelenbe and Mitrani. Unfortunately, Gelenbe 
and Mitrani provided no information about the statistical reliability 
of the simulation estimates. Since PI and P2 are nearly equal in each 
case, we did not try to eliminate almost immediate feedback. 

The M/M/1 approximation values are obviously much too large 
because the M/M/1 approximation does not reflect the low variability 
of the service times. The M/G /1 approximation is much too low at 
node 2 because it does not benefit from the feedback elimination 
procedure. The Gelenbe-Pujolle procedure is better than the M/G/1 
procedure, but not uniformly so. The QNA approximation is clearly 

, Table IX-The parameter values for Gelenbe and Mitrani's 
experiment with the two-node network in Fig. 2 

Parameter Values 
Case 
No. A01 C61 T1 C;1 T2 C;2 qll q12 q21 q22 

1 0.512 0.941 0.911 0.427 0.840 0 0 0.510 0.497 0.503 
2 0.410 0.944 0.916 0.423 0.840 0 0 0.509 0.501 0.499 
3 0.342 0.945 0.914 0.414 0.840 0 0 0.516 0.494 0.506 
4 0.293 0.967 0.904 0.432 0.840 0 0 0.512 0.498 0.502 
5 0.257 0.952 0.911 0.422 0.840 0 0 0.504 0.493 0.507 

Table X-A comparison of approximations with simulations: The 
expected number of customers at each node in the two-node 

network in Gelenbe and Mitrani 13 

Approximation Methods 

Case Queue Arrival Traffic In- Simulation Gelenbe-
No. No. Rate, Aj tensity, Pj Values MIMll MIGll Pujolle QNA 

1 1 1.04 0.952 13.82 19.83 14.14 11.96 11.98 
2 0.53 0.901 7.83 9.10 4.55 5.74 5.88 

2 1 0.84 0.765 2.36 3.26 2.32 2.09 2.31 
2 0.43 0.713 1.87 2.48 1.24 1.69 1.84 

3 1 0.71 0.646 1.60 1.82 1.29 1.20 1.41 
2 0.36 0.620 1.47 1.63 0.82 1.15 1.29 

4 1 0.60 0.543 1.05 1.19 0.85 0.82 0.98 
2 0.31 0.519 1.01 1.08 0.54 0.78 0.90 

5 1 0.52 0.472 0.76 0.89 0.63 0.62 0.76 
2 0.26 0.445 0.73 0.80 0.40 0.59 0.70 
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the best, but it may underestimate the congestion for high traffic 
intensities. 

VI. KUEHN'S NINE-NODE NETWORK 

We now consider a nine-node network analyzed by Kuehn,12 which 
is depicted in Fig. 3. The mean service time at node j is Tj = 1 for each 
j. There are three external arrival processes with AOj = 0.5 for each j; 
these come to nodes 1, 2, and 3. Kuehn let the three external arrival 
processes be Poisson processes. As in Section V, all service-time 
distributions are D, E k , M, or H~. Kuehn considered two cases: 
homogeneous servers, in which all the service-time distributions are 
identical, and heterogeneous servers, in which nodes 1 through 3 have 
one service-time distribution and nodes 4 through 9 have another. 

Kuehn compared his approximation with the M/M/1 and MIGl1 
approximations and simulation for service-time variability parameters 
ranging from C~j = 0 to 4. He focused on the expected total sojourn 
time (waiting time plus service time) in the network and the expected 
sojourn time per visit in node 4. For this network Kuehn found, first, 
that the service-time variability parameters are significant (the so­
journ-time measures increase significantly with C~j); second, that his 
approximation tracks the simulation well; and, third, that the M/G/1 
approximation also works well, but not quite as well as his approxi­
mation. 

We obtained similar results applying QNA. The QNA approxima­
tion values are indistinguishable from the approximation values dis­
played graphically by Kuehn, which are consistently within the sim-

0.2 

0.7 

Fig.3-Kuehn's second example: A network of nine queues with three Poisson 
external arrival processes. 
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ulation confidence intervals. In Table XI we display some of our 
results. Here we consider only the case of homogeneous servers in 
which C;j = 0, 1, or 4. However, we let the variability parameter of all 
external arrival processes by C5j = 0.25, 1.0, or 4.0. We thus obtain 
nine cases. 

Kuehn did simulations only in the case C5j = 1. The different values 
obtained by QNA when C5j * 1 suggest that the congestion measures 
in this model are more sensitive to the variability of the service times 
than the variability of the interarrival times. Of course, we should 
expect that the MIGII approximation might perform well when the 
variability parameters of the external arrival prQcesses are 1 or close 
to 1, but for relatively large and interconnected networks the MIGl1 
approximation may perform well for other external arrival processes. 
It performs reasonably well here when C6j = 0.25 or 4.0. 

VII. A COMPUTER SYSTEM MODEL: INPUT BY ROUTES 

In this section we apply QNA to a network with input by customer 
classes and routes as in Section 2.3 of Ref. 1. We compare QNA to a 
simulation model used in the development of a computer system at 
Bell Laboratories. In this model there are five nodes and two customer 
classes. 

The customer classes correspond to typical functions performed by 
the system. The route for each class represents a typical sequence of 
operations performed by the system to process one of these functions. 

Table XI-Approximations of expected sojourn times 
in Kuehn's nine-node network in Fig. 3: The case of 

homogeneous servers, C;j identical for all j 

Expected Total Sojourn 
Time in the Network 

cijj = 0.25 
QNA cijj = 1.00 

cijj = 4.00 
MIGl1 
MIMl1 

Expected Sojourn Time 
per Visit in Node 4 

cijj = 0.25 
QNA cijj = 1.00 

C5j = 4.00 
MIGl1 
M/M/1 

Service-Time Variability 
Parameters 

C;j = 0 C;j = 1 C;j= 4 

6.1 11.5 28.3 
7.5 12.9 29.6 

12.3 17.7 34.4 
8.2 12.9 27.1 

12.9 12.9 12.9 

Service-Time Variability 
Parameters 

C;j = 0 C;j = 1 C;j = 4 

1.76 3.71 9.64 
2.34 4.25 10.15 
4.38 6.29 12.19 
2.62 4.25 9.12 
4.25 4.25 4.25 
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In the simulation model, both the routes and the service times at the 
nodes are deterministic for each class. Hence, the input for QNA is 
just as specified in Section 2.3 of Ref. 1 with the service-time variability 
parameters set equal to 0, i.e., C~kj = ° for each class k and j on class 
k's route. The two routes we consider are given in Tables XII and 

Table XII-The data for the first route in the model 
of Section VII 

Mean Serv- Mean Serv-
Number Node ice Time Number Node ice Time 

1 2 4 46 4 30 2 1 10 47 1 16 3 1 66 48 4 30 4 1 60 49 1 36 5 1 106 50 1 38 
6 1 65 51 1 45 7 4 30 52 4 30 8 1 16 53 1 16 9 4 30 54 4 30 10 1 36 55 1 36 

11 1 12 56 1 15.5 12 1 40 57 1 45 13 4 30 58 4 30 14 1 16 59 1 16 15 4 30 60 4 30 
16 1 36 61 1 16 17 1 62 62 4 30 18 1 63 63 1 16 19 1 42 64 4 30 20 1 14.5 65 1 36 
21 3 550 66 1 38 22 5 0.01 67 1 45 23 3 50 68 4 30 24 1 10 69 1 16 25 1 8 70 4 30 
26 1 20.5 71 1 36 27 1 55.5 72 1 27 28 1 42 73 1 25 29 1 14.5 74 1 40 30 3 550 75 4 30 
31 5 0.01 76 1 16 32 3 50 77 4 30 33 1 10 78 1 36 34 1 8 79 1 13 35 1 20.5 80 1 58 
36 1 63.5 81 1 8 37 1 76 82 2 16 38 4 30 83 5 0.01 39 1 36 84 2 4 40 1 15.5 85 1 10 
41 1 45 86 1 36 
42 4 30 
4:1 1 16 
.f.t 4 30 
·Hj 1 16 
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XIII. Note that node 1 frequently appears several times in succession, 
so that there is immediate feedback at node 1. Also note that the 
service times differ at different visits to the same node. 

The customer classes arrive according to independent Poisson proc­
esses. In the case we consider the arrival rates of Classes 1 and 2 are 
0.00015278 and 0.00030555, respectively. 

The QNA, MIGll, and MIMII approximations are compared with 
simulation in Table XIV. The simulation values are the average of 
three separate runs. The values from these separate runs are displayed 
to give an idea of the statistical reliability. The congestion measures 
compared are the expected waiting times at the nodes and the expected 
total waiting time (excluding service time) on three route segments. 
The first segment is the first 25 nodes of the second route; the second 
segment is the first 21 nodes on the first route; and the third segment 
is eight nodes from node 23 to node 30 on the first route. In Table 
XIV the waiting times at the nodes are measured in milliseconds while 
the waiting times on the route segments are measured in seconds. 

From Table XIV, it is apparent that QNA with immediate-feedback 
elimination performs reasonably well, significantly better than the 
MIMII and MIGII approximations. Since the approximating varia­
bility parameters of the arrival processes are very close to 1, QNA 
without immediate-feedback elimination is very similar to the MIGII 
approximation. Hence, again we see that eliminating immediate feed-

Table XIII-The data for the second route in the model of 
Section VII 

Mean Mean Mean 
Service Service Service 

Number Node Time Number Node Time Number Node Time 

1 2 4 21 4 30 41 1 46 
2 1 10 22 1 36 42 1 14.5 
3 1 66 23 1 42 43 3 400 
4 1 60 24 1 14.5 44 1 8 
5 1 106 25 3 400 45 1 12 
6 1 65 26 5 0.01 46 1 30 
7 4 30 27 3 350 47 1 58 
8 1 16 28 1 10 48 1 8 
9 4 30 29 1 16 49 2 16 

10 1 36 30 1 20.5 50 5 0.01 
11 1 12 31 1 84 51 2 4 
12 1 65 32 1 45 52 1 10 
13 4 30 33 4 30 53 1 36 
14 1 16 34 1 16 
15 4 30 35 4 30 
16 1 36 36 1 16 
17 1 62 37 4 30 
18 1 40 38 1 16 
19 4 30 39 4 30 
20 1 16 40 1 36 
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Table XIV-A comparison of approximations and simulation of the 
expected waiting times for the model of Section VII 

Expected Waiting Time at the Total Expected Waiting 
Nodes Time on a Route Segment 

1 (25 2 (21 3 (8 
Method Node 1 Node 2 Node 3 Node 4 nodes) nodes) nodes) 

Simulation 1 51.9 0.058 224.1 2.11 1.25 1.12 0.66 
runs 2 58.5 0.058 245.6 2.27 1.37 1.27 0.77 

3 57.6 0.055 236.2 2.17 1.35 1.23 0.74 

Simulation 56.0 0.057 235.3 2.18 1.32 1.21 0.72 
average 

MIMI 1 59.2 0.09 402.5 6.53 1.45 1.32 1.16 
(+5.7) (+71.1) (+200.0) (+9.8) (+9.1) (+61.1) 

M/G/l 43.5 0.07 245.5 3.26 1.01 0.91 0.75 
(-22.3) (+4.2) ( +49.5) (-23.5) (-24.8) (+4.2) 

QNA 50.2 0.07 244.1 2.81 1.11 1.01 0.79 
( eliminating (-10.3) (+3.7) (+28.9) (-15.9) (-16.5) (+9.7) 

feedback) 

Additional Information About the Network 

1 2 3 4 1 2 3 

Mean service 33.1 8.0 350.0 30.0 1.28 1.31 0.75 
time 

Traffic inten- 0.64 0.11 0.54 0.18 
sity 

c2 of the serv- 0.47 0.50 0.22 0.00 
ice time from 
QNA 

c2 of the arrival 0.92 1.00 0.99 0.90 
process from 
QNA 

Notes: 1. The relative percent errors appear below the approximation in parentheses. 
2. The value C;l = 0.47 at node 1 is before adjustment for feedback; after 

adjustment it is 0.79. 
3. The units of measurement are milliseconds for the nodes and seconds for the 

route segments. 

back helps. The M/M/1 approximations at nodes 3 and 4 evidently 
are too large because the service times are nearly constant. However, 
at node 1 the M/M/1 approximation does pretty well, apparently 
because two different errors cancel. (We have not displayed the relative 
percentage errors at node 2 since it seems of little consequence because 
of the low traffic intensity.) 

It is interesting to know how the system would perform if the 
external arrival processes are not Poisson and if the service times at 
the nodes on the routes are not deterministic. With QNA we can easily 
perform such sensitivity analyses. We can simply change the variabil­
ity parameters of the external arrival processes and the service times 
on the routes. The results of such a study are given in Tables XV and 
XVI. Table XV gives the approximating variability parameter of the 

PERFORMANCE OF QNA 2837 



arrival process at each node as a function of the external arrival 
process c2 and the service time c2

• It is assumed that both external 
arrival processes have the same c2 and that all service times on both 
routes have the same c2

• From Table XV, it is evident that the 
variability of the external arrival process hardly has any effect. Thus, 
QNA predicts that this model, and perhaps the system itself, will be 
robust to changes in the variability of the arriving traffic. The varia­
bility from outside is evidently dissipated on the long routes through 
the network. 

Table XVI describes the impact of changing the service-time vari­
ability at the nodes on the routes. The service-time variability at the 
nodes would increase significantly and, thus, QNA predicts that the 
expected waiting times would also increase significantly. Simulations 
to test these predictions are planned. 

Table XV-The approximate variability parameter of the arrival 
process at each node determined by the QNA, as a function of the 

given variability parameters: The model of Section VII 

External Ar- Service Time c2 at Each Node on the Route 
rival Process 

c2 Node 0.0 0.2 0.5 1.0 2.0 

1 0.9155 0.9506 1.0034 1.0912 1.2669 

c2 = 1 2 0.9995 0.9997 1.0000 1.0001 1.0016 
3 0.9937 0.9966 1.0010 1.0083 1.0230 
4 0.8950 0.9480 1.0274 1.1598 1.4245 

1 0.9162 0.9513 1.0040 1.0918 1.2676 

c2 = 2 2 1.0086 1.0088 1.0092 1.0097 1.0107 
3 0.9938 0.9967 1.0011 1.0084 1.0231 
4 0.8953 0.9483 1.0277 1.1601 1.4249 

1 0.9175 0.9527 1.0053 1.0932 1.2689 

c2 = 4 2 1.0268 1.0271 1.0274 1.0279 1.0290 
3 0.9939 0.9968 1.0012 1.0085 1.0231 
4 0.8959 0.9488 1.0283 1.1607 1.4254 

Table XVI-The approximate service-time variability parameter C~i 
and mean delay EWi at node j determined by the QNA, as a function 

of the variability of each service time on the route: The model of 
Section VII 

Node Char-
Service Time c2 at Each Node on the Route 

acteristic Node 0.0 0.2 0.5 1.0 2.0 

1 0.787 0.905 1.082 1.377 1.968 

C;j 
2 0.500 0.800 1.250 2.000 3.500 
3 0.220 0.464 0.830 1.441 2.661 
4 0.000 0.200 0.500 1.000 2.000 

1 50.2 54.9 61.6 72.6 94.6 

EWj 
2 0.07 0.08 0.10 0.13 0.20 
3 244.1 293.3 367.7 491.4 739.0 
4 2.81 3.72 4.95 6.87 10.78 
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VIII. A PACKET-SWITCHED COMMUNICATION-NETWORK MODEL 

In this section we consider a model of a packet-switched communi­
cation network analyzed in Section 4.3.1 of Gelenbe and Mitrani,13 
The basic model has 5 switching nodes and 12 one-way data links, as 
depicted in Fig. 4. However, in this model each data link is a server 
and the packets waiting for transmission on the link form the queue. 
Packets are assumed to arrive at the switching nodes according to 
independent Poisson processes. Each packet arriving from outside at 
node i has final destination j with probability dij• Each packet with 
destination j goes next to node rij from node i. Hence, there is a fixed 
route for each origin-destination pair. 

We analyze this network using the input by classes and routes in 
Section 2.3 of Ref. 1. However, unlike Section VII, here the service­
time parameters are associated with the nodes rather than the routes 
(which is an input option in QNA). The network of queues has 12 
nodes with one server at each node and 20 routes. As specified by 
Gelenbe and Mitrani, the service rate at nodes 1, 2, 7, 8, 11, and 12 is 
4.8 (in thousands of bits per second) and the service rate at the other 
nodes is 48. Since packet lengths are assumed constant, C;j = 0 for all 
j. 

For this example the matrices D == (dij ) of destination probabilities 
and R = (rij) of next-node routes are: 

0.00 0.10 0.20 0.10 0.60 0 3 3 3 2 
0.40 0.00 0.40 0.15 0.05 4 0 5 5 4 

D= 0.10 0.20 0.00 0.60 0.10 R= 6 6 0 9 8 
0.30 0.30 0.30 0.00 0.10 10 10 10 0 12 
0.10 0.25 0.30 0.35 0.00 1 1 7 11 0 

Fig. 4-Gclenhe and Mitrani's model of a packet-switched network: The 12 links are 
the nodes in the network of queues. 
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The input data for the routes are given in Table XVII. These data 
are obtained from the matrices D and R plus the external arrival rates 
of 6.00,8.25, 7.50, 6.75, and 1.50 at the five switching nodes (p. 141 of 
Gelenbe and MitranP3). 

The results are compared with Gelenbe and Mitrani's approximation 
and simulation in Table XVIII. Since only 6000 packets reached their 
destination in the simulation, the statistical reliability of the simula­
tion estimates cannot be very good, cf. Section III. Our analysis is 
revealing. First, Gelenbe and Mitrani describe their results as average 
buffer queue lengths, which might be thought to exclude the customer 
(packet) being served (transmitted). However, the results obviously 
include the customer in service. Second, the two MIMl1 approxima­
tions should agree, but they do not. Evidently, the arrival rates at 
switches 1 and 2 were not actually as cited in the text.13 Hence, the 
numbers for the one heavily loaded link, link 2, cannot be meaningfully 
compared. 

It is useful to consider the expected number waiting excluding the 
customer in service. This is easily obtained because the probability 
that the server is busy is exactly the traffic intensity, p (see Section 
11.3 of Heyman and SobeI14). We thus obtain estimates of the expected 
number waiting by subtracting p from the numbers displayed in Table 

Table XVII-The input data by routes for Gelenbe and 
Mitrani's model of a packet-switched communication 

network 

External Arrival Number 
Origin-Des- Process Param- of Nodes 

Route tination eters on the Node 
Number Pair ~k c~ Route Sequence 

1 1,2 0.60 1 1 3 
2 1,3 1.20 1 2 3,5 
3 1,4 0.60 1 3 3,5,9 
4 1,5 3.60 1 1 2 
5 2,1 3.30 1 1 4 

6 2,3 3.30 1 1 5 
7 2,4 1.24 1 2 5,9 
8 2,5 0.41 1 2 4,2 
9 3,1 0.75 1 2 6,4 

10 3,2 1.50 1 1 6 

11 3,4 4.50 1 1 9 
12 3,5 0.75 1 1 8 
13 4,1 2.03 1 3 10,6,4 
14 4,2 2.03 1 2 10,6 
15 4,3 2.03 1 1 10 

16 4,5 0.68 1 1 12 
17 5,1 0.15 1 1 1 
18 5,2 0.38 1 2 1,3 
19 5,3 0.45 1 1 7 
20 5,4 0.53 1 1 11 
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XVIII. When this is done, some of the simulation estimates become 
negative, demonstrating that the input parameters are incorrect or the 
statistical reliability of the simulation is not very good. In this case, 
probably both problems exist. 

We also observe that the traffic intensities at all link queues but 
the second are very small, so the numbers displayed in Table XVIII 
are mostly estimates of the traffic intensities themselves. Moreover, 
because the traffic intensities are small, the variability parameter of 
the departure process produced by QNA will be very close to the 
variability parameter of the arrival process (see Section 4.5 of Ref. 1). 
This would not be true for the second link with traffic intensity 0.835, 
but note that all departures from the second link leave the system. 
Since the external arrival processes are all Poisson, QNA should and 
does perform virtually the same as an MIGII approximation. In fact, 
since the service times are all constant (c;j = 0), the approximation 
reduces to the MIDII system. Moreover, we predict that a proper 
simulation of this model with the specified parameters will yield values 
very close to the MID 11 approximation. 

We also display in Table XIX the point-to-point (origin-destination) 
average total service times, delays, and sojourn times (service times 
plus delays) produced by QNA. No simulation values were available 
for comparison, however. The output is useful to indicate unacceptably 
high or low values. It is also useful to determine the separate contri­
butions of service times and delays to sojourn times. Of course, in 

Table XVIII-A comparison of approximations and simulation: The 
expected number waiting and being served on each link in the 

Gelenbe-and-Mitrani model of a packet-switched communication 
network depicted in Fig. 4 

Approximation Methods 

MIMl1 

Gelenbe 
Traffic In- Simulation and via Gelenbe-

Link No. tensity, Pj Value Mitrani QNA Pujolle QNA 

1 0.110 0.117 0.123 0.124 0.116 0.117 
2 0.835 1.920 3.000 5.076 1.875 2.955 
3 0.058 0.132 0.139 0.061 0.131 0.060 
4 0.135 0.163 0.170 0.156 0.157 0.146 

5 0.132 0.105 0.127 0.152 0.125 0.142 
6 0.131 0.173 0.157 0.151 0.146 0.141 
7 0.094 0.087 0.104 0.103 0.099 0.099 
8 0.156 0.208 0.185 0.185 0.171 0.171 

9 0.1:32 0.155 0.162 0.152 0.147 0.142 
10 0.127 0.129 0.145 0.145 0.136 0.136 
11 0.110 0.106 0.123 0.124 0.116 0.117 
12 0.1·12 0.154 0.164 0.165 0.152 0.153 

PERFORMANCE OF QNA 2841 



Table XIX-Average point-to-point service times, delays, and sojourn 
times for the Gelenbe-and-Mitrani model of a packet-switched 

communication network 

Poisson Arrivals c2 = 1.0 Bursty Arrivals c2 = 4.0 

Mean Total Mean Total 
Mean Total Mean Total Sojourn Mean Total Sojourn 

Route Service Time Delay on Time on Delay on Time on 
No. on Route Route Route Route Route 

1 0.021 0.001 0.021 0.001 0.022 
2 0.042 0.002 0.044 0.003 0.044 
3 0.063 0.004 0.066 0.005 0.068 
4 0.208* 0.529* 0.737* 1.920* 2.128* 
5 0.021 0.002 0.022 0.002 0.023 

6 0.021 0.002 0.022 0.002 0.023 
7 0.042 0.003 0.045 0.005 0.046 
8 0.229* 0.530* 0.759* 1.922* 2.151 * 
9 0.042 0.003 0.045 0.004 0.046 

10 0.021 0.002 0.022 0.002 0.046 

11 0.021 0.002 0.022 0.003 0.024 
12 0.208* 0.019 0.228* 0.077 0.285* 
13 0.063 0.005 0.067 0.006 0.068 
14 0.042 0.003 0.045 0.004 0.046 
15 0.021 0.002 0.022 0.002 0.023 

16 0.208* 0.017 0.226* 0.069 0.277* 
17 0.208* 0.013 0.221 * 0.025 0.233* 
18 0.229* 0.014 0.243* 0.026 0.255* 
19 0.208* 0.011 0.219* 0.043 0.251* 
20 0.208* 0.013 0.221 * 0.052 0.260* 

Note: The larger values are marked with an asterisk. 

Table XIX delays play a significant role only for routes using the 
second link. 

We conclude by remarking that the assumption of Poisson arrivals 
for packets at each switch made by Gelenbe and Mitrani13 often is not 
realistic. Often messages containing many packets arrive according to 
a Poisson process, but the packets arrive in a much more bursty 
manner. Hence, it is appropriate to use QNA with arrival-process 
variability parameters much larger than 1. The last two columns of 
Table XIX give the mean delays and sojourn times when the variability 
parameters of the external arrival processes are changed from c2 = 1.0 
to c2 = 4.0. When this is done here, the large delays on routes 4 and 8 
increase significantly. To a large extent, QNA was motivated by the 
need to be able to systematically study the effect of such variability. 

IX. ACKNOWLEDGMENTS 

I am grateful to Anne Seery for using QNA to generate much of the 
data here, as well as for writing the QNA program. I am grateful to E. 
B. Zucker for the simulation data in Section VII. 

2842 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1983 



REFERENCES 

1. W. Whitt, "The Queueing Network Analyzer," B.S.T.J., this issue. 
2. W. Whitt, "On Approximations for Queues, I: Extremal Distributions," B.S.T.J., 

63, No.1, Part 1 (January 1984). 
3. J. G. Klincewicz and W. Whitt, "On Approximations for Queues, II: Shape Con­

straints," B.S.T.J., 63, No.1, Part 1 (January 1984). 
4. W. Whitt, "On Approximations for Queues, III: Mixtures of Exponential Distribu­

tions," B.S.T.J., 63, No.1, Part 1 (January 1984). 
5. W. Whitt, "The Marshall/Marshall and Stoyan Bounds for IMRL/G/1 Queues are 

Tight," Oper. Res. Letters, 1, No.6 (December 1982), pp. 209-13. 
6. W. Whitt, "Refining Diffusion Approximations for Queues," Oper. Res. Letters, 1, 

No.5 (November 1982), pp. 165-9. 
7. W. Kraemer and M. Langenbach-Belz, "Approximate Formulae for the Delay in 

the Queueing System GI/G/1," Congressbook, Eighth International Teletraffic 
Congress, Melbourne, Australia, 1976, pp. 235, 1-8. 

8. S. L. Albin, Approximating Queues with Superposition Arrival Processes, Ph.D 
dissertation, Department of Industrial Engineering and Operations Research, 
Columbia University, 1981. 

9. S. L. Albin, "Approximating a Point Process by a Renewal Process, II: Superposition 
Arrival Processes to Queues," Department of Industrial Engineering Rutgers 
University, 1982. 

10. S. L. Albin, "On Poisson Approximations for Superposition Arrival Processes in 
Queues," Management Sci., 28, No.2 (February 1982), pp. 126-37. 

11. J. R. Fraker, Approximate Techniques for the Analysis of Tandem Queueing Systems, 
Ph.D. dissertation, Department of Industrial Engineering, Clemson University, 
1971. 

12. P. J. Kuehn, "Approximate Analysis of General Queueing Networks by Decompo­
sition," IEEE Trans. Commun., COM-27, No.1 (January 1979), pp. 113-26. 

13. E. Gelenbe and I. Mitrani, Analysis and Synthesis of Computer Systems, New York: 
Academic Press, 1980. 

14. D. P. Heyman and M. J. Sobel, Stochastic Models in Operations Research, Volume 
I, New York: McGraw-Hill, 1982. 

15. W. Whitt, "Approximating a Point Process by a Renewal Process, I: Two Basic 
Methods," Oper. Res., 30, No.1 (January-February 1982), pp. 125-47. 

16. G. Marsaglia, K. Ananthanarayanan, and N. Paul, "Random Number Generator 
Package-Super Duper," School of Computer Science, McGill University, 1973. 

17. W. Whitt, "Queues with Superposition Arrival Processes in Heavy Traffic," unpub­
lished work, 1982. 

18. W. Whitt, "Approximations for Departure Processes and Queues in Series," Navy 
Res. Log Qtrly., to be published. 

AUTHOR 

Ward Whitt, A. B. (Mathematics), 1964, Dartmouth College; Ph.D. (Opera­
tions Research), 1968, Cornell University; Stanford University, 1968-1969; 
Yale University, 1969-1977; Bell Laboratories, 1977-. At Yale University, 
from 1973-1977, Mr. Whitt was Associate Professor in the departments of 
Administrative Sciences and Statistics. At Bell Laboratories he is in the 
Operations Research Department in the Network Analysis Center. 

PERFORMANCE OF QNA 2843 





PAPERS BY BELL LABORATORIES AUTHORS 

COMPUTING/MATHEMATICS 

Berreman D. W., Numerical Modeling of Twisted Nematic Devices. Phi TRoy 
A 309(1507):203-216, 1983. 
Fishburn P. C., Pollak H. 0., Fixed-Route Cost Allocation. Am Math Mo 90(6):366-
378,1983. 
Stein A. H., An C. M., A Mean-Value Theorem for Zeta-Functions Associated 
With Positive Definite Integral Forms. Mich Math J 30(1):3-8,1983. 

ENGINEERING 

Amitay N., Saleh A. A. M., Broad-Band Wide-Angle Quasi-Optical Polarization 
Rotators. IEEE Antenn 31(1):73-76, 1983. 
Bartoli P. D., CCITT Message Handling Facilities. Aust Tele R 16(3):53-62, 1982. 
Borsuk J. A., Light-Intensity Profiles of Surface-Emitting InGaAsP LEDs­
Impact on Coupling to Optical Fibers. IEEE Device 30(4):296-303,1983. 
Campbell J. C., Qua G. J., Dentai A. G., Optical Comparator-A New Application 
for Avalanche Photo transistors. IEEE Device 30(4):408-411, 1983. 
Capasso F., Tsang W. T., Williams G. F., Staircase Solid-State Photomultipliers 
and Avalanche Photo-Diodes With Enhanced Ionization Rates Ratio. IEEE 
Device 30(4):381-390, 1983. 
Chin A. K, Zipfel C. L., Ermanis F., Marchut L., Camlibel 1., Di Giuseppe M. A., Chin 
B. H., The Migration of Gold From the P-Contact as a Source of Dark Spot 
Defects in InP/InGaAsP LEDs. IEEE Device 30(4):304-310, 1983. 
Dutta N. K, Current Injection in Multiquantum Well Lasers (Letter). IEEE J 
Q EI19(5):794-797, 1983. 
Dutta N. K, Nelson R. J., Wright P. D., Besomi P., Wilson R. B., Optical-Properties 
ofa 1.3-ILm InGaAsP Superluminescent Diode. IEEE Device 30(4):360-363,1983. 
Heller A., High-Efficiency of Photo-Electrochemical Cells-Reply (Let­
ter). Chern Eng N 61(22):4,1983. 
Johannes V. 1., Performance Parameters for Digital-Communications (Let­
ter). P IEEE 71(4):539, 1983. 
Lee T. P., Special Issue on Light-Emitting Diodes and Long-Wavelength Pho­
todetectors-Foreword (Editorial). IEEE Device 30(4):257-258,1983. 
Levy u., Gordon E. 1., Logan R. A., Laser Cathode-Ray Tube With a Semiconduc­
tor Double-Heterostructure Screen. IEEE Elec D 4(5):155-156, 1983. 
Ma K T., Kusic G. L., Tie Line Contingency Studies Based Upon Partial 
Information. IEEE Power 102(6):1838-1842, 1983. 
Saul R. H., Recent Advances in the Performance and Reliability of InGaAsP 
LEDs for Lightwave Communication-Systems. IEEE Device 30(4):285-295, 
1983. 
Zipfel C. L., Chin A. K, Di Giuseppe M. A., Reliability of InGaAsP Light-Emitting 
Diodes at High-Current Density. IEEE Device 30(4):310-316, 1983. 

PHYSICAL SCIENCES 

Acuna M. H. et aI., Physics of the Jovian and Saturnian Magnetospheres­
Highlights of a Conference Held at the Applied Physics Laboratory, The Johns­
Hopkins-University, October 22-24, 1981 (Review). Space Sci R 35(3):269-
292,1983. 
Allara D. L., Hebard A. F., Padden F. J., Nuzzo R. G., Falcone D. R., Chemically­
Induced Enhancement of Nucleation in Noble-Metal Deposition. J Vac Sci A 
1(2):376-382, 1983. 

2845 



Bean J. C., Recent Developments in Silicon Molecular-Beam Epitaxy. J Vac 
Sci A 1(2):540-545, 1983. 
Chabal Y. J., Hydrogen Vibration on Si(111)7X7-Evidence for a Unique 
Chemisorption Site. Phys Rev L 50(23):1850-1853,1983. 
Chang J. J., Julesz B., Displacement Limits, Directional Anisotropy and Direc­
tion Versus Form Discrimination in Random-Dot Cinematograms. Vision Res 
23(6):639+, 1983. 
Donnelly V. M., Flamm D. L., Ibbotson D. E., Plasma-Etching of III-V-Compound 
Semiconductors. J Vac Sci A 1(2):626-628, 1983. 
Dubois L. H., Rowe J. E., Surface Phonons on Clean-Covered and Adsorbate­
Covered Nickel Disilicide (NiSb) Thin-Films. J Vac Sci A 1(2):1232-1235, 1983. 
Evans D., Celli V., Benedek G., Toennies J. P., Doak R B., Resonance-Enhanced 
Atom Scattering From Surface Phonons. Phys Rev L 50(23):1854-1857,1983. 
Focht M. W., Schwartz B., High-Resistivity in P-Type InP by Deuteron Bom­
bardment. Appl Phys L 42(11):970-972, 1983. 
Hannay N. B., The Information Society-Perkin Medal Address (Edito­
rial). Chern Ind L 1983(11):433-437, 1983. 
Hart A. C., Krause J. T., Coating Technique for High-Strength Lightguide Fusion 
Splices. Appl Optics 22(11):1731-1733, 1983. 
Jackel J. L., Hackwood S., Veselka J. J., Beni G., Electrowetting Switch for 
Multimode Optical Fibers. Appl Optics 22(11):1765-1770,1983. 
Lyon S. A., Chen Y. H., Lin J. F., Worlock J. M., Optical-Transmission at 3.39 ~m 
During Pulsed Laser Annealing of Silicon. Appl Phys L 42(11):978-980, 1983. 
Miller D. A. B., Chemla D. S., Eilenberger D. J., Smith P. W., Gossard A. C., Wiegmann 
W., Degenerate 4-Wave Mixing in Room-Temperature GaAs/GaAIAs Multiple 
Quantum Well Structures. Appl Phys L 42(11):925-927,1983. 
Moncton D. E., Brown G. S., High-Resolution X-Ray-Scattering. Nucl Instru 
208(1-3):579-586, 1983. 
Osinski J. S., Manzione L. T., Characterization and Moldability Analysis of Epoxy 
Reaction Injection-Molding Resins (Review). ACS Symp S 1983(221):263-282, 
1983. 
Ota Y., Defect Evaluation of Si MBE Film. J Cryst Gr 61(3):439-448, 1983. 
Patel J. R, Golovchenko J. A., X-Ray-Standing-Wave Atom Location in Hetero­
polar Crystals and the Problem of Extinction. Phys Rev L 50(23):1858-1861, 
1983. 
Reichmanis E., Wilkins C. W., Price D. A., Chandross E. A., The Effect of Substit­
uents on the Photosensitivity of 2-Nitrobenzyl Ester Deep UV Resists. J 
Elchem So 130(6):1433-1437, 1983. 
Rousseau D. L., Ondrias M. R, Resonance Raman-Scattering Studies of the 
Quaternary Structure Transition in Hemoglobin (Review). Ann R Bioph 
12:357-380, 1983. 
Shapira Y., Brillson L. J., Heller A., Investigation of InP Surface and Metal 
Interfaces by Surface Photo-Voltage and Auger-Electron Spectroscopies. J 
Vac Sci A 1(2):766-770, 1983. 
Sharma S. P., Sproles E. S., Reaction of Palladium With Chlorine and Hydrogen­
Chloride. J Elchem So 130(6):1242-1247, 1983. 
Temkin H., Logan R A., Van Der Ziel J. P., Integrated Arrays of 1.3-~m Buried­
Crescent Lasers. Appl Phys L 42(11):934-936, 1983. 
Thiel F. A., The Phase-Relations in the Cu-In-S-System and the Growth of 
CulnS2 Crystals From the Melt-Reply (Discussion). J Elchem So 130(6):1445, 
1983. 
Trapp K. D. C., Ermanis F., Origin and Elimination of Crescent-Shaped Growth 
Defects in LPE Layers of InGaAs/InP Alloys. J Elchem So 130(6):1381-1383, 
1983. 
Woodruff D. P., Johnson P. D., Smith N. V., Inverse Photoemission. J Vac Sci A 
1(2):1104-1110, 1983. 
Yao S. C., Chang Y., Pool Boiling Heat-Transfer in a Confined Space. Int J 
Heat 26(6):841-848, 1983. 

2846 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1983 



SOCIAL AND LIFE SCIENCES 

Anderson P. W., Suggested Model for Prebiotic Evolution-The Use of 
Chaos. P Nas BioI 80(11):3386-3390, 1983. 
Weiss A., A Sorting-cum-Learning Model of Education. J Polit Ec 91(3):420-
442,1983. 

PAPERS BY BELL LABORATORIES AUTHORS 2847 





CONTENTS, DECEMBER 1983 

Part 1 

Time-Compression Multiplexing (TCM) of Three Broadcast-Quality 
TV Signals on a Satellite Transponder 

K. Y. Eng, B. G. Haskell, and R. L. Schmidt 

Synchronization of Noncolocated TV Signals in a Satellite Time­
Compression Multiplexing System 

K. Y. Eng and B. G. Haskell 

Theory of Reflection From Antireflection Coatings 
R. H. Clarke 

Equivalent Queueing Networks and Their Use in Approximate Equi­
librium Analysis 

A. Kumar 

A Model for Special-Service Circuit Activity 
D. R. Smith 

TELBECC-A Computational Method and Computer Program for 
Analyzing Telephone Building Energy Consumption and Control 

P. B. Grimado . 

Recursive Fixed-Order Covariance Least-Squares Algorithms 
M. L. Honig 

On the Average Product of Gauss-Markov Variables 
B. F. Logan, J. E. Mazo, A. M. Odlyzko, and L. A. Shepp 

Series Solutions of Companding Problems 
B. F. Logan 

Bandwidth-Conserving Independent Amplitude and Phase Modula­
tion 

B. F. Logan 

Part 2 

COMPUTING SCIENCE AND SYSTEMS 

Theory of Program Testing-An Overview 
R.· E. Prather 

Parallel Fault Simulation Using Distributed Processing 
Y. H. Levendel, P. R. Menon, and S. H. Patel 

2849 



Two New Kinds of Biased Search Trees 
J. Feigenbaum and R. E. Tarjan 

An Algebraic Theory of Relational Databases 
T. T. Lee 

Generation of Syntax-Directed Editors With Text-Oriented Features 
B. A. Bottos and C. M. R. Kintala 

Performance Analysis of a Preemptive Priority Queue With Applica­
tions to Packet Communications Systems 

M. G. Hluchyj, C. D. Tsao, and R. R. Boorstyn 

Part 3 

THE AR6A SINGLE-SIDEBAND MICROWAVE RADIO SYSTEM: 

Prologue 
R. E. Markle 

System Design and Performance 
J. Gammie, J. P. Moffatt, R. H. Moseley, and W. A. Robinson 

Radio-Line Physical Design 
S. A. Harvey and P. D. Patel 

Radio Transmitter-Receiver Units 
R. C. Heidt, E. F. Cook, R. P. Hecken, R. W. Judkins, J. M. 
Kiker, Jr., F. J. Provenzano, Jr., and H. C. Wang 

Terminal Multiplex Equipment 
A. Dubois, D. N. Ritchie, and F. M. Smith 

Frequency Control 
J. M. Kiker, Jr. and S. B. Pirkau 

Microwave Carrier Supply 
J. Gonda and J. M. Kiker 

Equalization for Multipath Fading 
N. O. Burgess, R. C. MacLean, G. J. Mandeville, D. I. McLean, 
M. E. Sands, and R. P. Snicer 

The Traveling-W ave-Tube Amplifier 
J. F. Balicki, E. F. Cook, R. C. Heidt, and V. E. Rutter 

Pre distortion for the Traveling-W ave-Tube Amplifier 
R. P. Hecken, R. C. Heidt, and D. E. Sanford 

2850 THE BELL SYSTEM TECHNICAL JOURNAL, DECEMBER 1983 



System Networks 
R. L. Adams, J. L. Donoghue, A. N. Georgiades, J. R. Sundquist, 
R. E. Sheehey, and C. F. Walker 

Special Test Equipment 
R. I. Felsberg and M. E. Sands 

CONTENTS, NEXT ISSUE 2851 









THE BELL SYSTEM TECHNICAL JOURNAL is abstracted or indexed by Abstract 
journal in Earthquake Engineering, Applied Mechanics Review, Applied Science & 

Technology Index, Chemical Abstracts, Computer Abstracts, Current Contents/ 
Engineering, Technology ('\, Applied Sciences, Current Index to Statistics, Current Papers 
in Electrical & Electronic Engineering, Current Papers on Computers & Control, 
Electronics & Communiceltiof1S Ahstracts journal, The Engineering Index, International 
Aerospace Abstract~, I()urnell of Current Laser Abstracts, Language and Language 
Behavior AiJstrelch, Melt/H'lIJelticcll Reviews, Science Abstracts (Series A, Physics 
Abstracts; S{'rh'~ H, I h'clricell ell/(i Electronic Abstracts; and Series C, Computer & 
Control AiJstrelCh), Sci('fl( (. ("iteltiolllndex, Sociological Abstracts,Social Welfare, Social 
Planning and Sociell (kV('/opIIH'nt, and Solid State Abstracts journal. Reproductions 

of the Journal by yl'elr~ elr(, elvelilelble in microform from University Microfilms, 300 

N. Zeeb Road, Ann Arbor, Michigan 48106. 



@ Bell System 


