















































































































































































































































5.3 Estimation of p

The estimation of u is relatively straightforward. The maximum-
likelihood estimator is given in (14) and further details including
estimated values by service family are given in Reed and Smith.?

5.4 Estimation of D,
Equation (77) allows the MLE estimator of A,

~ nﬁ

A = 1= oo’ (91)
where the estimator 3 has been previously described in (82). The
estimator of D, (the instantaneous demand at the end of the obser-

vation interval of length 0), D, then is
D = AOI\J, (92)

where N is an estimate of the average batch size. The previous
expectation can be estimated from the order sizes at arrival epochs, or
more crudely from the general distribution of order sizes at an arbitrary
point of time.

Interestingly enough, D,/(u + 8) can be estimated solely from the
number of active circuits at a point of time. For simplicity, we assume
that the orders are solely of size one, although the analysis could be
repeated for other distributions. In this case, the following analysis is
applicable.

Suppose that the number of active circuits at time ¢ is a Poisson
random variable with mean \e®. The time that the mean is between

x and x + dx is dx/xB. The expected time that the mean is between x
k

and x + dx and a total of k active circuits are observed is d—ﬁ % e*.
Thus, if k active circuits are observed, the conditional distribution
of the mean (in our case this is D,/(z + 8)) has density proportional
to x*"le7* or is a standard gamma random variable with k degrees
of freedom. This random variable has mean and variance equal
to k. Thus, if k circuits are observed, the conditional distribution of
D,/(u + B) has mean k and variance k, and is approximately normally
distributed if k is large. This information can be used to modify egs.

(2) and (3), to take into account the variability of D,/(u + 8) to obtain:
M, (t) = ke™, (93)

and
Vi(t) = vk[e® — e + k[ef — e, (94)

where the subscript k on the variables on the left-hand side indicates
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conditional means and variances knowing 3, u, and » but not knowing
D,. Note that the variance-to-mean ratio is unbounded for increasing
t, since errors in estimation of D, accumulate indefinitely.

VI. SUMMARY

We have described a model for special-services activity useful in
forecasting special-services requirements. It requires three physical
characterizations of the process (growth rate, disconnect rate, and
batchiness) and two instantaneous measurements (the current number
of active circuits and the instantaneous rate of new connects). We
give means and variances for the numbers of active circuits at a given
point in the future and for the total number of connects or disconnects
during a future period. The distribution of these variables can be
computed by the methodology described in the paper. We also describe
general techniques for estimation of the required parameters.

Work is being undertaken to verify and calibrate the model with
the New Jersey Bell Telephone Co. database and will be reported
elsewhere.
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APPENDIX A
The Compound Poisson Random Variable

Briefly, a random variable is said to be a compound Poisson random
variable if it can be thought of as the sum of a Poisson number of
independent identically distributed positive integer-valued random
variables. Thus Y is a compound Poisson random variable if

N
Y = 2 Xi,
=1
where N is a Poisson random variable with mean «, N and the X; are
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independent and
P{X; = n} = px.
We have rather easily
E(Y) = aE(X) = a Ynp.
Var(Y) = aE(X? = a Yn’p,.

An alternative (and equivalent) way of specifying a compound Poisson
random variable is

where

Z; are independent Poisson random variables with E(Z;) = ap; = «;.
In this case it is convenient to think of Z; as the number of batches or
orders of size n that are aggregated to give the total number denoted
Y.

APPENDIX B
The Nonhomogeneous Poisson Process

A process which counts events is a nonhomogeneous Poisson process
(see, for example, Ross, Ref. 5) with intensity A(¢) = 0 if the number
of events in the interval [x, y] is a Poisson random variable with mean
J2 M(¢t)dt, and the number of events in disjoint intervals are independ-
ent.

Fact: If events from a nonhomogeneous Poisson process are of two
types, and an event at time ¢ is of Type 1 with probability p(t), then
the process which counts Type 1 events is a nonhomogeneous Poisson
process with intensity A(¢)p(t), and it is independent of the counting
process which counts Type 2 events [which is a nonhomogeneous
Poisson process intensity A(t)(1 — p(t)].

Fact: Suppose that a nonhomogeneous Poisson process is observed
over the interval [x, y] and n events are observed. If the times of these
events are arranged in random order, their distribution is identical to
that of n independent identically distributed random variables whose
density at ¢ is

At)

f Nz)dZ

if t € [x, y] and is zero otherwise.
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TELBECC—A Computational Method and
Computer Program for Analyzing Telephone
Building Energy Consumption and Control
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Telephone Building Energy Consumption and Control (TELBECC) pro-
gram has been developed to accurately and efficiently analyze environmental
control and energy use in telephone company buildings. The program simulates
various operational plans to determine the relative energy and cost savings.
By analyzing the operation of the heating, ventilation, and air conditioning
system as it regulates a changing environment, TELBECC calculates the
heating and cooling load, dry-bulb temperature, and relative humidity in the
building. The user specifies the building’s dry-bulb temperature limits, which
are the control variables for the program analysis. The simplified computa-
tional procedure of the program incorporates a recursive scheme using time
series to perform the necessary calculations. The results of the computations
can be obtained for different periods: the quarter hour, hour, day, or month.
Energy consumption and control in several equipment buildings located in
three different geographical areas have been analyzed by TELBECC. Analysis
and comparison of the resulting data demonstrate the advantages of the
program.

I. INTRODUCTION

An ambitious energy-cost savings program has been instituted to
reduce energy use in telephone company buildings. In recent years,
telephone companies have saved energy mainly by redesigning and

* Bell Laboratories.
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paper may be copied or distributed royalty free by computer-based and other informa-
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retrofitting buildings to operate and maintain environmental control
equipment at peak performance, to turn out unneeded lights, to reduce
heating and cooling losses, and the like. Further energy and cost
savings, although requiring additional capital investment, could be
achieved through modification of environmental control systems, pur-
chase of sophisticated microprocessors for more efficient control of
building Heating, Ventilating, and Air conditioning (HVAC) systems,
and installation of alternative energy sources, such as solar power and
wind power. Before adopting any conservation plans that require
appreciable capital investment, however, we should make a thorough
economic evaluation. Such an evaluation can be carried out by corre-
lating the changing operating characteristics of a building with selected
energy conservation plans. This procedure would enable us to pinpoint
the most economical operating strategies.

There are several commercially available computer programs to
perform this type of analysis, such as DOE II, ESP, and BLAST;!?
most, however, are proprietary. These complex programs can analyze
any of a broad spectrum of commercial, industrial, and residential
buildings. But, because of their versatility, they require large computer
systems, extensive data preparation, and high costs. The use of energy
in the majority of telephone company equipment buildings, which are
small, single-story structures varying in area from 1500 to 10,000
square feet, can be best evaluated by a more focussed computer
program.

This paper describes a new computational method and computer
program called Telephone Building Energy Consumption and Control
(TELBECC). This program simulates building operations and quickly
evaluates numerous energy conservation plans and cost-saving strat-
egies under variable weather conditions [according to standard hourly
Test Reference Year (TRY) weather data®). The program can evaluate
energy consumption for intermittent or proportional HVAC plant
operation, economy cycle operation, enthalpy cycle operation, and
wideband temperature operation with no heating or cooling between
preset room temperature limits. Also, the program can calculate the
optimum building orientation and U factor (heat transmission char-
acteristics) of the outside walls and roof, chiller and heater plant size,
dry-bulb temperature and Relative Humidity (RH) variations, and
quantity of water required to maintain 20-percent minimum RH
during economy cycle operations.

Il. PROGRAM DESCRIPTION

We can derive the heating or cooling load in an enclosed building
from the following considerations:
1. Conduction of heat through the building walls and roof.
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2. Permeation of outside air through the building envelope.

3. Internal heat generation from equipment, lights, and people.

4. Direct solar radiation through windows and skylights (fenestra-
tion).

Since most operating company equipment buildings have few win-
dows, the program does not consider item 4 in the present version.

A Constant-Air-Volume (CAV) supply fan system typically controls
the air temperature of a building. The building engineer normally sizes
the fan system using the elementary steady-state heat balance, which
takes into account the internal heat loads, outside air temperatures,
and solar radiation in conjunction with the U factor of the building
envelope. In general, this conservative approach produces fan systems
that are oversized and therefore inefficient. To find a smaller, and
perhaps more efficient, fan capacity, a TELBECC user selects different
fan capacities for analysis by the program. The program generates
data on the space temperatures, relative humidity, peak heating and
chiller loads, and the hours of system operation for the different fan
capacities that can be used to find an optimum air supply fan system.

For comfort, a limit is imposed on the difference between HVAC
supply and return air temperatures. For cooling, this temperature
difference is —20 degrees F; for heating, +40 degrees F. These default
values may be overridden by the user. With an environmental dry-
bulb temperature standard specified, the program computes the re-
quired operation of the HVAC.

The user can specify one of two basic ways to operate the HVAC:
intermittent operation or proportional control. With intermittent
operation, the HVAC does not supply any heating or cooling when the
dry-bulb air temperature is within the wideband temperature range.
Reaching or exceeding either wideband temperature limit activates
the HVAC. The HVAC stays on and does not deactivate until the dry-
bulb air temperature reaches 3 degrees F above the lower limit of the
wideband temperature range for heating and 3 degrees F below the
upper limit of the wideband temperature range for cooling. The TEL-
BECC user can reset the numerical values of the throttling range if a
different range is appropriate. The proportional control plan operates
by continuously adjusting the supply and return air temperature
difference in increments of 1 degree F to satisfy the instantaneous
building heating or cooling load. This plan follows the building load
to closely track the lower and upper limits of the wideband temperature
range with essentially no throttling. When selecting a dual or extended
wideband temperature standard (that is, one with different wideband
limits for occupied and unoccupied times), the HVAC activates before
occupancy in order to reach the preset temperature standard.

TELBECC calculates the heat added or removed by the HVAC
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system in controlling the dry-bulb air temperature every quarter hour.
In particular, when cooling is required, the sensible and latent loads
on the chiller plant are simultaneously computed by incorporating any
of three standard methods of fan system operation:

1. Conventional operation, which is chiller operation with no econ-
omizer.

2. Chiller operation with a dry-bulb economy cycle.

3. Enthalpy cycle.

In conventional operation, the minimum quantity of outside air needed
for ventilation is circulated. This mode is also used as a benchmark
for the program. The dry-bulb economy cycle uses outside air for
cooling whenever the outside dry-bulb air temperature falls below the
maximum value. The default value is 55 degrees F, but the user can
reset the value. The enthalpy cycle checks the enthalpy of the inside
air and the outside air. If the outside air enthalpy is lower, 100 percent
outside air is circulated to reduce the load on the chiller regardless of
the relative humidity. Otherwise, only the minimum quantity of out-
side air required for ventilation is circulated.

System control is based on dry-bulb air temperature and is not
predicated on maintaining a particular value of relative humidity.
Nevertheless, the program computes changes in relative humidity for
the three methods of fan-system operation discussed above. The
program summarizes the variation in relative humidity for the time
period chosen by giving the number of hours the relative humidity is
less than 10 percent, between 10 and 15 percent, between 15 and 20
percent, between 20 and 55 percent, between 55 and 60 percent, and
greater than 60 percent.

In addition, since dry-bulb economy cycle operation generally calls
for bringing in winter air with low humidity, the program calculates
the quantity of water required for humidification. The operating
company minimum standard of 20 percent RH in the inside air for
dry-bulb economy cycle operation in winter is the basis for calculating
the amount of water added to the air.

HI. TRANSIENT HEAT CONDUCTION THROUGH THE BUILDING
ENVELOPE

Weather conditions influence the heating and cooling load of a
building by heat conduction through the structural and decorative
materials of the exterior walls and roof, as well as by permeation of
outside air and direct absorption of solar radiation through window
areas. Since, as previously mentioned, most operating company equip-
ment buildings have few windows, only heat conduction and permea-
tion are treated in the computer program. The program must account
for the heat storage effects of the structure, as well as the daily and
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seasonal variation of the outside air temperature and solar radiation.
We can account for these influences on the building by considering
the building envelope elements as one-dimensional flat slabs or plates.
We then obtain a solution to a partial differential equation with time-
dependent boundary conditions. A classical analytical solution of this
equation® produces a set of equations that require an inordinate
quantity of computational effort and time, rendering the whole idea
of performing the analysis impractical and uneconomical. However,
the analytical solution can be recast into a simpler, though effective,
computational scheme with a method first introduced by Mitalas and
Stephenson,® which is ideally suited to calculation by computer.

The inside-wall and roof-surface temperature Tge(t) and the air
temperature of the building T.(t), which are dependent on time,
determine the environmental load due to convection.* Tgg(f) is rep-
resented in the form of the following time series:

m-1 m m ,
TBE, = - '21 biTBE,-; + _21 (liToH_l + '21 a; Tat—i—l’ (1)
i= i= i=

where

= current time,
Tgg, = inside-wall temperature of the building at the current time,

TsE, ; = inside-wall temperature of the building i time units prior
to ¢,
To,., = outside sol-air temperature® / time units prior to ¢, and

T,,_, = air temperture of the building ¢ time units prior to t.

For hourly temperature calculations, the number of terms, m, will
rarely exceed 5, and for quarter-hour calculations, m will generally be
less than 15. The recursive properties of the calculation make it
extremely efficient and economical, especially when the operating
characteristics of the building may need to be tracked for an entire
calendar year. The coefficients b;, a;, and a/in eq. (1) are determined
from the thermophysical properties of the structure. Only six values
are needed to uniquely specify these coefficients: wall thickness, wall
U factor, wall-weight density, effective heat-transfer coefficient of the
inside- and outside-wall surface, and the time interval between
successive calculations. The appendix presents the mathematical pro-
cedure to evaluate these coefficients. Figures 1 and 2 show the math-
ematical and physical models for deriving the coefficients.

We can validate this simplified computational approach by compar-

* Radiative interchange between inside building-wall surfaces is not included in the
present version of the program.
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ing it with an exact solution given in the literature.” We can see this
in Figs. 3 and 4 for several values of the inside-wall dimensionless
convective heat-transfer parameter B; = h;L/k and two limiting values
of the outside-wall convective heat-transfer parameter Bo = hoL/k. In
Fig. 3 the outside-wall convective heat transfer parameter Bo = 0; i.e.,
the surface x = L is insulated. In Fig. 4 the solution corresponds to Bo
approaching o; i.e., the surface x = L is maintained at a constant
temperature. The initial and boundary conditions are indicated in the
figures. The solid curves represent the exact condition given in Ref. 7,
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Fig. 3—Temperature response of front face of plate, 0 < x < L, with back face 0 < x
=< L, with back face x = L maintained at To = 0 degree F after sudden exposure to
uniform-temperature convective environment T, = 1 degree F at x = 0. Sampling
interval A is one min.

and the dots represent the numerical values computed by the time
series in eq. (1). The sampling interval for this example is A = 1 min.
or, in terms of dimensionless time, kA/L* = 0.001. We can see that
after some time has elapsed the exact solution and the time-series
solution match identically. For the problem considered here at ¢ = 0,
the ambient convected temperature T, is suddenly raised from T, = 0
to T, = 1; i.e., the boundary condition is a step function. However,
since the development of the time series assumes a linear variation
between time intervals, as stated in the appendix, the solution resem-
bles an initial ramp followed by a constant value, as shown in Fig. 5.
Once the effect of the initial ramp input diminishes after about 10
sampling intervals, the solution coincides with the exact solution. This
characteristic of the time series is not a problem here, since instanta-
neous changes of air temperatures inside and outside the building do
not occur.

IV. CALCULATION OF BUILDING AIR TEMPERATURE AND ENERGY
USE

The air temperature of the building is obtained through the following
equation for the heat balance within the building:

qair(t) = Qequipt(t) + q1ights(t) + Qpeople(t)
+ Qinﬁltration(t) + qwalls(t) + qHVAC(t), (2)
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where g, (t) (Btu/hr) represents the sensible thermal-energy convec-
tion rate of the inside air, resulting in a change in the overall dry-bulb
air temperature. The other terms on the right represent the rate at
which heat is convected to the air from the following: equipment heat
dissipation; lighting; people; inadvertent infiltration of outside air; the
exterior walls, floor, and roof of the building; and the building’s HVAC
control system.

To evaluate the air temperature T,.(t) from eq. (2), each term is
expressed as the difference in temperatures between the air and the
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heat-convecting medium. We can determine T,(t) from the following
differential equation:

dT.(t)

pev— = HerAgi[TeL(t) — Ta(t)] + pem[To(t) — Ta(t)]

+ HggAgpe[Tse(t) — Ta(t)] + pcQ[DTsp(t)], (3)
where

T.(t) = average building dry-bulb air temperature;
TeL(t) = combined average temperature of the equipment, lights,
and people;
To(t) = outside dry-bulb air temperature;
Tre(t) = inside surface temperature of the building envelope;
DTsp(t) = difference between the air-supply temperature and the air
temperature of the building;
p = air density;
¢ = air specific heat;
v = volume of the building space;
Hgzr, = heat-transfer coefficient between the air and equipment;
AgL = average surface area of equipment;
m = rate at which outside air infiltrates the building;
Hpgg = heat-transfer coefficient between the building envelope
and air;
Apg = surface area of the building envelope; and
@ = air-supply rate of the HVAC system fan units.

Only one of the temperatures in eq. (3) is presumed known: the out-
side-air dry-bulb temperature, To(t). The other four tempera-
tures—T,(t), TeL(t), Tre(t), and DTsp(t)—are coupled; therefore, ad-
ditional equations are needed for their resolution.

We can consolidate our terms into two other equations. When we
combined the heat gain generated by the equipment, lighting, and
people into a single term for heat dissipation per unit of building floor
area W(t)(W/ft?), one additional equation can be written as

dTgL(t)
dt

CrL = 3.41 A W(t) + HeLAgu[Ta(t) — Teu(t)], (4)

where

CeL = heat capacity of the equipment, lights, and people;
Ay = building floor area; and
W(t) = combined heat dissipation of the equipment, lights, and peo-
ple per unit of building floor area.

A third equation coupling the building envelope temperature Tgg(t)
and the building air temperature T.(t) is needed. A likely equation
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would be the time series given by eq. (1). But before this can be
applied, both egs. (3) and (4) must also be recast in the form of time
series. This is easily done by using the properties of the z transform
and the procedure already delineated in the appendix. The time-series
solution of egs. (3) and (4) assumes the form

At + s —

To, = sTs , + < A ) [reLTrL + T0To + 788TBE + 75D Tsp):

1—s(Ar + 1
+ (_L—)) [7eLTEL + 70To + 78eTBE + 7sPDTsple-1, (5)

Ar?
and
“ AT + §

TEL: = STELt—l (_I__A__— [TWW + 7a a]t
1—-3sA7 +1)] .. .
[—_(AA—ZJ [ WW + TaTa]t—h (6)

e
where

A = sampling time interval,
7eL = HeLAgL/pcv,

T0 &= m/U’
e = HpgAge/pcv,
Tsp = Q/v,
7=7gL+ 70 + TBE + Tsp,
s =EXP(—AT),
Tw= Af/CEL,

7a = HrrAgL/Ce,
7T =74 + t,, and
§ = EXP(-A7),

and the subscripts ¢ and ¢ — 1 indicate that the temperature is evaluated
at times t = nA and t = (n — 1)A.

The calculation of the humidity ratio in the space is also formulated
in terms of a first-order linear differential equation in time similar to
egs. (3) and (4). This equation is also recast in the form of a time
series [see egs. (5) and (6)]. Knowing the humidity ratio and the dry-
bulb air temperature, we can find the relative humidity by employing
standard psychometric formulae.®

As previously noted in Section II, the system of egs. (1), (5), and (6)
permits controlling the dry-bulb air temperature in two basically
different ways, intermittent operation and proportional control, and
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determines the hours of operation. We use these equations for inter-
mittent HVAC operation where we assume that the HVAC system
holds the supply and return air-temperature difference constant at
DTsp = —20 degrees F whenever cooling is required and at DTsp = 40
degrees F whenever heating is required. The hours of operation, and
hence the total quantity of heat removed or added to satisfy the
imposed dry-bulb temperature standard, can then be determined. For
the proportional control plan, egs. (1), (5), and (6) are also used to
calculate not only the hours of HVAC operation but also the numerical
value of the supply and return air-temperature difference DTgp(t),
which in general varies continuously for this mode of control. The
variation in time of the numerical value of DTsp(t) is determined by
just satisfying the instantaneous building environmental load. When
the HVAC system is activated, the proportional control plan closely
follows the lower limit (for heating) or the upper limit (for cooling) of
the building wideband temperature range.

Once DTsp(t) and the hours of operation are known, the program
calculates the heat added or removed from the building by the HVAC
system during every quarter hour and for whatever other period is of
interest, e.g., monthly. As a corollary, we can estimate the environ-
mental control system energy use, assuming the following HVAC
system characteristics:

1. For chiller operation, a constant Coefficient Of Performance
(COP) supplied by the user, together with the quantity of heat removed
from the building air, characterizes its energy requirements.

Table I—Equipment buildings analyzed

Energy Consumption and Control

Wideband Temperature
(°F)

Occupied  Unoccupied

Case Times Times Control Geographic Location
1 65-80 65-80 Intermittent New York City
2 65-80 65-80 Proportional New York City
3 65-80 60-85 Intermittent New York City
4 65-80 65-80 Intermittent New Orleans
5 65-80 65-80 Intermittent Phoenix

Building Parameters

Factor Parameter
Size (L X W X H) 60 ft X 40 ft X 13 ft
Average heat transmission U = 0.25 Btu/hr — ft?
Occupancy time 8 am. to 6 p.m.
Fan support rate 7400 CFM
Ventilation capacity 150 CFM
Static fan pressure 2 in. of water
Internal heat load 15W/ft?
Economy cycle temperature limit <65 degrees F
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Table lla—Intermittent control of building space air temperature—New York City, case 1 in Table |
Max Load Total Load

Degree-Days  Space Temp (tons) (MBtu) Number of Hours  Heating Cooling (kWh) Water (gal) to
(kWh Maintain 20%
Month Heat Cool Min Max Heat Cool Heat Cool Heat Cool Econ Elect) NoEcon Econ Min RH

Jan 858 0 76.1 80.5 0.0 133 0.0 49.2 0 319 314 0.0 5291.2 1229.3 1352.7
Feb 797 0 76.3 80.5 00 133 0.0 44.2 0 256 -281 0.0 47544 1114.7 1143.5
Mar 703 0 76.5 80.5 00 13.3 0.0 56.1 0 361 356 0.0 6021.7 1391.1 1026.2
Apr 358 0 76.6  80.6 00 13.6 0.0 65.1 0 414 334 0.0 6967.9 2582.9 321.7
May 118 38 76.6  80.6 0.0 139 0.0 77.5 0 486 179 0.0 8271.2 5901.2 101.2
Jun 23 147 76.6  80.9 0.0 14.2 0.0 83.1 0 512 36 0.0 8833.2 8348.4 0.0
Jul 0 325 76.7 80.8 0.0 14.2 0.0 92.6 0 563 0 0.0 9819.7 9819.7 0.0
Aug 0 268 76.7 8l.1 0.0 14.2 0.0 90.4 0 550 0 0.0 9590.8 9587.5 0.0
Sep 32 116 76.8 80.9 0.0 141 0.0 80.1 0 495 42 0.0 8521.6 7960.9 20.2
Oct 192 21 764 80.6 0.0 139 0.0 71.7 0 450 207 0.0 7659.2 4928.8 79.3
Nov 625 0 76.1 80.6 00 13.6 0.0 53.7 0 344 306 0.0 5755.8 1764.3 1124.1
Dec 793 0 764 80.5 0.0 134 0.0 50.2 0 323 292 0.0 5385.9 1593.2 1245.5

Totals 4499 915 76.1 8l.1 0.0 142 0.0 814.0 0 5107 2351 0.0 86873.0  56222.0 6414.0

Notes: Fan supply rate = 7400 CFM, ventilation = 150 CFM, wideband temperature limits for occupied and unoccupied times = 65° to 80°F,
economizer temperature limit = 65°F, time period = 1 to 365 days, total hours = 8760.




2. For fan operation, fan power is calculated from the following
equation:

Fan power (kW) = 2.487 X 107" X Q X AP, (7
where

Q(CFM) = air flow delivered by the fan; and
AP = static pressure head of the fan in inches of water.

By multiplying the fan power by the total hours of fan operation, we
can obtain the total energy use (kWh).

3. Humidification costs are based on supplying energy at the rate
of 1000 Btu per pound of water added to the supply air stream. Costs
are derived from the unit cost of energy, such as electricity ($/kWh),
natural gas ($/1000 ft3), and fuel oil ($/gal), which is supplied by the
user. An 80 percent efficiency rate is assumed for these energy sources.

4. Heating costs are similarly calculated by the unit cost. An 80
percent efficiency rate is also used in these calculations.

V. ILLUSTRATIVE EXAMPLES OF ENERGY CONSUMPTION AND
CONTROL

Different geographic loctions of equipment buildings, dual or ex-
tended wideband temperature limits, and the method of HVAC control
(intermittent or porportional) are considered in several variations.
Table I gives this information along with some of the more salient
building parameters. The results of the calculation are summarized by
month in Tables II through VI for the cases specified in Table 1. We
assume here that a conventional cooling system, consisting of a chiller

Table llb—Intermittent control of building space air temperature—
New York City, case 1 in Table |

Number of Hours at Specified Relative Humidity (No Humidity Control)
<10% 10-15% 15-20% 20-55% 55-60% >60%

Conv (no econ) 697.00 1090.00 1086.75 5886.25 0.0 0.0

Economy 815.25 1048.75 1029.75 5866.25 0.0 0.0
Enthalpy 697.50 1101.00 1144.00 5817.50 0.0 0.0

Estimated Operating Cost for Cooling at $0.10/kWh for Electricity
(Chiller COP = 3.50)

Conv (no econ) $9687 for 86870 kWh  (Fans = 18669 kWh, chiller = 68201 kWh)

Economy $8622 for 56221 kWh  (Fans = 18669 kWHh, chiller = 37552 kWh)

Enthalpy $7534 for 75342 kWh  (Fans = 18669 kWh, chiller = 56673 kWh)

Estimated Operating Cost for Humidification (20% min) and Heating at $0.10/kWh for
Electricity

Humidification $1959 for 19580 kWh

Heating $0 for 0 kWh

Notes: Min space temp occurred on day 300, max space temp occurred on day 213,
max cooling load occurred on day 224.
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Table llla—Proportional control of building space air temperature—New York City, case 2 in Table |
Max Load Total Load

Degree-Days  Space Temp Number of Hours Heating Cooling (kWh) Water (gal) to

(tons) (MBtu) (kWh Maintain 20%
Month Heat Cool Min Max Heat Cool Heat Cool Heat Cool Econ Elect) No Econ Econ Min RH
Jan 8.58 0 789 80.0 0.0 78 0.0 44.7 0 744 741 0.0 6465.4 2734.1 4261.7
Feb 797 0 79.9 80.0 0.0 8.3 0.0 40.4 0 672 667 0.0 5839.7 2487.0 3737.9
Mar 703 0 79.9 80.0 0.0 8.5 0.0 52.6 0 744 744 0.0 7126.1 2719.8 2885.7
Apr 358 0 799 80.0 0.0 10.0 0.0 62.3 0 720 652 0.0 7855.6 3182.1 837.9
May 118 38 79.9 80.0 0.0 114 0.0 75.4 0 744 434 0.0 9034.2 5461.4 262.5
Jun 23 147 79.9 - 80.0 0.0 12.2 0.0 81.4 0 720 139 0.0 9451.8 8252.0 0.0
Jul 0 325 79.9 80.0 0.0 13.0 0.0 91.0 0 744 0 0.0 10342.3  10342.3 0.0
Aug 0 268 79.9 80.0 0.0 123 0.0 88.9 0 744 10 0.0 10172.1  10080.5 0.0
Sep 32 116 79.9 80.0 0.0 114 0.0 78.2 0 720 135 0.0 9187.3 8078.6 76.3
Oct 192 21 79.9 80.0 0.0 11.2 0.0 69.2 0 T44 514 0.0 8520.7 4672.8 241.7
Nov 625 0 79.9 80.0 0.0 8.6 0.0 50.1 0 720 696 0.0 6828.1 27974 33124
Dec 793 0 79.9 80.0 0.0 8.5 0.0 46.1 0 744 731 0.0 6584.7 2806.8 4105.5
Totals 4499 915 799 80.0 0.0 13.0 0.0 780.3 0 8960 5466 0.0 97408.0  63615.0 19721.0

Notes: Fan supply rate = 7400 CFM, ventilation = 150 CFM, wideband temperature limits for occupied and unoccupied times = 65° to 80°F,
economizer temperature limit = 65°F, time period = 1 to 365 days, total hours = 8760.



and air-handling unit, provides cooling. By comparing the different
cases, we find some interesting results.

Case 1 differs from case 2 in that the HVAC is intermittently
controlled in case 1, but proportionally controlled in case 2. We see
from Tables IIb and IIlb, for example, that the maximum cooling
loads for both cases occur close in time [August 12 (day 224) and July
31 (day 212)]. However, the maximum cooling load of 13 tons for the
proportional control plan (Table IIla), which compares favorably with
the load of 14.2 tons for the intermittent control plan (Table Ila),
reduces the required size of the chiller plant by 9 percent. We would
expect such a reduction from using a control sequence that follows the
load closely and minimally overshoots the dry-bulb air temperature.
Also, a control plan that matches the fan capacity to the load would
compare favorably in energy use with on-off fan operation.

We can see in Table IIla (in the column labeled “Space Temp”)
that the proportional control plan regulates the temperature to within
one-tenth of a degree of the wideband temperature limit for the entire
calendar year. For the economy cycle operation, the yearly electrical
use of case 1 in Table IIb is 56,221 kWh, and that of case 2 in Table
IIIb is 63,614 kWh. The chiller energy consumption for case 1, 37,522
kWHh, is larger than that for use 2, 31,591 kWh. The proportional
control plan, which modulates the air-supply temperature, requires
the fan to run continuously at maximum power for the entire year.
This maximum use of the fan creates larger overall energy require-
ments in spite of lower chiller energy use. However, a variable-air-
volume system that modulates the fan supply rate to match loads
should decrease the required fan power and significantly reduce total
energy use.

Table Illb—Proportional control of building space air temperature—
New York City, case 2 in Table |

Number of Hours at Specified Relative Humidity (No Humidity Control)
<10% 10-15% 15-20% 20-55%  55-60% >60%

Conv (No Econ) 869.75 1090.75  1118.756  4393.26  1011.25  276.50
Economy 911.256  1092.50  1110.50  4354.00 1015.00  276.75
Enthalpy 869.75 1095.50  1134.50  4337.75 938.75  383.75

Estimated Operating Cost for Cooling at $0.10/kWh for Electricity
(Chiller COP = 3.50)

Conv (no econ) $9741 for 97400 kWh  (Fans = 32023 kWh, chiller = 65383 kWh)

Economy $6361 for 63614 kWh  (Fans = 32023 kWh, chiller = 31591 kWh

Enthalpy $8930 for 88296 kWh  (Fans = 32023 kWh, chiller = 56273 kWh)

Estimated Operating Cost for Humidification (20% min) and Heating at $0.10/kWh for
Electricity

Humidification $6022 for 60219 kWh

Heating $0 for 0 kWh

Notes: Min space temp occurred on day 100, max space temp occurred on day 10,
max cooling load occurred on day 212.
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Table IVa—Intermittent control of building space air temperature—New York City, case 3 in Table |
Max Load Total Load

Degree-Days  Space Temp tons MBtu Number of Hours  Heating Cooling (kWh) Water (gal) to
¢ ) ( ) (kWh Maintian 20%
Month Heat Cool Min Max Heat Cool Heat Cool Heat Cool Econ Elect) NoEcon Econ Min RH

Jan 858 0 747 854 0.0 132 0.0 46.8 0 304 299 0.0 5033.1 11711 1590.2
Feb 797 0 75.1 854 00 133 0.0 42.2 0 274 268 0.0 4534.1 1074.7 1341.3
Mar 703 0 76,0 854 0.0 133 0.0 53.8 0 347 343 0.0 5776.8 1326.7 1302.5
Apr 358 0 76.3 85.6 0.0 13.6 0.0 62.8 0 400 326 0.0 6725.0 2452.0 446.6
May 118 38 76.3 85.6 00 139 0.0 75.4 0 473 225 0.0 8047.1 5073.1 158.9
Jun 23 147 76.3 85.6 0.0 141 0.0 81.3 0 502 70 0.0 8643.7 7711.2 0.0
Jul 0 325 76.3 85.7 0.0 142 0.0 90.7 0 553 0 0.0 9625.4 9625.4 0.0
Aug 0 268 76.2 85.8 0.0 14.2 0.0 88.6 0 541 3 0.0 9406.7 9356.9 0.0
Sep 32 116 75.7 85.6 0.0 141 0.0 78.3 0 485 72 0.0 8336.3 7384.6 45.6
Oct 192 21 76.0 855 0.0 13.9 0.0 69.5 0 437 245 0.0 7422.9 4189.6 148.0
Nov 625 0 75.1 85.5 0.0 13.6 0.0 51.7 0 332 307 0.0 5545.3 1556.7 1332.1
Dec 793 0 755 854 0.0 134 0.0 48.0 0 310 285 0.0 5152.6 1457.1 1429.6
Totals 4499 915 74.7 858 0.0 142 0.0 789.0 0 4962 2447 0.0 84249.0 52379.0 7795.0

Notes: Fan supply rate = 7400 CFM, ventilation = 150 CFM, wideband temperature limits for occupied times = 65° to 80°F, wideband temperature
limits for unoccupied times = 60° to 85°F, economizer temperature limit = 65°F, time period = 1 to 365 days, total hours = 8760.



Tables IVa and IVb display monthly energy use for case 3 of Table
1. Differing from case 1, this plan imposes dual wideband temperature
limits. The wideband temperature limits for unoccupied times increase
to 60 degrees F and 85 degrees F. Tables IVa and IVb show that this
simple change with economy cycle operation reduces annual cooling
energy use by 7 percent, from 56,222 kWh to 52,379 kWh. We can
attribute this saving mainly to the lower chiller energy requirement,
from 37,552 kWh to 34,237 kWh, and to a lesser extent to the smaller
fan energy requirements, from 18,669 kWh to 18,141 kWh.

Tables V and VI show the results of the simulation for the buildings
located in New Orleans and Phoenix, cases 4 and 5 of Table I. We can
see that the maximum chiller load, 14.4 tons, is the same for these
diverse locations. The total energy required in these buildings for
economy cycle cooling is also nearly equal, 85,027 kWh and 85,123
kWh. Since the cooling load includes both sensible and latent energy,
we can surmise from the degree-day totals that the dominant load on
the system for Phoenix is sensible heat, and on that for New Orleans
latent heat. The distribution of the relative humidity and the costs for
humidification shown in Tables Vb and VIb tends to support these
observations.

We can see the advantages in running the TELBECC program to
compare different control plans. For example, although the intermit-
tent control plan appears to use less energy overall, the proportional
control plan actually reduces the size of the chiller plant by 9 percent
in the same locale under similar conditions. The higher overall costs
can be attributed to continuous operation of the fan, which, if operated
to match the load, would consume much less power and make the

Table IVb—Intermittent control of building space air temperature—
New York City, case 3 in Table |
Number of Hours at Specified Relative Humidity (No Humidity Control)
<10% 10-15% 15-20% 20-55% 55-60% >60%

Conv (No Econ) 857.50 1205.75 1213.00 5483.75 0.0 0.0
Economy 976.75 1115.75 1138.25 5529.25 0.0 0.0
Enthalpy 857.50 1241.00 1212.00 5449.50 0.0 0.0

Estimated Operating Cost for Cooling at $0.10/kWh for Electricity
(Chiller COP = 3.50)

Conv (no econ) $8425 for 84247 kWh  (Fans = 18141 kWh, chiller = 66106 kWh)

Economy $5238 for 52378 kWh  (Fans = 18141 kWh, chiller = 34237 kWh)

Enthalpy $7278 for 72776 kWh  (Fans = 18141 kWh, chiller = 54635 kWh)

Estimated Operating Cost for Humidification (20% min) and Heating at $0.10/kWh for
Electricity

Humidification $2380 for 23802 kWh

Heating $0 for 0 kWh

Notes: Min space temp occurred on day 22, max space temp occurred on day 224,
max cooling load occurred on day 224.
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Table Va—Intermittent control of building space air temperature—New Orleans, case 4 in Table |
Max Load Total Load

Degree-Days Space Temp tons MBtu Number of Hours  Heating Cooling (kWh) Water (gal) to
( ) ( ) (kWh Maintain 20%
Month Heat Cool Min Max Heat Cool Heat Cool Heat Cool Econ Elect) NoEcon Econ Min RH

Jan 502 0 76.4  80.6 00 135 0.0 60.8 0 388 341 0.0 6518.0  2044.9 386.5
Feb 465 0 764 80.6 00 138 0.0 55.9 0 356 287 0.0 5984.1 2231.2 865.2
Mar 204 8 76.6  80.7 0.0 14.0 0.0 72.8 0 458 223 0.0 7776.9 4836.3 74.3
Apr 21 133 76.6 80.9 0.0 14.2 0.0 81.1 0 499 36 0.0 8624.8 8136.8 0.2
May 0 296 76.7 811 0.0 143 0.0 91.7 0 555 2 0.0 9716.7 9690.2 0.0
Jun 0 459 768 81.1 0.0 144 0.0 95.7 0 570 0 0.0 10103.2 10103.2 0.0
Jul 0 457 76.8 81.1 00 144 0.0 98.3 0 583 0 0.0 10369.4 10369.4 0.0
Aug 0 477 76.7 80.8 0.0 144 0.0 98.6 0 586 0 0.0 10402.5 10402.5 0.0
Sep 0 397 76.8 81.0 0.0 144 0.0 92.8 0 553 0 0.0 9797.1 9797.1 0.0
Oct 25 147 76.7 80.9 0.0 14.1 0.0 83.9 0 516 31 0.0 89154 8503.2 0.0
Nov 123 62 76.6 809 00 142 0.0 73.5 0 456 141 0.0 7824.2 5953.5 83.7
Dec 383 1 76.1 80.6 00 139 0.0 64.6 409 300 0.0 6909.0  2960.9 228.1
Totals 1723 2437 76.1 81.1 0.0 144 0.0 969.7 0 5934 1364 0.0 102941.0 85029.0 1638.0

Notes: Fan supply rate = 7400 CFM, ventilation = 150 CFM, wideband temperature limits for occupied and unoccupied times = 65° to 80°F,
economizer temperature limit = 65°F, time period = 1 to 365 days, total hours = 8760.



Table Vb—Intermittent control of building space air temperature—
New Orleans, case 4 in Table |
Number of Hours at Specified Relative Humidity (No Humidity Control)
<10%  10-15%  15-20%  20-55% 55-60% >60%

Conv (No Econ) 14.25 395.50 441.25 7909.00 0.0 0.0
Economy 60.0 383.00 474.75 7842.25 0.0 0.0
Enthalpy 14.25 419.00 455.25 7871.50 0.0 0.0

Estimated Operating Cost for Cooling at $0.10/kWh for Electricity
(Chiller COP = 3.50)

Conv (no econ) $10294 for 102939 kWh (Fﬁ%hT 21693 kWh, chiller = 81246

Economy $8503 for 85027 kWh wi%h? 21693 kWh, chiller = 63334

Enthalpy $9295 for 92949 kWh (Flil\}&sfh)= 21693 kWh, chiller = 71256

Estimated Operating Cost for Humidification (20% min) and Heating at $0.10/kWh for
Electricity

Humidification $500 for 5002 kWh

Heating $ 0 for 0 kWh

Notes: Min space temp occurred on day 345, max space temp occurred on day 147,
max cooling load occurred on day 165.

proportional control plan much more attractive. We can conclude that
TELBECC has great potential for pinpointing significant energy
reductions and cost savings before a building’s HVAC system is
purchased.

VI. CONCLUSIONS

The TELBECC program analyzes more efficiently and quickly than
any method used heretofore the possible telephone building environ-
mental energy use and control options. To pinpoint the most econom-
ical energy-conservation plan, the program analyzes multiple plans at
minimal cost and with minimal expenditure of time. The program
calculates the energy consumed every quarter hour by the HVAC in
regulating the environment under changing weather conditions. It
computes the required energy from the physical characteristics of the
building envelope, such as the U factor, internal heat generation,
geographic location, orientation of the building, and the dry-bulb
temperature standard. In order to make it feasible to calculate by
computer, we employ a simplified recursive computation procedure
using time series. For each of the illustrative problems in Tables II
through VI, the procedure produced monthly projections; yet it took
less than 40 seconds to calculate results on an IBM/3033 computer.
From the examples, we see the advantages and disadvantages of both
the intermittent and proportional control plans, as well as the signif-
icant savings obtained from increasing the range of the dual or
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Table Vla—Intermittent control of building space air temperature—Phoenix, Ariz., case 5 in Table |
Max Load Total Load

Degree-Days  Space Temp (tons) (MBtu) Number of Hours  Heating Cooling (kWh) Wa.ter (gal) to
(kWh Maintain 20%
Month Heat Cool Min Max Heat Cool Heat Cool Heat Cool Econ Elect) NoEcon Econ Min RH

Jan 432 0 76.3 80.6 0.0 135 0.0 62.8 0 401 300 0.0 6724.2 2812.0 1132.0
Feb 257 1 76.5 80.7 0.0 136 0.0 61.5 0 390 249 0.0 6578.6 3313.1 455.0
Mar 139 12 766 80.7 00 135 0.0 74.0 0 468 212 0.0 79080  5125.0 1705.1
Apr 38 122 76.6 81.1 0.0 13.7 0.0 79.6 0 497 104 0.0 8486.9 7105.4 336.4
May 16 403 76.7 81.2 0.0 139 0.0 92.1 0 570 38 00 9807.0 9301.8 64.9
Jun 0 560 76.7 81.1 0.0 141 0.0 95.8 0 589 2 0.0 10181.0 10148.0 256.0
Jul 0 847 76.9 81.2 0.0 144 0.0 109.5 0 657 0 0.0 11574.5 115745 0.0
Aug 0 679 76.7 81.2 0.0 144 0.0 104.1 0 626 0 0.0 11016.5 11016.5 0.0
Sep 0 521 76.8 80.8 0.0 14.2 0.0 94.4 0 574 0 0.0 10010.3 10010.3 0.0
Oct 14 201 76.6 81.0 0.0 14.0 0.0 84.5 0 525 86 0.0 9003.7 7860.2 12.0
Nov 196 0 76.5 80.6 0.0 13.6 0.0 67.8 0 428 236 0.0 7243.1 4138.2 161.3
Dec 413 0 76.5 80.6 0.0 134 0.0 63.0 0 401 307 0.0 6742.1 2719.4 458.0

Totals 1505 3346  76.3 81.2 00 144 0.0 989.0 0 6130 1536 0.0 105276.0  85124.0 4582.0

Notes: Fan supply rate = 7400 CFM, ventilation = 150 CFM, wideband temperature limits for occupied and unoccupied times = 65° to 80°F,
economizer temperature limit = 65°F, time period = 1 to 365 days, total hours = 8760.




Table VIb—Intermittent control of building space air temperature—
Phoenix, Ariz., case 5 in Table |

Number of Hours at Specified Relative Humidity (No Humidity Control)
<10% 10-15% 15-20% 20-55% 55-60% >60%

Conv (No Econ) 168.50 611.50 1430.00 6550.00 0.0 0.0
Economy 199.00 627.00 1432.25 6501.75 0.0 0.0
Enthalpy 185.50 648.50 1375.00 6551.00 0.0 0.0

Estimated Operating Cost for Cooling at $0.10/kWh for Electricity
(Chiller COP = 3.50)

Conv (no econ) $10527 for 105274 kWh  (Fans = 22412 kWh, chiller = 82862
kWh

Economy $8512 for 85123 kWh (Fans = 22412 kWh, chiller = 62711
kWh)

Enthalpy $9205 for 92054 kWh (Fans = 22412 kWh, chiller = 69642
kWh)

Estimated Operating Cost for Humdification (20% min) and Heating at $0.10/kWh for

Electricity
Humidification $1399 for 13991 kWh
Heating $0 for 0 kWh

Notes: Min space temp occurred on day 18, max space temp occurred on day 225,
max cooling load occurred on day 204.

extended wideband temperature limits for unoccupied times. In the
larger view, we can understand how TELBECC can significantly
contribute toward the operating companies’ energy-conservation plan
for future savings.
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APPENDIX

Calculating Inside-Wall Temperature Time Series Coefficients b;, a;, a} of
Eq. (1)

The basis for computing the time-series coefficients is the z trans-
form,® a discrete function transformation. This transformation is
applied to time functions sampled at regular intervals of time. The z
transform has the same role in discrete systems that the Laplace
transform has in continuous systems analysis.

Let us consider a continuous function of time f(t). When the
function is sampled at regular intervals A, the output consists of a
train of pulses, as illustrated in Fig. 1. We defined the z transform of
this output as a polynomial in powers of z™* in the following:

f0) + f(A)z71 + f(2A)z272 + f(BA)z% + ... )

The successive outputs of the sampler are the coefficients of the
successive powers of 27! in the z transform.

A linear system is characterized when its response to an elementary
input (such as a pulse, a unit step, or, as will be adopted here, a unit
ramp) is ascertained. This is nothing more than obtaining a transfer
function of the system. If both input and output of the system are
expressed in terms of their z transforms, the ratio of output/input is
the z transform of the system. If we assume that such a transfer
function, G(z), can be found and that it can be expressed as the
quotient of two polynomials in 27!, then

Nz a+az' +az?+ .- az”
D(Z) bo + b12—1 + b22_2 + ... pr_p.

It follows that the z-transform of the output O(z) resulting from an
arbitrary input I(z) is represented by

0(z) = G(2)I(z) or (10)
O(2)D(z) = N(2)I(2). (11)

Since both sides of (11) are polynomials, the coefficients of the various
powers of z~! must be the same on beth sides of the equation. If, say,
the coefficients of z™" are equated, eq. (11) yields

G(z2) =

©)

boOn = aoI,, + (11I —1 + (121,,_2 + ... + ajI,,-,-
= [010n—1 + b20n—2 + -+ + b0,p).  (12)

The subscript n on O and I indicates the value of the function at
t = nA; ie., O, = O(n4), the coefficient of z™" in the z transform of
O(z). This expression relates the output at-any time ¢ = nA to the
input at that time and the input and output at earlier times. The
coefficients ao, --- a; and b, --- b, contain all the characteristics of
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the system. With the properties of the z transform described above, a
method for determining the z transform or time-series coefficients for
the inside building wall temperature follows.

If we consider the outside building walls and roof structure as
homogeneous flat slabs (Fig. 2), the temperature in the slab adheres
to the following equations:

) 8T, T,
ox? ot
Ty(x, 0) = 0,

= —ho[T(L, t) = To(?)],

= Tu(9)], (13)

where

Ty(x, t) (°F) = temperature in the slab,
L(ft) = slab thickness,
k(Btu/hr — ft — °F) = thermal conductivity,
k = «/pc(ft*/hr) = diffusivity,
pc(Btu/ft?) = volumetric heat capacity,
ho(Btu/hr — ft? — °F) = outside-wall heat transfer coefficient,
hi(Btu/hr — ft*> — °F) = inside-wall heat transfer coefficient,
To(t) = outside sol-air temperature, and
T.(t) = inside building air temperature.

It is convenient to use the Laplace transform

Ti(x, p) = £ Ty(x, t)e™dt

to eliminate the independent time variable ¢ in eq. (13). Then the
solution for the inside wall surface (x = 0) temperature in terms of the
transform parameter p assumes the form:

hilkq cosh(gL) + ho sinh(qL)]Ta(p) + hoquo(p)
hi[kq cosh(qL) + ho sinh(gL)]
+ kq[kq sinh(qL) + ho cosh(qL)]
(14)

T.(0, p) =

where g = (p/x)"/2

Letting T.(t) and To(t) be unit ramp functions and inverting eq.
(14) back to the real-time domain by using standard residue theory in
the complex plane, the solution for T%(0, t), the temperature of the
inside surface, is expressed as
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T(0, t) = TM(O, t) + T(0, ¢), (15)

where T(0, t) is the portion of the solution dependent on the outside
sol-air temperature, and T (0, t) the part dependent on the building
space-air temperature. These temperatures are explicitly:

2 X .
TM(, t) = Bo [ 1 (t _ L? (3B + BoB: + 3Bo + 6))

Bi + B()Bi + B() 6K (Bl + BoBi + BO)

2L2 el —olkt/L*
T 2 2B, + BoBi + B) — o] ] , (16)
€08 an, — ax(2 + Bo + Bj)sin 01,1}

and

1 L2
2) = . —_
T30, 9 = B, [Bi + BoB; + Bo (ex (3 + Bo)

_ L* (1 + Bo)(3Bi + B;Bo + 3B, + 6)
6« (B; + BoB; + Bo)

+ 1+ Bo)t)

k n=1 o3[(B; + B;Bo + Bo — 2]

_ 2 g [an008 ap + Bosin a,le” " ] , (7
.COS ap, — an[2 + Bo + Bjlsin a,

hoL hL

where By = e B, = Y and «, are roots of the transcendental

equation

a? — BoB;
an(Bo + B;)’

Equations (15) through (17) contain all the ingredients for forming
the z-transform transfer functions for the inside-wall surface temper-
ature. These are obtained by forming the ratio of output/input z
transforms as per eq. (9):

T{(0, 2) @ _ IO, 2)
To 204 7@ ="70;

To(t) and T,(t) were taken as unit ramp functions, and therefore their
z transform from Ref. 8 is given as

cot o, = n=12 ...,

GV(z) = (18)

To@) = Tu(2) = 27 ===+ (19)

The sampling interval is A. The use of the input ramp function
amounts to linear interpolation between the discrete values given by
the z-transform coefficients.
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The z transforms of both TV(0, z) and T®(0, z) are similar in form
and, with the aid of the table of z transforms given in Ref. 8, can be

expressed as
A(12) B(IZ)A o C(12)
T‘gl,Z)(Oy z) = 1 -1 + 2(1 — Z 1)2 E (20)

where

_ 2
AY == B :(‘)’; T By 8Bi + BoBi + 3Bo +6),

Bo

W _
B B; + BoB; + Bo ’
C(l) — _ 2L2B0 1
I K a3{[(B; + BoB; + Bo) — of] ’
-cos a; — «;(2 + Bo + B;)sin o}
AD = B;
B; + BoB; + Bo
L? L? (1 + Bo)(8B: + BiBo + 3Bo + 6)
( 8+ Bo) — & (B; + BoB, + Bo) ’
B(g) = Bl(]- + BO)
B; + BoB; + Bo ’
2B;L? ajcos a; + Bosin «;
@ _ _ i J j o j
G K e3[(B;i + B;Bo + By — )] » and
-cos o — aj(2 + Bo + B;)sin o
5= e—a,Ax/L

Equation (18) can now be expressed in the form of a ratio of polyno-

mials in 271

(1,2)
G(1.2)(z) = ND1(22()2) , (21)

where, from the results of egs. (19) and (20),
NOD(z) = (A(1,2) 2(1 —27") + B(1,2)> 1 1 - sz7Y
A j=1

1 — s—1)2 ©
;A2 S can [ (1 - 5y,

A n=1 Jj=n
D(z) =1 (1 —sz™.
j=1
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Equation (21) is the form of eq. (9); consequently, the b; coefficients
that are derived, as in eq. (12), from the coefficients of the polynomial
D(z) can be generated by a recursive scheme given as

bo=1,b"=0,0""=b" — 5 pb"n=1,.-- N (22

The number of s; terms needed to obtain the desired degree of accuracy
for the b; coefficients is indicated by the index n = N, which in most
instances should not exceed 20. _

The a; and a! coefficients in eq. (1) came from N®(z) and N?(z2),
respectively, by expanding these functions into polynomials in powers
of 27 ie.,

NOz) =gz + a2 + ---
NP@)=qalz '+ atz2 + -.

The desired coefficients are sorted out.
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This paper derives fixed-order recursive Least-Squares (LS) algorithms that
can be used in system identification and adaptive filtering applications such
as spectral estimation, and speech analysis and synthesis. These algorithms
solve the sliding-window and growing-memory covariance LS estimation prob- -
lems, and require less computation than both unnormalized and normalized
versions of the computationally efficient order-recursive (lattice) covariance
algorithms previously presented. The geometric or Hilbert space approach,
originally introduced by Lee and Morf to solve the prewindowed LS problem,
is used to systematically generate least-squares recursions. We show that
combining subsets of these recursions results in prewindowed LS lattice and
fixed-order (transversal) algorithms, and in sliding-window and growing-
memory covariance lattice and transversal algorithms. The paper discusses
both least-squares prediction and joint-process estimation.

1. INTRODUCTION

Computationally efficient recursive Least-Squares (LS) algorithms
have recently attracted attention in applications such as adaptive
equalization,'™ echo cancellation,® and speech analysis and synthesis®’
because of their fast convergence properties when compared to older
least-mean-square or gradient adaptation techniques.®*° Since the
work on computationally efficient LS algorithms by Morf and others
first appeared in Refs. 11 and 12, numerous papers have followed that
produce computationally efficient algorithms that solve different types
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of autoregressive LS estimation problems.'®"’” In general, these algo-
rithms fall into four categories: (1) prewindowed recursive LS, (2)
sliding-window recursive LS, (3) growing-memory covariance recursive
LS, and (4) nonrecursive LS algorithms. Each of the first three
categories has two subcategories: fixed-order, or transversal, algo-
rithms; and order-recursive, or lattice, algorithms.

References 1 and 12 present a prewindowed LS algorithm that
satisfies a transversal filter structure (fast Kalman algorithm). Sub-
sequent Refs. 7, 18, and 19 describe prewindowed and growing-memory
covariance LS algorithms that satisfy a lattice structure. Normalized
prewindowed LS lattice algorithms that involve fewer recursions than
the original unnormalized versions, and which have the important
advantage that all internal variables are less than or equal to unity in
magnitude are presented in the more recent Ref. 13. Reference 14
extends the normalized lattice algorithms to solve the sliding-window
and growing-memory covariance LS problems. The recursive algo-
rithms mentioned so far require order N arithmetic operations per
iteration to update the filter parameters, where N is the order of the
filter. A computationally efficient order-recursive algorithm that
solves the set of linear equations for the covariance LS prediction
problem has been presented in Ref. 11, and extended to the joint-
process-estimation case in Ref. 17. These algorithms require order N?
operations to compute the LS prediction coefficients and are nonre-
cursive in the sense that the solution generated at time interval i is
not used to generate the solution at time interval i + 1.

This paper attempts to unify and extend the previous work by (1)
systematically generating all of the recursions needed to derive all of
the previously mentioned algorithms, and (2) using these recursions
to derive new recursive fixed-order sliding-window and growing-mem-
ory covariance LS algorithms. These new algorithms solve directly for
the prediction- or autogressive-model coefficients, and involve signif-
icantly less computation than both the unnormalized and normalized
versions of the order-recursive or covariance lattice algorithms pre-
sented in Ref. 14. In addition, in some applications it may be advan-
tageous to work directly with the prediction- or autogressive-model
coefficients, rather than the set of reflection coefficients produced by
lattice algorithms. The algorithms mentioned in the previous para-
graph, along with the new ones derived here, are obtained by appro-
priately arranging subsets of least-squares recursions. The geometric
or Hilbert space approach originally used by Lee and Morf?® to derive
the prewindowed LS lattice algorithm is used to derive all of the basic
least-squares recursions in a cohesive manner. In this paper, however,
only scalar-valued data are considered.

The next section defines the sliding-window and growing-memory
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covariance LS problems to be solved. Then Section III reviews the
geometric approach to LS estimation. Fundamental order and time
updates for the least-squares projection operator are given in Section
IV, with derivations in Appendix A. In Section V these projection
updates systematically derive least-squares recursions. Section VI
gives fixed-order covariance algorithms and Section VII extends the
preceding discussion to the joint-process-estimation case. Appendix B
lists subsets of recursions in Sections V and VII that constitute other
LS algorithms.

il. PROBLEM STATEMENT

We start by defining a sequence of data values yo, y1, - - , yi, where
i is the current time index. A linear least-squares forward predictor of
order n chooses the coefficients f;, to minimize

i

n 2
g(iln) = X (ym - ,;1 fjlnym—j) : (1)

m=i’

where i’ to i is the time window of interest. The coefficients fjj,, 1 =
J < n, are called the forward-prediction coefficients. A linear least-
squares backward predictor of order n chooses the backward-prediction
coefficients bj,, 1 < j < n, to minimize
i n 2
&(iln) = Z.’ (ym—n - 21 bjlnym—j+1) . (2)
m=i j=

Minimization of (1) rather than (2) is generally desired for a given
application. The forward and backward prediction problems stated
above are closely related, however, and the LS algorithms to be
presented use the backward prediction coefficients to solve for the
forward prediction coefficients in a computationally efficient manner.

If, instead of estimating future values of the same process, we wish
to estimate another related process {x;}, the least-squares cost function
becomes

i n 2
fx(iln) = Z.I (xm - 21 cjlnym—j+1> ’ (3)
m=i j=

where tap coefficients ¢;;, replace the prediction coefficients f;, and
bjjn. The cost function (3) is relevant to joint-process-estimation
problems such as channel equalization and echo cancellation. In the
case of channel equalization, y; is the ith sample of the channel output,
and x; is the ;th channel symbol.

Setting the derivatives of the cost functions (1), (2), and (3) with
respect to the prediction (tap) coefficients equal to zero results in the
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following linear equations:

Prri-11af@I0) = X ¥j¥j-1im, (4a)
Jj=i’
q)i’,ilnb(iln) = .z’ Yi-rn¥jlIns (4b)
Jj=i
and
®ivne(i|n) = 2 %jYjin, (4c)
Jj=i
where
fT(iln) = [fllnf2|n T fnln]: (5a)
bT(lln) = [bllnbzln te bnln]’ (5b)
c"(i|n) = [c1nCain «++ Cnpnls (5¢)
yJ"II‘n = [y¥j-1 =+ + Yj-nt1l, (6)

and the covariance matrix

i
Biriin = X YiinYjin- (7
J=i

Suppose now that i’ =0, and that y, is the first available data
sample. The least-squares solutions for f, b, and ¢, obtained by solving
(4), are undefined since they depend on the unspecified data values
y—1,y — 2, ..., y_n. The simplest, and perhaps most popular,
technique for circumventing this problem is to assume all data values
¥;, J < 0, are zero. The least-squares solutions resulting from this so-
called prewindowed estimation are then well defined as long as the
covariance matrix is nonsingular. In applications such as speech
modelling, however, where estimates of the prediction coefficient
vector f(i]n) are desired given relatively few data samples, prewin-
dowed estimation may result in undesirable edge effects from assuming
data is zero outside a given window. For these types of applications, it
is desirable to estimate the prediction coefficients without any as-
sumptions concerning the data outside the time window of interest.

Covariance least-squares estimation replaces the lower time limit i’
in (1), (2), and (3) by n, so that only known data values are used to
compute the LS prediction (tap) coefficients. The improved estimates
so obtained are not without cost, however. The resulting covariance
LS algorithms derived in this paper and elsewhere’ involve more
computation than prewindowed LS algorithms. Notice that at each
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iteration I, the prediction coefficients are computed from i + 1 data
values. Because the number of data samples entering the least-squares
computation grows with time, this type of estimation has been called
growing-memory covariance estimation.®

Finally, another windowing technique that has attracted attention
recently is the sliding-window technique, in which the lower time limit
i’ in (1) and (2) is replacedby i — M+ n+ 1,andin 3) byi — N +
n, where M is a predetermined constant. At each iteration the least-
squares prediction coefficients are therefore computed from a fixed
number (M) of data samples. Notice that data samples outside the
time window i — M + 1 to i have no effect on the least-squares solution
for f, b, and ¢ at time i, i.e.,, they are totally forgotten. This is in
contrast to more conventional exponential forgetting techniques that
reduce the effects of past data samples in a more continuous fashion.!®
The sliding window is therefore useful in applications where the
autoregressive model changes abruptly with time, or where undesirable
transients periodically affect the data samples. In the former case,
when the model parameters change, the sliding window eventually
discards data values corresponding to previous model parameters. In
the latter case, the sliding window eventually discards corrupted data
values.

Computationally efficient recursive algorithms that solve the grow-
ing-memory covariance and sliding-window LS estimation problems
will be derived in Sections V through VII. The next section develops
the necessary mathematical background by reviewing the geometric
interpretation of linear least-squares estimation.

IIl. MATHEMATICAL BACKGROUND

Given two vectors X and Y having the same dimension i, the inner
product of X and Y is defined to be

(X, Y) = X"WY, (8)

where W is some prespecified i X { weighting matrix. As an example,
a typical weighting matrix is the exponential weighting matrix

W;=[1lwuw?..- wI, 9)

where I is the i X ¢ identity matrix. For convenience, we will assume
that W is the identity matrix. Modification of the results in this paper
to the case where W is arbitrary is straightforward. The distance
between two vectors X and Y with the same dimension is therefore
the regular Euclidean distance,

dX, V) =Y -X|=(Y-X, Y - X)" (10)

The (nth order) projection of a vector Y onto a subspace (or
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manifold) M, which is spanned by the n vectors {X;, Xs, ---, X}, is
denoted as Py Y. The orthogonal projection of Y onto M is defined as

PHY =Y — PyY, (11)
and is orthogonal to the subspace M. This implies that
(X, Y- PyY) =0, for j=1,..-,n. (12)

Since Py Y lies in M, there exist constants, or regression coefficients
fi, fo, -+ -, f» such that

PyY = j§:1 X; = Sf, (13)
where S = [X; .-+ X;] and f7 = [f; - -- f.]. Using (12) and (13), it is
easy to show that

f=(S7S)7'S”X (14)
and
PyY = S(S7S)7'S"Y, (15)

assuming S”S is nonsingular.
The linear least-squares estimate of Y, based upon the vectors
X,, -+, X, is formed by choosing fi, - - - , f, such that

lel>=1Y — 21 X1 (16)
pa

is minimized. Differentiating this quantity with respect to f; and setting
the result equal to zero gives

Y= ,-g fX; = PuY, (17)
and the vector of estimation errors,
e=Y — ji fX; = PiY. (18)
We have identified the operator P as a least-squares projection.

IV. PROJECTION-OPERATOR UPDATE FORMULAS

In this section some fundamental relationships satisfied by the least-
squares projection operator are presented. These projection updates
fall into two main categories: order updates and time updates. Under
time updates are two subcategories, forward and backward time up-
dates. We point out in advance that a total of three projection-operator
updates will be used throughout this paper: one order update, one
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forward time update, and one backward time update. In addition, one
forward and one backward time update for inner products will be
needed.
4.1 Order updates

Given two vectors, Y and X, and a linear space M spanned by the

vectors X;, Xo, ---, X,, all in R, suppose we wish to calculate the
least-squares estimate of Y based upon the vectors X, - .-, X, and
X. In particular, we wish to find coefficients a;,j =1, .--, n, and b

such that || Y — (T aX; + bX) ||? is minimized. From the discussion
in the last section, we know that the least-squares estimate of Y is

n

2 anj + bX = P[M.,.x;Y, (19)

Jj=1

where {M + X} denotes the space spanned by M and X. We can write
the following orthogonal decomposition of the space {M + X},

M+ X} =M ® {P4X]. (20)

By the Hilbert space projection theorem,” we have that for any vector
Y €R;,

Puix)Y = PyY + PppxY. (21)

Figure 1 illustrates this equation for the special case n = 1. The

projection of Y onto the space spanned by two vectors X; and X; is
shown as the sum of the two projections Px Y and P,pi,lxz,Y.

Y
=
=\
— X IT\PXV
1 ! 1
L/ -7
P{P)l(.‘ Xz}v _—N IL/
/ P{x,+x2}Y
L

Fig. 1—Decomposition of P, +x,Y.
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Equation (21) constitutes a fundamental order update for the least-
squares projection operator. The (n + 1)st-order projection Py.x; is
expressed as the sum of the nth order projection Py, and the first order
projection Ppix;. By subtracting both sides of (21) from Y, we obtain
the following order update for the orthogonal projection operator P+,

P§]M+X]Y = P*,[Y - P{pﬁx;Y. (22)

4.2 Forward time updates

The forward time updates derived in this section compute a least-
squares projection at time i given the same least-squares projection at
time i — 1. These recursions, when combined with the order recursions
in the last subsection, can be used to derive prewindowed LS algo-
rithms. We first consider the following vectors X ; and Y, ;, which are
composed of data samples from time i, to i, i.e.,

XT:= [ xicr - X, (23a)
and
Yif,,- = [yi Yi-1 ++ Vil (23b)

For notational convenience, in this section only we will omit the lower
time subscript on the data vectors and assume it to be 7. Our objective
is to compute the linear least-squares estimate of Y,, given X, in terms
of a least-squares estimate that does not use the most recent value y;.
With this in mind we define the unit vector

u/=[10...00], (24)

which has the same dimension as Y i.e., u; € R7™*!, Associated with
u; is the space spanned by u;, or the space of most recent data values,
denoted as U;. Note that Py,Y; = yu;. For notational convenience we
define a tilde operator as follows,

Yi= PEYi=1[0 yic1 yip « - Yig+1 Yio)s (25)

i.e., Y;is the projection of Y; onto the subspace of past data values.
The basic prediction problem is illustrated in Fig. 2, where Y; is a
vector having its endpoint in back of the plane of the paper and X;
has its endpoint in front of the plane of the paper. We are given the
vector X;, from which the least-squares estimate of Y;, Px,Y;, is to be
recursively obtained. At time i we therefore assume a regression
coefficient @ computed at time ¢ — 1 (ie.,, Px_ Y1 = aXi,, or
equivalently, Px‘Y,- = aX,), which we wish to modify using the most
recent data values y; and x;. Figure 2 therefore shows Px,Y; decomposed
into the two vectors aX; and Px(Y; — aX;). Figure 3 illustrates the
plane spanned by X;, X;, and U,. Since ABC and ADE are similar
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ut
vt X,
Fig. 2—Decomposition of PxY,.
triangles,
AB AC
AD AE % (26)

so that AC = aX. Figure 4 attempts to include vectors not shown in
Fig. 2 and again illustrates the decomposition of PxY;. (Only the
endpoint of Y; is in Fig. 4.)

Assume now that the vector X; is replaced by the subspace M;
spanned by the vectors X ;, Xo,, - -+ , Xp, Let

S = X1 Xo -+ Xa] (27
and
Si=[Xu Xy --- Xl (28)
We define the projection
Py, Y; = S[STS]7'STY,; = Sf, (29)

ili=1
ie., Py, Y; lies in M;, but uses regression coefficients computed at
time i — 1. Referring to Fig. 3, Px,. . Y;= aX, Appendix A shows that

ifi~1

PMiYi = PM 1Yi + PMiu,'<ll,', Pi?[l.Yi)SeC20,', (30)

where

sin®f; = (w;, Pyu;) = || Pyui|®
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Y;

H \F. i AE = X;
PLY; X
Ui 1 AD = X:

= aX.
PUI,(YI._aX,-) 9 !
c N |
aXi l
Py, | |
o T 4 _|
A B D
Fig. 3—Plane spanned by X; and X..
Y;
vl

Fig. 4—Rotated view of Fig. 2.

= (u/S:)(S7S) ' (STwy), (31)
and
sec?; = -t (32)
' 1 — sin%;’

The variable 6; can be interpreted as the angle between the spaces
spanned by the matrices of basis vectors S; and S;. Referring to Fig.
3, the angle 0 is given by

l Xi |2 — x7
I1X:02 X2

sin’d =1 —

(33)
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and measures the unexpectedness of the data received at time i. Notice
that (33) can be rewritten as (31), where M; and S; are replaced by X..

We obtain the following time update for the orthogonal projection
operator by subtracting both sides of (30) from Y,,

P*,{Y, = Pﬁ . Y,‘ - PM.ui(u,-, PhY,-)seczﬂi. (34)
i ii-1 i i

One more relation that will be useful in the following section is a
recursive equation for the inner product (v; P1.Y,), where v; is an
arbitrary vector in R“**, This recursion, which is derived in Appendix
A is

(vi, PiY:) = (¥, Py Y0) + (u;, Piviy(u, P Y:)sec®d;, (35)
where M; is the space spanned by S..

4.3 Backward time updates

Consider again the data vectors X; and Y, defined by (23). Suppose
we wish to compute the linear least-squares estimate of Y; given X; in
terms of a least-squares estimate that does not use the most distant
or past values y;, and x;,. Clearly, this problem can be solved in exactly
the same fashion as the time-update problem stated at the beginning
of the last section. By turning the vectors Y; and X; upside down, and
assuming that y;, and x;, are the most recent samples, one can solve
this problem by using time updates already derived. The same argu-
ment holds when X is replaced by the subspace M; spanned by vectors
X, Xo4 -+, Xp, In this case we wish to calculate the projection
PupY; in terms of a projection onto the space spanned by the matrix
of basis vectors S; in which the bottom row has been replaced by zeros.
This is in contrast to the previous time updates, which expressed
Py, Y in terms of a projection onto the space spanned by S; in which
the top row has been replaced by zeroes (i.e., M,).

In analogy with the notation defined in the last section, we define
the unit vector

=[00---01] € R, (36)

and the space spanned by u;, as U;. We also define the following
asterisk operator in analogy with the previous tilde operator,

Y= Py, Yi= [y Y1 -+ Yigrr 01" (37)
Similarly,
SF=[X}; X3, --- XX (38)

The projection of Y; onto M; using regression coefficients computed
from S#is defined as

Py,

|o|10+l
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The regression coefficients that multiply the basis vectors of M; are
in this case elements of the vector [S¥7S¥]7[S}TY,].

The derivation of (30) can be repeated with u; replaced by u;, tildes
replaced by asterisks, and Py, , replaced by Py, ,, ., to give the follow-
ing projection decomposition,

PyY: = Py, Yi + Pyui(u;, PiY;)sec’f, (40)
where
sin®f} = || Pau;, II?
= (ufS:)(SfS)(STu;)
= (W, Pmu,), (41)
and
sec’0F = -—1—2- . 42)
1 — sin®6¥
Subtracting both sides of (40) from Y; gives
PiY; = Pir,, ., Yi — Paui(uy, PiiYi)sec’s}. (43)

Finally, the following update for inner products is analogous to (35),
(vi, P Yy = (v¥, PiYF) + (i, Pagvi)(u, P Y:)sec’0F. (44)

This completes the presentation of projection-operator recursions
needed to derive the least-squares recursions in Sections V and VII.
All order updates for variables entering the least-squares algorithms
to be presented can be derived from (22). Similarly, all forward and
backward time updates for vectors entering these algorithms can be
derived from (34) and (43), respectively, and all forward and backward
time updates for inner products can be derived from (35) and (44),
respectively.

V. LEAST-SQUARES RECURSIONS
5.1 Notation

Referring to the definition (23), a shift operator 2™ is defined by
29Y L = [Yisj Yic1 - Yigmil (45)
Equations (1) and (2) can now be rewritten as

1) = [ Yions = 3 f1neYiend I (462)
and
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eb(i I n) = " z_"Yio+n,i - 2 bjln(z_j+1Yio+n,i) ”2’ (46b)
Jj=1

where i’ has been replaced by i, + n. A matrix of shifted data vectors
is denoted as

Sivenill, 1) = [27Yigtni 277 Yigni -+ 27" Yianil, 47

where [ < n. The space spanned by the columns of S; (I, n), which
is a subspace generated by past data values, is denoted as M; .. (l, n).
For notational convenience we will omit the lower time index of S and
M and assume that it is always iy + n. Notice that we can write the
covariance matrix defined by (7) as

Bienitn = SI(0, n — 1)S(0, n — 1). (48)

Two types of updates exist for least-squares parameters: order
updates and time updates. The time updates in this section generally
fall into two categories. Given some LS parameter £ (i.e., the forward
prediction vector f or the prediction residual), we wish to find (1) a
recursion for £ computed from the data samples {yi, Yiq+1, -+, ¥} in
terms of £ computed from the data samples {yi, Yiz+1, - - , ¥i-} (for-
ward time update), and (2) a recursion for ¢ computed from the data
samples {yi, Yi+1, + -+, ¥} in terms of ¢ computed from the data
samples {yi+1, Yigt2s -+ » ¥i} (backward time update). Associated with
the variable £ is therefore an order index n and the time indices of the
data used in the least-squares computation. If the data values
{¥ip Yig+1> <+ + » i} are used to compute £, then the indices i, and i must
be specified. This is in contrast to the prewindowed case where only i
need be specified since i, is always zero.

Throughout the rest of this paper, the starting-time index of the
generic parameter ¢ will appear as a subscript, and the current-time
index will appear as a function argument. As an example & (i|n)
implies that the data values {yi, yi+1, -+ -, ¥:} are used to compute
the nth order variable £. The following variables are needed to derive
the LS algorithms in the next section:

1. Forward and backward prediction vectors [from (4)],

£, n) = ®itn-1-11a[ST (1, 1) Yipeni] (49a)
and
b, (i n) = ®iiniialST0, n = 1)z Yipun)]. (49b)
2. Forward and backward prediction residual vectors,
Ef,io(il n) = Yio+n,i - 8d(1, n)fio(il n) (50a)
and
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Eyi(iln) = 27"Y4ni — S0, n — )by (] n).
3. Forward and backward prediction residuals (scalars),
eriiln) = (u,E; (| n)) = yi — LG n)yiciin
and
eb,io(iln) = (u, Eb,io(il n)) = yin = biﬁ(“”))’un-

4., Forward and backward cost functions,

éf,io(i| n) = | Ef,io(iln) ”2, éb,io(i|n) = | Eb,io(i|n) ||2-

5. PARtial CORrelation (PARCOR) coefficient,
Bri(1) = (Epipni(iln — 1), Ep; (0 = 1| n — 1)).
6. Auxiliary variables, or gains,
gi+1(11n) = ®hninYiln,
h; +1(i|n) = O tniinYivtnin
Vi1 (1) = (Wi, Prron-yWs) = YuPikniinYiin
via(ln) = (W, Paon-Wi,) = Yisnin®ighniinYigenin
and
air1(i1 1) = (U, Pron-yW) = YAn®itniiniginin-
Notice that
SA0, n — 1)gi,+1(i| n) = Ppon-nu;

and
S0, n — Dh1(i|n) = Pargon-1li;
and that
Yigr (1) = g1 (@1 n)Yitny
vEa(In) = hla@ | n)Yinin,
and

aipn (il n) = gLa(l | n)Yipnin = B0l n)yin

(50b)

(51a)

(51b)

(52)

(63)

(54a)
(54Db)
(55a)
(55b)

(55¢)

(56a)

(56b)

(57a)
(57b)

(57¢)

Using the notation in the last section, the gains v and ~* are,
respectively, sin®); and sin®f}; where 0; and 0 are, respectively, the
angles between M;(0, n — 1) and M(0, n — 1), and between M0, n —

1) and M#¥0, n — 1).

At each time instant our objective is to minimize the cost functions
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é(1|n) and e, (i| n). From the discussion in Section III it follows
that

E;(iln) =P JMg(l,n)Yio-l-n.i (58a)
and
Eb,io(il n) = PfJ‘-l.‘(O,n—l)(z_nYi0+n,i)~ (58b)

The following variables, which are closely related to the prediction
residuals, are also needed: :

E/,(i|n) = Py amYigeni
= Y, — Si1, (i — 1|n), (59a)
and
E{i(i1n) = Pigy0n-02 " Yigins)
= oY imi — S0, n — Dby(i — 1|n),  (59b)

i.e., Ef and Ej are the forward and backward residual vectors obtained
by using prediction vectors computed at the previous time interval.
The top components of Ef; (i|n) and E;; (i| n) are, respectively,

efiptln) = (uy Ef(0|n))
=y — i — 1|n)yizn (60a)
and
st n) = (u; B (i n))
= Yion — bL(i — 1| n)¥ijn- (60Db)

The nth order forward prediction residual computed at time iy + n
using the tap vector £ (i| n) is

efii|n) = (ui,Er (i n))
= Yigtn — fi(iln)y,-om—m- (61)

The forward residual vector at time i using the forward prediction
vector calculated from the data samples {y;+1, -+, yi} is

Ef,i0|i0+1(i| n) = PJJ‘;!i‘,Uoﬂ(ly")Yio“‘n,i
= Yini — Sil, n)fi11(Z| n). (62)

The variables e¥; (i| n) and Es ;,i+1(i| n) are similarly defined.
Notice that the time indices associated with a residual vector change
in accordance with the projection space, i.e.,

Pitan-1Yigeni =Epiaa(i|n — 1), (63a)
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and
Piran-1(z""Yipeni) = Ep; (i — 1|n — 1). (63b)

The recursions needed to derive the algorithms in the next section
are now generated systematically. By appropriately defining the vec-
tors and subspaces entering the projection order update (22), order
updates are derived for all of the basic variables defined by (49) through
(55). We then use the forward and backward time updates (34) and
(43) to obtain forward and backward time updates for the basic vectors
defined by (49), (50), and (54). Finally, the forward and backward
time updates for inner products (35) and (44) are applied to
kn,i(0), € (il n), and e, (i|n). It would take up too much space to
explicitly define the vectors and subspaces that must be substituted
in the projection update used to derive each recursion. Consequently,
only the results are stated, with a few representative examples worked
out in more detail.

5.2 Order updates

The following order updates are obtained by using the projection
order update (22) [or equivalently (21)]. The Ilth through the mth
component of f; (i| n) is denoted by [f; (| n)],., and [£,({| n)]; is the
Jth component of £;(i| n). The same notation is used for the backward
prediction vector b; (i| n) and the gain vectors g;,(i| n) and h; (i| n).

kn,io(i)
fb,io(i -1 | n— 1)

Ef,,'o(iln) = Ef,i0+1(i| n — 1) -

‘Epi i —1|n = 1), (64a)
. . ki (1
Eb,iﬁ(lln) = Eb,io(l -1 | n — 1) - ql(l%;
ot
'E/,i0+1(i|n - 1), (64b)
o k2i(0)
&i(iln) = eim(iln — 1) i —1ln—1)’ (65a)
. . k2,
oini1m) = esili = 1ln = 1) - W‘:_D (65b)
\igt
(£, | )], = i) (66a)

fb,io(i - 1|I’L - 1)’
£, W hp-1 = £finGln — 1) — [£,Gn)]abi — 1|n — 1), (66b)
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Roip(1)
eipr(iln — 1)’

[bi (I m)]on =bi(i = 1]n — 1) = [by(i| D)hfigr1(Eln — 1), (67D)

[by,(i[ )] = (67a)

_ eni(iln)

[g,Gln + D] = TR (68a)
éb,io(l|n)

[g,G1n + Dlin = g n) — [8,(@n + Dbyl n), (68b)

(i n + D] = Zaln) (69a)
Gf,io(ll n)

(8,1 + Dlon = 8i,(i = 1]n) — [g,(|n + 1] n), (69Db)

et (il n)
fb,io(i [n) ’

[h;,(Z|n + Dlin = hign(@|n) = [hy(|n + Dlsaby(i] n), (70b)

[hiiln + D]psr = (70a)

efi,(i|n)
ef,,-o(iln) ’
[hi(i[n + Dlpper = hy@ — 11n) — [hy(Gln + DL, n), (71b)

(hyiln + D], = (71a)

2. .
voliln + 1) = yie(i | n) + 20D (72)
fb,io(l|n)
-
yililn + 1) = yyli — 1{n) + S (72b)
6f,io(l|n)
*2 (7
ViR + 1) = yEa]n) + ZelD) (73a)
fb,io(lln)
*2(:
Vi + 1) = v — 1| n) + FellD) (73b)
Ef,io(l| n)
il + 1) = aipuliln) + 2L ,”;;’f" n, (74a)
and
wliln + 1) = ayli — 1] n) + Ll [Wehliln) (74b)

éfyio(i | n)

As an example, (64a) is derived from (22), where M is replaced by
M1, n — 1), X is replaced by 27"Y; 4n,;, and Y is replaced by Y.
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By observing that E;; (i — 1|n — 1) is orthogonal to Mi(1, n — 1), it
is clear that

(Yigenis Epipi = 1|n = 1)) = (Egipna(i|n — 1),
‘Eyi(i —1|ln —1))
= Rpiy(1)- (75)

Recursions (65) are obtained by taking norms of (64) respectively.
The recursions (68) through (71) are obtained from (21), where Y is
replaced by u; and u;,, respectively. Making the same substitutions in
(21) and then taking inner products with u; or u,, gives recursions (72)
through (74).

5.3 Forward time updates

The following forward time updates are obtained from the (orthog-
onal) projection operator forward time update (34):

Eyiiln) = Bfi(iln) = [Puanu] 7 ‘z((: |_n)1 = (76a)
Bui (1) = Biyliln) - Proposid 7510, (T6b)
£i(iln) = £(i = 1|n) + i = 1|n) 7= if((z I_n)1 e (7
o
by(ilm) = byti = 11m) + gun(iln) D —, ()
it
b1 n) = b = 1) = gelilm) 7282 (78)
SO oY b __ai(iln)
vililn) = vi(i = 1|n) - T~ = ETE (79)
and
a,(t|n) = y?f,,h,-o(i = 1|n)[1 — v;, (| n)]. (80)

Equation (78) is obtained from (34), where M; is replaced M;(0, n) and
'Y, is replaced by u;. Equations (79) and (80) are obtained by making
the same substitutions in (34) and then taking inner products with
u;, and w;, or by premultiplying (78) by yZ:.-1/» and y7,, respectively.
Taking the inner product of (76) with u; and u;, respectively gives the
following recursions:
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(i n)

efi(i|n) = =G =11’ (81a)
;i = Ei(ln)
el = i (B1b)
. . (i — 1|n)
efi@ln) = efi(i — 1|n) — e, (i| n) T—nli= 1[0 (82a)
)
and
etu(iln) = etyi — 11n) — es(iln) i‘iL;("(—L’il)n—) (82b)
Wt

5.4 Backward time updates

The following backward time updates are obtained from the projec-
tion operator backward time update (43):

Eiqlilm) = Eragimliln) = (Prad TP, (832
L
Euifi1) = Bogiien(i1) = [Puon-ai] TS0 (3b)
o+
Bnilm) = £ufilm) = byl = 11m) ;e L —. G
bioea(i7) = by 1) — higea(i m) —2s__ (84b)
1- ’y,-0+1(l|n)
L ailn)
1) = Bentiln) = ytilm) 245 (85)
— N - AU L)
Yi(E|n) = vign (| n) T— 22 |n) (86)
and
eli11) = Yluns1nBionri | WL = vEG D)) 87

Equation (85) is obtained by replacing Y; by u; in (43). Equations (86)
and (87) are obtained by premultiplying (85) by y/. and ylin-1}s,
respectively. The following recursions are obtained by taking the inner
product of (83) with u;, respectively:

ayli = 1 n)

“ati-1m &

it n) = e (il n) + efi (il n) T
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and
aio+1(i| n)
1= viuGln)’

The recursions that result from taking inner products with u;, will not
be used and are therefore omitted.

(88b)

eipr1(i[ ) = evi(i|n) + ef;(i|n)

5.5 Inner product updates

The following recursions are obtained from the forward time update
for inner products (35):

kn,io(i) = kn,io(i -1+ ef,io+1(i|n - l)eb,io(i -1ln-1)

'1—7,~0+1(i1—1|n—1)’ (89)

€,(iIn) = ¢;(i — 1| n) + e%,'o(il n) 1= ’Yio(:_ 1’ (90a)
and

aililn) = enli = 11n) + edililn) —— (90b)

1 = yigu(iln)’

The following recursions are obtained from the backward time
update for inner products (44):

Enip(t) = knigt1(D) + efiga(iln — Ded; (0 — 1ln — 1)

1
. . , 91
T viaG-1In =1 o1
1
G17) = enn(iln) + R (i - ’
ol n) = eipna(iln) + efi(iln) T Y =1 (92a)
and
e, (i| n) = eviri(i| n) + e3i(i|n) 1 . (92b)
" " " 1 = yhuliln)

Equations (89) and (91) are obtained by using (35) and (44), where v;
is replaced by Y; +n, Y:is replaced by 27"Y +n;, and M; is replaced by
M1, n — 1), respectively. The previous set of recursions (64) through
(92) are complete in the sense that any existing least-squares alogrithm
can be derived by manipulating suitable subsets of these recursions.
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VI. RECURSIVE FIXED-ORDER COVARIANCE ALGORITHMS
6.1 Sliding-window algorithm

Combining (60), (61), (68) through (73), (77), (81a), (84), (90a), and
(92a), gives the following sliding-window LS algorithm for the predic-
tion coefficients. Where unspecified, the order of the variable is
assumed to be N, the order of the least-squares filter. Also, the starting
time index is denoted as i,. If the sliding window contains M data

values, then iy =i — M + 1,
efi(i) = yi — £ — Dy,
£,(0) = £, — 1) + 8,0 — e (D),
erio(1) = efi, ()1 — v (i = D],
efi(i) = Yipn — £20)Yien-1,
€i,(0) = €I — 1) + efi(i)esi (i),

erip(0)

e, (1)’

(8, IN — Dlener = 8,0 — 1) — [8,G| N + 1)]if,(2),
e?fio(i)

(i)’

(hy,CIN + Do = hyy(i — 1) — [hy,((] N + 1)]):£,(0),

(LN + 1)L

(hy(IN + D) =

Y = £ = he (f — efiy(0)
fion@) = 60 = 0l =D 75Ty
; s e*;lgo(i)
eripr(i) = io(i) — i—#l—l). ’

el;,io(i) = Yi-N — biTo(i - Dy,

by (1) = Peli=D et DIE I N+ D]
- 1= el DIgIN+ Dlvar

e (i) = ¥, — bg(i)yzﬁm
gir1(i) = [8,GIN+D]in+ (8, | N+ 1)]nebi (D),
h; (1) = [, (0| N+ D]on+ [bi (| N+ 1) niabi (i),

Yili = 1) + e, (D[, I N + Dl
—ebi, (D8, N + 1)]va
1—eb;, (g, GIN+ Dy’

'Yi0+1(i) =

RECURSIVE COVARIANCE ALGORITHMS

(93a)
(93b)
(93¢)
(93d)
(93e)

(93f£)

(93g)

(93h)
(931)

(93j)

(93k)
(931)
(93m)

(93n)
(930)
(93p)

(93q)
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Yign(@) = vi( — 1) + ef, (D[, |N + D]

— edi[hy (| N + 1)]n, (93r)
and
N N )
bi1(f) = by(i) — hi(D) T vin) (93s)

The recursions (93m) and (93q) were not listed in the previous section,
but are easily obtained by solving (77b) and (68b) simultaneously for
b;,(i), and by substituting (68a), (69a), and (81b) into (72), and solving
for v;+1(i|n). Notice that all data samples in the sliding window
(¥i-m+1, ..., y;) must be stored. This is also true of the order-recursive
sliding-window algorithm presented in Ref. 14. If division is counted
as multiplication, then the algorithm (93) requires 12N + 16 multiplies
and 12N + 12 additions at each iteration. In contrast, the unnormal-
ized sliding-window lattice predictor (see Appendix B) requires 16 N
multiplies and 10N additions per iteration, and the normalized lattice
predictor’® requires 30N multiplies, 18N additions, and 6N square
roots per iteration.

Because sliding-window algorithms have finite memory, initializa-
tion for these algorithms is basically the same as for the prewindowed
case, i.e., the data y; can be assumed to be zero for i < 0. After M
iterations, where M is the window length, these data points are
discarded. The algorithm (93) is therefore initialized by setting the
gains v and v*, and the elements of the vectors f, b, g, and h equal to
zero, and letting

Ef,io(o) = 5, » (94)

where ¢ is chosen to ensure that the algorithm remains stable. It is
easily verified that for time i < M — N — 1, where M is the length of
the sliding window, the algorithm (93) becomes a modified version of
the prewindowed LS transversal (fast Kalman) algorithm."??

6.2 Growing-memory covariance algorithm

The following fixed-order growing-memory covariance algorithm is
obtained by combining (60), (68b), (69), (77), (78), (80), (85), (87), and
(90a). The lower index of the window i, is assumed to be zero. For
notational convenience we define the following variables,

aip(i|n)

T — v 7) (95)

Bi(iln) =

and
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*(3 — Olio(i | n) 95b
BLIm = T2 (95b)
Where unspecified, the lower time index and the order of the variables
are equal to zero and N, respectively,*

efi) = yi =70 — 1)yi, (96a)

£() = £(i — 1) + g(i — 1)e}(i), (96b)

ei) = yi — f7())yi1, (96c)

i) = (i — 1) + ef(i)ef(i), (96d)

[GCIN + 1)) = ff% (96e)
[8(IN + Dlove = g0 — 1) — [gG| N + 1].f(), (96f)
efi) = yi-n — b7 — )y, (96g)

b(i—1)+es()[g@| N+ 1)~
1—eiD)[gGIN + Dlye

g.(Q) = [g@| N+ 1] v +[g(@| N+ 1)]ns1b (), (961)
B = yrh( — 1), (967)
B*(i) = yh-1810), (96k)

_ &) = @OhG — 1)
1-g@ms*@ 7

b(i) = (96h)

g(0) (961)

and
h(}) = h(i — 1) — B()g(). (96m)

Notice that this algorithm can be applied only if i > N. Otherwise,
the least-squares variables of order N are undefined and cannot be
used to compute the same least-squares variables at the successive
time interval. Initialization of this algorithm can be performed, how-
ever, by using an order-recursive algorithm for { < N to increase the
order of the filter by one at each successive time iteration. An order-
recursive algorithm for the prediction coefficients is obtained by
combining (89), (66a), (67a), top components of (64a) and (64b), (66b),
(67b), (65a) and (65b), (82a), (88a), (84a), (92a), (71), (73b), (72), and
(74b). This algorithm is basically the same as the covariance lattice

* The author recently discovered that this algorithm has been independently derived
in Ref. 23 using an algebraic approach.
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algorithm presented in Refs. 7 and 19, except that additional order
recursions for the prediction vectors f and b have been added. It is
not explicitly stated in an effort to conserve space. Order-recursive
computation of f and b requires order N? arithmetic operations per
iteration, rather than order N operations per iteration, as required by
the fixed-order algorithm. Not all N components of the vectors f and
b need to be updated at each iteration for i < N, however. If data is
first received at time i = 0, the recursions listed above can be used for
n=0upton=1i At time i = N all of the variables that enter the
fixed-order algorithm (96) have been computed by the order-recursive
algorithm except for g(i), (i) and B*(i). The gain g(i) is the only
variable needed at the next iteration of the fixed-order algorithm and
can be computed by first using (96j) to calculate 8(i) and then using
(96m) to solve for g(i).

Derivation of initial conditions for the order-recursive initialization
routine is significantly more complicated than for the sliding-window
algorithm. This is because for ¢ = n, the matrix ®,;, is guaranteed to
be singular, and hence all variables are technically undefined. Refer-
ence 14 gives a convenient solution to this startup problem. By using
a generalized inverse of a singular or nonsingular matrix, the least-
squares projection operator P, given by (15), can be defined even when
the matrix S”S is singular. If this generalized inverse is defined
appropriately, it can be shown that the projection updates in Section
IV hold even when the covariance matrix is singular. This implies that
all of the recursions listed in the last paragraph that constitute the
order-recursive initialization routine can be used starting from { = 0
with the following initial conditions:

£(010) = b(0]0) = £1(-1]0) = h(-1]0) = 0, (97a)

k.(—1) =0, 1<sn<N, (97b)
v(=1]0) = v*(=1]0) = a(-1]0) = 0, (97c)
and
" _Jyo for n=0
ej(0|n) = {0 for n> 0. (97d)
At each iteration i < N,
e (i]0) = e(i|0) = y; (97e)
and
(i]0) = e(i]0) = (i — 1]0) + yi. (97f)

Counting division as multiplication, the algorithm (96) requires
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11N + 7 multiplies and 11N + 1 additions per iteration. To compare,
the unnormalized growing-memory lattice predictor (see Appendix B)
requires 22N multiplies and 12N additions per iteration. The normal-
ized lattice algorithm requires 30N multiplies, 18N additions, and 6 N
square roots per iteration. We point out that the fixed-order covariance
algorithm specified by (96) is not unique. In particular, equation (96c)
can be replaced by (81a). The extra recursion (93q) must be added to
compute v, however. This type of modification has been applied to the
fast Kalman algorithm, and has resulted in improved numerical prop-
erties.”

VII. EXTENSIONS TO JOINT-PROCESS ESTIMATION

The algorithms presented so far solve the LS prediction problem
wherein the sums (1) and (2) are minimized. In applications such as
channel equalization, echo and noise cancellation, and adaptive line
enhancement, two processes, {x;} and {y;}, are given, and our objective
is to estimate the {x;} process in terms of the {y;} process. The vector
of estimation errors is denoted as

n—1

Ex,i0+1(i|n) = Xi0+n,i - 2 cj+1|n(z_jYi0+n,i)
Jj=0

= Xi0+n,i - S,‘(O, n-— 1)0,’0+1(i| n), (98)

where X ; is defined by (23a), ¢;+1(i| n) is the n-dimensional vector
of regression coefficients at time i used to estimate X,; [given by
(4c)] where i’ = ip + n), and the lower time subscript of E, and ¢
denotes the time index of the starting value from the y sequence (i.e.,
¥i+1), which is used in the least-squares computation. Our objective is
to choose ¢;+1(i| n) such that

fx,i0+1(i| n) = | E; i+ n) || (99)
is minimized. The discussion in Section III implies that
Exv"o‘*‘l(i I n) = PI-'l:Ii(O,n—l)Xl})+n,i~ (100)

We now use the projection recursions in Section IV to derive order
and time updates for E,; (i| n) and ¢;(i| n). Details are again omitted
since they are basically the same as before. Combining recursions in
this section with the prediction algorithms of the last section results
in recursive algorithms that solve the LS joint-process-estimation
problem.

The following notation, which is analogous to the notation in
Section 5.1, is first defined:

1. Cross-correlation coefficient,

RECURSIVE COVARIANCE ALGORITHMS 2985



k21:,0) = (Xigtnis Boili|n))
= (Eyip1(0[n), Epi(i| n)). (101)
2. Current residual (scalar),
exipiln) = (u; E.; (i]n))
= x; — ¢f({| n)Yiln- (102)
3. Past residual (scalar),

ezipn(i1n) = (Ui, Eyipna(@] 1))

= Xigtn — Chos1(E] )Y igtnin. (103)
4. Oblique residual

eli(iln) = 2 — ¢i(i — 1 n)yiin. (104)

The following order recursions are obtained from (22):
E.. (i|n + 1) = E,u(|n) — ﬁl ‘i’(‘; Es(i| n), (105)

k&)
eip(iln + 1) = e nli|n) — T Ion) (106)
feali|n + 1l = 2000 (107a)
€,io(L ] n)’

and
[ei,(i]ln + Dlin = cira(@ n) — [ey(iln + D]nribi(iln).  (107b)

Derivation of the following forward time updates involves a straight-
forward application of (34) and (35), where Y; is replaced by X ,n,
and M; is replaced by M;(0, n — 1):

cili|n) = (i = 1[n) + eLi(i| n)gi(iln), (108)
. . 1
k1) = 10 — 1) + exipn(i] n)es;(i| n) 1= viuli|n)’ (109)
i+l
1

il = e, (i — 1 + el T — o (i’ 11
(i n) = €0 In) + exi(iln) 1= v,(iln) (1o
e34i1m) = e34i = 11n) = eqylilm) —LD (

1 — 7i(iln)

and
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exip(t] n) (112)

ealtn) =T Gm

Similarly, the following backward time updates are obtained from (43)
and (44):

. . . ex;,(i|n)

. = ¢ . > - , 113
cpiln) = eipnliln) + hi(ifn) 77— vEGIm) (113)
uiali1 1) = exililn) + e2,(if m) —2aldD_ (1)

X,10 Xl »lo 1 - 'Yz(il n) ’

; o g . . 1
kit () = ki) = el n)edililn) 75— TG’ (115)
and
1

w1 11) = ei(i|n) — eXh(iln) — . 116
it (111) = 6P| n) = eZi(iln) 7 T (116)

Combining (104), (108), (103), and (113) (in that order) with the
fixed-order sliding-window algorithm (93) gives the corresponding
sliding-window joint-process-estimation algorithm. Adding these ad-
ditional recursions results in a total computational complexity of
16N + 17 multiplies and 16N + 13 additions per iteration. This should
be compared with 23N multiplies and 14N additions per iteration
required by the unnormalized sliding-window lattice joint-process
estimator. Initialization of these additional recursions is accomplished
in a fashion analogous to the prediction recursions. In particular, the
data y; and x; is assumed to be zero for i < 0, and ¢;(—1|n) = 0.

The fixed-order growing-memory algorithm (96) is extended to the
joint-process-estimation case by adding the recursions (104) and (108).
The order-recursive prediction algorithm listed in Section 6.2 is ex-
tended to the joint-process-estimation case by adding the recursions
(105) (top component only), (109), (107), (111), and (113). In each
case the variable i, = 0. Adding (104) and (108) to (96) results in a
total computational complexity of 13N + 7 multiplies and 13N + 1
additions per iteration. This should be compared with 28N multiplies
and 16N additions per iterations required by the growing-memory
covariance lattice joint-process estimator. The following accomplishes
the initialization of the additional recursions for the order-recursive
algorithm:

kglx)(_l) = 09

1< , (117a)
c(—1|n) =0, Osns

N
N, (117b)

n<
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and

% _Jxo for n=20
ex(0fn) = {0 for n>0. (117c)
The fixed-order algorithm is initialized by using the order-recursive
algorithm for : < N.

VIH. CONCLUSIONS

We have presented new fixed-order algorithms that recursively solve
the sliding-window and growing-memory covariance least-squares es-
timation problems. The fixed-order growing-memory algorithm re-
quires approximately one half the number of multiplies and divides
required by the analogous unnormalized order-recursive or lattice
algorithm. The fixed-order sliding-window algorithm requires approx-
imately 70 percent of the number of multiplies and divides required
by the analogous lattice algorithm. These fixed-order algorithms also
help complete the list of computationally efficient LS algorithms
currently available. In particular, each type of windowing technique
that has been proposed for the LS computation (i.e., prewindowed,
growing-memory covariance, and the sliding window) has resulted in
both computationally efficient fixed-order and order-recursive algo-
rithms. The order-recursive algorithms offer the advantage of being
able to dynamically choose the order of the autoregressive model, while
the fixed-order algorithms require less computation.

Associated with the algorithms mentioned in this paper are per-
formance issues such as the relative convergence speed of each algo-
rithm given different types of stationary and nonstationary random
inputs, and the evaluation of finite word-length effects. As an example,
the relative performance improvement offered by LS covariance al-
gorithms over LS prewindowed algorithms has yet to be ascertained
in applications where the prediction coefficients must be estimated
from relatively few data samples. These issues will play a crucial role
in determining the practical value of the LS algorithms presented in
this paper.
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APPENDIX A
Derivation of (30)

We wish to prove (30). By definition,
PM‘ Yi = PMl.Y,' + PU,'PM‘-“_IYiy (118)

iti-1
where M is the subspace spanned by the column vectors of S;. Pro-
jecting both sides of (118) onto M; gives

PMiPMHi—lYi = PM;PMiYi + PMiPUiPMﬂ i—1Yi‘ (119)
Now Py, Y; lies in M;, and hence
PMiPM;I;_lYi = PM.‘|.‘-1Yi' (120)
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Also,
PuPyiY: = Si(STS:)™(S7S:)(S78)'ST'Y;
= Si(S?Si)_lg?Y;’

= PMi(Yi - PU‘YL) (121)
Combining (118) through (121) gives
PMl.Y,' = PM‘. Y; + PMEPUiP}I;',[i Y,'

li-1 li-1

=PM.

HI

Y + (Pumui)(u;, Py

o O (122)
Subtracting both sides of (122) from Y, and then taking inner products

of both sides with u; gives

(w;, Py Y:) = (u;, Py, Yi)[1 = (u;, Ppus)). (123)

Combining (122) and (123), and using the definition (31) gives (30).
[Ref. 24 gives a purely geometric proof of (30) for the case where M;
is spanned by one vector (as illustrated in Fig. 2).]

To derive the inner product update (35), we first rewrite (34) as
P){,[iY,' = P'(I'/inl\‘,[ili_lY,' + PUI.P]J\:[ lY,’ — PM,.ui( u;, PﬁY,) s'ecz(},-

ili=

= Pt,Py.Y: + ulu;, Py,

ili=1

Y,‘) - PMl,ui(ui, PhiY,-)seczﬂi

= Pt,Py.Y: + Phuiu;, PiY:)sec?;. (124)
Taking the inner product of both sides with v; and using the fact that
(vi, Piu;) = (u;, Pigv;) (125)
gives (35).
APPENDIX B

Other Recursive Least-Squares Algorithms

The recursions in Section V and VII are complete in the sense that
any of the existing computationally efficient LS prediction or joint-
process-estimation algorithms can be derived from suitable subsets of
these recursions. The purpose of this appendix is to illustrate this
point by listing the recursions that enter the prewindowed LS trans-
versal (fast Kalman) and lattice algorithms, the unnormalized sliding-
window and growing-memory covariance lattice algorithms,** and the
nonrecursive LS algorithm presented in Refs. 11 and 17. The list of
recursions presented below does not completely describe each algo-
rithm. For example, initialization is not discussed. Consistent steady-
state algorithms can be formulated, however, by choosing the time
indices and order of the variables in each recursion appropriately. The
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following algorithms apply to the more general joint-process-estima-
tion case (eliminating the recursions from Section VII gives the
analogous prediction algorithm):

1. Prewindowed transversal (fast Kalman) algorithm:! (60a), (77a),
(51a), (90a), (69), (60b), (93m), (68b), (104), and (108).

2. Prewindowed lattice algorithm* (See Refs. 18 and 16): (89), (64a)"
and (64b), (65a) and (65b), (72a), (109) and (105).

3. Sliding-window lattice algorithm:'*'¢ (89), (64a) and (64b), (65a)
and (65b), (72a), (73a), (91), (109), (105), and (115).

4. Growing-memory covariance lattice algorithm:!*'¢ (89), (64a) and
(64b), (65a) and (65b), (82a), (88a), (92a), (72b) and (72a), (73b), (74b),
(109), (105), (111), and (114).

5. Nonrecursive LS algorithm:

The following set of recursions, which represents a modified version
of the algorithm presented in Ref. 17, can be used to compute £(i | N),
b(i| N),and c(i| N), given by (4), in an order-recursive fashion starting
with first-order least squares variables at time i. Initialization consists
of computing these first-order variables via the definitions given in
Section V.

(78) (for computing h(i — 1| n)), (85) (for computing g:(i| n)), (79),
(86), (84a), (77b), (92a), (90b), (53), (66), (67), (65a) and (65b), (51b),
(61), (68), (71), (57¢), (72a), (73b), (103), (113), (101), (107).

Assuming that the covariance matrix ®x;x+; has been computed, a
more convenient form for (53) is

ka(i) = (Yo, Eo(i — 1|n — 1))
=YZL[z"Y.: — S{1,n — Db(i — 1|n — 1)]

11,17

n—1
=R, — X Rujb(i—1|n—-1)]; (126)
=1
where R; = Y2{27Y,;), and is the (1, j + 1)st element of ®,;+1.
Equation (101) can be similarly modified.
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Let x; be members of a stationary sequence of zero mean gaussian random
variables having correlations Ex;x; = 6%p'"7!, 0 < p < 1, ¢ > 0. We address the
behavior of the averaged product g,,(p, ) = Ex; x5 - - - Xgn—1%2,, a8 m becomes
large. Our principal result when ¢® = 1 is that this average approaches zero
(infinity) as p is less (greater) than the critical value p. = 0.563007169 .... To
obtain this we introduce a linear recurrence for the g, (p, o), and then con-
tinue generating an entire sequence of recurrences, where the (n + 1)-st
relation is a recurrence for the coefficients that appear in the nth relation.
This leads to a new, simple continued fraction representation for the gener-
ating function of the ¢.(p, ¢). The related problem with g,(p, ¢) = E|
%1 -+ Xn| is studied via integral equations and is shown to possess a smaller
critical correlation value.

I. INTRODUCTION

The problem that we consider in this paper is as follows: Let {x;}T
be a stationary sequence of zero mean, gaussian random variables with
covariances

pi=Exixj= %", 0<p<1,0>0; §,j=1,2---, (1)
L J

where E(-) denotes mathematical expectation. What is the behavior
of

*Bell Laboratories.
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duction is done without alteration and that the Journal reference and copyright notice
are included on the first page. The title and abstract, but no other portions, of this
paper may be copied or distributed royalty free by computer-based and other informa-
tion-service systems without further permission. Permission to reproduce or republish
any other portion of this paper must be obtained from the Editor.
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qm(p, 0) = Exlxz v Xom—1X2m (2)

as m becomes large?

In other words, the product in (2) is formed from samples of a gauss-
markov process that are taken at regular intervals. Only an even
number of samples is considered in (2) since an odd number would
result in a zero average.

Originally, the problem was conceived as a simple model for averages
of multiplicative structures having infinite memory between the fac-
tors of the product. Such products arise in the analysis of learning
curves for many adaptive systems, and for these problems one encoun-
ters products whose factors are noncommuting matrices. We felt that
the analysis of a simple problem, such as that described above, would
serve as a valuable guide to what results might be achievable for more
realistic situations. However as one may readily imagine, as soon as
the problem described in (1) and (2) was written down it became of
interest in its own right, consisting as it does of a simple question
about long familiar quantities.

Our principal result is that for large m the behavior of the average
product g..(p, ¢) in (2) depends on the relationship of p to a critical
value, p. = p.(c). If p < p., then g,,(p, o) will approach zero exponen-
tially fast; if p > p., gm(p, o) approaches infinity exponentially fast;
finally, if p = p., gulp, 0) — @u(c). We find for ¢ = 1, p(1) =
0.563007169391816 - - -, and g.(1) = 0.50900853 . ... A plot of p.(0) is
given in Fig. 1. All of these results were obtained from a continued
fraction representation for the generating function

Q(z, p, 0) = E;‘.O gm(p, 0)2™. (3)

Since gn(p, 0) = 6*"qm(p, 1), we have

Q(z, p, 0) = Q(z0”, p, 1), (4)

so it is without loss of generality that we will set ¢ = 1, Q(z, p) =
(2, p, 1), and gn(p) = gm(p, 1). By introducing a sequence of generating
functions, we show in Section II that

Q(z, p) = (5)
1-—pz

1-—2p%
1— 3p°z

1-"
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The value p!” is then the smallest p for which @(¢?, p) = , while the
value ¢..(c) is the limit as z — 1 of (1 — 2)Q(z0?, p.).

Since methods are as interesting as results, Section III presents
another approach involving integral equations for discussing the g,,(p)
behavior. Although this method is not rigorously justified for the
present problem due to a non-hermitian kernel, it is applicable to a

10

0.1

T T T T TTT

T

0.01 | | | I |
0 0.2 0.4 0.6 0.8 1.0 1.2

Pe (0?)
Fig. 1—Critical correlation value p.(o2) vs. variance o2

GAUSS-MARKOV VARIABLES 2995



related problem, the behavior of E | x; - - - x,,| as m — o [still assuming
(1)]. Using the integral equation we show that p., the critical value of
p for this new problem, is strictly smaller than the p. defined above.
This is of interest since it shows that the behavior of g.(p) is deter-
mined both by how large |x; --- x2.| is on the average, and by the
extent of cancellation between positive and negative values of g,.

Although we do not give the details here, it is not difficult to show
that for all p < 1, g.(p) approaches zero with probability one as m
becomes large.

I1. LINEAR RECURRENCES AND GENERATING FUNCTIONS

Given 2m zero-mean jointly gaussian random variables x; of unit
variance and correlations Ex;x; = p;, then a known formula’ states
that

Ex, --- 2om = 2 PiyigPigiy *** Piyyyioms (6)
all
pairs

where the unordered set {i;, ---, iom} is equal to the unordered set
{1, 2, .-+, 2m}. The sum in (6) is over all distinct, unordered pairs of
subscripts. That is, we do not count twice terms which differ only by
interchanging the values within one or more subscript pairs, nor do
we count twice terms which differ only by permuting subscript pairs.
Thus there are (2m)!/(2™m!) terms in the sum (6).

If we denote permutations of 2m objects by ¢(i): t — (i), i = 1,
2, .-+, 2m, then a succinct way of writing (6) when (1) holds is

2 la(2))=a(2j-1)|
j=1

2 p s (7)

2mm! UESzm

am(p) =

the sum in (7) being over all (2m)! permutations of S,,,, the group of
permutations of 2m symbols. Formula (7) shows immediately that
gm(p) >0if p > 0.

Now define go(p) = 1 and write

gm(p) = Z bs(p)qm—s(p), m=1,2 .. 8
s=1
We evaluate a few of the b,(p), writing for convenience b;(p) = b;,

q:(p) = g;. The evaluation is done from (8) by explicitly evaluating the
gm(p) as needed. A partial list of b;(p) follows:

bi=p
bz = 2[)4
b3 = 4p7 + 6p9
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by = 8p' + 24p™ + 18p™ + 24p™
bs = 16p™ + 72p™ + 108p'" + 150p"° + 144p%
+ 96p% + 1200%. 9

Equation (9) suggests the possibility that, for small p, only a few
terms in (8) would need to be kept for an accurate description of g,,,(p).
For example, keeping only one term yields

dm = pPGm-1, (10)

or g, = p™. Since Ex, x, = p, this approximation corresponds to treating
the successive pairs of gaussian variables which determine g, (p), via
(2), as independent. The next step after (10) would be to write

Gm = b1qm-1 + baGm_s. (11)

This equation, involving b, as well, would be a correction to the
“independence assumption,” but one involving only up to fourth-order
correlations, since, from (8) the highest average appearing in b, is
E(x,x:x3x,). Further corrections are obtained by including more terms
of (8), with higher order correlations entering.’

Assuming the b;(p) to be known, the natural procedure would be to
“solve” (8) using generating functions. We define these as follows: if
Yo, Y1, Y2, * - - 1s a bounded sequence of numbers, then the generating
function, Y(z), of the sequence is defined for complex z, |z| < 1, by

Y(2) = io vz (12)

Given Y(z), the y; are, in principle, uniquely determined. We assume
that the reader is familiar with the use of generating functions. If not,
consult Chapters XI and XIII of Feller.?

We define by(p) = 0, go(p) = 1, and call the generating functions of
the b;(p), and g;(p) sequences B(z; p) and Q(z; p), respectively. The p
dependence is explicitly indicated.

If we multiply (8) by z™ and sum from m = 1 to o (treating g, = 0,
m < 0 and b,, = 0, m < 0), we obtain the basic relation

1
1 — B(z; p)’

Equation (13) thus allows us to determine, in principle, the g,, from
the b,,. In particular, we have

Q(z; p) = (13)

*The above interpretation prompts us to advocate consideration of the ideas repre-
sented by (8) for analyzing more complex multiplicative structures, particularly when
connections to some sort of independence approximation are a natural thing to seek.
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el 1
m(p) = Q(L; p) = ———, 14
m2=1 anlp) = Q(L; p) = T—pa— (14)
and the critical value p. will be given by the equation
B(l’ pc) = E bk(pc) =1 (15)
1

Although we could work with the b,,(p) themselves, a more conve-
nient approach for finding p. numerically is to set up a continued
fraction representation for the generating functions Q(z; p), or equiv-
alently, B(z; p). It is this approach that we follow now.

Recall (8) defining b,(p). Since these b, coefficients are a numerical
sequence themselves, we can use the same reasoning that took us from
the g to the b, and use it to suggest going from the b, to a new set of
coefficients, b'?, via the following recurrence

k

bilp) = ¥ b2 (p)brslp), k=23, -, (16)

s=1
where we define by(p) = 0. The recurrence (16) yields

bi(p)z

B(z; p) = 1— B(g)(z; p);

(17)

B®(z; p) being the generating function for the 5% (p). To continue this
procedure with a uniform notation, we define

bP(p) = bs(p)
b (p) =0, m=1,2, ... (18)

and write
k

bi"(p) = T b (o), Ty

s=1

, 2, ..
2L a9
The corresponding sequence of generating functions are related by

b (p)z

(m)( . = — 1 M/Z
B'™(z; p) 1— B(m+1)(z; P).

(20)

We use this repeatedly in (13) and obtain the continued fraction
representation’

*The fact that this continued fraction does not terminate implies that Q(z; p) is not
a rational function of 2, and thus one cannot find a (finite-order) difference equation
for the g.(p). See Ref. 3, Theorem 99.1, p. 400.
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Q(z,p) = (21)

1- b2
1- b2

1-bP2

1-"

In (21) we have, for simplicity, written b{™(p) = b{™.
A relation which will be used later to aid in finding the 4™ follows
by setting k = 2 in (19), to obtain

b5 (p)
b (p)’
We can calculate some of the b!™(p) using the partial list of the

bi(p) given in (9) to derive several b(s'")(p) from (19). Using (22) we
then obtain

bV (p) = (22)

by =»p
b® = 29
b;3) = 3p5
b = 47
by = 5p°. (23)
The obvious guess that
b = mp™t, m=12 --- (24)

follows from a direct proof of the continued fraction given in the
appendix. Assuming (24) to hold yields the simple representation

1

Qz; p) = (25)
1—pz
1 - 2p%
1 - 3p%2
1 —
The accurate numerical value
pe = 0.563007169391816 - - - (26)

was obtained by using this representation along with (14) and (15).
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When P = Pc,

. 1
Go = llm gr(pc) = =—. 27)

; kbi(pc)

Using the computed value of p. and the definition of the b.(p), we
found numerically that

g~ = 0.50900853 - ... (28)
It was quite surprising to us that Q(z, p) turned out to be a new, but

simple, continued fraction.

IIl. INTEGRAL EQUATION METHOD

The purpose of this section is to introduce the integral equation
method and to show that p. < p., where p. is the critical correlation
value for the related problem involving E |x; - - - x,].

We begin by developing an expression for Ex; - - - x,. We have, from
the Markov property of the x; sequence,

Exy -+ x, =f fxnp(xnlxn-l)
- x1p(x1| %0)P(x0)dxp - -+ dxn,  (29)

where
1 2
=— —x%/2 30
d(x) o exp(—x°/2) (30)
is the standard normal density and

oL expl=(y — pp)¥/2(1 —
p(ylx)—mexp[ (y = p2)7/2(1 = p*)] 31)

is the generic form of the conditional densities occurring in (29).
Define a kernel K(x, y) by

K(x, y) = yp(y|x),

Kf(x) = _L K(x, ) f(y)dy.

Then (29) may be written in the inner product notation of Hilbert
Space

Exl e Xp T (Knlv ¢)3 (32)

where ¢ is the normal density (30), 1 is the unit constant fhnction,
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and K" is the nth iterated kernel. Now assume, heuristically, that K"
has the usual expansion

K™(x, y) = §1 A (i () (33)

in terms of eigenfunctions y;(x) and eigenvalues \; of K. Then
Ex, - - - x, would remain bounded, if, and only if, the largest eigenvalue
M = Ai(p) is less or equal to one; thus A(p.) = 1 would determine p..
Unfortunately there is no general eigenexpansion theory available for
K since it is not symmetric and is not symmetrizable.

Fortunately symmetry holds for the integral equation method when
one expresses E |x; - -- x,| via kernels. Define, in analogy to (32),

K(x,y) = | y| p(y|x). (34)
If we further define
Jix, )——((’%K(, ), (35)
where
= Vlx|exp(—x%/4), (36)
then
J(xy)=——le exp[ 11+ (x +y)]
’ V2r (1 = p?) 41— 2
-exp [1 pfypz] (37)
is a symmetric kernel.
As in (29),

Elx; -+ x,] =f fK(xn—la %n) K (%2, %n—1)
- K(xo, 21) ¢(x0)dxo - dxyn

=f...fdx0~--dan(xo,x1)

h(x,)
h(xo)

Y
_(J ) o
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Since oJ is symmetric and square-integrable, it is a Hilbert-Schmidt
kernel and so has a discrete spectrum. Further its maximum eigen-
value, A, is given by

Y
M= ST

Since JJ(x, y) = 0, we see that the maximum eigenfunction g = g(x) is
nonnegative and A > 0 as well. Further since h and ¢/h are nonnega-
tive, (h, g) > 0 and (¢/h, g) > 0 so that E|x; --- x,| = (J"h, ¢/h) —
o if and only if A > 1.

Define f, by

(39)

fo(x) = Vx| exp(—ax?/4), (40)
and note that from (39),
N> (Ifa, fo)/(fas fo)- (41)
Now
(for fo) = f | x| exp(—ax?/2)dx = 2/« (42)
and

-l
(mefn)_m . _wlxyl

. exp [— St +y?) + L2 2] dxdy, (43)
2 1—p
where
_1{1+ p*
C—2(1_p2+a>. (44)
Set y = xu and integrate over x to obtain
4 ® uldu
U £) = S [ 11—
Vor(l — p?) J-= (c(1 + u?) — Bu)
=2
6 - 1 — p2' (45)

Using Ref. 4 (p. 68, 2.175) we evaluate the last integral as
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N S S i]
(anu fa) m [A + A3/2 tan \/Z ,

(A = 4c® — % (46)

Setting a = 0.5, p = 0.55, we find that ¢ = 1.18369, 8 = 1.57706, A =
3.11738, (Jf., f.) = 4.0824, (f., f.) = 4, so that A > 1.012. Thus for
p=055 E|X; --- X,| = =, and p. < 0.55. We have seen that p. >
0.563 so the claim is proven.
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APPENDIX
Combinatorial Derivation of Continued Fraction

In this appendix we give a direct combinatorial proof of the contin-
ued fraction representation (25) of Q(z, p). This derivation is complete
in itself, but we preferred the method of the text for showing where
the continued fraction comes from. Qur starting point is the formula
(7). Let us define, for o € Sonm,

V(o) = § |a(2t) — o(2i — 1)]. 47)
i=1

Forl<k=<m,let
S(m, k) = {oc € Som:c(2m) = 2m,
c@2m — 2) =2m — 1,
c@2m —4)=2m -2, ...,
o2m —2k+2) =2m — k+ 1}. (48)
For k = 0, we adopt the convention that S(m, 0) = S,,.. We also define

__.1— Vi(s)
2" m — k)! UES;m,k) P (49)

so that u(m, 0) = q,,. (We take u(0, 0) = qo = 1, and u(m, k) = 0 for
k<0 and k> m.) Our key result is:

u(m, k) =

Lemma. If m=1,k =0, then
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u(m, k) = kp* u(m — 1, k — 1) + u(m, k + 1). (50)

Proof. We will prove this for 1 < k < m — 1, as the other cases are
easy. Let

S’ ={e € S(m, k):2m ~ k
€ {6(2m — 1), 6c(2m — 3), ---, a(2m — 2k + 1)}},
S” =8(m, k) — S’. (51)

If ¢ € S”, we construct a permutation ¢* € S(m, k + 1) by changing
the action of ¢ on four letters in such a way that V(s¢) = V(¢*) and
a*(2m — 2k) = 2m — k. To define o* precisely, let p and r be such that
{r, 2m — k} = {¢(2p — 1), ¢(2p)}. Then, if we associate to ¢ the vector
A(o) = (a(1), 0(2), - - -, 6(2m)), the vector A(c*) is obtained from A(s)
by interchanging the pairs {c(2m — 2k — 1), ¢(2m — k)} and {r, 2m —
k} so as to keep the same ordering in the first pair, but possibly
reversing it in the second, so as to have ¢*(2m — 2k) = 2m — k. As an
example,if m=5,k=3,and A(s) = (7,2,4, 1, 6, 8, 3,9, 5, 10), then
A(e*)=(4,1,2,7,6,8,3,9, 5,10). It is clear that ¢* € S(m, k + 1)
and V(¢*) = V(¢). Moreover, every 7 € S(m, k + 1) can be represented
in exactly 2(m — k) ways as v = ¢*, ¢* € S”. Therefore,

___1_.__ Vie)
DT —y GEZS” pV) = u(m, k + 1). (52)
Suppose now that ¢ € S’. Then 2m — k = ¢(2m — 2r + 1) for some
r, 1 < r < k. We now define a permutation ¢’ € S(m — 1, k — 1) as
follows: In A(o), delete a = ¢(2m — 2r + 1)(=2m — k) and b = ¢
-(2m — 2r + 2) and reduce the remaining entries that are between a
and b by 1, and those that are larger than max(a, b) = a by 2. As an
example,if m=5,k=3,and A(s) = (2, 1, 6, 3,5, 8,7, 9, 4, 10), then
A(e)=(2,1,6,3,5,17,4,8). The resulting vector clearly equals A(¢")
for some ¢’ € S(m — 1, k — 1), and each r € S(m — 1, k — 1) has
exactly k such representations. Further, V(¢) equals the sum of
(i) V(e¢"), (i1) a — b for the pair that was dropped, (iii) 2 for each of the
r — 1 pairs (c(2m — 2/ + 1), 6(2m — 2j + 2)) for 1 < j < r — 1, since
in each such pair ¢(2m — 2j + 2) > a, 6(2m — 2j + 1) < b, and finally
(iv) 1 for each of the k — r pairs (6(2m — 2j + 1), 6s(2m — 2j + 2)), r +
< j < k, since in each of them ¢(2m — j+ 1) < b, b < a(2m — 2j + 2)
< a. Hence,

Ve)=V(e')+a-b+20r—1) +k—r (53)

Buta=2m — kand b = ¢@2m — 2r + 2) = 2m — r + 1 from the
definitions of S(m, k), so

V(e) = V(') + 2k — 1. (54)
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Hence, we have
1

T &, P = ke ulm = 1, k= 1), (55)

< oES’

which proves the lemma.
We now can use the recurrence of the Lemma to derive the continued
fraction expansion of the generating function. Let

o

fk = fk(z) = Z u(m; k)zm’ k = 0, 1, ct Ty

m=0

which for the moment we regard as formal power series in z. Then the
Lemma gives us

fl = fO - 17 (56)
and for k = 2,
fr=Yulm, k—1z" = (k= 1)p* 2 Y u(m — 1, k — 2)z"

= fie1 — (B = 1)p™ 2frcs. (67)
Relations (56) and (57) show that for k = 0,
fr = sufo = 14, (68)

where so =5, =1,ro =0, r; = 1, and for k = 2 both s, and r, satisfy
the recurrence

X = xpm1 — (R — 1)p* 32x4s.

Hence the quotients r,/s; are the partial quotients of the continued
fraction R(z, p) on the right side of (25), and s; and r, converge as
k — oo to power series (in 2) s(z, p) and r(z, p), respectively, for which

r(z, p)
s(z, p)
On the other hand, since f; starts with a term involving zx, we conclude

that f;, converges to 0 in the ring of formal power series as k — oo,
Therefore, from (58),

R(z, p) = (59)

=220 g ). (60)
s(z, p)

Since f, = Q(z, p), we obtain the relation (25), at least in the ring of
formal power series in z. However, the continued fraction (25) is
clearly a meromorphic function of z for p fixed, 0 < p < 1, and it is
analytic at 0. Hence (25) holds as an equality among meromorphic
functions, and we can obtain from this the exponential decrease of the
gm(p) for p < p. and the exponential increase for p > p..
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A formal power series solution (i) x(t) = Xym*x.(t) is given for the
companding problem (ii) Bf{x(t)} = my(t), B{x(t)} = x(t), where B is the
bandlimiting operator defined by Bg = (Bg)(t) = [ g(s)[sin A(¢t — s)]/[#(t —
s)]ds and f(t) has a Taylor series with f(0) = 0, f’(0) # 0. Expressions for the
x are given in terms of the coefficients of f, and operations on ¥, and in a
different form in terms of the coefficients of the inverse function ¢, ¢{f(x)} =
x. A series development is given for a bandlimited z(t), Bz = z, such that the
solution of (ii) is given by x = B¢ (z). Also a series development is given for
the “approximate identity”, x = B¢ {Bf(x)}, where x = x(t), Bx = x, which is
shown to be a good approximation to x for fairly linear f(x), not necessarily
having a Taylor series expansion. As an example of one application of the
results, a few terms are given for correction of the “inband” distortion arising
in envelope detection of “full-carrier” single-sideband signals. The results
should prove useful in correcting small distortions in other transmission
systems. Finally, it is shown that the formal series solution (i) actually
converges for sufficiently small | m |. This involves proving that the compand-
ing problem (if) has a unique solution for arbitrary complex-valued y(t) and
complex m of sufficiently small magnitude, the solution x(¢; m)-being, for each
t, an analytic function of the complex variable m in a neighborhood of the
origin. It is a curious fact, as shown by an interesting example, that the series
(i) may converge for values of m for which it is not a solution of (ii).

I. INTRODUCTION

Suppose x(t) is a bandlimited signal whose Fourier transform van-
ishes outside the interval [—), A]. If such a signal is instantaneously

* Bell Laboratories.
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distorted by a nonlinear (companding) function f(x), the distorted
signal f{x(¢t)} will, in general, have frequency components outside the
interval [—\, A]. If the out-of-band components of the distorted signal
are removed by ideal low-pass filtering, the result is a bandlimited
signal y(t) whose Fourier transform agrees with that of f{x(¢)] over
(—A, ). How, and under what conditions, may x(t) be recovered from
y(t)? When the signals are real-valued, this is known as the compand-
ing problem of Landau and Miranker (Refs. 1 and 2), hereafter referred
to as the r.v. companding problem. Before stating their result, and our
purpose, we introduce some notation.

The symbol %,(\) will denote the subspace of Ly = Ly(—, ) whose
elements are those (square-integrable) functions whose Fourier trans-
forms vanish outside [—A, A]. Associated with this subspace is the
bandlimiting operator B,, defined for g in L, by

Byg = (B\g)(t) = f 2(s) M——S) ds.

— W(t - 3)
The Fourier transforms of g and B,g agree over (=), ), the transform
of the latter vanishing outside [—A, A]. In the language of Hilbert
space, B\ g is the projection of g on %,()), being the best approximation
to g in the subspace %,(N). In case g belongs to %»()\), we have

Byg=g.
It follows that
Big=Bxg, g in L, n=12 ---.

The operator B, may be applied also to functions belonging to L,, 1 <
p < ; i.e., to functions g satisfying

o0 1/p
lgll, = {L Ig(lt)l"dt}> <o (l<p<om).

Here the notation | g, designates the norm of g in L, or simply the
L,-norm of g. The space L. consists of those functions g whose
magnitude is bounded on the real line, their norm | g|. being the
“essential supremum” of | g(¢) |, which for functions we will be dealing
with here, is simply the maximum value of |g(¢)|. The operator B,
may not be applied to an arbitrary bounded function, since the
associated integral may not converge. However, the integral may
converge conditionally for a large class of functions; in particular,
B,g = g, for any constant function g.
The operator B, is a “contraction” operator on L,; i.e.,

I Brgllz < llgla,
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with equality attaining only for g in %»()\). This follows from Parsev-
al’s theorem and the definition of B,.

Applying Schwarz’s inequality to the integral equation denoted by
B,g = g, we obtain the useful inequality

lglle < VA/m llgllz, & in Za(N).
Also, it is easy to show from the integral equation that
lim g(t) =0, g in %M.

t—t
We shall also make use of the high-pass operator H), defined by
H)\ =1- BM

where I is the identity operator. H, is an identity operator for functions
h of Ly whose Fourier transforms vanish over (=X, A), and it is also a
contraction operator on L,,

IHxgllz < 11812,

with equality attaining only for H,g = g, i.e., for B,g = 0. (In these
operational equations, 0 is interpreted as the null function.)

It is clear from the operator definitions and the associated Fourier
transform relations that any function f in L, has the decomposition

f=g+h,
where
g= B)\f, h = H)\f.

Since A will be fixed throughout the paper, we will, except where
emphasis is desired, simply write B, H, and %, for By, H\, %.(}\),
respectively.

Now, using our notation, we may state the important result of
Landau and Miranker as follows:

Theorem (Landau and Miranker): Let f(x) be a real-valued function of
the real variable x, satisfying
(@) f(0)=0

@) oO<m<sf(x) Sm<ox, (—o0 < x < ).

Then to each real-valued y in %, there corresponds a unique x in %s,
also real-valued, satisfying

(iit) Bf(x) =y.

The solution x of (iit) may be obtained as the limit of the sequence of
approximants {x,} defined iteratively by

(lv) Xn+1 = Xp — CB{f(xn) - y}a
provided only that x; is a real-valued function in %, and the real
constant c is so chosen that
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(v) max|l —c¢f'(x)| <sr<1.

The beauty of this result is that, under the hypotheses on f, every
(r.v.) y in %, has the representation (iii) where x is a unique (r.v.)
function in %,. In some r.v. companding problems of interest, f(x)
may not be defined outside some interval and/or the condition on
f’(x) may not be satisfied over the whole real axis, but rather over
some interval including the origin. Then the conclusion will apply only
to y of sufficiently small norm. In such cases, the companding problem
has two essentially different interpretations. The first is the recovery
problem: y is known to be of the form (ii); recover x. The second is
the design problem: y is a prescribed (desired) signal; find x, if possible,
so that y is given by (iii). In this case, one is faced with the problem
of determining for what y the problem has a solution.

The speed of covergence of the iterative solution of Landau and
Miranker is a matter of practical concern. They show that

| Xne1 = 2 llz < rllxn = Xn1ll2.

Then the constant ¢ in (v) should be chosen to make r as small as
possible. Assuming that equality may attain on both sides in (it), one
should choose

2 giving r me — m
c=——— ivin =,
’ me + m,

my; + me
Thus rapid convergence is assured if (m»/m,) is not much larger than
1. If this is not the case, a large number of iterations are, in general,
required to obtain a close approximation to the solution of the problem.
In a practical implementation of the iterative scheme of solution (Ref.
1), the ideal bandlimiting operator is replaced by an approximate
operator, incurring a certain delay, in addition to (eventually) signifi-
cant spectral distortions, with the result that the sequence {x,} will
not converge to the solution x. Thus, in practice, the number of
iterations to be performed is limited both by practical and theoretical
considerations. The conclusion is that good approximate solutions to
companding problems may be conveniently obtained in practice only
in those cases where the companding function f(x) is fairly linear over
the range of x(t).
We should remark at this point that there is only one known
(nonlinear) r.v. companding problem (see Ref. 3) admitting of an
explicit noniterative solution; viz.,

Bllog(1 + x)} =y, x> -1, x in %,
which has a solution if, and only if, the function®

¥ Here we are applying the B operator to a function not in L, the proper interpretation
being w = 1 + B{—1 + exp(-)}.
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w(t) = Blexp 1/2[y(¢) + (1)1},

where ¥ is the Hilbert transform of y, extends as a function zero-free
in the upper half-plane, which will be the case if | ¥ ||; is sufficiently
small. Then the solution is given by

x(t) = |w(t) |- 1.

Motivated by the above considerations, pure curiosity, and the fact
that in many cases of practical interest the companding function and/
or its inverse can be well approximated by a polynomial of low degree
over the range of interest, we are led to consider the case where the
companding function has a Taylor series expansion, allowing the
possibility of developing a corresponding series solution to the prob-
lem. To obtain the terms (1st order, 2nd order, etc.) in the series
solution it is convenient to multiply y by a scalar parameter m, and
consider the problem

Bf(x) = my (1)
to be solved for x in %, given y in %, for companding functions
f(x) = X bex", | x| < Ry (2)
1
by # 0.
For sufficiently small | x|, f will have an inverse ¢,
x = ¢f f(x)}
¢(y) = X ay’, |yl <RE 3)
1

We assume that the solution x = x(¢; m) of (1) has a series expansion
in the parameter m,

x(t; m) = i mPx,(t), (4)

where the x,(t), aptly described as kth order corrections, (not to be
confused with the Landau-Miranker approximants) depend only on
y(t) and f. Presumably, in cases of small distortion, a few terms of the
series would give a satisfactory approximation to the solution.

Explicit expressions for the first five of the x.(t) are given in the
sequel, first in formulas involving the coefficients of ¢, and next, the
coefficients of f, together with certain operations on y. These formulas
reveal how the Fourier transforms of the x,(t) may be calculated from
the Fourier transform of y(¢), if this be given.

Next, we find a series development of z in %,
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AD) = 26 m) = $ mhzy(t) 5)

such that the solution to (1) is given (presumably for sufficiently small
|m|) by

x = B¢(2). (6)

We find that z; = y, 2, = 0, and in case a, in (3), or b, in (2), vanishes,
we have, in addition, z; = z, = 0. That is, under certain conditions,
z = my, implying that Bé{Bf(x)} is an “approximate identity” (=x) for
x in %,, especially if f is odd and fairly linear, or if x(t) is a predomi-
nantly low-frequency function.

To further investigate the approximate identity, we introduce the
parameter m again, and obtain expressions for u, in

BolBf(mx)} = 3 mhuy  x in B 0

To see how interchanging f and ¢ affects the approximate identity, we
compare u;, with v, in

Bf(Bo(mn)} = X mbu,  xin By ®)

As expected from the series development of z, we find u; = v, = x, and
us, = v, = 0. Further comparisons [with the same m in (7) and (8)]
should be made for the case f'(0) = ¢’(0) = 1. For this case, we find
us = v3 = 2b3B(x- Hx?), which may be small if b, is small or if Hx? is
small. In case b, = 0, we find u, = v, =0 for k = 2, 3, 4, and us =
vs = 3b3B(x?%. Hx®).

These series developments of the approximate identity suggest that
it would be useful in obtaining an approximate solution to the r.v.
companding problem for fairly linear companding functions, not
necessarily having a Taylor series expansion, but merely satisfying
f(0) =0 and

0<m < f'(x) my < oo, (—o < x < ), 9)

Compelled by this suggestion, we digress in the Appendix to show for
such f that

lx = Bo{Bf(x)}ll2 < vllxll,  x in B, (10)

where

62 ms

= =T,
+e ° m

(Note that v = 1/8 for my/m; = 2.) Thus in many companding

Y
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problems, B¢(y), involving only one filtering operation, would be an
adequate approximation to the solution x. We go on to define an
iterative procedure, involving both f and its inverse ¢, obtaining
approximants converging to x for v < 1, offering an alternative to the
solution of Landau and Miranker in cases where (my/m,) < 3 + 242,
In any case, B¢(y) is suggested as a good choice for x; in their iterative
solution. We note, in leaving this topic, that the inequality (10) is
invariant to the interchange of f and its inverse ¢.

Returning to the series solution, we apply the results to the problem
of compatible single-sideband transmission (Ref. 4), obtaining a few
terms for correction of the “in-band” distortion arising in envelope
detection of “full-carrier” single-sideband signals.

Although the original intent of the work here was to obtain expres-
sions for the first few terms of the series solution (4), supposedly
adequate for correcting small distortions, the mathematical question
naturally arises in the end as to whether the series actually converges
for sufficiently small |m| (or equivalently, for [m| = 1 and || ¥ |
sufficiently small), or whether it is merely an asymptotic series. It is
indeed a pertinent mathematical question, since the expressions for
the xx(t) were obtained by purely formal manipulations of power series
and application of the operators B and H. The resulting expressions
become progressively cumbersome and complicated, with no obvious
general form, offering no possibility of establishing (from them)
bounds on | xx(t) | which would ensure convergence of the series. The
remainder of the paper is addressed to the problem of establishing the
convergence of the series.

If we suppose in the r.v. companding problem that the series con-
verges for real-valued m of sufficiently small magnitude, then it would
also converge for similar complex m, suggesting that the companding
problem [for fixed y(¢)] would have a solution for all complex m of
sufficiently small magnitude. This, in turn, suggests that the problem
would have a solution for arbitrary complex-valued y(t) in % and all
complex m of sufficiently small magnitude, depending on f and the
norm of y. That this is a fact has been established previously (Ref. 3)
only for complex-valued y(t) whose Fourier transforms vanish outside
[0, A], (or [—A, O]), the Fourier transform of the solution x(t) having
the same property. In this case (with m = 1), the solution is given by
x = B¢(y) for y of sufficiently small norm; i.e., in case the Fourier
transform of x(¢) vanishes outside [0, A], (or [—X, 0]) the “approximate
identity” is an exact identity,

x = Bo{Bf (x)} = o{f(x)}

for x of sufficiently small norm. This result can be explained, roughly,
by the fact that nonlinear (analytic) distortion of such x(t) does not
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produce both “sum and difference” frequency components, but only
“sum” components.

In order to prove that the series solution actually converges for
sufficiently small | m|, we show that the companding problem (1),
where y(t) is an arbitrary complex-valued function in %, has a solution
x(t; m) for all complex m of sufficiently small magnitude, this solution
being, for each fixed t, an anaytic function of the complex variable m,
from which it follows that the solution has a Taylor series expansion
in m; ie.,

x(t;m) = i mFxi(t), |m| < my. (11)
1

To obtain this result, we first have to establish for the complex-
valued (c.v.) companding problem the analogue of A. Beurling’s
uniqueness theorem (see Ref. 1) for the r.v. companding problem.

We then examine in detail a specific problem illustrative of the
theory and some of its nuances; viz., the problem (taking A = 2 for

convenience)
x sin 2t
B{l_x}—m 5F (12)
for which the solution is (at least for sufficiently small | m|)
sin 2t sin t\”
= ‘m) = 2 - B2

x = x(t;m) = 2B o1 B ( ; ) , (13)

where
B8=m/(2 + m).

The rather surprising revelation of this example is that, although the
series expansion in m of x(¢;m) converges, uniformly in ¢, for [m| <
2, it is not a solution of (12) for all such m. Furthermore, one might
reasonably assume that (13) is a solution of (12) for all m other than
—2, but this is not true either. As an illuminating exercise, we deter-
mine precisely the set of m for which (13) is a solution of (12).

Il. THE INVERSE SERIES METHOD

To obtain a series solution to (1), we first think of recovering from
y(t) the out-of-band components of f{x(t)}, so that we might apply the
inverse function ¢ to the whole in order to recover x(t) = x(¢;m). We
have

fx@®)} = my(®) + h(0), (14)
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where h(t) = h(t;m) is some unknown “high-pass” function satisfying
Bh(t) =0 (15)

and hence
x(t) = ¢imy(t) + h(¢)}. (16)

It is convenient at this point to introduce the high-pass operator
defined by

H=1I1-B, 17)
where I is the identity operator. Thus applying H to (16) we have
Hep{my(t) + h(t)} = 0. (18)

We would like to solve (18) for h(t), which we think of as small in
cases of interest.
Now we assume that

&(y) = Y apy® for sufficiently small | y], (19)
1

a # 0
and that in (16)

h(t) = h(t;m) = 2 mPh(t), Hhy, = hy, k=2, (20)

x(t) = x(t;m) = ¥ m*x(), Bu=2x k=1,  (21)
1

where hy(t) and xx(t) do not depend on m.
We want to expand ¢{my(t) + h(t)} as a power series in m. To do
this it is convenient to write

my(t) + h(t) = 3 mPhu(2), (22)
1
where we identify
YO =) in B. (23)
Then we write
p {i mkhk(t)} = Fmit) = 3 m*Fy(t). (24)
1 1

For convenience we suppress the variable ¢ and write simply xx, hx, F.
In terms of the coefficients a; in
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o(y) = 21‘, ay®,

we find, equating coefficients of m* in (24),
F,=ah
Fy, = a1hy + axh?
F3 = ayhs + ax(2hhs) + ash}
Fy = ajhy + ax(2hihs + h3) + a3(3h3hs) + asht
Fs = ayhs + as(2hihy + 2hshs) + as(3hihs + 3h,h3)
+ a4(4h3hy) + ash}
Fs = athe + a2(2hihs + 2hshy + h3) + as(3hihy + 6hihohy

F7 = 01h7 -+ 02(2h1h6 + 2h2h5 + 2h3h4)

+ a3(3hihs + 6hihohy + 3hyh3 + 3h3hs)
+ as(4h3hy + 12h3hohs + 4hyh3)
+ as(5hihs + 10h3h3) + as(6hShs) + a;hl

Fs = ayhg + as(2hahy + 2hshs + 2hshs + hi)
+ a3(38hihs + 6hihshs + 6hihshy + 3h3hy + 3hoh3)
+ as(4hihs + 12h3hohy + 6h3h3 + 12h,h3hs + hi)
+ as(5hthy + 20h3hohs + 10h3h3)
+ ag(6h3hs + 15hih3) + a:(ThShy) + agh?

Fy = a;hg + ax(2hihg + 2hshq + 2hshe + 2h4hs)
+ a3(3h3hy + 6hihghe + 6hihshs + 3hihi + 3h3hs
+ 6hohshs + h3) + au(4hihe + 12h3hohs + 12h3hsh,
+ 12h,h3hy + 12hhoh3 + 4h3hs) + as(5hihs

+ 30h§h2h3 + 20h?hg) + a7(7h‘fh3 + 21h?h§)
+ ag(8hihs) + ash?
Fio = a1hyo + a2(2hihe + 2hohs + 2hsh; + 2hshe + hE)

+ 03(3h%h8 + 6h1h2h7 + 6h1h3h6 + 6h1h4h5 + 3h§h6
+ 6h2h3h5 + 3}1«2,7,2 + 3h§h4) + 04(4h§h7 + 12h%h2h6

(25.1)
(25.2)
(25.3)
(25.4)

(25.5)

(25.6)

(25.7)

(25.8)

(25.9)
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+ 12h%hshs + 6hihi + 12h.h3hs + 24hihohshy + 4hih3

+ 4h3h, + 6h3h3) + as(5hihs + 20hihshs + 20h3hsh,

+ 30h?hih, + 30h%h.hi + 20k h3hs + h3) + ag(6hdhs

+ 30hthohs + 15h1R3 + 60h3h3hs + 15h3hY)

+ a.(Th$h, + 42h%hohs + 35hih3) + as(8hihs

+ 28h%h3) + ao(9h8h,) + aiohi®. (25.10)

In general the coefficient of a,, in the expansion of F,, consists of sums
of products of the h, corresponding to partitions of n into m parts.
The coefficient of the product is m! divided by the product of the
factorials of the exponents of the h, (the multinomial theorem). For
example, in Fyo the coefficient of a5 is found by writing down the
partitions of 10 into 5 parts and proceeding thus (see Table 24.2, Ref.
5):
14, 6 — hihg coef. =51/4! =5

1%,2,5  hihohs 5!/3! =20
1%,3,4  hihsh, 5/3! =20
12,24, 4 hihdh, 51/212! = 30
12,2, 3% hihohi 51/212! = 30
1,253  hhdhs 5!1/3! =20

28 h3 51/5! = 1.

Now we may obtain a formal series solution (21) by successively
solving for the h; by requiring

HFEW(t) = 0, k=12, -.. (26)
and setting
xi(t) = BF(t) = Fi(t), k=12, .... (27)

Recall that hy = y, the given bandlimited (low-pass) function, and all
the other h,, are high-pass functions. We have Hh,, = hy, k = 2 and

HF1 = athl =0 (28.1)
HF2 = a1h2 + ath% =0

hy = — 2 Hp2 (28.2)

(431

 Actually, for k = 2, h, is a bandpass function whose Fourier transform vanishes
over (=), A) and outside [—k\, kA]. This can be seen from (28.1)-(28.k).
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HFa = a1h3 + 202H(h1h2) + (13th1; =0

hs = 212 H(h,-Hh2) — Z—j Hh}
HF, = a1hy + a,(2H(hyhs) + HRE3) + 3a;H(h3hs) + aHhi = 0
he = — @ Hihy-H(hy - HR)] + 222 2“2“3 H(hy- HE)
3(12(13

H(Kh3-HR}) — Hh‘{*

- ("—) H{(HR)Y +
ax
HF5 = a1h5 + a2[2H(h1h4) + 2H(h2h3)] + 03[3H(h2h3)

+ 3H(h,h3)] + 4a,H(hthy) + asHAS = 0

8(1 2 4(1 2(13

hs = — H{h1 H{h,-H(h,- HR)]} —

Hlhy-H(h,- Hh})]

2a2 60203

+ = Hi- (HY] -

Hihy-H(h3-HRD)]

4(12

2“2"“ 2% H(h,-HhY) + —2 H[(th) H(hy-HR))]

2“2"3 2959 pl(HR2)-HR] — 6“2“3 2959 pih3. H(h,- HRY)]

3(13 3(12(13

H(h2 HK) — Hlh,-(HR3)?]

4(12(14

H(h}-Hh?) — Hh?.
a
Now replacmg h, by y we have from (25), (27), and (28)
X, = BF] =my
Xo = BF2 = agBy2
x3 = BF; = 2a,B(yh,) + asBy®
=- % B(y-Hy? + a3By*

x4 = BF; = a3(2B(yhs) + Bh3) + 3asB(y*h,) + a;By*

4a3
— 2% Bly- H(y-Hy")] - 222 B(y. Hy)

(28.3)

(28.4)

(28.5)

(29.1)
(29.2)

(29.3)
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3
3
+ 2 B(Hy)? - R B(y%Hy) + aBy* (29.4)
1

xs = BF5 = as[2B(yhs) + 2B(hshs)] + 3a[B(y*hs) + B(yh3)]
+ 4a,B(y°hs) + asBy®

8 4
= ~ ~% Bly-Hly-H(y-Hy")} + 295% By HyY)

2

- ﬂ Bly-H(Hy)?] + 22 Bly.H(y®. Hy?)]
2a.a

- S Bly-Hy') - ai BI(Hy")-H(y- Hy")]
2a2a3

205% pr(Hy?). (Hy")] + S22 Blye. H(y. Hy)]

3a3 3
0 By Hy') + ‘22;3 Bly- (Hy"?

4(12(14

B(y®-Hy?) + asBy°. (29.5)

If in (29) we replace the H operator by I — B and collect terms we
obtain

X1 = 4y (30.1)
Xo = a2By2 (30.2)
2a} 203
x5 = —2 B(y-By?) + <a3 - ﬂ) By? (30.3)
a a
9 4a] 2a.0, 3
Xy = —% B[y B(y-By")] - 2 B(y-By®)
1 1
+ “—2 B(By?)? — (Gi 3“2“3) B(y*-By?)
ai ay a,
+ (a4 _ 2a:09 5“2) By* (30.4)
a; 01

x5 = 8—"3 Bly-Bly-B(y-By})]) + (4“2“3 8‘“) Bly-B(-By")]

6ala: _ 12a 2a%
+( ) Bly-B(y*-By)] + ¢
ai a1

ax
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By-B(By?"] + (3"2"3 - ‘;i) Bly-(By*?]

ai

2 10a3
+ < Aoly _ 02(13

1002
p pe pe )B( -By*) 2o B[(B %)

-B(y-By%] + (6‘;203

2%) 1y By By

2a§a3 4ai
+ ( e e ) B[(By®) - (By®)]

1 1

4 <3a§ 12a3a; 12a2> B(y*-By")

o a?

+ (4a2a4 _ 2Oa2§a3 ZOaZ) B(5*-By?)
a; ay a

2 14a3
. <a5 _ o | 2alay  laf 3as) By, (30.5)
a; ai a !
Note that if y belongs to %()\/n), then By* = y* fork=1,2, --- , n

In this case we will have x, = a,y". So the sum of all coefficients in
the expressions for x,, must be a,. If ¢ is an odd function these formulas
simplify considerably. It is rather curious that if a, = 0, az # 0, the
coefficient of B(y%-By?) vanishes, whereas the coefficient of B(y?-
By?®) does not. The coefficients in (30) are more simply expressed in
terms of the coefficients in the power series for f as we see below.

Ill. FORWARD SERIES METHOD
We can also solve (1) in the “forward” direction by writing

Bf(mx; + m%t; + m®xs + ---) = my, (31)

where
Fx) = 2 bt (32)

Then applying the expansion (24) and (25) to f(¥ m*x.) we have,
equating coefficients of m*,

Bb1x1 =Y (33.1)
Bb1x2 + Bbzx% =0 (332)
Bb1x3 + Bb2(2x1x2) + Bb3x§ =0 (33.3)

Bb1x4 + Bb2(2x1x3 + x%) + Bb3(3xfx2) + Bb4x‘f =0 (33.4)
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Bb1x5~= Bb2(2x1x4 + 2x2x3) + Bb3(3x%x3 + 3x1x§)

+ Bba(4x3x.) + Bbsx} = 0. (33.5)
Then solving (33) successively for x;, (Bx, = x;), we have
= y/b; (34.1)
by
Xo = — 73 By (34.2)
1
2b%
x3 = —% B(y-By?) — (34.3)
1
b3 2b,b
n = = 5 Bly-B(y-By)] + =5 B(3-By)
(34.4)
3
b B(B 2)2 3b2b3 B( 2, 2) _ b_;B 4
8bs 4b4
% =7 B{y-Bly-B(y-By’)]} + =5 B[(Byz) B(y-By?)]
B[y B(By*?] - bg 2 Bly-B(y-By%]
6b b 2b%b
5 Bly-B(y*By")] — == BI(By")-(By")]
6b2b 3bdb
- = Bly*B(y-By)] = = Bly-(By*)
+ 2b27b4 B(y-By") + 4bsb, B(y*-By?)
b{ bl
+ 3—23 B(y®*.By?®) — b—‘z ByS. (34.5)
b] b8

These correspond to the solutions for the h; in (28) with H and B, and
a’s and b’s interchanged, except here x; = y/b; as compared by h; =
in (28). They agree with the formulas in (30) according to the identities
in reversion of series (see 3.6.25, Ref. 5)

b, =1 (35.1)
adb, = —a, (35.2)
alb; = 223 — mas (35.3)
alby = baia.a; — alay — 5a3 (35.4)
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adbs = 6alasas + 3alal + 14af — adas — 21aia30s (35.5)
allbs = Tadasas + Tadaza, + 84aiada; — atas

— 28a%a.a% — 42a3 — 28a%ala, (35.6)
ai®b; = 8ala.as + 8atazas + 120alada,

+ 180a%a3a? + 13248 — ala; — 36adaias

— 72030030, — 12a3as03a5 — 12a3a3 — 330a,adas.  (35.7)

Of course the a’s and b’s may be interchanged in (35). Actually the
expressions for x; in (34) are analogous in a way to the coefficients a;
expressed in terms of the b, as given by (35) (with the a’s and b’s
interchanged). That is, if it were not for the B operator in eq. (33.k),
we would have simply x;, = a,y* according to the determining equations
for the inverse coefficients. Because of the B operator, successive
solutions for the x, generate powers of y interposed with B operators
and powers of {B(-)} in all combinations so that, for example, in x5 we
have a number of terms with coefficients b3bs/b% that combine only
when B is replaced by I to give —21b3bsy®/b8, corresponding to the last
term in (35.5). Note if all the b, = 1, the sum of the integer coefficients
in x, is (—1)"*! as this is the case y = f(x) = x/(1 — x), x = ¢(y) = y/
(1 + y). Note also that in the expression (34.5) for x5, for example,
there are five groups of functions with common “b” coefficients. These
combine with certain weights, depending only on the coefficients of
f(x), to give x5. Similarly, in the expression (29.5) obtained from the
inverse function, there are again five groups of functions with common
“a” coefficients that combine with certain weights, still depending
only on the coefficients of f(x), to give x5. The interesting and rather
puzzling fact is that the groups are not identical but overlap.

IV. A SOLUTION OF THE FORM x(t) = B{z(t)}, z in B

For the solution to (1) we have x = ¥ m*x,, where according to
(25) and (29), we have

0n=ay
X2 = ayhy + ayy? = ayBy?
%3 = ahs + 202hs + asy® = 20:B(yh) + a:By°.
Since
o(my) = aymy + aom®y? + azm3y® + ...,
we see that x = B¢(my) + .£(m®), m — 0. Then setting m = 1 (with y

sufficiently small) we can conclude that
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x=Bo(y) + 2(y%), y—0. (36)

At least as y — 0, B¢(y) is a better approximation than ¢(y) = x +
H(y?). Also B¢(y) could be a good approximation to x without y being
small, as would be the case if y were a predominately low-frequency
function (compared with its top frequency). This suggests that given
y in (1) we determine a bandlimited function z, perhaps close to y,
such that the solution to (1) is given by

x = Bog(2). 37)

To determine a series solution for z we set

o

zZ = 2 kak, BZk =2 (38)

1

and expand ¢(z) in a power series in m:

dp(mz, + m%2 + m®z3 + --.) = Y m*F,. (39)

~V 8

The F}, are given by (25) with z, replacing h,. The difference now is
that the F), are bandlimited to [k, kA], i.e., ¢(z) is not bandlimited
(in general) with z in %,. However, we must have

BF}, = xp, (40)

where in terms of operations on y the x; are given conveniently by
(29). We have

B(1121 =X1=aq)y (41.1)
Blaizz + a:2%) = x» = a,BY* (41.2)

2 2
B(a12s + 2a2120 + a32?) = x5 = — -a% B(y-Hy? + asBy® (41.3)
1
Blaizs + a2(22125 + 22) + a3(3z%22) + aszl] = x4

4a2 Q203

=— B[y H(y-Hy*] —

B(y-Hy?®)

3
+ % B(Hy2)2 00203 2% By 2 Hy2) + a4By (41.4)
1
Blaizs + as(2z124 + 22023) + a3(3zlz3 + 32423)
8 4
+ ay(d2izy) + as2f] = x5 = - % B{y-H[y-H(y-Hy%]}

4(1 203

Bly-H(y-Hy®)] — — B[y H(Hy*?]
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6(1 203 a2a4

—— B(y-Hy")

Bly-H(y*-Hy®)] —

_ & BI(Hy")-H(y-Hy"] + 2% B(1y%). (Hy")]

6“"’““ 8939 prye. H(y-Hy?)] - 2% B( 2. Hy¥)

3(1 2(13 a2a4

4

Bly-(Hy*?] — B(y*-Hy?) + asBy". (41.5)

Solving these equations successively for z, we find

2=y (42.1)
2= (42.2)
2y = ii B(y-Hy?) (42.3)
2= B[y H(y-Hy)] — a" B(y-Hy") + B(Hy2>2

- 2088 ey + 222 B[y B(y-Hy)l. (42.4)

3

The first and last terms in (42.4) combine (H + B = I) to give 471‘13—2
1

B(y?-Hy?), which then combines with the fourth term to give

2% B(y-Hy?%

1

2z = % (403 — 3a,a35)B(y*-Hy?) —
1

3
+ % B(Hy?)? (42.4a)

2= — % Bly-Hly-H(y-Hy"))

- % Bly-B(y*-Hy")] + % (4a = 3a,00B(y* Hy")

a
+ ;f- (8aia3 — 2a3)B[y- (Hy?)?]
1

20204

4
+ % (3aqa; — a1a4)B(y3-Hy2) - B( Hy‘*)
1
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4a2 2azas

- — B[(Hyz) H(y-Hy%)] + —5— Bl(Hy?-(Hy’)]. (42.5)
The expressions for the third- and fourth-order terms, 23 and z,, are
quite simple, owing to the fact that z; = y, 2z, = 0. Note in eq. (41.n)
the “diagonal” term a,Bz} on the left is cancelled by the term a,By”
appearing in x, on the right. Also in case a; = 0 we have

2=y (43.1)

=0 (43.2)

2=0 (43.3)

2e=0 (43.4)
3 2

25 = — ai; B(y*-Hy?). (43.5)

V. THE APPROXIMATE IDENTITY

The series development in the previous section suggests that as a
practical expedient one might take

x = Bo(y) = Bo{Bf(x)} = ¢{f(x)} =

That is, what appears to be the naive thing to do may in fact be quite
good, especially for odd functions ¢ (or f) that are not severely
nonlinear. The interposition of the bandlimiting operator between a
nonlinear function and its inverse and then subsequent bandlimiting
is an interesting “approximate identity” that we examine further in
the Appendix. One might ask how the interchange in the order of a
particular function and its inverse in the transformation affects the
approximate identity. The series expansion of the approximate iden-
tity may shed some light on the general problem. To keep track of the
various orders, it is convenient to introduce the parameter m as before.
We have

Bf(mx) = E‘, m*b,Bx*, (44)

o{Bf (m)} = 2 mF,, (45)

where the F), are given by (25) with b.Bx* replacing hi, and Bx = x.
Thus,

Fi=abx=x (46.1)
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F2 = alszx2 + azbfxz (46.2)

F3 = albsBxa + 2azb1b2x-Bx2 + asb?xa (46.3)
F4 = a1b4Bx4 + 2a2b1b3x-Bx3 + azbg(sz)z
+ 3a;b2b.x%- Bx? + asbix? (46.4)

F5 = albsBx"’ + 2a2b1b4x-Bx4 + 2azb2b3(Bx2)'(Bx3)
+ 3a3b?byx%- Bx® + 3asb,bix- (Bx?)?

+ 4a,b3byx®-Bx? + azbix®. (46.5)
Now we set
B¢{Bf(mx)} = ; m*ug, (47)
where
u; = BF}. (48)

Now note in (46) that if all the terms in BF} involving x were of the
form Bx* then BF, would vanish identically for k = 2 because ¢{f(x)}
= x. So we will introduce the high-pass operator H = I — B to collect
the terms Bx* that cancel. For example, to collect terms Bx® in BF;
we write

B(x-Bx?) = B(x® — x- Hx?) = Bx® — B(x-Hx?).

Thus,
u, = BF, =x (49.1)
Uy = BF, = a;byBx? + a:b3Bx% =0 (49.2)

u3 = BF; = a;bsBx® + 2a,0,b,B(x-Bx?) + az;b3Bx®
= a;b3Bx® + 2a:b,b,B(x* — x-Hx?) + a3b3Bx®
= —2a,b,b,B(x- Hx?) (49.3)
us = BF; = a;b,Bx* + 2a,b,bsB(x-Bx®) + a-b}B(Bx?)?
+ 3aszb?b,B(x?.Bx?%) + abi{Bx*
= abyBx* + 2a,01b3B(x* — x-Hx®) + axb3B(x? — Hx?)?
+ 3a3b?b.B(x* — x%. Hx?) + a.b}Bx*
= —2a.b,b3B(x- Hx®) — (2a:b3 + 3asb?b.)B(x?. Hx?)
+ a:biB(Hx?)? (49.4)
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us = BFs = a;bsBx® + 2a:b:b4B(x-Bx*)
+ 2a5b:b3B[(Bx?) - (Bx®)]
+ 3azb?bsB(x?-Bx®) + 3agh,b3B[x- (Bx?%)?]
+ 4a.b3b,B(x*- Bx?) + asb3Bx®
= a;bsBx® + 2a:b,b,B(x® — x-Hx*)
+ 2a5b:bsB[(x? — Hx?)-(x® — Hx®%)]
+ 3asb?bsB(x® — x2-Hx?)
+ 3asbb3B[x- (x* — Hx?)?] + 4a:b3b,B(x% — x*- Hx?)
+ asbiBx®
= —2asbb4B(x- Hx*) — (2a:b:b3 + 3asbibs)B(x%- Hx®)
— (2asbobs + 6aszbibi + 4a.bib,)B(x®- Hx?)
+ 2a3bob3B[(Hx?) - (Hx®)] + 3asb,b3B[x- (Hx?)?]. (49.5)
Now in order to assess the symmetry or lack of symmetry in inter-

changing ¢ and f we can use the identities (35) to express the mixed
coefficients of u, in terms of the b, or the a; alone. We have

u=x (50.1)
Ug = 0 (50.2)
Uz = 3ClB(x-Hx2) (503)
Uy = 4C1B(x-Hx3) + 4ch(x2-Hx2) + 4C33(Hx2)2 (504)
us = sC,B(x- Hx*) + 5CoB(x?- Hx®) + 5C3B(x®- Hx?)
+ 5C4B[(Hx?)- (Hx%)] + 5C5B[x- (Hx%)?], (50.5)
where
202 24}
3Cl = —2(12b1b2 = b_; = ai‘; (5033)
2byb 2 4a3
4C1 = —2(12b1b3 = b2% 3 = 22;3 —_ —a%z (50.43.)
4b3  3bsb 2a¢3  3asa
C, = —(2a.b% + 3a:b%b,) = — —= 273 _ _ 402 | Sfels
no (2a:b3 a3bibs) b3 + b2 p: + pr:
3 g3
403—0252_—b—;_a—§
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2b2b4 - _ 10&%(13 + 2&2(14 + 1003

501 = —2a2b1b4 = b% az 0(15 CL% (50.53.)
2
5C2 = —(2a2b2b3 + 3(13b%b3) = - 4b23b3 + 3_1)23
b3 bi
= (203 — 4105)(203 — 3a105)/a}
503 = —(2(12b3 + 603b1b§ + 4a4b§b2)
_ 8_1)% _ 12b%b3 + 4b2b4 _ @ _ 80%(13 + 402(14
bl b3 b? aj al al
2b%bs 2a3a; 4al
i
6b4 3b3b; 3aia
5C5 = 3a3b1b2 b4 bzzli 3 = a2,17 3.
Now if we interchange the order of ¢ and f in (45) and write
Bf{Bp(mx)} = ¥ mPu,, (51)
1

we obtain the v, by replacing u;, by v, in (49.k) and then interchanging
the a’s and b’s. We have u; = v; = x and u, = v, = 0. We should
compare U and vg, k = 3, for f'(0) = 1 = a; = b;. Then we have

w=uv, k=123 (52)
But we have, for example (with a; = b; = 1),
uy = 2bobsB(x- Hx®) + (3bobs — 4b3)B(x?- Hx?) — b3B(Hx?)* (53.1)
Uy = (2bobs — 4b3)B(x- Hx?)

+ (3bobs — 2b3)B(x*- Hx?) + b3B(Hx?)% (53.2)
If, however, b, = 0 (a, = 0) we have
up=uv, =0, k=234, (53.3)
andifa; = b, =1,
us = vs = 3b3B(x%- Hx®). (53.4)
In case by = by = bg = 0, (a2 = a; = ag = 0), we have
up = 31;3;’5 B(x* Hx%) + (5:3';’5 %b;> B(x*-Hx?)

3"3 52 Ble-(HY), (69
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where the coefficients expressed in terms of the a’s are

3bsbs _ 3asas  9a3

b? ad al’
sty _ 91 _ Saas _ 60} _ 33 _ 3ad
b} b a8 & b &

So we do not have, in general, u; = v; for odd functions f(x) with

f'(0)=1.

VI. APPLICATION TO COMPATIBLE SINGLE-SIDEBAND TRANSMISSION

The mathematical problem of compatible single-sideband transmis-
sion was formulated in Ref. 4. Given a signal y(¢) in %, the problem
is to determine m such that the equation

B{V(1 + s(t))® + §(t)*) = my(t) + 1 (55)

has a solution s(t) in %,. In (55) §(t), sometimes called the quadrature
signal, is the Hilbert transform of s(¢), and B is operating on the
envelope of the single-sideband signal. The idea is to transmit a single-
sideband signal that is compatible with receivers designed for double-
sideband (AM) reception. Setting

2s(t) + s*(t) + §2(¢) = x(t), (56)

we may write (55) as

Bf{x(t)} = my(t), (57)
where
flx) =1 +x—1, x =z —1. (58)

Then s(¢) may be found from the solution x(¢) of (57). (This requires
factoring 1 + x(¢) in the form g(¢)g(t), where the bandwidth of g is
half the bandwidth of x.) Then with y = f(x) we have for the inverse

x=¢(y) = 2y + (59)
Setting

x =Y mhx, (60)
1

we have from (29) with a; = 2,a: =1, a. =0 for k = 3,

X1 =2y (61.1)
xo = By® (61.2)
x3 = —B(y-Hy?) (61.3)
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x4 = B[y-H(y-Hy*)] + 1/4B(Hy*)* (61.4)
x5 = —B{y-H[y-H(y-Hy*)l} — 1/4B[y-H(Hy*)?]

— 1/2B[(Hy®)-H(y- Hy®)). (61.5)
Replacing H by I — B we have from (30) the alternate forms
x3 = B(y-By?) — By? (61.3a)
x4 = Bly-B(y-By®)] — B(y-By®) + 1/4B(By*)*
~ 3/2B(y*-By*) + 5/4By* (61.4a)

x5 = B{y-B[y-B(y-By*)l} — Bly-B(y-By®)]
— 3/2B[y-B(y*-By*)] + 1/4B[y-(By*)]
— 3/4B[y-(By®)?] + 5/4B(y-By")
+ 1/2B[By?)-B(yy-By*)]
— 3/2B[y*-B(y-By®)] — 1/2B[(By)*- (By®)]
+ 3/2B(y*-By®)
+ 5/2B(y%-By?) — 7/4By". (61.5a)

The factoring of 1 + x can be avoided by developing a series solution
for s, Bs = s. We have

x=2s+ s+ §°
x=mx; +m®e+ mixz + ...
Then setting
s = ms; + m?s + m3sg + ... (62)
S§=mé+mS+ m + .-, (63)
we have
s? = m%? + m32s15, + m*(2s183 + s%)
+ mb5(2s184 + 28283) + - - (64)
§2 = m%} + m®28,8 + m*(26:5; + $3)
+ mP(25:8s + 28:83) + «--. (65)

Note that if s belongs to %:()\), then the Fourier transform* of (s +
i§) vanishes outside [0, A] and that of its complex conjugate (s — i$)

*Here the Fourier transform of § is —i(sgnw)S(w) where S(w) is the Fourier transform
of s.
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vanishes outside [—\, 0]. Thus the Fourier transform of e=/%(s + i$)
vanishes outside [—(\/2), A/2]. It follows that the Fourier transform
of s + §2? vanishes outside [\, A], and hence that the sums of the
coefficients of m” in (64) and (65) are functions whose Fourier trans-
forms vanish outside [—A, A].

Now we can solve successively for s;. It is convenient to introduce
the Hilbert transform (Quadrature) operator @

£=Qg (66)

to indicate the “hat” of complicated expressions.
Equating coefficients of my in

x=2s + 5%+ §2,

we have
si=x/2=y (67.1)
sg = 1/2xy — 1/2(s} + §%
= 1/2By® — 1/2(y% + %), (67.2)
which may be written, using Bs, = s, as
se = — 1/2By* (67.2a)

s3 = 1/2x3 — (5152 + $152)
= — 1/2B(y-Hy?) + 1/2yB§” + 1/25-QB5%.  (67.3)
Here we may write
yBy* =y-3° — y-Hy*
and then use Bs; = s3 to obtain
ss = — 1/2B(y-Hy®) — 1/2B(y-Hy*) + 1/2B(y-5°) + 1/2B(7-QBy")
= — 1/2B[y-H(y* + 3°)] + 1/2B(y-y*) + 1/2B(y-QBy?).
Then since H(y? + ¥%) = 0, we have
s3s = 1/2 B(y-y*) + 1/2 B(y-QBy?) (67.3a)
Ss=1/2 x, — (5183 + 1/2 s3) — (5,63 + 1/2 §3)
= 1/2 Bly-H(y-Hy")] + 1/4 B(Hy")
- 1/2 yB(y-3*) — 1/2 3@B(y-5°)
- 1/8 (By*)* — 1/8 (QBy*). (67.4)

There appears to be no simplification here. One may prefer the
alternate expression (61.4a) for x; to eliminate the H operator. Note
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that QB can be replaced by the bandlimiting quadrature operator B
where

Be= B0 = | a1 MmD g gy

- w(t — s)

Vil. THE COMPLEX-VALUED COMPANDING PROBLEM

The c.v. companding problem is considerably more complicated than
the r.v. companding problem, even for the same analytic companding
function. For example, if

f(x) = tan"'x + ex, (e >0),

we know from the Landau-Miranker theory that the r.v. companding
problem

Bf(x) =y

has a unique solution x in %, corresponding to every real-valued y in
%,. However, in the case of complex-valued y, this may not be true
because x must then take complex values which, if the norm of y is
not restricted, may be singularities of f. In addition, we are confronted
with the problem of establishing the uniqueness of the solution, which
may require still more severe restrictions on the norm of y.

Beurling’s uniqueness proof (see Ref. 1) for the r.v. companding
problem is elegant and simple: Suppose f(x) = 2(|x|), |x] — 0, and
is monotone increasing, and further that

Bf(x;)=y and  Bf(x;) =,

with x;, x5, (and y) in %,. Then f(x;) and f(x,) belong to L, and B{f-
(x1) — f(x2)} =0, i.e., the Fourier transform of {f(x1) — f(x2)} vanishes
over (—A, A), and therefore {f(x;) — f(x2)} must be orthogonal to
(x1 — x2). But this is impossible unless x; = xs, for otherwise (x; — x2)-
{f(x)) — f(x2)}, which is everywhere non-negative, will be positive
everywhere on the real axis, except at the isolated zeros (if any) of
(21 — x2).

For establishing uniqueness in the c.v. companding problem, it
would seem that the weakest analogue of monotocity should be
“schlichtness” of f, i.e., that x should be confined to a region, where
f(x1) = f(x2) implies x, = x,. This suffices to establish uniqueness of
the solution in the special case where x has a one-sided Fourier
transform, but we are not able to see that it suffices in the general
case. We can establish the following analogue of Buerling’s theorem,
where, without loss of generality, we assume f’(0) is positive.
Theorem 1: Suppose f(0) =0, f’(0) > 0, and f(z) is analytic in a convex
region G including the origin, wherein
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Re{f’(2)} > 0.
If x,(t) and x»(t) belong to %, and are confined to G for all real t, then
Bf(x1) =y and Bf(xz) =y
imply
x1(t) = x2(2).

Proof of Theorem 1: Since G is convex, any two points x; and x, in G
can be connected by a straight line segment in G. Suppose (x; — x2) =
re’, where r > 0. Then integrating f’ along the connecting line
segment, we have

f(x1) = flxz) = €” J; f'(x2 + se”)ds,

and hence

Re f(x1) — f(x2) —

X1 — Xg

Re % f f/(x2 + se®)ds > 0.
0

In case x; — x,, the limit is Re f’(xz) > 0.
Now {f[x1(¢)] — flx2(¢)]} belongs to L, and must be orthogonal to all
members of %, in particular to {x;(¢) — x.(¢)}; i.e., setting

g2 L) = fz)

X1 — X2

P(t) = (#1 — %) {f(x1) — flx2)} = | %, —

the integral of P(t) must vanish. However, we see that the real part of
P(t) is non-negative everywhere on the real axis, and vanishes only
where x; = x,. Since the integral of P is zero, its real part vanishes
a.e. Thus the function {x;(¢) — x2(¢£)} in %, vanishes a.e., and hence
everywhere. [

Now we can establish that the c.v. companding problem,

Bf(x) = y,

will have a solution x, which will take values in a disk centered on the
origin, wherein Re{f’(z)} > 0, provided | y |2 is sufficiently small. Then
the uniqueness of the solution follows from Theorem 1.

An objectionable, but inherent, feature of companding problems (as
formulated here) is that a restriction on || y || is not sufficient to give
a corresponding restriction on || x||«. We can, however, establish that
|| x]l2 will be small if || y|; is small, and hence that || x || will be small,
according to the inequality (given in the introduction) for a function
gin %(MN),

lglle < VNl glle. (69)
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In the sequel, we assume, for convenience and without loss of
generality, that f/(0) =1,

fle) =2z + i biz", |z] < R, (70)
2

where R, (perhaps o) is the radius of convergence of the series. We
exclude the trivial case f(z) = z, and define

M(r) = rlnaflf'(z) — 1| < Y klbs|r™,  r<R, (71)
z=r 2

which increases steadily from 0 to o, allowing us to define p uniquely
by

M(p) = 1. (72)
Then it is clear that
Re{f'(z)} >0 for |z| <p. (73)

We are now able to establish the following result.

Theorem 2: Let y(t) be any complex-valued function in %, = %B(N),
satisfying

W wlylls < ;gg;:rll = MM} = roll — M(ro)]. (74)

Then the companding problem
Bf(x) =

has a unique solution x = x(t) in %,.
Proof of Theorem 2: We can use the method of Landau and Miranker
to obtain a Cauchy sequence {x,} converging to the solution x, provided
we restrict ||y]2, in the end, to be sufficiently small that all the
approximants satisfy |x,| < p.

Assuming the norm of y to be sufficiently small, we take

=y = By, (75)

which should be a good approximation to x for small y. Then we set,
following Landau and Miranker,

Xn+1 = X, + ¥ — Bf(x,), n=zl, (76)

so that, by induction, Bx, = x,, i.e., x, belongs to %,. We have, writing
the same equation for n — 1 and subtracting,

Xn+l — Xn = Xp — Bf xn) {xn— - Bf(xn— )}
= B[xn - f(xn) - {xn—l - f(xn—l)}]' (77)
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Now we write
flxn) = 20 = {f(2%n1) — %o} = f {f'(2) — 1}d=. (78)
Then assuming that
|l Sr<p forall n=1 (79)

[and all ¢, suppressed in the notation x, = x,(¢)] we have in (78)

1 f " 1F() - e

M(r) < M(p) = 1.

Substituting in (77) the inequality (80) for the magnitude of the
function in (78), we obtain

”xn+l - xn”2 = M(r) ”xn — Xp1 ”2 (81)

sM(r)lxn_xn—-lly (80)

where

So, under the assumption (79), {x,} forms a Cauchy sequence converg-
ing to x in %, [cf. Landau, Ref. 1]. It follows from (76) that

Bf(x) = y. (82)

Now we would like to see how large || y | may be in order that (79)
hold, giving the conclusion in (82). We write

Xp =21+ (2 — x1) + (X3 — x2) + -+ + (X0 — Xn-1) (83)

from which follows
lxalle < Y ok — xpoallz, (84)
1

where
X1 =Yy and x0 = 0.
Applying (81) to (84), we have

1—-a"

Iy 12, (85)

X =
ol < T

where o = M(r) < 1, provided (79) holds. This will be the case,
according to (69), if

lx.lle < Vw/Ar forall n=1, (86)

which, in turn, will hold if in (85) we have
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Va/n vl < vl = M(r)]. (87)

Here we are free to take the maximum over r. Thus the problem
will have a solution x satisfying the hypotheses, provided the norm of
y satisfies

Va/x I yle < max {r(1 = M()} = ro[1 = M(ro)), (88)

and the solution is unique according to Theorem 1. []

We note that if (88) is satisfied, then the solution x satisfies,
according to (85) and (69),

[x]le < ro < p. (89)

So, in fact, the restriction (88) on the norm of y is too severe. We
obtain a slightly better result later, using a different method.

We now wish to show that if y; and y, are close to each other, then
the corresponding solutions, x; and x,, are also close to each other.

Lemma: Let y, and y, satisfy the hypotheses on y in Theorem 2. Then
the solutions of

Bf(x1) = 3 and Bf(x3) =y,

satisfy
"yl ¥allo
s /=<2 T 90
2 = %2l < — M(ro) /N 1o (90)
_ . < \/—— "yl y2||2 < 2r. 91
|21 — xell — M(ro) (91)

Proof of the Lemma: We have
X1 = %2 = y1 — Y2 — B[f(x)) — 21 — flx2) + x2], (92)
giving
i = x2llz < llyn = wellz + B[z < llyn = yella + II[-1l2.  (93)
Also, since, according to (89),

|| <ro<p and |x2| < re<p,
we have from (78) and (80),
[ f(x1) = %1 — f(x2) + x2llo < M(ro) | 21 — x2]l2, (94)

which with (93) gives

lyr = yells
1- M(ro).

2 = x2l2 <

(95)
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This, with (69) and the assumptions on y; and y,, establishes the
lemma. O
With this Lemma and Theorem 2 we can show that the problem

Bf{x(t;m)} = my(t),

for fixed y in %,, has a unique solution in %, for all complex m of
sufficiently small magnitude, the solution x(¢; m) being a continuous
function of the complex variable m in a certain disk centered on the
origin. To establish for each t that F(m;t) = x(¢t;m) is an analytic
function of m in that disk, we show that F(m) has a derivative
(nondirectional) there. Working with the derivative we are able to
improve on Theorem 2. It is convenient now to set ¥A/x || ylls = 1 so
that | y(¢)] < 1.

Theorem 3: Let y(t) be any complex-valued function in % = %B(\)
satisfying

VM7 |yl = 1.
Then the problem
Bffx(t;m)} = my(¢)
has a unique solution x(t;m) in %, for all complex m satisfying
p
Im|] < a(p) = fo [1 — M(r)]dr, (96)
where M(r) and p are defined in (71) and (72). Furthermore, for each
fixed real t, x(t;m) is an analytic function of m, | m| < a(p), and hence,
since x(t; 0) = 0,
x(t;m) = ¥ mialt), |m|<alp), (-o<t<wx) (97)
1
where the x; (t) depend only on y(t) and f.

We note, before proving Theorem 3, that in Theorem 2, 0 < ro < p,
and in Theorem 3

To P
a(p) = J; (1 — M(r))dr + f [1 — M(r)dr,
where M(r) increases from 0 to 1 over (0, p). Thus
J;O [1 = M(r)]dr > ro[1 — M(ro)],

and hence
ro[l — M(ro)] < a(p) <p. (98)

COMPANDING PROBLEMS 3037



Then, according to Theorem 3, the c.v. companding problem

Bf(x) =y
has solutions for y of larger norm than specified in Theorem 2.

Proof of Theorem 3: We first consider the solutions x; = x(t;my), x2 =
x(t;m,), corresponding to y; = myy(t), yo = myy(t), where

me=m + ¢ e=|ele” (99)
and
Imi| + |e]| < ro[l — M(ro)], (100)

so that Theorem 2 and the Lemma apply.
We have

Yo — y1 = ey(1), (101)
and hence, from the Lemma,

N
N A e o H EA TRt toco ST

Now
Bif(z) - flx)) = e, (109

which we rewrite as

xz—x1=y_B{f(x2) "f(xl)—(x2_xl)}.

(104)

€ €

We intend to let e — 0 (with any argument) and show that the quantity
on the left tends to a limit, independent of arg(e); viz., F'' (my;t), where

Flm) = = atm),  m|<rfl - MOOL (105

From (78), (80), and (102) we have

| £(x2) = Fx1) = (x2 — %) ll2 < M(ro) [l 22 — x1 [|2
_ LelVr/AM(ro)

< T MGy (106)

So
flx2) — f(x) = (x2 — x1)

€

belongs to L. (107)
We also have from (102), or the Lemma,
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el
Hm—xmwsl_ﬂﬂm. (108)

Thus we may write
Xo = X1 + €U, (109)
where
u=u(t;my, ¢) belongsto % and |u|
=/(1) as e¢—0. (110)
"Then
flx2) = flx1) = flay + ew) — flxr)
= euf’(x;) + O(fu?).
So (104) may be rewritten as
u=y— Bluf'(x;) — u+ Oeu?)}. (111)

Now letting ¢ — 0 and replacing m; by m and x, by x(¢;m), we obtain,
setting u(t;m, o) = u(t;m), the equation

u(t;m) = y(t) — Blu(t;m)[f’ {x(t;m)} — 1]}, (112)
|m| <A< r()[]. - M(r())]

Here we make the identification
0
u(t;m) = F'(m;t) = m x(t;m), Imj<s A (113)

by verifying that (112) has a solution u(t;m) in %,, in fact, for | m|
larger than ro[1 — M(ro)]. We observe, since x(;0) = 0, and f’(0) = 1,
that

u(£;0) = y(¢). (114)

Actually, we can obtain better estimates for |x(¢;m)| by integrating
its partial derivative from 0 to m.
We consider the equation for u,

u=y— Blu-[f(x) = 1]}, (115)
assuming x = x(¢; m) is known and satisfies
lx]e<r<p, (116)
so that
[f'(x) = 1] < M(r) < M(p) = 1. (117)
Using this inequality in (115) we obtain
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lulle < Iyl + M)l (118)
or

Iyl _ A
1-M@F) 1-M@r)’

The last inequality implies that (115) has a solution u in %
(obtained iteratively), in fact, for || x|l < p, since M(r) < 1 for r < p.
We note further that the inequality (119) is crude, with equality
possible only for r = 0, for we cannot have

[ fix(tm)} — 1] = M(r), (- <t<x)
unless x(t;m) = 0. Therefore, in (115) we have
IBfulf'(x) — 1]ll: < M(Dllulz for 0<|x[.<r<p.
So we have strict inequality in (119) for 0 < r < p. Hence,

lullz < (119)

||u|lm<1—_1A7(r—) for 0<|xlle<r<p. (120)
Now let us set
m = ae”, a>0 (121)
and
r(e) = max | x(t;0€”) [ o. (122)

We want to see how large we can make «a, say a(p), and have r(a) <
p. Using (120) in

x(t;m) = J; " u(t;€)ds, (123)
we obtain the inequality
r(a) < f‘! —-d—g—, 0<a<alp). (124)
o 1—M[r(9)]
Then, after defining
s(a) = f"‘ ___iif__’ 0<a=<alp), (125)
o 1 - M[s(8)]
it is clear, since M(r) is an increasing function of r, that we will have
r(a) < s(a), 0 < a=<alp). (126)

Differentiating (125) with respect to «, we obtain the simple equa-
tion
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s'(a){1 — M[s(e)]} = 1,
or, considering « as a function of s,
da

I 1 — M(s).
Thus
als) = J(; [1 — M(r)]dr, 0<s<p. (127)
We have s(a(p)) = p and r(a) < s(a) for a« > 0. So we will have
[x(tm)]|l- <p for (128)
p
|m| < a(p) = J(: [1 — M(r)]dr. (129)

According to (120) and (128), the partial derivative u(t;m) will exist
for | m| somewhat larger than «(p). This completes the proof of
Theorem 3. O

VIII. AN ILLUSTRATIVE EXAMPLE
It will be shown in a future paper that the r.v. companding problem

B{ z }=y, x<1, xy in BN, (130)

1—x

is equivalent to finding the reproducing kernel for a certain Hilbert
space of bandlimited functions. The specific problem with A = 2 (for
convenience) and

sin 2t

y=m o (131)

is quite easily solved. For real m > —2, the solution is

N g SN2t osin t\*
x(t;m) = 28 o7 B( ; ) (132)
where

B8=m/(2+ m).

We need not be concerned here with the derivation of this solution,
as we will later show directly that it satisfies

_x(tm) | sin 2t
B{l - x(t;m)} -m 2t (133)
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for all m in a certain region of the complex plane, but for no other m.

We know from Theorem 3 that (133) has a unique solution for
sufficiently small | m |, and that the solution is an analytic function
of m. It follows that (132) is the solution of (133) for all complex m,
| m| < | mg|, for some | my| > 0. Since m = —2 is the only point where
x(t;m) is not analytic, we might suppose | my| = 2. The series expan-
sion of x(t;m) certainly converges (uniformly in ¢) for all
|m| <2, but it is not a solution of (133) for all such m. For example,

we have
™ (28)*
+ —: = — | —
{=5m)-- (%)
and
m= 28
=1z
Then for 8 = + ix/2, we have
m= —2 , and x(i Zr-;m) =1.
.2 2
1+:~-
T
Therefore, the meromorphic function of ¢,
g x(Em)

will have poles at t = & /2 for m = —2/(1 + i2/x). Thus we have here
an example, |m| < 2, for which (132) is not a solution of (133).
However, it is, according to Theorem 3, for all m satisfying |m| <
3 — 24/2. This, as it turns out, is an overly conservative upper bound
for |m].

We now turn to the problem of determining precisely those m for
which (132) is a solution of (133).

First we can easily show that the r.v. problem has no solution for
m < —2 by convolving both sides of (133) with 1/7K(t), where K(t) =
(sin ¢)%/t2 The result is

I _Hsm) L g gds = 7 K@), (134)

w 1 — x(s;m) T

Since x/(1 — x) > —1, and K(t) = 0, we have
f _Hsm) lK(t—s)ds>—lf K(t)dt = —1
— ™ —c0

w1l — x(s;m).w
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This gives, setting ¢t = 0 in (134),
m> =2, (135)

Now to proceed towards our stated goal, we first write
_sin t sin t
1 — x(t;m) = (1 — Be' %) (1 — et %) (136)

Then in order for x(t;m) to be a solution of the problem, the Fourier
transform of the function

x(t;m) sin 2¢

hitm) = 1~ x(t;m) -m 2t

(137)

must vanish over (—2,2). With a bit of manipulation we arrive at the
expression

h(t;m) = g(t;m) + g(—t;m), (138)
where
o2t 1 — eit sin ¢
-2 t
gltm) = 7 5 r (139)
21t (1 - ﬁeit T)
and
_(m/2)
'6_1+(m/2) * L
We now introduce the complex variable 7 = t + iu, and observe that
—2u
lg(t + iw; m)| = ﬁ{ui—m} U— + o, (140)
Then if the denominator satisfies the condition,
(1 — Be” s T) is zero-free for u =0, (141)
T

it is easy to see (by contour integration in the upper half-plane) that
G(w;m) = f gitm)e™™“dt =0 for w<2. (142)
On the other hand, if the function in (141) has zeros 7 in the upper
half plane © > 0, (it must have no real zeros in order for g to have a

Fourier transform) we will have, by the calculus of residues,
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n

Glwym) = Y cre™™™ ¢, # 0, (143)
1

where n, depending on 3, is finite, since it is clear that the function in
(141) can have only a finite number of zeros in the upper half-plane.
Since the Fourier transform of h(t;m) is given by

H(w, m) = G(w;m) + G(—w;m) (144)

it will vanish over (—2,2) if, and only if, the condition (141) is satisfied.

Now the values taken by e’ sin 7/7 in the upper half-plane, u = 0
are precisely those values on the boundary and interior of the cardioid-
like region whose boundary is described parametrically by

. sin ¢t
elt

P -—rT<t<m

(Some values are taken more than once.) Then x(¢;m) will be a solution
to the problem except for those values of m such that 1/8 is a point
on the boundary or in the interior of the cardioid-like region. By the
mapping

x(t;m) is a solution to the problem for precisely those (finite) m lying
in the region to the right of the boundary line described parametrically
by

2
= pr , -—r<t<nw (145)
it -1
t

This region (see Fig. 1) includes the half-plane Re{m} = —4/3, its
boundary indenting more to the left near the real axis, having a cusp
at its leftmost point, m = —2, where it is tangent to the real axis. It is
found that the distance from the origin to the boundary is minimal
(see circle in Fig. 1) at the point m, and its conjugate, where

mo = (=2 + &) + i,

1
E= y = 4895273114 = (2.42786943)7, (146)
0

to is the smallest positive root of sin t/t = cos t + sin ¢,
| mo| = V2 = 1.58781760, arg{mo} = — + ¢
mo—sinto-— . , arglmo} = 7 + to.

So | my| is the largest number such that x(¢;m) is a solution for all m
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m )

—1

| |
-2 -
Re (m)
Fig. 1—Open region in m-plane (unshaded) for which eq. (132) is a solution of eq.
(133). Shown is the largest disk (centered on the origin) contained in the region.

satisfying | m| < | mo|. Also,

| mo| = min Ro(¢),
t

where Ry(t) is the radius of convergence of the series

x(t,m) m sin 2t
1— x(tm) 2t

+ mZhy(t) + mPha(t) + - -,
the minimum occurring for ¢t = +t,.

IX. CONCLUSION

The expressions for the nth order components x,(t) of the series
solution to the companding problem become so complicated that, for
practical purposes, only the first few are of interest. These should be
useful in correcting small distortions in nonlinear transmission sys-
tems which fit the companding model. It would appear that the
corrections applied internally to the inverse function (the z, in Section
V) would be more effective for correcting larger distortions, especially
if the lower frequency components are predominant in the signals. In
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this connection, the simpler “approximate identity” should be quite
effective for correcting small to moderate distortions of a more general
nature, as evidenced by the inequality given in the appendix. Experi-
mental evidence of the effectiveness of these correction schemes would
be desirable.

The question of the convergence of the series solution is a matter
of little practical concern, but the fact that it does attaches more
mathematical significance to the results. To settle this question we
had to show that the complex-valued companding problem has solu-
tions for functions of sufficiently small norm. This generalizes the
result for functions of one-sided spectra; and whether or not the
general result will ever find practical application, it is an interesting
addition to a theory, though still incomplete in many respects. For
example, it is doubtful that the condition that x(¢) be confined to a
convex region G where Re{f’} > 0 is a necessary condition for unique-
ness of the solution. In this connection, one could probably use analytic
continuation arguments to show that the specific problem examined
in Section VIII has solutions only for those values of m for which the
(particular) solution given is the only solution, this being unique for
sufficiently small | m |, and being an analytic function of m having no
branch points. Also there is the difficult question of determining for
what y(t) the companding problem has a solution, where particular
interest is attached to the real-valued problem with analytic compand-
ing functions. It can be shown for the case f(x) = x/(1 — x), x < 1,
that the problem has a solution for every (r.v.) ¥ in %, satisfying
y > —1. This suggests (conjecture) that the r.v. companding problem
with f(x) = x/(1 — x%), —1 < x < 1, has a solution for every (r.v.) y in
%, or more generally for monotone f(x) defined on (—1, 1) having
singularities as strong as poles at +1. In general, it is not enough for
f(x) to increase from — to + over its range of definition in order to
draw the same conclusion; e.g., f (x) = log(1 + x), x > —1. The questions
raised here are certainly worthy of future consideration.

In connection with the series solution, one naturally inquires
whether an explicit formula (albeit complicated and involving parti-
tions of various kinds) can be given for the general term x,. Perhaps
the combinatorics experts will consider this question.

We note that the solution x = B¢(y), valid for y (of sufficiently
small norm) whose Fourier transforms vanish outside [0, A], is verified
by the fact that in (29.n) the expression reduces to x, = a,By", the
other terms vanishing because B is operating on functions whose
Fourier transforms vanish over (—o, A). The same reduction occurs in
the expression (34.n), because, in this case, B is operating on functions
whose Fourier transforms vanish over (—o, 0) and agree over [0, AJ;
ie.,
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B[---]=By"

holds for each term in (34.n), the sum of all the coefficients being a..

Some interesting identities are obtained by equating the expressions
for x, in the series solution of the general problem to those obtained
from the explicit solution (given in the introduction) to the special
problem

B log(1 + x) = my,

which involve y, the Hilbert transform of y, which does not appear in
the more general expressions. For example, we find from (34.3) that
x3 in the series solution of this problem is given by

x3 = 1/2B(y-By®) — 1/3By?,
and, from the series expansion of the explicit solution, by
xs = 1/8yB(y* — 5% — 1/8B(y9") + 1/24 By® + 1/4yB(yy).

It is an interesting exercise to show directly that these two expressions
are identical.

Finally, since truly bandlimited signals exist only as mathematical
abstractions, some attention should be given to developing a mathe-
matical theory of practical companding problems,

J;O flx(s)}k(t — s)ds = y(2),

where k(t) is the (absolutely-integrable) impulse response of a practical
low-pass filter, so that the theory may be extended to signals that are
merely bounded. Here one may not be interested, for various reasons,
in the exact solution of this problem but, instead, a compromise
problem, where the equation is nearly satisfied with both x(t) and y(¢)
being close to bandlimited functions. For example, in many cases
fix(t)} is given (say) by an nth order differential operator acting on
y(t). Then the (exact) solution x(t) = ¢{f(x)} may be far from a
bandlimited function. However, if y(¢) is close to a bandlimited func-
tion there should be an approximate solution which is also close to a
bandlimited function. A case in point is found in Landau’s simulation
of the iterative solution of the companding problem (Ref. 2), where,
in fact, the equation he was obtaining approximate solutions to was
the case y(t) = k(t), (approximately bandlimited) for which the unique
solution is (a multiple of) the Dirac delta function.
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A W N

APPENDIX

Suppose f(x) is a monotone increasing function of the real variable
x, satisfying

@ f(0)=0
(ii) O<mi<f(x)Smy<ow, (—0<x< o)

Then f has an inverse ¢

(iii) x=¢{f(x)}, (-w<x<w),
satisfying, since 1 = f"(x)¢’{f(x)},

. 1 , 1
(iv) 0<E$¢(y)<a<°°, (—o <y <o),

Now let x = x(¢) be any function in %. We wish to establish

lx — Bo{Bf (x)}ll2 < vl xllz, (147)
2
where ‘Yzzle-}-—e)’ 6=%_1'
Set
y(¢) =y = Bf(x). (148)
Then
fx) =y +h, Bh=0. (149)
Now set
x1 = Bé(y) (150)
so that, since x = ¢(y + h) = Bx = B{¢(y + h)},
x = x1 = Blo(y + h) — 6(y)}. (151)
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. 1
Since |¢(y + h) — ¢(y)| < -~ h, we see that
1

1
lo(y + k) — ¢(¥)o < — [kl
m
and hence that
1
[x = xillo < — [,
m,

but we can improve this inequality by writing

y+h
o(y + h) — ¢(y) = J; {¢(8) — aldt + ah, (152)

where a= 1 (i + i)
2\m; my
Then, since
|¢"(€) — al < % (mil - m%) (153)
we have
¢y +h) = ¢(y) =u+ ah, (154)
where u = u(t) and
|u|sé<mil—mi2)|h|. (155)
Thus
x — x; = B(u + ah) = Bu, (156)
and hence
==l < Juls <5 (mi . ,—n1—> Il 157)

Now we need an inequality of the form |2, < ¢||x .. We have
h = Hf(x), (158)
where H = I — B is the high-pass operator. So, clearly
lhllz< I fx)ll2 < mallxll2.
We can improve this inequality by setting
u(t) = v = f(x) — Ba, (159)
where 8 =1/2(m; + my).
COMPANDING PROBLEMS 3049



Then

[v] < 1/2(my — my)| x|, (160)
and, since Hx = 0,
h = Hf(x) = H{f(x) — 6x} = Hv. (161)
Hence
[hllz < vz < 1/2(me — my)| x|z (162)

This, with (157) gives

lx = ul <3 (mi - mi) (mz = m)lxls = yllzl,  (163)
which is the result (147). The number v in the inequality is invariant
under the interchange of ¢ and f in the approximate identity (147), as
we would expect from using only (i) and (iv).

So x; = B¢{Bf(x)} is a good approximation to x if v is small. The
manipulations leading to the inequality (163) suggest an iterative
scheme for solving, given y in %,

BF(x) = v, x in B, (164)

provided v < 1, which will be the case if (mq/m;) < 3 + 2 V2.
We set

*n = Bé(y + ha-i), n=l, (165)
where
h, = Hf(x,), n =0, (166)
and Xo = ho = 0,
giving x; = Bo(y) as in (150).
Now we wish to show that
lx = xallz < ¥"lxlls, n=1 (167)
We have
x — %, = Blo(y + h) — ¢(y + ha1)}. (168)

Following the previous pattern we write
oy + h) — oy + hpy) = up + alh — h,y), (169)

where

'y+h
tn = f (4 (9) — ald,

y+hp_y
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and hence

1{1 1
| unl sg(——g) |k = hpl.

m
Then
x — x, = Blu, + a(h — hp,—1)} = Bu,,
giving
I =zl < 5 (mi - ;37) Ih = Bl
Now

h—h,y=H{f(x) — f(x,-1)}, n=1, with xy=ho=0.

Here we write

fu)—ﬂ%q)=J~{f@)—6WE+ﬁ@—xwﬂ

Xn—1
=v, + .B(x - xn—l)’
where

mz —m

2

|Un|< Ix—xn_l.

Then
h — h,-, = H{v, + 8(x — x,-1)} = Hv,,
giving, with (175),

2 — My

m
[h = hoalle < 5 lx — 252

This, with (172), gives
"x - xn"2 = 'Y”x - xn-—1"2,
whence follows, with xo = 0,

lx = xallz < v"ll 2], n =1

(170)

(171)

(172)

(173)

(174)

(175)

(176)

177)

(178)

(179)

Note that there is a bonus attached to x; = B¢(y), in that only one
filtering operation is required to obtain it. Thereafter, two filtering

operations are required to obtain x,, from y and x,-;.
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Given two baseband signals f(t) and g(t), suitably restricted in amplitude
and bandlimited to [A, u] and [—g, —A], 0 < A < p < o, it is shown how
to generate a carrier signal, s(t) = A(t) cos{ct + ¢(t)}, bandlimited to [¢c — 3,
¢ + 8] and [—(c + B), —(c — B)], where 8 need be only sightly larger than g,
and such that f(¢) and g(¢) may be recovered by bandlimiting log A(¢) and
¢(t), respectively. The restriction A > 0, i.e., that the baseband signals be
bandpass, is not essential but it is a practical constraint in approximating the
required operations. Also a modification is given for conserving bandwidth in
case the signals f(t) and g(t) are of disparate bandwidths.

. INTRODUCTION

Double-sideband amplitude modulation is wasteful of bandwidth,
but it offers the advantage of envelope detection (with full carrier). A
simple way to utilize the same bandwidth in transmitting two inde-
pendent signals, f(¢) and g(t), is the so-called in-phase and quadrature
modulation

Si(t) = f(t)cos ct — g(t)sin ct,

where synchronous demodulation is required to recover f and g. A
modification that allows f to be recovered (approximately) by envelope
detection is

Sao(t) = {1 + f(t)}cos ct — g(t)sin ct.

* Bell Laboratories.
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The envelope of Sa(¢) is
Aq(t) = V{1 + fOF + £@).
Then if g is made small (compared to min{1 + f(¢)}), we have
Aq(t) =1+ f(¢8).
The phase of S; (i.e., the part due to signals) is
gt _ g
L+f(@t)  1+f@)

So making g small allows envelope and phase detection to be used so
as to approximately recover f and g (multiplying the phase output by
the envelope output).

A still further modification is

Sa(t) = {1 + x,(t)}cos ct — {1 + x5(t)}sin ct,
where x; and x, are both small. The envelope of S; is

As(t) = VA + )2 + (L + x2)° = V2 + 2x; + 2x5 + 22 + 32

=~/§(1+x—1+x2)
= > )

¢o(t) = tan™

The phase of S; is

l+x 7 x=-x
t) = tan™ =—+
$alt) = tan™ g = 2
So if
+ —
x12x2=f and x12x2=g’
1e.,
xn=f+g
x2=f_g9

then envelope and phase detection of S; will give (approx.) the desired
independent signals f and g.

An exact result of this type may be obtained using log of the
envelope, rather than the envelope, and then bandlimiting the phase
and log of the envelope to obtain the desired independent signals f
and g. A slight increase in bandwidth is required to allow a guard band
in the filtering operations. Also | f| and | g| cannot be too large if the
increase in bandwidth is to be small. The basic theory is that of
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Exponential Single-Sideband Modulation (ESSB) developed in Ref.
1.

It. THE EXACT METHOD

We assume that the desired signals, f and g, are bounded band-pass
signals whose Fourier transforms vanish (in the sense detailed in Ref.
1) outside [A, x] and [—u, —A], 0 < A < u < », which then (automati-
cally) have bounded Hilbert transforms, f and 4. The band-pass
assumption is not essential to the theory, but affords important
practical simplifications in approximating the Hilbert transform op-
erations as well as in effecting the subsequent analytic exponential
modulation.

Now suppose z;(t) and z,(t) are bandlimited “analytic signals” whose
Fourier transforms vanish outside [0, 8] and which signals are zero-
free in the upper half-plane with

|z12(t + iu)] = ¢ for u=0, —0 < t < o, 1)

Then log z; and log z, are analytic and bounded in the upper half-
plane, and hence their Fourier transforms vanish over (—, 0).
Writing

z1(t) = Ay(t)e™?, Ay = |z] (2)
2(t) = As(t)e®), A, = |z, (3)
we have
log 2:(t) = log Ai(t) + igs(t) (4)
log 2:(¢) = log Aa(t) + iga(t). (5)
Under further assumptions on z, e.g.,

ziot + iu) =1+ 0(e™), u— o, (6)

log A and ¢ will be Hilbert transform pairs:
¢:(t) =log" Ai(),  log Ai(t) = —x(t) (7)
Colt) = log" Ao(t)  log As(t) = —a(t). ®)

Now we consider the product
21(£)ze(t) = Ax(£)Ap(t)e OO,

where the bar denotes the complex conjugate. The F.T. (Fourier
transform) of 2(¢) vanishes outside [0, 8] and the F.T. of 2,(¢) vanishes
outside [—3, 0]. Therefore, the F.T. of z(t)z5(t) vanishes outside
[—8, 8]. Then we form the signal
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s(t) = Re e™z,(t)z(t)

= A(t)cos{ct + ¢(t)}, 9

where ¢ > 3,
A(t) = A1(8)Ax(t) (9a)
#(t) = ¢1(t) — ¢2(t), (9b)

and the spectrum of s(t) is confined to [¢c — 8, ¢ + 8] and [—¢ — 8,
—c + B].

We require
B, .{log A(t)} = f(t) (10)
B, {o(t)} = g(t), (11)

where u < o < 8, and, in general, B,, is any bandlimiting operator
[with passband (—p, p) and cut-off frequency + ¢] defined by

B, {x(t)} = J: x2(8) K, 4(t — s)ds (12)

and

I?p,q(w) = f K, (t)e™™dt = 1, p<w<p

=0, jw| > q. (12a)
0<p<g<oo (12b)
The definition of I>{p,q(w) in the cut-off region (p, ¢q) and (—gq, —p) is

>
not important, but K, ,(w) must be sufficiently smooth to give

f | Kpo(t)|dt < o (12¢)
so that B, {x(t)} is defined for any bounded x(t).
Writing (10) as
B,..{log As(t) + log As(t)} = f(t)

and taking Hilbert transforms of both sides of (10) and (11), using (7)
and (8), we have

B,.[d1(t) + ¢2(t)} = f(t) (13)
B, {#:1(t) — ¢2(t)} = g(t) (14)

or
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B,..{6:(t)} = {f(t) + g(t)} (15)

B...l¢2(t)} = () — g(t)}, (16)

which according to (7) and (8) is equivalent to
B, .{log Ai(2)} = *{f(t) — &(¢)} (17
B,..{log Ax(t)} = 2{f(t) + &(¢)}. (18)

Setting
hi(t) = %{f(t) — 8@t)};  Ru(t) = %{f) +gt)},  (19)

Hi(t) = ha(t) + iha(t), (19a)
ho(t) = Ya{f(t) + &(t)};  hat) = B{f(t) — g(t)},  (20)
H,(t) = hao(t) + iho(t), (20a)

the four equations (15), (16), (17), and (18) are equivalent to the two
equations, implying (6),

Bu.a{log zl(t)} = Hl(t) (21)
B, .{log z:(¢)} = Hy(t), (22)

where H; and H, are given “analytic” band-pass signals whose Fourier
transforms vanish outside the single interval [\, 1] and z; and z, are
bandlimited “analytic” signals whose Fourier transforms vanish out-
side the single interval [0, 8]. The problem of finding z, and z, has
been solved (see Ref. 1):

z1(t) = Baslexp Hi(t)} (23)
22(t) = Baslexp Hao(t)}, (24)

where B, is any bandlimiting operator with passband (—a, a) and
cut-off frequency 8.

Now z; and 2, given by (23) and (24) satisfy (21) and (22), provided
z21(r) and zo(7), T =t + iugare zero free in the upper half-plane u > 0.
The filter characteristic K,s(w) in the cut-off region («, 3) becomes
important, but not critical, in this respect. From theoretical consid-
erations the linear cut-off characteristic is desirable (see Ref. 1):

w

I?a,ﬁ(w) = g ___ " a<w<pB. (25)

For a given « and 8, and a smooth cut-off characteristic, z; and 2, will
be zero free in the upper half-plane provided | H;| and | H| are not
too large. In practice this means that the levels of f and g must not be
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toolarge if a and 8 are not much larger than g, the top signal frequency,
i.e., in the bandwidth conserving case. The results in Ref. 1 may be
used as a rough guide. For example, if « is only slightly larger than p
and 8/« = 1.1 (relatively sharp cut-off), then 2, and 2z, will be zero free
in the upper half-plane if | H;| and | H;| are less than 0.6. (See the
appendix for a modification of signals f and g of disparate bandwidths.)

I1l. IMPLEMENTATION

The block diagram of an implementation is shown in Fig. 1. The
transmitter is shown in Fig. 1a. The inputs are labeled f(t + T') and
g(t + T) to account for a delay T incurred in the Hilbert transform
filters. The delay T need not be more than one or two periods of the
lower signal frequency A to obtain a good approximation to the Hilbert

transforms, f(t) and £(t). (The inputs f(t + T') and g(t + T') must be

delayed accordingly to obtain f(¢) and g(t).) The signals f(¢), f(t), g(t),
and g(t) are summed to obtain

hy =%(f — 8)
by =%(f + g)
hy = %(f + &)
hy = a(f - g)

in accord with (19) and (20). (The gain factor of the summing net-
works, shown as 1/2, may be any constant, which may be simply
reflected as a gain factor on the inputs.) Then these outputs are fed
to two analytic exponential modulators that furnish outputs

X, = eMcos hy = Refexp Hj}
Y, = e™sin Ay = Imfexp Hi}
X, = e"cos h, = Refexp Hy}
Y. = e"sin h, = Imfexp H,}.

A feedback circuit for accomplishing the analytic exponential mod-
ulation is described in Ref. 2. The outputs of the modulators are then
bandlimited with identical low-pass filters LPF, having the character-
istic shown in Fig. 2a to obtain

x1 = Refz}, 1 = Imfz}
Xo = Re{22}, Y2 = Im{fé’z}.

These outputs are then combined to form
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Fig. la—Transmitter.
Fig. 1Ib—Receiver.
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s(t) = Reflx:(¢) + iy1(8)]lxa(t) — iya(t)]e™}
= Ref[xxs + y1y2 + i(y122 — yox1)]e™)
= (x1X3 + Y1y2)cos ¢t — (y1xz — Yyox1)sin ct
= A(t)cosict + ¢(t)}.

The signal s(t) is then transmitted to the receiver, Fig. 1b, where an
envelope detector is used to obtain the envelope A(t), which is then
fed to a device having a logarithmic characteristic to furnish the
output log A(t). This output is then filtered with LPF, to obtain f(t).
A phase detector, e.g., a phase-locked loop, is used to detect the phase
¢(t), which is subsequently filtered with another LPF; to obtain g(t).
The characteristic of the filters LPF; is shown in Fig. 2b.

Note that ¢(¢) is high pass with lower frequency A; so ¢(t) may be
recovered from {¢’(t) + c}, if desired.
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APPENDIX
Modification for Signals of Disparate Bandwidths

Note that the bandwidth of the transmitted signal is the sum (or
twice the sum, counting positive and negative frequencies) of the
bandwidths of the analytic signals z,(¢) and z,(¢), which need be only
slightly larger than the sum of the bandwidths of the analytic signals
Hy(t) and Hy(t). Owing to the linear combinations in (19) and (20),
the bandwidths of H,(¢) and H,(t) will be the same, equal to the larger
of the bandwidths of f(¢) and g(¢). In case the bandwidth of, say, g(t)
is (considerably) larger than that of f(¢), the bandwidth of the trans-
mitted signal may be reduced by setting
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Hy(t) = f(t) + if (t) (26)
Hy(t) = g(t) + ig(¢). (27)

Here we assume that the Fourier transforms of H,(t) and H(t)
vanish outside the intervals [X, u;] and [A,, po], respectively. Now we
set

z1(t) = Bogfexp Hi(t)), m<a<pB (28)

Zz(t) = Baz,gz{exp Hz(t)}, M2 < a < 62, (29)

where 8, and 8, need be only slightly larger than g, and u, (respec-
tively), the top frequencies of f(t) and g(t) (respectively). The Fourier
transform of 2,(t)z2(t) now vanishes outside the interval [—8, 5],
which is smaller than would obtain in the previous scheme. Thus the
Fourier transform of the transmitted signal,

s(t) = Re e“z1(t)za(t), ¢ > B (30)

vanishes outside the interval [¢ — 8;, ¢ + $31] (ard its reflection about
the origin). The price paid for the saving in bandwidth is another
Hilbert transform operation required in separating the signals at the
receiver.

We have

s(t) = A(t)cos[ct + o(t)], (31)
where
A(t) = |z1(t)za()]
d(t) = da(t) — Pat).

Then, assuming as before that z; and z; are zero free in the upper half-
plane, we have

L(¢t) = log A(t) = Li(t) + La(2), (32)

where L (t) = log |21(t)|, La(t) = log | 22(t)| and L(t) is related to ¢(t)
by

d(t) = ¢i(t) — pa(t) = Lu(t) — Ly(t) (33)
B(t) = $i(t) — da(t) = —La(t) + La(t). (34)

In accord with (28) and (29) and the zero-free hypothesis, we have
(as shown in Ref. 1)

B alli(®)} = () (35)
B, {La2(t)} = g(t) (36)
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To obtain 111(t) and Ly(t) from log A(t) and ¢(¢), we need the Hilbert
transform ¢(¢), where according to (32) and (34),

Li(t) = Y2 log A(t) — Yeé(t) (37)
Lao(t) = Y2 log A(t) + Yad(t). (38)

_ However, to recover f(t) and g(t), we may use a modified version of
o(t). We define

qg)x,#(t) = HA,y{¢(t)}: (39)

where H, , is a modified (e.g., band-pass) Hilbert transform operator
defined by

H,,.{¢(t)} = J: ) hau(t — x)¢p(x)dx (40a)

hyu(w) = f hau(t)e™dt = —i sgn w, (40Db)

for 0< A< || <gpu

Now ¢:(t) and ¢,(t) are high-pass functions with lower frequencies
A\ and A, (respectively). Thus, if we require

0 < A < min(Ay, Ag), = max(u, u), (41)

then we have
f(t) = ¥iB,,q,{log A(t) — (2} (42)
8(t) = ¥iB,,q,{log A(t) + dru(t)}. (43)
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