
































































































































11 in Appendix B), update, and find fanout of the elements whose
outputs changed during the current simulation cycle.

2. Using the next list L; of the timing wheel, prepare external
events to be transmitted to other processors for the next time interval.

3. From data in the Input FIFO Buffer (IFB) (sent by other proces-
sors), update and find fanout of the elements active during the current
simulation cycle.

4. Evaluate the fanout of active elements (this includes fault injec-
tion).

5. Schedule on timing wheel elements whose output changes.
The detailed algorithm is given in Appendix C.

Let ¢, be the time required to process one active element. The
average processing time per processor during one simulation cycle is
then given by:

ty = — ta

Assume a microprogrammable microprocessor (e.g., Am2900 series)
for each slave unit processing unit (PU) and the following operation
times (150 ns cycle time): memory-to-memory move = 1.2 us, memory-
to-register move = 0.6 us, and memory-to-memory logical AND/OR
operation = 1.5 us. Using these major microprocessor operations, the
execution time for each operation in the parallel simulation algorithm
described in Appendix C can be estimated. For example, obtaining
each fanout of an updated element (after the fanout list has been
accessed) takes one memory-to-register instruction and moving the
element number to the Output FIFO Buffer (OFB) takes one memory-
to-memory instruction. The processing times per active element for
the various steps of the algorithm are shown in Table I, where f; is the
average fan-in, f, is the average fan-out, and L, is the number of word
pairs in the value vector.

The total processing time per element during one simulation cycle
is the sum of all the expressions in Table I:

(24 + 72L,)
T n

Taking typical values of f; and f, to be 2 and an unbalance factor of
k = 1.1, the processing time for a simulation cycle becomes:

ta=9.6 + 8.7L, + 3f, + 3£.L,

N
t, = (15.8 + 12.2L,) —;‘ us. (1)

5.2 Communication time t.

The value of ¢, will depend on the type of communication structure.
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Table |—Simulation cycle timings for parallel simulation

Step Expression (us)
1.8 + 2.4f,
Update data from timing wheel (—f——f—)
o — 1)(6.6 + 3.6
Prepare external events for next time interval (f N F Ly)
b — 1)(1.2 + 3f, + 3.
Update data from IFB (f N P fo + 36L)
3.6
Evaluate schedule 24 + 15L, + 3f.L, + f_
_ _ — —=—ELEMENTS
- - 4
s /

1 ‘ 2 ‘ 3 \ oo ¢ 1,

Fig. 3—An element string.

The two types of communication structures discussed in Ref. 5, namely
the time-shared parallel bus and the cross-point matrix, will be con-
sidered here also. The partitioning algorithm discussed in the previous
paper® partitions a circuit along its depth rather than its breadth.
Since the signals in a circuit propagate in parallel, this places concur-
rent activities in different blocks. The same partitioning algorithm
will be assumed here, since during fault simulation the signals still
propagate in the same manner. The logic circuit to be simulated is
partitioned into elements strings (see Fig. 3). The average number of
communication events generated by one active element during a
simulation cycle that have to be sent over the communication structure
is:

Lot e = D= 1)

c

where f, is the average fanout and c is the average number of elements
in one element string. The typical value of f, can be taken as 2, and
for large circuits c¢ is expected to be greater than 10. For f, = 2 and
¢ = 10, e will be equal to 1.1.

5.2.1 Time-shared parallel bus

The total communication time during a simulation cycle for true-
value simulation is given by®

FAULT SIMULATION 3115



tc(bus) = (n + 200)N€ ns

This expression assumes one word of data to be transferred per active
element. For fault simulation with w words of data to be transferred
per active element the expression becomes:

tewus) = (n + 200) Nrew ns.
The number of words to be transferred is given by:
w=1+ 2L,

where L, is the number of word pairs per value vector used in
simulation. One word is required to carry the element number and the
2L, words carry the value vector. Taking the value of e = 1.1:

tewusy = (1.1n + 220)(1 + 2L,) Nt ns. 2)

5.2.2 Cross-point matrix

In a cross-point matrix-based communication structure several
processors can be simultaneously sending data to other processors.
The total communication time during a simulation cycle for true value
simulation is given by®:

200Nke

c(matrix) — + 50] ns,

where j is the number of events for which the destination processor is
found busy, i.e., the destination processor is communicating with some
other processor. Once again this expression assumes one word of data
transferred per active element. For w words of data to be transferred,
the expression for fault simulation becomes:

tc(matrix) = m + 50]w ns.

Fork=11,e=11, w =1+ 2L,, and j = 0.1 N¢/n (the channel is
found busy for 10 percent of the transfer requests), the above expres-
sion can be rewritten as:

te(matrix) = (247 + 494Lp) 'l;\l,—f ns. (3)

5.3 Choice of communication structure

The expressions for the processing time per simulation cycle per
active element and the communication times per simulation cycle per
active element for the bus and matrix structures are plotted in Fig. 4.
The expressions are plotted for value vector length of one word (16
bits/word), i.e., L, = 1.
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Fig. 4—Variation in processing and communication time.

The curves for the processing time and bus communication time for
the parallel bus intersect at n = 36. The processing time is greater
than the bus communication time for n < 36. Thus the processing
time is the bottleneck. The processing time decreases as the value of
n increases. For n > 36 the bus communication time becomes larger
than the processing time and the bus communication time becomes
the bottleneck. Therefore, using more processors than n = 36 will not
speed up the simulation. For optimum performance n = 36, and the
length of the simulation cycle per active element becomes t,, = 0.78
us. Based on the parallel simulation algorithm given in Appendix C,
the actual simulation cycle length per active element for a single
processor can be estimated as ¢; = 24 us. The multiprocessor fault

FAULT SIMULATION 3117



simulator with a bus-based communication structure provides a speed-
up of 31 over the traditional single-processor logic fault simulator.

For further speedup a faster communication structure must be used.
Figure 4 also shows the curve for the matrix communication time.
This curve does not intersect with the curve for the processing time,
and the communication time is always less than the processing time.
The communication time will therefore never be a bottleneck. More
processors can be added to speed up the simulator. For example, for
n = 100 the speedup compared to the traditional single-processor logic
fault simulator is 86 and for n = 256 the speedup is 220. The speedup
of simulation is expected to be greater than two orders of magnitude
for n > 120.

5.4 Multiple-bus communication structure

The results of the previous section show that for a given number of
faults per pass, the time-shared parallel bus is useful only for up to a
fixed value of n. For further speedup the cross-point matrix has to be
used. However, the cross-point is not used up to its maximum capa-
bility. For example, at 16 faults per pass and n = 100, the simulation
cycle length is 280 N; ns while the communication cycle length is 7.4 N;
ns, i.e., the communication structure is used less than 3 percent of the
time. A communication structure that is slower and cheaper than the
cross-point matrix might prove more cost-effective. This will be true
especially since the control for the cross-point is very complex and
thus expensive.

A communication structure that provides a capacity in between that
of the time-shared parallel bus and the cross-point matrix is the
multiple-bus structure. It consists of a bus arbitrator and several
parallel buses. The configuration of the multiple-bus structure and its
interface to the Output Data Sequencers (ODSs) and Input Data
Sequencers (IDSs) of the slave units are given in Fig. 5. When the
ODS needs to send data, it sets the Request To Send (RTS) line high
and puts the destination address on the address lines. The requesting
ODS keeps the RTS line high until granted a bus. The bus arbitrator
grants it the use of the communication medium when it finds an
unused bus and determines that the requested destination is not busy.
The bus arbitrator grants the bus by setting the Bus Grant line high.
The data are switched through the bus selector switch to the available
bus. At the other end of the bus there is a line selector from which the
data are sent to the destination processor. The ODS sends out all the
data present in its Output FIFO Buffer (OFB). The data received by
the IDS of the destination unit are put in its Input FIFO Buffer (IFB).
The ODS then sets the RTS line low. This releases the bus, which is
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COMMUNICATION STRUCTURE

REQUEST TO SEND (RTS)
BUS GRANT
RTS FOR MASTER (RTSM) BUS
ADDRESS ARBITRATOR
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DATA
DATA READY
INPUT
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UNIT) :
(FROM OTHER
PROCESSORS)

Fig. 5—Configuration of multiple-bus structure.

then granted by the bus control to another requesting slave or the
master. All units have equal priority. The ODS will set the Request
To Send line high again if it gets more data to transfer in the OFB.

The data sent out to a slave unit from another slave unit or the
master consist of element information and changed value vectors. The
data sent to a master consist of the address of the sending slave,
element number (primary output or monitored point), and value
vector. A separate line Request to Send to Master (RTSM) is used to
address the master. When the destination is the master, the address
lines from the ODS contain the sending slave unit address. This
address together with the element number and value vector is stored
in the master IFB by the master IDS.

To obtain an expression for the communication time for the multi-
ple-bus structure, consider first of all the bus structure with only a
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single bus. For this case, the communication time will consist of the
same components as that for time-shared parallel bus®

teqmbus) = (forg + tas + Laa + tor) (1 + 2L,)(Nye,

where t, is the bus request and grant time, t,, is the address and data
setup time, tg, is the data acknowledge, and &, is the bus release time.
For the multiple-bus structure the bus request and grant time, tyyg, will
be greater than in the parallel bus since extra checking has to be done
before a bus is granted. The bus arbitrator will have to determine if a
bus is available and if available then it has to further determine if the
requested destination is busy. Assuming these extra actions double the
time required for the bus request and grant time and the other times
remain the same: t,, = 200 ns, tgs = n ns, tg, = 50 ns, &, = 50 ns, and
e = 1.1. Each transaction across the multiple-bus has to wait for a bus
to be granted. As more buses are added, the transactions can occur in
parallel. Assuming the number of parallel buses is much smaller than
the number of processors, the probability of the destination processor
being busy will be small. The decrease in the total communication
time will then be proportional to the number of buses. The expression
for the total communication time for the multiple-bus communication
structure becomes:

1.1n + 330)(1 + 2L,)N;
tc(mbus) = ( n ;)( p) fr (4)

where b is the number of parallel buses.

Let n, be the number of processors at the optimum operation point,
where &, = tembus- If the simulator operates with the number of
processors not equal to n,, then the speed of simulation will be lower.
An expression for n, can be derived by equating egs. (1) and (4):

0.49L, + 0.64\\"°
o= —1 pubiinhten) LIt
n, 50 + 150(1 + b( oL, + 1 ))

This expression is plotted for various values of b with L, = 1 in Fig.
6. It can be seen that higher performance is available with the multiple-
bus structure compared to the single time-shared parallel bus for
b=2.

The implementation of the multiple-bus structure is expected to be
less expensive than that of the cross-point matrix. The complexity of
the communication structures and thus their cost is proportional to
the number of switch points. For the cross-point matrix, the number
of cross-points is proportional to the square of the inputs, i.e., n% For
the multiple-bus structure two points have to be connected to establish
a connection and thus the number of switch points is 2bn. The cost of
the multiple-bus structure will be less than that of the cross-point
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Fig. 6—Variation in the optimum number of processors with the number of parallel
buses.

matrix as long as 2b < n. As we saw in the analysis done earlier this
will always be the case. For b = 5 and n, = 105, the cost of the
multiple-bus structure will be an order of magnitude lower than that
of the cross-point matrix. Furthermore, it must also be noted that
physical switching is not necessary in the case of the multiple-bus
structure; it is cheaper to use logic enables for connecting an ODS and
an IDS to a bus. This will result in even lower cost when compared
with the cross-point matrix.

VI. EFFECT OF NUMBER OF FAULTS PER PASS

When simulating a large number of faults per pass in parallel
simulation, several pairs of words carrying the true and faulty values
(L,) must be manipulated per active element. All the faulty values in
the words can be considered together as a vector. All the faulty values
are evaluated even if only one faulty value is active.

The behavior of the multiprocessor fault simulator, using the par-
allel fault simulation algorithm, will be investigated for variations in
the number of faults simulated per pass. Comparisons will be made
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between 16, 32, 64, 256, and 1024 faults per pass, assuming a processor
word length of 16 in all the cases.

Only the time-shared parallel bus and the cross-point matrix are
discussed. The communication structure with multiple buses is not
considered since the results for the time-shared parallel bus will apply,
except for a scaling factor.

6.1 Simulator with time-shared parallel bus

The expressions for processing time per simulation cycle, t,, and the
parallel bus communication time per simulation cycle, tpus), derived
earlier in egs. (1) and (2) are used to analyze the effects of variations
in the number of faults per pass. It was seen earlier that the optimum
operation point for the simulator occurs when the processing time and
communication time are equal, i.e., {, = fcus)- An expression for the
number of processors required to meet this condition for a given length
of value vector (L,) can be derived by equating the expressions for ¢,
and t.gus)- Let n, be the number of processors at the optimum operation
point and ¢, be the length of the processing and communication cycles
at the optimum operation point. Values of n smaller than the optimum
n, cause the processing to be a bottleneck, while larger values of n
cause communication to be a bottleneck. Equating egs. (1) and (2)
yields the following expression for n,, the number of processors re-
quired for optimum operation:

0.5
ne = —100 + 100( 311 + 2:44
9L, + 1

Let « be the number of faults per pass. Then « = 16L, assuming 16
bits per word. The above expression for n, can be rewritten as a
function of the number of the faults «, as:

0.5
0.19a + 2.44) 5)

no(a) = =100 + 100( 01%m + 1

For n = ny(a), the processing time per simulation cycle and the bus
communication time per simulation cycle both reduce to:

Ni(a)
no(a) '

For a simulator with optimum number of processors, n.{«), the total
time required to simulate a fixed number of faults is obtained by
multiplying the time required for processing one active element (¢,(«)/
Ni(a)) by the total number of active elements during the simulation
(N1(a)):

to(a) = (15.8 + 0.76c) (6)
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_ tole)
@) = Nt

The total number of active elements during simulation is given by:

Nr(a).

Nr(a) = Nfa) X (number of simulation cycles per pass)
X (number of passes).

Substituting the expression for t,(«) given in eq. (6):

T(a) = (15.8 + 0.76a)M. (7
no(a)

Define the simulation time ratio as the ratio of the total time required
to simulate a set of faults with « faults per pass to the total time
required to simulate the given set of faults with 16 faults per pass, i.e.,
T(a)/T(16). Using a value of n,(16) = 36 {eq. 5), the expression for
the simulation time ratio is given by:

T(a) _ (20.3 + 0.98a) Nr(a)
T(16) no(a) Nr(16)

The values of the simulation ratio are first calculated theoretically
and then compared with the experimental results.

(8)

6.1.1 Theoretical simulation time ratio

Let simulation activity, N1(a), refer to the number of active elements
during all passes of a simulation. The simulation activity can be
expected to be inversely proportional to the number of faults per pass:

NT(Ol) _ 1_6
Nt(16)

For example, the expected simulation activity at 32 faults per pass
will be half the simulation activity of 16 faults per pass since the
number of passes needed will be halved. The theoretical expression
for the simulation time ratio becomes:

T(e) _ (203 + 0.982) 16
T(16) nolc) a

Note that the theoretical simulation time ratio is independent of the
simulation activity. Table II gives the variation of the optimum
number of processors, n,, and the variation of the simulation time
ratio as a function of the number of faults per pass, a. The theoretical
results show that the simulation time ratio, and thus the total simu-
lation time, decreases as the number of faults per pass increases.
Also, it is interesting to note that for 16 faults per pass the operation

&)
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Table Il—Theoretical simulation
time ratio

Optimum Simulation
Number of Time Ratio,

Faults per Processors, T(x)
Pass, « n, T(16)
16 36 1.0
32 32 0.81
64 29 0.72
256 26 0.65
1024 25 0.64
Table Ill—Experimental simulation time
ratio

Optimum Simulation
Simulation Number of Time Ratio,

Faults per Activity,  Processors, T(a)

Pass, o Ni(a) n, T(16)
16 17586 36 1.0

32 9374 32 0.86

64 5204 29 0.84

256 1787 26 1.06
1024 689 25 1.6

peaks at 36 processors, while for 1024 faults per pass the operation
peaks at 25 processors. As the number faults per pass increases, the
point of optimum operation occurs for a slightly smaller number of
processors. This is because the time required to transfer the increased
data is more than the time required to process the increased data.

6.1.2 Experimental simulation time ratio

The values of Nt(«) averaged over several experimental runs made
on the LAMP simulator'® (with a mapping algorithm from deductive
simulation to parallel simulation as discussed in Section 5.1) are given
in Table III. Also shown in Table III are values for the simulation
time ratio derived from eq. (8).

The experimental simulation time ratio, T(a)/T(16), is plotted
together with the theoretical simulation time ratio in Fig. 7.

It is interesting to note that as the number of faults per pass
increases, the experimental simulation time ratio falls below 1.0 ini-
tially, i.e., the simulation speeds up. After a certain point, the simu-
lation time ratio then starts increasing and goes above 1.0. The fastest
simulator is a 64 faults per pass simulator with 29 processors. On the
other hand, the theoretical simulation time ratio always stays below
1.0 and keeps decreasing as the number of faults per pass increases.
The difference in the experimental and theoretical results can be
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Fig. 7—Experimental and theoretical simulation time ratio for variation in number
of faults per pass—a time-shared parallel bus.

explained by examining the variation in simulation activity as the
number of faults per pass changes.

The curve for the theoretical simulation time ratio in Fig. 7 shows
that the simulation speed increases as the number of faults per pass
increases. This is as expected, since increasing the number of faults
per pass decreases the number of passes and thus the fanout search
and related processing time. In practice, however, there is extra
simulation activity due to longer value vectors and this tends to
increase the processing time. As more faults are simulated per vector,
i.e., as the value of « gets larger, the simulation activity during the
simulation will be higher than the theoretical. For example, as shown
earlier, the theoretical activity at 32 faults per pass will be half the
simulation activity at 16 faults per pass. However, the experimental
simulation activity at 32 faults per pass will be more than the expected
half. This is because the active faults in two value vectors at 16 faults
per pass will not always directly map into one value vector at 32 faults
per pass. Any active fault in the value vector will cause simulation
activity even if the good value does not change. The effect of this is to
cause extra schedulings. This increase in schedulings can be repre-
sented by an effective increase in the length of the simulation cycle
and the number of simulation cycles. The runs made on the LAMP
simulator show that most of the increase is in the length of the
simulation cycle (i.e., more computation during the simulation cycle).
The expected simulation activity and the actual simulation activity
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obtained from runs made using the LAMP simulator are given in
Table IV.

For 32 faults per pass, the simulation activity is only 1.07 times that
theoretically expected. Thus the increase in processing time due to
this extra activity is not substantial and the overall speed of simulation
is higher due to the greater savings in the fanout search processing.
For 1024 faults per pass, the simulation activity is 2.51 times that
theoretically expected. In this case, the increase in processing time
due to the extra activity is substantial compared to the savings
obtained in the fanout search processing. This results in lowering the
overall speed of simulation when compared with 16 faults per pass.

In summary, for the multiprocessor fault simulator with a parallel-
bus-based communication structure, the fastest simulation speed oc-
curs for 64 faults per pass and 29 processors. Note, however, that the
number of processors required for 64 faults per pass is greater than
the number of processors for 1024 faults per pass. Decreasing the
number of processors for 64 faults per pass to 25 yields the total
simulation time of 13,413 us. This still favors the 64 fault per pass
simulator over the 1024 fault per pass simulator.

6.2 Simulator with cross-point matrix

The expressions for the processing time per simulation cycle, t,, and
the cross-point matrix communication time per simulation cycle,
te(matrixy, derived earlier in egs. (1) and (3) are applicable to variations
in the number of faults per pass. The increase in simulation activity
caused by simulating more faults per pass will increase both the
processing time and the communication time for the cross-point
matrix. However, adding one word pair to the value vector will cause
an increase in the communication time that is only 4 percent of the
increase in the processing time. Thus, the communication time will
always be less than the processing time. The cross-point matrix
provides sufficient communication capacity for the parallel fault sim-

Table IV—Effect of multiple
passes on simulation activity

Experimental Theoretical
Simulation  Simulation

Faults per Activity, Activity,
Pass, a Nr(a) Nr(a)
16 17,586 17,586
32 9374 8793
64 5204 4396
256 1787 1099
1024 689 275
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ulator and does not cause a communication bottleneck. For faster fault
simulation, more processors can be added.

The variation of the simulation time ratio as a function of the
number of faults per pass will be investigated to obtain the optimum
number of faults per pass. Since the processing time dominates, the
total time required to simulate a set of faults with « faults will be
equal to the total processing time. Using eq. (1):

T(a) = (15.8 + 0. 76a)N r(@)

The simulation time ratio is given by:

T(e) Nr(a)
Titg) = (0-56 + 0.027a) .

The experimental and theoretical simulation time ratios are plotted
in Fig. 8. As was the case for the time-shared parallel bus, the
experimental simulation time ratio increases after 64 faults per pass.
This is because the time required to process the increased simulation
activity is greater than the time saved in the fanout search overhead
associated with each pass. For the multiprocessor fault simulator with
a cross-point-matrix-based communication structure, the optimum
number of faults per pass is 64. Using a different value for the number
of faults per pass will decrease the speed of simulation. Note that the
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Fig. 8—Experimental and theoretical simulation time ratio for variation in number
of faults per pass—cross-point matrix.
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number of processors, n, does not affect the simulation time ratio.
More processors can be added to obtain greater speed.

When compared with the parallel bus the cross-point matrix pro-
vides greater speed for any value of n greater than the optimum n for
the parallel bus. For example, for 64 faults per pass, the cross-point
matrix can be made faster than the parallel bus by selecting n > 29.

VII. SUMMARY

In this paper we presented a special-purpose logic fault simulator
based on the parallel simulation method. The simulator is expected to
be two orders of magnitude faster than traditional logic fault simula-
tors implemented on general-purpose computers. For both the time-
shared parallel bus and the cross-point matrix, the simulator performs
the best at 64 faults per pass. Decreasing the number of faults per
pass slows down the simulation due to fanout search and other
overhead required for every pass. Increasing the number of faults per
pass also slows down the simulation due to the increase of simulation
activity.

When the parallel bus is used, the power of the simulator can be
increased over a certain range by increasing the number of slaves. The
power of the simulator can be further increased by using the cross-
point matrix.

The application of the special-purpose simulator to other fault
simulation methods is being investigated currently.
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APPENDIX A
Architecture Description
A.1 Introduction

The simulator consists of one master and a multiplicity of slaves
(processors) interconnected by a communication structure (see Fig.
2). The communication structure can be either shared or dedicated.
The circuit to be simulated is partitioned into subcircuits and each
subcircuit is simulated in a separate processor. The partitioning is
such that the number of simultaneously active subcircuits (processors)
is maximum and the number of simultaneously active elements in
each subcircuit (processor) is minimum while keeping the communi-
cation from being a bottleneck.

The circuit to be simulated is initially modeled in the general-
purpose computer, partitioned and loaded into the slave memories.
The general-purpose computer performs all functions of input, output,
and user interactions. The simulation is carried out in the multi-
processor simulator.

The simulator can be programmed to output intermediate results to
the general-purpose computer. It also can be interrupted by the gen-
eral-purpose computer for intermediate results. The user can ask for
information about a simulation run while it is in progress (e.g., the
status of a variable) and make certain run-time decisions like contin-
uing simulation, applying extra input vectors, or stopping. After sim-
ulating each vector input, the simulation results and any other user
requested information are sent to the general-purpose computer. User-
requested information typically includes output values of elements
(monitored points) at specific simulated times or under some other
specified conditions. The general-purpose computer formats this in-
formation for suitable presentation to the user.

A.2 Multiprocessor operation

At the beginning of each simulation cycle the master sends primary
input values (if any) to the appropriate slaves using the communication
structure. The master then issues a start signal to the slaves. This
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signal informs the slaves to start processing for the next simulation
cycle. During the processing of a simulation cycle a slave unit may
generate data for the other slaves or the master. The data are sent to
the destination slave or the master using the communication structure.
Only data for the subsequent time interval are transferred between
the slaves to reduce the amount of information sent over the commu-
nication structure, thus minimizing the communication overhead.
Therefore, the scheduled time is not sent.

Each slave informs the master when it has finished processing and
transferring data for the current simulation cycle. When all slaves
have informed the master about their completion of processing for the
current simulated time interval, and also the master has finished
transferring any primary input values scheduled for the next simulated
time interval to the slaves, the master issues a start signal to the slaves
for the next simulation cycle.

There are two signal lines between each slave unit and the master.
The master signals the slaves using a START signal and the slaves
signal the master using the DONE line. The START line from the
master initiates processing for the next simulation cycle. The DONE
line will become one when all the slaves have finished processing for
the current simulation cycle.

A.3 Slave unit

Each slave unit consists of a processing unit (PU), an input FIFO
buffer (IFB), an output FIFO buffer (OFB), an input data sequencer
(IDS), and an output data sequencer (ODS).

The slave unit PUs perform the actual fault simulation. The PU
stores any data it has for other PUs or the master in the OFB. The
ODS makes a request for the communication structure if there are
any data to be transferred from the OFB. The ODS of the slave, if
granted the use of the communication structure, takes data from the
OFB and sends it over the communication structure to other slaves or
the master. The data are received by the IDS of the destination slave
or the master. Any data received by an IDS are put in its IFB. End of
Data (EOD) flags are used to separate data streams since a PU can be
writing new data to the OFB before its ODS has finished transferring
current data, and similarly, an IDS can be receiving new data in the
IFB before its PU has finished reading current data.

The slave unit PU operation can be described in terms of two
essentially concurrent processes, namely the simulation cycle (execu-
tion of simulation algorithm) and the communication cycle (commu-
nication of events). Data generated during a simulation cycle are
transferred as they are generated in a corresponding communication
cycle (see Fig. 5). The algorithm executed by the Slave Unit PU is
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similar to the traditional parallel simulation algorithm used on gen-
eral-purpose computers except that it is modified to operate on a data
structure distributed over several processors (see Appendix C).

A communication cycle is the period in between two START com-
mands issued from the master. This cycle is phased with respect to
the simulation cycle as shown in Fig. 9.

A.4 Master processor

The master processor is the interface between the general-purpose
computer and the simulator. Its main functions are to keep track of
simulated time, keep the slaves in synchronism, supply the slaves with
primary input values, and gather the primary output values from the
slaves. The configuration of the master is similar to that of a slave
unit and is shown in Fig. 10. It consists of a central processing unit
(CPU) with some local memory, an IFB, an OFB, an IDS, and an
ODS.

A.5 Communication structure

The communication structure is used as a medium for transferring
data between the slaves and between the slaves and the master. Either
a shared or a dedicated structure can be used for the multiprocessor

Ty (e =1 COMMUNICATION CYCLE, Ty {2)

/
Ol EE] B |E

PROCESS|PROCESS | PROCESS|EVALUATE/SCHEDULE|END

DATA EXTERNAL | DATA CYCLE
TIMING | FOR IFB
WHEEL | NEXT

TIME
INTERVAL

T

EOD FROM EOD TO EOD FROM
IFB OFB IF8
SIMULATION CYCLE, T, (t) Tple+1)

NOTE: DATA GENERATED DURING SLOTS AND IZ] OF
Tp ISTRANSMITTED DURING Tg.

Fig. 9—Relationship between a simulation cycle and communication cycle.
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Fig. 10—Master configuration.

simulator. The details of a communication structure based on time-
shared parallel bus and the cross-point matrix are discussed in detail
in Ref. 5.

APPENDIX B
Data Structure for Parallel Method

The following data tables are used by each PU for its operation (see
also Fig. 11):

1. Element table—This table contains the interconnection data and
signal values for the circuit. For each element it contains the value
vector, type, delay, fan-in list pointer and corresponding fan-in list,
internal fanout list pointer and fanout list, external fanout list pointer
and external fanout list. The value vector consists of a word pair. The
first bit of each word of the word pair represents the good machine,
while the remaining bits represent faulty machines. Three values can
be represented: 0, 1, and X. If multiword parallel simulation is required,
then additional word pairs are used to represent more faulty machines.
The internal fanout list pointer and corresponding fanout lists give
the fanout that remains in the subcircuit. The external fanout list
pointer and corresponding fanout lists give fanout that goes to subcir-
cuits located in other slaves. An element may have only internal
fanout, only external fanout, or both internal and external fanout.
Note that storing the external fanout takes up more space than storing
an internal fanout, since both the destination processor address and
element index have to be stored for the external fanout.

2. Activity list—This list is used to keep track of active elements
during a simulation time interval. These elements are to be evaluated.
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ELEMENT TABLE

INDEX| VALUE | TYPE | DELAY | FAN-IN | INTERNAL | EXTERNAL
VECTOR LIST FANOUT | FANOUT
POINTER POINTER LIST LIST
POINTER | POINTER
// I
INTERNAL
VALUE VECTOR | | FAN-IN || FANOUT | |EXTERNAL| |EXTERNAL
LIST LIST FANOUT | | FANOUT
LIST LIST
VALUE VECTOR
TIMING WHEEL
0
1
BEGIN CURRENT END
.
.
.
CURRENT
LIST e L —— |eeeef l_...-1:]
POINTER
! S el el ]
(XN ) soe
.
.
.
EVENT LISTS
L¢ = CURRENT LIST OF TIMING WHEEL

L+

NEXT LIST OF TIMING WHEEL

Fig. 11—Data tables for PU operation (parallel simulation).

3. Timing wheel—This data area contains the events that are
scheduled in the future. A large amount of work has been done in this

area.'>®

APPENDIX C

Parallel Simulation Algorithm

1. Update data from timing wheel

for each event in list L, of timing wheel

begin

update value vector pointer in Element Table;
for each fanout f of updated element
if activity flag of f not set {

set activity flag;
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put f on activity list;
)
end
deallocate space on Timing Wheel;
2. Prepare external events for next time interval

for each event in list Ly, of Timing Wheel
begin
if element has external fanout |
for each external fanout {
move destination processor address to OFB;
move element number to OFB;
for each word of value vector associated with event
move word to OFB;
}

if element does not have internal fanout also
deallocate space on Timing Wheel;
)

end
3. Update data from IFB

enable interrupts from IFB;
for each interrupt received from IFB
begin
if event is not EOD flag {
for each word of value vector associated with event
move word to Element Table;
for each fanout f of updated element
if activity flag of f not set {
set activity flag;
put f on activity list;
}
}
else {
disable interrupts from IFB;
reset activity flags in Element Table;
go to step 4 (Evaluate/Schedule);
J
end
(The EOD flag signifies end of data present in the IFB for the
current simulation cycle. The EOD flag is loaded by the IDS
when it receives a START signal from the master.)
4. Evaluate/schedule

for each entry in activity list
begin
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inject faults, if any, on inputs;
for each set of words associated with input value vectors
of element
begin
calculate corresponding output word;
if output word changed from previous value
set change flag;
end
inject faults, if any, on outputs;
if change flag set or faults injected {
schedule event on Timing wheel;
if (element delay is 1 && element has external fanout)
for each external fanout |
move destination processor address to OFB;
move element number to OFB;
for each word of value vector associated with event
move word to OFB;

}

end
5. End cycle

store EOD flag in OFB;
increment ¢
goto STEP 1.

APPENDIX D
Glossary

BIU—Dbus interface unit
CPU—-central processing unit (part of a master unit)
EOD—end of data (flag)
IDS—input data sequencer
IFB—input first in first out (FIFO) buffer
L,—number of word pairs used in parallel simulation
LAMP—logic analyzer for maintenance planning
LSI—large-scale integration
L.—current list of timing wheel
N—average number of active elements per simulation cycle in
true value simulation
Nr—total number of active elements during all passes of a simu-
lation
Ni—average number of active elements per simulation cycle in
fault simulation with 16 faults per pass
ODS—output data sequencer
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OFB—output FIFO buffer
PU—processing unit (part of a slave unit)
T—time required to simulate a given set of faults
c—average number of elements in an element string
fi—average fan-in of an element
fo—average fanout of an element
J—number of events for which the channel is found busy in
cross-point matrix
k—imbalance factor due to nonideal partitioning
n—number of processors in the multiprocessor simulator
n,—number of processors required for optimum operation of
multiprocessor simulator
ti—length of simulation cycle for a single processor simulator
t,—time required to process one active element
t,—bus release time for a parallel bus structure
twg—Dbus request and grant time for a parallel bus structure
t.—total communication time during one simulation cycle
t.wusy—total communication time during one simulation cycle for a
single parallel bus structure
tematrig—total communication time during one simulation cycle for a
matrix structure
tembusy—total communication time during one simulation cycle for a
multiple parallel bus structure
tsa—data acknowledge time for a parallel bus structure
tss—address and data setup time for a parallel bus structure
tn—length of simulation cycle for a multiprocessor simulator
t,—average processing time, t,, for number of processors n = n,
t,—average processing time per processor during one simulation
cycle, where average processing time consists of the time
required to process all active elements and schedule resulting
events
VLSI—very large-scale integration
w—number of words to be transferred across the communication
structure for one active event
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Two New Kinds of Biased Search Trees
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In this paper, we introduce two new kinds of biased search trees: biased, a,
b trees and pseudo-weight-balanced trees. A biased search tree is a data
structure for storing a sorted set in which the access time for an item depends
on its estimated access frequency in such a way that the average access time
is small. Bent, Sleator, and Tarjan were the first to describe classes of biased
search trees that are easy to update; such trees have applications not only in
efficient table storage but also in various network optimization algorithms.
Our biased a, b trees generalize the biased 2, b trees of Bent, Sleator, and
Tarjan. They provide a biased generalization of B-trees and are suitable for
use in paged external memory, whereas previous kinds of biased trees are
suitable for internal memory. Our pseudo-weight-balanced trees are a biased
version of weight-balanced trees much simpler than Bent’s version. Weight
balance is the natural kind of balance to use in designing biased trees; pseudo-
weight-balanced trees are especially easy to implement and analyze.

1. INTRODUCTION

The following problem, which we shall call the dictionary problem,
occurs frequently in computer science. Given a totally ordered universe
U, we wish to maintain one or more subsets of U under the following
operations, where R and S denote any subsets of U and i denotes any
item in U:

access (i, S)—If item { is in S, return a pointer to its location.
Otherwise, return a special null pointer.

* Research done partly while a summer employee of Bell Laboratories and
partly while a graduate student supported by Air Force grant AFOSR-80-042.
* Bell Laboratories.
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insert (i, S)—Insert i in S, assuming it is not previously there.

delete (i, S)—Delete i from S.

join (R, S) (two-way join)—Return the set consisting of the union
of R and S, assuming that every item in R precedes every item in S.
This operation destroys R and S, and can be regarded as a concaten-
ation of R and S.

split (i, S)—Split S into three sets L, I, and R, where L and R are
the sets of items strictly smaller and strictly larger than i, respectively,
and I = {i} if i is in S (three-way split), I = @ if i is not in S (two-way
split).

One way to solve the dictionary problem is to store the items of
each set in the external nodes of a search tree in left-to-right order,
one item per external node. To guide the operations, the search tree
also contains auxiliary items, called keys, in the internal nodes. The
worst-case access time in a search tree is proportional to the depth of
the tree. By imposing any one of a number of well-known balance
conditions on the tree, we can guarantee that its depth is O(log n),
where n is the number of items it contains. Such a balance condition
can be maintained during update operations by performing appropriate
local rearrangements of the tree. With balanced search trees, each of
the dictionary operations has an O(log n) time bound. Examples of
balanced trees include height-balanced (AVL) trees,! 2, 3 trees,? B-
trees,® and trees of bounded balance.*

In many applications of search trees the access frequencies of
different items are different, and we would like our data structure to
take this into account. To deal with this problem formally we assume
that each item i has a known weight w; providing an estimate of the
access frequency. The biased dictionary problem is that of implement-
ing the dictionary operations so that operations on heavier items are
faster than those on lighter items. In particular, when representing a
set S as a search tree, we wish to bias the tree so as to approximately
minimize its total weighted depth Y.s w:d;, where d; is the depth of
the external node containing item i, while preserving the ability to
update the tree rapidly. In addition to the five dictionary operations,
we allow the following operation for changing the weight of an item:

reweight (i, w, S)—Redefine the weight of item i in set S to be w.

The following theorem, due to Shannon, gives a lower bound on the
total weighted depth of a search tree:

Theorem 1:° If T is a search tree for a set S and every node of T has no
more than b children, then

%%
gg wd; = KZ; Wlogb ;i,

w;

where W = Y5 w; is the total weight of the items in S.
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In light of Theorem 1, our goal is to devise classes of search trees
that are easy to update and have d; = O(log, W/w;) for every item i.
We call O(log, W/w;) the ideal access time of item .

Bent, Sleator, and Tarjan®® have devised several kinds of such
biased search trees. Our work is an extension of theirs. A thorough
discussion of previous work by others on the biased dictionary problem
may be found in Ref. 8.

In their running time analyses, Bent, Sleator, and Tarjan used a
technique called amortization, which we shall also use. The idea of
amortization is to average the running time of individual operations
over a (worst-case) sequence of operations. As a tool in deriving
amortized time bounds we use credits. A credit will pay for one unit of
computing time. To each operation we allocate a certain number of
credits, called the credit time or amortized time of the operation. If a
given operation does not need all its credits, we can save them for use
in later operations; if an operation needs more than its share of credits
we can use those previously saved. In any analysis using credits, the
objective is to prove that an arbitrary sequence of operations can be
performed without running out of credits.

Three points about amortization using credits are worth making.
First, credits are a way of charging earlier operations for later ones. If
a credit analysis is successful, we can assert that any sequence of
operations requires an amount of actual time that is at most a constant
multiplied by the sum of the credit times of the individual operations;
slow operations are only possible if there are corresponding earlier
fast ones. Second, although the word “average” appears in the descrip-
tion of the technique, it is not the usual kind of average-case analysis,
and in particular we make no probabilistic assumptions; we obtain
worst-case bounds holding for any sequence of operations. Third,
credits serve as a kind of “potential energy”: we place them in regions
of search trees that may cause abnormally long update operations.
This idea may illuminate the credit invariants we define below.

The remainder of the paper consists of three sections. In Sections
II and III, we define and analyze biased a, b trees, which generalize
the biased 2, b trees of Ref. 8 and provide a biased version of B-trees.
Biased a, b trees are a form of biased tree appropriate for paged
external memory; earlier forms of biased trees are more appropriate
for internal memory. In Section IV we introduce pseudo-weight-
balanced trees, which give a biased version of weight-balanced trees
much simpler than Bent’s earlier version.® Weight balance is the
natural kind of balance to use in designing a biased search tree; pseudo-
weight-balanced trees are especially easy to implement and analyze.

We shall assume that the reader is familiar with search trees. In
particular we shall not discuss the use and updating of keys, and we
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shall draw freely on the results and techniques of Ref. 8. We shall use
the terminology of Ref. 8 except that we use “external node” in place
of “leaf”. When appropriate we shall regard a node x of a search tree
as denoting the entire subtree rooted at x, with the context resolving
whether a node or a tree is meant. The null node denotes the empty
search tree. We denote the parent of a node x by p(x); p(x) = null if
x is a tree root.

Il. LOCALLY BIASED a, b TREES

Our first class of biased trees uses height balance to guarantee fast
access and variable node size to allow easy updating. The class is
parameterized by two positive integer constants a and b such that 2 <
a < [b/21. The integer b specifies the maximum allowed number of
children of an internal node. If an internal node has at least a children,
we say it is filled; otherwise it is underfilled. (An external node is
always filled.) Ideally, we would like every node to have at least a
children; since in our scheme this is impossible to achieve, we allow
underfilled nodes but treat them specially.

If x is a node in a search tree, we define its weight w(x) to be the
sum of the weights of all items in descendants of x. (We use the
convention that every node is a descendant of itself.) We define the
rank s(x) of x recursively by s(x) = Llog,w(x) 1 if x is an external node,
s(x) =1 + max{s(y)|p(y) = x} if x is an internal node. A node x is
minor if x is not a root and either s(x) <s(p(x)) — 1 or x is underfilled.
All other nodes are major. A locally biased a, b tree is a search tree
with the following properties (see Fig. 1):

1. Every internal node has at least two and at most b children;

Fig. 1—A biased 3, b tree. The numbers in nodes are ranks, and the numbers beside
nodes are credits for the credit invariant.
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2. If x is a minor node, any adjacent sibling of x is both major and
external. When a node x has this property, we say the tree is locally
biased at x.

We call two nodes r-compatible if they can be adjacent children of
a node of rank r in a biased a, b tree. That is, two nodes are r-
compatible if both have rank at most r — 1 and either at least one has
rank r — 1 and is external or both have rank r — 1 and at least a
children each.

If a = 2 we obtain exactly the biased 2, b trees of Bent, Sleator, and
Tarjan. Our main new idea is in the definition and handling of
underfilled nodes. Our first theorem guarantees that a, b trees have
ideal access time if b is chosen appropriately.

Lemma 1: Consider any biased a, b tree. If x is an external node,
a*® = w(x) < &@*L If x is an internal node with at least one minor
child, ' < w(x). If x is an internal node with k children,
E'a*™2 < w(x), where k' = m{k, a}.

Proof: The first part of the lemma is immediate from the definition of
rank. The second part follows from the first part and property 2: if x
has a minor child, it must have another child that is major and
external. We prove the third part by induction on the height of x. If x
has a minor child, then k’a**"2? < ¢**)"! < w(x) by the second part
of the lemma. Otherwise, all children of x are major. Let y be a child
of x. If y is external, or internal with a minor child, then ¢**2% =
a*®! < w(y). Otherwise, y has at least a major children, and by the
induction hypothesis a**~% = a-a*®~? < w(y). Summing over the k
children of x gives ka**~% < w(x). |
Lemma 2: If x is an external node in a biased a, b tree of total weight
W, the depth of x is at most log, W/(w(x)) + 3.

Proof: Let r be the root of the tree and d the depth of x. Since the
rank increases by at least one from child to parent, d < s(r) — s(x).
Lemma 1 implies log,w(x) < s(x) + 1 and log, W = log,w(r) = s(r) —
2. Combining inequalities gives the lemma. O
Theorem 2: A biased a, b tree has ideal access time, with a constant
factor proportional to log,b.

Proof: Immediate from Lemma 2. O

According to Theorem 2, to minimize the access time in a, b trees,
we should choose b as small as possible. The requirement b = 2a — 1
is necessary to allow efficient updating. The best choice of b seems to
be 2a — 1 or 2a. The choice b = 2a allows purely up-down updates
(see the end of Section III). The choice b = 2a — 1 gives a biased
version of ordinary B-trees.® Any other choice gives a biased version
of “hysterical” or “weak” B-trees.®'! Note also that Theorem 2 gives
a worst-case example, not an amortized bound on the access time.
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As Ref. 8 shows, all the update operations on search trees can be
carried out using one or more joins. Our next task is thus to define a
join algorithm for biased a, b trees.

Algorithm 1: local join (x, y). Join two locally biased a, b trees with
roots x and ¥, assuming that all items in tree x precede all items in
tree y.

Case 0—x = null or y = null. If x = null, return y; if y = null,
return x.

Case 1—s(x) = s(y) and x and y are (s(x) + 1)-compatible, or s(x)
=< s(y) and x and y are (s(y) + 1)-compatible. Create a new node with
x and y as its children and return the new node.

Case 2—s(x) = s(y) and x and y are not (s(x) + 1) compatible. Let
u be the rightmost child of x and v the leftmost child of y (see Fig.
2a). Perform join(u, v), letting w be the root of the resulting tree. If
s(w) < s(x), construct a node z whose children are those of x not
including u, the node w, and the children of y not including v. If s(w)=
s(x), construct a node z whose children are those of x not including «,
those of w, and those of y not including v (see Fig. 2b). In either case,
if z has more than b children, split it into two nodes z’ and z” with 2z
as parent, dividing the old children of z as evenly as possible between
2’ and 2” (see Fig. 2¢). Return z.

Case 3—s(x) > s(y) and x and y are not (s(x) + 1)-compatible. Let
u be the rightmost child of x (see Fig. 2d). Perform join (u, y), letting
v be the root of the resulting tree. If s(v) < s(x), replace u as a child
of x by v. If s(v) = s(x), replace u as a child of x by the set of children
of v. If x now has more than b children, split it into two nodes x’ and
x” with x as parent, dividing the old children of x as evenly as possible
between x” and x”. Return x.

Case 4—s(x) < s(y) and x and y are (s(y) + 1)-compatible. Sym-
metric to Case 3.

Theorem 3: Given two biased a, b trees with roots x and y, the join
algorithm produces a biased a, b tree whose root has rank max{s(x),
s(y)} or max{s(x), s(y)} + 1. In the latter case, the root of the new tree
has exactly two children.

Proof: An easy induction on rank shows that the root of the tree
produced by the join has rank max{s(x), s(¥)} or max{s(x), s(y)} +1
and that in the latter case the root has exactly two children. Further-
more, it is clear that every internal node in the new tree has at least
two and at most b children. All that remains is to show that any two
adjacent siblings in the new tree are allowed to be adjacent by property
2. We prove this by induction on rank, using the same cases as in the
algorithm.

Case 1—Assume without loss of generality that s(x) = s(y). Since
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Fig. 2—Cases of the join algorithm. (a) Situation at the beginning of Case 2. (b)
Recursive call join (u, v) produces a tree of rank s(x) with root w. (c) Division of an
overfilled root. (d) Case 3.

x and y are (s(x) + 1)-compatible, the new tree is locally biased at x
and y.

Case 2—For the moment, ignore the split of z if it takes place. Since
x and y are not (s(x) + 1)-compatible, neither x nor y is external, and
u and v exist. Suppose the left sibling of u, say g, is minor. Then u is
major and external, which means that the join of u and v will imme-
diately terminate in Case 1, and the new right sibling of ¢ will be w.
The symmetric statement holds for the right sibling of v. Finally,
suppose w is minor, i.e., s(w) < s(x) — 1 or w has fewer than a
children. Then both u and v must be minor as children of x and y,
respectively, and both adjacent siblings of w in the new tree will be
major and exiernal. Thus the tree before the split has property 2.
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Splitting z preserves property 2 since both new children of z will have
at least a children of their own (this is where we use b > 2a — 1) and
each will have rank s(x). (Property 2 implies that before the split, of
any two adjacent children of z, at least one has rank s(z) — 1).

Case 3—Similar to but simpler than Case 2. Case 4 is symmetric.[]

To make our timing analysis as similar as possible to the one in
Ref. 8 for biased 2, b trees, we shall assume that credits can be divided
in half, and that half a credit will pay for the work in one call of join,
not counting the work in the recursive call. We use the following credit
invariant: A nonroot node x holds s(p(x)) — s(x) — 1 credits, plus an
additional half credit if x is underfilled.

Theorem 4: The join algorithm runs in O(|s(x) — s(y)|) amortized
time. Specifically, carrying out the join while preserving the invariant
takes |s(x) — s(y)| + 1 credits in Case 1 or 2, |s(x) — s(y)| + 1/2
credits in Case 3 or 4.

Proof: We use induction on rank and a surprisingly complicated case
analysis.

Case 1—Assume without loss of generality that s(x) = s(y) and
that if s(x) = s(y), then x is external or filled. We need half a credit
for the work in the join and at most s(x) — s(y) + 1/2 credits to place
on ¥y, for a total of s(x) — s(y) + 1.

Case 2—The split of z, if it occurs, does not affect the credit
invariant; therefore we ignore it. Assume without loss of generality
that s(u) = s(v). There are three subcases:

Subcase 2a—s(w) = s(x) and join (u, v) is a Case 1 join. The credits

originally on u and v suffice to maintain the credit invariant on u

and v after the join of x and y is completed. We have one credit on

hand to join x and y; we spend half for the work in the outer call

and half for the work in the inner call. .

Subcase 2b—s(w) = s(x) and join (u,-v) is not a Case 1 join. To

perform the join of x and y we are given one credit and can obtain

at least 2s(x) — s(u) — s(v) — 2 from u and v, for a total of 2s(x)

— s(u) — s(v) — 1. We need half a credit for the work in the outer-

most call and at most s(u) — s(v) + 1 for the recursive call, for a

total of at most s(u) — s(v) + 3/2. The difference between what we

have and what we need is 2(s(x) — s(u)) — 5/2. Since s(x) — s(u)

= 1, we must find at most an additional half credit to spend.

If join (u, v) is a Case 2 join, and s(x) — s(u) = 1, then either u

or v is underfilled and yields an extra half credit. If join (u, v) is a

Case 3 join, we save half a credit on the join. Thus, in any case we

can obtain the needed half credit.

Subcase 2c—s(w) < s(x). As in Subcase 2b we have at least 2s(x)

— s(u) — s(v) — 1 credits to perform the join of x and y. We need
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one half for the work in the outermost call, at most s(u) — s(v) +
1 for the recursive call, and at most s(x) — s(w) — 1/2 to place on
w, for a total of at most s(x) + s(u) — s(v) — s(w) + 1. The
difference between what we have and what we need is s(x) — s(u)
+ s(w) —s(u) — 2. Since s(x) —s(u) = 1 and s(w) = s(u), we have
enough credits unless s(x) — s(z) = 1 and s(w) = s(u), in which
case we must find an extra credit.

Suppose s(x) — s(u) = 1 and s(w) = s(u). Since s(w) = s(u),
join (u, v) is not a Case 1 join, and u is internal. If join (u, v) is a
Case 2 join, then both u and v are internal. Either both u and v are
underfilled, giving us two additional half credits, or one of u and v
is underfilled and w is filled, giving us an extra half credit from u or
v and saving a half credit that does not need to go on w. The only
other possibility is that join (u, v) is a Case 3 join, which saves us
half a credit.

Furthermore in this case either u is underfilled or w is filled, either
giving us an extra half credit from u or saving us a half credit on w.
Thus in all cases we obtain the necessary extra credit.
Case 3—We ignore the possible split of x, which does not affect the
credit invariant. There are two subcases:
Subcase 3a—s(v) = s(x). To perform the join we are given s(x) —
s(y) + 1/2 credits and can obtain at least s(x) — s(u) — 1 more
from u, for a total of 2s(x) — s(u) — s(y) — 1/2. We need one half
for the outermost call and at most | s(u) — s(y)| + 1 for the recursive
call, for a total of |s(u) — s(y)| + 3/2. The difference between what
we need and what we have is 2(s(x) — max{s(u), s(y)}) —2=0.
Subcase 3b—s(v) < s(x). To perform the join we have at least 2s(x)
— s(u) — s(y) — 1/2 credits. We need |s(u) — s(y)| + 3/2 for the
outermost and recursive calls, plus at most s(x) — s(v) — 1/2 to
place on v, for a total of s(x) + [s(u) — s(y)| — s(v) + 1. The
difference between what we have and what we need is s(x) —
max{s(u), s(y)} + s(v) — max{s(u), s(y)} — 3/2. We have enough
credits unless s(x) — max{s(u), s(y)} = 1 and s(v) = max{s(u),
s(y)}, in which case we need an extra half credit.

Suppose s(x) — max{s(u), s(y)} =1 and s(v) = max{s(u), s(y)}.
Then join (u, y) is not a Case 1 join. If it is a Case 2 join, then
either u is underfilled, giving us an extra half credit, or v is filled,
saving us a half credit on v. If it is a Case 3 join, we save half a
credit on the join. Thus in all cases we obtain the necessary half
credit.

Case 4—Symmetric to Case 3. O
It is useful to restate Theorem 4 as follows. We say a biased a, b
tree with root x is cast to rank k if it satisfies the credit invariant and
has & — s(x) credits on its root. Theorem 4 implies that if x and y are
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the roots of two biased a, b trees cast to a rank & > max{s(x), s(y)},
then they can be joined, without using additional credits, to produce a
tree cast to rank k.

We can implement a split as a sequence of joins, exactly as described
in Ref. 8. The following algorithm splits at an item i in the tree:

Algorithm 2: split (i, r). Split the biased a, b tree with root r at item i,
assumed to be in the tree.

Locate the node x containing item i. Initialize the current node to
be p(x) and the previous node to be x. Initialize the left and right trees
to empty; they will contain the items smaller than and larger than i,
respectively. Repeat the following step until the current node is null
(the previous node is the root of the tree):

Split Step—Delete every child of the current node to the left of the
previous node. If there is one such child, join it to the left tree; if there
are two or more such children, give them a common parent and join
the resulting tree to the left tree. Repeat this process with the children
to the right of the previous node, joining the resulting tree to the right
tree. Remove the previous node as a child of the current node and
destroy it if it is not x. Make the current node the new previous node
and its parent the new current node.

Theorem 5: The splzt algorithm is correct and takes O(S(r) — s(x))
credit time, where x is the node containing item i.

Proof: Correctness follows immediately from the correctness of the
join algorithm. The time bound follows as in Ref. 8; we shall sketch
the idea. Let cur, prev, left, and right be the current node, the previous
node, and the roots of the left and right trees, respectively. An
induction shows that s(prev) = max{s(left), s(right)} just before each
split step. Another induction shows that by allocating O(s(cur) —
s(prev)) credits to a split step, we can carry out the step while
preserving the invariant that the left and right trees are cast to a rank
of s(prev) + 1. That is, the amortized time associated with a single
step of the split is proportional to the rank difference of two consec-
utive nodes along the split path. If we sum over all split steps, then
the sum telescopes, and we obtain the time bound in the statement of
the theorem. O

Splitting at an item not in the tree is just like splitting at an item
in the tree, except that the initialization is different. Let r be the root
of the tree, i the item at which the split is to take place, i~ and i* the
largest item in the tree less than i and the smallest item in the tree
greater than i, respectively, and x the handle of i, defined to be the
nearest common ancestor of the external nodes containing i~ and i*.
We can locate x by searching down the path from r to x if appropriate
keys are stored in the tree (see Ref. 8). To carry out the split, we
combine all children of x whose descendants contain items less than i
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to form the initial left tree and all other children of i to form the
initial right tree. Then we initialize the previous and current nodes to
be x and p(x), respectively, and repeat the split step until the current
node is null. Such a split also runs in O(s(r) — s(x)) credit time.

We can implement insert, delete, and reweight as combinations of
splits and joins: an insertion is a two-way split followed by two joins,
a deletion is a three-way split followed by one join, and a weight
change is a three-way split followed by two joins. Using the same kind
of analysis as in Ref. 8, we obtain the following credit times for these
three operations (we have stated the bounds in terms of weights rather

than ranks):
insert (i, x): O(log., ( wlx) + w; }>),

min{w- + wy#, w;

where i~ and i* are as defined above.

delete (i, x): O(log,, (wl(vx)»

reweight (i, w, 2): 0<loga (E‘E‘M))

min{w;, w}

where w(x) and w; are as defined before the weight change.

Remark: In all the time bounds derived in this section and the next
the constant factor is proportional to b. O

11l. GLOBALLY BIASED a, b TREES

Local bias is sufficient to guarantee good amortized but not good
worst-case running times for the dictionary operations. If it is impor-
tant that every single operation be fast, we need a stronger balance
condition. Figure 3 shows how a split can take more actual time than

Fig. 3—Locally biased a, b tree that cannot be split at x in actual time O(s(r) —
s(x)). Not all children of y, z, and v are shown. Join of u and v can take an unbounded
amount of time.
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its credit time, and illustrates why local bias is not enough: a minor
node that is the leftmost child of its parent has a constraint on its
right but not on its left side, and symmetrically for a minor node that
is the rightmost child of its parent. To overcome this problem we
introduce globally biased a, b trees.

If x is a node in a search tree, we define x* to be the external node
containing the smallest item greater than the largest item in a descen-
dant of x. Symmetrically, x~ is the external node containing the largest
item less than the smallest item in a descendant of x. If x is on the
rightmost path of the tree, x* is undefined; if x is on the leftmost path,
x~ is undefined. A globally biased a, b tree is a search tree with two
properties (see Fig. 4):

1. Every internal node has at least two and at most b children.

2. If x is a minor nonroot node and x* is defined, s(x*) = s(p(x))
— 1; if x~ is defined, s(x7) = s(p(x)) — 1. When a node x has this
property, we say the tree is globally biased at x.

Global bias implies local bias. Thus globally biased a, b trees have
ideal access time. We can join two globally biased a, b trees using
almost the same join algorithm as in Section II; the only difference is
that the conditions determininng the cases are different. We shall call
the algorithm in Section II local join to distinguish it from the following
global join algorithm:

Algorithm 3: global join (x, y). Join two globally biased a, b trees with
roots x and y, assuming that all items in tree x precede all items in
tree y.

In each case, proceed as in the corresponding case of the local join
algorithm:

Case 0—x = null or y = null.

(a) (b)

Fig.4—Two biased 2, 3 trees with the same external nodes. Numbers in nodes are
ranks. (a) Locally biased tree. (b) Globally biased tree.
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Case 1—s(x) = s(y) and x is external, or s(x) < s(y) and y is
external.

Case 2—s(x) = s(y) and both x and y are internal.

Case 3—s(x) > s(v) and x is internal.

Case 4—s(x) < s(y) and y is internal.

The only difference between this and the local join algorithm is that
if x and y have the same rank and both are internal with at least a
children, we apply Case 2 instead of Case 1. The algorithm is identical
to the join algorithm for globally biased 2, b trees given in Ref. 8.

Theorem 6: The global join algorithm is correct.

Proof: As in the proof of Theorem 3, we use induction on rank and a
case analysis.

Case 1—Immediate.

Case 2—Ignore the split of z if it takes place. Let g be the left sibling
of u (recall that u is the rightmost child of x). Suppose g or one of the
nodes on the rightmost path descending from ¢ is minor. Let this
minor node be r. The join changes neither p(r) nor r* and thus
preserves global bias at r. The symmetric statement holds for the right
sibling of v (recall that v is the leftmost child of y). Suppose w (the
join of u and v) or one of the nodes on the leftmost path descending
from w is minor. Let this minor node be r. There must be a correspond-
ing minor node r’ on the leftmost path descending from u, such that
s(p(r)) = s(p(r’)). Since the original tree is globally regular at r’, the
new tree must be globally regular at r. The symmetric statement holds
for the rightmost path descending from w. Thus the new tree is globally
biased before the split. The split preserves global bias.

Case 3—Similar to but simpler than Case 2. Case 4 is symmetric.[]

Theorem 7: The worst-case running time of the global join algorithm is
O(max{s(x), s(y)} — max{s(u), s(v)}), where u is the rightmost exter-
nal descendant of x and v is the leftmost external descendant of y.

Proof: The global join algorithm descends rank by rank concurrently
along the rightmost path descending from x and the leftmost path
descending from y, until reaching a leaf; then it ascends. The theorem
follows. O

We split a globally biased a, b tree in exactly the same way as a
locally biased a, b tree, using local rather than global joins. This method
not only produces globally biased trees, it has a worst-case time bound
equal to the amortized bound given in Theorem 5.

Theorem 8: Algorithm 2 (or its variant for an item not in the tree)
correctly splits a globally biased a, b tree with root r at a node x in
O(s(r) — s(x)) worst-case time.

Proof: The proof is the same as the corresponding proof for globally
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biased 2, b trees given in Ref. 8. For completeness, we sketch it here.
Let x;, x9, - - -, xx be the roots of the trees joined to form the final left
tree. Let y; = x; and for i = 2, ..., k let y; be the root of the tree
formed by executing join (x;, ¥i—1). With this definition yy is the final
left tree. Each node x; is either a child of an ancestor of x, say a;, in
the original tree, or the newly constructed parent of a set of children
of such a node a; furthermore a;.; is a proper ancestor of a; for i = 1,

-+, k — 1. Consider a node x; for i = 2. If x; is a child of a;, global bias
implies x; is a major child, for otherwise its right sibling is external,
which is impossible since this right sibling has x; or its children as
ancestors. Thus s(x;) = s(a;) — 1. If x; is the new parent of children
of a;, then s(x;) = s(q;). It follows that s(x;) < s(xiy) fori=1, ...,
k — 1. As noted in the proof of Theorem 5, an induction shows that
s(vi)=s(aq) fori=1, ..., kifi = 2 and s(x;) = s(a;), x; has at most
b — 1 children, and the join of x; and y;—; cannot split x;. Thus if i = 2,
s(a) — 1 =s(x) <s(y:) = s(a).

Consider the join of x;; and y;. The join will descend rank by rank
along the rightmost path from x;;, and the leftmost path from y;.
Global bias in the original tree implies that if the descent from x;.;
encounters a minor node z (other than the root of x;.,), the leftmost
external node of y; will have rank at least s(p(z)) — 1 and the join will
immediately terminate. Thus the join either terminates by reaching
an external descendant of x;;; of rank at least s(y;), in which case the
global bias of the joined tree is immediate, or it reaches an internal
descendant, say z, of x;; of rank exactly s(y;). Now we need a similar
but more complicated statement about the leftmost path from y;.
There are several cases.

Case 1—s(x;) < s(a;) and x; is minor in the original tree. This can
only happen if i = 1, i.e., x; = y.. Global bias implies that the rightmost
external descendant of x;; has rank at least s(a;) — 1. The join
descends along the path from x;.; to this external node and then
ascends.

Case 2—s(x;) < s(a;), x; s major, and s(x;) < s(y;). In this case y;
is also major and the leftmost paths descending from x; and y;, not
including x; and y; themselves, are identical. If z is underfilled, y; is
external, and the join terminates in Case 1. If z is filled, y; is either
external or filled, and the join also terminates in Case 1.

Case 3—s(x;) < s(a;), x; is major, and s(x;) < s(¥;). In this case the
left child of y; is major and the join stops descending either at rank
s(y;) (if y; is external or filled) or at rank s(y;) — 1 (if y is internal).

Case 4—s(x;) = s(a;). In this case the leftmost paths descending
from x; and y;, not including x; and y; themselves, are identical. If y; is
external or filled, the join will stop descending at rank s(y;). If y; is
underfilled, the join will stop at rank s(y;-1); either the rightmost child

3152 THE BELL SYSTEM TECHNICAL JOURNAL, DECEMBER 1983



of z or the leftmost child of y; is external of rank s(y;-1), or both are
filled and of rank s(y;-,).

In all cases the global bias of the original tree implies that the joined
tree is globally biased. This means that the final left tree is globally
biased. Furthermore, the time required for joining x;; and y; is
O(s(aiy1) — s(a;)) in all cases. Summing over all joins gives a time
bound of O(s(r) — s(x)) to form the final left tree. A symmetric
argument applies to the right tree. O

If we implement insertion, deletion, and weight change as described
in Section II, we obtain the following worst-case time bounds for the
various operations on globally biased a, b trees (see Ref. 8):

split (i, r): O<1oga (“’Lf}r ))>
o (222

if 7 is not in the tree, where :~ and i* are the items before and after i
in the tree, respectively.

if i is in the tree, or

insert (i, x): O(loga w“’& + log, M)

i~ Wy Ww;

delete (i, x): O<log,, EU—(Q + log, —W—>,

w; wi- + wi+
where W’ is the weight of the tree root after the deletion.
w(x) W’)

+ log,
Ww; & w

reweight (i, w, x): O(loga
where w(x) and w; are as defined before the weight change, and W’ is
the weight of the tree root after the change.

As compared with the amortized time bounds for locally biased q, b
trees, the worst-case bounds for globally biased a, b trees are larger for
join and delete and the same for the other operations.

We conclude our discussion of biased a, b trees with two remarks.
First, if b = 2a we can implement either local or global join in an
iterative, purely top-down fashion by preemptively splitting nodes
with b children as they are encountered. By extending this idea we
can implement all the operations top-down. This is a reason to choose
b=2aoverb=2a—1.

Second, for appropriate large values of a and b, biased a, b trees
offer a biased alternative to B-trees. One of the advantages of B-trees
is that there are no underfilled nodes except tree roots; thus if nodes

BIASED SEARCH TREES 3153



are stored one node per page in fixed-size pages, the storage efficiency
is at least 50 percent, not counting root pages. Biased a, b trees do not
share this property. We leave open the problem of devising a space-
efficient version of biased a, b trees.

IV. PSEUDO-WEIGHT-BALANCED TREES

In biased a, b trees, we maintain balance through a height constraint.
However, there are other possible balance constraints, such as weight
balance. Nievergelt and Reingold* defined trees of bounded balance by
imposing upper and lower bounds on the ratio leftweight/rightweight
at each internal node, where the left and right weights count the
number of items in the left and right subtrees, respectively. Bent
developed a biased version of weight-balanced trees.® However, his
data structure suffers from a complicated seven-case join algorithm
that needs up to three recursive calls and also uses rebalancing
rotations more complicated than standard single and double rotations.
In this section we introduce a form of biased weight-balanced trees
much simpler than Bent’s. Our simplification comes from two new
ideas: we discretize the weights and allow arbitrarily bad imbalance in
some situations where balancing is possible. We call our trees pseudo-
weight-balanced.

We consider binary trees, in which each internal node x has exactly
two children, a left child [(x) and a right child r(x). As in Section II
we define the weight w(x) of a node x by w(x) = w; if x is an external
node containing item i, w(x) = w(l(x)) + w(r(x)) if x is an internal
node. We define the rank s(x) of a node =x differently:
s(x) = Llg w(x)). We call a binary search tree pseudo-weight-balanced
(pwb) if it has two properties:

1. If three nodes in a row, say x, p(x), and p(p(x)), have the same
rank, then x is external and either x is a left child and p(x) a right
child or vice-versa (see Fig. 5a).

2. If x and [(x) (symmetrically x and r(x)) are internal nodes of the
same rank, then w(r(l(x))) + w(r(x)) (symmetrically w(I(r(x))) +
w(l(x))) is at least 2°* (see Figure 5b). (This property allows us to
do single rotations when necessary to maintain property 1.)

The following result bounds the access time in pwb trees.

Theorem 9: A pwb tree has ideal access time for all items. Specifically,
if x ts an external node containing item i in a tree of total weight W,
then the depth of x is at most 2 1g( W/w;) + 3.

Proof: Let r be the root of the tree and d the depth of x. According to
property'1, after the first step up from x, every two steps taken along
the path from x to r must cause a rank increase. Thus L(d — 1)/2] =
s(r) = s(x) = Lllg Wl — llg w(x)], which implies d < 2l(d — 1)/2] + 1
=2gW-lgw(x)+1)+1=<2lg (W/w(x)) + 3. O
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(a)

OR

wiu) + wiv) 2 27
(b)

Fig. 5—Legal configurations in a pseudo-weight-balanced tree. (a) Three nodes of
the same rank in a row. (b) Two internal nodes of the same rank in a row.

We join two pwb trees using the following algorithm:

Algorithm 4: join (x, y). Join two pwb trees with roots x and y, assuming
that all items in tree x precede all items in tree y.

Case 0—x = null or ¥ = null. Return y if x = null or x if y = null.

Case 1—Ig(w(x) + w(y)) = 1 + max{s(x), s(y)} or the heavier of x
and y is an external node. Return a new root with left child x and
right child y.

Case 2—s(x) > s(y) and lg(w(x) + w(y)) <1 + s(x) and x is not
external. If r(x) is external, or internal of rank at most s(x) — 1,
replace r(x) by join (r(x), ¥). Otherwise, perform a single left rotation
at x and replace the right child r(u) of the new root u by join (r(u),
y) (see Fig. 6).

Case 3—s(x) < s(y) and Ig(w(x) + w(y)) < 1 + s(y). Symmetric
to Case 2.

Remark: Although the join algorithm is stated recursively, it is easy to
implement it in an iterative, purely top-down fashion, since the rank
of a node depends only on the total weight of its descendants and not
on their arrangement.

Theorem 10: Algorithm 4 produces a pwb tree of rank max{s(x), s(y)}
or 1 + max{s(x), s(y)}.

Proof: By induction on the depth of the recursion. The definition of
rank implies that the rank of the new tree is max{s(x), s(y)} or 1 +
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A |::> JOIN (uy)

& [:> JOIN (v,y}

(b)

Fig. 6—Case 2 of the join algorithm for pwb trees. (a) Node u = r(x) external or s(u)
< s(x): no rotation. (b) Node u internal and s(u) = s(x): rotation.

max|{s(x), s(y)}. In the latter case, the join must have executed Case
1 and both children of the new root must have rank smaller than the
root’s rank. Case 1 obviously constructs a tree with properties 1 and
2. In Case 2, property 2 guarantees that the single rotation, if it occurs,
creates a pwb tree. If the tree produced by the recursive join has rank
less than s(x), the overall joined tree clearly has properties 1 and 2.
This is also true if the tree produced by the recursive join has rank
s(x), by the observation above. O

In analyzing the running time of Algorithm 4, we use the following

credit invariant: Any node x contains max{0, s(p(x)) — s(x) — 1}
credits.
Theorem 11: Algorithm 4 runs in O(]s(x) — s(y)]) = O(lg (w(x) +
w(y))/min{w(x), w(y)}) amortized time. Specifically, if we assume
without loss of generality that s(x) = s(y), performing the join while
maintaining the credit invariant takes at most s(x) — s(y) + 1 credits.
Proof: We consider the same cases as in the algorithm.

Case 1—We need one credit to build the new tree and either s(x) —
s(y) or s(x) — s(y) — 1 to establish the invariant on y, for a total of
at most s(x) — s(y) + 1.

Case 2—Suppose the single rotation does not take place. We have
on hand s(x) — s(y) + 1 tokens for performing the join plus s(x) —
s(r(x)) — 1 from r(x), for a total of 2s(x) — s(y) — s(r(x)). We need
one token for performing the outermost call of join plus max{s(r(x)),
s(y)} — min{s(r(x)), s(y)} + 1 for the recursive call plus s(x) —
max{s(r(x)), s(¥)} — 1 to establish the invariant on the root of the
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tree returned by the recursive call, for a total of s(x) — min{s(r(x)),
s(¥)} + 1= 2s(x) — s(y) — s(r(x)), since s(x) > max(s(r(x)), s(y)}.
Exactly the same argument applies if the rotation does take place,
since the rotation preserves the credit invariant. O

The algorithm for splitting a pwb tree is almost identical to but
simpler than the algorithm for splitting a biased a, b tree.

Algorithm 5: split (x, r). Split a pwb tree with root r at a node x.

Initialize the current node cur, the previous node prev, and the left
and right nodes left and right to be p(x), x, {(x), and r(x), respectively.
Repeat the following step until cur = null:

Split step—If prev = [(cur), replace right by join (right, r(cur));
otherwise, replace left by join (I(cur), left). Remove prev as a child of
cur and destroy it if it is not x. Replace prev and cur by cur and p(cur),
respectively.

This algorithm is the same as that described by Bent, Sleator, and
Tarjan® for splitting biased binary trees, and indeed will work for any
class of binary search trees for which a join algorithm is known.

Theorem 12: The amortized time of split (x, r) is

ol (555)

More precisely, performing the split while maintaining the credit
invariant takes O(s(r) — s(x)) credits, where x is the node containing
item 1.
Proof: The definition of ranks implies that s(prev) = max{s(left),
s(right)} before each split step. An easy induction shows that if we
allocate O(s(cur) — s(prev) + 1) credits to each split step, we can
carry out the step while maintaining the credit invariant on the trees
left and right and in addition maintaining 2s(prev) — s(left) — s(right)
credits on hand. Summing over all split steps and using property 2
gives the theorem. O
Using the appropriate combinations of join and split, we obtain the
same amortized time bounds as in Section II (with binary logarithms)
for insertion, deletion, and weight change in pwb trees. Pseudo-weight-
balanced trees are a very simple version of locally biased trees, com-
petitive with the biased binary trees presented in Ref. 8. We have been
unable to devise a globally biased version of pwb trees and leave this
as an open problem.
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In this paper we present a theory of relational database systems based on
the partition lattice, which represents a new mathematical approach to the
structure of relational database systems. A partition lattice can be defined for
any given relation. This partition lattice is shown to be a meet-morphic image
of the Boolean algebra of subsets of the attribute set. The partial ordering in
the lattice is proved to be equivalent to the concept of functional dependency,
and thus Armstrong’s axioms for functional dependencies are proved. We
solve the problem of finding the list of all keys by seeking the prime implicants
of the Boolean function associated with the principal ideals generated by the
attributes. We demonstrate the properties of the Boyce-Codd Normal Form
(BCNF), and give a modified algorithm for synthesizing an information-
lossless BCNF based on the principal filter. The necessary and sufficient
conditions for multivalued dependency (MVD) are given in terms of a lattice
equation, and the inference rules of MVD are proved. The necessary and
sufficient conditions for join dependency (JD) are given; consequently, we can
prove the known result that acyclic join dependency (AJD) is equivalent to a
set of MVDs. The concept of data independence is introduced, and is extended
to conditional independence and mutual independence. We established this
algebraic theory of relational databases in the same spirit that the theory of
probability was constructed. We present a comparison that demonstrates the
similarities.

1. INTRODUCTION

The existing theory of relational databases is based on Codd’s
relational model of data.’? This relational database theory can be
considered to be the study of data dependencies (or independencies).

* Bell Laboratories.
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The theory was initiated by Codd with the introduction of the concept
of functional dependency; Codd observed that this concept can be used
to design better, normalized, database schemes. The advantage of
normalized database schemes is that they remove the possibility of
updating anomalies caused by undesirable data dependencies.?”®

In the existing theory of logical database design, functional depend-
encies are input constraints that must always hold in the relation.® In
the present paper, however, we take a different approach. We assume
that for a particular database designer, there exists a (finite) universal
relation R[Q] for a given set of attributes Q, such that any relation T
on Q is a subset of R[Q]. Furthermore, each subset X of Q corresponds
to an equivalence relation (partition) on the set of tuples of R[Q].
That is, if two tuples in R[Q] have the same X value, then they are in
the same equivalence class. With this approach, the concept of func-
tional dependency becomes equivalent to the refinement partial or-
dering of the partition lattice. The partitions on the (finite) set of
tuples of the universal relation R[] can then be considered as the
fundamental constraints, from which the functional dependencies
(partial ordering) can be derived. Consequently, with our approach,
the functional dependencies are inherent properties of the universal
relation R[Q]. The input constraints of course must be consistent with
the inherent properties within the database.

Another kind of data dependency, proposed by Fagin? and Zaniolo,?
is the multivalued dependency, which includes functional dependency
as a special case. Multivalued dependency is the necessary and suffi-
cient condition for the lossless-join decomposition of a relation into
two subrelations, such that the original relation can be regenerated by
the (natural) join operation.”!! Using the partition lattice we propose,
we can formulate multivalued dependency as a lattice equation (see
Section VI). We show that the axioms for functional dependencies?
and the inference rules of multivalued dependencies’® can all be proved
as theorems within the framework of partition lattice theory. We show
how the concept of join dependency’®*** is connected to multivalued
dependency. We give the necessary and sufficient condition for join
dependency and, consequently, we can prove the known result that
the acyclic join dependency is equivalent to a set of MVDs.}*® We
also introduce the concept of data independence, and the extension to
conditional independence and mutual independence of sets of attri-
butes.

The problem of listing all the keys of a relation is solved by using
the concept of principal ideals in lattice theory. One form of a relation
having desirable properties is the Boyce-Codd Normal Form (BCNF);
we show that the concept of the principal filter (dual ideal) can be
used to produce information-lossless Boyce-Codd Normal Forms.
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Both the theoretical foundation and the practical application of the
existing theory of relational databases appear to be fragmented. This
paper shows that all the diverse kinds of data dependencies can be
formulated within the lattice theory, which has the important advan-
tage of unifying the theory of relational databases into a coordinated
whole. Because of this, it would appear that future work in relational
databases should be conducted using lattice theory as the basic frame-
work.

The establishment of this algebraic theory of relational databases is
done in the same spirit as the construction of the theory of probability,
although probability theory is of course unrelated to database theory.
We are convinced that the lattice theory could play a role in the theory
of relational databases similar to the role that measure theory plays
in the theory of probability.!”

The basic notion of relational databases is defined in Section II,
and the partition lattice of the relation is introduced in Section III.
The problem of listing all keys is solved in Section IV, where the
Boolean functions associated with the principal ideals are defined.
The properties of the Boyce-Codd Normal Form are studied in Section
V, where we present a modified algorithm for synthesizing informa-
tion-lossless BCNFs based on the principal filters. Section VI is
devoted to the proof of equivalence between multivalued dependency
and a lattice equation. Section VII discusses join dependency and
acyclic join dependency. Finally, in Section VIII we outline a possible
direction for future research, as well as a comparison that shows the
similarities between probability theory and the algebraic theory of
relational databases. In Appendix A we list the laws of lattice theory
for reference. The proofs of the axioms for functional and multivalued
dependencies are listed in Appendix B.

Unless otherwise stated, we refer to the universal relation as simply
“the relation” in the remainder of this paper.

II. RELATIONS

An attribute is a symbol taken from a finite set @ = {A;, A, -- -,
A,}. For each attribute A there is a set of possible values called its
domain, denoted DOM(A). We will use capital letters from the begin-
ning of the alphabet (4, B, - - -} for single attributes, and capital letters
from the end of the alphabet (X, Y, --.) for sets of attributes. For a
set of attributes X C Q, an X-value x is an assignment of values to the
attributes of X = {4;, A,,, ---, a;} from their respective domains.
The notation XY will be used to represent the union of two arbitrary
sets of attributes X, Y C Q.

A relation R on the set of attributes Q = {A4,, ---, A,} is a subset of
the Cartesian product DOM(4,;) X --. X DOM(A,). The elements
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(rows) of R are called tuples. A relation R on {A;, ---, A,} will be
denoted by R[A; - -+ A,]. Similarly, if R is defined on the union of sets
(X1, Xs, --+, Xn), then the notation R[X; --- X,,] will be used. A
relation can be visualized as a table whose columns are labeled with
attributes and whose rows depict tuples. The ordering of the rows and
columns is immaterial. The cardinal of R is the total number of tuples
in R and is denoted by |R].

Let t be a tuple in R[Q]. For X C Q, #[{X] denotes the tuple that
contains the components of ¢ corresponding to the attributes of X.
The projection of R on X, denoted by R[X], is defined as follows:

R[X] = {t[X]|t € R}.

Similarly, the conditional projection of R on X by a Y-value y, where
Y C Q, is defined as follows:

RJIX] = {t[X]|t€R and t[Y]=y}.

Let R[XZ] and S[XZ] be relations where X, Y, and Z, are disjoint
sets of attributes. The join (natural join) of R and S, denoted by
R|X]S, is the relation T[XYZ] whose attributes are XYZ, and is
defined as follows:

TIXYZ] = R[XZ]| x| S[YZ]
={(x,y,2)|(x,z2) ER and (y,2) € S}.

The join can also be defined as the union of a collection of Cartesian
products:

TIXYZ] = R[XZ]| x| S[YZ]
= {R[X] X S.[Y] X (2) | (2) € R[Z] N §[Z]}.

Let R be a relation on the set of attributes Q. We may have two sets
of attributes X, Y, C 9, such that for any two tuples ¢, t; € R, t;[X]
= t,[X] implies ;[ Y] = t,[Y]. We say then that X functionally deter-
mines Y in R, and denote this fact by X — Y. A functional dependency
(FD) X — Y is trivial, meaning it holds in all relations, if Y € X. Note
that FDs enjoy the projectivity and inverse projectivity properties.**
For sets X, Y C Q' C Q, the FD: X — Y is valid in R[Q] iff it is valid
in R[Q'].

We say that a set of relations {R[Q], - - - , R[]} has the information-
lossless join property if @ = Q, --- Q, and

R[Q] = R[]} X] - -+ | X | R[2].

If the set {R[Q], - - - , R[Q.)} does not have this property, we say that
it has a lossy join."* An important property of functional dependency’
is that if FD: X — Y is valid in R[Q] then
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R[Q] = R[(2? - Y)X]| X | R[XY].

This property will be discussed in more detail in Section VI.

IIl. THE RELATION LATTICE

If S is a nonempty set, then a subset p of S X S is called a binary
relation on S. The product of two binary relations p, p’ €S X S is
defined as:

pep ={(a b} €S xS|3c € Ssuchthat (a,c) € p, (c, b) Ep’}.

We say that a relation p on S is reflexive if (a, a) € p for every a in S;
that p is symmetric if p™! = p, i.e., if

(Va, b€ S), (a,b) €E p implies (b, a) € p;
and that p is transitive if p o p C p, L.e., if
(Va,b,c€S), (a,b)€p and (b,c) €Ep imply (a,c) € p.

A binary relation is called an equivalence relation if it is reflexive,
symmetric, and transitive.

A family = = {B;| i € I} of subsets, called blocks of S, is said to form
a partition of S if the following conditions hold:

1. Each B; is nonempty
2, Foralli # jinl, BNB; =9
3. U[Bjliel}=S_S.

The two apparently different notions of “equivalence relation” and
“partition” are interchangeable: Let p be an equivalence relation on a
set S. Then the family a, = {b| (a, b) € p} of subsets of S is a partition
of S. Conversely, if 7 = {B;|i € I} is a partition of S, then the relation
{(a, b)| (@i € I), (a, b) € B;} is an equivalence relation on S.

If p is an equivalence relation (partition) on S, we shall sometimes
write apb as an alternative to (a, b) € p. The sets a, that form the
associated partition of the equivalence relation are called p-classes.
The set of p-classes is called the quotient set of S by p and is denoted
by S/p.

A binary relation = on the set S is a partial ordering of S if and only
if = is reflexive; antisymmetric, i.e., if

(Va, b€ S), a=b and b=a imply a=b;

and transitive. A set S with a partial ordering = is called a partially
ordered set (poset) and it is denoted by the pair (S, <).

Let (S, =) be a poset and let T be a subset of S. Then, a € S is the
greatest lower bound (g.1.b.) of T iff

1. (VteT),ast.
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2. (VteT),a’ =timpliesa’ = a.

Similarly, a € S is the least upper bound (l.u.b.) of T iff

1. (VteT),t=a.

2. (VteT),t=a’ impliesa=a’.

A lattice is a poset in which any two elements a and b have a g.l.b.,
called a meet and denoted by a-b, and a l.u.b., called a join and denoted
by a + b. We sometimes write the meet a-b as ab if no confusion is
created. The properties of the meet and join operations of a lattice!®
are listed in Appendix A.

Let the set of all partitions =; on S be denoted by [](S), and define
the partial ordering on [](S) as follows:

If (Va, b€ S), amb implies awgb, then m = 0.

The poset ([[(S), =) is seen to be a lattice (IJ(S), -, +) with a
universal lower bound 0 = {B;|i € I} such that every block B; is a
singleton, and an universal upper bound 1 = {S}. To specify a partic-
ular partition, we list the elements, and distinguish blocks with bars
and semicolons. For example, if S = {1, 2, 3, 4, 5} and partition = on
S has blocks {1, 3, 4}, {2, 5}, then we write = = {1, 3, 4; 2, 5}. The meet
and join of any two partitions m;, 7 € [[(S) can be determined as
follows:

1. (Va, be S), a7r1-7r2b iff a7r1b and a’ﬂ'gb.

2. (Va,bE S), am + wobiff An € N and ¢y, - - -, ¢, € S such that
a = ¢y, b =c, and ¢;mici41 OF Cimociyy foreach i, 0 <is<n—1.

A complemented distributive lattice is called a Boolean algebra (see
Appendix A). The set of all subsets of S, called the power set of S, and
denoted by 2%, with the partial ordering (VS;, S; € 25), S; = S, iff S,
D S,, is a Boolean algebra (2%, -, +, 7) with the universal bounds 0 =
S and 1 = &. The dual of a poset is the poset with the converse partial
ordering on the same elements. The Boolean algebra defined above is
the dual of the conventional Boolean algebra of the power set. The
operations of meet and join are defined by

1. Meet (g.1.b.) S;-S. = S; U S,,

2. Join (lub) Sl + Sz = S] N Sz,
and the complement of $; € 25is S5, =S — S,.

Let ¢: L — M be a function from a lattice L into a lattice M. We
say y is a meet-morphism if

(Va,b€ L), Yla-b) =yY(a)-¥(b),
and ¢ is a join-morphism if
(Va,b€ L), Yla+b)=1yla)+ Y(b).

Meet-morphisms and join-morphisms are both isotone (order-preserv-
ing); i.e.,
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(Va,b € L), a=b implies y(a)= ¢(b),

and any order-preserving one-to-one mapping with an inverse is an
isomorphism.'®

Let R be a relation on the set of attributes Q. The set of all subsets
of Q, denoted 2%, with the partial ordering defined by set-containment,
is a Boolean algebra (2%, -, +, 7),'® where the meet, join, and comple-
ment operations are defined as above. For every X € 2%, there is an
equivalence relation (partition) on the set of tuples in R[Q] defined as
follows:
Definition 1: Let R be a relation on the set of attributes Q. Each subset
of Q is associated with a partition of the set of tuples of R. We define
the function 6: 2% — [[(R[Q]), which we call the partition function
(associated with R[Q]), by

0:X — 0(X) = {(&, t2) € R[Q] X R[Q]| t[X] = to[X]}.

In general, the image set Im(f) of 6 is not a sublattice of J[][(R[Q]).
Since w1, w2 € Im(0) implies 7172 € Im(6), Im(6) is a complete lattice
in its own right,? and it will be called the relation lattice of R[Q], and
denoted by L(R[Q]). Note that there are no duplicated tuples in R[Q],
so that #(2) = 0. Since the tuples cannot be “differentiated” by the
empty set of attributes, we define (&) = 1. The universal bounds of
L(R[Q]) are the same as those in [[[R)Q]). We immediately recognize
the concept of functional dependency to be equivalent to the refine-
ment partial ordering of the partitions.

Lemma 1: Let R[Q] be a relation on the set of attributes Q, and let 0: 2%
— [1(R[Q]) be the partition function associated with R[Q], defined above.
Then

X-Y iff 6X)=6(Y). H

An immediate consequence of the above lemma is that the projection
R[X] of R[2] on X is simply the quotient of R[Q] by 6(X), i.e., R[X] =
R[Q])/6(X). Thus each tuple in R[X] corresponds to a #(x)-class in
R[Q]/6(X) and it takes the X-value only. Note that 6(X) = 6(Y) does
not imply R[X] = R[Y] because the attributes X and Y may have
different sets of values.

Theorem 1: Let R be a relation on the set of attributes Q, and let L(R[Q])
be the relation lattice of R. Then the partition function 6:2% — L(R[Q])
is a meet-morphism.
Proof: We want to show that
8(XY) = 0(X)0(Y), VX, Ye2°
Suppose 60(XY)t.. Then, t[XY] = t,[XY], which implies

tl[X] = tg[X] and tl[Y] = tz[Y]
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Hence,
t0(X)t, and 6H0(Y)t,.
By the definition of the meet operation, we have
6H0(X)0(Y )to,

so that
(XY) =0(X)0(Y).

Suppose t,0(X)0(Y)t.. Then,
tle(X)tz and t10(Y)t2,

so that
t[X] = t[X] and t[Y] = t]Y],
and thus
t[XY] = t,[XY].
Consequently,
t0(XY)ts,
so that
0(X)0(Y) = 0(XY).
Hence

0(XY)=0(X)o(Y). ®

Note that the partition function # is order-preserving, but it is in
general not a join-morphism.* However, if 6(X + Y) = 6(X) + 6(Y)
holds in L[R], the pair (X, Y) has a special property in the relation.
This is discussed further in Section VI.

It is clear now that Armstrong’s axioms for functional dependencies
become theorems within the framework of lattice theory. The proofs
of the axioms for functional dependencies are given in Appendix B.

Let R be a relation on the set of attributes Q, and let 6: 2% — L{R(Q)]
be the partition function associated with R[Q]. Then the relation
0 ° 67! on 2° defined by

0°0"={(X,Y) € 2% x2%0(X) =0(Y)}

is obviously an equivalence relation. Sets in the quotient set 2%/ - §7!
will be called 4 classes.

*The join of 7, and 7, in L(R[Q]) may be different from their join in [J(R[Q]). We
will use the notation m, @ , to denote the join of =, and =, in [[(R[Q]), while 7, +
will denote the join of =, and 7, in L(R[Q]); e.g., in Example 1 below, 0(E) @ 6(S) = {1,
2,3,4,5,6;7,8},and 0(E) + 6(S) = {1, 2, 3,4, 5,6, 17, 8.
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Table |—Relation R[ECSY]

Employee Child Salary Year
1 Hilbert Hubert $35K 1975
2 Hilbert Hubert $40K 1976
3 Gauss Gwendolyn $40K 1975
4 Gauss Gwendolyn $50K 1976
5 Gauss Greta $40K 1975
6 Gauss Greta $50K 1976
7 Pythagoras Peter $15K 1975
8 Pythagoras Peter $20K 1976

Example 1: Consider the relation R in Table I (see Ref. 7). Let Q =
{E, C, S, Y} be the set of attributes, where E = employee, C = child,
S = salary, Y = year. Then
2°={0,E, C,S, Y, EC, ES, EY, CS, CY, SY, ECS,
ECY, ESY, CYS, CESY},

and

0D@=1{1,23,4,5,6,7,8 =1,
9(E) =1{1,2;3,4,5,6; 7, 8 = m,

0(C) = 0(EC) = {1,2; 3, 4; 5, 6; 7, 8} = m,
0(S) = {1; 2, 3,5; 4, 6; T; 8} = m,
0(Y) =11, 8,5,7; 2, 4, 6, 8 = 7y,

0(ES) = 6(EY) = 0(SY) = 6(ESY)

=1{1;2;3,5;4,6; 7; 8 = 75,
(CS) = 6(CY) = 0(ECY) = 9(ECS) = 6(CSY) = 0(ECSY)

=1{1;2; 3;4; 5;6; T; 8} = 0.

18,21

The Hasse diagram'®*! of the relation lattice is illustrated in Fig. 1. O

IV. LIST OF KEYS

Let R be a relation on the set of attributes Q. We say that X C Q is
a superkey of Rif X — A, VA € Q. If X is a superkey and no proper
subset of X is a superkey, X is said to be a key of R.»*°

Lemma 2: X C Q is a superkey of R iff 6(X) = 0.
Proof: (Necessity) Let @ = {A;, -- -, A,}, and X — A;, VA; € Q. Then,

8(X) = 6(4)), VA; € Q.
By the definition of the meet operation, we have
0(X) = 0(A1)0(Ay) - - - 0(A,).
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Fig. 1—Relation lattice L(R[2]).

It follows from Theorem 1 that
0(X) S 60(A1A2 --- A,) =0(Q) = 0.
Hence,
0(X) = 0.
(Sufficiency) Suppose 8(X) = 0. Then
0(X) =6(4), VA eq.
Hence,
X—4A, VAeo R

An ideal is a subset J of a lattice L with the properties®

l.a€d,x€L,and x = a, imply x € J,

2. a,be J impliesa + b € J.
For every a € L, the subset of all elements “less than or equal to” a is
evidently an ideal; it is called the principal ideal of L generated by a,
and is denoted by (a], i.e.,

(a] = {x € L|x = a}.
Definition 2: Let R be a relation on the set of attributes @ = {A,,
.+, A,}. For each A; € Q, J; = (0(A))] is the principal ideal of the
relation lattice L(R[£]) generated by 6(A;). A Boolean function
flAy, -+, A) = Y X

8(X)ed;

defined on 27 is the Boolean sum of all X € 29 such that 0(X) = 6(A,).
We will call f; the principal ideal function (generated by A;). W

This function plays a role similar to the Boolean function used in
Ref. 16.
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Theorem 2: Let R be a relation on Q = {A;, ---, A}. X C Qisa
superkey of R iff X is a product term in the expansion of the Boolean
function

F(Ah A ’An) = Hfl(Ah ’An)’
i=1

where f; is the principal ideal function generated by A;.
Proof: The Boolean function F(A,, ---, A,) has the expansion

FAy, -, A)=1lfi= ¥ X - Xau
=1

8(X)ET;
We want to show that every term K = X; - - X, is a superkey. Since
0(X;) € J; = (0(A))], it follows that
0(X;) = 0(4), l<sisn.

From L6 in Appendix A, we have

O(X1)0(Xz) - - 0(X,) = 0(A1)0(Ay) - -+ 0(Ay).
It follows from Theorem 1 that

(X Xy - X)) Z0(A, --- A)=6(Q) =0,
and thus

(XX, --- X)) = 0.

Hence, K= X, X, --- X, is a superkey of R.
Conversely, suppose X is a superkey of R. Then

X — A, VA; € Q.
Thus,

0(X) = 0(4), l<is<n.
By the definition of the principal ideal J;, we must have
0(X) € J; = (6(4)], lsi<n.

It follows that X = X ... X (n times) is a product term in the
expansion of F(4,, --- ,A,). B

It is natural to call F(A,, ---, A,) the key Boolean function of the
relation R[A; - - A,]. Since any key X is a superkey of R, X must be
a product term of the key Boolean function F(A,, ---, A,). Since no
proper subset of X is a superkey, then by the definition of the prime
implicant of a Boolean function,?” we have
Corollary 1: Let R be a relation on the set of attributes Q = {A;, -,
An). X C Qis a key of R iff X is a prime implicant of the key Boolean
function F(A,, --- ,A;). 1
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An attribute A € Q is prime in R[Q] if A is in any key of R; otherwise
A is nonprime. A C Q is a nonprime attribute if and only if the key
Boolean function is independent of A.

Theorem 3: Let R be a relation on Q. A € Q is a nonprime attribute iff
there exists X C Q such that

LAEX X—A,

2. AZ —» X implies Z — X.

Proof: (Necessity) Let A € Q be a nonprime attribute, and let X be
any key of R. Then

A€ X, and X — A.

Suppose AZ — X. Then 8(AZ) = 6(X) = 0. It follows that §(AZ) =0
and thus AZ is a superkey; it contains a key K C AZ and A & K. We
have K C Z, so that

0(Z) = 6(K) = 0 = 6(X).
Hence,
7 — X

(Sufficiency) Let Q = {A,, ---, A}, n = 2. Assume there is an X =
Ay, -+, Ap, such that (1) X — A,, and (2) A;Z — X, implies Z — X.
We want to show that A; must be a nonprime attribute. The key
Boolean function F(A,, ---, A,) of R[Q] can be written in the form

Fldy, -, Ay) = Izllﬁ=f1fz o fofors oo fo
= (f1fxfm+1) s (flfxfn),

where fx =f - -+ fn. For any product term Y in fx we have
0(Y) = 6(X) = 0(Ay).
Therefore, Y must be a term in f;. It follows that f; has the form
h=Ix+g

for some Boolean function g. Since 6(A;Z) = 6(X) implies 6(Z) = 6(X),
fx can be written in the form

fx=Alh+h+p=h-+p

for some Boolean functions / and p which are independent of A,. Also,
every f,,j=m+ 1, ..., n,can be written in the form

fi=he+fxe+q

for some Boolean functions e and g, which are independent of A;. It
follows that
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fifxfi = hfx(fie + fxe + q)
= fx(fie + fifxe + }19)
= fx(fie + f1q)
= fifx(e + @) = (fx + g)fxle + g)

= fx(e + q) = (h + p)(e + q).
Since h, p, e, and q are all independent of A;, we know that fifxf; is

independent of A; forallj=m + 1, ... , n. Clearly, no prime implicant
of F(A,, ---, A,) contains A;, and therefore A, is a nonprime attri-
bute. O

Example 2: Consider the relation R in Example 1. To obtain the prime
implicants of the key Boolean function F, we can first simplify each
principal ideal function. The principal ideal functions of the relation
R[ECSY] are

fe=E+ C+ 8Y,
fe = C,
fs=S+ EY + CY,
fx=Y+ ES + CE,
and the key Boolean function is
FEC S Y)=E+C+S8Y)-C(S+EY +CY)
(Y + ES + CE)
=CS + CY.

The sets CS and CY are the keys, and E is the only nonprime
attribute. O

V. BOYCE-CODD NORMAL FORM

Normalization is a logical database design process that can be viewed
as the decomposition of a relation into a set of subrelations, such that
the original relation can be regenerated by the joins of the subrelations.
The purpose of decomposition is to separate the independent compo-
nents into distinct relations, to avoid updating anomalies.? It is claimed
in Ref. 4 that the Boyce-Codd Normal Form is one that is free of
insertion and deletion anomalies. This section is devoted to the BCNF
and its relation lattice. A modified algorithm for synthesizing an
information-lossless BCNF® is included, based on the concept of the
principal filter of the relation lattice.

Recall that a functional dependency X — Y is trivial if Y C X. A
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relation R[Q] is said to be in Boyce-Codd Normal Form if, for all
nontrivial FDs X — Y, X is a superkey.?*
Definition 3: Relation R[Q] is in BCNF if X — Y implies either
1. X is a superkey, i.e., 8(X) = 0,
or

2.YCX H

If a relation is in BCNF, we will show that its relation lattice has
some special properties. To analyze these properties we need the
concept of the principal filter.®

An ideal of the dual of the lattice L is called a filter of L. A subset
M of L is a filter of L if

l.aEM,x€ L,and x Z q, imply x € M,

2. a,b, € M implies a-b € M.

For every a € L, the subset of all elements “greater than or equal to”
a is a filter; it is called the principal filter of L generated by a, and is
denoted by [a), i.e.,

[a) = {x € L|x 2 a}.

If a and b are elements of a lattice L, where a < b, and there is no ¢
€ L such that a < ¢ < b, then we say that a is covered by b (or b covers
a).'® An element that covers the universal lower bound O of L is
referred to as an atom of L.}®
Definition 4: Let R be a relation on the set of attributes ©, and let =
be an atom of the relation lattice L(R[Q]). Let ., = {A|A € Q,0(4A) =
w} C Q. Then the projection R[Q.] of R and €, is called an atomic
projection, and [r) is called an atomic filter. H

It is easy to verify that the relation lattice of the atomic projection
R[Q.] is isomorphic to the principal filter [7) of L(R[Q]) generated by
™.

Definition 5: Let R be a relation on the set of attributes ©, and let =
€ L(R[Q]) be an atom. The principal filter [#) of L(R[Q]) is called
normal iff whenever X — Y is valid in the atomic projection R[Q,]
then Y C X; otherwise, it is called abnormal.

Lemma 3: A relation R[Q] is in BCNF iff every atomic filter of L(R[Q])
is normal.

Proof: (Necessity) Trivial.

(Sufficiency) Suppose X — Y and X is not a superkey, i.e., 6(X) #
0. Then there must exist an atom , such that

0<m=0(X)=0(Y).

It follows that X, Y C Q, and that X — Y is valid in the atomic
projection R[Q,], which is assumed normal. Therefore YC X. H
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The join operation in the Boolean algebra (2%, -, +, 7) is not always
preserved by the § mapping. But for a relation R[Q] in BCNF, if X, Y
C @ and neither X nor Y is a superkey of R[Q], then the join X + Y
is preserved by 6. We have
Corollary 2: If R[Q] is in BCNF, X, YC Q, 8(X) # 0, and 6(Y) # O,
then

X +Y) =0X) + 0(Y).
Proof: Since X+ YC Xand X + YC Y, we have
HX)=60(X+Y) and 6(Y) =X+ Y).
By definition of the join operation, we have
0(X) +0(Y)=0(X + Y).
Suppose there is a Z C Q such that
(X) = 6(Z) and 6(Y) = 6(2).
Given §(X) # 0 and 8(Y) # 0, we have
ZCX and ZCY.
Thus,
ZCX+Y,
so that
(X +Y)=0(2).
By the definition of least upper bound, we have
X+Y)=0X)+06(Y). O

The most important characteristic of the BCNF is given in the
following theorem.

Theorem 4: The relation R[Q] is in BCNF iff every atomic filter [x) of
L(RI[Q]) ts isomorphic to the Boolean algebra (2%, -, +, 7).
Proof: (Necessity) Since [7) is a meet-morphic image of 0 restricted to

2%, it is sufficient to show that § is a one-to-one mapping on 2%. Let
X, Y€ 2%, and 0(X) = 0(Y). It follows that

0(X) = (Y — X)0(Y + X) = (Y — X),
which implies
X-Y-X
Since 0 < 7 = 0(X) and [«) is normal, we have
Y-XCX.
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Hence,

YCX.
Similarly,

XCY.

Therefore, X = Y, and ¢ is a one-to-one mapping on 2%,

(Sufficiency) Suppose X — Y is valid in R[Q,]. Then 0(X) = 6(Y).
Since the inverse of an isomorphism is also order-preserving, it follows
that X D Y. Therefore, [r) is normal and R[] is in BCNF. H

The above theorem implies that if [x) is normal, the only key of
R[Q.] is 67 () = Q,.

It is known that any relation has a lossless-join decomposition into
Boyce-Codd Normal Form, and an algorithm for determining the
decomposition is given in Ref. 6. We will show how the concept of the
principal filter can be used to modify this algorithm. In the algorithm
for synthesizing the Third Normal Form,” a concept similar to the
principal filter is used implicitly by Bernstein when he partitions the
functional dependencies (Step 2). Before describing the improved
algorithm, we need the following:

Lemma 4: Let R be a relation on Q. Let m € L(R[2]) be an atom of the
relation lattice, and let K be a key of the atomic projection R[Q.]. Then,

R[9) = R[(2 — 2,)K]| X |R(2,].

Proof: K C Q, and K — ..

The algorithm for determining the lossless-join decomposition into
BCNF is simply to construct a sequence of decompositions D; = (R,
.-+, R;) of R, each with lossless join: Initially, let D, consist of R
alone. If T[Q] is a relation in D;, and T[Q] is not in BCNF, let 7 be an
atom of L(T[Q]) for which the principal filter [x) is abnormal. Let K

Table I[l—Relation R[MSPCNY]
Model Serial

Number  Number Price Color Name Year

1 1234 342 13.25 blue pot 1974
2 1234 347 13.25 red pot - 1974
3 1234 410 14.23 red pot 1975
4 1465 347 9.45 black pan 1974
5 1465 390 9.82 black pan 1976
6 1465 392 9.82 red pan 1976
7 1465 401 9.82 red pan 1976
8 1465 409 9.82 blue pan 1976
9 1623 311 22.34 blue kettle 1973
10 1623 390 30.21 blue kettle 1976
11 1623 410 28.55 black kettle 1975
12 1623 423 28.55 black kettle 1975
13 1623 428 28.55 blue kettle 1975
14 1654 435 28.55 red kettle 1975
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be a key of the atomic projection T[Q,]. Now replace T[] in D; by
T[Q — Q,)K] and T[Q,] to obtain D;.,. Continue the process until all
the relations in the decomposition D, are in BCNF.

Example 3: Let us consider the relation R[MSPCNY] from Ref. 23,
where M = model number, S = serial number, P = price, C = color, N
= name, and Y = year. The tuples of the relation RJMSPCNY] are
shown in Table II.

The Hasse diagram of the relation lattice L(R[Q]) is illustrated in Fig.
2, where

m =11, 8,9, 10, 13; 2, 3, 6, 7, 14; 4, 5, 11, 12},
m=11,2 84,5, 6, 1,8 9, 10, 11, 12, 13, 14},
m =11, 2, 4; 3, 11, 12, 13, 14; 5, 6, 7, 8, 10; 9},
m=11,2, 3;4,5, 6,17 89,10, 11, 12, 13; 14},

7 = {1, 2; 3; 4; 5, 6, 7, 8 9; 10; 11, 12, 13, 14},

Fig. 2—Relation lattice L(RIMSPCNY]).
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and 0(C) = w1, 0(N) = w2, 0(Y) = w3, 0(M) = 74, 0(P) = s, 0(S) = ms.
For X C 9, 6(X) can be obtained easily by carrying out the meet
operations on the attributes in X.

The principal ideal functions of RIMSPCNY] are

foM, S, P,C, N, Y)=C+ MS + NS + PS,
fn(M,S,P,C,N,Y)y=N+ M+ P+ CY + CS,
fo(M,S,P,C,N,Y)=P+ MY + CS + MS + NS,
MM, S,P,C,N,Yy=M+CN+ CP+ CY+ NS + PS + CS,
ff(M,S,P,C,N,Y)=Y+P+8S,
fstM, S, P,C,N, Y)=S,
and the key Boolean function is
FM,S,P,C,N,Y)=(C+MS+ NS+ PS)(N+M+P+CY
+ CS)
(P+ MY + CS + MS + NS)
-M+CN+CD+CY+ NS+ PS+CS)
(Y+P+S5).8S
=CS + MS + NS + PS.

The keys of RIMSPCNY] are {CS, MS, NS, PS}, and Y is the only
nonprime attribute.

Initially, let Dy = {R(IMSPCNY)}. Since both atomic filters [7g) and
[w9) are abnormal, we arbitrarily choose w9, and let 2 = Q,, = MPCNY.
The relation lattice of R[Z] is isomorphic to [m). The principal ideal
functions of R[Z] are

gM,P,C,N,Y)=fcM,0,P,C,N,Y)=C,
ex(M, P,C,N,Y)=fuM,0,P,C,N,Y)=N+ M+ P + CY,
go(M, P,C,N,Y)=f(M,0,P,C,N, Y) =P+ MY,
euM,P,C,N,Y)=fuM,0,P,C,N,Y)=M+ CN + CP + CY,
gy(M, P,C,N,Y)=fy(M,0,P,C,N,Y)=Y+P,
and the key Boolean function is

GM,P,C,N,Y)=C.(N+ M+ P+ CY)-(P+ MY)

M+ CN+CP+CY)(Y+P)
= CP + CMY.
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We choose the key CP and replace R[MSPCNY]in Do by R[(Q? — 2)K]
= R[SPC] and R[Z] = R[MPCNY] to obtain D, = {R[SPC],
R[MPCNY]}. The relation R[SPC] and its lattice are shown in Table
III and Fig. 3, respectively.

The relation R[SPC] is in BCNF, but the relation RJMPCNY] is
not. The relation lattice of R[MPCNY] is isomorphic to the filter [).
We will not duplicate the figure. Both “atoms” 7s and = of [my) are
abnormal. We choose the filter [7;). The principal ideal functions of
R[Z,,] = RIMPNY] are

hu(M, P, N, Y) =gu(M, P,O, N, Y) = M,
hn(M, P, N, Y) =gv(M,P,0, N, Y) =N+ M+ P,
he(M, P, N, Y) = go(M, P, 0, N, Y) = P + NY,
hy(M, P, N, Y) =gy(M,P,0,N,Y)=Y + P,
and the key Boolean function of R[MPNY] is given by
HM,P,N,Y)=M-(N+ M+ P).(P+ MY)- (Y + P)
= MP + MY.

We choose the key K’ = MP and replace R[JMPCNY] in D, by R[(Z
— 2.,)K’] = R[MPC] and RIMPNY]to obtain D, = {R[SPC], RIMPC],
R[MPNY]}. The relation R[MPC] and its relation lattice are illus-
trated in Table IV and Fig. 4, respectively.

Now we have to decompose the relation R[MPNY] in D,. The
relation lattice of R[MPNY] is isomorphic to [x7) of L(R[MSPCNY]).
We choose the abnormal filter that is isomorphic to [75). Since Z,, =
PNY and the only key is P, we can replace RIMPNY] in D, by R[MP]
and R[PNY] to obtain D; = {R[SPC], RIMPC], R[MP], R[PNY]]. All
the relations in D3 are in BCNF. The relations R[MP], R[PNY] and

Table Ill—Relation R[SPC]

Serial
Number Price Color
1 342 13.25 blue
2 347 13.25 red
3 410 14.23 red
4 347 © 945 black
5 390 9.82 black
6 392 9.82 red
7 401 9.82 red
8 409 9.82 blue
9 311 22.34 blue
10 390 30.21 blue
11 410 28.55 black
12 423 28.55 black
13 428 28.55 blue
14 435 28.55 red
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Fig. 3—Relation lattice L(R[SPC]).

Table IV—Relation R[MPC]

Model
Number Price Color
1 1234 13.25 blue
2 1234 13.25 red
3 1234 14.23 red
4 1465 9.45 black
5 1465 9.82 black
6,7 1465 9.82 red
8 1465 9.82 blue
9 1623 22.34 blue
10 1623 30.21 blue
(11, 12) 1623 28.55 black
13 1623 28.55 blue
14 1654 28.55 red

Fig. 4—Relation lattice L(R[MPC)).
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their respective lattices are shown in Tables V and VI, and Figs. 5 and
6. O

V1. MULTIVALUED DEPENDENCIES

Multivalued dependency (MVD) proposed by Fagin’ and Zaniolo® is
the necessary and sufficient condition for a (binary) lossless-join
decomposition. A similar concept, called hierarchical dependency, was
defined by Delobel.?* A bit later, the concept of multivalued depend-
ency was generalized to join dependency by Rissanen.'®!! A set of
“axioms” or inference rules for multivalued dependencies was given
by Beeri, Fagin, and Howard.?® We know from our previous discussion
that functional dependency is equivalent to partial ordering in the
partition lattice. In this section we show that multivalued dependency

Table V—Relation R[MP]

Model
Number Price
1, 2) 1234 13.25
3 1234 14.23
4 1465 9.45
(5,6,17,8) 1465 9.82
9 1623 22.34
10 1623 30.21
(11, 12, 13) 1623 28.55
14 1654 28.55

Table VI—Relation R[PNY]

Price Name Year

1,2 13.25 pot 1974

3 14.23 pot 1975

4 9.45 pan 1974
(5,6,7,8) 9.82 pan 1976

9 22.34 kettle 1973

10 30.21 kettle 1976

(11, 12, 13, 14) 28.55 kettle 1975

Fig. 5—Relation lattice L(R[MP]).

RELATIONAL DATABASES 3179



Fig. 6—Relation lattice L(R[PNY]).

is equivalent to a lattice equation. First, however, we state the defini-
tion of MVD and show that MVD guarantees information-lossless join
decomposition.

Definition 5: Let R be a relation on the set of attributes Q = XYZ,
where X, Y, and Z are disjoint subsets of Q. We say there is a
multivalued dependency X —— Y if

R.[Y] = R[IY], V(x) € R[X], (2) € R[Z].

Lemma 5: Let R be a relation on Q = XYZ, where X, Y, and Z are
disjoint subsets. Then,

R[XYZ] = R[XY] | X | R[XZ]
iff
RIYZ] = |R[Y]|-|R{Z]|, V(x) € RIX].
Proof: (Necessity) R[XYZ] = R[YX] | X | R[XZ] implies
R.[YZ] = R,[Y] X R,[Z], V(x) € R[X].
Hence,
IR{YZ]| = |R{Y]|-|R.Z]].
(Sufficiency) It is easy to verify that
R.[YZ] C R.[Y] X R[Z], V(x) € R[X].
The given cardinal identity assures that
R.YZ] = R[Y] X R,[Z], V(x) € R[X]. &

Theorem 5: Let R be a relation on the set of attributes Q = XYZ, where
X, Y, and Z are disjoint subsets.* Then,

RIXYZ] = RIXY] | X | RIXZ] iff X - Y.

* For convenience, we assume X, Y, and Z to be disjoint. It will later become clear
that this assumption is not necessary.
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Proof: (Necessity) From Lemma 5, it is sufficient to show that

IRIYZ]| = |RJY]|-|R[Z]], V(x) € R(X)

iff
R.[Y] = R[Y], V() €RX), (2 €R(2).
Since
R[XYZ] = R[XY] | X | R[XZ]
implies

R.[Y] X (x,2) = R[Y] X (x,2), V(x) €R[X], (2)€ R[Z].
Hence,
R.[Y] = R[Y]
(Sufficiency) For every (x) € R[X], we have
(x) X RJZY] = {(x, z:) X Ru:[Y]|(x, ;) € RIXZ]}
= {(x, z:) X R[Y]|(x, z:) € R[XZ]}
= (x) X R,Z] X R.[Y].
Since | x| = 1, it follows that
|RYZ]| = |R[Y]|-|RAZ]], V(x) € R[X].

We need the commutative property of the product of two equivalence
relations (partitions) to establish the lattice equation of multivalued
dependency. The product of two equivalence relations may not be an
equivalence relation; if it is an equivalence relation then the product
must be commutative and vice versa.

Definition 6: Two binary relations p and p’ and S are permutable
(commute) if and only if p ° p’ = p’ ° p. This means that ifa p x p’ b
for some x € S, then a p’ y p b for some y € S, and conversely.®
Lemma 6: Let p and p’ be equivalence relations (partitions) on S. Then
the following are equivalent:

Lpep ' =pep

2.p°p" =pDp’

3. p ° p’ is an equivalence relation

4. p ° p’ is symmetric.
Proof: The proof of Lemma 6 is given in Ref. 21.

Lemma 7: Let R be a relation on the set of attributes Q and let X, Y, Z
C Q. Then,

’

0(X) = 0(XY) + 0(XZ) = 0(XY) ° 0(XZ) = 6(XZ) ° 0(XY)
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if
0(X) C 0(XY) - 0(XZ).

Proof. (Necessity) Trivial.
(Sufficiency) Suppose t,6(XY) ° 6(XZ)t,. Then there exists t; € R[Q]
such that

4L0(XT)t:0(XZ)ts,
which implies
t0(X)t0(X)to.
Therefore,
t0(X)t,.
Hence,
0(XY) ° 0(XZ) C 0(X).

It follows that

(X)) = 6(XY) ° 0(XZ).

From Lemma 6, we have

0(X) = 0(XY) ® 0(XZ) = 0(XY) ° 8(XZ) = 6(XZ) ° 8(XY).
Since

0(XY) =0(XY)+0(XZ) and #XZ)=6(XY)+ 0(XZ),
by the definition of the join operation @ in [J(R[2]), we must have

(X)) = 0(XY) ® 0(XZ) = 0(XY) + 0(XZ).
But,
0(XY) + 6(XZ) = 6(X) + 6(X) = 0(X),
so it follows that
8(X) = 0(XY) + 0(XZ) =0(XY) - 6(XZ) =0(XZ) - 6(XY). &

The following theorem shows that the multivalued dependency can
be formulated as a lattice equation.

Theorem 6: Let R be a relation on the set of attributes @ = XYZ, where
X, Y, and Z are disjoint subsets. Then, R[XYZ] = R[XY] | X | R[XZ]
iff
H(X) = 0(XY) + 0(XZ) = 0(XY) - 0(XZ) = 6(XZ) - 0(XY).
Proof: (Necessity) Since R[XYZ] = R[XY] | X | R[XZ] implies
RYZ]=R,[Y] X R,[Z], V(x) € R[X],
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there is a one-to-one and onto mapping ¢,: R.[YZ] — R,[Y] X R,[Z],
which takes every tuple (y, z) € R[YZ] into ¢.((y, 2)) = ((y), (2)) €
R.[Y] X R,[Z], V(x) € R[X]. Suppose t;, t; € R[XYZ] and t,6[X]t,, and
assume t; = (x, ¥1, 21) and &, = (%, ys, 22). As

(yl: 21), (.’)’2, 22) S RZ[YZ] = Rx[Y] X Rx[Z])
we have
(y), (y2) € RY] and (21), (22) € R.[Z].

Since ¢, is an onto mapping, there must exist two tuples &3 = (x, y1,
29), and t, = (x, ¥5, 21) € R[XYZ]. Hence,

LO(XY)t:0(XZ)ts,

which means

4HI(XY) ° 6(XZ)t,.
It follows that
6(X) C O(XY) ° (XZ).
From Lemma 7, we have
0(X) =0(XY) + 0(XZ) = 6(XY) » 6(XZ) = 6(XZ) ~ 6(XY).

(Sufficiency) We know R[XYZ] C R[XY] | X | R[XZ]. Suppose t =
(x,y,2) ER[XY]| X | RIXZ]. Then there exist t; = (x, y, '), t2 = (x,
y’, 2) € R[XYZ]. Thus,

t:10(X)t,,
which implies
4L0(XY) ° 0(XZ)t,.
There must exist 3 € R[XYZ] such that

8L0(XY)t:0(XZ)to.
Therefore,
ts=(x,¥,2) =tE€ R[XYZ],
and thus
R[XY]}| X | R[XZ] C R[XYZ].
Hence,

R[XYZ]=R[XY] | x | R[XZ]. O

It should be noted that in the above proof we use the fact that Q =
XYZ and 6(Q) = 6(XYZ) = O, i.e., there are no duplicated tuples in
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R[Q]. The inference rules of MVD) are given and proved in Appendix
B.

Example 4: Consider the relation R[ECSY] of Example 1. We have
the MVD: E —— SY, where 0(E) = m = {1, 2; 3, :4_5,2_,_8},_0(1430)

=m=1{1,2;3,4;5,6; 7,8}, (ESY) = 5 = {1; 2; 3, 5; 4, 6; T; 8}. It is
easy to verify that

M=Tog+ms=Te°ms=75°ms. M

It is known that if R is a relation on @ = XYZ, and X —— Y then
X —— Z. The symmetricity of the MVD can easily be seen in the
lattice equation of Lemma 7.

If XYZ C Qand 6(X) = 0(XY) + 6(XZ) = 6(XY) - 0(XZ) = 0(XZ)
° f(XY) holds, then X —— Y|Z is called an embedded multivalued
dependency (EMVD); this is simply a multivalued dependency in the
projection R[XYZ] of R[Q].

Theorem 6 clearly indicates that the MVD is actually a condition
pertaining to data independency rather than data dependency. For this
reason, we introduce the notion of decomposition of two sets of
attributes in a relation as follows.

Definition 7: Let R be a relation on the set of attributes Q. The two
sets of attributes Q,, Q, C Q are decomposable in R if

0( + Qo) = 0(Q) + 0(Q) = 0(Qy) ° 0() = 0(Q) ° 0(Q,). EA

It is easy to see that Q; and Q, are decomposable in Q iff Q; + Q; —
— O — Q| Qe — ©; is an EMVD in R. Furthermore, if 9:Q, = Q then
QD+ Q>0 —Q(orQ+ Q—— Q% — Q) isan MVD in R. In the
latter case, (1, Q2) is called a decomposition pair by Armstrong and
Delobel.?®

We feel that decomposition is a basic concept in the study of the
structure of databases. It can be naturally generalized to the concepts
of projective decomposition and mutual decomposition. Projective
composition concerns the data independence of two sets of attributes
on the projection of a relation. Mutual decomposition extends the
concept of decomposition to more than two sets of attributes.

Let p be a partition on the set S, the function p* = S — S/p maps
a € S into (a)p* = q, is called the canonical function of p. For S = {a,
b, ..., e}, we will use the notation

«_[ab ---e
P ab, - e,
to illustrate the canonical function p*. The equivalence relation
ker p* = p* ° p*' = {(a, b) € S X S|p*(a) = p*(b)}.

is called the kernel of p*. Notice that ker p* = p.
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Let p and o be partitions on S = p = o} then there is a unique
function f from S/p onto S/¢ such that (a,)f = a,. The kernal of f,

ker f=f°f"={(a, b) €S/p X S/plac b},

is an equivalence on S/p. It is usual to write ker f as ¢/p, the quotient
of ¢ and p. Note that a,(¢/p)b, if and only if a ¢ b and the mapping g:
(S/p)/(a/p}) — S/c defined by ((a,)./,)€ = a, is one-to-one and onto.
Thus the function f defined above is in fact the canonical function of
a/p, i.e., f = (a/p)*. It is easy to see the diagram in Fig. 7 commutes,
that is p* ° (o/p)* = o*.

Example 5: Let p,-o be partitions on the set S = {1, 2, 3,4, 5,6, 7, 8},

5,6 i

such that p = {1, 2,3, 4; 5, 6; 7, 8} and o = {1, 2,3, 4; 5, 6, 7, 8} with
p=oc.Then S/p={I,II, III, IV}, where I = 1,2, I1 = 3,4, II = 5, 6,
IV=1,8,and S/¢c = {a, 8}, where « =1, 2, 3, 4, 8 =5, 6, 7, 8. The

canonical functions of p and ¢ are

._(12345 6 78
P ITIHIOIIIIVIV

and

of =

12345678
aaaafBBBB)

It follows that
o/p ={L, IL, III, IV}
and

oy = (1T IY).

Lemma 8: Let p, o1, o3 be partitions on S such that p = o1, p = 09, and
01° 09 = 02 ° 071. Then

(a1 ° 02)/p = (a1/p) ° (o2/p).

o
§ ————— S/o

lo/p)*

Slp

Iig. 7—Canonical function of quotient partition.
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Proof: Tt is clear that o, ° 0, is a partitionon Sand p = 6, ° 03 = 09 °
g1. It follows from the definition of quotient partition that the lemma
is true. H

Lemma 9: Let p, 61, o2 be partitions on S, such that p = a1, p = 0..
Then

g1 ° 02 = g3 ° 0y
iff
(01/p) ° (2/p) = (a2/p) ° (01/p).
Proof: (Necessity)
(a1/p) ° (o2/p) = (01 ° 62)/p = (02 ° 01)/p = (02/p) ° (a1/p).

(Sufficiency) Suppose ao; ° osb. Then there is a ¢ € S such that
aagicaqb. It follows that

a,(a1/p)c,(a2/p)b,.
There must be a d € S such that
a,(a2/p)d,(c1/p)b,.
Thus
acydob,
and
ags ° o1b.
Hence

0'1°0'2g0'2°0'1.

Similarly, we have 63 ° 6, C 61 ° 02. Thenegi1°c 03 =03° ;. O
Definition 8: Let R be a relation on the set of attributes Q. For Q;, Q,
C 9, the projective partition defined by

0(] Q) = 6(2 + Q2)/0(Q2)

is a partition on the set of tuples of R[Q]/0(:) = R[Q:]. The canonical
function of (2| Q) is denoted by 0*(Q|Q) = (6(2: + Q2)/0(Q2))*,
which satisfies 6*(Qs) ° 0*(Q| Q2) = 0%(Q1 + Qo).

Certain properties of the projective partition are demonstrated in
the following theorems and their proof directly follows from the
definition of projective partition.

Theorem 7: Let R be a relation on the set of attributes Q@ and @y, - - -,
Q, C Q. Then

n n—1
o* (kﬂ 9k> = 0%(Q) ° 6*(Q| Q) ° -+ ° 0%(| ).
=1 h=1
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Theorem 8: Let R be a relation on the set of attributes Q and X, Q,
<o, 2, € Q, such that

U Qk = Q.
k=1

Then
L 0(X) = [Ir=1 ker(0*(Q) ° 6*(X| %))
2. 0(Qn| X) = ker(6*(Qr) ° 0*(X|Qn))/[1k=1 ker(6*(2) °
(X)) O
Definition 9: Let R be a relation on the set of attributes Q and Q;, Q,
2 C Q. We say @, and Q, are projectively decomposable on Z if
0(Q + Qo] Z) = 0] Z) + 0(Q]2)
= 0(%|Z) © 6(2|2)
=0(2]Z) - (%] Z). O

The EMVD is a special case of projective decomposition, which can
be seen from the following theorem.

Theorem 9: Let R be a relation on Q, and let Q1, Q2, £ C Q. Then
and Qs are projectively decomposable on 2 iff

0+ Q+2)=00Q+ Z) +60(2 + 2)
= 0(91 + 2) ° B(Qg + E) = 0(92 + 2) ° 0(91 + 2).

Proof: The proof follows from Lemma 8 and 9. B

Example 6: Consider the relation R on @ = ABCDE in Table VII.
The Hasse diagram of the relation lattice L(R[Q]) is shown in Fig. 8,
where

m=1{1,23,5,6,T 4 = 0(4),
m = {1, 3, 4; 2, 5, 6, 7} = 0(B),
m = {1,6,7; 2 3, 4, 5} = 6(C),
7 =1{1,3;2,5,6,7; 4} = 0(AB),

s = {1} 6’ 7; 2, 37 5’ 4} = 0(A0)7

7 = {1; 2, 5; 3, 4; 6, 7} = 6(BC),
m =11, 6,7, 2, 5; 3 4} = 6(D),
1,32, 6 4; 5 7 = 0(E),

Let Q, = ABD, @, = ACE, = = ABC. We find that
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Table VII—Relation lattice L(R[Q])
A B C D E

1 ay bl (3] d1 (2]
2 a b, C2 2 ]
3 (3] 1 C2 3 €
4 az 1 C2 d, €3
5 a bg C2 2 (7
6 ay 2 Cy 1 €2
7 [+ bz (4} 1 €4

Fig. 8—Relation lattice L(R[Q]).
02 + Q2| 2) = 6(A|ABC) = 6(4)/6(ABC) = {I, II, III, V; IV},
8(:1Z) = 6(ABD|ABC) = 0(AB)/0(ABC) = (I, III; II, V; IV},
8(2| ) = 6(ACE|ABC) = 6(AC)/8(ABC) = {I, V; II, 1II; IV},

and
0(ABC) = {I, II, III, IV, V},

where [=1,11=2,5,1I[=3,IV=14,V=86,1.
It is easy to see that ABD and ACE are projectively decomposable
on ABC, i.e.,

8(A|ABC) = 0(ABD|ABC) + 0(ACE| ABC)
= 9(ABD|ABC)  6(ACE| ABC)
= 9(ACE|ABC) « 0(ABD|ABC).
3188 THE BELL SYSTEM TECHNICAL JOURNAL, DECEMBER 1983



But the MVD: A —— BD (or A —— CE) does not hold in R[Q].
Nevertheless, the EMVD: A — B|C does hold in R[2]. O

So far we have discussed the properties of decomposition of two sets
of attributes. The concept of decomposition certainly can be extended
to any n > 2 sets of attributes. We define the notion of mutual
decomposition as follows:
Definition 10: Let R be a relation on the set of attributes Q. The
sets of attributes Qy, Qo, - - -, Q, C @ are mutually decomposable, if for
any I € N=1{1, .--,n} and J € N — I, the two sets of attributes
Qr = Uier & and Qy = Uje; @ are decomposable. O
Theorem 10: Let R be a relation on the set of attributes Q and Q, - - -
Q, = Q. Suppose Q,, - - -, Q, are mutually decomposable. Then

R[Q] = B[ - Qu] = R[] X] - -+ | X|R[Qn].
Proof: It follows from the definition of mutual decomposition that
R[Q -+ Q] = R[Q -+ - Q] | X | R[Q], m=2 ...n.

Therefore the assertion is true by induction. O

The above theorem states that mutual decomposition implies an
information-lossless join. The converse is not true in general. The
necessary and sufficient condition of an information-lossless join is
called join dependency, which will be discussed in the next section.

VIl. JOIN DEPENDENCIES

Join dependency (JD)'*'" is a generalization of MVD. It refers to
a collection {Q, - - -, 2,} of subsets of Q such that

Q=0 --- Qn
and
R[Q] = R[] X] --- | X| B[R]

Join dependency can be considered as a “set of coordinates” of the
relation. The connection between join dependencies and multivalued
dependencies is given by the following lemma:
Lemma 10: Let R[Q] = R[] X]| -+ | X|R[Q], let Ny be a subset of
{1, ---, n}, and let N, = {1, ---, n} — No. Then (2, Q,) is a
decomposition pair, where

Q=0 --- Q, v, = U and Qv = U Q.

iEN, iENy

Proof: Since

R[ U Qi] C IXI R[],

IENy IEN,

RELATIONAL DATABASES 3189



and

R[ U Qi] C IxXI R[],

iEN, ieN,

it follows that
R[] | X | R[] C <I><I Rm,-l) K (_lxl R[szi]).
IEN, iEN,

Since the natural join operation is commutative and associative,® we
have

R[OQn ]| X | R[QN,] © R[Q]| X[ -+ | X|R[Qn] = R(Q).

But we know
RI9] C RIQx,]| X | RI2w].

Hence,
R[Q] = R[Qn,}| X | R[Qx,]. W

Let x be an X-value, and assume Y C X. We shall denote the
Y-value in x as x[Y]. Let t € R[Q] be a tuple and let 2 = Q; --- Q,.
The notation ¢t & (wy, - -+, w,) will be used to indicate that ¢{[Q;] = w;,
Vi€ N, where N = {1, -- -, n} denotes the index set.

Before we state the necessary and sufficient conditions for join

dependency, we first introduce the concepts of a set of consistent values
and an indexed family of tuples.
Definition 11: Let R be a relation on the set of attributes @, and let
{X:| € N} be a collection of subsets of Q. The set of values {x;|x; is
an X;-value, i € N} is called a set of consistent values of {X;|i € N} if
the values of X; N Xj in x; and x; agree, i.e., if

2 X; N X;] = X N X;), Vi, j € N.
The set of tuples {¢;|i € N} of R[Q] is called an indexed family of
tuples with respect to {X;|i € N} if {x;| t{Xi] = x;, i € N} is a set of
consistent values. B

Theorem 11: Let R be a relation on the set of attributes Q, and let Q =
Q -+ Q. Then

R[Q] = R[] [ X] - -+ | X| R[]
iff for every indexed family of tuples {t;|i € N} with respect to {X;|i €
N} there is a tuple t € R[] such that t[Q;] = t{Q:]), Vi € N, where X; =
Qi N Qi, and Qi = U_,';ein.
Proof: (Necessity) Let {¢;|i € N} be an indexed family of tuples of
R[Q] with respect to {X;|i € N}. Thus, {x;|t[{Xi] = x;, i € N} is a set
of consistent values. Suppose t[Q;] = w;, i € N. We want to show that
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there exists a tuple ¢t & (wy, ---, w,) € R[Q]. We will prove this by
mathematical induction. We know that s; = (w,) € R[2;] and (ws) €
R[Q,]. Thus,

wi[Xi]=x and wy[Xs] = xa.
Since {x;|i € N} is consistent, it follows that
wi[X; N Xp] = 4[X; N Xo] = [ Xh N Xp] = wo[X: N X3
It is known that
XNnX=@nNnWHhNn@nNnY =040, i=#]
Therefore,
w1 N Qo] = wo[ Q1 N Q).

By the definition of natural join, we know that there exists a tuple
So Y (wl, w2) c R[Ql] | X l R[Qz].

Suppose there is a tuple s,—1 & (w1, -+, Wn-1) € R[] X] ---
| X | R[Q24-1]. Then

Sn_l[Xi N Xn] = wi[Xi N Xn] = xi[Xi N Xn]
= x,,[Xi N Xn] = wn[Xi n Xn]y l

1, ---,n—1
Hence,
$n-a[@n N Q] = 8pa[@ N (R U -+ U Qy)]

= Sp[( N Q) U -+ U (Qur N Q)]
= 5[(Xi N Xp) U -+ U (X N X))
=w[(Xhi N X)) U -+ U (Xpa N X))
= w2 N Q).

It follows that there exists a tuple ¢ such that

t=s, & (wy, -+, wa) € R[M]|X] --- | X|R[Q] = R[Q].
(Sufficiency) We know that
R[Q] © R[] [X] --- | X| R[Q].

Forany t & (wy, -+, w,) € R[QU]|X]| --- | X]|R[Q], there exists an
indexed family of tuples {¢;| t[Q;] = w;, i € N} of R[Q] with respect to
{Xi|i € N} that has a set of consistent values {x;| wi[Xi] = x;, i € N}.
It follows that ¢t & (wy, - - -, w,) € R[Q]. Hence,

R[Q] = R[M]| X[ --- | X|R[Q,]. O

The necessary and sufficient conditions for JD given in the above
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theorem are similar to the notion of template dependency introduced
by Sadri and Ullman.?” The following condition can be considered as
an extension of the binary natural join operation.

Corollary 3: Let R be a relation on the set of attributes Q, and Q = @
-+ Q. Then,

R[Q] = R[}|X]| --- | X| R[]
iff
Rxl,--',xn[Q] = RxI[QI] [ X] -« | X IRx,,[Xn]

for every set of consistent values {x;|i € N} of {X;|i € N}, where X; =
QLU Q, ViEN,and R,,....[Q] = {t|t € R[Q], t[X;] = x;, Vi E N}.
Proof: The proof follows from Theorem 11. &

Clearly, for any t € R[Q] = R[Q; --- Qn], the set of values {x;| {[X;]
=x, X; = QN Q;, i € N} is always consistent. The converse is not
necessarily true. Suppose for any set of consistent values {x;| x; is an

X;-value, i € N} there is a tuple t € R[Q] such that t{[X;] = x;, Vi € N;
in this case we say {Q;|i € N} is complete.

Corollary 4: Let R be a relation on the set of attributes Q, and Q@ = Q;
<o+ Q,. Then {Q;| i € N} is complete iff
R[Xy .-+ Xu] = R[Xi]| X]| - -+ | X|R[X.],

where X; = 0 N Q;, IEN.
Proof: The proof follows directly from Theorem 11. B

The necessary and sufficient conditions for JD may be stated in a
different form, as follows:

Theorem 12: Let R be a relation on the set of attributes Q, and Q = Q,
«ee Q.. Then

R[Q] = R[] | X| --- | X| R[]
iff
1. {Q;, Q) is a decomposition pair, i € N,
2. {Q:|i € N} is complete, i.e.,

RIX: -+ X,] = RIXil|X] --- [X|RIX.), Xi=@n{, i€N.

Proof: (Necessity) Condition 1 follows from Lemma 10. Condition 2 is
a consequence of Theorem 11.
(Sufficiency) We know that

R[Q] € R[2]|X] --- | X]| R[2x].

Suppose t & (wy, ---, W) € R[Q]|X]| --- | X|R[Q,]. Then there is
an indexed family of tuples {t;| £[Q:] = w;, i € N} of R[Q] with respect
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to {Xi|i € N} and the set of consistent values {x;|w][X;] =
x5 Xi=4GN fli, i € N}. We will prove by mathematical induction that
t 2 (wy, -, wn) € R[Q].

Since {Q;|i € N} is complete, there exists a tuple s & (yy, ---, ¥n)
€ R[Q] such that

s[Xi] = x;, Vi E N.
We know that
Gl N Q] = 6[Xa] = wi[Xh] = x1 = s[X3] = s[Q N A,
which means
£0(Q; N Qy)s.

Since (i, €) is a decomposition pair, there exists a tuple s; € R[Q]
such that

tlﬁ(Ql)slﬁ(Ql)S.
Hence,
s1 & (wy, yo, - -+, yn) € R[Q].

Suppose there is a tuple s,—; £ (w1, -+, W1, ¥n) € R[Q]. It follows
that

ta D N Q] = taXn] = Wa[ Xl = %0 = $paa[Xn] = $01[Q0 N Q).
Thus there is a tuple s, € R[Q] such that
tna(gn)sna(ﬁn)sn—l-

Hence
t=s, 4 (wy, ---,w,) ER[Q]. O

It is known that a special class of JD, called acyclic join dependency,
has many desirable properties; this class makes operations like updates
and joins especially easy.’®?® A collection of subsets {Q;| i € N} of the
set of attributes Q is called acyclic if all the attributes can be deleted
by repeatedly applying the following two operations:**2

1. Delete from some &; an attribute A that appears in no other Q;

2. Delete one €, if there is an Qj, i # j, such that Q; C Q.

A reduction {Y;|j € J C N, and Vi E N — J3j € J such that Y; C
Y;} is obtained by removing from {Y;] i € N} each Y; that is contained
in another Y.

Definition 12: Let S = {Q;| i € N} be a collection of subsets of Q. The
core of S, denoted by S, is defined as follows:

1.S=®,for|S|=N=1 .
2. S is the reduction of {Q; N Q;]i € N}, for |S|=N>1. @
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There are many different but equivalent conditions that characterize
a collection of subsets as acyclic.!®* We will use the following one:

Lemma 11: A collection S = {Q;| i € N} of subsets of Q is acyclic iff its
core S is acyclic.

Proof: S can be obtained from S by performing the operations 1 and
2 defined above. It follows that if S is acyclic then S is acyclic and
vice versa. W

Corollary 5: Let S = {Q;|i € N} be an acyclic collection of subsets of Q.
Then |S| > |S].

Proof: For |S| =1, S| = |2| = 0. For |S| = 2, we know that
|S| = |S|. Suppose |S| = |S|. Then any attribute A in S must be
contained in at least two distinct subsets of S. Let A € 2, N . Then
A€ QandA € Q. Thereisaj # i such that A € Q. Since Q; C

Ug»jQ it follows that

AegnGeS.

Since |S| = |S| = 2, S is not empty. Now, neither operation 1 nor
2 can be applied to reduce S. From Lemma 11 we know this contradicts
the assumption that S is acyclic. Thus, [S|>|S|. W

A JD R[Q] = R[Q]|X]| --- | X|R[Q], 2= Q; --- Qn, is an acyclic
join dependency if {Q;|i € N} is acyclic. A recursive condition for
acyclic join dependency is as follows:
Corollary 6: Let R be a relation on the set of attributes @ = Q, - -+ Q.
Then

R[Q] = R[] X]| « -« | X|R[Qn]

is an acyclic join dependency iff

1. (2, Q) is a decomposition pair of R[Q],i=1, ---, n,

2. R[X; -+ Xn] = R[X{]IX] -+ | X|R[Xn] is an acyclic join de-
pendency over the set X, -+ X, C Q, where {X;|i=1, ---, m} is the
core of {Q;|i € N}.

Proof: The join dependency of a collection of sets and the join de-
pendency of its reduction are equivalent.?® The proof easily follows
from Theorem 12 and Lemma 11. B

The above corollary simply states that acyclic join dependency is
equivalent to a set of MVDs and EMVDs, i.e., a set of simultaneous
lattice equations that can be derived recursively. It has been shown by
hypergraph theory that an acyclic join dependency is equivalent to a
set of MVDs.’®'® That is, the converse of Lemma 10 is true for acyclic
join dependency; we will prove that the converse of Lemma 10 is a
consequence of Corollary 6.

Theorem 10: Let R be a relation on the set of attributes @ = Q; --- Q,
such that {Q;|1 € N} is acyclic. Suppose for any No € N = {1, ..., n},
N] N — N(), and
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R[Q] = R[Qn,] | X | R[Qn,]-
Then
R[Q] = R[] | X[ -+ | X| R[]

s an acyclic join dependency.

Proof: This theorem will be proved by mathematical induction on n.
For the smallest nontrivial case n = 3, let the core set {X;|i=1, ...,
m} of {|i =1, 2, 3} be the reduction of {Y; = ;N Qi|i=1, 2, 3}.
First we want to show that

R[Xy -« Xp] = R[X1]| X]| -+ | X| R[Xm].

We know m < 3 from Corollary 5. There is nothing to be proved if
m < 2. For m = 2, without loss of generality, let X; = Y3, Xo = Y,
and Y3 Q Y2 = X2. Then

XiNX,=YiNY. =Y NY.Y;=(YiNnY)U(YiN Yy
= (2N Q) U (Q N Q) =01 N Q. ‘
Since (£, ©2:83) is a decomposition pair,
(X1 N X,) = 6(2 N Q:2Q3) C 0(Q) ° 0(Q2203).

Also we have

W27, =X,
and
200 2 VoV =Y, = X,
Thus '
0() = 0(X1),
0(Q:223) = 0(Xy),
and

0() ° 0(Q:9s) C 0(X1) ° 6(X5).

It follows that

0(X; N Xs) C 8(Xy) ° 6(Xz).
Hence

R[X,Xo] = R[Xi]| X| R[Xz].
It follows from Corollary 6 that

R[Q] = R[] | X | R[Q:] | X | R[2s].

Suppose the theorem is true for all k < n. Let the core set {X;|i =1,
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..., m} of {&|i € N} be the reduction of {Y; = ;N (i € N}. We
know m < n and forany M\, C M = {1, ---, m}and M; = M — M,
there is an No € N and N; = N — N, such that

MOQNO, Mlgle

and

Xmy=Yn, Xu, = Yn,.
Then,
X, N X, =Yy,NYn = U (Y;NY)

€N, JEN;

= U (Q, N Q}) = QNO n QNI.

i€N,,jEN,

Since (Qn,, Qn,) is a decomposition pair, we have
0(Xn, N X)) = 0(Qy, N Q) C 0(Qw,) ° ().
Also, we know

Oy, 2 YN, = Xu,y

and
Oy, 2 Yy, = Xu,e
Thus
0(Q,) = 0(Xn,),
0(Q,) = 0(Xn,),
and
0(Q,) ° 0(2n,) € 0(Xar,) ° 0(Xng,).
It follows that
0(Xnm, N Xn,) € 0(Xpy,) © 0(Xa,).
Hence

R{X; --- Xn] = R[Xp] | ¥ | R[Xa]

forany My C M, M, = M — M,.
Since the theorem is true for m < n, we have

R[X, -+ Xn] = RIXi]| X]| -+ | X|R[Xn].
It follows from Corollary 6 that
R[®: --- Q] = RIQ]|X| --- | X|R[Q,]. W
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Further discussion of the properties of acyclic join dependencies can
be found in Refs. 15 and 16. A linear-time algorithm for testing
acyclicity is given in Ref. 28.

VIII. CONCLUSIONS

We have shown that lattice theory is a powerful tool in the analysis
of the structure of relational database systems. Using this tool, we
have established a unified theory of relations. As we have seen, almost
every concept in the existing relational database theory has a counter-
part in the lattice theory. This suggests that further study of relations
should be carried out within the framework of lattice theory. The
independency theory of lattices, which is a generalization of the
familiar notion of independency in the geometries,’®? is especially
important and relevant to the structure of relational database systems
if its relation lattice is modular. This approach may lead to a geometric
interpretation of data dependencies and independencies, which would
make the theory more intuitive and also more useful for practical
application.

The establishment of this algebraic theory of relational databases is
done in the same spirit as the construction of probability theory. A
probability space is a triple (2, 2, P), where Q is the sample space, 3
is a c-algebra of the subsets of Q, and P is a real-valued function,
called a probability measure, defined on the s-algebra =.!”* The notion

Table Vill—Comparison of probability theory and
the theory of relational databases

Theory of Relational
Databases

Probability Theory

Sample space Q
2, the o-Algebra of subsets of
Q

Probability measure

P: 2 - R[0,1]

o-additivity:

{X,} is an denumerable union
of disjoint events

P(U X = 3 P(X)

k=1

Set of attributes Q

2% the Boolean algebra of sub-
sets of

Partition function

0: 2° > TI[R(Q)]

Meet-morphism:

{X,} is a finite collection of
sets of attributes

9 (kL:Jl xk) = 0(Xy) - 0(X,)

P(Q)=1 Q) =0

P@)=0 @ =1
0<sP(X)=<1,VXEZ 0=4X)=1,VXe2"
fXCy, IfX2Y,

P(X) s P(Y) 8(X) =6(Y)

If Q; and ) are independent,
P(Q N Q) = P() P(2)

If Q, and Q, are decomposable,
6(2, N Qo) = 6(N) + ()
= 60(21) ° 6(Q2) = 6(Q2) » 6(Q)
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of a s-algebra of sets also has an abstract generalizaton, namely it is
a particular case of a Boolean ¢-algebra.®® A comparison of the alge-
braic theory of relational databases and probability theory is shown
in Table VIII.

We feel that this theory of relational databases can be used to
analyze the nonquantitative aspects of data dependencies (or indepen-
dencies), whereas probability theory is the basis of quantitative data
analysis, namely statistics. This comparison is not meant to imply
that there is a one-to-one correspondence between the theory of
relational databases and the theory of probability. Nevertheless, we
are convinced that the lattice theory could play a role in the theory of
relational databases similar to the role measure theory plays in the
theory of probability.}”

The computational algorithms for meet and join operations of
partitions are given in Ref. 31, which provides the basic tools for
future development of algorithms for relations.
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APPENDIX A
Properties of Meet and Join Operations

In any lattice (L, -, +), the operations of meet and join satisfy the
following laws:
Ll—a-.a = q, a + a = a; (Idempotent)
L2—a.b=b-.q,a + b = b + a; (Commutative)
L3—a-(b.-c) = (a-b)-c,
a+ (b +c)= (a+b)+ c; (Associative)
L4—a-(a + b) = a + (a-b) = a; (Absorption)
L5—a=b iff a-b=a,
a=b iff a4+ b=b; (Consistency)
L6—b=c¢ implies a-b=a-c
b=c¢ implies a+ b=a+ c; (Isotone)
L7—a-(b+c¢) = (a-b) + (a-c)
a+ (b-c) = (a + b)-(a + ¢); (Distributive Inequalities)
L8—a=c¢ implies a+ (b-¢) = (a + b)-c. (Modular Inequality)
A lattice is called distributive if equality holds in L7 and is called
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modular if equality holds in L8. A Boolean algebra is a lattice (L, -,
+, ) with the following additional properties:*
L9—a-(b+c¢) = (a-b) + (a-0),
a+ (b.-¢) = (a+ b)-(a + c); (Distributive Identities)

L10—a =c¢ implies a + (b-c) = (a + b)-c; (Modular Identity)
L11—L contains universal bounds 0, 1, which satisfy

0.a=0,0+a=aq,

la=a,14+a=1;
L12—Va € L, 3a € L such that

a-ad=0,a+da=1,a=a,

(@-b) =a+ b, (a +b)=a-b.

APPENDIX B
The Proofs of Axioms for Functional and Multivalued Dependencies

The first three of the following are Armstrong’s axioms for func-
tional dependencies:!2
B1. (Reflexivity for functional dependencies)
FYCXCQ thenX— Y.
Proof: 6(X) =60(Y(X—-Y)) =0(Y)0(X - Y) = 6(Y). |
B2. (Augmentation for functional dependencies)
If X— Yand Z C Q, then XZ — YZ.
Proof: 8(XZ) =0(X)0(Z) = 0(Y)0(Z) = 6(YZ). [ |
B3. (Transitivity for functional dependencies)
IfX—>Yand Y— Z, then X — Z.
Proof: 6(X) =6(Y) and 6(Y) = 6(Z) imply 68(X) = 6(Z). [ |
The next three axioms apply to multivalued dependencies:®
B4. (Complementation for multivalued dependencies)
fX—>—>YthenX—>—Q—-X-Y.
Proof: 6(X) = 6(XY) + 6(XZ) = 0(XY) ° 6(XZ) = 0(XZ) ° 0(XY),
where Z=Q—- X -Y. |
B5. (Augmentation for multivalued dependencies)
If X—>—Y,and VC W, then WX —— VY.

Proof: Without loss of generality,* we can let Q = ABCDEFGHIJKL,
X = ABCDEF, Y = BCGHFI, W = CDEFHIJK, V = EFIJ (see Fig.
9). Then Q- X—-Y=JKLand Q — WX - VY=L.

We want to show that

6(ABCDEF) C 6(ABCDEFGHI) ° 6(ABCDEFJKL)

* This proof is carried out in terms of equivalence relations (partitions). It is irrelevant
here whether an equivalence relation is the image of a single attribute or the image of a
set of attributes.
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B G

Fig. 9—Set of attributes Q for B5.

implies
0(ABCDEFHIJK) C 0(ABCDEFGHIJK) » 6(ABCDEFHIJKL).
Suppose

t,0(ABCDEFHIJK)t,. 1)
Then
t10(ABCDEF)t,.
There exists t3, such that
LO0(ABCDEFGHI)t;6(ABCDEFJKL)t,. (2)
From (1) and (2), we have
t30(JK)t0(JK)t;.
It follows from (2) that
LI(JKG)t;. 3)
Combining (2) and (3), we have
t10(ABCDEFGHIJK)ts. (4)
Relation (2) also implies that
t0(HI)t;.
From (1), we know
t:10(HI)ts,
and therefore
t0(HI)t,. (5)
It follows from (2) and (5) that
t:0(ABCDEFHIJKL)t,. (6)
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Combining (4) and (6), we have
t0(ABCDEFGHIJK)t:0(ABCDEFHIJKL)t,.
It follows that
6(ABCDEFHIJK) C 6(ABCDEFGHIJK) - 6(ABCDEFHIJKL). O
B6. (Transitivity for multivalued dependencies)
IfX—s>—>YandY—>—Z,then X—>—Z - Y.

Proof: Again, without loss of generality, we can let Q = ABCDEFGH,
X =AFGH, Y = BCFG, Z = CDGH (see Fig. 10). Then Z — Y = DH,
O—XY=DE Q- YZ=AE,Q—- X(Z~-Y)=BCE.

We want to show that

0(AFGH) C (ADEFGH) ° 6(ABCFGH)
and

6(BCFG) Q'B(ABCEFG) * (BCDFGH)

imply
0(AFGH) C 0(ADFGH) ° 6(ABCEFGH).
Suppose t,0(AFGH)t,. Then there exists t; such that

t,0(ADEFGH)t:0(ABCFGH)t,. )]
Since t,0(BCFG)ts, there exists £, such that
t.0(ABCEFG)t,0(BCDFGH )t3. 8)
It follows that
LO0(AFG)t:0(AFG)t.0(AFG)ty. 9
From (7) and (8), we have
t.0(DH)t:0(DH)ts. (10)
A E
H | D
G C
F B

Fig. 10—Set of attributes @ for B6.
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Combining (9) and (10) yields

t0(ADFGH)t,. (11)
From (7) and (8), we have
t0(H)t:0(H)ts.
It follows from (8) that
t40(ABCEFGH )t,. (12)

Relations (11) and (12) yield
LO0(ADFGH)t0(ABCEFGH)t,.
Hence
0(AFGH) C 6(ADFGH) - 6(ABCEFGH). O
The last two axioms relate functional and multivalued dependencies.

B7. If X — Ythen X »— Y.
Proof: Let Z =Q — XY. We want to show that

0(X) =60(Y) implies 6(X)C (XY) > (XZ).

Suppose t,0(X)t,. Since #(X) = 0(Y) implies (XY) = 0(X), then
t0(XY)t,. It follows that

LO(XY)t0(XZ)ts.
Hence
X)) CoXY)-0(XZ). B

B8. If X -— Y, Z C Y, and for some W disjoint from Y, we have
W — Z,then X — Z.

Proof: Again, without loss of generality, we can let Q = ABCDEFGH,

E Cc
F A
G B
H D

Fig. 11—Set of attributes Q for B8.

RELATIONAL DATABASES 3203



X =ACEF, Y =EFGH, Z = FG, and W = AB (see Fig. 11). Then Q —
XY =BD.
We want to show that

0(ACEF) C 0(ACEFGH) ° 6(ABCDEF)
and
0(AB) = 0(FG)
imply
0(ACEF) = 0(FG).
Suppose t,6(ACEF)T,. Then there exists ¢; such that
t:0(ACEFGH)t;0(ABCDEF)t,.

Since

LO(FG)t; and t0(AB)t,,
we have

LO(FG)t; and £30(FG)t.,
and thus

t0(FG)t,.

Hence

0(ACEF) = 0(FG). R
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Often, syntax-directed editors rely solely on menu selection for program
construction. We describe here the generation of hybrid editors that give a
programmer the option of either (1) using menu selection and tree navigation
as in a syntax-directed editor, or (2) entering text for parsing and navigating
through the text as in a conventional editor at any stage during the expansion
of a program. A prototype system, HEG (Hybrid Editor Generator), has been
built to automatically generate such a hybrid editor from a high-level specifi-
cation of a grammar for an application language. Each such generated hybrid
editor is called an AGE (Automatically Generated Editor). We describe the
HEG meta-language and briefly summarize the editing process in AGEs. We
also describe possible extensions to the meta-language to describe program
semantics, and the generation of the procedures to check those semantics
during program construction.

1. INTRODUCTION

In the past, there has been a dichotomy between the way a devel-
opment tool such as a text editor would manipulate the text of a
computer program and the way another development tool such as a
parser would manipulate the same text. The advent of syntax-directed
editing has removed this difference by introducing the use of editors
that store and manipulate programs entirely as (partially) instantiated
syntax trees."® The question, though, of whether a program should be
manipulated only in terms of its syntax tree, or also in terms of its

*Carnegie-Mellon University. Bell Laboratories.
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tion-service systems without further permission. Permission to reproduce or republish
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textual representation, is yet to be resolved.®® Some editing systems
purport to allow the programmer both points of view, but provide only
one, predetermined, choice for the manipulation of each construct in
the language.” We introduce here the concept of a hybrid editor, which
integrates the tree-navigation and menu-selection capabilities of a
syntax-directed editor with the text-navigation and the string-entry
capabilities of a conventional editor. Either of these views of a program
can be taken at any stage during the expansion of the program in a
hybrid editor.

One of the features of the hybrid editors discussed herein is the fact
that a complete editing system is automatically generated from a high-
level description of a language. The concrete and abstract syntaxes of
the language are both described by one context-free grammar; and
both the syntax-directed editor, and the incremental parser for use
with the editor, are generated from this grammar.

In this paper, we outline the overall design of a hybrid editor
generator and describe briefly the interface presented to a programmer
by the hybrid editor. We define the meta-language in which the
application language is specified for the generator, and describe the
operations performed on the language specification in the process of
generating the editor. Based on this design, a prototype hybrid editor
generator, called HEG, has been built and is being tested. We describe
possible extensions to the meta-language to describe program seman-
tics, and the generation of the procedures to check those semantics
during program construction.

1. BACKGROUND

Although syntax-directed editing can be very helpful to a program-
mer who is unfamiliar with the language he is using, one who knows
the syntax of the language may easily become frustrated with the
plethora of menu choices that must be made to “write” a program
substructure as simple as an assignment statement. For this reason,
allowing the programmer the option of giving the editor a string to
parse and insert into the partially expanded program is a desirable
feature to have in such a menu-driven editor. We define a hybrid
editor to be a syntax-directed editor with the ability to parse and to
integrate into the program tree a string given at any time during the
expansion of a program.

There have been attempts to generate syntax-directed editors au-
tomatically for several programming languages from specifications of
the syntactic (given by a context-free grammar)® and the semantic
(given using attributes for the symbols in the grammar) aspects of a
language.'® There is also a system in use that requires only the addition
of a context-free grammar for any new language for which it is to
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operate.? (In this latter system, detailed knowledge of the structure of
the grammar seems to be required in order to use the editor with any
grace.) Usually, however, such editors are built individually for each
programming language. This is because (1) high-level programming
languages have many context-sensitive semantic constraints that can-
not be expressed by a context-free grammar, (2) programmers using
high-level languages usually need more local context-sensitive aid than
syntactic help, and (3) the external interface that such an editor is
expected to provide depends heavily upon the language it supports.

Little attention, however, has been paid to syntax-directed editors
for special-purpose languages such as the input specification languages
for Yet Another Compiler-Compiler (YACC)!! and database interface
languages such as HISEL.' Yet it is for these seldom used, but
numerous, languages that a hybrid editor would be most useful. Users
of such application programs often write their input in a file using a
regular text editor and manually check conformity with the syntactic
constraints imposed by the particular application program. Some of
these application programs have parsers in their front ends to check
the syntactic correctness of their input. (Sometimes these parsers are
automatically generated from utilities such as YACC.'') Others just
assume that their input is syntactically correct and abort when it is
not. If, in place of the parser, a hybrid editor is available within the
application program, the user can be guided by the program’s editor
during input construction.

A tool to automatically generate such editors for application lan-
guages can be quite useful for several reasons: (1) A special-purpose
application language, unlike a programming language, is likely to
change more rapidly with an evolving application program. (2) Many
application programs are not frequently used and hence their idiosyn-
cratic syntactic constraints are likely to be forgotten. (3) The amount
of syntactic help from a hybrid editor can be determined by the
programmer. (4) The derivation tree built by the hybrid editor may be
used by the application program to process its input in a more
structured manner than is often possible when only a textual view of
the input is available to the program. It is for these types of languages
that HEG-generated hybrid editors, called AGEs (Automatically Gen-
erated Editors), are most valuable.

Ill. THE EDITING PROCESS

In a HEG-generated hybrid editor for a given language, a program
is internally represented by a derivation tree of the program in that
language, along with a symbol table containing the programmer-
defined character strings. (See Appendix A for an example of a short
session with an AGE.) When the programmer wishes to expand a

SYNTAX-DIRECTED EDITORS 3207



particular nonterminal in the tree by syntax-directed menu selection,
and if there are two or more production rules for that nonterminal,
then the AGE creates a one-item-at-a-time wraparound menu, on the
bottom line of the screen, displaying the menu strings associated with
those production rules. After a production rule is chosen for expansion,
the internal node for the nonterminal is grown in such a way that the
frontier of the subtree rooted at that internal node corresponds to the
right-hand side of the production rule selected. If, however, the pro-
grammer wishes to forego menu selection, he/she may expand a
nonterminal by entering a string that is derivable from the nonter-
minal. The editor will parse the string, build a subtree representing
the string, and graft the subtree into the program tree at the node
corresponding to the nonterminal. The string given by the programmer
may be any combination of terminal strings and nonterminal names.

Even though the internal representation of a program is a tree, both
tree and text interfaces are provided to the programmer for navigation
through the program. At any moment, a tree cursor navigating around
the internal nodes of the tree is available. The programmer sees the
cursor spanning the entire frontier of the subtree rooted at the tree-
cursor node. He can move the tree cursor along the internal nodes of
the tree (using the commands up [*], down [V], left-sibling under the
same parent [<], right-sibling under the same parent [>], next internal
node of the same type under the same parent [N], etc). Or, he can
navigate textually (using the commands n for next word, b for back
word, CR for next line, - for previous line) through the program. The
commands ‘e’ and ‘v’ provide syntax-driven expansion and unexpan-
sion facilities. Commands ‘p’ and ‘r’-allow parser-driven nonterminal
expansion and file-reading facilities.

When the programmer quits editing, both the text and the tree
versions of the program are saved. The tree is saved by storing the
leftmost derivation sequence of the production rules in the derivation
tree and the symbol table. This sequence is used to reconstruct the
tree for a later editing session on that program. The test is saved for
possible use by other tools.

IV. ARCHITECTURE OF HEG

HEG produces a generalized table-driven syntax-directed editor,
linked with a parser, for a given application language. The application
language is specified by an AGE grammar in the meta-language
described in the next section. A parser generator front end, named
‘GENPAR’, generates a YACC file and a LEX file!® from this speci-
fication of a language. The parser generated from these two files is
capable of parsing strings, which may contain nonterminal names,
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starting from any nonterminal of the grammar. The grammar tables
used by the editor, the parser, and the generic editing routines are
then linked together to generate an AGE for the given language.

Figure 1 shows the interactions between the different components
of an AGE.

V. THE META-LANGUAGE

The “meta-language” for HEG is the grammar specification lan-
guage in which the production rules of any context-free grammar are
specified, along with the pretty-printing information required by the
display utilities of the editor (e.g., indentation and color codes, if
available) and the strings for the menu lists. As an example of the use
of the language,

query : (QUERY)
| “select” list “where” conds

.
’

is a normal production rule. Here, (QUERY) is a “user-friendly” name
for the nonterminal symbol ‘query’. The sequence of strings following
the character ‘|’ specifies a production for the nonterminal ‘query’.
Strings within double quotes in the production specification are ter-
minal characters and others are nonterminals. The terminal character
strings may also contain the following special characters denoting
pretty-printing information: \n’ for a new-line, ‘=’ for a blank char-
acter, ‘\t’ for tabbing one position to the right and increasing the tab
count by one for the starting positions of the subsequent lines, and
“\T’ for decreasing the tab count by one for the current and the
subsequent lines.

APPLICATION GRAMMAR g

SCRIPT PARSER
GENERATOR GENERATOR
GRAMMAR INCREMENTAL
TABLES PARSER

PROGRAMMER COMMAND PARSER DISPLAY
INTERACTION | INTERPRETER | UTILITIES | UTILITIES | PROGRAM.g
————————— e 3

TREE UTILITIES

PROGRAM.TREE

Fig. 1—Interactions between the components of an AGE.
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Another example is

list : ITEM_LIST
| +item “,”
This is an\iterative production rule. It specifies that the nonterminal,
‘list’, can bé expanded into one or more occurrences of the nonterminal,
‘item’, separated by the terminal character string ,’. A “’, in place of
the ‘+’ above, would denote zero or more occurrences of the nonter-
minal. 9\

There may be more than one production rule for a nonterminal; if
s0, all of the rules for the nonterminal must be specified in one rule
set, each preceded by a ¢|’. For example, the following two sets of rules
show several possible expansions for the corresponding nonterminals:

clause : CLAUSE
| field_name “~” op “~” constant
| constant “~” op “~” field_name
| field_name “~” op “~” field_name

op : OPERATOR

I “=”

l “'=”

I “.>=”
I “<=7’
| “>”

| “<7’

.

b

For each production rule, the grammar specification must include
an associated “expansion character”. This expansion character must
be unique within the set of rules for that nonterminal. If there are two
or more rules for the expansion of a nonterminal and if an instance of
that nonterminal in the program is to be expanded, the programmer
must indicate his choice by typing the expansion character associated
with the desired rule. However, if the programmer wishes to examine
all the choices for that nonterminal, the AGE creates a one-item-at-
a-time wraparound menu on the bottom line of the screen, from which
the programmer may choose a production. Therefore, the implementor
(the person defining the grammar) must provide a “menu-item-string”,
which is displayed in the menu for each production rule. These menu
items should be suggestive of the associated production rule for better
communication with the programmer. When a particular rule is chosen
for the expansion, the right-hand side of that rule replaces the left-
hand side nonterminal node in the program’s syntax tree.
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To illustrate the provision of menu information in a grammar for
HEG as above and to clarify the grammar specifications further, a
complete set of rules for a database query language HISEL' is given
below. Sentences (queries) in this language have the form:

select x1.fld1,x2.fld2, ... where (CLAUSES) or (CLAUSES) ...

where ‘X’ is a cursor name, ‘fld’ is a field name, and (CLAUSES) is a
conjunctive sequence of field conditions. The single characters follow-
ing the menu items in the rules are the expansion characters. For the
rule sets having just one production rule, meaningless menu-item
strings (e.g., ‘xxx’) and expansion characters (e.g., ‘x’) are used for
uniformity in the meta-syntax. Observe that there is no white space
in the menu-item strings.

query : (QUERY)
| xxx x “select” list “\nwhere~” conds

list : (ITEM_LIST)

| xxx x + item “,

item - ITEM

| xxx x cursor “.” field_name

conds : (CONDITIONS)

~—~—~ ~73

| xxx x *disjunct “\n~~"~or

disjunct  : (CLAUSES)

(R

| xxx x +clause “~,

clause : CLAUSE
| field_op_const 1 field_name “~” op “~” constant
| const_op_field 2 constant “~” op “~” field_name
| field_op_field 3 field_name “~” op “~” field_name

op : OPERATOR
| equal = “=”
| not_equal ! “!="
| greater_equal 1 “>="
| less_equal 2 “<="
| greater > “>”
| less < “<”

’

The left-hand side nonterminal of the first rule in the grammar
specification (i.e., ‘query’, above) is the starting nonterminal. If no
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production rule is available for a nonterminal (e.g., ‘field_name’), and
that nonterminal appears during the derivation of a program, then it
is assumed to expand into a character string to be provided by the
programmer at the time of expansion. Such nonterminals are said to
derive “identifiers”. A regular expression specification for any such
nonterminal can be used to restrict the format of the identifier strings
that a programmer may supply at the time of expansion. HEG provides
a default specification for all nonterminals deriving identifiers and
having no regular expression specification.

As another example, the following is a grammar in the meta-
language (meta-grammar) for the meta-language described in this
section. In fact, one can invoke an AGE for this meta-language to
enter a grammar specification for any user-defined language.

gram : (AN_AGE_GRAMMAR)
| xxx x cfrules “\n%%\n” rerules

cfrules : (CONTEXT_FREE_RULES)
| xxx x +ruleset “\n”

ruleset : (A_RULE_SET)
| xxx x nonterm-name “\t:~” user_name “\n” rules
“\n;\n\T”

rules : (RHS_OF_A_RULE_SET)
| xxx x +rule “\n”

rule : (A_RULE)
| normal-rule n
tklist
| nonempty-rec-rule + “|~xxx~x~+” nonterm_name
“~\“” geparator “\””
| empty-rec-rule * “
separator “\””

“|~?7 K~ K~

menu_string exp_char

~~k?

| ~xxx~x~*” nonterm_name “~\*”

tklist : (A_SEQ_OF_TOKENS)
| xxx x +token “~”

token : TOKEN
| nonterminal-token n nonterm_name
| terminal-token t “\“” terminal_str “\””

I

rerules : (REGULAR_EXP_RULES)
| xxx x *rerule “\n”

b
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rerule : (REG_EXP_RULE)

| xxx x nonterm-name “~~\"~##" reg_expr
%9% ’ )
exp_char ~##l[a-zA-Z0-9+* <>&]

VI. THE PARSER GENERATOR FOR HEG

The tools YACC and LEX are used to produce a parser and a
scanner for an AGE system. The parser generator front end, GEN-
PAR, takes, as input, the AGE grammar specification for the desired
language and produces YACC and LEX specification files. (Note that
the use of YACC implies that the input grammar must be LALR(1)
in order to generate a parser for an AGE system.)

The generated parser can be invoked to parse an input string
representing the expansion of any nonterminal node in the program
derivation tree. The string to be parsed can be any combination of
terminal strings and nonterminal names that is derivable from the
nonterminal at the “current” position of the editing cursor.

6.1 The parsing of an input string

When the programmer provides a string to be parsed, rather than
making a menu selection, the AGE system opens a temporary file,
writes the prefix $SNONTERMINAL _NAMES$$ to the file (where
NONTERMINAL_NAME represents the nonterminal from which the
programmer’s input string is to be derived), and appends the input
string. The parser is called to process the entire string contained in
the file. The prefix is considered to be an integral part of the input
string. If the portion of the string entered by the programmer cannot
be derived from the nonterminal indicated by the prefix, the input will
be considered syntactically incorrect. If a syntax error is found, the
temporary file is saved in case the programmer should wish to edit the
string and resubmit it to the parser.

The parser will parse its input in a “backtracking bottom-up”
fashion, constructing a syntax tree to represent the derivation of the
input string. After the tree is constructed, a preorder traversal of the
tree is performed, producing a list of production numbers representing
the leftmost derivation of the input string. This list is then passed
back to the controlling program in AGE.

In an AGE, the YACC-generated parser is run subordinate to a
“parser monitor” to provide a certain amount of parser backtracking,
made necessary by the conflict resolution scheme of the LEX-gener-
ated scanner. For such a scanner, the lexical tokens desired are
specified by regular expressions. When two or more of the given regular
expressions match equal-length segments of the input (starting at the
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“current input position” of the scanner), and these are the longest
matches possible, the scanner will select the regular expression that
had been listed first (textually) in the input specification file as the
“correct” match, and return the corresponding token number. If the
parser is expecting one of the other possible matches at the current
input position, the parser will find a “syntax error” where no error
may, in fact, exist.

The parsers produced by the YACC program are standard shift/
reduce (“bottom-up”) parsers. The required backtracking is accom-
plished through the interaction of code at two levels of the parsing
scheme. At the lowest level, the handling of multiple matches in the
scanner is slightly modified by forcing the scanner to “reject” an
“identifier” match, after linking the token number associated with the
match into a “token map.” In this manner, all possible matches for an
“identifier” are linked into the token map for the parse. At the highest
level, the parser monitor runs the shift/reduce parser, handing the
parser token numbers from either the scanner or the token map,
depending upon the current state of the parse. Then, if the YACC-
generated portion of the parser discovers a syntax error in the input,
the monitor can rotate the last set of entries in the token map to
(temporarily) “forget” the “preferred” token number for the last
“choice position” in the input stream, allowing the use of another
possible token number for that position.* In this manner, no syntact-
ically correct input will be declared to contain a syntax error, and an
incorrect input will only be rejected after trying the allowable combi-
nations of token numbers for the “identifier” positions.

6.2 What the parser generator does

Several transformations must be applied to the AGE grammar to
produce a grammar specification that is acceptable to YACC, and that
will specify a parser offering the features and enforcing the constraints
desired. All the transformations are performed and the YACC gram-
mar specification is produced in a single pass over the input grammar.

6.2.1 Starting the derivations from arbitrary nonterminals

For every nonterminal in the AGE grammar, two additional produc-
tions are generated. One such set of productions makes it possible to

*Due to the relative simplicity of most application languages (in terms of permissible
“identifier” combinations and possible token map complexity), the erroneous “identifier”
token number will usually be in the last set of entries in the token map. So, in most
cases, only the last one or two “identifiers” need to be retried (if the input really is
syntactically correct). In all cases, the LALR(1) property of the grammar should aid in
the isolation of groups of points in the “identifier” cross-product space that could not
possibly be characteristic of a correct parse. The points in these groups, then, need not
be considered individually during parsing.
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start a derivation from any nonterminal in the original grammar, even
though YACC will allow the specification of only one start symbol for
a grammar. Each such added production is of the form:

ppstart : AGE_TERM_20 clause

where “ppstart” is a newly defined start symbol for the grammar,
“clause” is a nonterminal in the original grammar, and
“AGE_TERM_20” is the token returned by the scanner when it reads
the prefix (e.g., “$$clause$$”) encoding the nonterminal from which
the remainder of the input is to be derived. This type of production
also allows the enforcement of the rule that the input string must be
derivable from the nonterminal at the “current” node in the program
tree.

6.2.2 Use of nonterminal names

The second set of productions generated for each nonterminal allows
the acceptance of a “user-name” for a nonterminal, in place of a string
that could be derived from that nonterminal, wherever the nonterminal
may appear in an input sentence. Each of these productions is of the
form:

clause : AGE_TERM_22

where “AGE_TERM_22” is the token returned by the scanner when it
reads the user-name for the nonterminal on the left-hand side of the
production (e.g., “clause”).

6.2.3 lIteration in the grammars

The iterative specifications in the AGE grammar must be trans-
formed into explicit left recursions, with the separators appropriately
treated. Since the most general form of iteration in AGE grammars is
that of a list item repeated zero or more times, with a nonwhite-space
separator, that case is considered here. The AGE grammar specifica-
tion for such a list might be:

“©

clauses : *clause “,

where “clause” is the nonterminal to be repeated in the list structure
and “,” is the terminal separator to appear between list elements.

The YACC specification corresponding to the above production
would be:

clauses : Xclause_2_0X

where Xclause_2_0X is a new nonterminal encoding the nonterminal
to be repeated as the list elements (e.g. “clause”), the number of the
terminal string to be used as the list element separator (e.g., “2”), and
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the minimum number of times the nonterminal must appear in the
list (e.g., “0”). Such encoding permits the use of the list item nonter-
minal, “clause,” as the repeated element in other lists with different
separators and/or different minimal numbers of occurrences.

To derive the required number of occurrences of “clause,” sets of
productions of the following form must be added to the YACC gram-
mar:

Xclause_2_0X :e
| Xclause_2_1X

where “e” represents the empty string. The second new nonterminal,
Xclause_2 1X, denotes one or more occurrences of “clause” separated
by occurrences of terminal number 2. For this second new nonterminal,
sets of productions of the following form are added to the YACC
grammar:

Xclause_2_1X : clause
| Xclause_2_1X AGE_TERM_2 clause

where “AGE_TERM_2” denotes the required separator (“terminal
number 2”) between elements of the list.

Note that other iterative specifications are specializations of the
above case. If the list must be nonempty, only the second new nonter-
minal, with its associated productions, is generated. If the list element
separator is not significant (i.e., if it is any form of white space), then
no terminal is encoded in the new nonterminal(s) or included in any
of the new productions.

6.2.4 Treatment of identifiers

In an AGE input grammar, there are no explicit productions for the
derivation of character strings representing identifiers. Any nonter-
minal that does not appear on the left-hand side of any production, in
an AGE grammar specification, may produce an identifier. Since there
are no such implied rules in a YACC grammar specification, GENPAR
must add explicit productions to the grammar to allow the reduction
of terminal identifier strings to appropriate nonterminals. These pro-
ductions are of the form:

cursr : AGE_IDENTIFIER_5

where an identifier number (e.g., “5”) is specified only if the default
lexical specification is overridden for the nonterminal on the left-hand
side of the production (see below).

To handle the lexical specification for each terminal identifier, the
grammar designer has two choices. The designer may use GENPAR’s
default specification, which allows identifiers to be any combination
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of letters, digits, and the characters “-”, “_”, and “.”, which begins
with a letter, and is not a reserved terminal string in the language. He
may, instead, associate an arbitrary LEX specification with any non-
terminal that may derive an identifier. The given specification would
then be used to override the default identifier specification for that
particular nonterminal.

6.2.5 Treatment of white space

In the generation process, all types of white space in the AGE
grammar specifications of terminal strings are treated identically, and
are considered insignificant to the specification of the generated
grammar. For example, if a “PROGRAM?” is specified as a “list of
statements separated by new-lines”, the YACC-generated parser will
accept any “list of statements separated by any white space (e.g.,
blanks, tabs, or new-lines)” as a “PROGRAM?”.

6.3 Generation of YACC actions

If the input string to the parser is valid, AGE requires the output of
the parser to be a list of rule numbers, symbol table indices, and list
item occurrence counts representing the leftmost derivation of the
input string. Since the YACC-generated parser is a shift/reduce parser,
the order in which that parser uses the grammar productions will not
represent a leftmost derivation of the input. To produce the proper
input for the AGE monitor, the parser builds a tree to represent the
derivation of its input string as it parses the input string, and, as part
of the last production applied (reduction to the start symbol), performs
the preorder traversal of the tree, generating the required list of
numbers.

The building of this tree is the main activity of the “actions”
generated for each production in the YACC specification. To generate
code to appropriately link nonterminal sub-trees, the positions of all
the nonterminals in a given production rule must be saved as the
production is processed by the generator. This is accomplished by
counting the tokens on the right-hand side of the given production
rule and stacking the position numbers that correspond to nontermin-
als. Actions are then generated that call precoded subroutines that
link the tree nodes together. These subroutines, and their associated
data and type declarations, are constant across all grammars, and are
included in the appropriate sections of each generated YACC grammar.

6.4 The size of the processed grammar

The growth of the grammar in the generation process is actually
not as large as may be imagined. If n = the total number of nonter-
minals and r = the number of iterative nonterminals in the original
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AGE grammar, at most 3n + 3r < 6n productions, 2n — 1 nonterminals,
and betweeen 2n + 1 and 3n — r terminals are added to the grammar
before YACC generates the parser.

Vil. ATTRIBUTES AND SEMANTIC PROCESSING

One possible extension to this work would involve the addition of
attributes to the grammars described above. These attributes could
allow a certain amount of semantic checking of user programs, in
addition to allowing interpretation and/or code generation (for simple
application languages) during program construction. The basic prin-
ciples behind attribute grammars are described elsewhere;'* we shall
only discuss the required extensions to our meta-language and the
generation of evaluation functions for the attributes.

7.1 Extensions to the meta-language

The meta-language described in Section V can be enhanced to
include attributes and their evaluation routines in each production.
An example of the use of the enhanced meta-language is shown below.

clause : CLAUSE
inherited: int temp_loc;;
synthesized: int next_temp;
| field_op_const 1 field_name

{
$0.next_temp = $0.temp_loc;

{1 e M

op constant

| const_op_field 2 constant “~” op “~” field_name

{
$0.next_temp = $0.temp_loc;

| field_op_field 3 field_name “~” op “~” field_name

{
$0.next_temp = $0.temp_loc + 2;

}
In general, the attributes and their evaluation rules are specified in a
pseudo-C language notation. We provide data typing facilities for the
attribute variables.* The inherited attributes of a nonterminal and
their data types are listed after the key word “inherited”, which appears
after the user-name of that nonterminal. The synthesized attributes

*As with the attributed grammars for programming languages, our experience in
using attributed grammars for application languages suggests that facilities that include
standard libraries of functions, user-defined types, and global attributes are needed.
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of that nonterminal are then listed in a similar fashion. The attribute
evaluation rules are listed after each production specification, within
braces. “$0.attribute_name” in these rules refers to the correspond-
ingly named attribute of the nonterminal in the left-hand side of the
production. “$i.attribute_name” refers to the correspondingly named
attribute of the ith nonterminal in the right-hand side of the produc-
tion.

For each inherited attribute of each nonterminal appearing in the
right-hand side of a production rule, there must be an evaluation rule
(a function call or an arithmetic expression) assigning a value to that
attribute associated with that production rule. Similarly, for each
synthesized attribute of the left-hand side nonterminal of a production
rule, there must be a rule (a function call or an arithmetic expression)
assigning a value to that attribute. These rules may take as arguments
the inherited attributes of the left-side nonterminal and/or synthesized
attributes of the nonterminals in the right-hand side. These rules must
not, however, violate the properties defining L-attributedness!* of the
grammar in order for the proposed evaluation scheme to work.

For iterative production rules, the semantic specifications appear
as:

disjunct : (CLAUSES)
inherited:;
synthesized:;
xxx x +clause “~,~”
{
int current_temp;
init: {
current_temp = 0;
}
repeat: {
$1.temp_loc = current_temp;
current_temp = $1.next_temp;

J

)
The routine following the key word “init:” is executed when this
production rule is initially chosen. Then, for each instance of the
nonterminal “clause” under the parent “disjunct”, the specification
following the key word “repeat:” is used. The “$1” in the latter
specification refers to the instance of the nonterminal “clause” whose
attributes are being evaluated. These evaluation specifications must
follow the same guidelines as those of the regular productions. Non-
terminals deriving “identifiers” (i.e., those having no production rules)

SYNTAX-DIRECTED EDITORS 3219



are assumed to have only one synthesized attribute, “value”, whose
value is the string entered by the programmer at the time of expansion.

7.2 Generation of the attribute evaluators

In any specification of an application language as above, each
implementor-defined attribute evaluation function is associated with
a specific production. For each distinct attribute in the grammar, the
calls to these functions are collected into one generated evaluation
function, which determines the appropriate implementor-defined func-
tion to call, based on the rule that produced the associated nonter-
minal. To make the required environment information accessible
during the attribute evaluation, a pointer to the tree node at which
the generated function is to be evaluated is passed as a parameter to
the generated function. The evaluation functions for inherited attri-
butes must be passed a pointer to the parent node of the nonterminal
node with which the attribute is associated (i.e., inherited attributes
are evaluated when the associated nonterminal appears on the right-
hand side of a production). Synthesized attribute evaluation functions
must be passed a pointer to the nonterminal node with which the
attribute is associated (i.e., synthesized attributes are evaluated when
the associated nonterminal is expanded).

Each generated evaluation function for an inherited attribute con-
tains a section of code for each production in which the associated
nonterminal can appear on the right-hand side. Similarly, each gen-
erated evaluation function for a synthesized attribute contains a
section of code for each production in which the associated nonter-
minal appears on the left-hand side. Within each of these sections of
code is the code for the appropriate implementor-defined function,
along with the function calls required to evaluate the actual parameters
of the implementor’s function. The attributes are evaluated only as
required, and the evaluation nesting is managed automatically by the
C (target programming language) procedure calling mechanism.

VIIl. REMARKS

The editor generator HEG, as described here (excluding the seman-
tic analysis), currently exists and has been used for a variety of
application languages. The novel aspects of this system include: (1) the
ability to give a programmer the option to use menu selection or to
enter strings containing terminal characters and nonterminal names
at any stage during the expansion of a program in the user-language,
and (2) the ability to generate a hybrid editor from a high-level
specification of a user grammar. This system was an experiment to
investigate only these aspects of editing. Various other related issues
such as building a robust syntax-sensitive editor for higher-level
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languages (e.g., C language), experimenting with different ways of
exhibiting the menus, and human-factors issues are being addressed
separately.®
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APPENDIX A

An Editing Session With ‘Hisel.age’

$hisel.age

program? test

Initializing the tree/text for test..
Terminal Screen

1) (QUERY)

Program Tree

internal
cursorzz,, (nonterminal)
node
leaf
@ (terminal)
node
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:r <- user command - invisible
file name? temp

Assume that there is a file named ‘temp’ in the working directory
and that it has the string “select (ITEM_ LIST) where
(CLAUSES)”. AGE will read it, recognize the two nonterminal names,
parse the string, create the subtree, and graft it to the root as shown
below.

2) select (ITEM_ LIST)
where (CLAUSES)

CUrsor —2_» @

(Leaves are not shown)
:a
This will add one more instance of CLAUSES. The screen after this

command will be:

3) select (ITEM_ LIST)

where (CLAUSES)
or (CLAUSES)

0 @ cursor
@
e
e
AGE will install a CLAUSE in place of (CLAUSES) after the first e

command. Since there is a choice for the expansion corresponding to
the next e command, the following menu items will appear one after
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another if the user asks for a menu:

expansion character (type ? for menu): ? <- user types this
field_op-const 1 y(es), n(ext), q(uit)? n <- user types this
const-op-field 2 y(es), n(ext), g(uit)? y

The screen after this will be:

4) select (ITEM_LIST)
where (CLAUSES)
or constant OPERATOR field_name

HOe
w

This command will write the above text into test.hisel file and the
tree representation in test.lmd file.

CUTSOr —2 |

q
AGE will then print:
BYE! test hasn’t been fully expanded; call me back later.

APPENDIX B
AGE Command Summary

Text-navigation commands:

cr - a carriage return : go to the next line
- - the character minus: go back one line
space-bar or n : go to the next word

b : go back one word

Tree-navigation commands:

" : go to the parent of the current nonterminal

: go to the first son of the current nonterminal

: go to the right neighboring nonterminal under the same parent
: go to the left neighboring nonterminal under the same parent

: go the next unexpanded nonterminal

: go backwards for the next unexpanded nonterminal

WZAV<L

SYNTAX-DIRECTED EDITORS 3223



Nonterminal expansion commands:

p : parse text for the current nonterminal

r : read text from a file and parse it for the current nonterminal
e : expand the current nonterminal by menu selection

a : append an instance of a ‘listy’ (i.e., iterative) nonterminal

i : insert an instance of a ‘listy’ nonterminal

d : delete the current instance of the ‘listy’ nonterminal

Other commands:

U : unexpand nonterminal
w : write program
g : quit editing with AGE
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In this paper we analyze the performance of a preemptive priority queue.
We give the model description in the context of a packet communication
system where message sources, having different priorities, share a common
communication channel. Each source generates, as an independent Poisson
process, messages consisting of an arbitrarily distributed, random number of
fixed-length packets. The channel server can only begin service at integer
multiples of the packet transmission time (i.e., a time-slotted channel is
assumed), and the server will preempt an ongoing message transmission at
the next packet boundary whenever there is a message arrival from a higher-
priority source. The average in-queue waiting time for each packet in any
given source message and the average message delay are derived along with
the corresponding moment-generating functions. Also, comparisons are made
with the first-come first-served queueing discipline.

I. INTRODUCTION

We analyze the performance of a preemptive priority queueing
system. To make clear at the outset the importance of the particular
queueing system studied, we describe the system model in a packet
communication context. Specifically, as Fig. 1 illustrates, a number of
data sources share a single communication channel. Each source
generates, according to a Poisson process, messages consisting of a
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Fig. 1—Queueing model for a packet communication system.

random number of fixed-length data packets. The packets comprising
a message arrive_in bulk to be transmitted on the communication
channel. For clarity, we view each source as having its own separate
buffer to queue packets. Here, packets generated by the source wait
for access to the channel.

Packet transmissions on the channel are synchronized. More pre-
cisely, time is divided into a sequence of fixed-length intervals or time
slots. Each time slot is just large enough to allow the transmission of
one packet, and packet transmissions must occur within time-slot
boundaries. Hence, a packet arriving at the queue, at the very least,
must wait until the start of the next time slot before its transmission
can begin.

Packets from any given source are served (i.e., transmitted) on a
first-come first-serve basis. The sources, however, are assigned fixed
priorities: the first source has the highest priority, the last has the
lowest. At the start of each time slot, the first packet queued from the
highest-priority source is served. That is, a packet at the head of the
source k buffer is transmitted if and only if the buffers associated with
sources 1 to kB — 1 are empty. Hence, an ongoing packet transmission
cannot be preempted; however, an ongoing message transmission will
be preempted (at the next slot boundary) whenever there is a message
arrival from a higher-priority source.

Such a priority queueing discipline arises naturally in many packet
communication systems. The channel might be a link in a data
communication network, or may simply be a shared data bus. The use
of priority may be required to give more urgent messages lower delay.
For example, one might choose to give network control messages
higher priority than interactive data messages, which in turn are given
higher priority than long file transfers. In some situations, the priority
structure is inherent in the mechanism for sharing the channel among
the independent messages sources. This is the case with Datakit,’
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where the module (i.e., the interface between the source and the
channel) with the highest address always wins the channel contention.
It is also true of some slotted ring systems, where the physical order
of sources along the ring imposes a priority ordering for access to the
channel.?

The first results on queues with preemptive priority appear to be
due to White and Christie.> Shortly thereafter, others studied the
problem using different assumptions about the service time distribu-
tion. A comprehensive treatment of some of the early work is given in
Jaiswal,' and a more up-to-date, but less comprehensive, discussion
may be found in Kleinrock.® The models examined, however, all
assume an “asynchronous” server where service starting times and
preemption times are not constrained to certain periodically recurring
points. The use of a synchronous service facility in queueing models
arises in the context of computer and data communication systems
where there is a natural elementary unit of time such as the machine
cycle of a processor, or the bit, byte, or packet transmission time on a
channel. Many such models are reviewed, and references given, in
Kobayashi and Konheim.® As we indicated, the model we have selected
for study has applications to slotted ring systems, and it is here that
one finds analysis of other models similar to ours. The model that
seems to come closest is by Konheim and Meister,” where the main
differences have to do with the arrival process. Konheim and Meister
assume discrete arrivals (between slots) of packets, whereas we assume
continuous arrivals of messages with each message containing an
arbitrarily distributed number of packets. In this way, we are better
able to examine message delays in the system.

In this paper we analyze the performance of the above preemptive
priority queueing system. We begin in Section II by summarizing the
queueing model and introducing performance measures that are of
interest. In Section III we derive the average in-queue waiting time
for each packet in any given source message. From this result we easily
obtain the average delay in transporting a message. The corresponding
moment-generating functions are derived in the appendix. Finally, in
Section IV, we compare performance with the First-Come First-Served
(FCFS) queueing discipline.

II. QUEUEING MODEL

In this section we briefly summarize the important points of the
queueing model, and indicate the steady-state statistics that are of
interest. Notation established here is used in the performance analysis
that follows.

The queueing system under study has the following properties:

1. N sources of messages.
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2. Priorities are assigned to sources in decreasing order (i.e., source
k has higher priority than source k + 1, k=1,2, .--, N — 1).

3. Source k generates messages as an independent Poisson process
with rate A\, messages per time slot. Each such message has its length
(in packets) selected independently from the distribution P,,(-) with
first and second moments, 77, and m3, respectively.

4. During busy periods, one packet is transmitted in each time slot
and is always selected at the beginning of the time slot from the head
of the highest-priority, nonempty source buffer.

5. Each source buffer is assumed infinite, and packets enter and are
removed from the buffer on a first-in first-out basis.

We define W,; as the steady-state in-queue waiting time for the jth
packet in a message from source k, k =1, 2, ---, N. In addition, we
define

Pr = ATy,

where p; is interpreted as the fraction of time the server is busy with
source k packets. We also find it convenient to define

k
O = 2 Pi-
i=1
Other notation is introduced as needed in the analysis.

11II. PERFORMANCE ANALYSIS

We begin this section by deriving Wy;, the average in-queue waiting
time for the jth packet in a message from source k. Using this result
we then obtain the average delay in transporting a message from
source k. Included in the discussion are specific numerical examples
to illustrate the derived results.

3.1 Average waiting time analysis

In Fig. 2, observe that we may express the waiting time for the jth
packet in a source k message as

-1
W= Wi+ Y wr., (1)
/=1
where the incremental waiting time wy,, is defined by

Wi,= Wi 1 — Wy,

For a given message length, my, the random variables {w., wps...,
We,m,—1} are independent and identically distributed. We observe that
at the beginning of a slot during which a packet from source % is in
service, there are no packets from sources 1 to & — 1 in the system.
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Fig. 2—Waiting times for packet transmissions.

Any messages that arrive from sources 1 to & — 1 while this source %
packet is in service spawn a busy period of service, starting in the next
slot, for sources 1 to & — 1. All such busy periods are independent and
identically distributed, and hence so are the random variables {w;,
Wiy, ..., wk,mk_l}.

Note that the incremental waiting time w;, . consists of one slot time
to transmit the #th packet in the source £ message plus the time to
serve all messages from sources 1 to & — 1 that arrive in the interval
we.. Hence, the average incremental waiting time w;, satisfies

Wy, =1+ o041 Wh,,
from which we obtain
1

Wy, = —.
1- Ok—1

It then follows from (1) that the average in-queue waiting time for the
Jth packet in a source k& message is given by

Jj—-1

Wi = Wi + (2)

1= 031 )
Hence we are left with having to determine Wiy, the average waiting
time for the first packet in the message.

By applying standard queueing arguments, we have

_ 1 kR o _ k-1 _
Wau==+ 2% 2 oiWi+ 2 0iWh, 3
2 S5 i=1
where
Pij A )\iPr[m,- = j] 4)
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The first term on the right-hand side of (3) is simply the average time
between the arrival of a message and the start of the next slot. The
second term is, by Little’s result, the average number of packets of
equal or higher priority awaiting transmission at the moment the
message arrives. Finally, the last term corresponds to the average
number of packets of higher priority that arrive while the first packet
in the source k message waits on queue.
Now substituting (2) into (3) yields

. -1
+22pu( i1 Ui 1)+2pthl (5)

=1 j=1 1 — 0Oi-1 i=1

Note from the definition of p; in (4) that

M8
©
™ 8

=NXYPrmizjl=NY Pr[m; = /]
A .

Jj=

.
Il

—

—

Z

R}

}5 Prim; = /] =\ Z ¢ Prlm; = 2]

I|
uMs

= \im; = pi. (6)

Similarly, we have that
< s No—
Y (J— Vpy =5 (m} —m). (7
1 2

Hence, using (6) and (7), we may rewrite (5) as
k_

1

§ + 2 thn + 2 >\(ml - mz)/2(1 - 01—1)
7 i=1
Wi = =y

Solving recursively, we obtain
k
1+ X N(mi — m)
Wi = —— ) 8
EA T Ty p——) ®)

Finally, substituting (8) into (2) yields

k
1+ 3 Nm? —m) .
i§1 J—1

+ .
2(1 - Uk)(l - Uk—l) 1= o

This concludes the derivation of the average in-queue waiting time
W, The derivation of the moment- generatmg function for W,; (from
which Wy, can be obtained directly) is given in the appendix.

To illustrate the performance, we begin by considering a homoge-

W, = 9)
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neous system where \, = \, mp =m, and m} = m*fork=1,2, -..

N. For this case, (8) becomes

1+§p(ﬁ/m—1)

k — ’
IS

where p is the total system utilization (or load) defined by

Wkl =

p= Pi

M=

=1

= Nxm (for a homogeneous system).

(10)

If we take N = 10 and assume a constant message length of 10 packets
(i.e., m = 10, m? = 100), Fig. 3 is a plot of Wy, vs. p for k varying from

70

N=10
m=10

m2 =
60 — m 100

50

UPPER BOUND—-..I

AVERAGE FIRST-PACKET WAITING TIME W4 (SLOTS)

40%

30F

20—

10}
-2
= = ¥ 1
e = 7 e _
0 0.2 0.4 0.6 0.8 1.0

TOTAL LOAD, p

Fig. 3—Average first packet waiting time W, vs. total load p.
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1 to 10. Also shown in Fig. 3 is the average waiting time for the first-
come first-served (FCFS) queueing discipline, which is derived in
Section IV. Note from (10) that if we allow N — o, then

— 1

Wll e d 5

1+ p(m¥ym — 1)
2(1 = p)?

These two expressions represent, respectively, lower and upper bounds
on the average first packet waiting time for all sources and arbitrary
N. These bounds are plotted as dashed lines in Fig. 3. Finally, if we
assume the same values for N, i, and m? as in Fig. 3, Fig. 4 is a plot
of the average incremental waiting time W, vs. p for k varying from 1
to 10. Also shown in Fig. 4 is the upper bound 1/(1 - p) on W, valid
for all parameter values.

Wrn —

3.2 Average message delay analysis

We now consider the average message delay. Defining Dy(m) as the
average delay (in slots) from the arrival to the queue of an m-packet

6

AVERAGE INCREMENTAL WAITING TIME w, (SLOTS)

0 ] 1 | 1
0 0.2 0.4 0.6 0.8 1.0

TOTAL LOAD, p

Fig. 4—Average incremental waiting time W, vs. total load p.
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message from source k until the end of its transmission, we have
ﬁk(m) = V_Vkm + 1.

Letting D, denote the average delay over all messages from source &,
it follows, since W, is linear in m, that

Dy = Y, Dy(m)P,,(m)

= Wi, + 1. (11)

If we assume the same homogeneous system as represented in Figs. 3
and 4, Fig. 5 is a plot of Dy, vs. p for k varying from 1 to 10. Also shown
in Fig. 5 is an upper bound on D, obtained from the upper bounds on
W, and w,,.. Specifically, we have

M2/ — B —
D, S‘1+p[m /m—-1 m-1

2(1 — p)? a—p b

70
I
UPPER BOUND—— I

o
|
|

60

3=
I 1] n
2 oo

(=)
o
—_—

50 -

AVERAGE MESSAGE DELAY Dy (SLOTS)

0 0.2 0.4 0.6 0.3 1.0
TOTAL LOAD,p

Fig. h—Average message delay D, vs. total load p.
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which depends on 7 and m?, but is valid for all sources and arbitrary
N.

To complete this section, we consider a nonhomogeneous system
consisting of 10 host computers and 300 terminals. The terminals and
hosts correspond to the message sources and may be viewed as sharing
a common time-slotted bus. There is a priority ordering of the termi-
nals and hosts, with terminals having priority over hosts (i.e., the
terminals correspond to sources 1 to 300 and the hosts correspond to
sources 301 to 310). Each host is assumed to generate two types of
traffic: host-to-host file transfers consisting of fixed-length 32-packet
messages, and host-to-terminal messages with an average message
length of 2 packets and a standard deviation of 1. Each terminal, on
the other hand, only generates messages that are one packet in length
and destined to a host. The message generation rates for each of the
two types of host traffic are the same for all hosts. Similarly, all
terminals generate messages at the same rate. The specific generation
rate of each traffic type is such that the total load on the channel is
divided as follows: 30 percent host-to-host, 60 percent host-to-termi-
nal, and 10 percent terminal-to-host. The average delay performance
for this system is plotted in Fig. 6. Observe that the results obtained
allow us to distinguish between different types of traffic generated by
the same source. In particular, in Fig. 6, the average message delay
performance for the host-to-host and host-to-terminal traffic are
shown separately.

From the moment-generating function for D, derived in the appen-
dix, one can obtain the second moment of the message delay. This, in
turn, may be used to compute the message delay standard deviation.
For hosts 1 and 10 (i.e., the two extremes), shown in Fig. 7 for the
host-to-host messages and in Fig. 8 for the host-to-terminal messages,
we see the mean delay and mean delay plus one, two, and three
standard deviations (denoted by 1¢, 20, and 3¢). The second-moment-
of-message delay depends on the first three moments of message
length, and in Fig. 8 we set m® = 15,

IV. COMPARISONS WITH FCFS

In this section we compare the average delay performance of the
priority queueing discipline studied in the previous section with that
of the First-Come First-Served (FCFS) discipline. With the FCFS
discipline, messages are served in the order in which they are gener-
ated, independent of the source from which they originate. In this
way, the FCFS discipline allocates the communication channel more
fairly than does the priority discipline. For simplicity, we assume in
the analysis a homogeneous system where A\, = \, 7, = m, and mj =
m?fork=1,2, ..., N.
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Fig. 6—Average message delay vs. total load p.

The performance analysis of the FCFS queueing discipline is a
special case of the results obtained for the priority discipline. Specifi-
cally, we combine the N independent Poisson streams into a single
Poisson stream (using the well-known result that the sum of inde-
pendent Poisson processes is a Poisson process) with rate NA. From
(10) we have that the average in-queue waiting time for a message
generated by this combined (single) source is given by

p(m*m) 1
20 —-p) 2’

where again p = NAm is the total system utilization. The average
message delay for the FCFS system is given by

Wecrs = (12)

Drcrs = Wicrs +
p(m?/m) 1 _
_em i, 2y 1
2(1__p)+2+m (13)
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Fig. 7—Host-to-host message delay vs. total load p.

Wecrs is plotted in Fig. 3 and Dgcrs is plotted in Fig. 5 for the assumed
. system parameter values.

It is worth noting that the waiting time and delay results given by
(12) and (13), respectively, differ from those corresponding to the
standard M/G/1 queueing system by the additional term 1/2. This
added term results from the synchronous nature of the server and
represents the average time an arriving message must wait before the
start of the next time slot.

We continue the priority and FCFS comparison by focusing on the
unfairness issue. Specifically, we consider the ratio of the average
message delay for source N to that of source 1, Dn/D;. Since all sources
encounter the same average delay in the FCFS discipline, Dn/D, = 1.
With the priority discipline, source N has the lowest priority and
source 1 the highest; hence Dy/D; > 1 for p > 0. In particular, we have
from (9) and (11) that
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B 1+£p[(1+cm) ~ 1] -

Di = k k-1 \ & - 1)
2(1‘-N">(1“T”) - 45)

where cZ, is the squared coefficient of variation for the message-length
distribution defined by

+1, (14)

, _ variance(m)

Cm (m)?

Hence, for large N we have from (14) that

%(1+c,2n)ﬁ
Dy=—r——+>-+m

(-5 *

%[1+—(1+cm)+2]

and
Dy = 1+ p[(1 + c?(,,])vm —1)1] + _TN— 11) +1
2(1—p)(1— ~ p> (1~ N ,,)
m[(1+c,2n)p+(2——) (1-0p +—(1—p)]
N 21 = o)’

It follows then that

- Lt CZ"("IJ“_ZS; O o m=1

Dy 2+ len— Do (cm = Dp for m > 1.

2(1 — p)?

Observe that for large N and fixed p, the increase in DN/D_l is
approximately linear with the squared coefficient of variation c.. In
Fig. 9, the ratio Dy/D; is plotted agalnst total utilization p for the
FCFS and priority disciplines with c2, = 0 and 1.

To complete this section, we compare the average delay performance
of the FCFS discipline with the overall average delay of the priority
discipline. That is, we compare Dgcrs as given by (13) to the quantity
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D

D=

Da

1
N =
Using the expression for Dy given in (14), we obtain after some
manipulation
- Q+c)ym 1 -
=——+ —[2m-1-0 m +1,
D 2(1__10)+2N[m 1 -1+ ch)mly

where

From this, one may show that

m-—1

Dgcrs < D for OSC;Z,,S —
n

-
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Fig. 9—Ratio Dy/D; vs. total load p.

and

EFCFS = 1_) for C?n = m_ 1.

Hence, for sufficiently large message-length coefficient of variation
cZ,, the overall average delay for the priority discipline is less than the
average delay for the first-come first-served discipline. Of course, as
we saw earlier, as c2, increases so does the relative unfairness of the
priority discipline over the FCFS discipline.

V. CONCLUSIONS

We analyzed the performance of a preemptive priority queue, which
has direct applications to packet communication systems. The main
distinguishing feature of the system studied compared to the standard
M/G/1 preemptive resume priority queue® is that the server can only
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begin serving a “customer” (and preemptions take place) at integer
multiples of time corresponding to packet slot boundaries in the
communication context. Mean value formulas for in-queueing waiting
time and average message delay were derived and comparisons made
to the FCFS queueing discipline. A derivation of the waiting time and
delay moment-generating functions is given in the appendix.
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APPENDIX

Derivation of the Waiting Time and Message Delay Moment-Generating
Functions

As we introduced in Section II, W,; is the steady-state in-queue
waiting time for the jth packet in a message from source k, & = 1,
, N. Its Moment-Generating Function (MGF), defined as

G, () = Ele”™]

is derived in this appendix. From this result, the message delay MGF
is easily obtained. The approach taken parallels in many respects the
analysis given in Section III.

We begin the derivation by examining the duration of a busy perlod
for sources 1 to k — 1, denoted by Y,. Such a busy period starting in a
slot is initialized by one or more message arrivals from sources 1 to
k — 1 in the previous slot (which contains no packet from sources 1 to
k — 1). Let A, denote the total number of packets that arrive from

“sources 1 to k£ — 1 in this previous slot. For the ith packet in this set,
we define the “sub-busy” period X(i) to consist of the duration of the
“virtual” busy period (i.e., as if i = A, = 1) initiated by the messages
(if any) that arrive from sources 1 to £ — 1 while this ith packet is in
service. In other words, we conceptually reorder the priorities so that
each of the A, packets, and the sub-busy period it spawns, is served in
turn. This does not change Y and is a standard approach to busy-
period analysis.

Due to the memoryless property of the arrival process, the sub-busy
period random variables X;(i),i =1, 2, .-, A, are independent and
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identically distributed (iid). In addition, note that Y, has the same
distribution as the generic random variable X,, and satisifies the
relation

Ay
Y.=A, + Z:l Xk(l) (15)

The Probability-Generating Function (PGF) for the discrete random
variable X, is defined as

Dy, (2) = E[z%%] = ), 2'P1[X, = 1].
i=0
Using (15) and the result that X} is distributed as Y%, we obtain
®x,(2) = E[z"]

Ag
Ah+l2Xk(i)
=E|z ™

= E[(2®x,(2))"]

= B4,(28x,(2)), (16)

where ®4,(z) is the PGF for the random variable A;.

Now, A, is equal to the total number of packets arriving from
sources 1 to k£ — 1 in one time slot. Recall that each source i generates
messages as an independent Poisson process with rate \; and each
such message has its length selected independently from the distri-
bution P,(-), whose PGF we denote by ®,,(z). It follows then that

k-1 o ro—A;
Pa2) = ]I {Z Ne ™ [‘I’m,»(z)]’}

i=1 [r=0 r!

M Moo
=[] ™ - (17
i=1
Hence, substituting (17) into (16), we obtain

k-1
¢Xk(z) — H eM[d’m;(z@xh(Z))—l]'v (18)

i=1

As we shall see, ®x,(z), the PGF for the duration of a busy period for
sources 1 to B — 1, plays an important role in the derivation of
Gw,,(v), the waiting time MGF.

Returning to eq. (1) in Section III, we note that Wj; is the sum of
Wy and the j — 1 iid random variables wey, Wpe, « - - , Wyj-1. Observe,
however, that w;, #/=1,2, ... ,j — 1, is distributed as X, + 1. That
is, wy, is composed of the service time for the #th packet plus the busy
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period for sources 1 to & — 1 initiated during this service time. In
addition, it follows that the waiting time for the first packet in a
source k message, Wy, is statistically independent of ws,, # = 1, 2,
...,Jj— 1. Hence we may write

Gw,(v) = Gw, (v)-[e"®x,(e")])". (19)

This leaves us with having to determine the MGF for W,,.

Let us for the moment consider the time-dependent behavior for
the number of packets queued from sources 1 to k. For time slot n, we
let @(n) denote the number of such packets queued just after the
beginning of the slot and, to be consistent with our previous notation,
we let A+1(n) denote the number of packets that arrive from sources
1 to k during the nth slot. It follows that

Qu(n + 1) = [Qu(n) + Apn(n) — 1]7, (20)

where
+_Je if e=0

[e] ‘{o if e<O.

From (20) we obtain the relation
E[sz(n+1)] = E[z[Q“(")+A”“‘(”)_1]+], (21)
which may be rewritten as
Bgnin(2) = E[2l%W Al
= Pr[Q:(n) + Ary1 = 0] + Pr[@r(n) + Apyy > 0]
-Z_IE‘[ZQ”(")-'-"“""'1 I Qk(n) + Ak+1 > 0]

= Pr[Qk(n) = O]PI‘[Ak+1 = 0]
+ 27! i 2'Pr[@Qu(n) + Apn = i]

= Pr[@x(n) = 0]Pr[Ass = 0]
+ 2 YE[z%™ ] — Pr[Qu(n) = 0]Pr[Ars; = 0]}
= Pr[Qx(n) = O]Pr[Az = 0)(1 — 27)
+ 271 Pq,m)(2) P4y, (2), (22)

where we have used the fact that @Q.(n) and A,., are statistically
independent. Taking the limit as n — « on both sides of (22) (the
limits exist for ¢, < 1) yields

®q,(2) = Pr[Qr = O]Pr[Aks: = 0](1 — 27') + 27 P (2)P4,,,(2), (23)
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where Q). represents the steady-state number of packets queued from
sources 1 to k at the beginning of a slot. Rearranging the terms in
(23), we obtain

Pr[@: = 0]Pr[As1 = 0](z — 1)
z = (I)Aku(z) )

Taking the limit as z — 1 on both sides of (24) yields

Po(2) = (24)

d
Pr[@:. = 0]Pr[Ap = 0] =1 — % Py,,,(2)

2=1
=1 - g

Hence, using this result and (17), (24) may be rewritten as

a - ar)(z — 1)

2 — [ Mm@ -1

=1

Do l2) = (25)

Now consider the end of the time slot during which a source k&
message is generated. The number of packets of higher or equal priority
that are queued and must be transmitted before the first packet in
this source k message is given by

Q. + A + By,

where @), is the number of queued packets from sources 1 to & just
after the beginning of the slot, A, is the number of packets from
sources 1 to & — 1 that arrive during the slot, and the new random
variable, B,, represents the number of packets from source k that
arrive during the slot prior to the generation of the source k& message
in question. The ith packet in this set of (@, + Az + B:) packets
initiates a sub-busy period of duration X.(i). Hence we may write
(Qu+A+By)

Wau=U+ X [1+XQ)] (26)

i=0

where U is a random variable, uniformly distributed over one slot
time, that represents the time from when the source k message is
generated until the start of the next slot.

From (26) we may write

E[e""n|U = u, Qr = qi, Ar = ar, Br = bi] = e"[e"Dx,(e”)]Wrowttw,

Removing the conditioning on the independent random varaibles @
and A;, yields

E[aWMIU = U, B, = bk]
= a[a®x,(a)]*Pq,(adx,(a)) Paa®x,(a)), (27)
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where, for simplicity, we have substituted « for e’. Now, using the
same approach as we did with A, we obtain

E[szI U=u] = o M=) (2)-1]
Thus, removing the conditioning on B, in (27) yields
Ela%a|U = u] = ot ¥netx)"1, o (adx (a))Pa(aPx,(a))

= [e MEmletx( Ny (adx, (o)) Pa,,, (aPx,(@)).
Now, removing the conditioning on U, we obtain

Gw, () = Guly — M P, (aPx(a)) — 1]jPg,(a®x,(a)) P4, (adx,(a)),

where
' 1
Guly) = f edu =3 [ = 1] (28)
0

Finally using (19), we obtain
Gw,(¥) = Guly — M@, (adx,(@)) — 1]}
- Bg,(a®x, (@) Pa,,,(a®x, () - [a®x, ()],

where a = e”, Gy(v) is given by (28), Pq,(2) is given by (25), ®4,,,(2) is
given by (17), and ®x,(2) is given by (18).

The delay in transmitting a source k message of length m, Dr(m), is
given by '

Dy(m) = Wy, + 1.
Hence, the MGF for D,(m) is given by
Go,im(v) = €Gw, (v).

It follows that the MGF for D,, the delay in transmitting a randomly
selected source k message, is given by

Gp,(v) = Gw,, (V) Pr, (e Px,(€"))/ Px,(€").
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