


















































































































































































for (64), are finite. In addition, since a~ + a~ > b~ - b~, it follows that 
b.Jk,l(X) ;::: J k,2(X) for all x; hence, 

§,(k) :5 S(k). 

Thus, if 'Y(k) is equal to infinity, then an (§" S)-type policy is optimal 
for the year k. We note that convexity preservation arguments hold for 
any region on which our sequences are defined. Consequently, in the 
constrained case, an optimal solution is given by (26). 

The proof for the multistage problem is complete. 

APPENDIX B 

Derivation of the Recursion 

To obtain explicit formulas for calculating b.Jk,l and b.Jk,2, we shall 
use several recursions derived in Appendix A. In particular, since the 
optimal policy for stage k + 1 is described by (§,(k + 1), S(k + 1», 
applying u*(k + 1) in (60) we can rewrite eq. (15) as 

Vk+1(T(k + 1» = 

(a~+l + a~+1 + a~+1 - a~+l)§, (k + 1) 

- (a~+1 + a~+1)T(k + 1) 
+ Wk+1(max(d(k + 1), §,(k + 1») 
if T(k + 1) < S(k + 1) 

a~+1T(k + 1) - a~+lT(k + 1) 
+ Wk+1(max(d(k+ 1), T(k+ 1») 

if §,(k + 1) :5 T(k + 1) < S(k + 1) 
(b~+1 + b~+1 + a~+1 - a~+1)S(k + 1) 

- (b~+1 - b~+l)T(k + 1) 

+ Wk+1(max(d(k + 1), S(k + 1») 

if T(k + 1) ;::: S (k + 1), 

(67) 

where the expected value is taken with respect to Fk+l, the demand 
distribution at year k + 1. Note that at the boundary (§(k + 1) and 
S(k + 1» the two corresponding branches of (67) are identical. Now, 
we shall carry (67) one step backward. Thus, we replace T(k + 1) by 
the trunk group dynamics equation and consider that T(k) [rather 
than T(k + 1)] is fixed. To simplify the notation we replace T(k) + 
u(k) by y. In the rest of the section our objective is to obtain a recursion 
for 

b. E Vk+1(max(d(k), y» 
d(k) 

= E Vk+1[max(d(k), y + m)] - E Vk+1[max(d(k), y)]. 
~~ dW 

From (67) we obtain 
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~ E Vk+1(max(d(k),y» = 
d(k) 

First, we note that 

- (a1+1 + a~+l)mFk(Y) 
if y < ~(k+ 1) 

[a~+l- a~+1 + a~+lFk+l(y)]mFk(Y) 

+ ~ E {p E Vk+2 {max 
d(k) d(k+1) 

. [d(k + 1), max(d(k),y)]}} 

if ~(k+ 1) :5y:5 S(k + 1) 

- (b1+1
- b~+l)mFk(Y) 

if y~ ~(k+ 1). 

LI. Vk+1(max(d(k) , Y)) = {~V k+l(Y), 
d(k) :5 y 
d(k) > y. 

From (69) it follows that 

Second, we set R = max[d(k), d(k + 1)]. Then 

~ Vk+2 {max[d(k + 1), max(d(k), y)]} 

(68) 

(69) 

= LI. Vk+2Imax(y, R)I = {~Vk+2(Y)' R :5 y (71) 
,R >y. 

Taking expectation with respect to the demand distribution Fk+b we 
obtain 

Consequently, 

d(k) :5 y 
d(k) > y. 

(72) 

~ E { E Vk+2 {max(y, R)}} = Fk(y)Fk+1(Y)~ Vk+2(y). (73) 
d(k) d(k+l) 

Applying (70) and (73), we arrive at 

-(a1+1 + a~+1)m if y < §(k + 1) 
[a~+1 - a~+1(l - Fk+1(y»]m 

~ Vk+1(y) = + pFk+l(Y)~ Vk+2(y) (74) 

if § (k + 1) :5 y < S (k + 1) 
-(b1+1 - b~+1)m if y ~ §(k + 1). 
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Finally, we note that because of (70), (74) gives the desired recursion: 
~ E Vk+1(max(d(k), y)) 

d(k) 

APPENDIX C 

-(at+1 + a~+1)m 
if y < $. (k + 1) 

[a~+l - a~+l(1 - Fk+1(y))]m 

+ p~ E Vk+2 {max[d(k + 1), y]} 
d(k+1) 

if §(k + 1) :5 y < B(k + 1) 

-(bt+1 
- b~+l)m 

if y === B(k + 1). 

Computing Demand Servicing Level 

As we discussed in Section 3.3, to solve the TIP problem described 
by (11) through (13) we need to learn how to compute the expected 
level of demand servicing for a given ($., B)-type policy 7r. 

For a given 7r, the planned trunk level y(k) = T(k) + u(k) is 
a random variable that depends only on the previous demands 
d(O), "', d(k - 1) and is independent of the future demands 
d(k); '" , d(N - 1). Accordingly, for the expected level of demand 
servicing corresponding to 7r, we get 

E{max(O, d(k) - y(k))} 

= Ey(k){E{max(O, d(k) - y(k)) I y(k)}} 

= f.oo [{OO (y _ x )dF.( y)] dG.(x), (75) 

where Gk(x) is the distribution function of the planned trunk level 
y(k). 

By the definition of the optimal policy u *, the distribution function 
Gk of T(k) + u*(k) is 

Gk(x) = P(y(k) :5 x) = P(T(k) + u*(k) :5 x) 

ro, 
"lP(T(k) :5 x), 

1, 

for k = 0, 1, ... , N - 1. 

if x S < (k) 
if s(k):5 x < B(k) (76) 
if -; === B(k) 

U sing the fact that, for a given policy 7r, the planned trunk level 
y(k) is independent of the demand at that year, d(k), and our as­
sumption that d(k - 1) is independent of d(O), d(I), ... , d(k - 2), 
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we can derive a simple recursive formula for Gk(x) by calculating 
P(T(k) :5 x»: 

Hk(x) = P(T(k) :5 x) 

= P{max(d(k - 1), y(k - 1» :5 x} 

= P(d(k - 1) :5 x) .P(y(k - 1) :5 x) 

= Fk - 1 (x). Gk - 1 (x) 

if x < S(k - 1) 
if S(k'::: 1) :5 x < B(k - 1) (77) 
if ; 2: B (k - 1), 

for k = 1, 2, ... , N - 1. 

Recalling that, at the beginning of the first year, the number of 
trunks in service, T(O), is specified, we have 

Ho(x) = {~: x < T(O) 
x 2: T(O). 

(78) 

Formulas (76) to (78) together with expression (27) specify the 
forward recursion for calculating the expected demand servicing level 
at year k (k = 0, ... , N - 1) associated with the policy 7r. 

Note that using similar independence arguments we can derive 
forward recursions for calculating other quantities of practical interest 
such as the total expected cost of trunk provisioning over the planning 
horizon, the difference in capital cost for two competing (§, B)-type 
policies, or the probability of demand servicing. The last quantity is 
another important measure of demand servicing activity, since it 
allows us to predict the portion of only-route groups that will require 
emergency servicing in a given year. 

To calculate the probability of demand servicing, for example, we 
observe that for a given policy 7r the planned trunk level y(k) depends 
only on the previous demands d(O), ... , d(k - 1). Thus we obtain 

P{d(k) > y(k)1 = J.oo [1 - Fk(x)]dGk(x), 

where Gk(·) is the distribution function of y(k). Integrating by parts 
and replacing Gk by Hk , we arrive at 

P(d(k) > y(k» = lS(kl Hk(x)dFk(x) + 1 - Fk(B(k», 
~(kl 

k = 0, 1, ... , N - 1. 
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This paper presents an analysis of a multichannel Time Division Multiple 
Access (TDMA) blocking system. Such a system is of interest for real-time 
voice-traffic applications. The effects of different traffic-assignment algo­
rithms, traffic loads, number of channels, number of time slots, and number 
of traffic nodes on system performance are studied, where performance is 
measured by the probability that an incoming message will be blocked. An 
approximate analytical solution is found, the results of which compare exceed­
ingly well with results obtained from computer simulation. Also derived is a 
rigorous lower bound on the blocking probability. Collectively, these results 
indicate that, for most systems of interest, blocking probability is insensitive 
to the assignment algorithm used. The performance of an assignment algo­
rithm that is simplest to implement is therefore nearly optimal. 

I. INTRODUCTION 

A multichannel Time Division Multiple Access (TDMA) protocol 
provides an efficient means of sharing a high-capacity communication 
channel among a network of users. In a multichannel TDMA system, 
the aggregate channel capacity is partitioned in both the frequency 
and time domains. Each of several channels has some fraction of total 
bandwidth and consists of a series of time slots. A fixed number of 
channel time slots are combined to form the TDMA frame. There is 
an extensive literature describing and analyzing this protocol, espe-
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cially in the context of scanning beam communication satellite sys­
tems. I - 6 

The sequence of slot-by-slot switching configurations, which de­
scribes the origin and destination nodes of the traffic links assigned 
to each channel and time slot, is called a traffic assignment. Much 
attention has been focused on the problem of designing efficient 
traffic-assignment algorithms for the static case, i.e., where the assign­
ment schedule does not change from frame to frame. However, because 
messages originate at random times and are of random duration, such 
a static assignment can be wasteful of bandwidth, since a time slot is 
unused during idle periods. 

To overcome the inefficiency of a static assignment, a network 
controller can allocate channels and time slots to the traffic nodes 
according to instantaneous traffic needs. In this scheme, the switching 
configuration may change from frame to frame. This dynamic assign­
ment of channel capacity is called Demand Assignment TDMA (DAj 
TDMA). 

This paper presents an analysis of a multichannel DA/TDMA 
protocol. We consider a blocking system in which incoming traffic 
that cannot be immediately serviced is blocked (i.e., turned away). 
Only one type of incoming traffic is considered. Thus, this model is 
appropriate for a voice-traffic system. 

We compare the blocking probability obtained using an optimal­
assignment algorithm, which allows a complete reconfiguration of the 
switching pattern in each frame, with the blocking probability obtained 
using a fixed-assignment algorithm, which allows no rearrangement 
of existing traffic; i.e., in the fixed-assignment case, a message that 
requires more· than one frame for transmission occupies the same 
channel and time slot in each frame. Notice that both the optimal­
and fixed-assignment algorithms are more general than a static reser­
vation scheme in which the switching configuration is the same in 
each frame. A tight lower bound on blocking probability obtained 
using an optimal-assignment algorithm is derived in addition to an 
accurate approximation for the blocking probability resulting from a 
type of fixed assignment called random assignment. Based upon our 
analytical results, we conclude that, for systems of moderate size, the 
blocking probabilities obtained using optimal- and fixed-assignment 
schemes are nearly identical. This is a significant finding since it 
implies that the complexity of optimal assignment is usually unnec­
essary. 

The next section describes the multichannel DA/TDMA protocol 
and the traffic assignment problem. Section III contains a description 
of the network mathematical model used for the analysis, and a 
derivation of the equilibrium-state equations for the associated Mar-
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kov process. Section IV computes the probability that an incoming­
traffic request is blocked, and Section V presents comparisons of 
analytical with computer simulation results. 

II. THE MULTICHANNEL ASSIGNMENT PROBLEM 

This section describes the multichannel traffic-assignment problem. 
We start with a network consisting of communicating traffic nodes. 
The channel capacity in this case is partitioned both in the frequency 
and time domains. In particular, the bandwidth, B, of the transmission 
medium is divided into m channels, each having bandwidth B/m, and 
each channel consists of a series of time slots. A pre specified number 
of channel time slots are combined to form a transmission frame that 
continually repeats itself. The reservation multichannel TDMA pro­
tocol under consideration assumes a network controller that assigns 
time slots to incoming-traffic requests on a noninterfering basis. 

Figure 1 shows one frame of a multichannel TDMA scheme with 
three channels and four time slots per frame. Each slot shows a traffic 
link assigned to that interval. The configuration shown in Fig. 1 will 
henceforth be referred to as a channel-time slot matrix. Denoting the 
number of channels by m and the number of time slots by c, this 
matrix will in general have m rows and c columns, and each entry will 
be a two-dimensional vector consisting of the transmitting and receiv­
ing nodes. Notice that this multichannel technique assumes that each 
node can transmit and/or receive on any (single) channel during a 
given time slot, and that the channel on which a node is transmitting 
or receiving can change over successive time slots. Furthermore, we 
also assume that the assigned channel and time slot for a given traffic 
link may change from frame to frame. In particular, the traffic link 1-
2 shown in Fig. 1 may be reassigned from channell/time slot 2 to 
some other channel and time slot in subsequent frames. 

The assignment of incoming traffic to available time slots is gov-

r-------- ONE FRAME --------1 
4-3 2-1 1-3 3-2 

2-1 3-2 4-2 2-3 

3-2 1-3 3-4 1-4 

Fig. I-One three-channel time division multiple access frame. 
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erned by the following fundamental constraint: one node may not 
transmit or receive on two different channels during the same time 
slot. In contrast to single-channel TDMA, in the multichannel case 
the network controller must not only determine whether a slot is being 
used, but must also determine whether a given traffic request can be 
assigned to that slot without violating the fundamental constraint. It 
therefore may not be possible to assign a given traffic request even 
though empty time slots exist. 

Given unlimited computational capability, it may be desirable to 
rearrange traffic already assigned to the channel-time slot matrix in 
order to accommodate a new traffic arrival. It is therefore of interest 
to know under what conditions a set of traffic requests can be assigned. 
Denoting the number of traffic nodes by n, we define the n x n traffic 
matrix T as the matrix whose (i, j)th element contains the number of 
traffic-units node i is transmitting to node j (each traffic unit repre­
sents one packet and is assigned to one time slot). Given a traffic 
matrix, T, and an empty channel-time slot matrix, all of the traffic 
can be assigned without violating the fundamental constraint if and 
only if the following matrix constraints are satisfied: 7 

Tl ~ cl, (la) 

l'T ~ cl' (lb) 

and 

l'Tl ~ mc, (lc) 

where 1 is an n-dimensional vector whose elements are all unity, m 
denotes the number of channels, c denotes the number of time slots, 
and prime denotes transpose. These equations imply that no trans­
mitting node requires more than c time slots, no receiving node requires 
more than c time slots, and that the total traffic demand is less than 
the total number (mc) of available time slots. To check whether it is 
possible to assign a new traffic request, one therefore need only check 
the matrix constraint set (1) where T contains traffic already assigned 
in addition to the new traffic request. 

Because traffic requests are time varying, of ultimate interest is how 
to assign incoming traffic dynamically so as to minimize the number 
of times a new traffic request cannot be assigned without rearranging 
assigned traffic. This problem is quite difficult and has not yet been 
addressed in the open literature. The difficulty arises from the fact 
that future traffic requests are unknown, and hence, given any assign­
ment rule, it is always possible to receive a sequence of traffic requests 
such that one can be assigned only if existing traffic is rearranged. 
Given a matrix T such that the constraint set (1) is satisfied, however, 
the static problem of efficiently assigning all of the traffic in T to an 
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empty channel-time slot matrix has been addressed in Refs. 6 and 8 
through 10. We also point out that these methods do not result in a 
unique assignment. 

If we assume that a total rearrangement of existing traffic is allowed 
at the time each traffic request is made, then an optimal traffic 
assignment scheme can be inferred from the matrix constraint set (1). 
("Optimal" in this case means that the probability of not being able 
to assign a new traffic request is minimized.) In particular, each time 
a new traffic request is made, the traffic matrix constraint set (1) is 
checked. If they are satisfied, then a "brute force" method for assigning 
the new traffic request would be to "empty out" the existing channel­
time slot matrix and reassign all of this traffic along with the new 
traffic request via one of the methods suggested in Refs. 6 and 8 
through 10. Certainly, this scheme requires much more computational 
power than necessary. If a new traffic request cannot be assigned to 
existing empty time slots, it is likely that very few (i.e., one or two) 
existing traffic assignments would have to be rearranged in order to 
assign the new traffic request. 

If traffic assignments are to be made real time, as in a satellite 
system, the complexity of the assignment scheme becomes a crucial 
issue. The brute force optimal assignment scheme previously described 
would optimize system performance; however, under moderate to 
heavy loads, this scheme is likely to be impractical so that simpler 
assignment schemes,. which yield suboptimal performance (i.e., a 
higher blocking probability), must be used. This raises the question of 
how much performance degradation is caused by using simpler assign­
ment schemes rather than an optimal assignment scheme that permits 
an unlimited number of rearrangements. 

The approach taken in this paper is to compare analytically the 
blocking probability obtained for a given system using an optimal 
assignment algorithm with the blocking probability obtained using 
fixed-assignment algorithms, which allow no rearrangement. Under a 
fixed-assignment algorithm, if a new traffic request cannot be assigned 
to a given channel-time slot matrix, it is blocked. Notice that to 
determine whether incoming traffic can be assigned when using an 
optimal-assignment algorithm, the traffic matrix must be examined, 
whereas when using a fixed-assignment algorithm, the channel-time 
slot matrix must be examined. 

III. MATHEMATICAL FORMULATION 

3.1 Traffic model 

The purpose of this subsection is to specify the mathematical model 
used to generate the analytical results in the following sections. The 
incoming traffic is modeled as the sum of independent Poisson proc-
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esses flowing between each pair of traffic nodes. We therefore have an 
arrival rate matrix, A, whose (i, j)th element is the Poisson rate at 
which messages are transmitted from node i to node j. The flow rates 
for traffic between each pair of nodes are assumed to be identical, i.e., 
A = A'll' where A' is a constant. The total traffic arrival rate, A, is 
therefore the sum of the rates between each pair of nodes. 

Because the traffic out of each node is assumed to be independent 
of the traffic out of all other nodes, given a new traffic request, the 
probability that the request originated from a specific node i is lin 
and, similarly, the probability that the destination is node j is also 
lin. Because the transmission processes between each pair of nodes 
are independent, the probability that a given traffic request originates 
from node i and is sent to node j is Iln2

• 

If a traffic request can be assigned, it occupies one slot of the 
channel-time slot matrix for a random amount of time, depending on 
the message length. This "service" time is assumed to be exponentially 
distributed. Associated with the incoming traffic is therefore the 
exponential service rate, J.l. For analytical convenience, we assume 
that this distribution is continuous in the sense that departures from 
the channel-time slot matrix can occur at any time instant. Notice, 
however, that for a real system, departures occur only at the end of a 
given frame. The corresponding service time distributions must there­
fore be "discretized" since service times must be an integer numbers 
of frames. This effect becomes negligible, however, if the average 
service time consists of a large number of frames (i.e., >100). 

3.2 Derivation of equilibrium-state equations for optimal assignment 

The derivations of the state equations for the Markov processes 
associated with optimal and fixed assignments are virtually identical. 
We present, therefore, only the details of the derivation for optimal 
assignment and then indicate how to modify that derivation to obtain 
the state equations for fixed assignment. 

When an optimal assignment algorithm is used, the traffic matrix 
T determines whether an incoming traffic request is blocked. Because 
the traffic arrival process is Poisson and the service times are expo­
nential, the evolution of the traffic matrix T is described by a Markov 
process. The set of states for the Markov process associated with 
optimal assignment is, therefore, the set of n X n matrices T with 
integer elements that satisfy the constraint set (1). The following 
notation is helpful in defining the transition rates for the process: 

S == {T I T satisfies (la) through (lc)} (2a) 

Sk == {TIT E S, l'Tl = k} (2b) 

ST == {T* I T* E S, 3 (i, j) such that T* = T - ~i~J} (2c) 
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St == IT* I T* E S, 3 (i, j) such that T* = T + ~i~J}' (2d) 

where ei is the n X 1 vector with 1 in the ith place and 0 elsewhere. 
The set Skis the set of all states such that there are k messages in the 
system; S"1: and Sf are the sets of states into which the process makes 
transitions via departures and arrivals, respectively, given that the 
process is in state T. Notice that if T* EST, then T E Sf· and, 
similarly, if T* E Sf, then T E ST*. 

Let r(Tl, T2) be the transition rate t between any two states Tl and 
T2. Notice that a transition from state Tl to a state T2 can occur only 
via a single arrival or a single departure. The rate r(T\ T2) is, 
therefore, nonzero if and only if Tl = T2, or Tl and T2 differ from 
each other in exactly one element and that difference is one. Thus, 

if T2 E STI 
if T2 E Stl 

otherwise, 

(3) 

where Tl and T2 differ in the (i, j)th element, tt is the (i, j)th element 
of T\ 1/ J.L is the mean service time for messages, A/n2 is the expected 
rate at which messages between nodes i and j are generated, and I A I 
denotes the number of elements in the set A. 

Because the performance of a TDMA assignment algorithm is 
measured in terms of steady-state network behavior, we focus on the 
limiting steady-state distribution of the state variable T. To prove 
that the steady-state distribution exists, note that the state space 
consists of matrices with integer elements that satisfy the constraint 
set (1), and it is therefore finite. The transition rates given in (3) do 
not depend explicitly on time, so the process is time homogeneous. 
Finally, it can be shown the process is irreducible and contains no 
periodicities. Therefore, the steady-state distribution exists. Although 
we obtain a closed-form expression for the steady-state distribution 
in Appendix A, it can be explicitly computed only in very few cases. 
We therefore develop an alternative method of analyzing the system, 
which does not require the explicit formula. This approach, moreover, 
provides valuable insight into our problem and allows us to provide a 
unified treatment of both optimal- and fixed-assignment algorithms. 

The next step is to derive the equilibrium equations that the steady­
state probability distribution p(T) must satisfy. Using the notation 
introduced earlier, we have the flow equationll 

t The function r(. , .) is technically the infinitesimal generator of the Markov process 
associated with optimal assignment. 
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~ p(T)r(T, T') = ~ p(T')r(T', T), TE S. (4) 
T'ES T'ES 
T'''I'T T'''I'T 

The intuitive meaning of (4) is that for every state T, the probability 
flow rate out of ,T must equal the probability flow rate into T. 

The following lemma may be used to derive an alternative form for 
(4). Let I A I represent the number of elements in the set A and let 
p(fl T) denote the probability, conditioned on state T, that an arrival, 
chosen from the uniform distribution of origin -destination pairs, does 
not violate the set of matrix constraints; i.e., p(fl T) is the probability 
that an arrival "fits" (can be assigned). Then we have 
Lemma 1: The probability flow out of state T E S satisfies 

~ p(T)r(T, T') = ~ p(T)r(T, T') + ~ p(T)r(T, T') (5a) 
T'''I'T T'ESi T'ES~ 
T'ES 

= Jlkp(T) + Ap(fl T)p(T), (5b) 

where l'Tl = k, which equals the number of occupied time slots, and 

p(fIT) = IS:I. 
n 

(6) 

The proof of this lemma appears in Appendix B. 
This lemma shows that the flow out of any state T is composed of 

two terms: the first term in (5b), Jlkp(T), reflects transitions that 
occur because there is a departure, while the second term, 
Ap(fl T)p(T), reflects transitions that occur because an admissible 
request is generated. 

Applying Lemma 1 to the left side of (4) and noting that, if 
T' =1= T, r(T', T) =1= 0 if and only if T' E S'1: or T' E S~, we obtain 
the flow equation 

Jlkp(T) + Ap( f I T)p(T) 

= ~ p(T')r(T', T) + ~ p(T')r(T', T), 
T'ESi "T'ES~ 

Equation (7) describes the probabilistic flows into and out of each 
state. In principle, (7) can be solved to yield a closed form solution for 
the steady-state distribution of the state variable, p(T) (see Appendix 
A). Unfortunately, it is very difficult to evaluate this expression for 
most cases of interest. In order to calculate the system blocking 
probability, PB , however, it is unnecessary to evaluate the steady-state 
distribution of T. It is shown in the next section that it is enough to 
know only certain aggregate quantities depending only on the number 
of messages in the system, k. Notice that the "state" k is an aggregate 
state composed of all traffic matrices T E Sk. We therefore are 
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interested in deriving an analogous equation to (7) that describes the 
steady-state flows between the sets of states Sk, k = 0, 1, 2, .... A 
direct technique for obtaining this equation is to sum both sides of (7) 
over the set T E Sk. 

Let po(k) be the steady-state probability that the state of the system 
is contained in Sk, which is the probability that there are k occupied 
time slots; and let Po( f I k) be, in analogy with p(f I T), the probability 
of a fit given that the system contains k messages, i.e., 

po(k) == ~ p(T) (Sa) 
TESk 

~ p(fl T)p(T) 
TESk 

Po(fl k) == Po(k) , (Sb) 

where the 0 subscript indicates that an optimal assignment algorithm 
is assumed. The following theorem gives the flow equations for the 
distribution Po(k). 
Theorem 1: The probabilities {po(k)} satisfy the equations 

[~k + Apo(fl k)]po(k) 

= ~(k + l)po(k + 1) + Apo(fl k - l)Po(k - 1), (9) 

where po(k) = 0 for k < 0 or k > me. 

The proof of this theorem is given in Appendix C. 
Equation (9) expresses the equality of probability flows between the 

sets Sk. Given that the system is in state T, the next transition can 
only be into a state T' E ST or T' E S;t. Suppose, for example, that 
T E Sk; then T' E Sk-l or T' E Sk+1; i.e., transitions out of any state 
in Sk are always into a state in Sk-l or Sk+1. Note that (9) is a set of 
"birth-death" equations, which we will solve in Section IV to give an 
expression for {Po(k)} in terms of A,~, and {Po(fl k)}. (These equations 
do not, however, imply that the k process is Markov.) In contrast to 
the solution of (7) we show in Section IV that it is possible to obtain 
a close approximation to the solution of (9) that can be easily evalu­
ated. 

3.3 Equilibrium state equations for fixed assignment 

To derive the flow equations [corresponding to (5), (7), and (9)] for 
the Markov process defined by a fixed-assignment algorithm, we 
redefine the set of states as the set of channel-time slot matrices M 
defined in Section II. The following notation is analogous to (2): 

L == {M I M is an admissible channel-time slot matrix} (lOa) 

Lk == {M I MEL, M contains k units of traffic} (lOb) 
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Lit =: {M* I M* E L, 3(i - j) and (m*, c*) such that M* 

= M - (i - j)~m*~:*} (10c) 

Lt.J. =: {M* I M* E L, 3(i - j) and (m*, c*) such that M* 

= M + (i - j)~m*~:*}, (10d) 

where (i - j) represents one unit of traffic from node i to node j, gm* 
is the m X 1 vector with 1 in the m *th place and 0 elsewhere, ec* is the 
eX 1 vector with 1 in the c*th place and 0 elsewhere, and the notation 
M* = M + (i - j)gm*g:. means that the channel-time slot matrices M* 
and M differ from each other only in the (m*, c*) position. A + sign 
indicates that M* contains the traffic pair (i - j) in the (m*, c*) 
position, whereas the (m*, c*) position in M is empty; the - sign 
indicates thatM contains the traffic pair (i - j) in the (m*, c*) 
position, whereas the (m*, c*) position in M* is empty. 

Let r(M\ M2) be the transition rate between any two states MI and 
M2. t Then we have 

[

I-L' 
A(M\ M2), 

r(M\ M2) = 1 - I MIl I-L - }; A(M\ M2), 
M2ELM:l 

0, 

if M2 E Litl 
if M2 E Lt.J.l 
if MI = M2 

otherwise, 

(11) 

where I MIl is the total number of traffic pairs in MI. The transition 
rate A(MI, M2) is the rate at which a new arrival (i - j) is assigned to 
M\ thereby changing MI to M2. Let a~~j) denote the number of slots 
in MI into which the arrival (i - j) can be assigned. If assignments 
are made by selecting one out of the a~~j) available slots from a 
uniform distribution, then 

I 2) _ A A(M, M - 2 (i-}) , 
naMl 

where A is the total traffic-arrival rate. This fixed-assignment scheme, 
where traffic arrivals are randomly assigned to available time slots 
according to a uniform distribution, will henceforth be referred to as 
random assignment. It is not necessary, however, to assume random 
assignment in order to derive the flow equation that follows. 

We denote the steady-state probability distribution of the Markov 
process for fixed assignment as p(M). The existence proof for p(M) is 
the same as that for p(T). Also, let p(fl M) denote the conditional 
probability, given that the state is M, that an arrival chosen from the 

tThe function r(· , .) is the infinitesimal generator for the associated fixed assign­
ment process. 
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uniform distribution of origin-destination pairs can be assigned with­
out reassigning any existing traffic, i.e., the probability of a fit under 
the fixed-assignment rule. Finally, we define 

AM == {(i - j) I a~-j) > OJ (12) 

as the set of all traffic pairs which can be assigned to M. 
Proceeding as in the case of optimal assignment, we can derive the 

flow equations for the fixed-assignment case by merely changing 
notation. The probability of a fit, p(fl M), in this case is simply the 
number of traffic pair arrivals that can be assigned under the fixed 
assignment rule divided by the total number of possible pairs. Thus, 
in analogy with (6) we have 

p(flM) = IA~I, 
n 

(13) 

where AM is definec1 in (12). In analogy with the flow equations (7) 
and (9) for optimal assignment, the fixed-assignment flow equations 
are 

Jlkp(M) + Ap(fIM)p(M) = ~ p(M')r(M', M) 
M'ELM 

+ ~ p(M')r(M', M), 
M'ELM 

M ELk, k = 1, ... ,mc, (14) 

and 

[Jlk + APF(fl k)]PF(k) = Jl(k + I)PF(k + 1) 

+ APF(fl k - I)PF(k - 1), k = 1, ... ,mc, (15) 

where 

(16a) 

PF(fl k) == PF(k) , 

~ p(fIM)p(M) 
MELk 

(16b) 

and the F subscript indicates that a fixed-assignment algorithm is 
assumed. Note that (15) is, like (9), a system of birth-death equations. 

IV. PERFORMANCE ANALYSIS 

4.1 Properties of blocking probabilities 

The performance of a multichannel TDMA blocking system is 
measured in terms of the steady-state probability that an arrival is 
blocked or lost. Of course, this blocking probability depends on the 
assignment algorithm. Conditioned on the state of the system, the 
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blocking probability is simply 1 - p(fl T) or 1 - p(fl M), for optimal 
or fixed assignment, respectively. The unconditional blocking proba­
bility is given by 

1 - P~ = ~ p(fl T)p(T) (17) 
TES 

or 

1 - P~ = ~ p(fl M)p(M), (18) 
MEL 

where P~ and P~ are blocking probabilities using respectively optimal­
and fixed-assignment algorithms. As discussed in Section III and 
Appendix A, it is extremely difficult to compute p(T) for most systems 
of interest, and hence (17) and (18) cannot be used directly to compute 
P~ and P~. In this section, however, we derive bounds and approxi­
mations for (17) and (18) by using the aggregate-state equations (9) 
and (15). This provides a means of quantitively comparing assignment 
algorithms and estimating the performance of the system as parame­
ters such as n, m, and e vary. 

We obtain equivalent expressions for the blocking probabilities as 
follows: 

1 - P~ = ~ p(fl T)p(T) 
TES 
me 

= ~ ~ p(fl T)p(T) 
k=l TESk 

me 

= k~l po(f I k)Po(k), (19) 

where Po(fl k) and Po(k) satisfy (8); similarly P~ satisfies 

1 - P~ = ~ PF(fl k)PF(k), (20) 
k=l 

wherepF(flk) andpF(f) satisfy (16). 
Equations (19) and (20) are particular cases of the following general 

expression for blocking probability; 

me 
1 - PB = ~ ¢kP(k), 

k=l 
(21) 

where ¢k and p(k) satisfy the birth-death system of equations 

[Jlk + X¢k]p(k) = Jl(k + l)p(k + 1) + X¢k-lP(k - 1), (22) 

subject to the boundary conditions ¢me = 0 and p(k) = 0 for k < 0 or 
k> me; and ~kP(k) = 1. Solving (22) and substituting into (21) yields 
an expression for the blocking probability in terms of the ¢k'S; i.e., 
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and from (21) 

1 k-I 

k' pk P ¢j 
. }=o 

p(k) =----
me 1 . i-I 
.~ -:- / II ¢j 
1=0 d j=O 

me-I 1 k 
~ - pk II ¢j 

k=O k! j=O 
1 - PB = -----­

me 1 . i-I 
.~ -;- pi II ¢j 
1=0 d j=O 

(23) 

(24) 

where p == A/f..L. If ¢k = Po(fl k) or ¢k = PF(fl k), then PB = P~ or 
PB = P~, respectively. Another case of particular interest is where 
¢k = 1 if ° ~ k < mc and ¢k = ° otherwise. We denote this set of 
probabilities, which corresponds to the mc server Erlang-loss system, 
as PE(fl k). The expression for blocking probability, P~, is called 
Erlang's loss or B formula. The Erlang formula applies to a single­
channel TDMA system where only the constraint (Ic) in (1) must 
hold. An important property of PB stated in the following lemma, 
which may be used to derive bounds on assignment algorithm perform­
ance, is that PB is a monotonically nonincreasing function of ¢k for 
k = 0, 1, ... , mc. 

Lemma 2: The blocking probability PB == PB(¢o, ... , ¢me) satisfies 

aPB ~ ° 
a¢k -.. , 

k = 0, ... , mc. 

The proof of this lemma appears in Appendix D. 

(25) 

It is intuitively reasonable that the blocking probability should 
increase as more system constraints are added. This is indeed the case, 
as the next theorem shows. 
Theorem 2: The optimal assignment, fixed assignment, and Erlang 
blocking probabilities satisfy 

(26) 

Proof: If the system is in state k, then an arrival can be assigned by a 
fixed-assignment algorithm only if it can be assigned by an optimal 
algorithm and so, for all k, we have PF(fl k) ~ Po(fl k). It is clear that 
Po(fl k) ~ PE(fl k), for all k. Therefore, (25) implies (26). Q.E.D. 

As the ratio of the number of nodes n to the number of channels m 
increases, it becomes less likely that an arrival will match any of the 
traffic pairs already assigned to a given time slot. Consequently, for 
large n/m, we expect that if there is an open slot, it should be relatively 
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easy to assign a new traffic request. To be more precise, as n/m 
increases, the system performance approaches that of an Erlang sys­
tem. 

Theorem 3: lim P~ = lim P~ = P~. (27) 
n n 
---+00 ---+00 
m m 

Proof: Theorem 2 implies that it is sufficient to show that P~ ~ P~. 
For all k < (me - 1) we have PF(fl k) ~ PF(fl me - 1). Because the 
nodes are symmetric, the probability of a fit given one empty slot is: 

(
n - m + 1)2 

PF( f I me - 1) = n ' 

which is the probability that the origin and destination nodes of an 
arrival chosen from a uniform distribution do not match (m - 1) 
randomly chosen origin-destination pairs. Thus, we have 

[
1 k < me 

1~ PF(flk) = 0: k = me, 
m 

which iSPE(fl k). Because (24) is a continuous function of the ¢k'S, we 
have limn/m_ooP~ = P~. Q.E.D. 

Although it is easy to compute the Erlang lower bound P~, it is 
extremely difficult to calculate P~ or P~. The difficulty lies in the 
calculation of PF(fl k) and Po(fl k) as functions of k. In particular, 
notice from (8b) and (16b) that the state probabilities p(T E Sk) and 
p(M ELk) must be known. The aggregate flow eqs. (9) and (15) have 
therefore not made the exact computation of P~ and P~ any easier. 
However, the advantage in using these equations is that we can derive 
an accurate approximation for PF(fl k), thereby enabling the calcula­
tion of an approximation for the corresponding blocking probability. 

4.2 Approximate calculation of blocking probability with random 
assignment 

In order to approximate the blocking probability resulting from 
fixed assignment, we first approximate PF(fl k) and subsequently 
substitute the resulting expression for ¢k in (24). Let k == (kI, ... , ke ) 

be the vector of time slot occupancy; i.e., there are k~units of traffic 
in the ith column of the channel-time slot matrix. The probability of 
a fit can be expressed as 

(28) 

where Ok is the set of all occupancy vectors k such that ~iki = k, 
PF(flll) is the conditional fit probability given that the occupancy 
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vector is ~, and PF(~ I k) is the conditional probability that the occu­
pancy vector is ~ given there are k units of traffic in the system. 

To calculate PF(fl ~), note that: (1) the ki traffic units in time slot i 
are characterized by ki pairs of integers between 1 and n, which satisfy 
the fundamental constraint, and because the traffic between nodes is 
assumed to be symmetric, these integer pairs are equally likely; (2) if 
ki = m, then any new requests cannot be assigned to the ith time slot. 
We also use the following assumption; and (3) information about 
traffic in time slot i provides no information about traffic in a different 
time slot j (traffic in different slots is independent). This assumption 
is certainly very accurate for a large number of nodes; however, it is 
quite difficult to prove or disprove in general. An arriving 'unit of 
traffic can be assigned to time slot i if and only if its origin does not 
match any of the ki origins and its destination does not match any of 
the ki destinations of traffic already assigned to column i. Observation 
(1) implies that this event has probability [(n - ki)/n]2. A unit of 
traffic cannot be assigned, i.e., does not fit, if and only if it does not 
fit into any time slot. Thus, using observations (2) and (3), we have 
that the probability of no fit is the product 

[ (
n - ki)2] 

lil1;ml 1 - -n- , 

and hence, the probability of a fit, given ~, is 

[ (
n - k,)2] PF(fl k) = 1 - II 1 _ __ l , 

- Ii I k;<ml n 
(29) 

where the product is assumed to be one if {i I ki < m} is the empty set. 
Intuition suggests that given k units of traffic in the system, the 

occupied slots, when random assignment is used, are uniformly dis­
tributed throughout the channel-time slot matrix. That is, 

i~l [:'] 

PF(k I k) = L J ' - me 
k 

(30) 

where the numerator is the number of ways to have ki units of traffic 
in slot i (i = 1, ... , e) and the denominator is the total number of 
ways to have k units of traffic in the system. The following example 
shows, however, that this intuition is misleading and (30) is not the 
correct distributiop.. 

Consider a system with n = 3, m = 2, e = 2. Figure 2 is a transition 
diagram illustrating transition rates into the states corresponding to 
k = 2. The ordered pairs, e.g., (1, 1), represent the occupancy vectors 
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Fig. 2-Transition diagram for example with two channels, two time slots, and three 
nodes. 

~ for channel-time slot matrices containing two units of traffic, and q 
is the probability that an arriving unit of traffic can be assigned to the 
column containing the single unit already assigned. Using (30), it is 
easily verified that the uniformly distributed assumption implies that 

PF[(1, 1) I k = 2] = 2{PF[(0, 2) I k = 2] + PF[(2, 0) I k = 2]}. (31) 

It is easy to show by writing the flow equation and using the fact 
PF(~) = PF(!!:.I k)p(k) that (31) can be satisfied only if the rate from 
k = 1 into (1, 1) is twice the rate into the pair of states (0, 2) and (2, 
0), i.e., only if 'A - 'Aq/3 = 2'Aq/3. But the preceding equation can be 
satisfied only if q = 1, which is clearly not true for this system. 
Therefore, (30) is not correct and the assumption of uniformly distrib­
uted occupancy is not strictly true. We may, however, approximate 
PF(!!:.I k) by (30), which when combined with (28) and the expression 
for PF(fI !!:.), (29), gives an approximation to PF(fl k) when random 
assignment is used. That approximation may, in turn, be used in (24) 
to provide an approximation to P~. 

Intuitively, one would expect that the approximation for PF(fl k) 
given by (28) through (30) is accurate for the case of random assign­
ment. In this case (30) becomes more accurate as the ratio of the 
number of nodes to the number of channels n/m .increases. This is 
because the probability that a new arrival can be assigned to a 
randomly picked empty time slot increases with n/m. The selection of 
empty slots in the channel-time slot matrix to which new arrivals are 
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assigned therefore becomes less biased. The simulations in Section V 
indicate that in fact our approximation is extremely accurate for 
relatively small systems (i.e., four channels, five time slots, and ten 
nodes). Fixed-assignment schemes other than random assignment are 
possible, however, where the approximation (30) may not be accurate. 
For example, it may be desirable to pack the assigned traffic as closely 
as possible to the left or to the right of the channel-time slot matrix 
to increase the probability that some column has a relatively large 
number of empty slots. For this case, the distribution of slot patterns 
p(!!:'1 k) may be significantly different from the distribution resulting 
from random assignment. 

An upper bound on the blocking probability obtained using any 
fixed-assignment scheme can be derived in principle by calculating a 
lower bound on the fit probability, PF(fl k). From (28), 

PF(fl k) = ~ PF(fl k)PF(k I k) 
~Enk --

(32) 

A lower bound on PF(fl k) is therefore obtained by assuming that 
traffic already assigned is arranged in the configuration which mini­
mizes the probability that a new arrival can be assigned. From Lemma 
2 and Theorem 2 we have that 

P~ ::::; P~ ::::; PB[p¥IN(fll), "', p¥IN(fl me)], (33) 

where the blocking probability, PB , as a function of the fit probabilities 
is given by (24). Unfortunately, the expression for PF(fl 13), given by 
(29), relies upon an independence assumption which has not been 
proven. Consequently, combining (24), (29), and (33) may not consti­
tute a rigorous upper bound on the blocking probability. The derivation 
of a tight upper bound on PF(fl k), and hence on the blocking proba­
bility, P~, therefore remains an ~pen problem. 

This completes the presentation of analytical results that can be 
used to evaluate multichannel TDMA performance using either opti­
mal- or fixed-assignment schemes. To summarize, we have obtained 
an approximation for the blocking probability resulting from random 
assignment [given by (24), (28), (29), and (30)], and a lower bound on 
the blocking probability using optimal assignment (i.e., the Erlang 
blocking probability, P~). These quantities can be easily evaluated 
with the aid of a computer. In the next section we compare these 
analytical results with computer simulation results. 

V. NUMERICAL RESULTS 

The analytical results of the last two sections are now illustrated 
via some specific examples. Figure 3 shows plots of the probability 
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Fig. 3-Probability of a fit vs. number of occupied slots using random assignment for 
a system with four channels and five time slots. 

that a new traffic arrival can be assigned, given that there are k units 
of traffic already present in the channel-time slot matrix [PF(fl k) 
given by (28) through (30)], vs. k for a system with four channels and 
five time slots per channel. Curves are shown for a system with 5 
nodes, 10 nodes, and 50 nodes. These curves approximate the proba­
bility that an incoming traffic arrival can be assigned using random 
assignment. As the number of nodes increases, the curves converge 
rapidly to the single-channel (step function) case with nm time slots. 
The same set of curves computed for a system with 4 channels and 10 
time slots per channel were nearly identical to those shown in Fig. 3 
and are therefore omitted. 

It is reasonable to expect that if the fit probabilities shown in Fig. 
3 are close to the single-channel case, then the corresponding system 
blocking probabilities should also be close to the analogous single­
channel blocking probability. This is indeed the case as illustrated in 
Figs. 4 through 7. In each case plots of blocking probabilities vs. 
normalized load for the single-channel case (Erlang B formula with 
nm servers), and for the multichannel case using random and optimal 
assignment are shown. The optimal-assignment curves were obtained 
by computer simulation. The random-assignment curves were ob-
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Fig. 5-Blocking probability vs. offered load for a system with 4 channels, 5 time 
slots, and 50 nodes. 

tained both analytically via the approximation described in the last 
section [(24) and (28) through (30)], and by computer simulation. In 
all cases the approximate analytical curves are nearly identical to the 
corresponding simulated curves. Figures 4 and 5 show plots for a 
system with 4 channels, 5 time slots per channel, and 10 nodes and 50 
nodes, respectively. Figures 6 and 7 show analogous plots for systems 
with 4 channels and 10 time slots per channel. 

Figures 4 through 7 indicate that the differences between the sim­
ulation results, the analytical approximation, and the lower (single­
channel) bound on multichannel blocking probabilities are significant 
only for systems with a relatively small number of nodes. For the cases 
shown here, the single-channel system exhibits at most moderate 
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performance improvements over the multichannel random-assignment 
case. Results obtained for additional cases indicate that if the ratio of 
nodes to channels (n/m) is greater than 10, the difference between 
blocking probabilities obtained using a multichannel system with a 
fixed-assignment algorithm and an analogous single-channei system 
is negligible. This condition is likely to be satisfied in many satellite 
systems, and hence we reach the important conclusion that, for prac­
tical systems, the simplest of assignment schemes will perform nearly 
as well as an optimal-assignment scheme. 

We point out that the traffic model used here must be modified in 
order to study duplex voice traffic. In this case each traffic request 
from node i to node j also generates a simultaneous traffic request 
from node j to node i. This alternative traffic model does not require 
major changes in any of our previous arguments, and hence results 
obtained from using this model should correspond with those given 
here. 

VI. CONCLUSIONS 

This paper has provided tools with which to evaluate the perform­
ance of multichannel TDMA blocking systems. For any multichannel 
assignment scheme (fixed or optimal), a lower bound on system 
blocking probability has been obtained along with an accurate approx­
imation for the blocking probability resulting from random assign­
ment. 

The numerical results in Section V indicate that multichannel 
blocking probability is relatively insensitive to the assignment algo­
rithm used when a moderate number of nodes are present. If the ratio 
of the number of nodes to number of channels is 10 or greater, the 
difference between blocking probabilities obtained using a multichan­
nel system with a fixed-assignment algorithm and an analogous single­
channel system is negligible. This conclusion is fortunate since it 
implies that the performance of an assignment algorithm, which is 
simplest to implement, will be nearly optimal. 

The results in this paper pertain to networks which handle voice 
traffic only. Of equal interest are analogous results which apply to 
networks handling data traffic. Specifically, it would be useful to know 
whether the performance of a multichannel TDMA queueing system 
is also insensitive to the particular assignment algorithm used. This 
issue requires further investigation. 
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APPENDIX A 

Steady-State Distribution of the Markov Process Associated with Optimal 
Assignment 

To derive the steady-state distribution of the Markov process asso­
ciated with optimal assignment, consider a set of n2 independent 
M/M/oo queues, labeled by the indices (i, j), with arrival rates Aij and 
mean service times Jli/. Define the Markov process qij as the number 
of customers in the queue (i, j). Then each process qij is a birth-death 
process with a steady-state distribution given by 

qij ~ o. 

Thus, the matrix process Q == [qij] has the steady-state distribution 
given by 

(Q) II ij -;\ .. /" .. 1 (A )qii 
P = - - e IJ"'/), 

i,j qij! Jlij 
qij ~ O. 

N ow restrict the process Q to the set of states such that the matrix 
constraints (1) are satisfied, and set Aij = A/n

2 and Jlij = Jl. The 
resulting process is the Markov process T defined in Section III. By 
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Corollary 1.10 in Kelly,12 the steady-state distribution of T is 

II ~ (~)tij e-A/n2/1 

i,j tij! n 2J.L 
T ES, (34) 

where S is defined by (2a).t Note that (34) is the conditional probability 
distribution of the Q process, given that the state is contained in S, 
i.e., p(Q I Q E S). Evaluating the denominator in (34) requires an 
enumeration off all the states in S, a formidable task for moderately 
sized systems. 

APPENDIX B 

Proof of Lemma 1 

This appendix contains the proof of Lemma 1. From (4), we have 

~ p(T)r(T, T') = ~ p(T)r(T, T') + ~ p(T)r(T, T'). (35) 
T'rsT T'EST T'ESj; 

Substituting (3) for r(T, T') in the first term on the right yields 

~ p(T)r(T, T') = p(T) ~ r(T, T') 
T'EST T'EST 

= p(T) ~ tijJ.L = p(T)J.Lk, (36) 
I,] 

where ~i,j tij = k is the total traffic in T. Similarly, for the second term 
on the right, 

~ p(T)r(T, T') = p(T) ~ r(T, T') 
T'EST+ T'EST+ 

(37) 

An arrival is modeled as a selection from n2 equally likely possibilities, 
of which I ST+ I can be assigned, given that the state is T. Therefore, 
the conditional probability that an arrival can be assigned is 

p(fl T) = I S;t l/n2
• 

Combining (35) through (38) gives (5). 

t This distribution was also derived in Ref. 13. 

(38) 
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APPENDIX C 

Proof of Theorem 1 

To prove Theorem 1, we sum the flow equations in (7) over the set 
of states with k units of traffic, i.e., 

~ [Jlkp(T) + Ap(fl T)p(T)] 
TESk 

= ~ ~ p(T')r(T', T) + ~ ~ p(T')r(T', T). (39) 
TESk T'ES~ TESk T'EST 

The left-hand term is 

~ [Jlkp(T) + Ap(fl T)p(T)] = Jlk ~ p(T) + A ~ p(fl T) 
TESk TESk TESk 

.p(T) 

= Jlkpo(k) + Apo(fl k)po(k). (40) 

We evaluate the terms on the right side of (39) by interchanging the 
order of summation, which is permissible since the sums are always 
finite. Because Sk+1 = UTESk S~, and for T' E Sk+l, r(T', T) * 0 only 
if T' E S~, interchanging the sums in the first term on the right yields 

~ ~ p(T')r(T', T) = ~ ~ p(T')r(T', T). 
TESk T'ES~ T'ESk+l TESk 

But if T' E Sk+1 and T E Sk, then r(T', T) * 0 only if TEST" 
Consequently, 

~ ~ p(T')r(T', T) = ~ ~ p(T')r(T', T) 
T'ESk+l TESk T'ESk+l TEST' 

~ p(T')Jl(k + 1) 
T'ESk+l 

= Jl(k + l)Po(k + 1), (41) 

where the next to the last step follows from Lemma 1. A similar 
argument shows that the second term on the right is 

~ ~ p(T')r(T', T) = ~ ~ p(T')r(T', T) 
TESk T'EST T'ESk_1 TESk 

= ~ ~ + p(T')r(T', T) 
T'ESk_l TEST' 

~ p(T')Ap(fl T') 
T'ESk_l 

= Apo(fl k - l)po(k - 1). (42) 

Combining (40) through (42) yields (9). 
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APPENDIX D 

Proof of Lemma 2 

Lemma 2 is stated in the literature and although some unpublished 
proofs are referenced in Ref. 14, there does not seem to be a published 
proof. 

We prove this theorem by calculating the partial derivatives and 
showing that they are nonnegative in the region of interest. Differen­
tiating (24) gives 

where 

and 
k 

a(k) == II c/>j 
j=O 

bl(l)a2(l) - al(l)b2(l) 

[bl(l) + b2(l)c/>d2 ' 

l 1 k 
bl(l) == k~O k! p a(k - 1) 

me 1 k 
b2(l) == ~ k' p (3(k - 1) 

k=l+1 • 

k 

(3(k) == II c/>j 
j=O 
j#l 

a(-1) = (3(-1) = 1. 

The derivative (43) is nonnegative if and only if 

bl(l)a2(l) - al(l)b2(l) ~ O. 

(43) 

(44) 

The expression (44) is a polynomial in p with powers ranging from l 
to me + l - 1. We will show that the coefficient of each power is 
nonnegative. Let me + l - 1 ~ s ~ l and define the sets 

QI == {(kl , k2) I ki + k2 = S, 0 ::::;; ki ::::;; l, l ::::;; k2 ::::;; me - 1} 

Q2 == {(k3, k4) I k3 + k4 = S, 0 ::::;; k3 ::::;; l - 1, l + 1 ::::;; k4 ::::;; me}. 

Now the coefficient of pS in (44) may be written as 

1 1 
~ kl!k2! a(ki - 1){3(k2) - ~ k3!k4! a(k3){3(k4 - 1). (45) 

Define the set 
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and note that (k3, k4) E ~h if and only if k3 = kl - 1, k4 = k2 + 1, where 
(k1 , k2 ) E n12 C n1 • This implies that (45) is equal to WI + W2, where 

1 
WI == ~ k 'k , a(kl - 1){3(k2) ~ 0 (46a) 

f/Cf/12 1· 2· 

W2 e :?;, [k'~k2! - (k, _ 1)~(k, + 1)!] a(k, - 1){j(k2). (46b) 

A term in the sum W2 is negative if and only if (k2 + 1)/k1 < 1. But 
this inequality and the definition of n12 imply that I + 1 ~ k2 + 1 < 
kI, which is impossible because kl ~ I for (k1 , k2) E n12 • Consequently, 
we have W2 ~ o. This WI ~ 0 implies that (44) and (45) are nonnegative; 
therefore, each partial derivative (43) is nonnegative. Q.E.D. 
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Many approximations for queueing characteristics such as the mean equi-
1ibrium queue length are based on two moments of the interarrival and service 
times. To evaluate these approximations, we suggest looking at the set of all 
possible values of the queueing characteristics given the specified moment 
parameters. This set-valued function is useful for evaluating the accuracy of 
approximations. For several models, such as the G I/M/1 queue, the set of 
possible values for the mean queue length given limited-moment information 
can be conveniently described by simple extremal distributions. Here we 
calculate the set of possible values for the mean queue length in a GI/M/1 
queue and show how it depends on the traffic intensity and the second moment. 
We also use extremal distributions to compare alternative parameters for 
approximations. The results provide useful insights about approximations for 
non-Markov networks of queues and other complex queueing systems. The 
general procedure is widely applicable to investigate the accuracy of approxi­
mations. 

I. INTRODUCTION AND SUMMARY 

Queueing models are important tools for studying the performance 
of complex systems, but despite the substantial queueing theory lit­
erature, it is often necessary to use approximations. The purpose of 
this series of papers is to help develop a theory for evaluating queueing 
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approximations. Devising appropriate queueing approximations no 
doubt will continue to be largely an art, but we believe that there is a 
need and a real possibility for more supporting theory. 

In this series of papers we examine the accuracy of queueing ap­
proximations that are based on a few parameters partially character­
izing the arrival process and the service-time distribution. We use an 
approach originally introduced by Holtzman! and Eckberg2 at Bell 
Laboratories and Rolski3

-
5 in Poland. Since the approximations apply 

to all arrival processes and all service-time distributions with the same 
parameters, we propose evaluating the approximations by examining 
the set of all possible values of the congestion measure consistent with 
the specified parameters. To be specific, consider the GI/G/l queue, 
which has a single server, unlimited waiting room, the first-come first­
served discipline, and a renewal arrival process independent of iid 
(independent and identically distributed) service times. Many approx­
imations for the equilibrium mean queue length in the GI/G/l queue 
are based on the first two moments of the interarrival-time and service­
time distributions; see Shanthikumar and Buzacott6 and Whitt.7 In 
this context we suggest considering the set-valued function that maps 
the four moment parameters into the set of possible values of the 
mean queue length. 

It should be clear that we are in an excellent position to develop 
and evaluate approximations if we can identify such set-valued func­
tions. We can see if a candidate approximation is an element of this 
set for all parameters of interest; then there always is a system for 
which the approximation is exact. We can also see if an approximation 
is in the middle of this set; then large errors are avoided and the 
approximation usually corresponds to a typical system value. 

There is also much to be learned without considering any specific 
approximation. The range of values indicates the possible accuracy of 
any approximation. We can investigate how this range depends on the 
parameters to determine how the possible accuracy depends on the 
parameters. We can see how the range is reduced by incorporating 
additional information, e.g., another moment. We can also compare 
different parameter specifications by comparing the different set­
valued functions. 

This approach has wide applicability in queueing and elsewhere, 
provided that we can indeed identify the desired set-valued functions. 
As one would expect, this task is usually difficult, but there is an 
emerging methodology for attacking this problem. It is sometimes 
possible to identify relatively simple extremal distributions that yield 
the maximum and minimum values of the congestion measure given 
the parameters. A major tool for this purpose is the theory of complete 
Tchebycheff systems in Karlin and Studden.8 The idea of applying 
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complete Tchebycheff systems and extremal distributions to conges­
tion models is due to Holtzmanl and Rolski.3 Eckberg2 first used this 
approach to compare alternate parameter specifications, primarily the 
peakedness versus the variance as a second parameter in addition to 
the mean in GI/M/s loss systems. Other relevant references are 
Bergmann et al.,9 Daley and Rolski,lO Karr,ll Stoyan/2 and Whitt.13,14 

The principal focus in the papers here is the G IjM/1 queue, which 
has an exponential service-time distribution. (We also have results for 
more general GI/G/1 queues; see Section V of this paper and Sections 
VI and VII of Part III, a subsequent paper in this issue of the Journal.) 
In Part I, we describe the set of all possible values of the mean queue 
length in the GI/M/1 model given the service rate and various param­
eters partially characterizing the interarrival-time distribution, espe­
cially the first two moments. We obtain useful descriptions of the way 
this set depends on the parameters (see Section II). For example, the 
maximum relative error [defined in (4)] in the mean queue length 
given the first two moments of the interarrival time turns out to be 
precisely the squared coefficient of variation (variance divided by the 
square of the mean) of the interarrival time; see Corollary 1. We also 
evaluate alternate parameter specifications (see Sections III and IV). 

We must emphasize that we are not actually interested in the 
G IjM/1 model itself. Given a G I/M/1 model, it is obviously not 
difficult to calculate the mean queue length exactly. We are actually 
interested in more general models in which exact solutions are not 
possible. Where G I/M/1 models arise, they arise as approximations, 
e.g., the arrival process is approximated by a renewal process partially 
characterized by the first two moments of the renewal interval. l5

-
I8 

Then there is no corresponding renewal-interval distribution for exact 
analysis. 

We became motivated to conduct this study while developing the 
software package QNA (Queueing Network Analyzer),17,18 which cal­
culates approximate congestion measures for non-Markovian net­
works of queues, i.e., with non-Poisson arrival processes and nonex­
ponential service-time distributions. The procedure in QNA is, first, 
to approximate each arrival process by a renewal process partially 
characterized by the first two moments of the renewal interval and, 
second, for each node to apply approximation formulas for the conges­
tion measures in a GI/G/m queue partially characterized by the first 
two moments of the interarrival-time and service-time distributions. 
It is natural to study these two steps separately. The first step is 
studied in White5 and Albin.16 The second step is studied here. 

For the network of queues and other applications, we would actually 
like to treat the more general GI/G/m model, but we are not yet able 
to do this. Nevertheless, we believe that the GI/M/1 results here are 
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important. They indicate what happens more generally. While the 
exponential distribution is exceptional in its analytic simplicity, it is 
rather typical in its degree of variability (in between deterministic and 
highly variable). Moreover, the sharp analytic results available for the 
GI/M/1 model will be useful theoretical reference points for other 
cases that require relatively complicated numerical methods or simu­
lation. Even if an extremal distribution is identified for other 
GI/G/m queues, it may be a nontrivial task to calculate the mean 
queue length. 

We emphasize that the relevance of the extremal distributions for 
the G I/M/1 model was established before.1

-
5 Here we apply this theory 

to examine in detail the implications for queueing approximations. 
We determine which parameters are best, how the quality of approx­
imations depends on the parameters, and how much additional infor­
mation helps. 

As an important part of our results, we display the extremal distri­
butions yielding the extreme values of the mean queue length. These 
extremal distributions are of interest beyond the G I/M/1 queue con­
sidered here because they are also extremal in many other settings. 
(This will be evident from Sections II and V.) Moreover, in settings 
such as the GI/G/m queue in which the actual extremal distributions 
are still unknown, the GI/M/1 extremal distributions can be used in 
numerical methods and simulations to get an approximate range of 
possible congestion values. 

To describe the situation for the GI/M/1 queue, let u be an inter­
arrival time, u a service time, p the traffic intensity (p = EuIEu), c2 

the squared coefficient of variation of an interarrival time, and L the 
expected equilibrium queue length (number in system) at an arbitrary 
time. For the G IlMl1 queue,19 

L = p/(l - 0"), (1) 

where 0" is the unique root in the open interval (0, 1) of the equation 

(2) 

with J.l = liEu and ¢(s) the Laplace-Stieltjes transform of the inter­
arrival-time cdf, say F, 

(3) 

The root 0" in (2) is also of interest itself because it is the probability 
that a customer will have to wait before beginning service. It is clear 
from (1) and (2) that 0" and L depend on the entire cdf F, not just its 
first two moments. 

So, what about the range of possible values for 0" and L in the 
GI/M/1 queue? Unfortunately, the range can be very wide. For ex-
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ample, let Eu = 2, Eu 2 = 12 (so that Var(u) = 8 and c2 = 2), and Ev 
= 4/3 (so that p = 2/3). The possible values of (J range from 0.417 to 
0.806 and the possible values of L range from 1.14 to 3.44, giving a 
maximum relative error of 200 percent (Table IV). 

This wide range naturally causes us to question the value of the 
various two-moment approximations. However, the particular distri­
butions yielding the extreme values of L suggest an explanation. These 
extremal distributions are two-point distributions, so they are ob­
viously very unusual. We would hope that for typical (nice) distribu­
tions (J and L would not vary much among interarrival-time distribu­
tions with the same moments. In Parts II and 111,20,21 we investigate 
how much the range is reduced by imposing various shape constraints 
on the interarrival-time distribution. Part II by Klincewicz and WhiteD 
presents a new approach. Since the theory of complete Tchebycheff 
systems no longer applies with shape constraints, Part II uses nonlin­
ear programming to identify the extreme values of L and the associated 
extremal interarrival-time distributions given various shape con­
straints. We believe that Part II is the first investigation of extremal 
distributions in the presence of shape constraints. 

The numerical results in Part II are strikingly similar to the theo­
retical results in Part I, suggesting that a theory corresponding to Part 
I can be developed for many kinds of shape constraints. Part III shows 
how this can be done in one important special case. Part III shows 
that the theory of complete Tchebycheff systems can be applied again 
for one important kind of shape constraint: assuming that the distri­
bution is a mixture of exponential distributions. 

Overall, this study indicates that two-moment approximations can 
perform poorly, but if the distribution is not too irregular then they 
should perform reasonably well. At any rate, numbers are provided so 
that we can reach our own conclusions, which may depend on the 
circumstances. 

Here is how the rest of this paper is organized. In Section II we 
study the extremal distributions with the first two moments fixed. In 
Section III we do a similar analysis with the mean and the peakedness 
(the transform evaluated at the service rate) fixed. In Section IV we 
investigate other parameter specifications, including the first three 
moments. Finally, in Section V we briefly discuss extremal distribu­
tions in other models such as the GI/G/1 queue and the GI/M/110ss 
system. It is significant that the theory of extremal distributions is 
not limited to the G I/M/1 model. 

II. EXTREMAL DISTRIBUTIONS GIVEN THE FIRST TWO MOMENTS 

Consider the set of all probability distributions on the interval [0, 
bml], b ~ 00, having first two moments ml and m2 (and no mass at 
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infinity). This is a convex set depending on the three parameters b, 
ml and c2, where c2 is the squared coefficient of variation: c2 = (m2 -
mD/mi. The set is nonempty provided that b ~ 1 + c2

• Two distribu­
tions in this set are of particular interest; we call them the upper and 
lower bounds because they yield the maximum and minimum mean 
queue lengths, respectively, among interarrival-time distribution in 
this set. The upper bound is the two-point distribution with mass 
c2/(1 + c2) on ° and mass 1/(1 + c2) on ml(l + c2), having cdf denote 
by Ftb , and the lower bound is the two-point distribution with mass 
C2/[C 2 + (b - 1)2] on bml and mass (b - 1)2/[c2 + (b - 1)2] on ml[l -
c2/(b - 1)], having cdf denoted by F,!'. As b ~ 00, the lower bound 
approaches (converges in law) to the limiting lower bound, which is 
the one-point distribution with mass 1 on mb having cdf denoted by 
Ft!. 

Note that the limiting lower bound is not actually in the reference 
set because it has zero variance. These distributions are especially 
useful because they are minimal and maximal elements for a partial 
ordering of the distributions based on the Laplace-Stieltjes transforms. 
Definition 1: FI ~L F2 for two cdf's on [0, 00) if ¢I(S) ~ ¢2(S) for all 
s ~ 0, where ¢i is the Laplace-Stieltjes transform of Fi defined in (3). 

Since the transform ¢(s) is the expectation of a decreasing function, 
the smaller cdf in the ordering ~L tends to have what we would 
normally think of as the stochastically larger distribution; in fact, in 
Section 1.8 of Stoyan/2 FI ~L F2 is said to hold if ¢I(S) ~ ¢2(S) for all 
s ~ 0. However, smaller interarrival times mean more arrivals and 
more congestion. We use this definition because the upper-(lower-) 
bound distribution yields the maximum (minimum) mean queue 
length. 

Let F == F(mb c2
, b) be the set of all cdf's with parameters mb c2

, 

and b. Let Ftb and Fc" be the cdf's in F associated with the special 
extremal distributions, and let F / be the associated limiting lower­
bound cdf. The following proposition is just a restatement of 2.1.1 of 
Eckberg,2 which in turn is an elementary consequence of the theory 
of complete Tchebycheff systems.8 

Proposition 1: For all F E F, F t! ~L Fc"~L F ~L Ftb . 
It is a simple matter to check the following property. 

Proposition 2: Fc" decreases in ~L as b increases and ¢c"(s) ~ ¢/(s) for 
all S as b ~ 00. 

As noted by Holtzman/ Rolski,3-5 and Eckberg,2 the ordering ~L 
and the extremal distributions have immediate application to queues. 
Consider the GI/M/1 queue with fixed service rate J.l and interarrival­
time distributions in F. Without loss of generality, assume ml = 1. 
Now it is natural to work with the three parameters p, c2

, and b. Let 
Land (J in (1) and (2) be indexed to indicate the extremal interarrival-
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time distributions. As an immediate consequence of Proposition 1 and 
(2), we have 

Proposition 3: For all FE F(p, c 2
, b), (J; ::::;; (J,f::::;; (J::::;; (Jib and L; ::::;; L,f 

::::;; L ~ Lib' 

Remark 1: More generally, if Fl ::::;;L F2 for two interarrival-time cdf's, 
then 0"1 ::::;; (J2 in the associated GI/M/1 queue with common service 
rate. This in turn implies not only that Ll ::::;; L2 but also that the 
associated steady-state queue-length distributions are stochastically 
ordered; see Theorem 5.2.3b of Stoyan.12 

For approximations, it is interesting to know about the maximum 
relative error (MRE) in L, defined by 

(4) 

From (1), we see that MRE = ((Jib - (J,f)/(1 - (JJ. 
Now we show how the extremal queue characteristics ((JC; LC; etc.) 

and MRE depend on the parameters p, c2
, and b. We first describe 

how 0"; depends on p, the only relevant parameter for the limiting 
lower bound. 
Theorem 1: For 0 < P < 1, (J,i < p and 

d(Ji p-2(1 - (Ji)e-(I-O"; )/p 

-= ( ')/ >0 dp 1 - p-1e- 1-0"!, p • 

Proof" Consider eq. (2) for F; . The function 

f(x) = x - e-(1-x)/p (5) 

is positive for 0 < x < (J; and negative for (J; < x < 1, so to show that 
(J,i < P it suffices to show that f(p) = p - e-(1-p)/p is negative for 0 < 
p < 1. Make the change of variables y = (1 - p)/ p to obtain f(y) = 
(1 + y)-1 - e-Y , which is clearly positive for all y > O. To verify the 
inequality for the derivative, differentiate f(x) in (5). Use (J; < p to 
show that the denominator is always positive: 

-1 -(1-0"; )/p ~ -1 -(I-p)/p < 1 p e ...... p e . 

We now show that all results for (J; immediately imply results 
for (Jib' 

Theorem 2: (Jib = 1 - (1 - 0"; )/(1 + c2). 

Proof: For the upper bound, eq. (2) is 

_c_
2 

_ + _1_ e -(1-0"1b)(1+c 2
)/p = (Jib' 

c2 + 1 c2 + 1 

Multiply both sides by c2 + 1, subtract c2 from both sides, and then 
make the change of variables 1 - (J,i = (1 - (J1b)(1 + c2) to obtain eq. 
(2) for the limiting lower bound. 

QUEUEING APPROXIMATION-I 121 



Corollary 1: Lu- = L/ (1 + c2
) and MRE(p, c2

, (0) = c2
• 

Remark: Theorems 1 and 2 together with (1) imply that (Ju- and Lu- are 
increasing in p. 

We now turn to the lower bound when there is a bound on the 
distribution (b < (0). Straightforward but tedious calculations (differ­
entiation) verify the expected monotonicity properties: 

Theorem 3: (a) The lower-bound characteristics (J/and L/are increas­
ing in p and c2 and decreasing in b. (b) MRE(p, c2

, b) is increasing in 
b. 

Combining Theorems 2 and 3b, we obtain 
Corollary 2: MRE(p, c2

, b) ::::;; c2
• 

Numerical evaluation of MRE(p, c2
, b) for 14 values of p, 4 values 

of c2
, and 5 values of b support the following conjecture. 

Conjecture 1: MRE( p, c2
, b) is decreasing in p. 

In Table I we display MRE(p, c2
, b) for three values of p, four values 

of c2
, and four values of b. These specific cases show that MRE(p, c2, 

b) is strongly affected by each of the parameters p, c2
, and b. The 

bound b can make a big difference, especially for larger p and c2
; see 

the case p = 0.9 and c2 = 4. These specific cases demonstrate that 
MRE(p, c2

, b) is not monotone in c2
• In fact, when c2 increases with b 

fixed, the lower-bound distribution F/eventually coincides with the 
upper-bound distribution Fu-, becoming the two-point distribution with 
mass b-1on b and mass 1 - b-1 on 0 (ml = 1). Of course, as c2 ~ 0, F/ 
and Fu- both approach F /, so that MRE(p, c2

, b) ~ 0 too as c2 ~ o. 
The numerical results also support the following conjecture: 
Conjecture 2: MRE(p, c2

, b) is unimodal in c2
• 

We now investigate how the extremal queue characteristics and 

Table I-Values of MRE(p, e 2
, b) for the GI/M/1 queue* 

Squared Coef-
Bound on Interarrival-Time Distribution in 

Traffic Multiples of the Mean 
Intensity, ficient of Vari-

p ation, c2 b=5 b = 10 b = 20 b = 40 

0.5 0.5 0.373 0.442 0.472 0.487 
1.0 0.604 0.833 0.924 0.964 
2.0 0.527 1.40 1.75 1.89 
4.0 0.000 1.28 3.01 3.59 

0.7 0.5 0.231 0.350 0.424 0.462 
1.0 0.290 0.583 0.791 0.897 
2.0 0.185 0.699 1.33 1.68 
4.0 0.000 0.349 1.56 2.86 

0.9 0.5 0.070 0.143 0.248 0.353 
1.0 0.072 0.174 0.365 0.610 
2.0 0.043 0.143 0.374 0.858 
4.0 0.000 0.071 0.232 0.712 

* The maximum relative error in the steady-state mean queue length L given the traffic 
intensity p, the interarrival-time squared coefficient of variation c2

, and the bound on 
the interarrival-time distribution b (in multiples of the mean); see Section IV. 
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MRE(p, c2
, b) behave in light and heavy traffic, i.e., as p ~ 0 and p ~ 

1. As an easy consequence of (2), we obtain 
Theorem 4: As p ~ 0, 

au- ~ c2/(1 + c2
), 

We describe the behavior as p ~ 1 for b < 00 in more detail. The 
following result provides an interesting refinement to the classical 
heavy-traffic limit theorem,7 from which we can deduce that (1 -
p)L ~ (1 + c2)/2 as Jl approaches A from above for any fixed renewal 
arrival process. 
Theorem 5: For all b, 

1 _ = 2(1 - p) _ 4(1 - p)2 + 0(1 _ )3 (6) 
au- 1 + c 2 3(1 + c2 ) p 

and, for b < 00, 

where 

c2b3 (b - 1 - C
2

)3 

m3 = c 2 + (b _ 1) 2 + (b - 1)( c 2 + (b _ 1) 2) , (8) 

so that, for b < 00, 

r MRE(p, c
2

, b) = i ( m3 _ 1) (9) 
p~ 1 - p 3 (1 + C2)2 . 

Proof: Let x = (1 - a i) / p. To find the derivative of x with respect to 
p, differentiate with respect to p in eq. (2), i.e., 

or 

x2 x3 

1 - px = e-x = 1 - x + - - - + 0(X4) 
2 6 

After successive differentiation with L'Hospital's rule, this yields 
x'(l) = -2 and xl/(l) = - 8/3. From Taylor's theorem and Theorem 
1, we obtain (6). The calculation for the lower bound in (7) is similar. 
Remarks: It is possible to check the consistency of (6) and (7) because 
they must agree as b ~ 1 + c2

• It is not possible to do a consistency 
check as b ~ 00 because the two iterated limits involving b ~ 00 and 
p ~ 1 are not equal. 

We conclude this section by displaying in Table II the extremal 
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Table II-The extremal GI/M/l characteristics for fixed traffic 
intensity, p, squared coefficient of variation, e2

, and bound on the 
distribution b: Case of e2 = 2.0 

Traffic Upper-Bound 
Bound on Interarrival-Time Distribution in Multiples of 

the Mean 
Intensity, Characteris-

p tics b=5 b = 10 b = 20 b = 40 

0.2 (1/k = 0.669 (11'= 0.092 (11'= 0.022 (11'= 0.012 (11'= 0.009 
L/k= 0.604 LI'= 0.220 LI'= 0.204 LI'= 0.202 LI'= 0.202 

0.5 (1tu = 0.734 (11'= 0.594 (11'= 0.361 (11'= 0.269 (11'= 0.233 
L/k = 1.88 LI'= 1.23 LI'= 0.783 LI'= 0.684 LI'= 0.652 

0.7 (1tu = 0.822 (11'= 0.790 (11'= 0.698 (11'= 0.585 (11'= 0.524 
L/k= 3.94 LI'= 3.32 LI'= 2.32 LI'= 1.69 LI'= 1.47 

0.9 (1/k = 0.936 (11'= 0.933 (11'= 0.926 (11'= 0.912 (11'= 0.880 
L/k= 13.98 LI'= 13.41 LI'= 12.23 LI'= 10.17 LI'= 7.52 

characteristics (J?; L?; and (Jtv' and Ltv for the cases in Table I with c2 = 
2. The associated maximum relative errors for p = 0.5, 0.7, and 0.9 are 
given in Table I. These will be compared with other parameter speci­
fications in the following sections. 

III. THE SECOND PARAMETER: VARIANCE VERSUS PEAKEDNESS 

The first two moments are natural parameters if two parameters 
are to be used to partially characterize an interarrival-time or a service­
time distribution, but it is not clear that these are the best two 
parameters. Of course, the chosen parameters should be easy to 
estimate and easy to use in approximations for queues. Also, the 
parameters should have power determining descriptive queue charac­
teristics; i.e., there should be a small MRE or a small range of possible 
values of L. In this regard, Eckberg2 has shown that the peakedness 
of a renewal arrival process is a much better second parameter in 
addition to the mean than the variance for GI/M/k loss systems and 
also, to some extent, for G I/M/k delay systems. The peakedness is the 
ratio of the variance to the mean of the steady-state number of busy 
servers in an associated GI/M/oo system; see Holtzman,l Eckberg,22 
and references there. Knowing the peakedness of a renewal process, 
say z, is equivalent to knowing ¢(p,), the transform evaluated at the 
service rate p,: 

(10) 

The peakedness is an important parameter to consider because it is 
often available as an approximate characterization of overflow proc­
esses via the equivalent random method. l,22 Since Eckberg's results2 

suggest that the mean and the parameter ¢(J.L) might be much better 
than the mean and variance, we investigate this new parameter pair 
here. 
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However, before examining this new.parameter pair, we explain why 
the variance might be a better second parameter for single-server delay 
systems. Knowing the mean and variance (i.e., c2

) is equivalent to 
knowing the first two derivatives of the transform ¢(s) at O. It is 
intuitively reasonable that we might pin down the transform ¢(s) 
better by fixing the value at Jl, ¢(Jl) than by fixing the second derivative 
at 0, ¢"(O). However, this depends on the way the queue characteristics 
depend on the transform. For the GI/M/k loss system, the relevant 
parameters are ¢(jJl) for j = 1, 2, ... , k, with the parameters tending 
to be of less importance as j increases. These parameters are values of 
the transform ¢(s) evaluated at points s such that s ;::: Jl. For approxi­
mations, it is clearly better to specify ¢(Jl) and ¢' (0) than ¢"(O) and 
¢'(O). 

For the GI/M/1 delay system the key parameter in (2) is the 
transform value ¢[Jl(1 - 0")]. Of course, we do not know 0" in advance, 
but the argument is always less than Jl. Since 0" tends to be near p, the 
argument tends to be near Jl(1 - p). Clearly, for large p, knowing ¢"(O) 
should be better than knowing ¢(Jl). On the other hand, for small p, 

knowing ¢(Jl) should be better than knowing ¢"(O). 
Our results substantiate this intuitive reasoning. In marked contrast 

to GI/M/k loss systems, for GI/M/1 delay systems the parameter ¢(Jl) 
is not uniformly better than the variance as a second parameter. 
Which second parameter is better depends on the traffic intensity, 
with the variance improving as p increases. Consistent with the 
intuitive discussion above, we shall show that asymptotic behavior of 
the maximum relative error as p approaches 0 and 1 is strikingly 
different given ¢(Jl) instead of c2

• Moreover, the variance does better 
for the upper bound, whereas ¢(Jl) does better for the lower bound. 

It is also appropriate to mention that we are considering the peaked­
ness of the renewal arrival process as a single parameter, which by 
(10) can be represented as the transform ¢ evaluated at the service 
rate Jl. If, instead, we knew the peakedness as a function of the service 
rate as in Eckberg,22 then we would know the entire transform, which 
is equivalent to knowing the entire interarrival-time distribution. 
Moreover, if we could choose one argument of the transform, then we 
obviously could do better by picking a value less than Jl. For example, 
there would be no error for the G IjM/1 queue if we could guess 0" and 
make the argument Jl(1 - 0"). If we could choose one argument given 
only the arrival rate and service rate, then a natural choice would be 
Jl(1 - p). (This parameter is considered here in Section IV.) In 
applications, however, we typically have no choice. Then the arrival 
process (which may not be renewal) may be partially characterized 
(by the equivalent random method and related techniques) by rate 
and peakedness. Moreover, the given peakedness might be with respect 
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to a different service rate (or even a different service-time distribu­
tion22). In the context of the GI/M/I queue, this peakedness parameter 
will lead to better approximations if the argument of the transform, 
after using (10), is close to ~(1 - u). The parameter ~(~) considered 
here should give some idea about what will happen in general. 

The new parameter pair involving ~(~) leads to new two-point 
extremal distributions and a new partial ordering of the distributions. 
Now consider the set of all probability distributions on the interval 
[0, bml], b ::::;; 00, having first moment ml and transform ~(~) at s = ~ 
(and no mass at infinity). This is a convex set depending on the 
parameters b, ml, and ~(~). The extremal distributions here are the 
upper bound, which is the two-point distribution with mass p = (b -
1)/(b - x) on xml and mass 1 - P on bml, where x satisfies 

pe-X
/

p + (1 - p)e-b
/ p = ~(~); (11) 

and lower bound, which is the two-point distribution with mass 1 -
x-Ion ° and mass x-Ion xml, where 

x = (1 - p-x/P)/(1 - ~(l/p)). (12) 

Unlike Section II, the upper bound here depends on b while the 
lower bound does not. As b ~ 00, the upper bound converges in law to 
a limiting upper bound, which is the one-point distribution with mass 
Ion -(log ~(~))/~. Note that the limiting upper bound is not actually 
in the reference set because the mean is not mI. These distributions 
are minimal and maximal elements for another partial ordering of the 
distributions based on the transform. 
Definition 2: FI ::::;;1' F2 for two edt's on [0, 00) if 

s ~~. 

Let G = G(ml, ~, ~(~), b) be the set of all cdf's with parameters ml, 
~, ~(~), and b. Without loss of generality, let ml = 1. Let Gu-, Gtf, and 
G; be the cdf's associated with the special extremal distributions. From 
Section 2.2.3 and (5) of Eckberg,2 we obtain 

Proposition 4: For all G E G, G,f'::::;;1' G ::::;;1' Gu-::::;;I' G~. 
It is easy to see the effect of changing b: 

Proposition 5: Gu- increases in ::::;;1' as b increases and ~u-(s) ~ ~;(s) for 
each s as b ~ 00. 

Here are the implications for the G I/M/I queue. A tilde is used to 
indicate that the extremal distributions are from this section (because 
we want to relate them to those in Section II). 
Proposition 6: For all G E G, 
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Using the same change of variables argument as in Theorem 2, we 
can express O-,! in terms of (J i . 
Theorem 6: a,! = 1 - (1 - (Ji )/x for x in (12). 
Remarks: As a consequence of Theorem 6, L,! = xL,! for x in (12). 
Since X-I is a probability, (J; ~ 0- and Li ~ L,!. Moreover, O-,! and L,! 
are decreasing in ¢(p,) for fixed p, and p. Finally, we can combine 
Theorems 2 and 6 to obtain O-,! ~ (Jtb and L,! ~ Ltb ; use the fact that X-I 
~ 1 ~ 1 + c2

• 

We now consider the upper-bound characteristic o-ib' Let (J/(p) be 
the limiting lower bound in Section II as a function of p. 

Theorem 7: If ¢(p,) ~ e-l, then the GI/M/l queue based on Gp. is 
unstable and ap' = 1 is the only root. If.¢(p,) < e-l, then 

ap' = (J; (-I/log ¢(p,)). (13) 

Remarks: As a consequence of Theorems 1 and 7, if ¢(p,) < e-l, then 
o-p. < - log ¢(p,) and o-p. is increasing in ¢(p,). 

Paralleling Theorem 7, we have (omitting the proof) 
Theorem 8: (a) The characteristics o-tb and Ltb are decreasing in ¢(p,) 
and increasing in b. (b) MRE(p, p" ¢(p,), b) is increasing in b. 

We now consider limits as the traffic intensity p approaches 0 and 
1. Here we assume the transform is based on a fixed interarrival-time 
cdf and that p changes by changing p,. 

Theorem 9: As p -') 1 (p, -') 1), o-~ -') 1 and O-,! -') (J,!(I) < 1, where 
O-,! (1) is the root (J in (0, 1) of 

1 - l/x + (l/x)e-(1-u)x = (J (14) 

and 

x = (1 - e-X )/(1 - ¢(1)). (15) 

Proof: For o-tb' use Theorem 5 and the fact that (J,! ~ o-tb' For the lower 
bound, note that p, -') 1 and ¢(p,) -') ¢(1) as p -') 1, so that x in (12) 
approaches (15) and eq. (2) approaches (14). 
Corollary 3: As p -') 1, MRE(p, p" ¢(p,), b) -') 00. 

We have not yet been able to treat all cases when p -') O. Several 
possibilities are covered by the next theorem. 
Theorem 10: If p -') 0 (p, -') 00), then (a) a,!-') 0; (b) (jib -') 0 when 
F(t:} = 0 for some E > 0; (c) (jib -') o-tb(O) when F(O) > 0, where (Jtb(O) is 
the root (J in (0, 1) of 

((b - 1)/b)<rF(O)I-u = (J. (16) 

Proof: (a) Use Theorems 6 and 4. Note that x -') 1 as p,-') 00 for x in 
(14). (b) Note that ¢(p,) ~ e-~f so x ~ E/A for sufficiently large p,. Hence, 
from (2), o-Ib -') O. (c) Note that ¢(p,) -') F(O) and e-~b -') 0 as p,-') 00, so 
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that x ~ 0 for x satisfying (11), xl p ~ -log[bF(O)/(b - 1)] and alb ~ 
CTlb(O) as claimed. 
Corollary 4: If p ~ 0, then MRE(p, ,.", 4>(,.,,), b) ~ 0, when F(E) = 0 for 
some E > 0 and MRE(p,,.,,, 4>(,.,,), b) ~ a for some constant a > 0 when 
F(O) > O. 

In Table III we display the extremal characteristics CT/ and CTIb and 
MRE(p, ,.", 4>(,.,,), b) for four values of p and four values of b. In each 
case, the given transform values 4>(,.,,), which are also displayed in 
Table III, are calculated for the prototype distribution used in Part II 
with ml = 2 and c2 = 2. Since the mean interarrival time is 2, ,." = 
1/2p. 

It is interesting to compare Table III with Table II and the c2 = 2 
case of Table I. The main conc"Iusion from Tables I and III is that the 
MRE is always smaller with c2 than with 4>(,.,,). For p = 0.9 it is smaller 
by a factor of ten. 

From Tables II and III, we see that alb ~ CTlb in all cases except p = 
0.2 and b = 5. Also a/ tends to be better (bigger) than a/ as P increases 
and b decreases, but neither characteristic is uniformly better. 

From Table III and additional cases, it is apparent that the MRE is 
quite insensitive to changes in p, varying very little from p = 0.2 to 
p = 0.9. Table III also shows that MRE(p, ,.", 4>(,.,,), b) is not monotone 
in p. The data suggest the following conjecture. 
Conjecture 3: MRE(p,,.,,, 4>(,.,,), b) is unimodal as a function of p with a 
maximum that increases with b (assuming ¢(,.,,) is calculated for a 
fixed interarrival-time distribution). 

Finally, note that 4>(,.,,) > e-1 = 0.3678 for each p in Table III, so the 
queue based on G~is unstable, CTlb~ 1, andMRE(p,,.,,, 4>(,.,,), b) ~ 00 as 
b~oo. 

Table III-The extremal GI/M/l characteristics and maximum 
relative error MRE(p, ,." 4>(,.,,), b) for fixed mean and transform value 

4>(J.L) based on the prototype distribution in Part II having mean 2 and 
c2 = 2 (so that,." = 1 /2p) 

Traffic Transform 
Bound on Interarrival-Time Distribution in Multiples of the 

Mean 
Inten- Value and 
sity, p Lower Bound b=5 b = 10 b = 20 b = 40 

0.2 ¢(f.L) = 0.377 o-lb = 0.607 o-lb = 0.705 o-u = 0.783 o-u = 0.844 
o-/'= 0.381 MRE = 0.573 MRE = 1.10 MRE = 1.85 MRE= 6.81 

0.5 ¢(f.L) = 0.466 o-lb = 0.737 o-u = 0.832 o-u = 0.900 o-u = 0.944 
O-/'= 0.563 MRE=0.664 MRE = 1.61 MRE = 3.38 MRE= 6.81 

0.7 ¢(f.L) = 0.518 o-lb = 0.834 o-u = 0.898 o-u = 0.942 o-u = 0.969 
o-/'= 0.648 MRE = 0.648 MRE = 1.68 MRE = 3.74 MRE= 7.72 

0.9 ¢(f.L) = 0.562 o-lb = 0.942 o-u = 0.965 o-u = 0.981 o-u = 0.990 
o-/'= 0.905 MRE = 0.625 MRE = 1.69 MRE = 3.84 MRE=8.15 
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IV. ADDITIONAL PARAMETER SPECIFICATIONS 

We now consider several other parameters in addition to the first 
two moments [mb m2] and the mean and the transform value [mb 
¢(JL)]. We consider two different three-parameter specifications: the 
first three moments [mb m2, m3], and the first two moments and the 
transform value [mb m2, ¢(JL)]. We also consider two-parameter spec­
ifications involving the transform value ¢(JL(1 - p)), combining it with 
the mean and ¢(JL). Each parameter specification is considered with 
and without an upper bound on the distribution. 

In each case the extremal distributions can be obtained from the 
theory of complete Tchebycheff systems by solving systems of equa­
tions. The general formulas for the extremal distributions are either 
displayed explicitly in Eckberg2 or can easily be obtained from the 
theory there. 

To obtain the parameter values themselves, we use the two prototype 
distributions described in Section II of Part 11.20 Prototype I is more 
variable with c2 = 2.0 and Prototype II is less variable with c2 = 0.8. 
We also consider two values of the traffic intensity; p = 2/3 and p = 
9/10. Finally, we consider both an upper bound of 20 on the distribu­
tion and no upper bound. Since the means for Prototypes I and II are 
2.0 and 4.0, respectively, the upper bounds are b = 10 and b = 5 times 
the mean, respectively. The value 20 was chosen for the bound to be 
consistent with the prototype distributions. All the prototype param­
eter values are given in Tables IV and V. The extremal probability 
distributions themselves are displayed in Tables VI through IX. These 
are probability mass functions with all mass on one, two, or three 
points. The points are often the distribution boundary points 0 and 
20. In the case of two transform values {¢(JL), ¢[JL(1 - p)]} the 
distribution is defective (positive mass at infinity) in the lower bound 
for Prototype I and the upper bound for Prototype II. 

The following is a list of conclusions drawn from the numerical 
results in Tables IV through IX. These conclusions represent clear 
tendencies indicated by these (and other) data, but they are not 
theorems. For example, with respect to the results in Section II, the 
first conclusion is supported in part by Corollary 1, but is limited by 
the observation before Conjecture 2. 

1. For all parameter specifications, the MRE is much less with less 
variability; it is much less in Table V with c2 = 0.8 than in Table IV 
with c2 = 2.0. 

2. As noted in Section II, two moments and a bound on the distri­
bution are sufficient for approximations with high traffic intensities 
(here MRE ~ 8 percent for p = 0.9), but not for all traffic intensities. 

3. An extra moment helps significantly. Three moments and a 
bound are good enough for approximations in all cases (MRE ~ 10 
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Table IV-Extremal characteristics and maximum relative errors for the GljM/1 queue with various parameter 
specifications: Case of Prototype I (mean = 2, c 2 = 2) 

p = 0.667 p = 0.900 

b = 10 b = 10 

Given Parameter 
b = 00 (times the mean) b=oo (times the mean) 

Values (f,f' (flU MRE (f,f' (flU MRE (f,f' (flU MRE (f,f' (flU MRE 

mh ¢(JL) 0.698 1.000 00 0.698 0.887 1.67 0.900 1.000 00 0.900 0.965 1.86 
ml, ¢(JL(1 - p)} 0.754 1.000 00 0.754 0.802 0.242 0.931 1.000 00 0.931 0.935 0.062 

¢(JL)' ¢(JL(l - p)} 0.730 0.793 0.304 0.747 0.793 0.222 0.908 0.945 0.673 0.918 0.945 0.491 
ml, m2 0.417 0.806 2.00 0.645 0.806 0.830 0.807 0.936 2.00 0.926 0.936 0.063 

ml, m2, m3 0.754 0.806 0.268 0.754 0.776 0.098 0.932 0.936 0.063 0.932 0.933 0.015 
mh m2, ¢(JL) 0.698 0.787 0.418 0.747 0.787 0.187 0.900 0.934 0.515 0.931 0.934 0.046 

Characteristics of Prototype I: ml = 2.00, m2 = 12.00, c2 = 2.00, m3 = 119.01; the upper bound on the distribution b is in multiples of the mean. 
p = 0.667: JL = 0.750, ¢(JL) = 0.5098, ¢(JL(l - p)} = 0.7073, (f = 0.7676; p = 0.900: JL = 0.555, ¢(JL) = 0.5615, ¢(JL(1- p)} = 0.9046, (f = 0.9324. 
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Table V-Extremal characteristics and maximum relative errors for the GI/M/l queue with various parameter 
specifications: Case of Prototype II (mean = 4, c2 = 0.8) 

p = 0.667 p = 0.900 

b=5 b=5 

Given Parameter 
b = 00 (times the mean) b = 00 (times the mean) 

Values (11' (1u- MRE (11' (1u- MRE (11' (1", MRE (11' (1u- MRE 

mh ¢(J.L) 0.602 1.000 00 0.602 0.733 0.491 0.868 1.000 00 0.868 0.920 0.650 
mh ¢(J.L(1 - p)) 0.638 1.000 00 0.638 0.645 0.020 0.889 1.000 00 0.889 0.890 0.009 

¢(J.L), ¢(J.L(1 - p)) 0.640 0.650 0.031 0.640 0.648 0.023 0.888 0.898 0.098 0.888 0.893 0.047 
mh m2 0.417 0.676 0.799 0.571 0.676 0.324 0.807 0.893 0.804 0.885 0.893 0.075 

mh m2, m3 0.637 0.676 0.120 0.637 0.650 0.037 0.890 0.893 0.028 0.890 0.890 ~O 

mh m2, ¢(J.L) 0.602 0.651 0.140 0.631 0.651 0.057 0.868 0.891 0.211 0.888 0.891 0.019 » 
"'0 
"'0 
AJ Characteristics of Prototype II: ml = 4.00, m2 = 28.80, c2 = 0.80, m3 = 279.83; p = 0.667; J.L = 0.375, ¢(J.L) = 0.3881, ¢(J.L(1 - p)) = 0.6589, (1 = 0.6429; 
~ p = 0.900: J.L = 0.278, ¢(J.L) = 0.4613, ¢(J.L(1 - p)) = 0.8991, (1 = 0.8901. 
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Table VI-Extremal interarrival-time distributions for the GI/M/l 
queue with various parameter specifications: Case of Prototype I 

(m, = 2, c 2 = 2) with p = 2/3 

Extremal 
Given Parameter Character-

Values istics Extremal Probability Mass Function, Mass Pk on Xk 

Upper Bounds (f", Pl Xl P2 X2 P3 X3 

[mh ¢(~)] 1.000 1.000 0.90 
[mh ¢(~), b] 0.887 0.9381 0.81 0.0619 20.00 
[mh m2], [mh m2, 0.806 0.6667 0.00 0.3333 6.00 

m3], and [mh m2, 
b] 

[mh ¢(~(1 - p», b] 0.802 0.9583 1.22 0.0417 20.00 
[¢(~), ¢(~(1 - p»] 0.793 0.4565 0.00 0.5435 3.09 

and [¢(~), ¢(~(1 
- p», b] 

[mh m2, ¢(~)] and 0.787 0.8060 0.61 0.1940 7.77 
[mh m2, ¢(~), b] 

[mh m2, m3, b] 0.776 0.5760 0.00 0.4132 4.32 0.0107 20.00 

Lower Bounds (fl' Pl Xl P2 X2 P3 X3 

[mb m2, m3] and 0.754 0.906 1.09 0.094 10.79 
[mh m2, m3, b] 

[mh ¢(~(1 - p»] 0.754 0.5787 0.00 0.4213 4.75 
and [ml, ¢(1-I(1 -
p», b] 

[¢(~), ¢(~(1 - p», 0.747 0.8311 0.59 0.1689 20.00 
b] 

[mh m2, ¢(~), b] 0.747 0.4628 0.00 0.5208 3.20 0.0167 20.00 
[¢(~), ¢(~(1 - p»] 0.730 0.8330 0.65 
[mh ¢(~)], [ml, 0.698 0.4810 0.00 0.5190 3.85 

¢(~), b] and [ml, 
m2, ¢(~)] 

[mh m2, b] 0.645 0.9759 1.56 0.0241 20.00 
[ml, m2] 0.417 1.000 2.00 

percent). The third moment reduces the MRE by approximately a 
factor of 10. 

4. The upper bound on the distribution can make a big difference. 
It matters when the extremal distribution has mass on the upper 
bound, which occurs for either the upper or lower extremal distribution 
but not for both. 

5. As noted in Section III, overall the second moment is better than 
the transform value ¢(J.l) as a second parameter in addition to the 
mean. However, for lower traffic intensities and no bound on the 
distribution, ¢(J.l) is better for the lower bound. The second moment 
is always better for the upper bound. Similarly, the third moment is 
always better than the transform value ¢(J.l) as a third parameter in 
addition to the first two moments. However, for lower traffic intensi­
ties and no bound on the distribution, ¢(J.l) is better for the upper 
bound. 

6. The transform value ¢(J.l(l - p)) is always better than the 
transform value ¢(J.l) since ¢(J.l(l - p)) is closer to J.l(1 - (T). Even 
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Table VII-Extremal interarrival-time distributions for the GI/M/l 
queue with various parameter specifications: Case of Prototype I 

(ml = 2, c2 = 2) with p = 0.9 

Extremal 
Given Parameter Character-

Values istics Extremal Probability Mass Function, Mass Ph on Xh 

Upper Bounds u", PI Xl P2 X2 P3 X3 

[mI, ¢(Jl)] 1.000 1.000 1.04 
[mI, ¢(Jl), b] 0.965 0.9442 0.94 0.0558 20.00 
[¢(Jl), ¢(Jl(1 - p»] 0.945 0.5024 0.00 0.4976 3.83 

and [¢(Jl), ¢(Jl(1 
- p», b] 

[mI, m2], [mI, m2, 0.936 0.6667 0.00 0.3333 6.00 
m3] and [mI, m2, 
b] 

[mI, ¢(Jl(1 - p», b] 0.935 0.9716 1.47 0.0284 20.00 
[mI, m2, ¢(Jl)] and 0.934 0.8060 0.61 0.1940 7.76 

[mlo m2, ¢(Jl)' b] 
[mI, m2, m3, b] 0.933 0.5760 0.00 0.4132 4.32 0.0107 20.00 

Lower Bounds ut' PI Xl P2 X2 P3 X3 

[mI, m2, m3] and 0.932 0.906 1.09 0.094 10.79 
[mI, m2, m3, b] 

[mlo ¢(JI(l - p»] 0.931 0.6438 0.00 0.3562 5.62 
and [mI, ¢(Jl(l -
p», b] 

[mI, m2, ¢(Jl), b] 0.931 0.484 0.00 0.500 3.37 0.016 20.00 
[mI, m2, b] 0.926 0.9759 1.56 0.0241 20.00 
[¢(JI), ¢(Jl(l - p», 0.918 0.9248 0.90 0.0752 20.00 

b] 
[¢(Jl), ¢(JI(1 - p»] 0.908 0.9538 0.95 
[ml' ¢(Jl)]' [mI, 0.900 0.4812 0.00 0.5188 3.855 

¢(Jl), b] and [mI, 
m2, ¢(Jl)] 

[mI, m2] 0.807 1.000 2.00 

better is ¢(JL(1 - 0-), where 0- is the Kraemer and Langenbach-Belz23 

approximation for the root (J. The parameters ¢(JL(1 - p) and ¢(JL(1 -
0-)) do not appear very useful, however, because if it is possible to 
calculate them, it should also be easy to calculate the root (J itself. On 
the other hand, an approximation for ¢(JL) might be available from 
the peakedness without knowing the distribution or even without 
actually having a renewal process. Given the peakedness z, we obtain 
¢(JL) for a renewal process from (10). 

7. For each parameter specification, one bound (either the upper or 
the lower) is "soft" and the other is "hard"; the soft bound can be 
greatly improved by adding an additional parameter, while the hard 
bound cannot. The hard bound also tends to be much better than the 
soft bound. For example, consider the parameter pair [mb m2]. The 
lower bound is soft because it can be improved substantially by 
specifying b or m3. On the other hand, the upper bound is hard because 
no improvement is obtained by specifying b or m3. Moreover, the hard 
upper bound is clearly much better than the soft lower bound (as 
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Table VIII-Extremal interarrival-time distributions for the GI/M/1 
queue with various parameter specifications: Case of Prototype II 

(ml = 4, c2 = 0.8) with p = 2/3 

Extremal 
Given Parameter Character-

Values istics Extremal Probability Mass Functions, Mass Pk and Xk 

Upper Bounds (1u PI Xl P2 X2 P3 X3 

[mh ¢(JL)] 1.000 1.000 2.52 
[mh ¢(JL), b] 0.733 0.9012 2.25 0.988 20.00 
[ml' m2], [ml, m2, 0.676 0.444 0.00 0.556 7.20 

m3], and [mh m2, 
b] 

[ml, m2, ¢(JL)] and 0.651 0.6886 1.60 0.3114 9.32 
[mh m2, ¢(JL)' b] 

[mh m2, m3, b] 0.650 0.3571 0.00 0.6229 5.78 0.0199 20.00 
[¢(JL), ¢(JL(1 - p»] 0.650 0.8585 2.12 
[¢(JL)' ¢(JL(1 - p», 0.648 0.8317 2.03 0.1683 20.00 

b] 
[mh ¢(JL(1 - p»] 0.645 0.3908 0.00 0.6092 6.57 

and [mh ¢(JL(1 -
p», b] 

Lower Bounds (11' PI Xl P2 X2 P3 X3 

[¢(JL), ¢(JL(1 - p»] 0.640 0.2869 0.00 0.7131 5.21 
and [¢(JL), ¢(JL(1 
- p», b] 

[mh ¢(JL(l - p», b] 0.638 0.9329 2.85 0.0671 20.00 
[mh m2, m3] and 0.637 0.7811 2.11 0;2189 10.75 

[mh m2, m3, b] 
[mh m2, ¢(JL)' b] 0.631 0.2783 0.00 0.6913 4.91 0.0304 20.00 
[mh ¢(JL)], [ml, 0.602 0.3094 0.00 0.6906 5.79 

¢(JL), b], and 
[mh m2, ¢(JL)] 

[mh m2, b] 0.571 0.9524 3.20 0.0476 20.00 
[mh m2] 0.417 1.000 4.00 

measured by the distance from the actual value of the prototype 
distribution). Similarly, for the pair [mh ¢(~)], the upper bound is soft 
and the lower bound is hard. Of course, all these bounds are tight: 
they can either be attained for a given distribution or, for any € > 0, 
the bound can be attained within € by a given distribution. This notion 
of limiting tightness is needed, for example, for the lower bound when 
specifying [mh m2]. 

v. OTHER MODELS 

We have used the GIIMII model to study extremal distributions 
because the model is analytically tractable and because we believe that 
similar results will hold for more complicated systems. For example, 
Bergmann et a1.9 have shown that the variance and higher cumulants 
of the equilibrium delay in a G JIG II system, given the first two 
moments of the interarrival time and service time, are maximized and 
minimized using the extremal distributions in Section II for the 

134 TECHNICAL JOURNAL, JANUARY 1984 



Table IX-Extremal interarrival-time distributions for the GIJMJl 
queue with various parameter specifications: Case of Prototype II 

(ml = 4, c 2 = 0.8) with p = 0.9 

Extremal 
Given Parameter Character-

Values istics Extremal Probability Mass Function, Mass Pk and Xk 

Upper Bounds (1", Pl Xl P2 X2 P3 X3 

[mb ¢(~)] 1.000 1.000 2.78 
[mb ¢(~), b] 0.920 0.9120 2.45 0.0880 20.00 
[¢(~), ¢(~(1 - p»] 0.898 0.9683 2.67 
[¢(~), ¢(~(1 - p», 0.893 0.8999 2.41 0.1001 20.00 

b] 
[mb m2], [mb m2, 0.893 0.4440 0.00 0.5560 7.20 

m3], and [mb m2, 
b] 

[mb m2, ¢(~)] and 0.891 0.6886 1.60 0.3114 9.32 
[mb m2, ¢(~), b] 

[mb ¢(~(1 - p», b] 0.890 0.4319 0.00 0.5681 7.04 
[mb m2, m3, b] 0.890 0.3571 0.00 0.6229 5.78 0.0199 20.00 

Lower Bounds (1t' Pl Xl P2 X2 P3 X3 

[mb m2, m3] and 0.890 0.7810 2.11 0.2190 10.75 
[mb m2, m3, b] 

[mb ¢(~(1 - p», b] 0.889 0.9480 3.12 0.0520 20.00 
[mb m2, ¢(~), b] 0.888 0.2978 0.00 0.6740 5.09 0.0282 20.00 
[¢(~), ¢(~(1 - p»] 0.888 0.3307 0.00 0.6693 5.88 

and [¢(~), ¢(~(1 
- p», b] 

[mb m2, b] 0.885 0.9524 3.20 0.0476 20.00 
[mb ¢(~)], [mb 0.868 0.3163 0.00 0.6837 5.85 

¢(~), b] and [mb 
m2, ¢(~)] 

[mb m2] 0.807 1.000 4.00 

interarrival times and service times. Using Fib for the interarrival time 
and F I" (actually the limit as b ~ (0) for the seryice time yields the 
maximum, while the reverse yields the minimum. As a consequence, 
Daley conjectured that related extremal properties held for the mean 
delay (or, equivalently, the mean queue length); see Bergmann et al.,9 
Open Problem 5.2.4 at the end of Section V in Stoyan,12 and Daley 
and Trengove.24 In particular, Daley conjectured that for GI/G/l 
queues with the first two moments of the interarrival and service 
times given, the steady-state mean queue length L would be maximized 
and minimized using the extremal distributions in Section II for the 
interarrival-time and service-time distributions. Moveover, these ex­
tremal properties should still hold if only one of the distributions is 
allowed to vary, and the other is fixed arbitrarily. 

Unfortunately, we now know that neither part of this conjecture is 
correct in general, but the principle does apply for some systems. Of 
course, the G I/M/l results in Section II are consistent with the 
conjecture. Daley and Trengove24 showed that the limiting extremal 
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distribution F t' for the interarrival time yields the minimum mean 
queue length for all service-time distributions. Another system con­
sistent with the conjecture is the K2/G/l queue, which has an inter­
arrival-time distribution with a rational Laplace-Stieltjes transform 
with a denominator of degree 2; see p. 329 of Cohen.19 As with the 
G IIMll queue, L depends on a single root of an equation involving 
the transform in addition to the specified parameters; see (5.205) on 
p. 330 of Ref. 19. Paralleling the GIIMII case, we have 
Theorem 11: For any K2/G/l queue with fixed interarrival-time distri­
bution and service-time distribution partially specified by the first two 
moments, L is maximized and minimized by using the extremal distri­
butions in Section II for the service-time distribution. 

We do not give the proof of Theorem 11; related results for K 2/G/l 
queues are obtained in Whitt14 and discussed in Part III.21 However, 
the analysis there also disproves the part of Daley's conjecture claiming 
that the same extremal service-time distributions should yield the 
maximum (minimum) mean queue length for all fixed interarrival­
time distributions. The analysis in Whitt14 shows that the extremal 
distribution maximizing L depends on the interarrival-time distribu­
tion. For example, if the interarrival-time distribution is the convolu­
tion of two exponential distributions, then L is minimized by letting 
the service-time distribution be the upper-bound two-point distribu­
tion with mass c2/(l + c2

) on o. On the other hand, if the interarrival­
time distribution is the mixture of two exponential distributions, then 
L is maximized by letting service-time distribution be this upper­
bound two-point distribution. (See Section VII of Part IIl21 for further 
discussion.) 

We also succeeded in disproving the first part of the conjecture by 
identifying a service-time distribution that produces a smaller mean 
queue length than either extremal distribution in Section II for the 
DIGII queue. Since the D arrival process obtained via the limiting 
extremal distribution F I was shown by Daley and Trengove24 to yield 
the minimum given any service-time distribution, this counterexample 
applies to the global minimum as well as the minimum given a fixed 
interarrival distribution. The particular service-time distribution we 
used for our numerical example had all mass on multiples of the 
constant interarrival time. Daley (private communication) subse­
quently observed that recent results of Ott25 for the DIGII queue 
imply that these special service-time distributions are in fact extremal 
for the DIGII queue. 

The extremal distributions for the different parameter specifications 
in this paper should also be useful to give an indication of the range 
of possibilities in more complicated models. Even if the extremal 
distributions here are not actually extreme for the descriptive char-
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Table X-The extreme values for the blocking probability in a 
GI/M/1 loss system, which is the transform value cjJ(p..), given the 

service rate, p.., and the moments of the interarrival time 

Given Parameter Prototype Distribution Prototype Distribution 
Values I, c2 = 2.0 II, c2 = 0.8 

Upper Bounds p = 2/3 p = 9/lD p = 2/3 p = 9/10 

[mh m2], [mh m2, b] and [mh m2, 0.670 0.678 0.481 0.519 
m3] 

[mh m2, m3, b] 0.592 0.613 0.428 0.482 

The actual blocking probability 0.510 0.562 0.388 0.461 

Lower Bounds p = 2/3 p = 9/10 p = 2/3 p = 9/10 

[mh m2, m3] and [mh m2, m3, b] 0.400 0.495 0.358 0.446 
[mh m2, b] 0.304 0.411 0.287 0.392 
[mh m2] 0.223 0.329 0.223 0.329 

acteristics of the more complicated model, these distributions should 
give a good idea of the range for the given parameters. 

It should be remembered, however, that the model affects which 
parameters are most useful. For a central-server closed network of 
queues, Lazowska26 found percentiles much better than moments. Our 
GI/M/l delay system results are also very different from Eckberg's2 
GI/M/k loss system results. The GI/M/k blocking probability depends 
on the k parameters cjJ(jp..), j = 1, 2, ... , k. Hence, all the extremal 
distributions are extreme for this descriptive characteristic given the 
various parameter sets. However, cjJ(p..) strongly dominated m2 as a 
second parameter in addition to the mean. 

To make a specific comparison, we consider the GI/M/lloss system 
(no waiting room). For this system the blocking probability is just the 
transform value cjJ(p..). By Proposition 1, the extremal distributions in 
Sections II through IV are extreme for cjJ(p..). In Table X we display 
the extreme values of the blocking probability given the first two and 
first three moments, with and without the upper bound on the distri­
bution. It is evident that the absolute and relative errors for cjJ(p..) are 
much greater than for (J and L. 
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This paper continues the investigation begun in Part I of approximations 
for queues that are based on a few parameters partially characterizing the 
arrival process and the service-time distribution. Part I provides insight into 
approximations for intractable systems by considering the set of all possible 
values of the mean queue length in the GI/M/l queue given the service rate 
and the first two moments of the interarrival-time distribution. The distribu­
tions yielding the maximum and minimum values of the mean queue length 
turn out to be quite unusual, e.g., two-point distributions. This paper shpws 
that the range of possible values can be reduced dramatically by imposing 
realistic shape constraints on the interarrival-time distribution with given 
first two moments. We found extremal distributions in the presence of shape 
constraints by restricting our attention to discrete distributions with all mass 
on a fixed finite set of points and solving nonlinear programs. The results 
strongly support the use of two-moment approximations in general queueing 
systems when the interarrival-time and service-time distributions are not too 
irregular. 

I. INTRODUCTION AND SUMMARY 

This paper continues the investigation begun in Part P of the set of 
possible values of the mean queue length L (number in system) in a 
G I/M/1 queue given the service rate, /1, and various parameters 
partially characterizing the interarrival time cdf F (e.g., the first two 
moments ml and m2). As explained in Part 1, we are not primarily 
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interested in the GI/M/I model itself; we wish to provide a basis for 
evaluating approximations for more complex queueing models such as 
the nodes in a non-Markov network of queues.2 For such complex 
models, the arrival process may be approximated by a renewal process, 
partially characterized by the first two moments of the renewal inter­
val. Then the G I/M/I model arises as an approximation and there is 
no complete interarrival-time distribution for an exact solution. We 
examine the GI/M/I queue because it is tractable and because we 
believe it is indicative of what happens more generally. 

For the GI/M/I queue,3 

L = p/(I - 0-), (1) 

where p is the traffic intensity (p = 1/ JLm!) and 0- is the unique root in 
the open interval (0, 1) of the equation 

cf>[JL(I - 0-)] = 0-, (2) 

with cf>(s) the Laplace-Stieltjes transform of the interarrival-time cdf 
F: 

<I>(s) = l~ e-"dF(t). (3) 

Unfortunately, given mb m2, and JL, the range of possible values of 
L can be very wide. (See the example in Section I of Part I.) This wide 
range naturally raises doubts about the value of two-moment approx­
imations, but the particular distributions yielding the extreme values 
of L suggest that the approximations may still be useful. As we 
indicated in Part I, these extremal distributions are discrete probabil­
ity distributions with positive probability on just two points. These 
two-point distributions are obviously very unusual. We would hope 
that for typical (nice) distributions L would not vary much among 
interarrival-time distributions with the same moments. In this paper, 
we investigate how much the range is reduced by imposing regularity 
conditions on the interarrival-time distribution. The regularity con­
ditions we consider are shape constraints such as unimodality and log­
convexity (a natural smoothness condition; see Chapter 5 of Keilson4 

and Section II). 
A major contribution here, we believe, is the method. To study the 

effect of the shape constraints, we restrict attention to discrete distri­
butions with all mass on a fixed finite set of points. We then find the 
range of the mean queue length L by means of nonlinear programming. 

Since typical interarrival-time distributions are smooth (have den­
sities), some may distrust results based on discrete distributions. 
However, continuity theorems show that there is no loss of generality, 
at least in principle, in considering distributions concentrating on a 
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fixed finite set of points; see Section 11 of Borovkov.5 With enough 
points, such discrete distributions can be used to approximate an 
arbitrary interarrival-time distribution arbitrarily well (in the usual 
sense of convergence in distribution and convergence of moments). In 
turn, the queue-length distribution and the mean queue length L 
associated with finite-valued probability mass functions can be used 
to approximate the queue-length distribution and the mean queue 
length L associated with the arbitrary interarrival-time distribution. 

The point is that we need not worry about the local behavior of the 
interarrival-time distribution. For sufficiently small positive E, if we 
change an interarrival-time density, say f(t), only on the interval [to, 
to + E], for example, by making 

[f(t) 
fn(t) = 1~f[to + n(t - to)], 

t fE [to, to + f] 
to :5 t :5 to + E I n 
to + fin < t :5 to + f, 

then the new density fn(t) will be very different from the density f(t) 
on [to, to + f] for large n, but the associated cdf's will be close and the 
behavior of the associated queueing systems will be virtually indistin­
guishable. 

While there is no loss in generality in restricting attention to discrete 
distributions, it is not clear how m~ny points are enough and where 
they should be located. We have not made a systematic investigation 
of this question, but we believe that we have used enough points in 
our study. It is important to recognize that extra points are not free 
because the nonlinear programs typically become harder to solve. 

Throughout this paper, we use 21 points on the integers to, 1, 
2, "', 20}. By comparing the programming results without shape 
constraints here with the theoretical results based on the complete 
Tchebycheff systems in Part I, we can see the effect of the discreteness. 
This effect can be seen in Tables II and V. The upper bound 20 on 
the support of the distribution (which might not be regarded as an 
essential aspect of the discreteness) can have a significant impact, but 
otherwise the discreteness matters little. 

Do the shape constraints help? For the GIIMII example, with p = 
213 and c2 = 2, assuming a log-convex probability mass function 
reduces the maximal possible error in L from 200 percent to 8 percent. 
If the third moment is fixed as well, the maximal possible error is less 
than 1 percent. 

These results indicate that two-moment approximations can be very 
useful, provided the interarrival-time distribution is actually not un­
usually irregular. In this paper we only study the GIIMII queue, but 
we believe the results are indicative of what happens in GI/G/l queues 
and more general systems. 
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On the other hand, even for the G I/M/1 queue, the results do not 
imply that the two-moment approximations will work well in all 
circumstances or that they should be used blindly. If it is known that 
the interarrival-time distribution has an unusual shape, then the 
approximation should probably be modified. If additional information 
is known that would permit working with a third parameter such as 
the third moment or the peakedness, then better results can be 
expected. As noted by Kuczura6 in a related context, a third parameter 
seems to offer the possibility of significant improvement, but addi­
tional parameters are rarely worth the effort. 

This paper is organized as follows. In Section II, we define prototype 
distributions, introduce the shape constraints, and formulate the 
mathematical programs. The prototype distributions are intended to 
be typical interarrival-time distributions, which we use to generate 
parameter values and the "exact" queue characteristics (J and L. In 
Section III, we discuss the computational results for shape constraints 
with the first two moments fixed. In Section IV, we discuss the results 
for shape constraints with other parameters fixed. In Section V, we 
compare our results to other bounds and approximations. Finally, in 
Section VI, we discuss mathematical programming issues. It turns out 
that solving the nonlinear programs was not routine. These queueing 
problems may be interesting test problems for nonlinear programming 
codes. 

We conclude this introduction by mentioning an interesting out­
come of our experiments. Unlike Part I, the approach here is primarily 
numerical, being based on nonlinear programs, but the extremal 
distributions yielding the minimum and maximum values of L obtained 
from the nonlinear programs exhibit regularity that suggests the 
possibility of an analytic treatment similar to Part 1. The extremal 
distributions we obtain on the set 10, 1, ... , 20} have special structure 
and evidently do not depend on the traffic intensity. Hence, it may be 
possible to obtain analytic characterizations; this is a promising direc­
tion of research. (In fact, an analytic approach to shape constraints is 
carried out in Part III,7 but not for discrete distributions and not for 
the shape constraints considered here.) Also, the robustness of the 
extremal distributions suggests that, just as with the extremal distri­
butions in Part I, they should be useful in other contexts, e.g., to study 
the quality of two-moment approximations for inventory and reliabil­
ity models as well as other queues. 

II. PROTOTYPE DISTRIBUTIONS, SHAPE CONSTRAINTS, AND 
NONLINEAR PROGRAMS 

2. 1 Prototype distributions 

To compare alternate parameter specifications and shape con­
straints in a consistent and meaningful way, we introduce two "pro-
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totype" distributions. The specified parameter values, e.g., the mo­
ments, will be the parameter values of one of the prototype distribu­
tions. The specified shape constraints also will be satisfied by one of 
the prototype distributions. In this way, we guarantee that there is at 
least one reasonable probability mass function satisfying all the con­
ditions. 

Since mixtures and convolutions of two exponential distributions 
are frequently used in queueing, we use the discrete analogues: mix­
tures and convolutions of two geometric distributions. The mixture of 
two geometric distributions has probability mass function 

k "2! 0, (4) 

for probabilities a, fJ, and 'Y. As is often done with mixtures of 
exponential distributions,8 we assume balanced means; i.e., we assume 
that 'Ya/(l - a) = (1 - 'Y )fJ/(l - fJ). The convolution of two geometric 
distributions, on the other hand, has probability mass function 

k 

Pk = L (1 - a)a j(l - fJ)fJk-
j 

j=O 

for probabilities a and fJ. 

(5) 

To have finite support, we truncate the distributions, and work with 
the conditional distribution given that the upper bound is not ex­
ceeded. We truncate at 20, so that the support is the set of 21 integers 
to, 1,2, ... ,20}. In each case the upper bound 20 is at least 5 standard 
deviations above the mean. 

Mixtures of exponential and geometric distributions are relatively 
more variable with squared coefficient of variation c2 > 1, while 
convolutions are relatively less variable with c2 < 1. Hence, we consider 
one prototype distribution of each type. Prototype I is a truncated 
mixture of two geometric distributions, having c2 = 2.0; Prototype II 
is a truncated convolution of two geometric distributions, having c2 = 
0.8. 

To obtain the specific prototype distributions, we start with the first 
two moments. For Prototype I, ml = 2.0 and m2 = 12.0 (c 2 = 2.0) and, 
for Prototype II, ml = 4.0 and m2 = 28.8 (c 2 = 0.8). To obtain a 
Prototype I distribution with the chosen values of ml and m2, we 
numerically solve a system of three nonlinear equations in the three 
unknowns a, fJ, and 'Y. Two of these equations are the formulas for 
the moments ml and m2 of the truncated distribution; the third is the 
"balanced means" equation. To obtain a Prototype II distribution with 
the chosen values of ml and m2, we solve the system of two nonlinear 
equations in a and fJ corresponding to the moments ml and m2 of the 
truncated distribution. The two prototype distributions are displayed 
in Table I. Additional parameters (the third moment, m3, and trans-
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Table I-The two prototype distributions: probability 
mass functions with Pk on k 
Prototype I Prototype II 

k Pk Pk/Pk+l Pk Pk/Pk+l 

0 0.3572 1.58 0.1215 0.79 
1 0.2262 1.58 0.1536 1.04 
2 0.1435 1.57 0.1475 1.16 
3 0.0912 1.57 0.1272 1.22 
4 0.0583 1.56 0.1040 1.26 
5 0.0374 1.54 0.0825 1.28 

6 0.0243 1.52 0.0642 1.30 
7 0.0160 1.49 0.0494 1.31 
8 0.0107 1.45 0.0377 1.32 
9 0.0074 1.40 0.0286 1.32 

10 0.0053 1.34 0.0217 1.32 

11 0.0040 1.27 0.0163 1.33 
12 0.0031 1.21 0.0123 1.33 
13 0.0026 1.15 0.0093 1.33 
14 0.0022 1.11 0.0070 1.33 
15 0.0020 1.08 0.0053 1.33 

16 0.0019 1.05 0.0040 1.33 
17 0.0018 1.04 0.0030 1.33 
18 0.0017 1.03 0.0022 1.33 
19 0.0017 1.02 0.0017 1.33 
20 0.0016 0.0013 

mean ml 2.00 mean ml 4.00 
c2 2.00 c2 0.80 

form values, e.g., evaluated at the service rate J.!) are given in Tables 
IV and V of Part I. 

2.2 Shape constraints 

Mixtures and convolutions of exponential and geometric distribu­
tions have many nice properties; see Chapter 5 of Keilson.4 Mixtures 
of exponential and geometric distributions are log-convex and thus 
are DFR, i.e., have decreasing failure rate. For discrete distributions 
with probability mass functions Pk on the nonnegative integers, log­
convexity means 

k~l. (6) 

Since the ratios Pk/Pk-l are nondecreasing with log-convexity, the 
distribution changes smoothly. The failure rate is 

rk = Pkl ~ Ph 
j=k 

k ~ O. (7) 

Decreasing failure rate of course implies that the probability mass 
function is decreasing. For log-convex distributions, c2 ~ 1 and ma ~ 
(3/ J2)m~/2 (see p. 69 of Keilson4

). 
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Convolutions of exponential and geometric distributions are log­
concave, i.e., the inequality (6) is reversed. Log-concavity is equivalent 
to strong unimodality. A probability mass function Ph on the non­
negative integers is unimodal if there is an integer ko such that 

Ph 2= Ph-l for k::5 ko 

and 

Ph 2= Ph+1 for k 2= ko. (8) 

A probability mass function Ph is strongly unimodal if the convolution 
with any unimodal probability mass function remains unimodal. In 
addition to being strongly unimodal, log-concave distributions are 
IFR, i.e., have increasing failure rate. For log-concave distributions, 
c2 ::5 1 and m3 ::5 (3/J2)m~/2 (see p. 69 of Keilson4

). 

Of course, truncation and conditioning alter some of these proper­
ties. For example, the failure rates are changed significantly. For 
Prototype I, the failure rate is decreasing for the first thirteen values 
but is increasing after that. The failure rate remains increasing for 
Prototype II. The mass function ratios Ph/Ph+1 are unchanged by the 
truncation, however. Also the unimodality properties are unchanged: 
Prototype I is decreasing and Prototype II is unimodal with a mode 
at 1. 

In our study, we focus on the shape constraints unaffected by the 
truncation, namely, log-convexity or log-concavity and unimodality. 
We also consider additional parameters such as the third moment, 
transform values, and constraints on the cdf F. 

2.3 The nonlinear programs 

From (1), we see that the mean queue length L depends only on the 
traffic intensity p and the root (J of (2). Since L is an increasing 
function of (J, the maximum and minimum values of L are attained by 
the maximum and minimum values of (J. For interarrival-time distri­
butions with probability mass functions {Ph} on the set to, 1, 2, 
20}, (2) becomes 

20 

L e-Jl(l-u)hph = (J. (9) 
h=O 

To find the maximum and minimum values of (J, we solve nonlinear 
programs. The variables are (J and the probability masses Ph, k = 
0, 1, ... , 20. The constraints specify that {Ph} is a proper probability 
distribution with the specified properties and that (9) holds. 

Given the two interarrival-time moments ml and m2, the upper 
bound b = 20 on the support of the interarrival-time distribution, the 
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service rate J.1, and no shape constraints, we have a nonlinear program 
(NLP) for the maximum of the form: 

subject to: 

(NLP) max (J, 

20 

L e-Il(1-u)kpk = (J, 

k=O 

20 

L Pk = 1, 
k=O 

20 

L k 2Pk = m2, 
k=O 

Pk ~ 0 for all k, 

o ::S (J ::S 1 - f, 

(lOa) 

(lOb) 

(10c) 

(10d) 

(10e) 

(10f) 

(lOg) 

where 0 < f < 1. For any probability mass function {Pk}, the queue is 
stable if and only if p = 1/ J.1ml < 1, in which case (J is the unique 
solution to (lOb) in the open interval (0, 1). Since (J = 1 is also a 
solution to (lOb), we rule it out by bounding (J above in (lOg). 

Of course, we obtain a corresponding NLP for the minimum value 
of (J by changing (lOa) from a maximum to a minimum. If there is a 
mode at ko, then we add the constraints (8) to (10). In the nonlinear 
program for c2 = 2.0, we assumed that the mode is at 0; in the nonlinear 
program for c2 = 0.8, we assumed that the mode is at 1. This is 
consistent with the location of the modes in the prototype distribu­
tions. If we were to assume only unimodality without specifying where 
the mode is, then we would have to solve a program for each possible 
mode location, and then optimize over the solutions. 

When log-convexity is assumed, we add the constraints (6) for k = 
1, ... , 19, to (10). For log-concavity, we add the constraints (6) with 
the inequality reversed. 

III. SHAPE CONSTRAINTS WITH TWO MOMENTS FIXED 

In this section, we give the minimum and maximum values of the 
root (J, denoted by (J,f and (JtV' respectively, and the interarrival-time 
distributions yielding these extreme values of (J. From (1), we obtain 
the extreme values of L, denoted by L,f and LtV' We also give the 
maximum relative error (MRE) in L, which is computed as 
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MRE = L/k - L/' = U/k - U/'. 

L/' 1 - U/k 
(11) 

Table II gives the extremal characteristics and the MRE for the two 
prototype distributions (c 2 = 2.0 and 0.8), two values of the traffic 
intensity (p = 2/3 and 9/10), and five constraint cases: 

1. Two moments fixed only 
2. Plus an upper bound b = 20 on the support of the distribution 
3. Plus discrete, all mass on fO, 1, ... , 201 
4. Plus unimodal 
5. Plus log-convex (c 2 = 2.0) or log-concave (c 2 = 0.8). 

The results in the first two cases, before discreteness is imposed, come 
from Tables IV and V of Part I. The last three cases are the solutions 
to the nonlinear programs described in Section 2.3. Tables III through 
V give the associated extremal probability mass functions. Notice that 
these extremal distributions are the same for both values of p. 

Each successive case adds an additional constraint to the one before, 
so the subsets of feasible interarrival-time distributions are nested, 
and the extremal characteristics get closer to the values for the 
prototype distributions. 

The main conclusion is that with fairly strong but reasonable shape 
constraints the maximum relative error given two moments is dra­
matically reduced, becoming small enough to justify two-moment 
approximations. In particular, with log-convexity or log-concavity the 
MRE is always less than 8 percent, with the average MRE over the 
four cases being 3.8 percent. Unimodality helps, but is not good in the 
case c2 = 2.0 and p = 2/3, yielding a 33.7-percent MRE. However, 
from Tables III and IV it is apparent that the unimodal extremal 
distributions are still quite irregular. 

As in Part I, we see that the MRE gets smaller as p increases and 
c2 decreases. From Table II, it is evident that this property holds with 
shape constraints as well as without. We also see that the upper bound 
of 20 on the support of the interarrival-time distribution strongly 
affects the minimum characteristic U/, but does not change the maxi­
mum characteristic U/k at all. The discreteness either has no effect (for 
U/k when c2 = 2.0) or only a very small effect. 

As we indicated above, there is another significant conclusion. The 
extremal probability distributions on the set of integers fO, 1, 2, ... , 
201 obtained from the nonlinear programs evidently share an impor­
tant property with the extremal distributions on [0, 20] given fixed 
parameters, treated in Part I: The extremal distributions computed by 
the nonlinear programs are evidently independent of the traffic inten­
sity p. 

Consider the case of no shape constraints (Table V). The extremal 
distributions on the set fO, 1, ... , 201 computed by the nonlinear 
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Table II-The extremal characteristics, (Jt' and (JibI and maximum relative errors (MRE) for the GI/M/l queue: the 
cases of Prototype Distributions 1 and II, traffic intensities 2/3 and 9/1 0, and different shape constraints 

Prototype Distribution I, c2 = 2.0 Prototype Distribution II, c2 = 0.8 

Constraints on the Inter-
p = 2/3 p = 9/10 p = 2/3 p = 9/10 

arrival-Time Distribution at' a£b MRE at' a£b MRE at' a£b MRE at' a£b MRE 

Two moments ml and m2 0.417 0.806 2.00 0.807 0.936 2.00 0.417 0.676 0.80 0.807 0.893 0.808 
Plus upper bound at 20 0.645 0.806 0.83 0.926 0.936 0.16 0.571 0.676 0.32 0.885 0.893 0.075 
Plus discrete, all mass on 0.660 0.806 0.75 0.9268 0.9356 0.14 0.5732 0.6760 0.32 0.8848 0.8926 0.073 
(0, 1, 2, ... , 20) 
Plus unimodal 0.730 0.798 0.34 0.9306 0.9350 0.07 0.6145 0.6608 0.14 0.8878 0.8915 0.034 
Plus log-convex (I) or log- 0.762 0.779 0.08 0.9320 0.9336 0.02 0.6387 0.6533 0.04 0.8897 0.8909 0.001 
concave (II) 
The prototype distribution 0.7676 0.7676 0.00 0.9324 0.9324 0.00 0.6429 0.6429 0.00 0.8901 0.8901 0.000 



Table III-The distributions minimizing the GI/M/l mean 
queue length L given two moments and the shape 

constraints 

Prototype Distribution I, Prototype Distribution II, 
c2 = 2.0 c2 = 0.8 

Unimodal Log-Convex Unimodal Log-Concave 

p = % and 9/10 p = % and 9/10 p = % and 9/10 p = % and 9/10 

0 0.2460 0.3486 0.0000 0.0619 
1 0.2460 0.2260 0.1810 0.2155 
2 0.2460 0.1465 0.1810 0.1663 
3 0.2090 0.0950 0.1810 0.1283 
4 0.0031 0.0616 0.1810 0.0990 
5 0.0031 0.0399 0.1748 0.0764 

6 0.0031 0.0259 0.0068 0.0589 
7 0.0031 0.0168 0.0068 0.0455 
8 0.0031 0.0109 0.0068 0.0351 
9 0.0031 0.0071 0.0068 0.0271 

10 0.0031 0.0046 0.0068 0.0209 

11 0.0031 0.0030 0.0068 0.0161 
12 0.0031 0.0019 0.0068 0.0124 
13 0.0031 0.0012 0.0068 0.0096 
14 0.0031 0.0008 0.0068 0.0074 
15 0.0031 0.0005 0.0068 0.0057 

16 0.0031 0.0003 0.0068 0.0044 
17 0.0031 0.0002 0.0068 0.0034 
18 0.0031 0.0001 0.0068 0.0026 
19 0.0031 0.0001 0.0068 0.0020 
20 0.0031 0.0088 0.0068 0.0016 

programs are related to the analytic extremal distributions on the 
interval [0, b], derived in Section I of Part I. In Part I, the distribution 
yielding the upper limit of L is a two-point distribution with positive 
probability mass on 0 and another point XU-. The extremal distribution 
yielding the lower bound is also a two-point distribution with mass on 
a point X,t' and on b. (The points Xu- and X,t' are determined by the 
requirement that the distributions have moments ml and m2.) Our 
results support the following conjecture: 
Conjecture 1: The extremal distributions on the set of integers to, 1, 2, 
... b} given the same two moments ml and m2 have as mass points the 
triples (0, ~, X2-) and (~ X/, b)~ respectively, where ~ is the greatest 
integer less than X and 'X is the least integer greater than x. If Xu- or X,t' 

is an integer, then the three-point extremal distribution reduces to a 
two-point distribution. 

With no additional shape constraints, we can show that the solution 
to the NLP (10) has at most three nonzero values of Ph. To see this, 
consider the situation where an extreme value of u in (10) is known 
for particular values of ml and m2. Then, we can combine (lOa) and 
(lOb) to form a linear objective function in the remaining variables Ph. 
With this linear objective, the three linear constraints (IOc), (IOd), 

QUEUEING APPROXIMATION-II 149 



Table IV-The distributions maximizing the GI/M/1 mean 
queue length L given two moments and the shape 

constraints 

Prototype Distribution I, Prototype Distribution II, 
c2 = 2.0 c2 = 0.8 

Unimodal Log-Convex Unimodal Log-Concave 

p = 2fa and 9/lO p = 2fa and 9/lO p = 2fa and 9/lO p = 2fa and 9/lO 

0 0.5778 0.4377 0.1985 0.1719 
1 0.0500 0.1571 0.1985 0.1450 
2 0.0500 0.1133 0.0629 0.1223 
3 0.0500 0.0817 0.0629 0.1031 
4 0.0500 0.0589 0.0629 0.0870 
5 0.0500 0.0425 0.0629 0.0734 

6 0.0500 0.0306 0.0629 0.0619 
7 0.0500 0.0221 0.0629 0.0522 
8 0.0500 0.0159 0.0629 0.0440 
9 0.0222 0.0115 0.0629 0.0371 

10 0.0000 0.0083 0.0629 0.0312 

11 0.0000 0.0060 0.0367 0.0262 
12 0.0000 0.0043 0.0000 0.0221 
13 0.0000 0.0031 0.0000 0.0181 
14 0.0000 0.0022 0.0000 0.0043 
15 0.0000 0.0016 0.0000 0.0001 

16 0.0000 0.0012 0.0000 0.0000 
17 0.0000 0.0008 0.0000 0.0000 
18 0.0000 0.0006 0.0000 0.0000 
19 0.0000 0.0004 0.0000 0.0000 
20 0.0000 0.0003 0.0000 0.0000 

and (10e), and the bounding constraints (10f), we can determine the 
values for the Pk by solving a linear program for which only three 
variables will be in the basis. Hence, to establish Conjecture 1, it 
suffices to verify that the special three-point distributions are optimal 
among all feasible three-point distributions for all these objective 
functions, i.e., for all arguments of the transform. Of course, if the 
extremal mass points x/' and Xu- for the distributions on [0, b] are 
integer, then these extremal distributions on [0, b] are feasible for the 
smaller set 10, 1, ... , b} and are thus still optimal. This happens here 
for the upper bound with c2 = 2.0. 

The following conjecture for the cases with shape constraints is also 
supported by our experiments (we solved the programs for traffic 
intensities ranging from 0.01 to 0.9): 
Conjecture 2: For each kind of shape constraint considered, the ex­
tremal interarrival-time distributions on 10, 1, 2, ... , b} for the 
GI/M/1 queue, given the first two moments of the interarrival-time 
distribution, are independent of the traffic intensity, p. 

Moreover, there is an obvious regularity in the extremal unimodal 
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Table V-The extremal GIJM/1 interarrival-time distributions without 
shape constraints: the effect of discreteness and an upper bound on 

the support of the distribution 

Prototype Distribution I, c? = 2.0 

Upper Bounds, au- PI Xl P2 X2 P3 X3 

Cases 1,2, and 3 0.6667 0.000 0.3333 6.00 

Lower Bounds, at' PI Xl P2 X2 P3 X3 

Case 3 0.4211 1.000 0.5555 2.00 0.0234 20.00 
Case 2 0.9759 1.556 0.0241 20.00 
Case 1 1.0000 2.000 

Prototype Distribution II, c2 = 0.8 

Upper Bounds, au- PI Xl P2 X2 P3 X3 

Cases 1 and 2 0.444 0.000 0.556 7.20 
Case 3 0.4429 0.000 0.4571 7.00 0.1000 8.00 

Lower Bounds, at' PI Xl P2 X2 P3 X3 

Case 3 0.7529 3.000 0.2000 4.00 0.0471 20.00 
Case 2 0.9524 3.200 0.0476 20.00 
Case 1 1.000 4.000 

Note: The cases are described at the beginning of Section II of this paper. Xi is the 
ith point with positive probability mass; Pi is the probability mass at point Xi. 

distributions: they have only a few points of mass change. This can be 
explained by making a change of variables. For unimodal distributions 
on {O, 1, .. " b} with a mode at 0, we can make the change of variables 

k ?! 0, (12) 

with Pb+1 = O. Then qk ?! 0 for all k, and the constraints for Pk become 
the following constraints for qk: 

and 

b b 

L qk = 1, L kqk = 2m1 
k=O k=O 

b 

L k 2qk = 3m2 - mr/2. 
k=O 

(13) 

(14) 

Moreover, the linear objective function L7=o e-sjpj is transformed into 
the linear objective function 

b k 

L qk(k + 1)-1 L e-sj• 
k=O j=o 

Solving the transformed linear program yields three-point solutions. 
Hence, the extreme points for the decreasing distributions with uni­
modal constraints have at most three points of decrease after O. For 
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decreasing probability mass functions, we thus make the following 
conjecture. 
Conjecture 3: Let (0, xuJ and (Xl', b) be the pairs of mass points for the 
extremal distributions on [0, b] given the first two moments 2ml and 
3m2 - md2, obtained from Section II of Part 1. Then, for the 
GI/M/l queue characteristics, the extremal decreasing probability mass 
functions on the set of integers to, 1, 2, "', b} given the first two 
moments ml and m2 have as points of decrease the triples (0, xu,,~) and 
(M, X/, b), respectively. (This completely determines the extr'e'"'mal prob­
ability distributions.) 

For other modes, say ko, we can do a similar change of variables, 
namely, 

° ~ j ~ b - ko, 

(15) 
-(1 + 2j) 

2 (Pko+j+l - PkO+j) , -ko - 1 ~ j ~ - 1, 

with P-l = Pb+1 = 0, so that qk is a probability mass function on {-I, 
0, 1, ... ,20} for which 

i=j 
Pj = L aijqi-h . ° ~ j ~ b, (16) 

i=O 

where aij are appropriate constants determined by (15). As before, the 
two linear moment constraints for Pk become linear moment con­
straints for qk. In addition, there is an extra linear constraint on the 
qk when ko> ° since the support of qk has one more point, i.e., is {-I, 
0, 1, '" , b} instead of to, 1, ... , b}. In particular, from (15) it is easy 
to see that 

(17) 

Therefore, solving the transformed linear program would require the 
inclusion of (17) as a fourth linear constraint. This results in four 
positive values among the qk. Therefore, extremal unimodal distribu­
tions with mode ko > ° must have at most four points of mass change, 
including any positive mass at ° and 20. The unimodal extremal 
distributions for Prototype II with ko = 1 obtained from the nonlinear 
programs have this property; see Tables III and IV. For Prototype II, 
we also found that the extremal characteristics CI.f and CIIb both de­
creased as the mode ko was changed from ° to 1 to 2, e.g., CI.f changed 
from 0.633 to 0.614 to 0.603. 

The numerical results also show that the extremal distributions for 
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the log-convex and log-concave constraints have special regularity 
that can be seen by looking at the successive ratios Ph/Ph+1. 
Conjecture 4: In the log-convex case, the upper-(lower-) bound distri­
bution has constant ratios Ph/Ph+1 for k = 1, 2, ... , b (k = 0, 1, ... , 
b - 1) with an extra mass at 0 (b). (This determines the interarrival­
time distribution.) 

Conjecture 4 is supported by Tables II and IV. With log-con­
vex constraints, the upper-(lower-) bound ratios are pdp2 ::::: 1.387 
(PdP2 ::::: 1.542). 

IV. SHAPE CONSTRAINTS WITH OTHER PARAMETER SPECIFICATIONS 

In this section, we investigate different parameter specifications, 
both with and without shape constraints. However, attention is fo­
cused on the cases with shape constraints because alternate parameter 
specifications without shape constraints were considered in Sections 
III and IV of Part 1. We consider only Prototype Distribution r with 
the traffic intensity p = 2/3. This is the difficult case in Section III, 
yielding the largest maximum relative errors. 

Table VI contains the major results. It gives the maximum relative 
errors in L for various combinations of two and three parameters with 
no shape constraints and with log-convex shape constraints. Of course, 
we still consider the first two moments ml and m2. The additional 
parameters that we consider are: the third moment, m3, the Laplace­
Stieltjes transform evaluated at the service rate, ¢(J-L), and the inter­
arrival time cdf evaluated at k, F(k), i.e., F(k) = Po + Pl + ... + Ph. 
These parameters are fixed at the values satisfied by Prototype 1. In 
particular, we use m3 = 119.01, ¢(J-L) = 0.5098, F(O) = 0.35724, F(2) = 
0.72692, and F(7) = 0.95409. Combinations of two parameters are 

Table VI-A comparison of alternate second- and third-parameter 
specifications: the maximum relative error (MRE) in the mean queue 

length L in a GI/Mf1 queue, based on Prototype I with p = 2/3 

No shape constraint 
Plus log-convexity 

0.75 
0.077 

The Second Parameter in Addition to ml 

1.53 
0.083 

F(O) 

3.10 
0.096 

F(2) 

5.09 
0.370 

F(7) 

3.81 
0.555 

The Third Parameter in Addition to ml and m2 

F(O) F(2) F(7) 

No shape constraint 0.069 0.175 0.331 0.604 0.609 
Plus log-convexity 0.009 0.012 0.019 0.049 0.020 

Note: mh is the kth moment, ¢(Jl) is the Laplace-Stieltjes transform evaluated at the 
service rate Jl, and F(k) is the cdf evaluated at k, i.e., F(k) = po + PI + ... + Ph, of 
Prototype Distribution I. These values are ml = 2.00, m2 = 12.00, m3 = 119.01, ¢(Jl) = 
0.5098, F(O) = 0.35724, F(2) = 0.72692, and F(7) = 0.95409. The distribution itself 
appears in Table I. All these results are obtained from the nonlinear programs. 
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formed by specifying each of the additional parameters together with 
the first moment mI. Combinations of three parameters are formed by 
specifying each of the additional parameters together with the first 
two moments mi and m2. 

The first conclusion is that, with log-convexity, the third moment 
or almost any other third parameter in addition to the first two 
moments makes the maximum relative error negligible. For the third 
moment, the maximum relative error is less than one percent and for 
all but one of the other third parameters it is less than two percent. 
This suggests that with nice distributions three-moment approxima­
tions ought to work very well fo.r more general models. 

The second conclusion is that the next higher moment is the best 
additional parameter in all cases. However, the advantage of the 
moment over the transform value decreases dramatically with log­
convexity. Although the cdf constraints certainly reduce the MRE, 
the next higher moment and the transform value perform better as 
additional parameters. 

In order to have the maximum relative error small enough to justify 
approximations, say less than 10 percent, it appears that three con­
straints are enough. It suffices to specify either three moments without 
shape constraints (6.9-percent MRE) or specify two moments with 
log-convex shape constraints (7.7-percent MRE). We can think of log­
convexity as being roughly equivalent to another moment parameter. 

The values of (J, the GI/M/1 probability of delay, for the various 
parameter specifications and shape constraints are given in Tables 
VII and VIII. From Table VII we see an interesting reversal in form 
with log-convexity. Without shape constraints, the next higher mo­
ment is better than the transform value ¢(11) as an additional param­
eter for the upper bound but not as the second parameter for the lower 
bound. With log-convexity, these orderings are reversed. From Table 
VIII, we see that F( 0) is significantly better than the other two cdf 
values as an additional parameter for the upper bound with log­
convexity and for the lower bound with no shape constraints, but not 
in the other cases. 

We ~lso tabulated the extremal interarrival-time distributions for 
the different combinations of parameters and shape constraints, but 
they have been omitted to save space. As in Section III, these extremal 
distributions have important regularity properties. With k parameters 
and no shape constraints, the extremal distributions have at most k + 
2 positive mass points; with k parameters and a decreasing mass 
function, the extremal distribution have at most k + 2 points of mass 
change after o. As in Section III, there is also regularity in the extremal 
distributions in the log-convex case, which can be seen by looking at 
the successive ratios Pk/Pk+l. There appear to be only a few points 
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Table VII-The GI/M/1 extremal characteristics (J (the probability of 
delay) given c2 = 2.0, p = 2/3, and the different shape constraints 

Parameters Specified in Addition to the Mean 

m2 </>(p.) </>(p.(1 - p» m2, m3 m2, </>(p.) 

No shape constraints 0.8057 0.8811 0.7994 0.7768 0.7844 
(jib Unimodal 0.7983 0.8203 0.7777 0.7708 0.7777 

Log-convex 0.7790 0.7736 0.7690 0.7694 0.7680 

Prototype Distribution 0.7675 0.7675 0.7675 0.7675 0.7675 

Log-convex 0.7621 0.7542 0.7638 0.7673 0.7652 
(jl" Unimodal 0.7374 0.7192 0.7574 0.7615 0.7606 

No shape constraints 0.6601 0.6986 0.7545 0.7548 0.7466 

Table VIII-The extremal characteristics (J (the probability of delay) 
for the GI/M/l queue given values of the cumulative distribution 

function F in addition to the first moment, ml, or the first two 
moments, ml and m2: the case of Prototype Distribution I with traffic 

intensity p = 2/3 

Additional Parameter with Additional Parameter with 
ml ml and~m2 

F(O) F(2) F(7) F(O) F(2) F(7) 

No shape con- 0.9093 0.9135 0.9034 0.7927 0.8019 0.8042 
straint 

Unimodal 0.8523 0.8558 0.8408 0.7867 0.7940 0.7959 
Log-convex 0.7760 0.8278 0.8385 0.7684 0.7781 0.7706 

Log-convex 0.7546 0.7641 0.7489 0.7639 0.7670 0.7659 
Unimodal 0.6849 0.6683 0.6859 0.7544 0.7388 0.7427 
No shape con- 0.6280 0.4736 0.5351 0.7241 0.6823 0.6849 

straint 

where these ratios change. Including the final mass point, for k 
parameters there appear to be k points where the ratios change. Given 
m2 and m3, the ratios Pk-dpk change for the lower bound at k E {10, 
111 and for the upper bound at k E {2, 201. Given only m2, the ratio 
changes for the lower bound at k = 20 and for the upper bound at k = 
2. 

Although we report results for only a single value of the traffic 
intensity p, it also appears that the extremal distributions do not 
change with p, i.e., the numerical solutions to the nonlinear programs 
were indistinguishable for a range of p values tested from 0.01 to 0.9. 
There are natural extensions for Conjectures 1 through 4 to other 
parameter specifications. 

We also found the extreme values of the transform values ¢(J.L) , 
which are the blocking probabilities for the associated GI/M/1 loss 
system, for given moments and shape constraints. The numerical 
solutions for the extremal distributions appear to be the same as those 
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in which (J is the objective. The extremal blocking probabilities are 
given in Table IX. As in Section V and Table X of Part I, the 
constraints pin down the delay probability (J better than the associated 
blocking probability 4>(J.l). 

v. OTHER BOUNDS AND APPROXIMATIONS FOR GI/G/1 QUEUES 

Having obtained the extreme values of the GI/M/1 mean queue 
length L given two moments and various shape constraints, we note 
how these results compare with other bounds and approximations for 
the GI/G/1 queue that depend only on the first two moments of the 
interarrival times and service times. Several of these other bounds and 
approximations are defined and compared in Shanthikumar and Buz­
acott.9 These bounds are stated for the mean waiting time, but they 
are easily translated into the mean queue length by Little's formula. 
Among the bounds and approximations treated there is the Kingman 10 
upper bound and the Marchalll approximation based on it. Recently, 
Daley12 obtained a better upper bound, (1.5) there, which can be used 
to produce an approximation by scaling to make the M/G/1 case exact, 
just as Marchal did for the Kingman bound. We call this new approx­
imation Marchal (D) and the original Marchal approximation Marchal 
(K). Shanthikumar and Buzacott also discuss the Kraemer and Lan­
genbach-Belz13 approximation and a modification of Page's14 approx­
imation based on it, formula (8) there, which we call Modified-Page. 
They also discuss an approximation by Sakasegawa15 and Yu,16 which 
coincides with the monotone-failure-rate approximation in Whitt.17 
Another natural two-moment approximation is to fit a hyperexponen­
tial distribution with balanced means to the two moments, provided 
c2 2= 1 (see Section III of Whitt 7) and solve the resulting H~/H~/1 
queue via a vector-state Markov process. When a distribution is 
exponential, H~ becomes M, so for the setting of the G I/M/1 queue 
based on Prototype I we obtain the H~/M/1 queue. Finally, the crudest 

Table IX-The extremal blocking probabilities for the 
associated GI/M/1 loss system (the transform values 

4>(J.l)) with given moments and shape constraints: case 
of Prototype I with ml = 2, m2 = 12, m3 = 119, and J.l = 

4/3 (p = 2/3) 

The shape constraints 
Max ¢(J.L), no shape constraints 
Max ¢(J.L), unimodal 
Max ¢(J.L), log-convex 

Prototype I 
Min ¢(J.L), log-convex 
Min ¢(J.L), unimodal 
Min ¢(J.L), no shape constraints 

The Moment Parameters 

ml, m2 
0.6641 
0.6225 
0.5499 
0.5098 
0.5026 
0.4395 
0.3279 

ml, m2, m3 
0.5902 
0.5414 
0.5147 
0.5098 
0.5087 
0.4713 
0.4049 
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approximation is obtained by ignoring the second moments and using 
theM/M/1 formula L = p/(l - p). There is also a related collection 
of approximations arising from diffusion approximations that we will 
not consider here; see WhiteS and references there. 

We also include bounds for GI/G/1 queue in which the interarrival­
time distribution is IFR or DFR.17 Marshall19 obtained a lower bound 
for IFR/G/1 queues and an upper bound for DFR/G/1 queues. Stoyan 
and Stoyan20 also obtained an upper bound for IFR/G/1 queues and a 
lower bound for DFR/G/1 queues, which is just the M/G/1 queue with 
the given arrival rate. (In fact, the interarrival-time distribution is 
only required to be NBUE or NWUE, i.e., new better or worse than 
used in expectation.) The DFR bounds, but not the IFR bounds, are 
tight.17 

In Table X these various bounds and approximations are compared 
with the extreme values of L for c2 = 2.0 and 0.8 (the two prototype 
distributions), and p = 2/3 and 9/10. When interpreting these results, 
note that none of the other bounds and approximations use the fact 
that the service-time distribution is exponential. Also, the DFR and 
the IFR bounds are based on interarrival-time distributions having 
densities with support on the entire positive half line, whereas the 
bounds obtained here in Section II are based on interarrival-time 
distributions with support to, 1, ... , 20}. The upper bound b = 20 on 
the support of the interarrival-time distribution has a significant 
impact on the lower bound mean queue length, L,!', when the inter­
arrival-time distribution in DFR (c 2 > 1) and on the upper bound 
mean queue length, Ltv, when the interarrival-time distribution is IFR 
(c 2 < 1). 

The first conclusion is that all the approximations, with the excep­
tion of the M/M/1 approximation when c2 = 2, appear to be within 
the range of reasonable values for actual GI/M/1 systems. However, 
for c2 = 2.0 and p = 2/3, the Modified-Page approximation seems a 
bit high. The Kraemer and Langenbach-Belz approximations for c2 = 
2.0 seem low compared to the log-convex discrete lower bounds (Case 
5), but note that the Kraemer and Langenbach-Belz approximations 
are close to the H~/M/1 values. 

The second conclusion is that the D /M/1 lower bound and the 
Kingman and Daley upper bounds are not close enough to be good 
approximations. Of course, the upper bounds are asymptotically tight 
in heavy traffic, so they are not too bad when p = 0.9. 

We believe that the shape constraints playa very useful role. They 
narrow down the range of possible values for L, so it is reasonable to 
consider approximations based on two moments only. Instead of 
concluding that it is not possible to obtain a good approximation when 
c2 > 1 (p. 765 of Shanthikumar and Buzacott9), we conclude that it is 

QUEUEING APPROXIMATION-II 157 



Table X-A comparison of the GlfMfl extreme values of the mean 
queue length, L, with other bounds and approximations for L in 

GlfGfl queues that depend on the first two moments of the 
interarrival times and service times 

Prototype Distribution I, Prototype Distribution II, 
c2 = 2.0 c2 = 0.8 

GI/G/1 upper bounds p = 2/3 p = 9/10 p = 2/3 p = 9/10 
Kingman 4.33 14.95 2.53 8.95 
Daley 4.00 14.85 2.40 8.91 
DFR or IFR 3.00 13.50 2.00 9.00 

GI/M/1 upper bounds 
Case 1, two moments 3.44 14.06 2.06 8.41 

only 
Case 2, bound on sup- 3.44 14.06 2.06 8.41 

port 
Case 3, discrete 3.44 13.98 2.06 8.38 
Case 4, unimodal 3.30 13.85 1.97 8.29 
Case 5, log-concave or 3.02 13.55 1.92 8.25 

log-convex 
Approximations 

Marchal (K) 2.92 13.48 1.82 8.11 
Marchal (D) 2.89 13.46 1.82 8.11 
Kraemer and L-B 2.56 12.85 1.86 8.18 
Modified -Page 3.28 13.34 1.83 8.13 
Sakasegawa and Yu 2.67 13.05 1.87 8.19 
H~/M/1 2.64 13.03 
M/M/1 2.00 9.00 2.00 9.00 

GI/M/1Iower bounds 
Case 5, log-concave or 2.80 13.24 1.85 8.16 

log-convex 
Case 4, unimodal 2.47 12.97 1.73 8.02 
Case 3, discrete 1.96 12.30 1.56 7.83 
Case 2, bound on sup- 1.88 12.16 1.55 7.81 

port 
Case 1, two moments 1.14 4.66 1.14 4.66 

only 
GI/G/1Iower bound 

DFR or IFR 2.00 9.00 1.80 8.00 

Note: The actual values of L for the prototype distributions are 2.87, 13.31, 1.87, and 
8.19, respectively. 

possible to consider approximations based on two moments, with the 
caveat that the distributions should not be too irregular. 

VI. MATHEMATICAL PROGRAMMING ISSUES 

Solving the nonlinear programs turned out to be quite complicated, 
especially when the shape constraints were included. The programs 
involve 22 variables and up to 46 constraints. This is a reasonably 
large problem for most general-purpose nonlinear programming codes. 
In addition, when the nonlinear constraints (6) are present, the 
problems apparently become ill-conditioned and poorly scaled, causing 
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numerical difficulties and, often, nonconvergence of standard nonlin­
ear programming algorithms. 

The numerical results reported in this paper were obtained using 
two nonlinear programming codes from the Harwell Subroutine Li­
brary' compiled by the Numerical Analysis Group at the United 
Kingdom Atomic Energy Authority. These codes were VFOIAD, an 
augmented Lagrangian code described in Fletcher,21 and VF02AD, a 
quadratic approximation code due to Powell.22 They were run in double 
precision on an Amdahl 470jV6 computer operating under multiple 
virtual storage. Both codes are included in a recent performance 
comparison of available state-of-the-art computer codes compiled by 
Schittkowski.23 

Although numerical problems were experienced with both codes, 
they were far more prevalent with the augmented Lagrangian code 
VFOIAD. The augmented Lagrangian code solves a sequence of un­
constrained optimization subproblems. Unfortunately, some of the 
problems (especially for p = 0.9 and Prototype II) resulted in ill­
conditioned subproblems and, occasionally, subproblems with an un­
bounded optimum, in which case, the augmented Lagrangian code did 
not converge. Our experience bears out the experience of Schittkowski, 
who reported that the performance of this code deteriorates drastically 
for ill-conditioned problems and is highly sensitive to slight variations 
of the problem. Certain standard measures, however, were able to 
overcome the numerical difficulties in most instances. For example, 
in some runs, the default settings for certain penalty parameters were 
overridden according to rules of thumb suggested by Gill, Murray, and 
Wright (see pp. 295-6 of Ref. 24). 

Fortunately, for those experiments for which code VFOIAD did not 
obtain a soiution, code VF02AD did. This supports Schittkowski's 
conclusion that code VF02AD is one of the most robust and reliable 
codes available. Even though several individual runs experienced nu­
merical overflows and underflows and eventual nonconvergence, it 
was always possible eventually to obtain convergence with this quad­
ratic approximation code using some starting point. In particular, 
problems with p = 0.9 and Prototype II were solved with less difficulty 
using VF02AD. 

All runs were tried with a variety of starting points. These starting 
points included the prototype distributions, the uniform distribution, 
solutions obtained for other parameter settings, and an initial all-zero 
solution. 

In summary, then, although this nonlinear programming method 
for analyzing the -quality of queueing approximations provides consid­
erable insight and potential for future applications, great care must be 
exercised in the solution of the nonlinear programs. Our experience 
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indicates that the computer code, the parameter settings, the starting 
points, and the scaling of the variables must be chosen judiciously in 
order to obtain useful results. 
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To evaluate queueing approximations based on a few parameters (e.g., the 
first two moments) of the interarrival-time and service-time distributions, we 
examine the set of all possible values of the mean queue length given this 
partial information. In general, the range of possible values given such partial 
information can be large, but if in addition shape constraints are imposed on 
the distributions, then the range can be significantly reduced. The effect of 
shape constraints on the interarrival-time distribution in a GI/M/l queue was 
investigated in Part II (see "On Approximations for Queues, II: Shape Con­
straints," this issue) by restricting attention to discrete probability distribu­
tions with probability on a fixed finite set of points and then solving nonlinear 
programs. In this paper we show how one kind of shape constraint-assuming 
that the distribution is a mixture of exponential distributions-can be exam­
ined analytically. By considering GI/G/l queues in which both the interarrival­
time and service-time distributions are mixtures of exponential distributions 
with specified first two moments, we show that additional information about 
the distributions is more important for the interarrival time than for the 
service time. 

I. INTRODUCTION AND SUMMARY 

Many approximations for the mean steady-state queue length in the 
GI/G/l queue are based on the first two moments of the general 
interarrival-time and service-time distributions. To evaluate these 
approximations, it is natural to compare the approximations with the 
set of possible values of the mean queue length given this limited 
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moment information. For several special cases, the mInImum and 
maximum values of the mean queue length are attained by simple 
two-point extremal distributions. In Part I the extremal distributions 
were used to calculate the extreme values of the mean queue length in 
the GI/M/1 queue and show how they depend on the traffic intensity, 
the second moment of the interarrival-time distribution, and an upper 
bound on the distribution.1 Extremal distributions were also used to 
compare different parameters for approximations. 

Unfortunately, the range of possible values of the mean queue length 
in the G I/M/1 queue given this limited moment information can be 
very wide. However, since the extremal interarrival-time distributions 
are quite unusual, this still leaves the possibility that the range would 
not be too wide for typical distributions. Part II showed that the range 
of possible values for the mean queue length in the G IjM/1 
queue can indeed be reduced dramatically by imposing shape con­
straints such as unimodality and log-convexity on the interarrival­
time distributions with given first two moments.2 This was done by 
restricting attention to discrete distributions with all mass on a fixed 
finite set of points and solving nonlinear programs. 

Unlike Part I, the approach in Part II was computational, based on 
nonlinear programs. How~ver, the extremal distributions obtained 
from the nonlinear programs exhibit regularity that suggests the 
possibility of an analytic treatment similar to Part 1. This paper sets 
out to treat analytically one kind of shape constraint. We show that 
the theory underlying Part I also applies to mixtures of exponential 
distributions. Within this class of distributions there are extremal 
distributions with respect to the same partial orderings based on 
Laplace transforms used in Part 1. The extremal distributions in this 
class of mixtures are obtained by using the extremal distributions of 
Part I as the mixing distributions. These extremal distributions yield 
the minimum and maximum mean queue length as interarrival-time 
distributions in the GI/M/I queue and as service-time distributions in 
the K2/G/1 queue (with interarrival-time distributions having a ra­
tional Laplace-Stieltjes transform with a denominator of degree 2, see 
Section V of Part I and Section VII here). 

The rest of this paper is organized as follows. In Section II, we 
briefly review the theory yielding distributions that minimize or max­
imize the Laplace-Stieltjes transforms for all arguments. In Section 
III, we show that this theory applies to mixtures of exponential 
distributions, and in Section IV, we apply the results to the H/M/1 
queue, having interarrival-time distributions that are mixtures of 
exponential distributions. In Section V, we examine the case of H2 
interarrival-time distributions (mixtures of two exponential distribu­
tions) in more detail. In Section VI, we indicate how some of the 
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results for H/M/1 queues extend to GI/G/1 queues with interarrival­
time having increasing mean residual life (the service-time distribution 
is general instead of exponential and the interarrival-time distribution 
can be more general than a mixture of exponentials). Finally, in 
Section VII, we indicate how the ordering of transforms can be applied 
to compare different service-time distributions in K2/H/1 queues. 
There, Table III gives a good picture of the way the mean queue length 
can vary in a large class of GI/G/1 queues with the first two moments 
of the interarrival time and the service time specified. 

II. EXTREME VALUES OF THE LAPLACE-STIEL TJES TRANSFORM 

As in Eckberg3 and references there, we obtain the extremal distri­
butions for queues with specified moments for the interarrival times 
and service times from extremal distributions for the Laplace-Stieltjes 
transform. For the transform, the object is to find a cdf (cumulative 
distribution function) F with support on the interval [0, bmIJ, b :5 00, 

to minimize or maximize the transform ¢(s), defined by 

</>(8) = J.oo e-"dF(t), s ;::: 0, (1) 

subject to moment constraints 

mj = J.oo tjdF(t), (2) 

for j = 1, 2, ... , n. The key idea is to apply the theory of Tchebycheff 
systems in Karlin and Studden,4 which implies that the optimization 
problem involving (1) and (2) has a very nice solution. First, the 
minimizing and maximizing cdf's are independent of the variable sin 
the transform ¢(s). Second, the extremal distributions are discrete 
distributions with positive mass on at most (n + 2)/2 mass points. 
Finally, the points with positive mass and the associated probability 
masses are obtained simply by solving a system of linear equations. 
(See Section 2 of Eckberg3 and Section II of Part P for more discus­
sion.) 

III. MIXTURES OF EXPONENTIAL DISTRIBUTIONS 

N ow we consider the optimization problem in Section II for distri­
butions that are mixtures of exponential distributions. It turns out 
that the theory of Tchebycheff systems can be applied again because 
the extremal distributions in this class of mixtures can be obtained by 
using extremal mixing distributions. 

A cdf F is a mixture of exponential distributions if it satisfies 
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1 - F(x) = J.oo e-x/'dG(t), x;::: 0, (3) 

for some mixing cdf G. Densities of mixtures of exponential distribu­
tions are also called completely monotone; see Section 5.4 of Keilson.5 

A density j has this property if and only if it has derivatives j(n) of all 
orders nand (-l)nj(n)(x) ;::: ° for all x and n. Mixtures of exponentials 
are log-convex (see Part II) and thus are DFR (have decreasing failure 
rate). 

It turns out that the moments and transform of F are easily 
expressed via G: 

mk(F) = J.oo tkdF(t) = k! J.oo tkdG(t) = k!mk(G) (4) 

and 

Moreover, the functions 1, t, 2t2, ... , (k!)t\ (1 + 8t)-1 form a complete 
Tchebycheff system, so extremal distributions F within the class of 
mixtures are obtained by using the associated extremal mixing cdf's 
G. If the first n moments of F are specified as ml, m2, ... , mn , then 
the first n moments of G are mb m2/2, ... , mn/n! 

First suppose that the two moments of F are specified as m1 and 
m2. Let c2 be the squared coefficient of variation of F, i.e., c2 = (m2 -
m n / m 1. Also require that the mixing cdf G has support on the interval 
[0, bmd, b < 00. Then the extremal distributions are: 

1. Upper bound-the two-point mixture with mass (c2 - 1)/(c2 + 
1) on ° and mass 2/(c 2 + 1) on the exponential distribution with mean 
ml(l + c2)/2, which has cdf 

x;::: 0, (6) 

and 
2. Lower bound-the mixture of two exponential distributions, one 

having mean bml with probability (c 2 - 1)/(c2 - 1 + 2(b - 1)2) and 
the other having mean ml[l - (c 2 - 1)/2(b - 1)] with probability 
2(b - 1)2/(c2 - 1 + 2(b - 1)2); the cdf is 

+ 2(b - 1)2e-m1[l - (c
2 

- 1)/2(b - l)]X}, x ;::: 0. 
(7) 

As b -,) 00, the lower bound approaches (converges in law) to 
3. Limiting lower bound-the exponential distribution with mean 

ml, having cdf Fi'(x) = 1 - e-m1
\ x ;::: 0. 
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The upper bound cdf FlU may not be considered a mixture of expo­
nential distributions because of the atom at 0, but the atom at ° can 
be thought of as an exponential distribution having mean 0. Alterna­
tively' FlU can be realized as the limit in distribution of mixtures of 
two exponential distributions having means All and Ai2 and proper 
moments where All ~ ° and Ail ~ ml(I + c2)/2. 

Let ¢i'(s), ¢,t(s), and ¢lU(S) be the transforms of the extremal cdf's 
Fi', F,t, and FlU) respectively. The theory of Tchebycheff systems 
implies that 

(8) 

for all S and the transforms ¢ of cdf's F of the form (3) having first 
two moments ml and m2. 
Remark: It is no doubt possible to study extremal distributions for 
"other kinds of mixtures, but we have not. Mixtures of exponentials 
seem particularly appropriate for the queueing application. 

IV. THE HIMl1 QUEUE 

The results of Section III apply immediately to GIIMII queues in 
which the interarrival-time distribution is a mixture of exponential 
distributions; see Section II of Part I. Since the mixture of k exponen­
tial distributions is called hyperexponential and is denoted by H k , we 
use H to refer to interarrival-time distributions that are general 
mixtures of exponentials. 

Note that the upper bound cdf FlU in (6) as an interarrival-time 
distribution corresponds to a batch Poisson arrival process with geo­
metrically distributed batches having mean mB = (1 + c2)/2 and 
squared coefficient of variation c~ = (mB - I)lmB. Let MB represent 
a batch Poisson arrival process. Of course, the limiting lower bound 
corresponds to a Poisson arrival process with intensity I/ml. What 
we obtain is the ordering 

MIMII ::5 HIMII ::5 MB IMII, (9) 

which means that the mean queue lengths (expected number in the 
system, including any in service) are ordered and in fact the entire 
steady-state queue-length distributions are stochastically ordered as 
in (9), provided the traffic intensity p and the squared coefficient of 
variation of the interarrival-time distribution, c2

, are fixed. We obtain 
these orderings because in the case of exponential service-time distri­
butions the entire steady-state queue-length distribution depends only 
on the traffic intensity p, which is fixed, and the root (J in the interval 
(0, 1) of the equation 

¢[~(I - (J)] = (J. (10) 
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It is easy to see that the queue-length distributions P(Qi :S k) are 
stochastically ordered, i.e., 

P(QI 2: k) :S P(Q2 2: k) for all k 2: 0 (11) 

if the roots satisfy 0"1 < 0"2. Moreover, it is easy to see that the roots 
are ordered if the transforms are ordered in the sense (8). 

Let O"tb and Ltb be the probability of delay and mean queue length in 
the HIMl1 queue with interarrival-time distribution Ftb , and similarly 
for F I' and F):. Here are the main results: 
Theorem 1: For an HIMl1 queue with traffic intensity p and interar­
rival-time squared coefficient of variation c2, 

0"): = P and O"tb = 1 - 2(1 - p)/(l + c2), (12) 

so that 

L): = pl(l - p), (13) 

and the maximum relative error (MRE) is 

MRE == (Ltb - L):)IL): = (O"tb - 0"):)/(1 - O"tb) = (c 2 - 1)12. (14) 

Proof: Since 0" = P for an MIMl1 queue, 0"): = p. For O"tb' follow the 
proof of Theorem 2 in Part I, making the change of variables (1 -
0"):) = (1 - O"J(l + c2 )/2. 

From Corollary 1 of Part I and Theorem 1, we see that the shape 
constraint reduces the maximum relative error from c2 to (c 2 - 1)12. 
If c2 is near its lower limit 1 for mixtures of exponentials, then of 
course the MRE is very small. 

Given the first two moments, the upper bound is hard and the lower 
bound is soft: The upper bound depends on c2

; the lower bound does 
not. The upper bound is not improved by specifying the third moment; 
the lower bound is. From Section IV of Part I, we see that the extremal 
distributions given three moments are two-point mixtures of exponen­
tials: 
Theorem 2: For HIMl1 queues, specifying the third moment of the 
interarrival-time distribution in addition to the first two does not change 
the upper bound cdf Ftb and makes the lower bound cdf F):the unique 
H2 distribution (two-point mixing distribution) specified by these three 
parameters. 

The formula for calculating H2 parameters given the first three 
moments is given in (3.5) and (3.6) of Ref. 6. 

Example 1: Consider an interarrival-time distribution with moments 
ml = 2.00, m2 = 12.00, and m3 = 119.01, which are the moments of 
Prototype Distribution I in Part II. With mixtures of exponential 
distributions, the upper bond cdf is 
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Fu-(x) = 1 - 0.6667e-·3333x, 

and the lower bound cdf is 

x 2: 0, 

F ,f(x) = 1 - 0.5146e-o.2964x + 0.4854e-1.8386x, x 2: O. 

From Theorem 1, given just the first two moments, (J,f = 0.6667 and 
(Ju- = 0.7778 for p = 0.6667 and (J,f = 0.9000 and (Ju- = 0.9333 for p = 
0.9000. From Theorem 2, also specifying the third moment changes 
the lower bound to (J,f = 0.76705 for p = 0.6667 and (J,f = 0.93259 for 
p = 0.9000. To get these, we solved the appropriate H2/M/1 queue. 
Imposing the shape constraint in addition to the first two moments 
reduced the MRE from c2 = 2.0 to (c 2 

- 1)/2 = 0.50. Also specifying 
the third moment further reduces the MRE to 0.048 when p = 2/3 and 
0.011 when p = 9/10. 

V. MIXTURES OF TWO EXPONENTIALS: H2 DISTRIBUTIONS 

Mixtures of two exponential distributions, i.e., H2 distributions, play 
a key role in many approximations. This is a three-parameter distri­
bution with density 

X> 0, (15) 

where P2 = 1 - Pl. Instead of the three parameters PI, AI, and A2, one 
may choose to work with the first three moments mb m2, and m3 or 
the mean mb the squared coefficient of variation c2

, and the proportion 
of the total mean in the component with the smaller mean r, defined 
by 

(16) 

where Al > A2. Given the parameters PI, AI, and A2, it is easy to calculate 
any of the other parameters. The formulas for PI, AI, and A2 given the 
first three moments appear in (3.5) and (3.6) of Ref. 6. Given mb c2

, 

and r, m2 = mr(c2 + 1), PI = rmlAI, A2 = (1 - rmIAI)/(l - r)ml and 

Al = (-B + ~B2 - 4AC)/2A, (17) 

where A = rmlm2/2, -B = (m2/2) + (rmd 2 - (1 - r)2mr, and C = rml. 
For two-moment approximations based on H2 distribution, one of 

the three parameters is often eliminated by setting r = 1/2; see Section 
3.1 of Ref. 6. The range of all possible values given the first two 
moments is indicated in Section IV since both the upper and lower 
bounds are H2 distributions. Since this range is pretty wide, it is 
natural to ask how the distribution and the G I/M/1 queue character­
istics vary with the third parameter-either r or m3. For what values 
of r is the approximation by r = 1/2 reasonable? 
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In order to answer this question, we have calculated the third 
moment rn3 and the queue characteristics (J" and L for two values of c2 

(2 and 12), three values of p (0.3, 0.7, and 0.9), and thirteen values of 
r (ranging from 0.001 to 0.999). The results appear in Tables I and II. 

For c2 = 2.0, the approximation by r = 1/2 appears quite robust. 
For r in the interval [0.2, 0.8], the maximum relative error is 15.8 

Table I-The possible third parameters and queue characteristics for 
an H2/M/1 queue given c2 = 2.0 with p = 0.3, 0.7, and 0.9 

Proportion of Key Root, Probability 
Total Mean in Skewness, of Delay (1 Mean Queue Length, L 

Component Third 
Witl). Smaller Moment 

Mean, r m3/mi p = 0.3 p = 0.7 p = 0.9 p = 0.3 p = 0.7 p = 0.9 

Upper bound 13.5 0.5333 0.8000 0.9333 0.643 3.500 13.500 
0.001 13.5 0.5323 0.7999 0.9333 0.641 3.499 13.499 
0.01 13.6 0.5230 0.7992 0.9333 0.629 3.486 13.486 
0.10 14.6 0.4627 0.7933 0.9327 0.558 3.386 13.381 
0.20 15.4 0.4280 0.7885 0.9323 0.525 3.309 13.291 

0.30 16.2 0.4059 0.7842 0.9319 0.505 3.244 13.210 
0.40 17.1 0.3894 0.7801 0.9314 0.491 3.183 13.127 
0.50 18.0 0.3757 0.7757 0.9310 0.481 3.121 13.036 
0.60 19.2 0.3633 0.7707 0.9304 0.471 3.053 12.924 
0.70 20.9 0.3512 0.7643 0.9295 0.462 2.970 12.771 

0.80 23.9 0.3382 0.7552 0.9281 0.453 2.860 12.522 
0.90 32.1 0.3226 0.7394 0.9248 0.443 2.686 11.966 
0.99 167.9 0.3029 0.7065 0.9074 0.430 2.385 9.715 
0.999 1518.0 0.3003 0.7007 0.9009 0.429 2.339 9.080 

Lower bound 00 0.3000 0.7000 0.9000 0.429 2.333 9.000 

Table II-The possible third parameters and queue characteristics 
for an H2/M/1 queue given c2 = 12.0 with p = 0.3, 0.7, and 0.9 

Proportion of 
Total Mean in Skewness, Key Root, Probability 

Component Third of Delay (1 Mean Queue Length, L 
With Smaller Moment 

Mean, r m3/mi p = 0.3 p = 0.7 p = 0.9 p = 0.3 p = 0.7 p = 0.9 

Upper bound 253.5 0.8923 0.9539 0.9846 2.789 15.17 58.50 
0.001 253.8 0.8921 0.9538 0.9846 2.779 15.16 58.49 
0.01 256.1 0.8897 0.9536 0.9846 2.721 15.10 58.43 
0.10 280.7 0.8590 0.9516 0.9844 2.128 14.48 57.80 
0.20 312.6 0.8006 0.9488 0.9842 1.505 13.68 56.99 

0.30 351.6 0.7114 0.9451 0.9839 1.040 12.74 56.01 
0.40 401.2 0.6142 0.9396 0.9836 0.778 11.59 54.76 
0.50 468.0 0.5311 0.9311 0.9831 0.640 ID.16 53.10 
0.60 565.1 0.4650 0.9163 0.9823 0.561 8.36 50.73 
0.70 722.7 0.4120 0.8881 0.9808 0.510 6.25 47.00 

0.80 1031.7 0.3686 0.8380 0.9776 0.475 4.32 40.20 
0.90 1946.0 0.3319 0.7708 0.9646 0.449 3.05 25.39 
0.99 18,287. 0.3030 0.7070 0.9089 0.430 2.39 9.88 
0.999 181,638. 0.3003 0.7007 0.9009 0.429 2.34 9.08 

Lower bound oc 0.3000 0.7000 0.9000 0.429 2.33 9.00 
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percent, 15.7 percent, and 6.1 percent for p = 0.3, 0.7, and 0.9. Very 
large values of r greatly extend the range. 

On the other hand, for very large values of c2 such as 12, the 
approximation by r = 1/2 is not robust: two moments do not pin down 
the H2 distribution well. Using r = 1/2 as an approximation works 
better as p increases and c2 decreases. Of course, by Theorem 1, p 

plays no role in the MRE over all r, but if we bound r, then p plays a 
role. We interpret these results as providing support for H2 approxi­
mation based on r = 1/2, but large values of m2 or m3 are clear danger 
signals. 
Example 2: Example 1 was based on Prototype Distribution I from 
Part II. Since Prototype I is a discrete probability mass function it is 
not a mixture of exponential distributions, and is thus not entirely 
satisfactory. Suppose we use the H2 density with balanced means (r = 
0.5) as a prototype instead. With mi = 1 and c2 = 2.0, the prototype 
H2 density is 

x 2: 0, 

where 

PI = 0.78867, Al = 1.577, and A2 = 0.42265. 

Given the first two moments with p = 0.7 and 0.9, (Jib can be obtained 
from Table II of Part I and (J/ can be obtained from 'Theorem 2 there. 
The values are (J/ = 0.466 and (J; = 0.822 for p = 0.7 and (J/ = 0.808 
and (J; = b.936 for p = 0.9. The corresponding extremal characteristics 
among H2 densities are (J/ = 0.700 and (Jib = 0.800 for p = 0.7 and (J/ = 
0.900 and (Jib = 0.933 for p = 0.9. 

The third moment 18.0 (see Table I) pins down the H2 distribution, 
but among all H densities it is a lower bound. Among H densities with 
m3 = 18.0, (J/ = 0.7757 for p = 0.7 and (J/ = 0.9310 for p = 0.9. The 
MRE given only two moments is 200 percent for p = 0.7 and 0.9. 
Working with mixtures of exponentials reduces the MRE to 50 per­
cent. Specifying the third moment too reduces the MRE to 12 percent 
for p = 0.7 and 3 percent for p = 0.9. 

VI. THE H/G/1 QUEUE 

The assumption of exponential service-time distributions played a 
crucial role in Section IV. With exponential service-time distributions, 
the mean queue length L depends on the transform of the interarrival­
time distribution, so that we can apply the ordering in (8). However, 
it turns out that the ordering in (9) also applies for the mean queue 
length with general service-time distributions, i.e., we have 

M/G/1 :5 H/G/1 :5 MB /G/1, (18) 
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by which we mean that L2' =s L =s L; (but not the more general 
stochastic order) for all systems with common service-time distribu­
tion and given first two moments of the interarrival-time distribution. 

To obtain (18), it suffices to observe that known formulas for L in 
the MB /G/l and M/G/l systems agree with previously established 
lower and upper bounds for L in GI/G/l queues having interarrival­
time distributions with increasing mean residual life and with the first 
two moments of the interarrival times and service times specified. 
(See Ref. 7 for more details.) This result dramatically demonstrates 
that these papers have applicability beyond the special case of the 
GI/M/l model. 

VII. THE K2/H/1 QUEUE 

Whenever the interarrival-time distribution or the service-time 
distribution in a GI/G/l queue has a Laplace-Stieltjes transform that 
is a rational function, then the steady-state distribution can be char­
acterized in terms of the roots of an equation involving the transforms 
of the interarrival-time and service-time distributions; see 11.5.10,11 
of Cohen.s When .the interarrival-time distribution has a rational 
transform with a denominator of degree 2, denoted by K2, the mean 
queue length and the probability of delay depend on the service-time 
distribution only through its first two moments and a single root of 
an equation involving the transforms of the interarrival-time and 
service-time distributions; see p. 330 of _Cohen,s Section V of Part 1,1 

and Ref. 9. 
Hence, for K2/G/l queues it is possible to find extremal service­

time distributions using the ordering of transforms in (8). Let GE2 
denote the convolution of two exponential distributions (an Erlang, 
E2, is a special case), which is K2. An H2 distribution is also K2. 
Paralleling Section V of Part I, we obtain from the analysis in Ref. 9 
that 

and 
GE2/MB/l =s GE2/H/l =s GE2/M/l 

H2/M/l =s H2/H/l =s H2/MB /1, 

(19) 

(20) 

by which we mean that the mean queue lengths are ordered as 
indicated. A significant feature of (19) and (20) is that the maximizing 
distributions are different for the different K2 interarrival-time distri­
butions. (This is explained in Ref. 9.) By M, we mean the extremal 
service-time distribution F2' for large b. As b ~ 00, the distribution 
approaches the exponential distribution, but the fixed variance of 
F? is lost in the limit. As b ~ 00, the key root in the equation for the 
K2/G/l queue approaches the root for the K2/M/l queue, but the 
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mean queue length also depends on the variance of Fi-. The mean 
queue length in the K2/M/1 system is the limit as b ---,) 00 of the mean 
queue length in the K2/G/1 system with service-time distributions 
Fi-. This limiting mean queue length can be computed by using the 
fixed service-time variance together with the root for the K2/M/1 
system.8,9 

As in Section V, if we specify three service-time moments instead 
of two, the MB bound is unchanged, but the M bound is replaced by 
the H2 distribution uniquely determined by the three moments, i.e., 
with the interarrival-time distribution and three moments of the 
service time specified, we get 

(21) 

and 

(22) 

We conclude by exhibiting the mean queue length, L, for several 
K2/H2/1 queues. We consider five different H2 service-time distribu­
tions with a common mean 0.7 and a common squared coefficient of 
variation c~ = 2.0. (We use subscripts "s" and "a" to indicate that 
parameters are associated with the service-time distribution or the 
interarrival-time distribution.) As in Section V, the H2 distributions 
are characterized by the parameter rs. We consider distributions close 
to the two extremal distributions MB (rs = 0.01) and M (rs = 0.99), as 
well as the intermediate values rs = 0.1, 0.5, and 0.9. The case rs = 1.0 
differs from the exponential distribution because the small mass at a 
large value, necessary to have c2 = 2.0 instead of 1.0, still has an effect. 
(This is not the case for the H2 interarrival-time distributions.) 

We consider six interarrival-time distributions: the same five H2 
distributions and the Erlang (E2) distribution. All the interarrival­
time distributions have mean 1.0, so that the traffic intensity is always 
p = 0.7. As with the service-time distributions, the H2 interarrival­
time distributions have squared coefficient of variation c; = 2.0. 

The results for the 30 cases are displayed in Table III. For the 
extremal H interarrival-time distributions, MB and M, the mean queue 
length, L, does not depend on rs because L depends on the service­
time distribution only through its first two moments.7 The range of L 
values over rs increases for H2 interarrival-time distributions as ra 
moves away from the endpoints 0.0 and 1.0. The range is bigger for c; 
= 2.0 (H2) than for c~ = 0.5 (E2) when ra = 0.5, but obviously not for 
all ra. 

Table III gives an indication of the quality of two-moment approx­
imations for GI/G/1 queues when c; = c~ = 2.0 and p = 0.7. A natural 
two-moment approximation would be based on the H2/H2/1 queue 
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Table III-The mean queue length, L, in several K2/H2/1 systems 
with traffic intensity p = 0.7 

Service-Time Distribution 

(MB) Hyperexponential (H2) (r;i) 

r. = 0.01 r. = 0.1 r. = 0.5 r. = 0.9 r. = 0.99 

rJ 2.61 2.62 2.63 2.63 2.63 
0 

~ 
.....; 
II 3.15 3.15 3.15 3.15 3.15 
~ 

0') 

; 0 
II 3.60 3.60 3.59 3.56 3.52 

~ ~ 
~ to s:: 0 C1l 

4.02 4.01 3.99 3.96 3.94 s:: II 0 
0- ~ ~ 
C1l ,... .-4 
C1l 0 
~ 4.23 4.23 4.21 4.21 4.20 II 
~ 

~ 

0 
;;- 0 4.32 4.32 4.32 4.32 4.32 
6 II 

~ 

Notes: 1. The hyperexponential (H2) distributions all have squared coefficient of 
variation c2 = 2.00. 2. The Erlang (E2) distribution has squared coefficient of variation 
c2 = 0.5. 3. The M service-time distribution differs from an exponential distribution 
because of the small mass at a very large value. This causes the H2/M/1 values of L to 
differ from the H2/M/1 values of L in Table 1. 

with c; = c~ = 2.0 and ra = rs = 0.5. The range of H2/H2/1 values as 
ra and/or rs varies indicates the possible deviations from the approxi­
mations when the distributions are required to be mixtures of expo­
nential distributions. The maximum relative error is (4.32-3.15)/3.15 
or 37 percent, but would be much less if we restricted ra and rs to some 
reasonable interval, e.g., [0.2, 0.8]. 

Table III enables us to compare the effect of additional information 
about the interarrival.:.time and service-time distributions. Table III 
shows that, given two moments, other properties of the distribution 
are much more important for the interarrival-time distribution than 
for the service-time distribution in determining the mean queue length. 
This phenomenon was previously noted by Sahin and Perrakis.10 

The program for calculating the mean queue length and the proba­
bility of delay in a K2/G/1 queue used to obtain Table III is being used 
as part of a three-parameter procedure for approximating general 
G/G/1 queues with bursty, possibly nonrenewal arrival processes.ll 

The general bursty arrival process is approximated by a renewal 
process with an H2 interarrival-time distribution, which is character-
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ized completely by the first three moments of the renewal interval.6 

Then the expected queue length and probability of delay are calculated 
exactly for the resulting H2/G/1 model. Additional descriptions of the 
H2/G/1 queue, such as an entire waiting-time distribution, are ob­
tained using approximations similar to the ones in the software pack­
age QNA (see Section 5.1 of Ref. 12). This approach is part of a new 
three-parameter algorithm for QNA. 
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Inductive noise limits the physical design of high-speed, high pin-out chip 
packages. This paper presents the derivation of some basic equations that are 
useful for computing inductive noise of various chip packages, and also 
presents simple asymptotic and limiting results that reduce to some useful 
approximate results proposed by others. These results are helpful for comput­
ing inductive noise in arrays of wire bonds, solder balls, dual in -line package 
leads, package pins, and connector pins. Computed results agreed well with 
measured results. We present two simple rules for minimizing inductive noise 
and also discuss the inductive noise of power and ground planes. 

I. INTRODUCTION 

If n drivers each switch current at j = 20 mAIns, the inductive noise 
across a common ground lead inductance, Lg, is approximately nLgL 
For a 32-bit processor and Lg = 1 nh, this inductive noise component 
is about (32)(1 nh) 20mA/ns = 640 m V. It is known that a 50-mil­
long wire bond used as an input/output (I/O) lead of an integrated 
circuit chip has a self-inductance of about 1 nh. Thus, many such 
leads must be connected in parallel to reduce this inductive noise 
component to tolerable levels. This is necessary because present large­
scale integrated (LSI) circuits have a total noise margin of only a few 
hundred millivolts. This inductive noise problem has been recognized 
and discussed by C. W. Deisch.1 

This paper derives some general equations that are useful for com­
puting the inductive noise of high-speed, high pin-out chip packages. 
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A basic role is played by the mutual inductance between two parallel 
conductors. 

II. MUTUAL INDUCTANCE OF TWO PARALLEL CONDUCTORS 

Consider the two parallel conductors shown in Fig. 1. By applying 
the Biot-Savart law,2 a current I flowing in the y direction produces a 
magnetic flux density, B(x, y), given by 

I 1
42 . () I 142 J.l SIn J.l x 

B(x, y) = -4 -2- dyo = -4 3 dyo 
7r -42 r 7r -42 r 

(1) 

J.lI [ (y + 42) (y - 42) ] 
= 47rX .J(y + 42)2 + x2 - .J(y - 42)2 + x2 ' (2) 

where J.l = permeability of the medium. The total flux, A, linking the 
idle conductor is then given by 

A == 100 

dx 142 B(x, y)dy 
d -42 

If the medium is a vacuum or air, then J.l = J.lo = (47r)10-7 him and the 
mutual inductance, M, is given by 

9./2 --------- -----

----------d-----------
-QI2 

r2 = x 2 + (y_yo)2 

x=rsin() 

IDLE CONDUCTOR 

Fig. l-Coordinate system for derivation of mutual inductance. 
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~ +~]nh, (4) 

where 
J.lo/2rr == 5 nh/in 

t! = length in inches 
d = separation in inches. 

A useful asymptotic result for small d/ t! is given by 

M - 5t' [In e:) -1 + ~ - (2~ )}ho (5) 

Equation (4) can also be derived by evaluating the Neumann induct­
ance integral. Equations (4) and (5) agree with eqs. (1) and (3) of Ref. 
3. 

The inductances discussed in this paper are more precisely known 
as partial self and mutual inductances. However, we shall follow Ref. 
3 and refer to them as merely self and mutual inductances. 

III. SELF-INDUCTANCE OF A STRAIGHT CONDUCTOR 

3.1 Self-inductance resulting from the internal field 

Consider the current element shown in Fig. 2. A basic definition of 
self-inductance, L, is 

L == ~¢ = total number of flux linkage per ampere. (6) 

• I 
I 
I 
I 
I 

I 
I 
I 
I 

• 

[= CURRENT 

p= RADIUS 

r'5. p 

Fig. 2-Notation for derivation of self-inductance. 
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From Maxwell's equation2 (i.e., Ampere's law), the magnetic intensity, 
H o, internal to the conductor is given by 

o :5 r:5 p. (7) 

Equation (7) assumes that the current density, I/(7rp2), is uniform in 
the conductor. (Skin effect is neglected. References 2, 3, and 4 show 
that skin effect tends to reduce the internal self-inductance, Li.) From 
eq. (7), 

...:... I (r)2 Ho= IHI =- -
27rr p 

o :5 r :5 p. (8) 

The flux density, Bo, internal to the conductor is then 

Bo = p,Ho = J!£ (~)2 
27rr p 

o :5 r :s p. (9) 

As Ref. 4 shows, a given flux line of radius r :5 p encloses a fraction 
(r/ p)2 of the total current 1. Thus, from eqs. (6) and (9) the self­
inductance, Li , resulting from the internal magnetic field is 

Li = ~lP Bo (~)2dr = p,< (10) 
lop 87r 

Equation (10) can also be derived from internal energy considerations. 
If p, = P,o, and? is in inches, 

L, = (;;) (f) == 5 (f) nh. (11) 

3.2 Total self-inductance 

The total self-inductance, L s , of a straight conductor is obtained by 
adding the contributions from the external and internal magnetic 
fields. Thus, from eqs. (4) and (11) we have 

L, = Mld~p + L, = Mld~p + 5 (f) nh. (12) 

Also, for small p /,f, 

L, - 5? [In (~) - ~] nh. (13) 

Equation (13) agrees with eq. (7) of Ref. 3. 
When the cross section of the conductor is rectangular, Ref. 3 shows 

that the self-inductance is given by 
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(14) 

where p = perimeter of cross section in inches. 

IV. INDUCTANCE OF POWER AND GROUND PLANES 

Consider the power and ground (PIG) planes shown in Fig. 3. 
Assume that both planes carry equal, thin sheets of current, I, in 
opposite directions. Again, using Ampere's law, 

P b.a.; = 1. (15) 

The magnetic field is more intense and approximately uniform in the 
space between the PIG planes. The magnetic field outside the planes 
is assumed to be negligible because of field cancellation. Thus, 

and 

/ 

/ 
/ 

/ 

/ 
/ 

/ 

/ 

.e 
/ 

/ 

----- w -------

POWER PLANE 

hi=~ __ ~--~~H~~~/-I--~ 
GROUND PLANE 

Fig. 3-N otatioll for derivation of inductance of P jG planes. 

(16) 

(17) 

(18) 
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If Jl = Jlo; and,f is in inches, 

L = (;:) 2~/ (~) = 1O~/ (~) nh. (19) 

One half of this L is associated with the ground plane and the other 
half is associated with the power plane. Thus, the inductance of the 
ground plane, Lg , and the inductance of the power plane, Lp , are given 
by 

V. COMPUTING INDUCTIVE NOISE 

5.1 Pair of conductors 

(20) 

Consider the pair of conductors shown in Fig. 4. The noise voltage, 
Vn , is a result of the self and mutual inductances of the conductors. 
Thus, using eqs. (12) and (4), 

Vn = Lsi - Mj = (Ls - M)j mV, (21) 

where j = dlldt = time rate of change of current, mAins. 
For small dl,f, eqs. (5), (13), and (21) yield the asymptotic result 

Vn - 5/1 [In (~) + ~ - (~) + (; y] mY, (22) 

where ,f, d, p are expressed in inches and j is expressed in mAins. As 
dl,f ~ 0, eq. (22) agrees with eq. (6-26) of Ref. 4 and eq. (16) of Ref. 
3. Also, the first term of eq. (22), or 

t 

dI 

t 
i = 

dt 

l1n p = RADIUS 

I -1 I I 
I I 
I I d = SEPARATION 

I I 
I I 

Vn = INDUCTIVE NOISE I I 
I 

VOLTAGE 

+ 

Fig. 4-Notation for derivation of inductive noise voltage, Un. 
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Vn ,: 5?iIn (~) m V (23) 

was proposed as an approximation in the work reported in Ref. 1. 
Table I shows some numerical values of inductive noise voltages for 

a pair of conductors such that j = 20 mAins, ,f = 0.2 inches, p = 0.01 
inches, and d = 0.1, 0.2, 0.3, and 1.0 inch. These numerical results 
show that the "exact" inductive noise voltage is somewhat less than 
that given by the approximate eq. (23). However, for small dll', the 
results obtained from eqs. (23) or (22) are suitable. 

In general, the duration of the inductive noise voltages is approxi­
mately equal to the signal rise time. 

5.2 Array of conductors 

5.2.1 General equations 

Consider an array of N + 1 conductors having equal lengths, I', equal 
radii, p, and separations, di , as shown in Fig. 5. Let us compute the 
inductive noise voltage, Un, induced in a particular conductor located 

Table I-Inductive noise voltages for a pair of conductors 

d 

0.1 in. 
0.2 
0.3 
1.0 

0 

0 

d/j 

0.5 
1.0 
1.5 
5 

j = 0.2 in., 
Approximate 

(eq. 23) 

46.0 mV 
60.0 
68.0 
92.1 

0 

0 

p = 0.01 in., 
Exact 

(eq. 21) 

43.25 mV 
50.4 
53.3 
57.8 

0 

-,2P ,-

0 

0 
Fig. 5-Array of conductors. 

j= 20 mAins, 
Asymptotic 

(eq. 22) 

42.3 mV 
49.9 
54.3 

122.1 

Q = LENGTH 

P = RADIUS 

d; = SEPARATION 

+ = POSITIVE i 

- = NEGATIVE i 
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at the center for convenience. Let us denote the rate of current change 
by ii(mA/ns), where i = 0, ... , N with i = ° denoting the particular 
conductor of interest. 

One component of the inductive noise voltage, Urn, is a result of the 
mutual inductances (i.e., inductive crosstalk) and is given by 

N 

Urn = L MJi mY, (24) 
i=l 

where Mi is given by eq. (4) with 

Mi == Mld=d i • 

The other component of the inductive noise voltage, Us, is a result of 
the self-inductance of the particular conductor and is given by 

Us = LJo mY, (25) 

where Ls is given by eq. (12). Thus, the total inductive noise voltage, 
Un, induced in the particular conductor is given by 

N 

Un = Us + Urn = LJo + L MJi mY. (26) 
i=l 

Equation (26) is the most general equation for computing the inductive 
noise of an array of conductors. 

If the t in the array of conductors are constrained so that they 
satisfy the subsidiary condition (i.e., Kirchhoff's current law), 

N 

L t = 0, (27) 
i=O 

then eq. (26) can be written as 
N 

Un = - L (Ls - Mi)t mY. (28) 
i=l 

This equation is a generalization of eq. (21). Also, if eq. (27) holds, 
then for small dJi; eqs. (5), (13), and (26) yield the asymptotic result 

Vn - 51' {-io (In(p) - ~) 

~ . [ (di
) ( di )2]} i~l Ii In(dJ - -; + 2t' m V, (29) 

where t: di , p are expressed in inches and the j's are expressed in 
mAIns. 

If all dJt' ~ 0, eq. (29) reduces to eq. (6-27) in Ref. 4. If all 
dJt' ~ 0, and Iln(p) I » 1/4, eq. (29) reduces to eq. (2) of Ref. 1, 
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namely, 

Un '" 51' {-joln(p) - i~' jiln(di)} ill V. (30) 

If all conductor separations di ~ 00, only the self-inductance of the 
conductor introduces inductive noise and eq. (26) reduces to 

(31) 

In contrast, eqs. (29) and (30) are not applicable if any of the di ~ 00. 

5.2.2 Grounded wire bonds 

As an example of computing inductive noise voltage across common 
ground leads in an array of conductors, consider the particular array 
of signal, power, and ground wire bonds on an integrated circuit chip 
shown in Fig. 6. Let us suppose each of the 32 signal bits switch 
current, simultaneously, at a rate of j mAins through the signal (S) 
wire bonds, as indicated in Fig. 6. What is the induced noise voltage, 
Vn , across the common ground (G) leads? We shall assume that when 
the G leads switch, the P leads are idle. This is a property shared by 
many chip driver circuits. We shall also assume that the magnetic 
fields associated with wire bonds on different sides of the chip do not 
interact significantly. Finally, the chip driver circuits are assumed to 
be, approximately, uniformly loaded. 

From Kirchhoff's current law, 

2jI + j2 + sj = O. (32) 

From eq. (26), the voltage Vb at the corner grounds is 

VI = LJI + jml + j m2 + j2M lO f:1 + j IM 20f:1, (33) 

where Ls is given by eq. (12), 

ml = M2f:1 + M3f:1 + M7f:1 + MSf:1 

and Mif:1 is given by eq. (4) with 

Mif:1 == Mld=if:1' 

Similarly, the voltage, V2, at the center grounds is 

V2 = Lsj2 + 2jmI + 2jIM lO f:1' (34) 

By equating VI = V2, the common ground condition, and using eq. (32), 
there result two simultaneous equations: 

AIjl + B Ij2 = cIj (35) 
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Un =-115mV 
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i,. i2 = GROUND RETURN CURRENT RATES 
Un = INDUCTIVE NOISE VOLTAGE ACROSS 

COMMON GROUNDS 

Fig. 6-Driver circuits on integrated circuit chip switching 32 signal bits simultane­
ously, with Vn = -115 mY. 

(36) 

where 

The solution of eqs. (35) and (36) is 

(37) 
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j2 -2[ 4AI + ell 
j Al - 2BI . 

(38) 

From eq. (34), the inductive noise voltage, Vn, across the grounded 
wire bonds becomes 

Un = U2 =U1 = [L' (~) + 2m1 + 2 (1) MlO'] i mY. (39) 

If'! = 0.1 inch, ~ = 0.02 inch, p = 0.0005 inch and j = 20mA/ns, the 
results are 

Ls = 2.623 nh 

jl = -2.577 j mAins 

j2 = -2.846j mAins 

ml = 1.1675 nh 

MlOt:. = 0.1226 nh 

Vn = -115.2 mY. (40) 

As an approximation, one can assume' a uniform distribution of 
return current rates and apply eq. (30). The results are 

ji = j2 = -8j13 = -2.667 j mAins 

VI = -122.9 mV 

V2 = -91.91 m V. (41) 

The average of VI, VI and V2 is -112.57 m V, which is approximately 
equal to Vn of eq. (40). This averaging method was used in Ref. 1, and 
it can also be used with the exact eqs. (26) or (28) to obtain approxi­
mate results. 

As a nonsymmetrical example, consider the particular array of wire 
bonds shown in Fig. 7. To simplify the analysis, we shall neglect the 
mutuals on the nonsignal sides of the chip. By eq. (27), we have 

(42) 

Again, by using eqs. (26) one can write equations for VI, the voltage 
across the corner grounds, V2, the voltage across the center grounds, 
and 

(43) 

By equating VI = V2 = V3, the common ground condition, and using eq. 
(42), there result three independent equations for jI, j2, and j3' By 
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COMMON GROUNDS 
BONDS = 0.02 INCH 

Fig. 7-Driver circuits on integrated circuit chip switching 32 signal bits simultane­
ously, with Vn = -111 mY. 

solving these three simultaneous equations, we can determine i3 and 
from eq. (43) we can determine the inductive noise voltage, Un, across 
the grounded wire bonds. If tf = 0.1 inch, ~ = 0.02 inch, p = 0.0005 
inch, and i = 20 mAins, the results are 

Ls = 2.623 nh 

i3 = -6.368i mAins 

Un = -111.4 mY. (44) 

Thus, from the inductive noise point of view, the configurations shown 
in Figs. 6 and 7 are comparable. 
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In a similar manner, one can compute the inductive noise voltage 
across the common power or ground leads of an arbitrary array of 
conductors. 

In general, the inductive noise voltage, Un, is linear in the switching 
current rate, t Thus, if i = 10 mAIns, Un as given by eqs. (40) and 
(44) would decrease by a factor of two. Accordingly, it is very important 
to keep i as small as is necessary for proper circuit operation. 

Also, eq. (39) shows that the self-inductance, L s , of the wire bonds 
is a major contributor to the inductive noise, Un. Equation (12) shows 
that Ls can be reduced by reducing the length, ?, of the wire bonds or 
increasing its radius, p. 

Notice that if all the mutual inductances were to vanish, the induc­
tive noise voltages across the grounded wire bonds of Fig. 6 and 7 
would increase in magnitude to 

= _ L s(32i) = _ Ls(32i) = -1400 V 
Un N

g 
12 . m , (45) 

where Ng = number of chip grounds. 
Thus, in these cases, the mutual inductances serve to reduce the 

magnitude of inductive noise by about 20 percent. 

5.2.3 Minimization of inductive noise 

To help minimize the magnitude of inductive noise, two general 
rules are now apparent: 

1. Separate the P leads, and separate the G leads. Attempt to locate 
them symmetrically. This serves to minimize the buildup of flux 
linkages produced by current flow in the same direction and provides 
symmetry for the P /G leads. 

2. Locate the signal leads as close as possible to the P /G leads. This 
serves to reduce flux linkages produced by current flow in opposite 
directions. 
Similar rules were also given by C. W. Deisch. 1 

These two rules were applied to determine the P /G/S lead assign­
ments for Fig. 8, which shows min I Un :5 110 m V. In contrast, the rules 
were violated drastically in Fig. 9 with the result that max I Un I ;::: 196 
mV. By comparison with eq. (45), we see that the mutual inductances 
have now increased the magnitude of the inductive noise by at least 
40 percent. 

The two simple rules are useful to help minimize inductive noise 
resulting from general arrays of coupled conductors. 

5.2.4 Comparison with experiment 

Values of U IIl , Un as given by eqs. (24) and (26) were found to agree 
well with experimental values of inductive noise voltage measured on 
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MIN IVnl ~ 110 mV 
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Fig. 8-Driver circuits on integrated circuit chip switching 32 signal bits simultane­
ously, with mini unl s: 110 mV. 

arrays of conductors in a 4 by 10 section of a circuit-pack connector.5
,6 

Details are presented in the Appendix. 

5.2.5 Some generalizations 

When the array of conductors contains nonparallel conductors, eq. 
(52) of Ref. 3 can be used to generalize eq. (4) above. Also, for more 
general configurations of parallel conductors, eq. (28) of Ref. 3 gener­
alizes eq. (4) above. These generalizations, along with the associated 
self-inductances, can also be used in eq. (26) or (28) to compute 
inductive noise voltage. 
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MAX IVnl ~ 196 mV 
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Fig. 9-Driver circuits on integrated circuit chip switching 32 signal bits simultane­
ously, with max I Vn I ~ 196 m V. 

5.3 Power and ground planes 

The inductive noise voltage, Un, in a power or ground plane can be 
computed from eq. (20). If the time rate of change of the current 
flowing in the power and ground plane is io mAins, the inductive noise 
voltage in either the power or ground plane is given by 

. . (h) 
Un = IoLg = 57rlol' W mV, (46) 

where I' is expressed in inches. For example, if I' = 1 inch, W = 1 inch, 
h = 0.005 inch, and io = 200 mAins, then Un = 15.7 mV. 
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VI. IMPEDANCE MATCH OF CHIP PACKAGES AND CIRCUIT PACKS 

The computation of inductive noise as discussed in this paper applies 
when the array of conductors is considered as lumped electrical ele­
ments. This is the case for the electrically short power and ground 
leads and electrically short segments of signal leads. However, for 
electrically long signal leads, a transmission line point of view is more 
appropriate. In this case, an important consideration is the design of 
chip packages having signal leads that are impedance matched to the 
signal leads in a circuit pack. The impedance'matching of chip pack­
ages to circuit packs was treated in Ref. 7. 

VII. CONCLUSIONS 

Inductive noise limits the physical design of high-speed, high pin­
out chip packages. The general eqs. (26) and (28) derived in this paper 
are useful for computing the inductive noise resulting from the inter­
connections in high-speed, high pin-out chip packages. When the 
distances between conductors are small relative to conductor lengths, 
the general equations reduce to the approximate equations given as 
eqs. (29) and (30). The equations are useful for computing inductive 
noise in general arrays of wire bonds, solder balls, DIP leads, package 
pins, and connector pins. Computed results were found to agree well 
with measured results. Two simple rules are presented for minimizing 
inductive noise. The inductive noise of P /G planes can also be com­
puted. 
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APPENDIX 

Experimental and Computed Inductive Noise of Interconnections 

To compare computed results with experimental results, some in­
ductive noise measurements were made on arrays of conductors in a 4 
by 10 section of a circuit-pack connector.5

,6 

A general electrical model for an array of signal (SJ, ground (Gi ), 

and idle conductors is shown in Fig. 10. The signal leads (SJ are 
assumed to carry current rates i, which occur simultaneously. The 
voltages Ut, Un, and Urn are used to characterize the inductive noise 
induced in the closed circuit loops. The two different ground potentials 
represent two equipotential surfaces (i.e., two copper ground planes). 

The measurements were performed for the four grounding patterns 
shown in Fig. 11. The percentage of grounds varies from 50 percent 
for ground pattern I to 10 percent for ground pattern IV. 

The experimental results for Ut are presented in Table II, along with 
the corresponding computed results for the case of a signal rise time 
of 6 ns and termination resistors of 100ft The physical dimensions 
used were obtained by measurements on the circuit-pack connector.5

,6 

The entries labeled single refer to the case when the average radius 
(with respect to length) is taken as 0.0234 inch and the total conductor 
length is taken as 0.790 inch. 
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Fig. 11-Grounding patterns I, II, III, and IV. 

Table II-Comparison of experimental and computed inductive 
noise with TR = 6 ns, R = loon 

Percent Ut 

(Experi- Percent Ut 

Pattern mental) Percent Un Percent Urn (Computed) 

0.3 -0.889 -0.481 0.204 Single 
-0.917 -0.429 0.244 Cascade 
-0.976 -0.492 0.242 Joint 

II 0.9 -4.46 -2.34 1.06 Single 
-4.21 -1.91 1.15 Cascade 
-4.73 -2.36 1.19 Joint 

III 4.0 -9.88 -1.18 4.35 Single 
-9.46 -0.943 4.26 Cascade 

-10.51 -1.19 4.66 Joint 

IV 9.0 -13.83 +9.24 11.54 Single 
-13.23 +6.63 9.93 Cascade 
-14.64 +9.24 11.94 Joint 
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The entries labeled "cascade" refer to the case when the Vt'S for two 
subsections of each conductor were added. The first subsection rep­
resents a radius of 0.015 inch and a length of 0.5 inch. The remaining 
subsection was of radius 0.038 inch and of length 0.290 inch. 

Finally, the entries labeled "joint" refer to the case when a single Vt 

was evaluated for each conductor having the radii and lengths given 
in the previous paragraph. 

By comparing the experimental values of Vt in Table II with the 
corresponding triplet of computed values, we see that there is indeed 
good agreement in all cases. 
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