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Fig. 12—Light-current characteristics of a EMBH laser emitting at 1.3 ym.

and doping levels do not exhibit a sublinearity in the light-current
characteristics for power less than ~15 mW/facet near room temper-
ature. At high injection, thyristor-like leakage path causes the L-I
characteristics to roll over.>*® The fabrication requirements on active
layer dimensions for low-threshold and kink-free operation of these
lasers are shown in Table II.

6.3 Channeled substrate buried heterostructure lasers

We now discuss the experimental results for the CSBH laser (which
has a nonplanar active layer). The schematic cross section of this
device structure is shown in Fig. 9b. The light-current (L-I) charac-
teristics of a CSBH laser emitting at 1.3 um is shown in Fig. 13. The
CSBH lasers are fabricated by LPE growth of an n-InP layer, 1.3-um
InGaAsP active layer, p-InP layer, and InGaAs contact layer over a
base structure that has V grooves etched in it. The base structure has
a p-InP current blocking layer, which may be LPE grown®” or VPE
grown*® over an n-InP substrate. Cd-diffusion can also be used to form
the blocking layer.*” Alternatively, Fe implantation®® or Fe-doped high-
resistivity InP layers*® can be used to limit the current flow to the
active region in the V groove. All of the above schemes for base
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Fig. 13—Light-current characteristics of a CSBH laser emitting at 1.3 pm.

structures of CSBH lasers yield devices with comparable threshold
current and efficiency. The threshold current of CSBH lasers emitting
at 1.3 pum is typically in the range of 15 to 30 mA, and external
differential quantum efficiency is 0.17 to 0.20 mW/mA /facet. Kink-
free operation has been achieved to >24 mW /facet in lasers with active
area less than 0.3 pum?*,

CSBH lasers emitting at 1.55 um have been fabricated using Cd-
diffused base structure and Fe-doped InP—grown by Metal Organic
Chemical Vapor Deposition (MOCVD)—base structure. Figure 14
shows the L-I characteristics of a CSBH laser emitting at 1.55 um
with a Cd-diffused base structure. The CSBH lasers emitting at 1.55
 um have lower quantum efficiency than lasers emitting at 1.3 um. The
threshold current, quantum efficiency, and Ty values of CSBH lasers
emitting at 1.55 um fabricated using Cd-diffused and MOCVD base
structures are similar.

Performances of typical CSBH lasers emitting at 1.3 and 1.55 um
are compared in Table III. The parameters shown are threshold
current, efficiency, light output at 100 mA, Ty, and maximum CW
operating temperature. The data are representative of results from
several wafers of each type. The observed lowest threshold currents
for CSBH lasers emitting at 1.3 and 1.55 um are 12 and 18 mA at
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Fig. 14—Light-current characteristics of a CSBH laser emitting at 1.55 um.

Table Ill—Performance characteristic of typical
CSBH lasers
A=13um A=15pum
Iy, (30°C) 15-25 mA 25-35 mA
Efficiency/facet 0.17-0.2 mW/mA 0.11-0.14 mW/mA
L(100 mA) 8-13 mW 6-8 mW
To 50-55K 50K
Tinax 90°C 90°C

30°C. The maximum CW operating temperatures for the 1.3- and 1.55-
pm lasers are 120 and 90°C, respectively.

Vil. DISCUSSION

The information-carrying capacity of a digital link is given by the
product of the bit rate (B) and the distance (L) between the trans-
mitter and the receiver. It is a common practice to characterize a
transmission system by its bit-rate-distance product, although this
may not be the judge of the overall performance.!

The loss limited transmission distance (L) is determined by the
minimum number of photons per bit needed by a receiver to detect it.
It is given by
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PR = PT exp(—-aL)

or
Pr
Pr’
where « is the fiber loss in dB/km and Pr, Py is the transmitted and
received power. For loss limit Py varies linearly with the bit rate B.
The solid lines in Figs. 15 and 16 show the loss limit for 1.3- and 1.55-
pm systems using Pr= 0 dBm (1 mW).

At high bit-rate fiber dispersion becomes an important limitation

because of pulse spreading. The effect of pulse spreading on the
performance of lightwave systems have been calculated by several

10
L=— 10g10 (7)
o
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authors.”®% The dispersion limit is usually given by®! (within a factor
of 2)

BL < 1/(ADo), (8)

where D is the fiber dispersion and ¢ is the source linewidth. Com-
mercial silica fibers have zero dispersion near 1.3 ym and D ~ 15 ps/
nmkm at 1.55 ym. Using ¢ ~ 3 nm for 1.55-um multimode sources, eq.
(8) suggests that in spite of the high loss limit the bit-rate-distance
product is limited to 5.5 Gb-km for 1.55-um transmission systems
unless single-frequency sources are used. '

Several schemes have been used to obtain single-frequency emission
at 1.55 um. Cleaved-coupled-cavity, external cavity,”® and DFB-
type*? single-frequency lasers have been fabricated using the DCPBH
laser structure shown in Fig. 9c. Although all of these schemes produce
essentially single-frequency sources (linewidth <20 MHz) under CW
excitation, the linewidth under pulsed current modulation is signifi-
cantly larger (1 to 2A).°*%® This phenomenon is usually called fre-
quency chirping and it arises from a modulation of the refractive index
by the injected current that modulates the effective cavity length. The
chirp limit using eq. (8) for three different chirp widths is shown by
the dashed curves in Fig. 16. External modulators must be used to
eliminate the frequency chirping.

Dispersion limitations can also be important for 1.3-um systems at
high bit rates. In most optical fibers, the dispersion D is greater than
1 ps/nmkm at wavelength separation AA > 10 nm from the zero
dispersion point. Using D = 1 ps/nmkm, we get the dashed lines in
Fig. 15 as the dispersion limit for multimode source linewidths of 15,
30, and 504, respectively. The longitudinal mode spacing of a 2.50-um
long 1.3-um InGaAsP laser is ~9A. This suggests that the 30A line in
Fig. 9 may be a practical limit for 1.3-um systems using multimode
sources. Furthermore, it is well known that the emission spectrum of
a 1.3-um InGaAsP laser under microwave modulation (>2.5 Gb) is
considerably broader (because of the appearance of many longitudinal
modes) than for low bit-rate (<1 Gb) modulation.’® This broadening
is due to band filling, which becomes significant for modulation
frequencies larger than inverse carrier recombination times. Thus, for
high bit-rate-distance operation near 1.3 um it is necessary to use
single-frequency sources unless the emission spectrum under modu-
lation is within +10 nm of the zero dispersion wavelength of the fiber.

VIIl. CONCLUSION AND SUMMARY

We have compared the performance of real index-guided InGaAsP
lasers emitting at 1.3 and 1.55 um. The 1.3-um lasers have somewhat
lower threshold current (~20 percent) than 1.55-um lasers. This is
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principally due to the smaller confinement factor of the 1.55-um lasers
due to the presence of the antimeltback layer in our LPE grown lasers.
The VPE growth technique does not require the presence of antimelt-
belt layer; thus essentially similar threshold current can be realized at
both 1.3 and 1.55 pm. The measured median threshold current at 30°C
from several wafers of our CSBH and DCPBH lasers are 15 to 25 and
20 to 35 mA for lasers emitting at 1.3 and 1.55 um, respectively. The
lowest threshold current observed at 30°C are 11 and 15 mA for lasers
emitting at 1.3 and 1.55 um, respectively.

The temperature dependence of the threshold current is given by
the commonly used expression I, (1) ~ I exp(T/To) with T, ~60-75K
for 1.3-um lasers and 55- to 65K for 1.55-um lasers. A small temper-
ature-independent leakage current (~10 mA) is believed to be respon-
sible for high T, values (~100K) of some 1.3-um DCPBH lasers. The
nonradiative Auger recombination process that increases with decreas-
ing bandgap is believed to be responsible for the low T, values of the
long-wavelength (both 1.3 and 1.55 um) InGaAsP lasers. The effect of
the larger Auger coefficient at 1.55 um is compensated by lower carrier
density at threshold at 1.55 um so that the total nonradiative current
loss for lasers emitting at 1.55 um is not significantly larger than that
for lasers emitting at 1.3 um. This results in similar T, values for 1.3-
and 1.55-um lasers.

The measured efficiency of the 1.55-um lasers is smaller (~20
percent) than that for 1.3-um lasers. This may be due to the combined
effect of larger intervalence band absorption and free carrier absorp-
tion at longer wavelengths. The smaller efficiency combined with
lower photon energy (~20 percent) at 1.55 um than at 1.33 um makes
the light output at a given operating current (~100 mA) of the 1.55-
um laser lower by ~35 percent than that for 1.3-um lasers. This shows
that the transmitter circuitry will need higher drive current when
1.55-um lasers are used. The higher operating current may have some
reliability implications. The external differential quantum efficiency
for 1.55-um lasers can be increased by fabricating short lasers. How-
ever, the reliability of short lasers may be a problem because of higher
threshold current density in these devices.

Capacitance associated with leakage junctions is believed to influ-
ence the high frequency modulation capability of index-guided lasers
that use reverse biased junctions for current confinement. We have
fabricated 1.3- and 1.55-um lasers that can be modulated at high bit
rates (>2 Gb/s). The laser linewidth under modulation is found to be
significantly broader than that under CW operation. The phenomenon
is called frequency chirping and arises from the modulation of the
carrier density that modulates the refractive index of the guided wave.
The measured chirp width of the 1.55-um laser is larger than that for
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the 1.3-um laser, because of the larger variation of refractive index
with carrier density at longer wavelengths. The thickness of the
antimeltback layer in our 1.55-um lasers determines to some extent
the measured chirp width; for example, lasers with larger antimeltback
layer thickness have smaller confinement factor and hence have less
chirp. If the laser is modulated at bit rates higher than the relaxation
oscillation frequency, the chirp width is significantly enhanced. Since
relaxation oscillations are damped in strongly index-guided lasers we
expect these lasers to have less chirping at high bit rates (>1 Gb/s)
than weakly index-guided lasers. The external cavity-type single-
frequency lasers have been fabricated from our multimode lasers.®
These single-frequency lasers exhibit less chirp (~2) than the multi-
mode lasers due to frequency pulling effect.®* Such frequency pulling
effects can reduce the chirp width of distributed feedback type of lasers
also. A chirp of 1A limits the bit-rate distance product to 160 Gb-km
for 1.55-um transmission systems using conventional silica fibers.
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Equalizing Without Altering or Detecting Data

By G. J. FOSCHINI*
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For terrestrial digital radio systems that use Quadrature Amplitude Modu-
lation, the idea of adapting equalizers to multipath distortion, without relying
on accurate data estimates, is attractive. Prompt adaptation following a severe
fade, when accurate data estimates are unavailable, is useful for reducing
outage time. To avoid processing and administrative overhead, the adaptation
method should not involve violating the transmitted signal with the insertion
of equalizer training signals. We approach this kind of equalization by building
on an algorithm of D. Godard (IEEE Transactions on Communications,
November 1980)* that was devised for voiceband polling networks. The method
involves a very simple tap update procedure. However, the technique lacks the
foundation of the years of analysis and experimentation that underlie least-
mean-square adaptation algorithms. The main purpose of this paper is to
present new findings, including (1) a proof that the algorithm, thought to
require special equalizer initialization, converges regardless of initialization
(this offers useful flexibility in digital radio systems, since, after a severe fade,
the algorithm could start with any tap misalignment); (2) a preliminary look
at convergence speed suggesting the possibility of significant outage reduction;
(8) an algorithm that provides phase coherence (the original algorithm requires
a follow-on phase-locked loop); and (4) an algorithm for cross-polarization
cancellation as well as equalization.

I. INTRODUCTION
1.1 The problem of prompt data detection

Consider a Quadrature Amplitude Modulation (QAM) digital radio
signal (or a dually polarized QAM pair) propagating through a medium

* AT&T Bell Laboratories.

Copyright © 1985 AT&T. Photo reproduction for noncommercial use is permitted with-
out payment of royalty provided that each reproduction is done without alteration and
that the Journal reference and copyright notice are included on the first page. The title
and abstract, but no other portions, of this paper may be copied or distributed royalty
free by computer-based and other information-service systems without further permis-
sion. Permission to reproduce or republish any other portion of this paper must be
obtained from the Editor.
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subject to slowly, randomly varying, frequency selective fades (and
cross-polarization coupling). On certain occasions the loss of signal
can be so complete that a theoretically optimum receiver could not
detect the data. Subsequently, a strong signal returns, but carrier and
timing may have wandered and the medium may have significantly
changed its dispersive character. The objective is to detect the data
symbols forthwith as the signal strength returns.

It is the uncertainty about the various features of the received signal,
apart from the inherent uncertainty associated with the information
symbols (and additive noise), that slows the recapture process. Carrier
frequency and phase, and timing frequency and phase are all to some
degree uncertain. Moreover, the 2 X 2 matrix transfer characteristic
of the dispersive medium (the diagonal elements describe the co-
polarization transfer characteristics and the off-diagonal terms express
the couplings between polarizations) is also uncertain. This medium
must be equalized to enable accurate data detection. During the
bootstrapping, reliable data estimates are unavailable. Consequently,
data-directed Minimum-Mean-Square Error (MMSE) equalization is
not feasible.

In this paper a method of equalization is analyzed that does not
require the availability of data estimates. The method involves tap
adjustments based on simple computations using samples of the re-
ceived QAM signal and of the equalizer output. For simplicity, in the
following sections equalization (along with cross-polarization cancel-
lation) is considered in isolation assuming carrier and timing recovery
have somehow been accommodated. We stress that equalization is one
part of the bootstrapping process. At the time of this writing, carrier
recovery is a topic of research. One promising approach employs a
quartic nonlinearity. Later we will say more about carrier recovery.
Regarding timing frequency, we anticipate that the squared-envelope
method is adequate in most applications. Practical realizations of the
systems we analyze are assumed to employ a sufficient number of
fractionally spaced taps to be quite robust to timing phase.

1.2 Are probing tones not needed?

The approach to equalization that we treat leaves the standard form
of the transmitted signal inviolate. (In contrast, one could monitor the
medium with real-time measurements and adjust equalizers on the
basis of the measurements.) Is the standard (no modification at the
transmitter) signal already a media probing signal? Is it also a control
signal that arranges for equalizers and cross-polarization cancellors to
automatically align in response to reasonable real-time, digital signal
processing? A practical affirmative answer would enable one to avoid
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the processing and administrative overhead associated with altering
the form of the transmitted signal.

1.3 Outline of results

In this paper we take an approach to equalization, without altering
or detecting data, that was originally designed for expediting start-up
in equalizers in voice band polling networks. The method, originated
by D. Godard,? involves a very simple tap update procedure and for
that reason is especially attractive. [See Ref. 3 for an earlier paper
providing a method for PAM (but not QAM) signals. Related research
has been conducted.*®] The algorithm assumes the average squared
constellation vector is zero and is presented in Section IV. First some
background is needed. In Section II the basic model for single polari-
zation transmission is presented. Section III discusses a general view
of the tap evolution that will be used.

Godard’s algorithm lacks the foundation of the years of analysis and
experimentation that underlie least-mean-square adaptation algo-
rithms. The main purpose of this paper is to present new findings on
the mathematical theory of this little-understood algorithm.

The algorithm was thought to require special tap initialization to
converge. We show that the algorithm converges regardless of initial-
ization (Section V). This flexibility is significant given the vagaries of
tap misalignments that could be associated with severe channel fading.

In Section VI we take a preliminary look at the subject of conver-
gence speed. This is accomplished by reinterpreting published numer-
ical work® (aimed at voiceband systems) for digital radio applications.
While a mathematical analysis of the transient behavior seems intract-
able, Section VI explains that considerable insight can be obtained
from the analysis of a much simpler related problem.

Two new algorithms related to the Godard algorithm are given. The
first (Section VII) provides phase coherence as part of the equalization
process for hypothetical systems employing highly stable oscillators.
The original algorithm required a follow-on phase-locked loop. Section
VIII presents an algorithm that provides for cross-polarization can-
cellation as well as equalization.

Throughout much of this paper the mathematical theory idealizes
assuming an infinite tap equalizer. This is because it is very awkward
to deal analytically with the finite tap case. One is left wondering if
there is any pitfall associated with the finite tap algorithm. The current
status of this issue is addressed in Section IX. There is some evidence
that the infinite tap—finite tap contrast is nearly as tame as it is with
MMSE equalization.

A second purpose of this paper is to answer the question of whether
the potential for using the aforementioned algorithm in digital radio
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a, h,c,y,z ANDs ARE DOUBLY INFINITE COMPLEX SEQUENCES

Fig. 1—Simplified baseband model.

systems is significant enough to warrant detailed study. An affirmative
answer is given.

A discussion is given in Section X. The Appendix contains infor-
mation on QAM constellation moments.

Il. THE MODEL

Since our primary goal is the presentation of theoretical results, a
simple setting is used. We work with the equivalent baseband model
shown in Fig. 1. The complex data sequence is denoted a. The elements
ofa=(--- ag, ai, ---) represent independent identically distributed
choices from a QAM constellation, each point of which is equally
likely. We normalize so that E|a,|? = 1.

The complex sequence h represents samples of the impulse response
of the transmitter and medium combination. The sequence ¢ repre-
sents the complex equalizer taps. Using the * symbol for convolution,
the sampled impulse response of the channel and equalizer in combi-
nation is denoted s = h = ¢, the received data is denoted y = a = h, and
the sequence after the equalizer is z = a x h % ¢. This notation is
consistent with the notation of Ref. 1.

Also, h is assumed to have a continuous Fourier transform devoid
of spectral nulls. Consequently, A has a convolution inverse h™! satis-
fying h * h~! = 010. By 0 we mean an infinite sequence of zeroes, left
directed if preceding a number and right directed if following a number.
If 0 is written without abutting a number, it means the sequence of
zeroes extending from —oo to +co.

A more refined model of the terrestrial digital radio environment
would include additive white Guassian noise at the input to the
receiver. However, the major interest in this paper is in prompt re-
establishment of adequate equalization after a cataclysmic event dur-
ing which the data-detection capability was completely lost (so P, —
1/2). The situation is that the medium, despite the presence of additive
noise, has the potential of providing adequate performance if only the
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equalizer could be properly aligned. In such situations the s/n is
generally so large that optimal MMSE equalizer including noise effects
is only slightly better than the inverse equalizer,” which neglects noise.
Once the equalization can provide for a P, in the neighborhood of 0.1,
conventional linear MMSE equalization is an option. To be prudent,
unless stated otherwise, this option is assumed. So neglecting the noise
is not a substantive shortcoming of the analysis. MMSE Decision
Feedback (DF) equalization is an alternative option. The bane of DF
has been the possibility of the detection process entering a disasterous
error propagation mode. With Godard’s algorithm as a fallback, the
error propagation is no longer disasterous. The theoretical perfor-
mance of DF is superior to linear equalization.®'® Therefore, in a
severe fade, DF helps in forestalling the failure of the decision-directed
mode. However, in some important digital radio applications the
theoretical advantage of DF over linear is marginal.”

lIl. VECTOR FIELD FOR EQUALIZER TAP EVOLUTION

Generally a tap update is a random vector. The subject of “conver-
gence” of a tap update procedure prompts several interesting questions.
What is the underlying trend in the tap evolution? If the tap setting
is tending to some target region, how long does it take to get there?
What is the long-term equilibrium distribution of the tap settings?
Recasting the last question less mathematically: Do the tap settings
significantly stray from the target region once they get there? These
are difficult questions. In this paper we will primarily attack the first
question, say a little about the second, and defer the third. The target
region can be defined as constituting those settings for which MMSE
can commence. We proposed above that MMSE be used when possible.
Consequently, for the third question we defer to MMSE theory.

To address the first question, we shall deal with the mathematical
abstraction of vector fields in tap space. That is, at each point in tap
space there is a vector, that, when added to the current vector of tap
settings, points to where the taps should nominally be set in the
immediate future. Anticipating that time spans of interest in tap
bootstrapping processes involve over 10* symbols, it is sometimes
useful to approximate and represent tap evolution in continuous rather
than discrete time. The vectors are smooth functions of the taps. The
relative magnitudes of the vectors relate to the relative speed of change
of the taps.

The fields of interest to us are conservative, that is, they are derived
by taking the gradient of a potential function ¢. The gradient depends
on the current tap setting and the channel-impulse response. We
stress that in implementations the channel response is not known and
the tap changes (gradients) are derived from readily accessible random
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variables whose mean values are the desired quantities. (This is the
so-called stochastic gradient approach. Conventional MMSE utilizes
a stochastic gradient approach requiring accurate data estimates.)
The potential functions we will work with are fourth-degree poly-
nomials in the tap gains and their complex conjugates. Exceptional
points, where the field vector is a zero vector, are called stationary
points. For potential functions such as fourth-degree polynomials the

Hessian matrix
¢
& =
(ac‘,ac,,,)

types the stationary points. (We are using a bar here for complex
conjugation.) This typing stems from a power-series expansion about
a stationary point and is as follows:

positive semidefinite « local minimum
negative semidefinite <> local maximum
indefinite < unstable equilibrium.

In the sequel, when we say that an algorithm “converges” to some set,
we mean that the set constitutes the points of stable equilibrium of
the corresponding vector field.

The stochastic gradients of | z,|* and |z,|? will be used later. We
record them for reference for even positive powers Q. We obtain
(similar to Ref. 1)

IEAN . A NVQ/D =1 . s\
el L (yaane = 2 oy,

The prime denotes transpose and the bar denotes conjugation. Since
(Q/2) — 1 is a nonnegative integer the computation of the stochastic
gradient of |z,|9 involves only multiplications of readily accessible
quantities. These quantities are the tap settings and the vector of tap
outputs. We note that the taps evolve so that the vector ¢ is a function
of time and the notation has suppressed that dependence thus far.

IV. DESCRIPTION OF GODARD’S QUARTIC ALGORITHM

In this section we review the algorithm of Ref. 1 for updating
equalizer taps, for which, remarkably, data estimates are not required.
The algorithm, if properly initialized, is known to converge to a vector
of the form h+c = (--.0, e, 0, 0, -..), which is the ideal Nyquist
response, except for the presence of an arbitrary phase 6. In other
“words, the algorithm converges so that z is the same as a except that
the constellation needs to be rotated into position. The four-fold
ambiguity associated with positioning the constellation is not a prob-
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lem since the data is assumed to be differentially encoded at the
transmitter.

Let ¢[, denote the tap vector at time n. The tap update procedure
is based on a gradient minimization of

¢(C[n]) = E(Ian2 - R)Zy (1)

where R = E|a,|*/E|a,|* = E|a,|* is a constant depending only on
the signal constellation. Thus the tap update procedure is

Cin+1] = Cn) — A.‘)_/nzn(lzn |2 - R)’ (2)

where X is the step size.
One way to motivate eq. (1) is to consider

¢ = E(lz.1* = | aa]?)? (3)
as an error criterion. Overlook, for a moment, that estimates of | a, |2
are not available at the receiver immediately after a severe fade. ¢ has
some nice features. After all it measures zero when z, = a,. The
systems we are dealing with are nominally linear, so that it seems
reasonable to speculate that when ¢ is zero, then the system is ideally
equalized modulo a rotation of the constellation. We must replace
| @, |?in (3) by a more reasonable quantity. We replace it by a constant
chosen to make the two expectations in (1) and (3) have substantial
agreement when expressed in more fundamental form in terms of h
and c. (See Ref. 1 for details.) This completes the interpretation of the
choice of R.

Recalling that s = h = ¢, the potential ¢(c) is expressed as

$(c) = 2(Z [?)° = 2 = Elas]*) T |sel*
= 2E|a,|* ¥ |s]|* + (Elad|*)®  (4)
Let L? be the number of constellation points and recall the normali-

zation E|a,|* = 1. Regarding s = h * ¢ as the independent variable,
we have

B(s) =2 (X |se|?)? — (%t_i;) 2 Isel?

7L% — 13 702 - 13\’
-9 (————5(L2 — 1)) 3 |se|? + <—_5(L2 — 1)> . (5)

The equality (4), comes from straightforward harmonic analysis (it
appears in Ref. 1) and equality (5) uses the Appendix.

In the following sections new results are presented on the theory of
quartic algorithms.

SIGNAL EQUALIZATION 1891



V. CONVERGENCE OF THE QUARTIC ALGORITHM

In the previous section we mentioned that the algorithm converges
if it is properly initialized. Now we will show that such initialization
is not needed for convergence. In a certain sense the algorithm will
converge regardless of the initialization. More precisely, we show that
the only loci of stability of the vector field in tap space are the family
of sets

= {c|c * h = ¢’°(01,0), 6 an arbitrary real}

Each E, is an ellipse in tap space since it is expressible as a linear
transformation of a circle. By 1, we mean that 1 occurs in the kth
position. The set E & UZ,, E;, are the points of global minima. These
points are the ideal Nyquist responses (modulo a phase adjustment of
the constellation).

A gradient search can only terminate on one of these circles of local
minima. There are no spurious local minima. The only other stationary
points are ¢ = 0, which is a local maximum corresponding to the shut-
down of the receiver and some points of unstable equilibrium “saddle
points.” We now substantiate these claims. The mathematical ap-
proach used in the remainder of this section is similar to that used in
Sections VII and VIII. However, the demonstration here is much
simpler.

5.1 Stationary points relative to overall system response

To demonstrate the character of the stationary points, we first
discuss the stationary behavior relative to s, from which the nature of
the stationary points relative to ¢ will follow.

With respect to the conjugate coordinates 5., we take the partial
derivative of ¢ and equate to zero to get

{"? 4(2|,|2) 6(L2+1)|sk|Sk

5 (L% —
7L? — 13 ”

e B e =90 .

<5(L2 - 1)) o }k=-—oo

So s = 0 is a solution. Dividing through by s, for s, # 0 gives a very
simple equation for the stationary points. In general, the stationary
points are the vectors having the property that there are a finite
number M = 0 of nonzero coordinates all M of which are (7L% —

13)[10M (L? — 1) — 3(L? + 1)]! in squared modulous. These stationary
points are typed as

M=0: s=0,alocal maximum
M = 1. global minima
M = 2: unstable equilibria.
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The reasoning behind this typing of each case will now be given. Keep
in mind the expression of ¢(s) given in eq. (4).

The case M = 0.

This corresponds to s = 0, which is a local maximum. Simply note
that sufficiently small perturbations of 0 serve to reduce the value of
¢(s). The reason for this reduction is that, for a very small perturba-
tion, the quartic effect is negligible relative to the quadratic one.

The case M = 1.

These points are loci of global minima. The global minimum cannot
be attained if more than one component of s is nonzero. Indeed, if §
has more than one nonzero component then § 2 0, (I | 5;]2)"/2, 0 gives
¢(8) < ¢(8). Say that the ith component of s is the only nonzero
component. The function ¢(s) is then minimized when [s;|? = 1.

The case M = 2.

These points are unstable equilibria (“saddles”). The instability for a
stationary point s with M = 2 is shown by first decreasing ¢(s) by a
perturbation of two nonzero components of s that leaves ¥ |s;|?
invariant. Secondly, ¢(s) is increased by a perturbation that simply
increases the magnitude of a zero component by a sufficiently small
positive number.

5.2 Stationary points relative to tap weights

The results of Section 5.1 are only of incidental value since we are
interested in the vector field relative to ¢ not relative to s. However,
the results thus far can be interpreted to provide what we need, as we
now explain.

The operation of convolution of ¢ with & represents an invertible
continuous function on tap space. Since ¢(s) is a continuous real
function of s, ¢(s) = ¢(h = ¢) is also a continuous real function of c.
Recall the very elementary fact that notions like local maximum, local
minimum, and unstable equilibrium are defined as neighborhood prop-
erties in tap space. It is a property of continuity that the mappings h+
and h7's leave invariant the entire system of neighborhoods. It is
immediate from the results of Section 5.1 that the points in E are the
only points of stability in tap space when the taps evolve in accordance
with the specified vector field.

For those uncomfortable with the above argument we give another
level of detail. Say § = h x ¢ is a point of local minimum of ¢. This
means that there is an open set in tap space containing §, where ¢(s)
is the least number achieved. By convolution of elements of this open
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set with h, one creates an open set about ¢ on which ¢(h * ¢) is the
least number achieved. Local maxima and unstable equilibria are
handled similarly.

VI. A PRELIMINARY LOOK AT CONVERGENCE SPEED
6.1 Interpretation of a published simulation

To consider quantitatively the subject of convergence speed, we fix
on a hypothetical example. Namely, we focus on a system with a
transmission speed measured in tens of megabauds. Outage time
accumulates when P, = 1073, and is assumed to be limited to 150
seconds per year per hop (in a nominal system). The hypothetical
channel is assumed to fade in accordance with the Rummler model.'*

Let P’ (t) denote the probability of bit error that an ideally equalized
system can provide at time t. Then P’(¢t) < P(t), where P(t) is the
probability of bit error that is actually achieved at time t. For the
purpose of discussion, assume that the clear air s/n is such that if P(t)
were identically equal to P’(t), the outage objective would be roundly
met. Suppose a fade is so severe that decision direction of the equali-
zation process becomes impossible. When the fade subsides to the
point where P’ < 1073, the objective is to boot (or be booting) the
equalizer so that P < 1073 occurs with a negligible time lag. An
aggressive booting procedure, operating with an uncertain frequency-
selective transfer characteristic, is viewed as a key element in achieving
substantial outage reduction. The alternative of waiting for the dis-
persion to clear to the extent that a crude equalizer will open the eye
is manifestly unacceptable.

The analysis of the booting process is difficult for two reasons. First,
the extremal statistics of fade time dynamics are not well established.
Second, even if such a model were available, it would be difficult to
mathematically represent the time dynamics of an equalizer based on
the Godard algorithm. However, if we assume that the time interval
during which P’ > 1072 lasts for a few seconds, then an equalizer
booting time measured in tens of milliseconds would be negligible in
terms of contributing to outage time. Indeed, even a 100-millisecond
boot time would be negligible if the preponderance of the time occurs
before the level P’ = 1072 is down-crossed. Assuming that the channel
transfer characteristic does not change appreciably during booting, we
take a preliminary look at whether the quartic algorithm can boot an
equalizer in tens of milliseconds.

Reference 2 reports simulations of transient responses from a cold
start. The examples are for a voiceband application; however, they
can be interpreted for a digital radio context. One of the examples is
particularly interesting. (See Fig. 7d in Ref. 1.) Although 64 QAM is
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not treated, rectangular constellations with 16 and 32 points are
considered. The effect on the transient response of increasing from 16
to 32 is negligible. (This is expected because the constellation moments
for L? = 16 points are already nearing their L — o asymptotes, as
shown in the Appendix.) The channel used to generate the transient
responses has as severe a dispersion as can be expected in the digital
radio application. This statement is based on a rough indicator of
dispersion, namely max,| H(w) |?>/min,| H(w) |% (H(w) is the channel
transfer characteristic.) The unimodal | H(w) |2 had a higher indicator
of dispersion than the most extreme of the 25,000 fades in a compre-
hensive library’ generated from the Rummler model."!

The transient responses of Ref. 2 suggest that booting times of less
than 10° symbols may be possible. In the digital radio application at
tens of megabauds, 10° symbols are received in a few milliseconds.

A transient analysis of the algorithm is certainly an ambitious
undertaking. However, it is possible to conduct a mathematical anal-
ysis of eq. (2) for a hypothetical, real, one-dimensional case. We sketch
this analysis in the following subsection. By projecting the convergence
behavior of interest into a simple, understandable context, useful
insight is gained.

6.2 Analysis of a related one-dimensional evolution

In the much simpler domain of least-mean-square adaptation algo-
rithms,'? the transient behavior for the one-dimensional case is ana-
lyzed. Then a heuristic argument is made to extend the transient
analysis to the higher-dimensional case. In the one-dimensional anal-
ysis of the Godard algorithm that follows, we will see how the corre-
sponding MSE behavior of the algorithm compares with an MMSE
evolution. The MMSE evolution assumes known data at the receiver.

In this one-dimensional case, both & and c are real scalars but the
data is complex. In this subsection, a coordinate index is unnecessary
so we write ¢; for ¢;;;. The gradient algorithm is
9
aC,'
For expositional simplicity in the sequel, we work with only the
asymptotic form (L — =) of the constellation moments. (Section V
served to demonstrate that dealing with finite L is not an essential
complication. The Appendix shows the moment asymptotes are rapidly
approached.) Compute for later use

ulci) & Ecin — ¢i| ;) = —5.6\R[(he;)® — he;] (7a)
o2(c;)? & E[(civ1 — ¢)?lci]

= Nh?[68.3(hc;)® — 104(hc;)* + 44.2(hc;)?].  (7b)

(Iz:|* = |R])™ (6)

Civ1 =€ — A
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Note that both ux and ¢ are linear in Ah.
Were it not for the stochastic aspect, the evolution would be de-
scribed by the nonlinear difference equation

Cie1 = ¢ — 5.6M((he;)® — hc;). 8)

A crude representation of the evolution (8) with A small uses a

deterministic differential equation. A more refined representation of

(6) uses a stochastic differential equation. We look at both of these.
The deterministic differential equation is

% = —5.6\h[(hc)® — (he)], (9a)
in the time scale where one unit equals one symbol time. The time, T,

that it takes for ¢ to evolve from ¢, # 0 to a target setting ¢ is easily

seen to be
T= 11.21>\h2 n (i - ((Zf:,;:z> (9b)
The corresponding formulae for the MMSE algorithm are
% = —2\h(hc — 1) (9c)
g (E).

The formula (9d) is consistent with the statement in Ref. 12 that the
time constant for the MMSE stochastic-gradient algorithm is (2\h2)™1.

If one uses values in the right-hand side of (9b) and (9d) that are
reflective of the digital radio application, the logarithmic term can be
shown to be of little consequence in assessing order-of-magnitude
effects. The latitude in being able to set ¢; so that hcyis only approxi-
mately 1 is crucial to taming the singularity. Reference 12 on MMSE
explains that, in higher dimensions, h? is replaced by (trace R/N),
where R is the channel autocorrelation matrix and N is the number of
equalizer taps. In data communication applications, a normalized form
of the channel is often appropriate to account for AGC. In a one-
dimensional context, AGC gives hc¢ = 1, trivializing the equalization.

Refining (9a) to bring in the stochastic element of the evolution, we
have

de = u(c)dt + o(c)dp(t), (10)

where (dB)/(dt) is a standard white-noise process. It is difficult to give
a complete analysis of this equation; however, some results are possi-
ble.
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A mathematical “experiment” was made to test the restoring action
of the dynamic represented by (10). The mathematical tools in Ref.
13 were used. Set the tap c¢ at a very large value ¢, and consider the
transit time to another large value v. Assume ¢, > v >> ¢;. Under the
deterministic evolution, (9a), the expected time until + is hit for the
first time is proportional to Y2 With the stochastic dynamic, the
expected hitting time is proportional to vy~

As the tap setting ¢ nears the target region, the first-order term in
the power series for u(c) and ¢2(c) is linear and constant, respectively.
This limiting evolution is that of the elastically bound particle (also
called Orstein-Uhlenbeck). A complete transient analysis of the
dynamics of the elastically bound particle is classical.’* We have

Elhe(t) = 1]¢(0) = ¢o] = (he, — 1)e~112M*% (11a)

Var[he(t) — 1]¢(0) = ¢,] = 0.381Ah2(1 — e 22%) (11b)

We are assuming the quartic algorithm is only for bootstrapping, so
0.381)\h?2 does not correspond to the equilibrium variance.

It is interesting to contrast with MMSE, for which the expected
time from start to target is available in closed form using the method
of Ref. 13. We get

5
. (1 - hc,)”m

_ 1 1=he/ 1, (1=-hg
"~ Ah? + 1.4M\%h* 140 27 \1 - hc,
T\R?
1 1-—- th
~ R In (1 — th> (A small).
Also,
E(he(t) — 1]¢(0) = ¢,) = (he, — 1)e™" for each t, (1lc)
and

Var(he(t) — 1]¢(0) = ¢) ~ (heo — 1)%e7 2% ast — .  (11d)

Noise and quantization effects, which are not included, will predomi-
nate for large ¢ and thus serve to bound the MMSE variance above
Zero.

Interestingly, for both the MMSE and quartic algorithm, the expo-
nential decay that is observed in the simple deterministic analysis is
maintained when stochastic effects are included. Evolution under the
quartic potential compares favorably with that of the quadratic. How-
ever, the apparent advantage of the quartic of a factor of 5.6 in time
constant is illusory, as we next discuss.
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Fig. 2—Potential functions for simple one-dimensional case.
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Relation (8a) suggests that one should make A large to reduce the
transit time. However, A must be set carefully. The differential equa-
tion loses its effectiveness as an approximation to (8) once A gets too
large. An analysis of (8) points out that, for A sufficiently large,

lcivr| > lcil,

which is a disastrous instability. The wall of the potential well for
Godard’s algorithm is quartic while, for MMSE, it is quadratic. (See
Fig. 2 to contrast the quartic and quadratic potentials.) Consequently,
the quartic algorithm requires a smaller A\ to avoid instability than
MMSE requires. Indeed, in the simulations of Ref. 2 it was noticed
that a smaller value of A was needed. As ¢; approaches the target
region, one would like A small to encourage stepping into rather than
over the target region. A key area of future study is to determine a
dynamic procedure for prudent setting of \.

6.3 A heuristic discussion of transient behavior

The results of the previous subsection require refinement to obtain
a more global description of the behavior of the trajectories of (6).
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More importantly, the vector algorithm needs to be analyzed and that
appears to be formidable. These are items for future research. At
present we are limited to drawing on what we have developed in
Sections V and 6.2.1 to express our current intuition of the qualitative
nature of tap evolution: Far from the target region, there are saddle
points representing loci where more than one target region is equally
accessible. The evolution is not stymied as the strong random effect
forces a choice. Still far from the target region, there is a very strong
trend toward the target. The motion slows as the target is approached
and becomes that of a particle elastically bound to the elliptical bull’s-
eye corresponding to the Nyquist responses. Close to the target, the
radial motion is not essentially different from an Orstein-Uhlenbeck
evolution, except in one respect. The evolution has a tangential indiffer-
ence that is of no consequence since phase coherence is left for an
auxiliary process. The 0 tap setting is an unstable equilibrium that is to
be avoided (and that is not difficult). To the extent that the vector tap
does not begin too close to zero, the transit time to target would seem to
be dominated by the Orstein-Uhlenbeck-like motion.

VII. REMOVING PHASE AMBIGUITY

A useful feature of the quartic algorithm, that we have been discuss-
ing is that equalizer convergence does not need carrier recovery. As
explained in Ref. 2, the tracking of carrier phase can be carried out
using a decision-directed phase-locked loop that will converge once
equalization has taken place. For digital radio applications, this feature
implies a significant immunity of the equalization process to frequency
offset and phase jitter.

On the other hand, if a digital radio system were designed with
highly stable oscillators, could we employ a quartic algorithm providing
for coherent recovery without a phase-locked loop? After all, standard,
decision-directed MMSE equalization provides, upon convergence, for
coherent recovery of the signal constellation. This result holds, in
principle, under the idealized assumption that the channel is linear
and time invariant. In practice, depending on the degree of phase jitter
and frequency offset, a phase-locked loop may or may not be required.
In this section, we seek to provide an analogous result for nondecision-
directed equalization. Specifically, we demonstrate the existence of a
potential function that provides for phase recovery as part of equali-
zation. Of course, a QAM constellation is left invariant by 90 degree
rotations, so the more precise meaning of the term “phase recovery”
is phase recovery modulo 90 degrees.

For expositional simplicity, we develop the potential function for
the asymptote of a QAM constellation with infinitely many points.
The approach to defining corresponding potentials for finite constel-
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lations is the same as for the asymptotic case. The limiting form, as
L — o, of the potential function given in equation (5) is

13

2
$ls) = 2 (z |s,~|2> ~06 Y Isl* - 28 % |s:|” + 1.96.

We will show how to modify ¢(s), but first, for a backdrop, we discuss
a much simpler situation in which phase recovery is obtained.

7.1 Orienting a rotated but otherwise perfect constellation

We have seen that the stochastic gradients with respect to ¢ of
E|z,|* and E|z,|?* are readily accessible. From (1) and the ensuing
discussion, we have that for appropriate choice of A and B, tap settings
evolving in accordance with the gradient field of AE | 2,|* + BE| z,|?
converge to an optimal equalizer up to a rotation. Obviously, Re Ez}
also has a readily accessible stochastic gradient. Moreover, Re Ez}
may be useful for phase recovery, as we next indicate.

It is easy to see that Ea? is a negative number. Let o/, = e”a,, where
0 is an arbitrary phase displacement that does not depend on n. It
follows that.

7(y) = E Re(e™a;,)*

is minimized when ¢ = —f(mod 7/2). These are the only minima,
whereas ¢ + 6 = w/4 (mod 7/2) are the only maxima. Consequently, a
tap rotating according to the gradient field of n(y¥) comes to a stable
state when the constellation is correctly oriented.

Based on what we have discussed thus far, one might suspect the
existence of a potential of the form E(A’|z,|* + B’|z,|* + C’
Re z}) whose only points of stability are ideal Nyquist responses with
recovered carrier. Such potentials exist, as we now show.

7.2 Equalization with orientation

In what follows, positive parameters v and g are introduced in the
potential function, ¢(s), as follows:

¢(s) =2 (T |sxl?)* — 28 T Isel®* — u T |skl* — 2v Re T sk

Later we will see that » and p can be set to get the tap evolution
desired. Namely, we can obtain an evolution whose only points of
stability are of the form 0€0, (¢! = 1).
The gradient of ¢(s) with respect to the conjugate coordinates is
Vs, =43 |sel®si — 2.8s; — 2usi|%; — 4vs?. (12)

The solutions are the stationary points. The Hessian matrix is denoted
&= (Hy) (where H; = (9°$)/(5:9s;)). We have
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Hy=4Y |sul?+4]s]|> — 28 — 4u|s;|2 for i=j
k

= 45;5; for i#]. (13)

As in Section 5.2, 0 is easily seen to be a local maximum. Expressing
s; as | s;| e’%, eq. (12) for the non-null stationary points becomes

~4dv|si|e™% — 2u 5P — 2.8+ 4 F |s|*=0

4 |si]*— 2.8
‘ 2 __k
or |si|%®= e (14)
From the nonnegativity of | s;|%, we conclude that
e Yl = +1,
But ™% = —1 cannot be associated with a local minimum. Just look
at (14) and notice e™¥% = e*¥% = —1 implies Re ¥ st > 0 so the
mapping s — - -+ Si-1, sief‘, Si+1 + - - reduces the value of ¢. The local
minima of ¢ must have e/* = +1. These minima satisfy
43 |s,|>— 28
2= 14
| s b+ o (14a)

Each minimum has all nonzero coordinates of equal modulus, all equal
to the right-hand side of (14). Say there are M nonzero coordinates;
then

, 14

lsil® = oo =%

To ascertain whether the stationary points are local minima, or points
of instability (saddle points), we need to determine the nature of the
Hessian at the stationary points. To effectively deal with the Hessian,
it is mathematically convenient to permute coordinates so that the
coordinates 1 through M are the ones for which (14a) holds. Some
notation is also needed. 0,, represents a matrix with p rows and g
columns in which each element is zero. I, denotes a p X p identity
matrix. The Hessian is

2 8 Ooo’oo Ooo,M Ooo,oc
&= W—_—-—_——z Ope (2v — w) Iy Opt.c0 + 255’ (. (15)
K v 0w Owpr 2(v + p)l.

Notice &Z'is expressed as the sum of a diagonal matrix and a dyad.
The nonzero elements of s in eq. (15) are all +1 or *j. The special
structure of & allows the spectrum of & to be easily found. The
nonzero eigenvalues are
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R 2v — e s
072 + 2 — w) of multiplicity one

2M — 2 = 2

0.7(2V bl M’) .
oM — 2%u — 2 of multiplicity M — 1

0.7(n + 2v) o o
_0.p + 2v) Lo
oM — 24 — 2 of infinite multiplicity

It remains now to choose u and » so that the only stable equilibria are
of the form 00, where ¢! = 1.

For |s;] =1 when M = 1 choose u + 2v = 0.6. From the spectrum
of eigenvalues it follows that if we have

2—=u+220>0—pu+2r<9,

then M = 1 gives a positive semidefinite Hessian and M > 1 gives an
indefinite Hessian. For example, u = 0.45 and » = 0.075 satisfies all
requirements. So the only stable equilibria of ¢(s) with u = 0.45 and »
= 0.075 are of the form 060 with ¢* = 1.

Again, as in Section 5.2.1, we have described the stationary behavior
of the gradient field with respect to s and not with respect to ¢. The
argument extends to tap space in the same manner as in Section 5.2.2.

VIll. ALGORITHM FOR CROSS-POLARIZATION CANCELLATION AS
WELL AS EQUALIZATION

In this section we develop the theory for a cross-polarization can-
cellation algorithm. We will establish that a 2 X 2 matrix equalizer
will converge so that both receiver outputs are free of Intersymbol
Interference (ISI) and cross-polarization interference. There is a pos-
sibility that, despite the perfect decoupling, one or both polarizations
may be transposed. The taps evolve in accordance with the gradient
of a vector potential that will be introduced shortly. Upon convergence,
phase needs to be recovered by a pair of phase-locked loops. This
transposition ambiguity is easily resolved in practice. For example,
the polarizations may be “tagged” by the scrambling process. When
necessary, the procedure can be reinitialized to attempt to avoid
locking onto the undesired polarization.

Some notation needs to be introduced. We need a two-dimensional
setting to account for horizontally and vertically polarized signals.
Here ¢ and h are 2 X 2 matrices. The vectors (zy, zv) and (a, b) are
related as follows:

ZHY _ [(C11 Ci2) hu  hy |9
2y Co1  Co2 hay  ha b/’

1902 TECHNICAL JOURNAL, OCTOBER 1985



The individual elements of zy, 2y, a and b are denoted by subscripts.
We use s to denote the matrix

<Cu * hyy + c12 * hoy €11 * hig + c1p # hzz)

cxh =
Co1 * By + Co2 * oy Co2 * Boy + Cop * D

The matrix h is assumed to be nonsingular so that h™ exists

., (01,0 0
(” *"‘(6 0,1,0))

The components of the vector (a, b) represent the QAM data sequence
driving the horizontal and vertical polarizations. Of course, the ele-
ments of @ and b are all independent.

We employ a vector criterion; specifically we want

min E(]za.]% — E|an|*)?
(Cu,clg)

min E(|zva|* = E|ba]*)?

(c1,022)

The advisability of this vector criterion will become apparent. Notice
optimization of these two components proceed independently of each
other in that the first component involves ¢;; and ¢;» while the second
involves cg; and cos.

We next show how to express these two expectations in terms of
the components of s (denoted s;;(k)i, j = 1, 2) and the moments of a,
and b,. By symmetry it will be enough to make this demonstration for
the first expectation. Again we normalize E | a,|*> = E| b,|? = 1. Since

2Hn = % (s11(R)an-r + 812(R)bns),
we obtain

E'an|4 =E {% Z Z 2 (s11(R)an—r + 812(R)bn-r) (511 (1)@—y
1 p ¢

+ 3_12(1)5n—1) X (Sll(p)an-p + le(p)bn—p)(gll(q)a—n—q + S—IZ(Q)En—q)}-

Consider the product inside the quadruple sum. Of the 16 terms
only the six involving ,-x@n—10n—p@n-g, An-tk8n-ibn-—pbr-q, An-rbp-1-
bn-p(Tn—q, bn—kgn-lbn—pgn—q, bn—kgn-lan—pa-n—q and bn—kdn-kan—pgn—q give
nonzero expectations. This simplification follows by recalling that a
and b are independent and Ea’ = Eb’/ = 0 for j = 1, 2, 3. Concerning
the six terms, we note that the last three terms become the same as
the first three if we transpose a and b. Moreover, the second and third
terms are exactly the same since the only apparent differences are in
the labelings of indices that are being summed. So we need to ascertain
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only the first two of the six expectations and symmetry will give the
rest. The two sums are already available. Namely,

% ; Y ¥ E(su(k)an—r511(D)@n-1511 (P)an-p511(q)8n—g)
P q

2
= (E|a,|* - 2) % |su(B)|* + 2 (Z Isn(k)lz) (16)
and
% ; > Y E(s11(R)an-£511 (1)@n-1812(P)br—p512(q ) br—g)

= (é: |311(k)|2>(§ |312(k)|2)- 17

Using the aforementioned symmetry gives, for the six terms compris-
ing E | zu» | %, four copies of (17), and in addition to (16), its counterpart
with s;; and s;; interchanged. To compute E(| zy,|* — E|a,|*)? we
also need E | zn |2 = E | 0, |4 | s11(R) |2 + T |s12(k) |%). At this point
we can substitute all the terms making up E(| z4.|2 — E| a.]*)? and
rearrange to get

E(l2ua|* = Elan|*)* = 2(TIsu (k) |* + T|s12(k) |*)?
+ (Elaa]* = 2)(Tlsuk) |* + [s12(k) %)
—2E|a,|*“Clsuk)|® + Tlswe(k) |?) + (Ela.]*)® (18)

We introduce a new sequence S(k) obtained by alternating s;,(k)
and s;5(k) elements. Thus S(0) = s1,(0), S(1) = 812(0), S(2) = 511 (1),
S(3) = s12(1), -+ and S(=1) = s12(-1), S(=2) = su(-1), S(-2) =
$12(=2), S(=3) = $11(=2)- - . . Then (18) becomes the same as (5) with
S replacing s. The invertibility of h enables us to achieve the optimum
value. :

The stationary behavior of (18) now follows immediately from the
results in Section 5.1. The minimizing ¢;; and ¢;; satisfy

cu*hy+cerhn)_(_0_ 0e°0
(Cu * h12 + ¢19 * h22) - (08”0) or ( 0 >
We are now in a predicament analogous to that at the end of Section
5.1. As the results stand, they apply to s, not to ¢. A very straightfor-
ward vector matrix extension of the argument in Section 5.1 gives the
results desired for c.

IX. FINITE NUMBER OF TAPS

Thus far, the theory has been idealized in the sense that infinitely
many taps were assumed. Can we be sure that, by using a large number
of taps, an equalizer will behave in essentially the same way as an
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infinite tap equalizer? Unlike MMSE theory, the theory of the quartic
algorithm with finitely many taps is awkward to treat analytically.
Partial, positive results are available and are conveyed here.

The next subsection enhances the quartic algorithm to alleviate one
of the difficulties arising with a finite equalizer. The following subsec-
tion mentions very special related examples, where, with a finite
number of taps, the convergence theory is complete and satisfactory.
The next subsection reviews the status of the finite tap issue.

The related topic of quantifying the number of taps needed in digital
radio applications seems best addressed by computer-aided analysis
(as with MMSE equalization'®). We emphasize that, in the digital
radio application, we are not aiming to equalize pathological H (w) with
severe in-band nulls (and consequently an unreasonable number of
taps to approximate h~!). Rather, as indicated in Section VI, the
interest is in equalizing when H(w) can support a P/ of the order of
1072 For implementations, one would expect to use fractionally spaced
rather than synchronously spaced taps. A numerical example is re-
ported in Section 9.4.

9.1 Centering the tap weight distribution

The feature that the algorithm has no preference as to which tap
should be the reference tap implies that, with finitely many taps, the
tap weight distribution could crowd to one end of the equalizer. To
avoid a lopsided tap-weight distribution one could periodically (say
every few hundred symbols) have computed the center of gravity of
the tap weights and then shift the weights to situate the balance point
as close as possible to the center tap. When the quartic algorithm is
in use, outage time is registering, so no additional outage is caused by
shifting. The centering helps approximate the effect of infinitely many
taps that the theory has required. A computationally simpler alterna-
tive to the center of gravity method is to periodically compare the
weights of the first and last tap, and then shift tap weights by one in
the direction of the least weight.

9.2 Special-case convergence

Equalization when accurate estimates of the data are not available
has been discussed for a very different algorithm in Ref. 5. That paper
analyzes the case where the channel is perfect but the equalizer is
misaligned. It is shown that, for certain tap initializations, convergence
to an undesirable setting is possible. For the Godard algorithm, there
is no problem when the channel is perfect and the equalizer is mis-
aligned (arbitrarily). To show that there is no difficulty, we can make
use of the analysis in Section V. In this case, s; = ¢;. The finiteness of
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the number of taps does not alter the argument. Convergence to the
optimum tap setting is guaranteed.

For the second example, in the potential function of (4), interpret s
(and h and ¢) as a discrete Fourier transform. Then it is not difficult
to show that, within this modular context, convergence of ¢ occurs.
This is an artificial construct. However, a variation of this example of
a finite tap equalizer may have some utility. Prospective application
is not within the scope of equalization procedures of the kind that
leave the transmitted signal inviolate. Rather, the application is as-
sociated with the equalizer booting methods of the kind that use
intervals of periodic training sequences. (The DFT is the key to
modeling such equalizers.'®) The motivation for using quartic criteria
such as in eq. (3) is that an immunity to frequency offset is anticipated.
This type of equalization, which uses both a quartic potential and
training sequence, has arisen in concurrent research by A. A. M. Saleh
and the author.

9.3 Status

The issue of the effect of limiting the number of taps is, at bottom,
the question of whether with sufficiently many taps and with centering
as in Section 9.1 the evolution of the quartic error departs negligibly
from the infinite tap case. Godard' does not discuss the issue of limiting
the number of taps.

For a given application, one could circumscribe a universal ensemble
of desired A" and then choose the number of taps large enough so the
approximation error is uniformly negligible, i.e., so that the omitted
taps are essentially zero anyway. At each point in time, the taps that
can evolve do so in such a way that the infinitesimal tap evolution is
the same as the unlimited tap case. The taps that are omitted are
essentially preset at their optimum values (=zero). The random com-
ponent of the evolution serves to mask the effect of any perturbations
of the infinite tap vector field that is caused by limiting the number
of taps.

The material presented so far supports that, with a sufficiently large
number of taps (and employing a weight centering procedure), the
convergence properties of the Godard algorithm differ negligibly from
what is predicted for the infinite tap equalizer. However cogent the
supporting evidence, a mathematically rigorous argument has not been
given. The understanding of the finite tap issue is refined by a
numerical example that concludes this section.

9.4 ISI versus number of taps

With the aid of the computer one can take a deeper look at finite
tap behavior. A computer program has been written to solve the
deterministic equation of tap evolution
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Cln+1) = C[u] - )\V(]S(C(n]).

One can track the MSE from start, MSE,, to equilibrium, MSE,.
The potential function, ¢, could be MMSE (with known data) or the
quartic (with unknown data). The number of levels and the timing
epoch are potential function parameters. For numerical work, some of
the idealizing assumptions were dropped and we generalized to incor-
porate important practical effects. Namely, the equalizer can have
fractionally spaced taps and the transmitted pulse can be raised cosine
with arbitrary roll-off factor.

It is beyond the scope of this paper to include a comprehensive
numerical study. We do, however, report the result of one interesting
computer experiment. Figure 3(a) expresses MSE|«; versus the number
of taps for some anecdotal cases of multipath fade. The fade charac-
teristics are in accordance with the Rummler model™ for multipath
with midband notches in the range 16 to 22 dB. The Rummler phase
parameter is zero and the scale parameter is inconsequential, as the
affect of additive noise is neglected. See Fig. 3b. The roll-off is 25
percent, and the fractional spacing is half that of synchronous equal-
ization. The timing epoch is optimized. The curves were generated for
L = o (as we are primarily interested in large constellations and the
characteristics are insensitive to changes in L for L large). Computa-
tions were made for 3, 5, 7, and 9 taps. The curves shown are solid
merely for interpolating to the even ordinates; of course there is no
meaning to a noninteger number of taps.

The original intent in generating the characteristics in Fig. 3 was to
compare MSE for the quartic and quadratic potentials. However,
once the points were determined it was discovered that there was no
difference observable to the eye! In this computer experiment the
quartic equilibrium is essentially as good as the quadratic one in
minimizing MSE. This virtual equality is stronger than what is re-
quired of the quartic algorithm. We only desire that the quartic
equilibrium be close enough to the quadratic equilibrium so as to create
the option of switching to MMSE evolution once good decisions are
available.

X. DISCUSSION

We have delved into the theoretical aspects of quartic algorithm.
The results obtained included stability with respect to tap initialization
(Section V), equalization including acquisition of phase in systems
employing highly stable oscillators (Section VII), and cancellation of
crosspolarization interference (Section VIII). Section VI discussed
convergence times which are of interest in bootstrapping digital radio
systems. Section IX suggests that with centering, and with enough
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Fig. 3—(a) Steady-state mean-square error versus number of taps for quartic crite-
rion. (b) Power transfer characteristics of channels used in computation of mean-square
erTor, for quartic algorithm.

taps, the finite tap equalizer may perform essentially as well as the
infinite tap equalizer.

It is premature to answer the question of whether digital radio
systems should be designed to provide for self-alignment without
inserting media probing signals in the transmitted signal. However,
the results that have been elucidated thus far are promising enough to
warrant further study.

The electronics needed for implementation needs to be assessed.
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Ideally, one would like to update taps every symbol interval. Then
convergence speed is high and the operation of the algorithm is less
vulnerable to the assumption that the channel is unchanged during
booting. It is conceivable to implement such an algorithm with special-
purpose hardware. However, this now may prove unrealistic from an
economic standpoint. (In time the economic issue will disappear.) One
could slow the algorithm, updating every 10 or 100 symbols, to obtain
a more realistic implementation. By slowing the algorithm, conver-
gence speed, rather than economics, becomes the issue. The question
of how fast an algorithm is needed is particularly difficult to address,
especially for cross-polarization cancellation, because of the lack of
data on coupling dynamics. One could strive to compensate for slow-
ness by developing good, adaptive, step-size algorithms. These are all
items for future study.

The best approach for future investigations of the usefulness of
quartic algorithms in digital radio would seem to require inclusion of
simulation and/or experimentation aimed at specific applications.
Ultimately, it is necessary to include additive noise in such evaluations.
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APPENDIX
Even-Order Moments of QAM Constellations

The moments E | a;|* for constellations with L? points are required

in the paper. A general procedure for calculating E | a;|" (N even) is
as follows: Write a recursion in L for my(L) & E(Re a;)V. The
recursion can be solved using transforms. Straightforward algebra can
be used to obtain E | ;| from my(L), e.g.,

Elai|2=2m2

Ela;|* = (my + m3)

E|a;|® = (me + 3mam,)

E|a;|® = 2(ms + 4m6m; + 3m2).
|2

Normalizing E| a;|* = 1 and following the above suggestion for N = 4

gives
7L% - 13
J4d = ——
Elail 5(L* - 1)°

For a constellation with a large number of points it is useful to have
the asymptotic (L — «) form for the moments. The result is

: 1 f" N AN
lim m(0) = ) 161° = 57

Since E| ;|2 = 1 we have A = +/3/2. Therefore
| Ela|*— /5
E|a|® — 81/35
and  E|ai|® — 747/175.

These asymptotes were used in composing (7b). As a check compare
E|a;|* in the exact and asymptotic form. Note E|a;|* asymptotes
quickly. For L? = 16 points E|a;|* = 1.32 as compared to 1.4 for an
infinite point constellation.
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Baseband Cross-Polarization Interference
Cancellation for M-Quadrature Amplitude-
Modulated Signals Over Multipath Fading Radio
Channels

By M. KAVEHRAD*
(Manuscript received March 21, 1985)

In this paper we propose a novel baseband structure capable of adaptively
mitigating cross-polarization interference in a dual-polarized, M-state quad-
rature amplitude-modulated received signal. We show that by using this
canceler, performance signatures very close to single-polarized system signa-
tures can be achieved for dually polarized digital radio systems.

I. INTRODUCTION

Because of frequency reuse via orthogonally polarized channels,
dual-polarized transmission of M-state Quadrature Amplitude-Modu-
lated (M-QAM) signals can double the bandwidth efficiency of terres-
trial radio routes. Such systems transmit two different information
signals of the same bandwidth and the same carrier frequency by using
orthogonal field polarization for the transmission of each signal.
Nonideal antennas and transmission media cause cross-coupling of
the two signals and cross-polarization interference. Cross-polarization
interference cancellation using adaptive transversal filters over linear
dispersive multipath channels has been the subject of considerable
prior investigation.}™

In this study we deal with cross-polarization interference cancella-
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tion and intersymbol interferance (ISI) equalization separately, and
propose a novel method of cross-polarization cancellation for dual-
polarized operation of M-QAM signals over dispersive fading channels,
similar to those experienced in line-of-sight terrestrial radio applica-
tions. The canceler operates at baseband and improves the dual-
polarized system performance to very nearly the performance of a
single-polarized system.

The canceler design is based on a previous observation that the
power loss associated with a cross-coupled signal subject to flat or
mildly dispersive fading brings about an actual reduction in system
outage time.® In this paper we use the model and results of Ref. 5 to
introduce the canceler structure and evaluate its performance. To
enable comparison in the absence of cancellation, we use a dual-
polarized system performance signature (M-curve) as a measure in
our evaluation.’

In the following section we review the results of Ref. 5 briefly, and
then introduce discussions leading to the realization of the canceler.
In Section III the canceler performance for both dual-polarized 16-
and 64-QAM radio systems is presented and the results are discussed
in detail.

Il. ANALYTICAL MODEL

In this section we describe briefly the channel model and underlying
assumptions germane to baseband cancellation, and then introduce
the canceler model.

2.1 Channel model
The dual-polarized channel model is shown in Fig. 1. Two inde-

WHITE
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exp(~j wyt) NOISE exp[~/(We t + )]
I .
8 *’I/31|<
) M rit}
VPiw) a(1+ 0y expl-i[lw-wo 7 +7]}) DEMODULATOR L of /e f—
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ay (1 +py exp{-f[lw-woyiT +7]))

0.
é\k*lﬂlkl
VERTICAL
POLARIZATION expl-i(wpt + 6,,1]

Fig. 1—Channel model for a dual-polarized system.
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pendent data streams are separately modulated and transmitted co-
channel, using orthogonal polarizations. Rummler’s multipath fading
model, which assumes the presence of a single inband notch, is applied
to both the copolarized and the cross-coupled interfering channel
transfer functions.® In other words, fadings of both the desired copo-
larized and cross-polarized interference channels are assumed to be
the single notch type and independent. As depicted in Fig. 1 and
derived in detail in Ref. 5, the received in-phase signal on the reference
copolarized path is denoted by r;1(t);

rii(t) = aiddfcos(gnp(t) + prcos[(w. — wor) 71 + 7 + ¢ilp(t — 1)}
+ a kZO dkfcos(en)p(t — ET,) + preosf(w. — wor)71 + 7 + ¢4]
i

-p(t — kT — m)}

+ a % Brisin(on)p(t — kT.) + psin[(w. — wor)71 + 7 + ¢4]

’P(t - kTs - TI)}
+ an 2 5£I{COS(¢1 + 0m)p(t - kTs - Tm)
k

+ pucos{(we — won)7u + 7 + ¢1 + Oulp(t — kT — 70 — 7))}
+ ay Y, B¥{sin(¢r + 0,)p(t — RTs — 7.,)
%

+ pusinf(we — won)7u + 7 + ¢1 + Oulp(t — BT, — 74 — 7))
+ Re{ni(t)}, (1

where Re{.} stands for real part. In this equation, (8%, i) i = I, II
represent the real and imaginary parts of the complex-valued trans-
mitted symbols on the two polarizations, I and II, at consecutive
instants, kT, k=0,1, 2, . .., where T is a baud period. The Nyquist-
shaping filter impulse response is denoted by p(t), and w. is the
nominal carrier frequency. The parameters a;, p;, wo;, 7i; 1 = I, II
represent the flat fade level, fade notch depth, fade notch position,
and relative delay between the two rays in each of the Rummler type
multipath fading models (the reference copolarized and the corre-
sponding cross-coupled interfering channels). Also, in eq. (1), 7, and
6., account for any symbol timing or carrier phase asynchronism that
may exist between the two polarized signals at the transmitter location.

It might be worthwhile, at this point, to discuss the impact of
transmitter local oscillators status on the theoretical modeling of the
channel. Illustrated in Fig. 2 is a typical dual-polarized system trans-
mitter configuration. As seen, there are three major sets of local
oscillators in the transmitter system that can play an important role
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Fig. 2—A dual-polarized system transmitter.

in modeling a dual-polarized system. Namely, local oscillators used to
provide clock timing to baseband sequences, IF local oscillators pro-
viding carrier signals to modulators, and microwave upconverter os-
cillators. Because we intend to introduce baseband cancellation in the
following sections, receiver implementation is simpler if we synchro-
nize all the transmitter local oscillators. In other words, we assume
™m = 0 and 6, = 0 and investigate the overall system performance.
This assumption also results in improved performance of the cross-
polarization interference canceler as was demonstrated in Ref. 5 for
the general dual-polarized system performance signatures in the ab-
sence of a canceler.

The optimum phase between the modulator and the demodulator of
the reference copolarized signal (i = I) for optimum timing is intro-
duced by ¢;. Note that for a strong main polarization signal and
because of the independence assumption on the cross-coupled signal,
¢1 is imposed on the latter by the copolarized signal demodulator.®

As noted in eq. (1), the dispersive nature of the multipath channel
is completely described by the superposition of four impulse responses,
each weighted by an appropriate independent transmitted symbol
state. These impulse responses for the kth transmitted symbol inter-
vals are

u;1 = ar{p(t — kTs)cos(ér)
4 pip(t — kT, — m)cos[(we — wor)1 + 7 + ¢1]}, (22)
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ugr = ar{p(t — kTy)sin(¢r)
+ pip(t = kT — r)sin[(we — wor)71 + 7 + ¢1l},  (2b)
an{p(t — RT; — 7m)cos(¢1 + 0n) + pup(t — RTs — 751 — 7m)
-cos[(we — wom) T + 7 + @1 + O]}, (2c)

Uin

and
Ug1 = an{p(t - kTs - Tm)Sin(¢1 + ﬁm)

+ pup(t = kT — 7 — 7w)sin[(we — wor)7u + 7 + ¢1 + 0,,]}, (2d)

where the variables have been previously defined. For the received in-
phase part of the main polarization signal, egs. (2a) and (2b) describe
the distorted in-phase and quadrature-coupled signals of the reference
copolarized transmitter, respectively, and equations (2c) and (2d)
describe the corresponding signals from the cross-polarized interferer.

To introduce the parameters that define the fading character of the
interfering cross-coupled signal path, we associated with each inter-
ferer fading event a triplet representing its dispersive fading status.
This triplet is

[20 log %‘: (dB), — 20 log |1 — py|(dB), AfoII(MHZ)], 3

where ay; and a; represent the flat fade levels for cross-coupled and
copolarized signals, respectively. In the triplet, the second term is
dispersive fade notch depth, and Afon denotes fade notch position
relative to the carrier frequency of the cross-coupled channel. (Notice
that other definitions of notch depth can be found in the literature.)
For illustrative purposes, we demonstrate egs. (2a) through (2d) in
Figs. 3 and 4, an interferer of (—20, 0, 0) fade and two different fade
conditions of the reference main polarization path (copolarized chan-
nel). In Fig. 3 we illustrate the aforementioned impulse responses
when a notch-centered fade of 10 dB is applied to the main polarization
signal. Observe that since the fade on the latter is notch centered and
0 = 0, ug1 and u,n are both zero. In Fig. 4 an 11-MHz offset fade of
7.5 dB is applied to the main polarization path, and even though the
interferer has a flat fade, because of the phase ¢; imposed on it, u;n
and u, 5 are nonzero Nyquist-shaped pulses with their relative posi-
tions also determined by the phase and timing imposed on them by
the dominant polarization signal.

Now we define a decision variable which is a function of the desued
symbol to be detected, intersymbol interference, cross-polarized inter-
ference, and Gaussian noise. To evaluate the average error probability,
first we derive the conditional error probability conditioned on the
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Fig. 3—16-QAM signal, time-domain impulse responses for a notch-centered fade.
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Fig. 4—16-QAM signal, time-domain impulse responses for an offset fade.

composite interference. Then by applying moment-generating func-
tions and the Gauss quadrature method, we determine the average
error probability. The details of this procedure are explained in Ref.
5.

Using eq. (1), we then computed the performance signatures
(M-curves) of the main (reference) polarization signal (i = I) that
provide a locus of the fade notch depth (in dB) versus the relative fade
notch position (in MHz) for a 1072 average probability of error. In Fig.
5 we illustrate the performance signatures of the main polarization
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Fig. 5—Performance signature curves for dual-polarized 16-QAM radio.

signal, that is, —20 log | 1 — p;| versus Afo;, where p; is the dispersive
fade notch depth of the main polarization path, and Afy denotes its
fade notch position relative to the carrier frequency. Along the curves
we have specified average signal-to-interference ratio at a selected
number of points. As a reference we illustrate the signature of a single-
polarized 16-QAM system, that is, a;; = 0 and label it “1.” A comparison
of curves labeled “2” through “4” for different fadings of the interferer
in Fig. 5 reveals the aforementioned fact that the system outage time
(area under the M-curve) is related to the net interfering power for a
mild dispersive fading of the interfering signal on the cross-coupled
path. For example, a comparison of curves 4 and 2 with the same 20-
dB flat power levels and 0-MHz notch offsets reveals that curve 2 with
a 5-dB inband notch fade, results in less outage time than the fade of
curve 4 with no inband notch. Hence, the greater power loss associated
with curve 2 leads to reduced outage, even though the intersymbol
interference at the reference receiver in the case of curve 2 exceeds
that of curve 4.

Now consider curves 2 and 3. The data corresponds to identical flat
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power levels and fade notch depths, with the notch position moving
from 0 MHz (notch centered) to 11 MHz (near the band edge). The
notch-centered fade causes less outage than the notch offset fade
because the unfaded signal spectral energy at 0 MHz is much more
than that near the band edge; hence, the relationship of curves 3 and
2 is again that of diminished net signal power in the interferer resulting
in a reduced outage. All these curves were computed for a 60-dB signal-
to-noise ratio (s/n), 22.5-Mbaud symbol rate, I' = 0.45 Nyquist filter
roll-off, and a 16-QAM radio system.

2.2 Canceler model

It is well known that interference power is directly related to the
area of the cross-coupled signal power spectral density. Thus, in dual-
polarized operation, where the dual-polarized signals are transmitted
cochannel, any reduction of the interfering signal power spectral
density area leads to a decrease in the overlap area between the main
and the cross-coupled signal spectral densities, and, hence, a reduction
in the interfering power. Therefore, a cross-polarized interference
canceler able to perform such a task should bring about an improve-
ment in the performance of the dual-polarized system. It is also well
known that the main lobe sample of a Nyquist-type pulse is propor-
tional to the area of its frequency spectrum. Owing to this fact, we
hypothesized improvements in the dual-polarized system-performance
signatures, given that the main lobe of the cross-coupled interferer is
canceled in time domain. This hypothesis proved to be correct and is
discussed further in Section III.

A block diagram of the cross-polarized interference canceler and
system equalizers is shown in Fig. 6. Decision feedback complex taps
cancel the main lobe of the cross-coupled interfering signal adaptively,
using preliminary estimates of the main-lobe. Least-Mean-Square
(LMS) adaptation is recommended because it was shown’ that s/n
degradation by some cross-polarization cancellation methods can be
large and that the adaptive algorithm should take into account noise
power minimization.” This is known to be one of the salient features
of the LMS algorithms.®? Because the proposed cancellation is per-
formed at baseband, the difference between input and output of the
detector slicer circuit (error signal) can be employed as the perfor-
mance measure and it can be utilized by the LMS controller to derive
the canceler coefficients.

Note that in Fig. 6 the baseband canceler precedes the system
equalizers. This is to prevent the equalizers from causing excessive
dispersion in the interfering signal when attempting to equalize deep
fade notches of the copolarized signal as is the case in combined cross-
polarized cancellation and ISI equalization. Note that the system
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equalizers are used to mitigate intersymbol interference and cross-rail
interference; therefore, they are not parts of the cross-polarization
cancellation operation.

To perform main-lobe cancellation in practice, preliminary esti-
mates of the signal main lobe on one polarization must be subtracted
from the opposite polarization received signal that needs to be delayed
by the amount of time that it takes to estimate the lobe.

In this theoretical study we assume the preliminary estimates of the
signal main lobe are correct so that we can cancel the cross-polarized
signal. In practice this assumption is valid in the steady-state mode of
operation if some kind of bootstrapped algorithm is adopted. This, of
course, adds to the circuit complexity. An obvious advantage of this
method is that the preliminary decisions used to cancel the cross-
polarized signal provide noise-free estimates; hence, less s/n degrada-
tion is caused by coupling mechanism compared to feedforward meth-
ods.

In the next section we elaborate on the system performance signa-
tures after cross-polarization interference cancellation as well as mak-
ing comparisons to the signatures of the same system without cross-
polarization cancellation that we use as base-line measures.

IIl. CANCELER PERFORMANCE

In this section we present the computed performance signature
curves for dual-polarized M-QAM signals using the canceler described
in the previous section.

Results in the form of performance signatures are illustrated in
Figs. 7 through 10. As we can observe, use of a single complex decision
feedback tap to cancel the real and imaginary parts of the cross-
coupled interferer main-lobe sample renders performance signatures
practically identical to those of a single-polarized system, in dual-
polarized operation. To elaborate on the required number of canceler
taps, it should be obvious in this case that only a single complex tap
is adequate to remove the main lobe of the interferer. This is because
when there is no fading or when there is offset fading of the copolarized
channel, the interferer main lobe always coincides, or approximately
coincides, with the desired symbol main lobe, and only one complex
feedback tap is necessary to remove it. However, in the case of midband
fading of the copolarized signal, as seen in Fig. 7, the timing reference
of the main path impulse response is offset from the peak of the main
lobe of the interfering signal. Hence, the canceler does not perform as
well for midband fades as it would for offset fades of the copolarized
path. This is because, for offset fades, as the copolarized path fade
notch moves toward the band edge, the timing reference of the overall
impulse response moves toward the origin;® hence, the two peaks tend
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Fig. 7—Canceler performance in dual-polarized 16-QAM radio for a flat fade on
cross-coupled interfering path.

to align. Of course, the remedy for the centered fade situation is to
increase the number of the canceler transversal taps.

In Figs. 7 and 8, all the curves were computed for a 60-dB s/n, 22.5-
Mbaud symbol rate, I' = 0.45 roll-off, 16-QAM radio; and in Figs. 9
and 10, the signatures for 64-QAM radio were computed for a 66-dB
s/n, 15-Mbaud symbol rate, and T' = 0.45 roll-off. Note that, in all
these computations, ISI equalization of the main polarization signal is
left out.

To further quantify the influence of interfering signal main lobe on
the dual-polarized system outage performance, we present an example.
In the 16-QAM radio case, for an interfering signal defined by the
triplet (—20, 5, 0) and for a centered fade of 6-dB notch depth on the
reference copolarized signal, samples taken from u;y, ugy, Uin, and ug
at optimum timing points are listed in Table 1. As observed, the peak
sample of the interferer impulse responses, u;; and gy, have ampli-
tudes about ten times larger than the sum of absolute values of all
their other samples taken every baud period. Note that, since 6,, and
Tm are zero, the imaginary part of the interferer impulse response, u, i,

CROSS-POLARIZATION INTERFERENCE 1923
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Fig. 8—Canceler performance in dual-polarized 16-QAM radio for a dispersive fade
on cross-coupled interfering path.

is zero because of the notch-centered fading of the main polarization
signal in this case, that is, ¢; = 0 (see Fig. 3). To ensure validity of
the test, for the same interferer fading conditions, we repeated this for
several different fading conditions of the copolarized signal and
checked the resulting impulse responses, u;;; and u, . In all the cases
considered, samples of the real and imaginary parts of the interfering
signal main lobe ranged somewhere between eight to ten times the
value of the sum of the absolute values of all other samples. Thus, the
contribution of the main-lobe sample of the interferer to the total
peak distortion is much stronger than that of all other samples.
Therefore, canceling the real and imaginary parts of the interferer
main lobe should improve the performance significantly, as expected.

IV. CONCLUSIONS

In this paper we proposed a novel baseband cross-polarization
interference canceler structure that adaptively mitigates the interfer-
ence in a dual-polarized M-QAM radio system. Employing perform-
ance signatures (M-curves) for dual-polarized systems, as introduced
in Ref. 5, we showed that for synchronous transmitters, a single-
decision feedback complex matrix tap canceler can enhance a dual-
polarized system availability time to values close to the availability
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Fig. 9—Canceler performance in dual-polarized 64-QAM radio for a 20-dB flat fade
on cross-coupled interfering path.
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Table I—Impulse response samples of received in-phase signal on
reference polarization

Ui Ugx 258 Ugn1 Time
0.5462E-04 0.3645E-19 0.7532E-05 0.1074E-19 to+ 9T,
0.1560E-04 0.1690E-18 —0.7399E-06 0.9008E-20 .

—0.1268E-03 —0.1694E-18 —0.1594E-04 —0.2812E-19
0.3483E-04 —0.2848E-18 0.1042E-04 —0.4691E-20
0.3412E-03 0.6616E-18 0.3914E-04 0.8339E-19
—0.3989E-03 0.3152E-18 —0.6560E-04 —0.5668E-19
—0.1374E-02 —0.3568E-17 —0.1411E-03 —0.3695E-18 .
0.7526E-02 0.9137E-17 0.9628E-03 0.1635E-17 to+ 2T,
—0.2679E-01 —0.2553E-16 —0.3555E-02 —0.5556E-17 to+ T,
0.5328E+00 0.1171E-14 0.5860E-01 0.1354E-15 to
—0.1332E-01 —0.1469E-15 0.6797E-03 —0.7793E-17 to— T,
0.2236E-02 0.3376E-16 —0.2800E-03 0.1649E-17 to— 2T,
—0.1519E-02 —0.9138E-17 —0.6131E-04 —0.6031E-18 .
0.5787E-03 0.4275E-18 0.7905E-04 0.1154E-18
0.8068E-04 0.1226E-17 —0.1024E-04 —0.5979E-19
—0.1865E-03 —0.3837E-18 —0.2098E-04 —0.4639E-19
0.2264E-04 —0.2996E-18 0.8858E-05 —0.7337E-20
0.7182E-04 0.2201E-18 0.6764E-05 0.2058E-19 .
—0.2951E-04 0.7752E-19 —0.5842E-05 —0.2163E-20 to— 97T,

time for a single-polarized radio system, for the assumed propagation
model.
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The application of selection diversity in conjunction with simple channel
coding is considered for a multiuser, slowly fading, Spread-Spectrum Multiple
Access (SSMA), digital radio system. For the most part, the index of perfor-
mance for our study is the average bit error probability; we also give some
consideration to multipath outage as a performance measure. All subscribers
are assumed to communicate to a central station; that is, a star network
architecture is assumed. Average power control is also assumed. The average
mentioned in this context includes averaging over the channel fading statistics.
The modulation is direct-sequence, spread-spectrum, binary phase-shift key-
ing. We assume perfect timing and carrier recovery in our coherent receiver,
and a slowly varying, Rayleigh fading, discrete multipath model is used.
Previous analyses have found that SSMA can tolerate few simultaneous users
for fading radio channels. We find that the combination of spread-spectrum
modulation with low-complexity diversity and/or channel coding can restore
fading-channel user levels to an acceptable figure. In addition, selection
diversity plus channel coding is more effective than either method by itself.
Finally, it turns out that SSMA is less sensitive to a change in the value of
delay spread of a fading channel than, say, time-division multiple access. The
method of moments is used to accurately assess the system error probability.
Using this technique, we also assess the accuracy of assuming that the
multiuser interference has a Gaussian distribution, which allows it to be
analyzed by a simple method. Using this assumption, we compare selection
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diversity plus channel coding with the maximal-ratio-combining technique for
diversity reception. Except for a high order of diversity, the former is more
efficient and is always less complex than the latter.

I. INTRODUCTION

In a recent paper Kavehrad has presented a technique to evaluate
the performance of direct-sequence, spread-spectrum binary phase-
shift-keying modulation for an Indoor, Wireless Communication
(IWC) channel.! The analysis uses the method of moments,? which
gives accurate estimates of error probability for many digital commu-
nication systems. Kavehrad did not consider diversity in his study.
We find that Kavehrad’s formulas are only slightly modified when
selection diversity (see pages 313 through 316 of Ref. 3) is included in
his reception model. We also determine the effect on system perfor-
mance of simple channel-coding techniques. Our use of channel coding
in spread-spectrum systems is similar to the case reported in Ref. 4,
which involved frequency hopping. Both the (7, 4) Hamming code and
(15, 7) BCH code are considered in our analyses. We assume hard
decisions are made by the demodulator and that its error-producing
mechanism results in independent error events. The latter assumption
requires interleaving at the transmitter and de-interleaving at the
receiver as a slowly fading channel model is considered. As the in-
tended application is to packet transmission, interleaving does not
present a severe system problem. A discussion of interleaving is given
in Appendix 3A of Ref. 5.

The references to the channel-coding aspects of our study are
important, as channel coding is found to be an effective method of
combating multiuser interference in Spread-Spectrum Multiple Access
(SSMA) systems. This was earlier found by Livine for no signal
fading.® In an earlier study Turin’ found that SSMA can tolerate
considerably less multiuser interference in a fading channel than can
be allowed in an additive white Gaussian noise channel. Adopting a
Rayleigh fading model that seems less severe than the model used by
Turin’ for mobile communication applications, it is found that channel
coding plus selection diversity performs well in a multiuser environ-
ment because the combination can be optimized. Channel coding used
with selection diversity is found to perform better than selection
diversity alone for the same spread-spectrum system bandwidth. In
this sense it is both power and bandwidth efficient, as can be deduced
from the similar study of Milstein et al.? in the absence of fading. This
is true for the simple block codes mentioned above. Using more
powerful codes and/or soft-decision decoding would give even greater
gains in performance. Our approach has been to adopt a simple
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Fig. 1—A star-connected, indoor, wireless, local area network. Each user has a unique
spread-spectrum code.

detection and decoding system to observe how a relatively simple
system performs.

For this study we assume an indoor, wireless communication chan-
nel offering both voice and data services. The speech transmission
rate for each user assumed in our system parameter study for IWC
systems is 32 kb/s. Packet transmission is assumed and all users
communicate through a central station in a star network architecture.
Figure 1 is a simple block diagram of the system we analyze. Each
active user in the system depicted in Fig. 1 has a unique spread-
spectrum code, which is used for communication to the central station.
The central station contains a bank of spread-spectrum receivers, one
for each active user. Its function is to determine which subscribers are
active and to detect the digital information sent in each case. The
basis of the spread-spectrum receiver for each active user that exists
in the central station is a Surface Acoustic Wave (SAW) device. Such
devices have been found to be effective in such a role in the earlier
study of Freret et al.® A tutorial on SAW devices can be found in Ref.
9. We note that the study in Ref. 8 proposed the use of spread-
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spectrum diversity in IWC systems. This diversity is inherently sup-
plied by the spread-spectrum modulation as long as the spread-spec-
trum bandwidth exceeds the coherence bandwidth of the slowly fading
channel (see Ref. 10, page 480). More discussion on this point is
presented in Section II. We note that spread-spectrum modulation
can provide both asynchronous multiple access and also diversity
reception.”’® Other advantages of spread-spectrum in IWC systems
are discussed by Kavehrad.!

We present an analysis of the bit error probability for the link
between any active user and its receiver in the central station. This
link is shown in Fig. 1. As such, we are only considering the commu-
nication upstream from an active user to the central station. The
downstream communication path is much simpler and will not be
considered. We assume that average power control is used by all active
users in that, on the average, all active user signals are assumed to
arrive at the central station with the same power (in the upstream
communication mode). The average here includes the fading statistics.
Thus, the power control that must be used by each active user just
depends on the distance and power law exponent for the link from a
user to the central station and also on the static, shadow fading that
is encountered. The sources of signal fading are nicely summarized in
Section II of Ref. 11. We do not consider the dynamics of average
power control in this paper.

The main contribution of the memorandum is to show that Kaveh-
rad’s analyses’ can be extended to include selection diversity, and that
this form of diversity can be used in conjunction with simple channel
coding to give an SSMA system with an acceptable number of active
users. For instance, for an IWC system having a multipath delay
spread, T',,, of 100 nanoseconds, we find that a spread-spectrum code
length of 255, a source data rate of 32 kb/s, and a (15, 7), double-error-
correcting BCH code can support approximately 75 simultaneous
users. If we envision a low-traffic office environment with a 10-percent
channel utilization, a total of 750 subscriber terminals can be sup-
ported using the aforementioned method. This assumes that each code
is shared among a group of subscribers in a contention mode of
operation.

An outline of the paper is as follows. The system-fading and multi-
path model is described in Section II. Section III outlines the use of
the computational technique from Ref. 1 to compute the average
system error probability. Section IV considers an approximate com-
putational technique based on a Gaussian assumption for the multiuser
interference. Section V considers simple channel codes and Section
VI contains our numerical results. Section VII presents an application
of our computational results to two IWC scenarios for local area

1930 TECHNICAL JOURNAL, OCTOBER 1985



TO OTHER SAW RECEIVERS

ANTENNA
1
RADIO FREQUENCY f\'égf,’;‘f,% PATH
% TO INTERMEDIATE -] WAVE [ ™1 SELECT
FREQUENCY
' CORRELATOR
L-PATHS
y ANTENNA|
ANTENNA / T
2
SURFACE
RADIO FREQUENCY
. == TO INTERMEDIATE |—-| A?,%fgw " SE’EEET
FREQUENCY
N CORRELATOR
> L-PATHS
@ TO OTHER SAW RECEIVERS
DATA OUT
FEC HARD BPSK
DECODER [* | DECISION [ | DEMODULATOR

BPSK — BINARY PHASE-SHIFT KEYING
FEC — FORWARD ERROR CORRECTING

Fig. 2—Per-user receiver for spread-spectrum, direct-sequence receiver using selec-
tion diversity.

networks, as well as our consideration of multipath outage as a
performance criterion.

II. SYSTEM MODEL
2.1 Transmission model

Our mathematical model will depend heavily on the model developed
by Kavehrad.! We will use the same notation and borrow heavily from
Kavehrad’s earlier analysis. Consider the block diagram of the multi-
user, IWC channel shown in Fig. 2. The structure is exactly as in Fig.
1. However, the receiving systems for a single reference user, taken as
user 1, are shown; for simplicity only a two-antenna system is depicted
in Fig. 2.

In Fig. 1 each active user has a code waveform that consists of a
periodic (period T') sequence of N, nonoverlapping rectangular wave-
forms (called chips), each of the duration T, seconds. The length of
the code waveform is T seconds, the reciprocal of the symbol trans-
mission rate, where T' = NT.. The sequence of chip waveforms is the
spread-spectrum code waveform, which for the kth user is denoted by
ax(t). The data signal is binary with data symbols b%, where the
subscript denotes the jth time slot and the superscript denotes the
data symbol for the kth user. If we let Pr(t) denote a rectangular pulse
of unit height and duration T, the transmitted signal for the kth user
is

Sr(t) = Aap(t)br(t)cos(w.t + 02) (1a)

INDOOR, WIRELESS COMMUNICATION 1931



a(t) = 3 atPr(t - iT.) (1b)

j=—00

and

bi(t) = ¥ bfPr(t —jT), (1c)
j=—x

where a? is the ith chip amplitude for the kth user, where w.T' = 2=
times an integer, w, is the carrier frequency in rad/s, A is the signal
amplitude, and 6, is the signal phase. In our analysis we shall have k
=1,2, ..., K, where K will denote the number of simultaneous users.
In Fig. 2 we show L discrete multipath links between each user and
each receive antenna at the central station. The low-pass equivalent
impulse response of the passband channel for the link between the

kth user transmitter and central station receiver is

L
hi(7) = X Badlr — t4)e/, (2)

/=1
where for the kth user
B-x = ¢th path gain
&,, = /th path phase
j=+v-1
and
T, = /th path time delay.

We assume 3, is a Rayleigh random variable; ®,, is taken as uniform
in [0, 27]; and 7,4 is assumed uniform in [0, T'], where T is the data
symbol interval. In the sequel the difference between the maximum
and minimum values of 7., will be called the maximum multipath
delay spread and will be denoted by T,. Also, as a slowly fading
channel is assumed, the variables in eq. (2) are assumed random but
time-invariant.

The impulse response given in eq. (2) is characteristic of a discrete
multipath channel and has the same functional form as that given in
Ref. 12. The question is, How do we determine L in terms of commu-
nication system parameters? The basic result on the time resolution
of signals using spread-spectrum signals is given in Section 1.5.3 of
the recent textbook by Simon et al.> As one would expect, two signals
must be separated by one chip time, T, in order to be resolved. We
illustrate this in Figs. 3 and 4. Figure 3 is a system block diagram plus
a diagram depicting the discrete multipath model. Figure 4 shows the
response due to L = 3 multipath components. We assume that the
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Fig. 3—Multiuser spread-spectrum system for (a) a baseband system and (b) a
discrete multipath model.

maximum multipath delay spread, T, is less than T, the information
bit interval, in order to avoid intersymbol interference. Using the
result of time resolution of direct-sequence, spread-spectrum signals
given above, one sees that

L=E—i|+1=|Tm-B“[+1 3)

is the maximum number of resolved paths for a maximum multipath
delay spread of T, seconds. Also, in eq. (3) |x] is the largest integer
that is less than or equal to x and B,, = NRy, the one-sided bandwidth
of the spread-spectrum signal, where Ry = T~' and T/T. = N is the
sequence length. Copies of the transmitted signal that arrive at unre-
solvable time differences are assumed to combine to give rise to the
Rayleigh path gain of eq. (2). As such, we should assume that the time
difference, 7; — 7, is greater than T, where each individual 7 is
uniform in (0, T'). We take 7; — 7, > 0, which approximately is true as
T. = T/N is small relative to T.

Actually, we feel that L in eq. (3) represents the maximum number
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of approximately uncorrelated terms one could have in eq. (2). This is
because L is based on the minimum resolution of direct-sequence,
spread-spectrum signals. A random model is one in which L varies
between unity and the maximum value given in eq. (3).

Our approach to treating L in the paper will be as follows. Up to
the IWC parameter study presented in Section VII, we determine
system performance in general for any K, L, and M. Here K is the
number of simultaneous users, L the number of paths, and M the
order of diversity. In Section VII we then adopt two models for L. In
one, L is given by eq. (3). In the other, L varies uniformly between
unity and the maximum value given in eq. (3). The results turn out to
be insensitive to the model used for L. As better models for L evolve,
our general results can be used to estimate performance in such cases.

If we combine egs. (1a) and (2) and use the convolution integral,
the received signal at the central station, which will be denoted as
r(t), is given by

K -+
r(t) = Re {2 J: hi(7)Sk(t — T)exp(jwct)dr} +n(), (4)

k=1

where S,(t) is the complex envelope of Si(t) for 8, = 0 and Re{-}
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denotes the real part of a complex number. Upon use of egs. (1), (2),
and (4), we have

L
rty = A Y Baai(t = 7,0)bi(t — 7.1)cos(wct + D,1)
/=1

L K
+A Y kZ Borar(t — 7)br(t — 7.2)cos(wct + ) + n(t). (5)
/=1 k=2
The white Gaussian noise, n(t), in eq. (5) will have a spectral height
of No/2 W/Hz. In eq. (5) 7, will be uniform in [0, T'], ®,, uniform in
[0, 27], and B, will have the Rayleigh probability density function
(pdf)

folx) = 2 exp (;—x> u(x), (6)
Po Lo

where u(x) is the unit step function, u(x) = 1 for x = 0 and zero
elsewhere. As such, the average received signal-to-white-Gaussian-
noise ratio is

E
vo = E(8}) Nf, = 2p0Es/No, (M

where E, = A2T/2, the signal energy per bit, and E(,Bfl) = 2po, where
for user one f;; is the random gain of the jth signal path. In fact v, =
E(y), where v = 8} E;/N, has the exponential pdf

£,(3) = vo'exp (ZX) u(y) 8)
Yo

with v, as in eq. (7).

The specification of our channel model is now complete. Note that
the formulation represented by eq. (5) pertains to only the discrete
multipath model whose impulse response is given by eq. (2). We note
that the transmission model is similar, except for the specification of
the fading parameters, to that used by Pursley.!® In Ref. 14 multipath
diversity reception is considered. However, a Gaussian assumption is
used in the performance computations.

2.2 Receiver model

The input to the receiver for the reference user is given by the right-
hand side of eq. (5). The first term in this equation represents all the
copies of the transmitted, spread-spectrum signal that are available
for detection. Let us assume that the receiver can ideally lock on to
the term at delay 7;; and phase ®j;. Then the jth decision variable for
detection is given by
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T
£ = j(: r(t)a: (¢t — 7j1)cos(w.t + ®;1)dt. 9)

If the order of diversity used in the receiver is M, we will have &;, j =
1, 2, .-+, M decision variables available for detection purposes. Sub-
stituting eq. (5) into eq. (9) yields the result

AT AL
§=b—B1+= Y Bacos[®, — P;]

2 2 .5

o

T
°J; a1(t = 7.)bi(t — 71)a:(t — 7j1)dt

A L K
+ § Z 2 3/kCOS[<I)/k - q>j1]
/=1 k=2

T
'L a(t — 7)be(t — 7u)a1(t — 751)dt

T
+ ‘L‘ n(t)al (t - le)COS[wct + (pﬂ]dt, (10)

where b} is the data bit to be detected. If one consults Ref. 1, it is clear
that our eq. (10) is equivalent to eq. (8) of that reference with one
difference; that is, in our eq. (10), L fading paths are assumed for each
interferer, as it is important in this work. Following this same refer-
ence, one can express eq. (10) in the form

AT AL
& =Bn > bs + 3 Y Bacos[®, — Bji]
/=1
o
[bLiRu(tn) + bERu(t1)]
A L K
+35 Y X Bercos[®r — Bl
/=1 k=2
-[b*1Rea(t1) + bERm(t4)] + v, (10a)

where t,, = 7, — 7j1, v is Gaussian with zero mean and variance
NO T/ 47

Ru(r) = j; ar(t — 7)ay(t)dt, (10b)

and
r .
Ru(r) = f ax(t — 7)a.(t)dt. (10c)
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Although eq. (10) is rather long, each term in this equation can be
interpreted with respect to the block diagram shown in Fig. 2. The
first term in eq. (10) represents the desired signal to be detected. The
second term in eq. (10) is the self-interference for the reference user
(say, User 1 in Fig. 2) due to sidelobes of the autocorrelation function
of the spread-spectrum code of User 1. The third term in eq. (10) is
the L(K — 1) multiuser interference terms from the K — 1 other
simultaneous users of the system. Finally, the last term in eq. (10) is
the Gaussian random variable due to additive white Gaussian noise.
Note that there are L — 1 self-interference plus L(K — 1) multiuser
interference terms in eq. (10). Thus, the total number of interference
termsisp=L(K—1)+L—1=LK—1= LK for alarge LK. We will
find in our computations that the per-user average error probability
is, for all practical purposes, a function of n = LK. We note that ; in
eq. (10a) could correspond to any diversity term for the receiving
system shown in Fig. 2. For instance, if there are two antennas and
L = 2 (see Fig. 2), we have two antennas and two paths per antenna
to give a total order of diversity of M = 4.

As we have noted previously, our eq. (10) is equivalent to eq. (8) of
Ref. 1. Also eq. (10a) is equivalent to eq. (10) of this reference.
However, in our detection procedure we assume that selection diversity
is used. That is, we can find & in eq. (10) such that B, is the largest
path gain relative to User 1, so that

B1 = Max(B1, Ba1, -+, Ba).

Let £ be that value of £ corresponding to path gain 8;. Then our eq.
(10) with &; replaced by £ is equivalent to eq. (8) of Ref. 1, except that
81 has the pdf of the maximum of the path gains 8,/ =1,2, ..., M.
As shown by Jakes,® pages 318 through 316, or Papoulis,’® pages 139
and 140, the pdf of 8, the maximum of the 87, is easily found. It is
this pdf that will be needed in our error probability analyses.

1. ERROR PROBABILITY

We will return to the subject of the pdf of 8% later. Recall that our
eq. (10) is equivalent to eq. (8) of Ref. 1. If we mimic the development
through to eq. (22) of this reference, we find that the probability of
error, conditioned on B2, the self-interference, and the multiuser
interference is given by

2
Pe| B, x, z)=%erfc{ \/%— %(x+z)}, (11)
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where

erfe(u) = %J; exp(—y?)dy

T
1 L N
x=7 21 B {bLiR11(¢41) + Ru(ta)}cosV, (12)
o
1 & & X
z= 71 Y X BofbBriRu(ta) + bERk(tn)}cos O, (13)
/=1 k=2

where t, = Trk ™ Til, V/ = q>/1 - fI>j1, and 0/k = <I>/k - fpjl. The indexj
in, say, 7, is taken as the delay for the path having the largest §;;.
The largest §;; is denoted as 8; and this random variable is independent
of Bi1, i # j. Thus x and z, which are mutually independent, are also
both independent of §;.

Kavehrad’s! technique of finding the average error probability, P(e),
was to integrate P(e| B, x, z) with respect to the pdf of 3% and then
remove the conditioning on (x, z) using the method of moments.
Actually our result for P(e) in the case of selection diversity can be
deduced from Kavehrad’s mathematics. Let the pdf for 8; be the
Rayleigh pdf given in eq. (6). The pdf for 8% is

1
fa(y) == exp{— —%} w(y) (14)
Po Po
with p§ = 2po = E(8%). In eq. (11) we have
P(e|x, 2z) = f fa(y)P(e| B, x, 2)dy = K (% Yo, D), (15)
(1] 0

where vo = pbEy/No, D = x + 2,

L[ iD] - 1\ /2 ey [
K@, v, D) =3 erfe[—voD] 2 Yo+ 1P [70 + 1]
Yo
-erfc [— \/ 1 D‘/E] (16)
'YO + 1

and v = E,/Ny. This result is the same as in eq. (30) of Ref. 1.
It turns out that a result similar to eq. (14) is obtained when 3 is

the maximum of the 84,/ =1, 2, --., M. If all the 8;;’s are Rayleigh
with E(83) = 2p0 = p¢,
M _ M-1 _
fa(y) = — (1 — exp [—y]) exp [—y] u(y), (7)
Po Po Po
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as follows from eq. (5.2-7) of Jakes.? Using the binomial theorem in
eq. (17),

— —1)*
faly) =M Z (M >(?(+—1))—p£exp[—y/pék]u(y), (18)

where pg. = pg/(k + 1) and

N N
(k) S IN- R (19)

The evaluation of the integral in eq. (15) for the pdf in eq. (18) will
just involve a summation of the K(.,-,-) function of eq. (16). This
follows as the pdf in eq. (18) is just a summation of the exponential
pdf’s, (pér) *exp(—y/pér). Thus, use of egs. (14) and (15) in the evalu-
ation of the integral in eq. (15) for fz(y) in eq. (18) yields

Ple| )—MMil( )‘ ”kK( o D) (20)
B =N s\ e Jekr1 N+ 1)
where the K(.,-,-) function is as specified in eq. (16). This is the main
mathematical result of this study. Kavehrad' showed how to average
the K(.,., D) function with respect to D = x + z. To remove the
dependence of P(e| x, z) on D = x + 2, one just carries out Kavehrad’s
procedure once, to get the moments of D = x + z, and then evaluates
the resulting K[., yo/(k + 1), D] function for all vo/(k + 1). In
mathematical terms,

(-1)* E, o
Ple) = Z( k )k+12 K(N B+ 1 ‘7)’ 1)

where (w;, {;) are the weights and nodes, respectively, of the Gauss-
Quadrature algorithm (see Appendix C of Ref. 1). For M = 1 the result
in eq. (21) reduces to eq. (32) of Kavehrad’s analysis in Ref. 1.

IV. GAUSSIAN ASSUMPTION

The Gaussian assumption is to take all the multiuser interference
as Gaussian noise. We will base our calculation of the average error
probability on eq. (10a), which is equivalent to eq. (10) of Ref. 1. The
last term in eq. (10a), », is a Gaussian random variable having zero
mean and variance N,T/4. The first term in eq. (10a) is the signal
term and it has average power, 32427%/4 for a fixed B;. The rest of
the terms in eq. (10a) are all mutually independent. To calculate the
total power of this term, we must evaluate a term like

2oE {[a-lRm) . aoRm)]Z} ,

(22)
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where o; = +1, i = —1, 0, are independent binary variables. In eq. (22),
¢ was shown by Pursley’® to have the value 2/(3N), where N is the
sequence length of the Gold codes considered in Ref. 16.

There are approximately » = LK such expectations in eq. (10a).
Hence, for a fixed 8; we have

2
signal power = (%1) B3

2
interference power = 7 (%) e2E(B8%)/2

and
noise power = N,T/4,

where 3 denotes a Rayleigh random variable and is any of the inde-
pendent identically distributed random variables 8,.’s excluding 3;.
The term E(B%)/2 occurs in the interference power as 3 cos 0 is
Gaussian with zero mean and variance E(82%)/2 as # is uniform in
[0, 27]. Thus, with the Gaussian assumption, the error probability
conditioned on (3, is given by

1
Plelp) =5 erfe(vv). (23)
Note that in eq. (23) v is equal to half the signal-to-noise plus

interference power ratio; hence

_ BiE,
Y T LK)eEE (B + No

with €2 = 2/(3N) given by eq. (22) and E;, = A2T/2. The average value
of y1is

(24)

E,
= ) 2
YT R, + No =
where E, = E(B?)E, and n = LK. For N, = 0 we have vy, = 3N/2y,
which is a result to be used in what follows.
When 2 in eq. (24) has the pdf in eq. (14) with E(8%) = 2p0 = p§,
Proakis!® in his textbook shows that the average of eq. (23) with
respect to §; is

P(e) = plyo) = {1 -\/ 7—%} (26)

When selection diversity is used, the pdf for 8% has the form in eq.
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(18), which is just a summation of exponential pdf’s. Accordingly,
P(e) for this case is just a sum of the terms in eq. (26), viz,

_ M (M-1) (-1)* Yo
P(e)_ngo( k >k+1p(k+1)’ @7

a result given by Sundberg.!’

A more complicated, but higher performance, form of diversity is
Maximal Ratio Combining (MRC). Here the gain and phase of each
signal term must be known. These gains and phases are then used to
coherently combine individual path terms to form a single decision
variable for the data detection process. The decision statistic, assuming
perfect coherence, is just the summation of §;-§,j =1, 2, ---, M,
where £ is given in eq. (10). The error performance of this form of
diversity can also be given in terms of v, in eq. (25). If the interference
terms are assumed to be uncorrelated from one diversity branch to
another, then the result is given in eq. (7.4.15) of Proakis!® text, viz,

M-1 -
P.=[pta)l 3 (M k”k) n-paol, @)

where p(vyo) is given in eq. (26).

We have not yet determined the error performance for MRC using
the method of moments. Therefore, for this form of diversity we will
have to rely on the Gaussian assumption. We will estimate the accu-
racy of the Gaussian assumption for the case of selection diversity and
then apply this to the MRC case.

V. CHANNEL CODING

We shall be interested in the performance of two simple block
channel codes used in conjunction with selection diversity. These are
the (7, 4) Hamming code and the (15, 7) BCH code. The former
corrects one channel error while the latter corrects two channel errors
in a coded block. Such codes are discussed in the introductory text-
books by Pless'® and Lin and Costello.*®

For a channel code that corrects t-errors, the bit error probability
is given in eq. (25) of Milstein et al.* as

1, . :
Py== % i (n) pe(l — pe)™™, (29)
n =41 !

where for simplicity we denote the channel error probability in eq.
(21), P(e), by p. and n is the coded block length. This is an approxi-
mation and the assumption is made that channel errors are independ-

ent.
We have done some calculations with eq. (29) for the (7, 4) Hamming
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code and the (15, 7) BCH code. However, the formulas given below
are more precise, as they are based on the weight distribution of the
codes used in our study. The two approaches never gave a difference
in bit error rate of more than 66 percent. For the (7, 4) Hamming code
we show in Appendix A that

Py = 9p%(1 — p.)® + 19p3(1 - p.)* (30)

for small p,. As this is a perfect code the result in eq. (30) is exact for
small p,. The result in eq. (29) gives 6p2 not 9p? for the first term in
eq. (30) when p, is small.

For the (15, 7) BCH code we show in Appendix A that for small p,,

Py, = 150p3(1 — p.)™ + 512pi(1 — p.) ™. (31)

Some approximations are involved here, as the code is not perfect.
However, the weight distribution of the code is considered. The for-
mula in eq. (29) gives Py, = 91p? for small p,.

VI. NUMERICAL RESULTS

The computer programs developed by Kavehrad' for the method of
moments were modified to incorporate the moments of interference
terms in the new form in eq. (10a). The new program was simply
adapted to perform the computations needed to evaluate egs. (20) and
(21). Our computations will be for the Gold sequences of length 127
and the Kasami sequences of length 255. Initial loadings to generate
these codes were taken from Ref. 20.

Before discussing our numerical results let us just review the main
parameters of our model. They are

N = spread-spectrum sequence length
L = number of multipath links

M = number of terms used for diversity
K = number of simultaneous users

and
vo = average signal-to-noise ratio.

In our computations we are interested in the case in which L is small,
M is moderate, and K is large. For the most part, we will concentrate
on the so-called® noise floor average error probability. This is the error
probability when the thermal noise is absent; that is, when N, = 0.
Our computations were most easilydoneforl = K <15and1 <L =
30.

We will examine the three hypotheses listed below. The first one
follows.
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6.1 Error probability is approximately a function of only n = KL

Our hypothesis is that the error probability is approximately a
function of only 7 = KL and not of K and L themselves. This is
certainly true in the case when a Gaussian assumption is made, as can
be seen by an examination of egs. (25), (26), (27), and (28) of Section
IV. The goal of our system analysis is to estimate performance for,
say, K = 90 and L = 2. We wish to do this by computing the error
probability for = KL, with, for instance, K = 15 and L = 12, which
also gives n = 180.

The results of our computations for N = 255, the Kasami code, are
shown in Table I. For error probabilities in the channel-coded cases,
that is, Py and Py, of around 107 we see that, for the most part, we
are in error at most by a factor of 2 or 3. This is an acceptable error
factor for practical error probabilities. An error factor of 6 to 10 would
not be acceptable in our view. This point takes us to our next
hypothesis.

6.2 Coding plus selection diversity is power efficient

To evaluate the error performance when channel coding is used we
take the result of the computation represented by eq. (21) and substi-
tute it into (30) or (31). Equation (30) is for single-error correction
and eq. (31) is for double-error correction.

We will compare channel coding plus selection diversity of order M
versus selection diversity alone of order 2M. This will be done for the
single-error-correcting (7, 4) Hamming code. Thus Py, is given in eq.
(30). For large v, it is easily shown that P, in eq. (27), for selection
diversity and a Gaussian assumption, is given by cy;™, where c is a
constant. For various constants, ¢, see Table 1 of Ref. 17. Thus, using
the (7, 4) Hamming code plus diversity takes M — 2M, since the
channel error probability is squared to give the decoded error proba-

Table |—The data to test the P. = f (1), n = LK, hypothesis for

N = 255

M 7 K L P, Py, Py

4 60 10 6 0.41E-02 0.15E-03 0.98E-05
4 60 6 10 0.50E-02 0.22E-03 0.18E-04
6 90 15. 6 0.85E-03 0.65E-05 0.91E-07
6 90 6 15 0.19E-02 0.32E-04 0.10E-05
6 150 15 10 0.41E-02 0.15E-03 0.98E-05
6 150 10 15 0.50E-02 0.22E-03 0.18E-04
6 180 15 12 0.69E-02 0.41E-03 0.45E-04
6 180 12 15 0.91E-02 0.57E-03 0.72E-04
8 180 15 12 0.35E-02 0.11E-03 0.62E-05
8 180 10 18 0.44E-02 0.17E-03 0.12E-04
8 240 15 16 0.88E-02 0.67E-03 0.91E-04
8 240 12 20 0.97E-02 0.80E-03 0.12E-03
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bility and thus doubles the order of diversity. One more point is
important in our comparison. Diversity and channel coding are similar
in nature, since both try to exploit the redundancy in the transmitted
signal. Our codes require bandwidth expansion to achieve this redun-
dancy, but space diversity does not. Now the number of discrete
multipath links between transmitter and receiver is given by eq. (3).
Since the signal bandwidth, B, is smaller for selection diversity alone,
we evaluate its performance when L is replaced by L — 1 for L = 2 or
3, where the channel-coded system is taken to produce L multipath
terms. Of course, for larger L’s, the former should be replaced by L —
2, and so on. In any case, the uncoded system is subject to less
interference than the coded system. The results of our computations
are shown in Fig. 5. Also shown in Fig. 5 are two isolated points for

1072

- (7, 4) HAMMING CODE
- K =15

No =0

— L=M+2 N = 255

SELECTION DIVERSITY

L PLUS CODING

L=M+ s ——=— ONLY SELECTION DIVERSITY
OF ORDER 2Mm

1073

104

NOISE FLOOR BIT ERROR PROBABILITY

1078 ! | 1 1 | ]
0 1 2 3 4 5 6 7
M—ORDER OF DIVERSITY IN CODED CASE

Fig. 5—Comparison of selection diversity plus coding versus selection diversity alone.
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coding alone, that is, M = 1. One notes that, except for low M, the
combination of channel coding plus selection diversity is significantly
better than using selection diversity alone.

We note that selection diversity alone can saturate to a poor value
of error probability as M gets large. From Jakes® it is well known that
the signal-to-noise ratio (s/n) performance of selection diversity be-
comes poor relative to MRC as M grows. In the case of multipath
diversity, performance becomes even worse. To see this point let us
first consider MRC. Jakes® shows that, for antenna diversity of order
M, the average s/n is My, (see page 3.19 of Ref. 3), where v, is the
average s/n for no diversity. Let the only source of noise for multipath
diversity be the self-noise term in eq. (10). Accordingly, for multipath
diversity alone v, must be changed to yo/M and the average s/n with
MRC diversity is v, for all M. Thus, multipath diversity allows for no
improvement in average s/n. In general, let there be Ls antennas and
Ly multipath diversity terms giving M = Lg-Ly. In the sequel we
always take Lj; = L, the number of paths in our multipath model.
Then the average s/n is Lsy, and the improvement is only due to Ls.
With selection diversity Jakes® shows that the average s/n is

M1
E() =170 Pt

For M = 2 we have E(y) = 0.75 v, as for multipath diversity alone,
since we must replace yo by vo/2 due to self-interference. For M = 4
with Ls = Ly = 2 we have E(y) = 2v, for MRC and we have E(y) =
25v,/24 for selection diversity, a loss of about 3 dB to MRC. Fortu-
nately, the system error probability is not a function of E(y) alone, as
it is a polynomial as v5'. In any case, for acceptable performance we
will find that selection combining requires both antenna and multipath
diversity. However, this may not be necessary for MRC or equal gain
combining; only multipath diversity may suffice.

6.3 Coding plus selection diversity is.power and bandwidth efficient

Our next comparison involves the performance of coding plus selec-
tion diversity versus selection diversity alone for the same system
bandwidth. We did this by finding the selection diversity performance
of the 127-length code (the Gold codes) with the (7, 4) Hamming code
versus the length 255 code (the Kasami codes) with no channel coding.
The result is plotted in Fig. 6. As Milstein et al.* found earlier, simple
error-correcting codes are an effective way to improve the performance
of spread-spectrum systems for the same system bandwidth.

6.4 Performance: coding plus selection diversity

The results of our computations using the method of moments are
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Fig. 6—Comparison of coding versus no coding in the same spread-spectrum band-
width.

given in Figs. 7, 8, and 9. Figures 7 and 8 depict the noise floor error
probability as Ny = 0. Figure 7 is for small L and Fig. 8 is for large L.
These computations are for independent values of K, L, and M; M is
not a function of L, as will be the case in Section VII. We are interested
in large L and P, = 10™* in our system analysis, which will be discussed
in the next section, where extensive use will be made of the results in
Figs. 7 and 8. Figure 9 presents the performance with N, # 0, which
will not be used in the sequel, since for IWC systems analysis is
completely based on the noise floor error probability.

6.5 Computations: Gaussian assumption

It is clear that computation of the system error probability when a
Gaussian assumption is invoked is quite simple. This is true for either
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Fig. 7—Noise floor error probability for the (7, 4) Hamming code and various orders
of diversity.

selection or MRC diversity, as can be observed by referring to egs.
(27) and (28), respectively. Since the method of moments precisely
computes the system error probability, we can assess the goodness of
the Gaussian approximation.

Our calculations are plotted in Figs. 10a and b. The Gaussian
approximation underestimates the noise floor error probability. This
gets worse as the number of interferers increases, a counterintuitive
result based on intuition related to the central limit theorem. Around
a 107* error probability, however, the discrepancy is acceptable. Be-
cause the Gaussian assumption underestimates the error probability,
it will, for a fixed error probability, lead to an overestimation in the
number of simultaneous users of a spread-spectrum multiple access
system. We present the degree of this overestimation in Table II. In
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code for various orders of diversity.

this table both the Hamming and BCH codes are considered for two
cases of diversity, M = 4 and 6. In both cases we are interested in that
value of n = KL that gives a noise floor error probability of approxi-
mately 107, To do this we consider the Gold code of length 127 and
the Kasami code of length 255. In the case of a Gaussian assumption
the system performance depends only on vy, = 3N/(2y). Thus, if N is
doubled, so should 5 for the same value of v,. The percent error in
this assumption is shown in Table II. For the orders of diversity of
interest, the error is at most 20 percent.

We have also done computations for MRC by invoking the Gaussian
assumption. This procedure uses eq. (28) and just depends on the
parameter, yo = 3N/(29), n = KL. We then reduce the value of 5
produced by this computation by 20 percent for, say, P, = 107*, as this
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Fig. 9—Bit error probability as a function of E,/N, for M = 4 and M = 6.

was the error in the case for selection diversity. The results of a limited
number of such computations will be discussed in the next section.

VIL. IWC PARAMETER STUDY
7.1 T, = 100 nanoseconds

Measurements by Saleh and Valenzuela?! have established the mul-
tipath delay spread in the Crawford Hill building at AT&T Bell
Laboratories, Holmdel, New Jersey. The measurements indicate that
the maximum delay spread is usually T, = 100 ns. The distance over
which these measurements were taken was approximately 300 ft.

The application that interests us is for 32-kb/s digital speech. We
take this as the source rate. The service supplied also will include a
9.6-kb/s data service, and such a source would be channel coded up to
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Table Il—Error in the Gaussian assumption when the
sequence length is doubled. The calculations of 5 are for

P, = 10™* and n = KL.

1 7 Gaussian Percent
M Code 127 255 255 Error
4 (7, 4) 60 105 120 14.3
4 (15, 7) 90 150 180 20.0
6 (7, 4) 80 150 160 6.7
6 (15,7) 120 210 240 14.3

the 32-kb/s rate to provide the extra error protection needed for data.
We focus on a threshold average error rate of 10™* for speech. For
1000 bit packets this translates into approximately a 10-percent packet

error probability. Valenzuela??> and Wong et a

1.2 have developed in-

terpolation schemes to handle such packet loss rates. In any case, for
a 32-kb/s source rate, the bandwidths of the various spread-spectrum
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Table lll—Transmission parameters for
different sequence lengths
N No Coding (7, 4) Code (15, 7) Code

(a) Bandwidth in MHz of various spread-spectrum se-
quence lengths for a source rate of 32 kb/s

127 4.06 7.11 8.70
255 8.16 14.20 17.50
512 16.40 28.67 35.11

(b) Number of discrete multipath components when
T, =100 ns
127 1 1 1
255 1 2 2
512 2 3 4

(¢c) Number of discrete multipath components when
Tn =250 ns
127 2 2 3
255 3 4 5
512 5 8 9

systems that we will consider are given in Table IIla. The IWC
application here presumes overlay signaling,?* where spread-spectrum
users’ signal coexists with that of users of other services in a lightly
loaded part of the radio frequency band.

A crucial parameter in our study will be the number of discrete
paths, L, for a given maximum multipath delay spread and spread-
spectrum bandwidth as predicted by eq. (3). Thus, for N = 255 in
Table III and for T, = 100 ns, we let L = 2. Other values of L are
given in Table IIIb. From Fig. 8 we note that for the (15, 7) BCH code
(double-error-correcting), we can have L = 14 for K = 15 in order that
P, = 107* when M = 6. As K = 15 we have n = LK = 210. We now
invoke our assumption about the fact that the system error rate is, to
a good practical approximation, just a function of = KL. Thus, if L
= 2 we can get K = 105 simultaneous users since 5 = 210. The order
of diversity M = Lg-L, where Lg is the number of antennas and L the
discrete order of spread-spectrum diversity. Therefore, Ls = 3 anten-
nas at the central station is needed to support 105 simultaneous users.

Let us see now how many simultaneous users the single-error-
correction system can support. For M = 6 from Fig. 8 we get L = 10
and thus » = 150. As L = 2, our assumption P, = f (KL) gives K = 75
active users. This is for Lg = 3 antennas.

With the sort of computation we have just outlined—through use
of Fig. 8—and other related calculations, we can construct Table IV.
The bandwidth efficiency measure given in Table IV will be discussed
below. Also given are some performance estimates for the MRC form
of diversity with no channel coding. When the spread-spectrum se-
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Table IV—The number of simultaneous users in terms of sequence
length, N, and L;. The number of users is given in columns 3, 4, and
5. The order of diversity is L;-L, where L is given in Table lllb. We
have set T,, = 100 ns, P, = 1074,

Bandwidth Bandwidth

Efficiency  Efficiency
(7,4) (15,7) MRC at (15,7 MRC at

N L, Code Code 2N Code 2N
127 2 20 40 6 0.14 0.02
255 1 23 38 6 0.07 0.01
255 2 50 75 60 0.12 0.12
255 3 75 105 132 0.19 0.25
512 1 42 60 — 0.05 —
512 2 80 108 — 0.10 —

quence length, N, is, say, 255, we have set N = 512 for MRC in order
that the MRC system and selection diversity with channel coding
system occupy the same bandwidth. The estimates for MRC were
computed using the Gaussian assumption, vo = 3N/(27), and egs. (26)
and (28). Such estimates of K were then reduced by 20 percent in
accordance with our earlier results on the Gaussian approximation.
We have made this reduction in computing the data of Table IV.
Subject to such estimates we note that M = 6 is needed for MRC to
outperform the combination of selection diversity and channel coding.

We note that the estimate for K for an N = 512 sequence length
was determined as follows. The value of = KL for N = 255 was
doubled and the result was reduced by 20 percent. This is in keeping
with our findings regarding the Gaussian assumption (see Table II).

In Tables Va and b we present results when L is random. We let L
vary from unity up to the maximum value, Ly.x, given by the right-
hand side of eq. (3). Each value of L is taken to occur with a probability
of 1/Ln.x. We display the average value of K and also the value K
corresponding to L = L., in Tables Va and b. Actually, the value of
K for each value of L, 1 < L < Ly, differed only slightly from the
average value of K. We find this invariance because as L decreases,
the order of diversity, M = L,L, decreases, but so does the maximum
number of interference terms, » = KL, thus giving rise to approxi-
mately a fixed P,. Note that we cannot have only one antenna in the
random model, since when L = 1 all diversity is lost.

In Fig. 11 we have plotted the bandwidth efficiency of some of our
schemes. This is given by

_ K.(Code Rate)
N ’

where N is the spread-spectrum code length and K is the number of

BE
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Table V—A comparison of the estimate of the
number of simultaneous users when L = L.y, as

given by eq. (3), and when L=1, 2, -+, Ly,
each with probability 1/Ly.. Average K is over
such L.
Average K for
N L, Liex KforLy, 1=<UL=<Lgs
(a) Data are for the (7, 4) code with T,, = 100 ns
127 2 1 20 20
255 2 2 50 50
255 3 2 75 75
512 2 3 80 79

(b) A comparison of the estimate of the number of simultaneous
users for the (15, 7) code

127 2 1 40 40
255 2 2 75 75
255 3 2 105 112
512 2 4 108 115

simultaneous users as estimated using the procedure just described
above. We note that the double-error-correcting system is 11 percent
more bandwidth efficient than the single-error-correcting system.
Tabular data on bandwidth efficiency are given in Table IV. Although
the efficiency values in Fig. 11 are rather low, we remember that in
overlay signaling the values represent the order of frequency reuse.

We have also placed other points on our bandwidth efficiency plot
in Fig. 11. These points are for less severe channel models than the
one we consider. If we assume an Additive White Gaussian Noise
(AWGN) channel, the performance follows from eq. (24). In eq. (24)
let No = 0 so that we get the noise floor error probability and assume
that the multiuser interference follows the Gaussian model. Further-
more, let b = 2/E(8%) and n» = LK. Combining egs. (23) and (24) for
the bandwidth efficiency, there follows

B 3b
"~ 2L{erfc 1(2P,)}?"

In eq. (32) for P, = P, = 10~* we have BE = 0.22b/L. For the AWGN
channel 8; = 8 =1 and L = 1 to give BE = 0.22, which agrees with
Turin’s” result (see Table 1 of Ref. 7; our result is slightly higher, as
we use coherent binary phase-shift keying rather than differential
binary phase-shift-keying modulation). Thus, for the same bandwidth
as used in Table IV, as we have 5 = 0.22, N = 512 gives K = 112 and
for no coding or diversity.

Another case of interest is when the signal term has a deterministic

BE (32)
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Fig. 11—Bandwidth efficiency of error-correction-coded spread-spectrum systems.
For N = 255, selection diversity alone requires L, = 8 to get an efficiency of 0.11.

gain but the multiuser interference is subject to Rayleigh fading (see
Case 1, Section 4.2 of Ref. 1). As stated in Ref. 1, this is the case that
the reference transmitter is stationary and there is not much move-
ment in the indoor medium. For L = 2, that is, T\, = 100 ns, N = 255
and R, = 32 kb/s, we have BE = 0.11b, where b = 8/E(8?). If b= 2,
meaning that the average, faded interference power is 3 dB less than
the average, unfaded, signal power, BE = 0.22 as for the AWGN
channel. Of course, BE grows linearly with b.

For the case just treated we can do a more exact analysis, as was
done by Kavehrad in Ref. 1 (see Case 1). Let us assume that the result
of the selection diversity process is deterministic, not random, whereas
all the rejected path gains are Rayleigh faded. The method of moments
can be applied to get the exact solution for the error probability in
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when T, = 100 ns.

this case. The theory is similar to that given by Kavehrad' and will
not be repeated here.

We have summarized the results of all our computations in Fig. 12.
The results are all for the Rayleigh faded, discrete multipath model.
Note that for a single antenna, the double-error-correction system will
support around 40 simultaneous users with a spread-spectrum code
length of 255.

7.2 T., = 250 nanoseconds

We now consider the larger multipath delay spread reported in Ref.
25, which was characteristic of the Holmdel building at AT&T Bell
Laboratories. Now T, = 250 ns, a Root Mean Square (RMS) value, a
figure that should be used in a larger building. Now for N = 255, R, =
32 kb/s and one gets L = 4 in eq. (3) for the discrete multipath model.
Other values of L for T, = 250 ns are given in Table IIIc. Note that
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Table Vla—The number of simultaneous users in terms of sequence

length, N, and the number of base station antennas, L;. The number

of users is given in columns 3, 4, and 5. The order of diversity is L;-L,
Tm=250ns, P, = 1074,

(7,4) (15,77 MRCat BE (157 BEMRCat

N L, Code Code 2N Code 2N
127 1 10 20 9 0.07 0.04
127 2 30 40 44 0.15 0.17
255 1 26 36 30 0.07 0.06
255 2 48 60 120 0.11 -
512 1 40 50 — 0.05 —

Table VIb—A comparison of the estimate of the number
of simultaneous users with T,, = 250 ns

Average
N L, Code Liax K for L. K
127 2 (7, 4) 2 30 27
255 2 (7, 4) 4 48 49
127 2 (15,7) 3 40 42
255 2 15, 7) 5 60 68

N = 512 would give L = 8 or 9 for the coded system, and thus a
diversity order that is too large. In this sense our spread-spectrum
system has an optimum sequence length or bandwidth. Results similar
to those in Table IV are given in Table VIa and are also plotted in
Fig. 13. Note that the (15, 7) coded system can support just under 38
simultaneous users with the same antenna diversity and code length
(that is, L, = 1 and N = 255) as used when T,, = 100 ns (see Table
IV). However, the multipath diversity is now of order 5 (see Table
ITIc). In any case, the number of simultaneous users is about the same.
In a simple Time-Division Multiple Access (TDMA) system, one-half
the number of users would be lost as the maximum multipath delay
spread has been increased by approximately a factor of two. As such,
a SSMA system is less sensitive to a change in maximum multipath
delay spread than a simple TDMA system would be. However, if more
than 40 simultaneous users are needed, the SSMA system also loses.
For instance, compare the performance of the double-error-correcting
system at L, = 2 when N = 512 for T}, = 100 ns (Table IV) and when
N = 255 for T\, = 250 ns (Table VIb); the loss is from 108 to 60
simultaneous users.

As in the case when T, = 100 ns we include estimates of K for the
random model for L in Table VIa. The trend in the results is essentially
the same as was observed in Tables Va and b.

7.3 Multipath outage performance estimate
Up to now we have used the average error probability as the
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Fig. 13—Number of simultaneous users versus spread-spectrum sequence length
when T}, = 250 ns.

performance measure. Another measure is to find the distribution of
the error probability. This has been used in other radio studies, for
example, in Refs. 26 and 27. In the latter study if the probability that
the average error probability exceeds the value X is, say, 0.10, the
multipath outage is said to be 10 percent. In keeping with our earlier
work we take X = 107,

We will determine the multipath outage for the reference user path
gain, ;, with all other path gains having the Rayleigh statistics as
assumed earlier. The computation of the multipath outage follows
closely Case 1 of Ref. 1. First 8, is taken to be fixed, and the error
probability is found by averaging the right-hand side of eq. (11) with
respect to the sum of the self-plus multiuser interference, using the
method of moments. Let us call the result of this calculation P.(8,),
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since it depends on the path gain ;. We then vary 8, from zero to S,
where P,(8,) = X, the bit error rate parameter. Then

P{P.()) = X} = P{0 = % =< 83}

The probability P(0 < 8% < B2) is easily obtained by integrating the
pdf for selection diversity as given in eq. (17).

If coding is involved, P.(B;) changes. For instance, for X < 1072,
P,(B,) is well approximated by 9P2(8,), say, for the (7, 4) Hamming
code. To find 8% one solves the equation X = 9P2(,) for a given X.
Of course, for the same X, 8, for the coded case is smaller than 3, for
diversity alone, which leads to a lower outage probability.

The results of our computations for the manner just described are
shown in Fig. 14. Note that coding is effective in reducing the outage
probability for increasing n = KL. We found that, to a good approxi-
mation, the outage probability was only a function of the product, KL.
This allows us to estimate the number of users for a fixed multipath
outage as we did earlier for the average error probability. The results
are shown in Table VIIa for a 10-percent multipath outage and T}, =
100 ns. Note that the results are given for E,/N, = 25 dB. We found
that for up to 15 moments, outage probabilities for larger E;/Ny’s were
not reliable in these computations. No such problem occurred in
computing the average error probability. The number of simultaneous
users is about 10 percent less than it would be if the average error
probability for Ey/N, = 25 dB were used as a performance measure.

C =75
(7, 4) CODE PLUS
- SELECTION 7=175
DIVERSITY _ SELECTION
B NG " \DIVERSITY ALONE
10°!
<
Vi
A 7= 30
W (7, 4} CODE
o = PLUS SELECTION ’fl\= 2
< DIVERSITY n=KL SELECTION
1074 — K =15 DIVERSITY
B M=4 ALONE
- N = 255
L Eyp/Ng = 25 dB
(2po) dB = -14 dB
1073 ] [ . L 11 1 b 1l ] Lol | 1L 11
1076 107° 104 10-3 1072 107!

BER PARAMETER, X
BER — BIT ERROR RATE

Fig. 14—Distribution of error probability.
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Table Vila—The number of simultaneous users
for a multipath outage probability of 10 percent
when T, = 100 ns, E,/No = 25 dB,
2po = —14 dB, and the error probability is
parameter X = 107™*

K K
(7, 4) (15, 7) MRC at
N L, Code Code 2N
127 2 5 15 0
127 3 20 36 24
255 1 5 15 0
255 2 38 53 53
255 3 45 68 112

Table VIIb—The reduction in outage
probability as L;, the number of antennas, is
increased. This reduction is relative to L, = 2,
where K = 38 for the (7, 4) code and K =53

for both the (15, 7) code and the MRC

system.

N L, System P,
255 3 Coded 3.5x 1072
255 4 Coded 1.1 X 1072
512 3 MRC 1072
512 4 MRC 47x10™*

We note that the Gaussian assumption had the same accuracy as we
stated earlier for the average error probability. Accordingly, the MRC
results were computed by invoking a Gaussian assumption on the
interference. Table VIIb shows results on how the multipath outage
can be reduced by increasing antenna diversity. For a large order of
diversity, MRC is stronger than selection diversity plus coding in this
task.

Our work to date has assumed an average power control so that all
user signals arrive at the central station with the same average power.
We now let the static attenuation of the reference user be higher than
each member for the whole multiuser population. The results for a 10-
percent multipath outage are shown in Table VIII. Note that the loss
in user population in percent is about the same as the static power
loss of the reference user. Thus, SSMA is not sensitive to small
deviations in static power control.

Vill. CONCLUSION

Our main conclusion is that direct-sequence, spread-spectrum mod-
ulation can give a quite respectable number of simultaneous users for
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Table VIII—The percentage reduction in the number
of simultaneous users in Table VII as the reference
user is subjected to increased attenuation. This is for
Tm =100 ns, X = 107, and the multipath outage
probability of 10 percent.

8K (7, 4) Code 6K (15, 7) Code

670 dB 6o Percent Percent Percent
-0.5 12 21 15
-1.0 26 36 28
-2.0 58 58 47

communication over fading, multipath channels. This is for commu-
nication from transportable stations to a base station in a star network
using average power control that depends only on the power law
exponent and static shadow fading. The inherent diversity of spread-
spectrum modulation can be combined with antenna diversity using
the simple selection diversity rule to give efficiencies that are compa-
rable to those attained with maximal ratio combining. Fairly high
orders of diversity are needed for the latter to be better than selection
diversity used with channel coding.

We also have found that a Gaussian assumption regarding the
multiuser interference can lead to a maximum error of 20 percent in
predicting the number of simultaneous users for a noise floor average
error probability of 107%. This is for a system using selection diversity.

We conclude that spread-spectrum modulation can be less sensitive
to a change in maximum multipath delay spread than, say, time-
division multiple access would be. Thus the same spread-spectrum
modem could possibly be used in either large or small buildings for
indoor radio communication.

The main assumptions used in the paper are that demodulation
errors are independent and that the multipath model is discrete. The
former can be overcome with interleaving. However, the latter must
be verified experimentally for indoor, wireless, local area network
application.

We have also considered multipath outage as a performance crite-
rion. For an outage of 10 percent we find that the number of simulta-
neous users is reduced by approximately 10 percent over that predicted
by using average error probability as a performance measure.

Although our analysis was for selection diversity or maximal ratio
combining and coherent binary phase-shift keying, in practice we
would suggest equal gain combining and differential binary phase-
shift-keying modulation. We make this suggestion as usually equal
gain combining falls in performance between that for selection diver-
sity and maximal ratio combining. Also, differential phase-shift keying
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is less troublesome to demodulate in a fading environment such as
occurs in IWC.
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APPENDIX A
Channel Coding Formulations

In this Appendix we derive the formula for the bit error probability
used in the paper. Independent channel errors are assumed and only
single-error-correcting, (7, 4) Hamming code and double-error-cor-
recting, (15, 7) BCH codes are considered.

A.1 The (7, 4) Hamming code

We first determine the bit error probability for a small channel error
probability p. = 1 — g.. The first term in the power series in p, for Py,
will be denoted as P},. A well-known approximation [see eq. (1-27) of

Ref. 28] gives Pi; = dP,/n, where P, = '27 pZqs. Here P; is the

probability, for small p., that a code vector is in error and d is the
minimum Hamming distance. As n = 7 and d = 3 we have P}, =
9pZq? for small p, for the first term in eq. (30).

The weight of a code word is the number of its nonzero symbols.
Let A; be the number of code words of weight i. For the (7, 4) Hamming
code Ag = A7 =1 and A; = A, = 7 with all other A; = 0. Since the
(7, 4) Hamming code is a perfect code, two channel errors always
produce a weight-3 code word where we assume the all-zero code word
is transmitted. As the code is linear we have no loss in generality. In
the weight-3 code words, three code words contain one bit error, three
contain two bit errors, and one contains three bit errors, where a bit
error refers only to erroneous information bits. Thus, as there are four

information bits,
(7)
2 3 6 3
Py 7 peqe{4+4+4},

which gives 9p2q3, as before.

We now find a correction term to P};, which we call P3,. When
three channel errors result, either a weight-3 or a weight-4 code word
is decoded. Now, P# is the sum of the probabilities of these two cases.
The weight-4 code words can be chosen in 28 ways, since each of the
seven weight-4 code words has four correctable error patterns. Thus,
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P (weight-4) = 2* plg! {% +24 %} = 16p%qt,
as among the weight-4 code words three have three bit errors, three
have two bit errors, and one code word contains a single bit error.
To consider the second component of P, we note that a weight-3
code word is chosen when the channel errors combine with the trans-
mitted all-zero code word to produce a weight-3 code word. Thus,

3 6 3
2 1 - = p3g? <— - -
Pj (weight-3) = pige {4 + 1 + 4}

to give 3p2q?. Adding the results for P%, we get the correction term
in eq. (30) of the paper. We get exactly the same result by applying
the approximation dP;/n to the weight-3 and weight-4 error events.
That is, for the weight-3 bit error probability we have 7 X 3p3qi/7

and for weight-4, 28 X 4p3q?/7 to get P} = 19p3q?.

A.2 The (15, 7) BCH code
We generated the (15, 7) BCH code with generator polynomial

gx)=1+x*+ x5+ x7 + x5

This gave Ao =1, As = 18, and A¢ = 28, which are the only components
of the weight distribution we will need. Now A5 has five code words
with one bit error, five with two, six with three, and two with four.
Thus,

5 10 18 8| 2470 ,

455
1 : B = — p3gl2 <4 4+ 4 - 4 2 =
P> (weight-5) 18 Peqe {7 + 7 + 7 + 7} 18 Peq.”,

since there are <1§ ) = 455 error patterns with three channel errors.
Also,

455 , o [2 16 39 16 5| 5070 , ,
[ B T

1 : ) = Y
sz(welght 6) 28 Peqe 28 DPeqe,

since in Ag two code words have one bit error, eight have two, thirteen
have three, four have four, and one code word has one bit error.
To combine our two values of P}, we use the density of the code

words. For each of the 128 code words there are 125 =105 correctable
double-error patterns and 15 correctable single-error patterns. Thus

the number of channel outputs within a distance two of code words is
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121 X 128. There are 2'® channel outputs in all, to give a probability
of 0.47 of falling within a decoding sphere of radius two. We assume
47 percent of the space around the zero code word is filled with weight-
5 code words. In the remaining 53 percent we assume weight-5 and
weight-6 code words are chosen with equal probability. Thus,

P}, = Ppy(weight-5) X 0.735 + Ply(weight-6) X 0.265 = 150p3q2?,

which agrees well with P}, = P,d/15, as now d = 5 and P, =

15 3,12
3 peqe .

To get the correction term we assume that the four channel errors
produce either a weight-5 code word or a weight-6 code word. The
weight-5 codes have five correctable error patterns of weight-4 per
code word and thus 18 X 5 = 90 weight-4 channel outputs in their

decoding spheres. For weight-6 code words we have g = 15 cor-

rectable error patterns and thus 28 X 15 = 420 channel outputs in

weight-6 decoding spheres. This leaves 145 ) — 510 = 855 error patterns

and we assume they are equally divided between weight-5 and weight-
6 code words. Averaging over the bit errors in weight-5 and weight-6
codes gives

518 x 41 848 X 78
2 4,11 411

Ph ( 18x7 « 28x17 )p‘*qe 506peqe’,
where the first term is for weight-5 code words. Use of the dP,/n
approximation gives

518 X 5 848 X 6

2 _ 4. 11 411
b2 = ( 15 + 18 )peQe 512p.q.’,

which is in good agreement with the result just given above.
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An approximation theorem is given for causal time-invariant nonlinear
maps that take one set of functions defined on [0, ) into another. The
theorem is used to show that, under some typically very reasonable conditions,
an input-output map can be approximated arbitrarily well in a meaningful
sense by a finite Volterra series, even though it may not have a Volterra series
expansion. The set of inputs on which the approximation holds need not be
compact, and the inputs need not be continuous.

I. INTRODUCTION

In this paper an approximation theorem is given for causal time-
invariant nonlinear maps that take one set of functions defined on [0,
o) into another. The theorem is used to show that, under some
typically very reasonable conditions, an input-output map can be
approximated arbitrarily well in a meaningful sense by a finite Volterra
series, even though it may not have a Volterra series expansion. The
set of inputs on which the approximation holds need not be compact.
A more detailed introduction follows.

1.1 Background

Researchers have long been interested in a variety of questions
concerning the mathematical representation of systems that need not
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be linear. In recent years much has been learned about the existence,
determination, and properties of power-series-like expansions for ex-
pressing a system’s outputs in terms of its inputs (see, for instance,
Refs. 1 through 7). An important example of the form of such an
expansion is

w(t) = gj; J; Ro(r1, -+, Toult — 1)

- u(t — 79)dry --- dry, t=0, (1)

in which w is the output, u is the input, the kernels k, are functions
determined by the system, and u is drawn from a set of bounded real-
valued inputs such that the right side of (1) converges uniformly in ¢
for every input. While certain more general versions of (1), where the
k, are symbolic functions and vector-valued inputs are taken into
account, are frequently needed, in all cases one has

w=3 K, u€eU, @)
q=1

in which U is a set of inputs and each K, is a homogeneous map of
degree g. Under weak assumptions these K, are uniquely determined,
and as such are very special associates of the system represented by
(2).

The right side of (1) is an example of what is often called a Volterra
series. Actually, Volterra considered not (1) but related expansions in
which the integration limits are constants and the u(t — 7;) are
replaced with u(r;). These expansions were used by Volterra as a
model of a nonlinear functional in his path-breaking studies of oper-
ations on functionals. A comprehensive account of this work is given
in Ref. 8, where attention is directed to a representation result (Ref.
8, page 20) due to Fréchet that concerns, in particular, the uniform
approximation of continuous functionals on compact sets, using a
finite number of terms in Volterra’s series. Volterra also mentions the
analogy between this aspect of Fréchet’s result and the Weierstrass
approximation theorem for continuous real functions on a real com-
pact interval.

While Fréchet’s Weierstrass-like result is certainly interesting and
important, it does have significant limitations with regard to the
representation of input-output maps: (1) it concerns approximations
rather than expansions in the usual sense, (2) these approximations
are on compact sets, (3) it directly concerns functionals rather than
mappings from one function space to another, etc. These limitations,
as well as those of the more general representation result of Fréchet
described in Ref. 8, p. 20, do not appear to have been always appreci-
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ated by early writers concerned with applications of Volterra series,
who sometimes cited Ref. 8 as though it contained a justification for
the use of relations of the form (1).

There can be very basic differences between an arbitrarily good
approximation and an expansion, and, more to the point, between
knowing that one, as opposed to the other, exists. For example, an
approximation known to exist may not have properties that facilitate
its determination. Nevertheless, existence results concerning approx-
imations can sometimes be useful, especially when an expansion does
not exist. Thus, it is clearly of interest to consider the extent to which
input-output maps of systems can be approximated in some meaning-
ful sense by a finite sum,

Q t t
zf .--fokq<fl,---,rq)u(t—fl)

- u(t — 79)dry -+ drg, t=0, (3)

of terms of the form that appear on the right side of (1), or by a finite
sum of suitably more general terms if u is vector valued. Of course,
approximations involving larger classes of finite sums of iterated
integrals can be of interest too.

Related questions have in fact been considered for many years,”
and as one might expect, the main mathematical tool that has been
used is the Stone-Weierstrass theorem. In this earlier work the input
signals considered are assumed to belong to a Hilbert space (e.g., an
L, space) and/or to be defined on only a finite interval, and the inputs
are taken to belong to a compact set. In contrast, in Ref. 16 an
approximation result is given for input-output maps that act between
certain subsets of the Banach space C(IR) of bounded, continuous,
real-valued functions defined on the doubly infinite interval (—, ),
with the usual norm. The maps considered there are assumed to be
time invariant and to have a “fading-memory” property that enables
one to prove that a certain set of functions defined on (-, 0] is
compact. The extent to which the results in Ref. 16 bear on the main
problem considered in this paper, where the input and output signals
are defined on [0, ), is not discussed in Ref. 16. Although the results
in this paper are considerably different from those in Ref. 16, there
are some similarities: an approximately-finite memory hypothesis
(related to hypotheses in Ref. 17, Section 2.2) plays a central role, and
we too depend on a form of the Stone-Weierstrass theorem. On the
other hand, the compact sets with which we deal are always sets of
functions defined on a finite interval [0, w].

1.2 Outline of this paper’s results

In Section 11, attention is focussed on a class of causal time-invariant
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maps G that take S into S;, where S and Sy are sets of signals (i.e.,
sets of functions) defined on [0, ), and the elements of S, are real
valued. The maps G are assumed to possess a factorization FH, where
H takes S into S;, and F maps S, into Sy, where S; is a third set of
signals on [0, «). Certain hypotheses on S, Sy, S1, and the factors F
and H are introduced in Theorem 1 of Section 2.2. Under those
conditions, the theorem shows that given any ¢ > 0, there are a
constant A = 0, and a map P having an important special form (that
involves a real polynomial p in several variables together with a certain
“fundamental set ” of maps) such that the approximation

|G(u)(t) = (PH)(Umaxio,-a1)(8) | <, t=0

holds for all u € S, where u, for arbitrary nonnegative w is defined by
u,(t) =0if 0 < t < w, and u,(t) = u(t) for t = w. One of the main
hypotheses used is that the memory of G is “approximately finite,” to
the extent that for any 8, > 0 there is a § > 0 for which

IGu(t) - Gumax[O,t—é](t)l < 60

for t = 0 and u € S. This hypothesis can be shown to be satisfied in
many cases of interest. More will be said about this later.

The hypotheses of Theorem 1 are of an abstract nature and so is its
conclusion. The theorem is used as a “tool theorem” in the proof of
Theorem 2 in Section 2.4 which addresses a case that is of direct
interest in applications. In Theorem 2, the memory of G is assumed
to be approximately finite, S is taken to be a set of uniformly bounded
vector-valued functions on [0, ), S; is a similar set, H is a convolution,
and F is causal, time invariant, and continuous in a certain typically
reasonable sense (see the theorem for additional details). Assume now
for the sake of simplifying the discussion that the elements of S are
scalar valued. According to the theorem, under the conditions stated
there, Gu can be uniformly approximated arbitrarily well on S by a
finite sum of the form (3). Again, the reader is referred to the theorem
for the details. Related results concerning discrete-time cases and
composites of maps that have approximately-finite memory are given
in Sections 2.5 and 2.3, respectively. ‘ ‘

The case considered in Theorem 2 arises often. This is discussed in
Appendix B, where an important class of input-output maps is ad-
dressed, and where a technique for showing that the memory of a
nonlinear map is approximately finite is illustrated.

Il. INPUT-OUTPUT MAPS AND APPROXIMATIONS
2.1 Preliminaries

Throughout Section II, V is a linear space, Q denotes the interval
[0, ), t and w are elements of ©, S and S, are two sets of functions
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on Q, the elements of S and S, take values in V and (—, ),
respectively, and G is a map from S to S.

We use S, to denote a third set of functions on Q; these take values
in a normed linear space V. It is assumed that

G=FH,

where H maps S into S; and F takes S; into S,.

The set S, which is our set of inputs, is assumed to have the following
properties:

(i) ue S => (u), € S for each w, where (u).(t) = u(t) for t < w,
and (u).(t) = 0 (here the zero element of V) otherwise.

(i) ueS=> (T, u) € Sfor w+#0, in which T, is defined by (T.u)(¢t)
=00<t<w)and (TLu)(t) =u(t —w) fort = w.

(iii) u € S => u, € S for w # 0, where u, is given by u.(t) = 0 for 0
< t < w and u.(t) = u(t) for t = w. [Note the distinction between u,
and (u), of Property (i).]

(iv) w#0andu € Swith u(t) =0 (0 <t < w) =>v € S, where v(t)
=u(t+ w), t=0.
Notice that (i)-(iv) simply require that S be closed under certain
elementary operations. With regard to S; we assume that

(v) Properties (ii) and (iii) hold with S replaced with S;.

We use the standard definitions of causality and time invariance.
That is, a map M from S to Sy, from S to S, or from S; to Sy is causal
if u; and u; in the domain of M with u;(t) = us(t)(0 < t < w) always
implies that (Mu,)(t) = (Muy)(t) for 0 < t < w; M is time invariant if
w # 0 and u in the domain of M = (MT,u)(t) = 0 for 0 < t < w and
(MT u)(t) = (Mu)(t — w), t = w. Also, by M € &/ (S) or M € &/(8S,)
we mean that the domain of M is S or S;, respectively, and that M
has “approximately-finite memory” in the sense that for each constant
0o > 0 there is a positive 6 € Q-such that

|(Mu)(t) - (Mumax[O,t—a])(t)l < 60, t=0

for all u in the domain of M. Here | - | denotes simply the absolute
value if the range of M is S; it denotes the norm in V; otherwise.

The set of functions x defined on [0, w] with values in V; such that
x(t) = y(t) (0 <t < w) for some y € S; is denoted by (S;),, for each w.
We use H(S), to stand for the set of functions x in (S;), such that
x(t) = (Hu)(t) (0 < t < w) for some u € S. It is assumed in Theorem
1 (below) that the H(S),, have the following property:

(vi) There is a family of metric spaces {(X., p.):w > 0} such that
for each w > 0 we have H(S), C X, C (S1), and X, is compact (i.e.,
compact in itself) with respect to the metric p...

For w # 0 and each causal map M from S; to Sy, M, denotes the
functional on (S,), defined by
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wa = (My)(w)a x € (Sl)w; (4)

where y € S, satisfies x(t) = y(t), 0 < t < w. The following is assumed
with regard to F in Theorem 1 (below):

(vii) F is causal and for each w # 0, F, is continuous on X, with
respect to p,, [where X,, and p,, are described in (vi)].

Finally, by a fundamental set {F,:a € A} of maps from S; to Sp
relative to (vi), we mean that the F, are causal and time invariant,
and that for w # 0 the corresponding family {F,,:a € A} of functionals
on (S)). is continuous on X, with respect to p., and separates the
points of X,. (By “separates the points of X,” is meant Ref. 18, p.
41 that for each pair of distinct elements x; and x; of X,, there is an
o € A such that F, x1 # F..xs.)

2.2 The main approximation result

In this section we prove the following:
Theorem 1: Let (i)—(vii) be met, with F and H causal and time invar-
iant, and with G € &/ (S). Suppose that there is a fundamental set
{F..a € A} of maps from S, to S, relative to (vi). Then for each € > 0
there are a A € Q, a positive integer k, elements F,, --- , F,, of {F,:a
€ A}, and a real polynomial p in k real variables with p(0, ---,0) =0
such that

[G(u)(t) = (PH)(Umaxppe-a) () | <,  t=0 (5

for every u € S, where P is the map from S, into Sy given by.(Py)(t) =
PIF.,()(), -+, Fo()(t)], t = 0 for y € Si. In addition, the map
Q:S — S, defined by (PH)(Umax(o,-a))(t) = (Qu)(t) foru € Sand t =0
is causal and time invariant.

2.2.1 Proof of Theorem 1
Proof: Given ¢, choose a positive A € Q so that
[(Gu)(t) — Gumaxpo-aD(B) | < €¢/2, t=0 (6)

for u € S. Observe that S contains an element 6 such that 6(¢) = 0 for
t = 0. By the time-invariance of H, H(S) also contains such an
element, and therefore there is e € X, such that e(t) = 0 for t €
[0, A]. By the causality and time invariance of F, we have Fae = 0.
Using a version of the Stone-Weierstrass theorem (see Ref. 18, p. 46),
Condition (vii), and the hypothesis that there is a fundamental set
{F.:a € A} of maps from S, to S, relative to (vi),* there are a positive
integer k, a polynomial p as described, and elements F,, -- -, F,, of
the fundamental set such that
| Fax — Pax| < €/2, x € Xa,

* It was necessary to establish that Fae = 0 because F,,e = 0 for all @ € A (see Ref.
18, Theorem 5).
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where the functional P, is the associate [see (4)] of P described in the
statement of the theorem. Thus, using H(S), C X,, we have

| (FHu)(A) — (PHu)(A) | < €/2, u€Es. (7

Now let any u € S and ¢t € Q be given. Suppose first that ¢t > A. Let
v be defined by v(7) = u—a)[7 + (t — A)], 7 = 0 [notation of Condition
(iii)]; here we have used Conditions (iii) and (iv). By the time invari-
ance of G = FH and of PH in (7), one has G[u,-»](t) = G(v)(A) and
(PH)[uq-n](t) = (PH)(v)(A). Thus, by (7),

| Glue-m](t) — (PH)[ue-0}(2) | < ¢/2.
Using this and (6),

| G(u)(t) — (PH)[Umaxo-a1] (1) | < |G (w)() = G(Umaxo-a1) (2 |

+ | G(Umax(o.-a))(t) — (PH)(Umax(o-2))(t) | < €/2 + €/2 = «.

Suppose now that ¢t < A. Then by Conditions (i) and (i) and the
causality and time invariance of G, we see that G(u)(t) = G[(u)](t) =
G[T(a-1(u)](A) [notation of Conditions (i) and (ii)], and similarly
(PH)(u)(t) = (PH)[T(s-1(w):](4). Thus, using (7),

[(Gu)(t) = (PH)(u)(8) | < ¢/2. (®

Since (8) holds also for ¢t = A, and obviously & = Upaxos-a] When
t < A, we have (5). At this point it suffices to prove the following:
Lemma: Let K be a causal time-invariant map of S into So, and with
A € Q, let M be the map from S to S, given by

(Mu)(t) = K(umaxjo,e-a))(t), t=0
for u € S. Then M is causal and time invariant.
Proof: Let u, and u, in S satisfy u,(7) = up(7) for 0 < 7 < w, and let
t € [0, w]. Since (Uamax(o,:-a1)t = (Ubmaxfo,c—a)): and K is causal, it is clear
that (Mua)(t) = K[(uamax[o,t-A])t](t) = K[(ubmax[O,t—A])t(t) = (Mub)(t)y
showing that M is causal.

Now let u € S and let w in Q be nonzero. For ¢t < w, (MT, u)(t) =
K[{T u}maxjo-a))(t) = 0, because K is time " invariant and
{ T4} maxio.t-a)(1) = 0 for 7 < w. Suppose that ¢t = w. Since (as can easily
be verified) {T.u}mastoi-a1 = Tollmaxior-o—a), ONE has (MT,u)(t) =
K( T umax(o,t-o—-a))(t) = K(Umaxo,t—o-a)) (t — @) = (Mu)(t — w), by the
time invariance of K. Thus M is time invariant. This completes the
proof of the lemma and of the theorem.

2.3 Comments

All of the material in-Sections 2.1 and 2.2 remains valid if Q is
replaced throughout with {0, 1, ...} (with the understanding that
then [0, w] means {0, ..., w}).
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The following result concerning the hypothesis that G € 27(S) is
frequently useful. By “F € Lip(H(S)]” below is meant that there is a
positive constant ¢ such that

| (Fy)(t) — (Fy2) ()| s ¢ p | y1(7) — ya(7) |

for t = 0 and y; and y, in H(S), where | - | on the right side denotes
the norm in V.
Proposition: Let (i)-(v) be met,* with H € &7(S), F € </(S,;), and
F € Lip[H(S)]. Then G € /(S).

The proposition is proved in Appendix A. For an application, see
Appendix B.

2.4 Approximations and finite Volterra series

In the following theorem, n and p are arbitrary positive integers and
L.(n) and L.(p), respectively, denote the normed linear spaces of real
n-vector valued and real p-vector valued Lebesgue measurable func-
tions u defined on Q such that ||u]] & sup, |u(t) | < o, in which |u(t) |
= max;|u;(t)| and u;(t) stands for the jth component of u(t). By a
“vector,” we mean a column vector. Also, for any positive integer g
and any q n-vectors ay, -- -, a,, we use x[aj, ---, a,] to denote the
vector of order n? whose elements are the n? distinct products (a),,
- -+ (@g)y,, corresponding to distinct sequences Ay, - - -, \; with each \;
drawn from {1, - .., n}, arranged in an arbitrary predetermined order
that depends only on ¢ and n. Of course, x[ay, -- -, @] is simply the
product a; --- a4 if n = 1. Finally, we use K(g, s) (g, s positive; g an
integer) to denote the set of all functions & from [0, ©)? to the 1 X n?
matrices such that

R ¢

kj(Tl’ Tty Tq) = E ¢jir('ri)9 (9)

r=1 i=1
forall 7, --.,7qand allj € {1, - .., n}, where R; < « and the ¢;;, are
real valued and continuous on [0, s] and vanish on (s, «). [Notice that
K(q, s) is simply a set of row-matrix-valued functions whose elements
have a certain nice finite sum of products representation.]
Theorem 2: Let G € o7 (8S), with S = {u € L.(n):|ul|| < 8}, where 8 is
a positive constant. Assume that H is defined by

(Hu)(t) = j; h(t — 7)u(r)dr, t=0

for u € S, where h is a real p X n matrix-valued function on Q such
that each hj; is (Lebesgue) integrable on Q. Take S to be {y € L(p):||y|

* For the sake of ease of exposition, (i)-(v) are assumed to be satisfied. However,
only (iii) and (iii) with S replaced with S, are used.
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< B}, in which B, is any number that satisfies sup,| (Hu)(t) | < $; for
u € S.* Assume also that F is causal and time invariant on S,, and that
F satisfies the continuity condition that given a continuous y in Sy, and
numbers t € (0, =) and 6, > 0, there is a 6, > 0 such that

| (Ey)(¢) — (F2)(8) | < &

whenever z € Sy, z is continuous, and max,gp | y(r) — 2(7)| < 62
Under these conditions, given any ¢ > 0, there is a positive integer @,
an s € (0, ®), and elements k, of K(q, s) (1 < g < Q) such that

[(Gu)(®) — (Vu)(t)| <¢ t=0 (10)
for all u € S, where

Q t t
(Vu)(t) - §1 J(: o »I(: kq(Tl’ Tt T‘I)X[u(t - 7'1):

sy ult —7g)ldry - - drg. (11)

2.4.1 Proof of Theorem 2

Proof: We use Theorem 1. Conditions (i)-(v) are met with F and H
causal and time invariant, and with G € 27(S).

Consider Condition (vi). Let w be any positive number. For x €
H(S).,

x(t) = J; h(t — 7)u(r)dr, t € [0, x)

for some u € S. In particular,

sup |x(t)| < By, (12)
t€[0,w]

and there is a function A from (—, ) to [0, »), which depends only
on h, such that A(a) - 0 as « — 0, and

|x(t + o) — 2(8)| < BMa) (13)

for t and (¢t + «) in [0, w]. The existence of such a \ follows directly
from the result (see Ref. 19, p. 14) that

f |r(t + @) —r(t)|dt -0 as a—0
when r is integrable on (—, ). Now let {X,, p.} be the metric space

of all functions x from [0, «] to the real p-vectors such that (12) as
well as (13) are satisfied, and

* Our conditions here on S and S, are clearly consistent with (i)-(v) of Section 2.1.
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P21, x2) = max|x(t) — x2(2)|.
t€[0,0] .

This space is easily seen to be closed. For p = 1 its elements are
uniformly bounded and equicontinuous. Thus, the space is compact
for p = 1. Using this fact and, for example, the proposition that
compactness in a metric space is equivalent to sequential compactness,
it follows that the space is in fact compact for any positive integer p.
Clearly, H(S), C X, C (S;)., which shows that (vi) holds.

By the continuity condition on F in Theorem 2, (vii) is satisfied.

Now let {F,:a € A} be the set of all maps M defined on S; having
the representation

(My)(t) = J; m(t — 7)y(z)dr, t=0 (14)

where m is a real (1 X p) matrix-valued function on [0, ®) such that
for any component m; of m there is a real ¢ > 0 for which m; is
continuous on [0, ¢] and vanishes on (¢, ®). Let w > 0, and observe
that the F,, are continuous on X, with respect to p..

To see that they separate points of X,, let x; and x, be distinct
points of X,. Let i € {1, ---, p} be such that x;;(t) — x2;(t) # 0 on
some subinterval of [0, w]. Let « € A be such that (F,y)(t) is given
by the right side of (14) with m;(t) = [x1(w — ) — x2;(w — )] for t €
[0, ] and m;(t) = 0 otherwise, and with m; vanishing on [0, «) for j #
i. Then

Fox1 — Fouxe = J; [x1i(7) — xZi(T)]ZdT > 0.

Thus {F,:a € A} is a fundamental set in the sense of Theorem 1,
and by Theorem 1 given ¢ > 0 there are A, &, F,, ---, F,, p,
and P as described there such that (10) holds with (Vu)(t) =
(PH)(tUmaxjo,t-a1) ().

For t = 0, we have

(PH)(tmaxio,-a1) ()
= Pl(FaH)Umaxio-a1(t), - -+, (FoH)Umaxoe-a1(8)].  (15)

It is not difficult to verify that for any j € {1, ..., k} the operator
(F,H) is equivalent to a convolution C whose 1 X n matrix-valued
kernel ¢ has elements that are continuous and integrable on Q.

Also, one finds that

t t
f c(t = 7)Umaxfo,i-a)(7)d7 = f b(t — T)u(r)dr, t=0,
0 0
where b(t) = c¢(t) for t € [0, A] and b(t) equals the 1 X n zero matrix
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otherwise. This together with (15), and just the observation that
products of integrals can be written as iterated integrals, shows that
V is as described in Theorem 2.

2.5 Comments

Cases in which the conditions of Theorem 2 are met arise often in
applications. This is illustrated in Appendix B where the theorem is
used to show that an important large class of input-output maps have
finite Volterra series approximations.

In the proof of Theorem 2, the F, are taken to be linear operators.
It is clear that related additional approximation theorems can be
obtained by allowing the F, to be nonlinear.

Equation (15) in the proof of Theorem 2 shows that G in the theorem
can be approximated arbitrarily well by a linear dynamic subsystem
followed by a memoryless nonlinear subsystem with “polynomial non-
linearities.” The existence of approximate system representations
involving linear subsystems with an additional (and constant) input
and only nonlinearities that take absolute values can be proved using
Theorem 3 of Ref. 18.

The proof of Theorem 2 can easily be modified to establish a

corresponding result for the discrete-time case in which Q is replaced
with Q4 & {0, 1, .- - }. In fact, for that case the proof simplifies in an
important conceptual way because then for any positive integer w,
(S1). is compact with respect to the usual discrete-time analog of p,,
in the proof of the theorem. In particular, in the discrete-time case we
can set n = p, set S = S, and take H to be the identity map from S
onto itself. This leads to the following theorem in which 4(n) is L.(n)
with Q replaced with Qq, and k(g) stands for the collection of all
functions k from Q7 to the 1 X n? matrices such that (11) holds for all
71, +++, 7o and all j where R; < o and the ¢;;, (r;) are real and are
nonzero for at most a finite number of values of 7;.
Theorem 3: Let U = {u € 4(n):|u|| < B8} in which 8 is a positive
number, and let K be a map from U to the real-valued functions defined
on Qq such that K is causal, time invariant and an element of &7(U) in
the sense of Section 2.1 with Q replaced with Q4. Let K satisfy the
continuity condition that given y € U and numbers t € {1, 2, --- } and
81 > 0, there is a 6 > 0 such that | (Ky)(t) — (Kz)(t)| < 6, whenever
2z € U and max.ecp,... 4| y(v) — 2(1) | < 2. Then, given any ¢ > 0, there
is a positive integer Q, and elements k, of k(q) (1 < g < Q) such that

[(Ku)(t) — (Vu)(t)| <e tE Qq
for all u € U, where

Q ¢t t
(Vu)(t) = % X -+ X kelry, -+, mdxlult — 1), --+, u(t = 7))

g=1 7=0 74=0
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APPENDIX A
Proof of the Proposition

Let any 6 > 0, u € S, and t = 0 be given. Choose real é; > 0 and
8o > 0 such that

251 + 2052 < 6,
and let A; and A, be elements of Q for which

[ (FY)(7) = Fymaxtor-a3(7) | < &1, 720 (16)
for y € H(S), and
|(HU)(T) - HUmax[O,r—AZ](T)l < 621 T = 0 (17)
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for v € S. Choose A € Q so that A > A, + A, and consider
¢ & | (FHu)(t) — FHumaxo-a)(8) |-
If t € [0, A], ¥ = Umax[o,—a) and ¢ = 0. Now let ¢ > A. Clearly,
¢ = |(FHu)(t) — (FHu)(t) |,
where & = u-a). Using (16), we have
| (FHu)(t) — F(Hu)@-ap(t) | < 1,
and
| (FHG)(t) — F(H&)-ap(t) | < 6y,
and one finds that
¢ < |(FHu)(t) — F(Hu)¢-a)(t) + F(Hu)-a)(2)
— (FHG)(t) + F(HG)-)(8) — F(H@)(e-2,(8) |
<24 +c¢ sup ]| (Hu)(r) — (H2)(7)|.

tE[(t—A)),t

By (17), | (Hu)(1) — Hu@-a)(7) | < 82 and | (H@)(7) — Hilg-ay(7) | <
8y for 7 > As. Note that 7 = (¢t — A;) and t > A => 7 > Ay; and that
for 7 = (t — A1), Hug-ay(7) = Hii;-4,(7). Thus,

sup ]| (Hu)(7) — (Hu)(7) | < 26,

TE(t=Ap,t

which shows that ¢ < 26, + 2¢d.. Since this implies that ¢ < 4, the
proposition is proved.

APPENDIX B
An Example of an Application of Theorem 2

In this Appendix we consider systems governed by the model

y = Nx (18)
x= Av + Cy (19)
w = Dv + By, (20)

in which v is the input, w is the output, A, B, C, and D are linear
operators, N is nonlinear, and x and y can be viewed as the input and
output, respectively, of the nonlinear portion of the system. Models of
this kind have been used in Ref. 2 and in other papers. Here we
suppose that v, w, x, and y belong to L.(n), Lx(1), L-(p), and L.(p),
respectively, that N is memoryless and defined by (Nx)(t) = n[x(t)]
where 7 is a map from IR? to IR? which takes the zero element of IR?
into itself, that 5 satisfies a global Lipschitz condition | 5(x,) — 7(xs) |
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< v|xs — x»| where | - | is as in the definition of the norm in L.(p),
and that A, B, C, and D, respectively, are causal time-invariant
bounded linear maps from L.(n) to Lw(p), Ls(p) to Ls(1),, L.(p) to
L.(p), and L.(n) to L.(1). In particular, we assume that C has the
convolution representation

(Cy)(t) = J; c(t = 7)y(r)dr, t=0

for y € L.(p), where ¢(-) is p X p and has integrable elements [that
is, has elements that are integrable on [0, «)]. The equations of a very
large class of systems with a single output can be put in this form with
A, B, and D convolutions whose matrix-valued kernels are either
integrable, or integrable with the exception of an impulse at the origin
(see Ref. 2, Appendices I and II).

B.1 Further assumptions, and approximations

Assume in the remainder of this Appendix that (I — CN) is an
invertible map of L.(p) onto L.{p), where I is the identity operator
on L.(p), and that (I — CN)™ is causal, time invariant, and globally
Lipschitz. Conditions under which these assumptions are met can be
obtained from standard existence theory and results in the area of
stability theory [see, for example, Ref. 20, Theorem 3 and Corollary
3(a)]. It follows that w = Dv + BN(I — CN)™! Av for all v € L.(n).

With r an arbitrary positive constant, let us now restrict our inputs
v to the ball A = {v € Lo(n):|lv]] < r}. Let A; = {u € Lo(p):|luf <
r||A]l}. In addition to the assumptions introduced above, suppose that
A is a convolution with an integrable kernel, and that (I — CN)™,
which takes A; into L.(p), belongs to ©7(A;) in the sense of Section
2.1. Using the proposition in Section 2.3, and by considering one
component of (I — CN)™' A at a time, we see that (/ — CN)™' A €
27(A), since, as can easily be verified, A € o7 (A). Similarly, N(I —
CN)™ ! A:A — Lo(p) and finally BN(I — CN)™* A both belong to &7 (A).
Thus, by Theorem 2 [with H = A and F = BN(I — CN)™], and in the
sense of Theorem 2, BN(I — CN)™! A can be approximated arbitrarily
well on A by a finite Volterra series.

Before proceeding to the important matter of how one might show
that (I — CN)™! € o/(A;) under some reasonable conditions, suppose
that the assumptions described above are met, with the exception that
A is not a convolution. Assume instead that (Av)(¢) = av(t), where a
is a p X n matrix of constants. (This case arises naturally in the study
of feedback systems.) Using the identity (I — CN)™ = (I — CN)™'CN
+ I, one has w = Dv + BNAv + BN(I — CN)"'CNAv. The term BNAv
has a simple representation as is; and if, for example, B is a convolution

1980 TECHNICAL JOURNAL, OCTOBER 1985



with an integrable kernel and n = p = 1, then, by the Weierstrass
approximation theorem for real-valued continuous functions on a
compact real interval, it is clear that it can be approximated arbitrarily
well on A by a finite series having the form

§ J; by (t — 7)v(r)dr, t=0. (21)
q=1

Consider now the more interesting term BN (I — CN)"'CNAv. By
Theorem 2 (this time with H = C) we see that it can be approximated
arbitrarily well on A by a finite series of the form (11) with each
u(t — 7;) replaced with nlav(t — 7;)]. In particular, using the fact that
the k, in (11) satisfy

L v quj(Tl, ) Tq) Id(TI; ct Tq) <

for each j, and the Weierstrass approximation theorem for real-valued
continuous functions of several real variables, it follows that the term
can be approximated arbitrarily well throughout A by a finite Volterra-
like series in the sense of the sets of iterated integrals K(m) in Ref. 2.
[These Volterra-like series, which are frequently needed in exact
expansion representations, can be viewed as Volterra series with
symbolic kernels that include certain delta functions. A simple exam-
ple of a Volterra-like series is (21).]

B.2 (1 — CN)™" and the memory condition

The hypothesis that (I — CN)™ € o7(A,) plays a key role in the
discussion above. We begin our comments concerning this hypothesis
with the observation that with arbitrary ¢t = 0, A = 0, and u € A,, one
has [(I — CN)™"u](¢) — [(I = CN) tmaxo,—a])(t) equal to x(t) — x(¢),
where x and X are elements of L.(p) such that

x(a) + v[; cla — m)n[x(r)]dr = u(a) (22)
%(a) + J; c(a — 7)9[X(7)]d7 = Unmax(o,-a3(@) (23)
for o = 0.
With ¢ any positive constant,
y(a) + J; c(a — 7)aly(r), 7ldr = z(a) (24)
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J(a) + J; (o = T)q[y(7), 7ldr = 2(a) (25)

for a € [0, ®), where y(a) = x(a)e’, y(a) = X(a)e’, ¢(a) = c(a)e™,
Ay (7), 7] = e nle™"y(7)], 2(a) = u(a)e’, and 2(a) = e”*Umaxio,~a)().
Let 2 denote the set of positive ¢ such that the elements of ¢ are
square integrable, and suppose that = is not empty. Let us now make
the key assumption, which we shall refer to as A.0, that from (24) and
(25) it can be concluded that for some ¢ € 2 there is a constant A
which depends only on ¢, 5, and ¢ such that

ly —Fl<Xlz= 2|2,

where

ly =912 = j; y(t) = FOI"y(8) — F(0)]dt,

“Tr” denotes the transpose, and similarly for ||z — Z||2. Much is known
about conditions under which A.0 is met [see Ref. 20, Corollary 1(a)
and Theorem 6], and it is known that-A.0 is met in certain specific
important cases.

For t < A, obviously x(¢) — X(¢) = 0. Now let t > A.

Notice that ||y — 7|2 < £e°"*) where £ = A\p*/?r|| A ||. Using (24) and
(25), and the Schwarz inequality,

p t 1/2
|ﬂﬂ—&@HSnmx§<£faﬂﬂ%O

t 1/2
( I 1156, 7 - iyt 7 |2d7> :

Since

j; | 9;[5(r), 7] = B[y (7), 7]1%dT
= fo 13, 71 = ily(0), 7]1%d7 < * f |5(r) = y(r) [%dr

=’ J; [5() = yOITI() — y(Dldr < ¥*117 = yli3,

we find that
|y(t) = 3(t) | < Eryker™,
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where

P t 1/2
£ = max 3, ( J; |5(T)ij|2d7) .

j=1
Thus,
|x(t) — Z(t)| < Eryée ™

This shows that (I — CN)™! € &7(A,) under the conditions described,
and therefore that the input-output maps of a very large class of
systems have finite Volterra series approximations in the strong sense
of this Appendix. {For example, using material in Ref. 20 (see the
comment at the bottom of p. 875 there), it is not difficult to show that
this class includes a large family of electrical networks consisting of
sources, passive elements, and monotone nonlinear resistors.]
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