




































































































































































































































































































































































































































































































































































31, 7, and 5 states. As it turns out, the number of states generated in 
the state space is roughly the same in both cases. The connectivity of 
the state space tree, however, is different, causing the same states to 
be visited more frequently for the nonminimized machines, resulting 
in a small increase in run times. 

The effort to minimize the amount of work to be done in the search 
algorithm is concentrated on minimizing the theoretical maximum 
number of states in the product space of the individual finite state 
machines. We can do this by reducing the number of states per state 
machine (e.g., by masking a variable or a message queue) or, less 
straightforwardly, by reducing the number of state machines as such. 
The last thing we would like to do is, of course, to extend the number 
of state machines that we begin an analysis with. 

Somewhat paradoxically, this approach seems to conflict with the 
more conventional structured approach to program design that tells 
us to identify functions and to separate these in a relatively large 
number of logical entities. For protocol design this approach was most 
recently suggested in Ref. 15, which describes a method where each 
logical entity is formalized in a small finite state machine that interacts 
with the others. Dividing a single automaton of 16 states into 2 state 
machines of 8 states each, however, quadruples the number of states 
in the product space. Similarly, dividing it into 4 even simpler state 
machines of 4 states each expands the product state space to 16 times 
its original size. In general, increasing the number of state machines 
leads to an exponential growth of the product state space and is 
counterproductive in analyses. 

4.2 Cache size 

We noted above that, unlike the more commonly used breadth-first 
search (see Refs. 5, 9, and 12), the state space in a depth-first search 
need only contain the states in a single execution path from the root 
to the current state. Storing other states can avoid double work, but 
does not affect the scope of the analysis. This property of the depth­
first search method gives us greater flexibility in controlling the state 
space size during analysis runs. If more states can be stored, though, 
the search will be more time efficient. Figure 6 shows the effect of the 
size of the state space on the time and space requirements of a search, 
for a state space cache of 150,000 states that is reduced in steps of 
1,000 to a cache of 50,000 states. "Double work" is measured here as 
the total number of states created or recreated while searching. Note 
that the number of states stored in the cache could roughly be halfed 
without noticeable effect on the runtime or the total number of states 
created. With a partial state space cache it has to be decided which 
state will be deleted from a . full cache when a new state must be 
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created. A simple blind round robin selection of states was found to 
outperform a series of other, more subtle, schemes.ll,12 It is the strategy 
used in the test of Fig. 6. 

V. ASSERTION CHECKING BY SYMBOLIC EXECUTION 

By default a protocol tracer can check a protocol for the observance 
of general correctness requirements such as absence of deadlock and 
completeness. The validation language Argos allows for the specifica­
tion of assertions to check on the observance of other correctness 
requirements. Assertions are defined as a restricted class of processes. 
They specify global system behavior in terms of external actions. For 
example, the specification 

assert 
do 
:: large!mesg; small!mesg 
od 

is a requirement on the order in which messages of the type mesg are 
sent to the two channels large and small. The assertion is that in 
each execution sequence a message on channel large must precede a 
message on channel sma 11, and that these two actions will be executed 
repeatedly (they are enclosed in a do loop) in precisely this order. 

The main restriction to assertion specifications is that they can only 
refer to external actions, that· is, sends and receives, and not to 
variables. Assignments and Boolean conditions are only allowed in 
process definitions, not in assertions. The control flow constructs are 
the same as those for process specifications: concatenations, selections, 
iterations, jumps, procedure calls, and macros. In other words, the 
assertions specify global constraints on the execution of the system as 
a whole in terms of message exchanges only. The scope of the ,assertion, 
that is the set of external actions that is traced to verify or to violate 
an assertion, is implicitly defined by the set of external actions it 
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refers to. If an external action occurs at least once in an assertion 
body, all its occurrences in an execution of the protocol are required 
to comply with it. Compliance with the assertion then means that the 
execution of these actions should match the context specified in the 
assertion. 

Since we define assertions as restricted processes, the assertion 
primitives can be compiled into a restricted class of state machines 
and minimized with the same algorithm that is used for the compila­
tion of the protocol processes. The protocol tracer uses the assertion 
state machines to monitor the external actions on which they are 
defined. Alternatively, though our tracer does not exploit this possi­
bility, it may be possible to develop a heuristic that allows the tracer 
to select those executions in a partial search that have the best chance 
of violating the correctness requirements expressed in the assertions. 

If an action is within the scope of an assertion, the state of the 
corresponding state machine will be updated as a side effect of the 
execution of that action, as if the assertion machine itself generated 
it. Since the assertion primitives cannot access variables or channels, 
the "state" of an assertion machine is uniquely defined by its control­
flow state. The "execution" of an assertion machine then costs very 
little in the tracing algorithm. When the protocol system reaches an 
end state, compliance with the assertion can be established by verifying 
that the assertion machine can reach an end state, too. If this is not 
true, the assertion is violated and the current execution sequence can 
be listed as a counter example. Similarly, if the assertion machine 
cannot be executed for an action that is within its scope, the assertion 
has been violated and a counter example can be produced. With little 
overhead or added complexity, the finite state machine model can thus 
be exploited to combine the depth-first search with assertion checking 
capabilities. 

VI. AN EXAMPLE 

A small example can illustrate how the experimental protocol tracer 
described in this paper is typically used. More elaborate examples can 
be found in the Appendix and in Ref. 12. A protocol is defined in the 
language Argos. The example below shows three processes a, b, and c, 
three message queues of one slot each named A, B, and c, and one 
assertion labeled assert (a keyword in the language). 

assert ( CIa; C!b I 
proc a 
( queue A [ 1 ] ; 

CIa; A?c 
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proc b 
{ queue B [ 1 ] ; 

proc c 

C!b; B?C-

queue C [1] ; 

if 
:: C?a->A!c; C?b->B!c 
:: C?b->A!c; C?a->B!c 
fi 

The assertion states"that the two messages a and b will be appended 
precisely once to queue C when the three processes are executed, and 
that they can be sent in that order only. Process a starts by sending 
message a to queue C and then waits for a response a to arrive in 
queue A. Similarly, process b first sends b to queue C and then waits 
for a message c. The third process waits for a message to arrive in 
queue c, which is assumed to be either an a or a b, anything else would 
be an error. Process c then responds by sending a c message to queue 
C and waits for a second message to arrive: a b if the first received 
message was an a, or an a if the first message was a b. It will complete 
by sending a c into queue B. 

The protocol is compiled into four finite state machines of three 
states each for a and b, three states for the assert primitive, and 
seven states for process c. The protocol tracer then takes over and 
completes an exhaustive search in 1.35 seconds, reporting the obvious 
assertion violation for the execution sequence that starts with C! b. 
The violation is reported by the tracer in the following format: 

queue: A B C 
event: 

1 b 
2 c 
3 a 
4 c 

Each column corresponds to a queue and each line to a time step. 
The first event is the sending of message b to queue c, which already 
violates the assertion. Then message c is sent to A by process c, 
message a is sent to C by process a, and finally a c message is sent to 
queue B by process c. 

Changing the assertion to a more reasonable statement such as 
assert { A! c; B! c l will avoid1the problem. The exhaustive search 
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for this assertion completes in 1.32 seconds. Omitting the assertion 
completely will trigger a default search for deadlocks and incomplete­
ness (e.g., unspecified receptions), which completes in 1.18 seconds. 
Note that it is relatively straightforward to formalize liveness criteria 
in assert statements. In this case, as for many protocols generating up 
to 105 system states, exhaustive analyses are quite feasible. The real 
problems of partial searching only occur for the larger protocols 
comparable in size to the experimental protocol used for the tests 
reported earlier in this paper. 

VII. CONCLUSIONS 

The main assumption we make in this paper is that in a design 
phase a protocol is typically known to contain errors and there is a 
need for a protocol tracing tool that can quickly find a representative 
subset of these errors. The user of such a protocol tracer is not so 
much interested in completeness but is very much interested in speed. 
With these assumptions important reductions in the time and space 
requirements of a tracer become feasible. 

The protocol tracer described here consumes only a small fraction 
of the time and space required by an exhaustive analysis algorithm to 
find a relatively large fraction of the errors present. The run time of a 
state space search is reduced by several orders of magnitude by 
restricting the number of interleavings, by using search depth and 
queue size restrictions, and by using compile time minimizations (Figs. 
1, 2, 4, and 5(b». A more general method of reducing run time would 
be the definition of equivalence classes, or state space foldings, as 
described in Ref. 8. The experimental protocol debugger Trace does 
allow for the definition of such foldings, but too little experience with 
this technique has yet been gained to report any results. 

The number of states stored in a state space can be reduced by 
carefully selecting the states that may be revisited (Fig. 5a). More 
importantly, though, the depth-first search technique used allows one 
to perform searches with an incomplete state space cache. For the 
protocol tested, the cache could be reduced to less than 50 percent of 
the state space size (Fig. 6). 

VIII. ACKNOWLEDGMENTS 

The experiments with assert primitives and the state space cache 
were inspired by discussions with Bob Kurshan and Sudhir Aggerwal. 
I am also grateful to Doug McIlroy, Lee McMahon, Rob Pike, Ed 
Sitar, and Ken Thompson for discussions, support, and inspiration 
during the development of the protocol tracer. 

TRACING PROTOCOLS 2427 



REFERENCES 

1. T. P. Blumer and R. L. Tenney, "A Formal Specification Technique and Implemen­
tation Method for Protocols," Comput. Networks, 6, No.3 (1982), pp. 201-19. 

2. D. Brand and W. H. Joyner Jr., "Verification of Protocols Using Symbolic Execu­
tion," Comput. Networks, 2 (1978), pp. 351-60. 

3. J. Hajek, "Automatically Verified Data Transfer Protocols," Proc. 4th ICCC, Kyoto, 
September 1978, pp. 749-56. 

4. C. West, "Applications and Limitations of Automated Protocol Validation," Proc. 
2nd IFIP WG 6.1 Int. Workshop on Protocol Specification, Testing, and Verifi­
cation, USC/lSI, Idyllwild, Calif., May 1982, pp. 361-73. 

5. P. Zafiropulo et aI., "Toward Analyzing and Synthesizing Protocols," IEEE Trans. 
Commun., COM-28, No.4 (1980), pp. 651-61. 

6. R. Milner, "A Calculus for Communicating Systems," Lecture Notes in Computer 
Science,92 (1980). 

7. G. J. Holzmann, "A Theory for Protocol Validation," IEEE Trans. Comput., C-31, 
No.8 (August 1982), pp. 730-38. 

8. G. J. Holzmann, "The Pandora System-An Interactive System for the Design of 
Data Communication Protocols," Comput. Networks, 8, No.2 (1984), pp. 71-81. 

9. D. Brand and P. Zafiropulo, "Synthesis of Protocols for an Unlimited Number of 
Processes," Proc. Comput. Network Protocols Conf., IEEE 1980, pp. 29-40. 

10. P. R. F. Cunha and T. S. E. Maibaum, "A Synchronization Calculus for Message 
Oriented Programming," Proc. Int. Conf. on Distributed Systems, IEEE 1981, 
pp.433-45. 

11. G. J. Holzmann, "Trace-Performance Measurements," AT&T Bell Laboratories, 
internal report, Jan. 1, 1985. 

12. G. J. Holzmann, "Automated Protocol Validation in 'Argos,' Assertion Proving and 
Scatter Searching," 1984, available from the author. 

13. C. A. R. Hoare, "Communicating Sequential Processes," Comm. ACM, 21, No.8 
(August 1978), pp. 666-77. 

14. E. W. Dijkstra, "Guarded Commands, Nondeterminacy and Formal Derivation of 
Programs," Comm. ACM, 18, No.8 (August 1975), pp. 453-57. 

15. R. P. KUrshan, "Proposed Specification of BX.25 Link Layer Protocol," AT&T 
Tech. J. 64, No.2 (February 1985), pp. 559-96. 

16. National Bureau of Standards, Specification of a Transport Protocol for Computer 
Communications, 4, "Service Specifications," June 1984. 

17. C. S. Crall and D. P. Sidhu, unpublished work. -

APPENDIX 

The following specification describes a transport protocol defined 
by the National Bureau of Standards.16 The specification is based on 
the model given in Ref. 17. Four processes are defined: a local user 
process AU connected to a server process A, and a remote user BU 

connected to server process B. The control flow constructs and the 
I/O statements in Argos are based on esp, using buffered message 
channels instead of rendezvous. Process A, for instance, receives mes­
sages via two channels: one is named ua and is used by the user 
process to request services, the other is named ca and is used here to 
receive control messages from the remote server. Messages from server 
to user are sent through channel UA. The communication between the 
two servers is modeled with control messages m 1 to m 7, as defined -in 
Ref. 17. The analysis discussed here uses no assert primitives and is 
thus a general one for completeness and absence of deadlocks. The 
arrow and the semicolon are syntactically equivalent statement sepa­
rators. A double colon flags the start of an option in a repetitive 
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construct (do ... od) or in an alternative construct (i f ... f i). In 
this case, the state transition diagram defining the protocol is most 
conveniently, though not most elegantly, modeled by assigning a label 
to every state and including a goto-jump for every transition. Processes 
A and B are symmetrical. Null transitions from the original protocol 
were deleted from the model. 

proc A 
{ queue ca [8] , ua [8] ; 

closed: 
do 
: : ca?m 1 ~ UA! conn_ind ~ goto rcvd 
:: ua?conn_req ~ cb!m1 ~ goto crsent 
: : ua?abort ~ cb!m4 
:: ca?m4 ~ UA!d 
od; 

crsent: 
if 
: : ca ?m2 ~ UA! conn_conf ~ goto estab 
:: ca?m7 ~ UA!disconn ~ goto closed 
: : ua ?abort ~ cb !m4 ~ goto closed 
:: ca?m4 ~ UA!d ~ go to closed 
fi; 

rcvd: 
if 
: : ua ?conn_resp ~ cb !m2 ~ goto estab 
:: ca?m7 ~ UA!disconn ~ goto closed 
:: ua?abort ~ cb!m4 ~ goto closed 
:: ca?m4 ~ UA!d ~ goto closed 
fi; 

estab: 
do 
:: ua?close_req ~ cb!m3 ~ goto Aclose 
: : ca?m3 ~ UA! close_ind ~ goto Pc lose 
: : ua?data_req ~ cb!mS 
:: ca?mS ~ UA!data_ind 
:: ua?expid_req ~ cb!m6 
: : ca ?m6 ~ UA! expid_ind 
:: ca?m7 ~ UA!disconn ~ goto closed 
:: ua?abort ~ cb!m4 ~ goto closed 
:: ca?m4 ~ UA!d ~ goto closed 
od; 
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Aclose: 
do 
· . ca ?m3 ~ UA! close_ind ~ goto closed 
.. ca?mS ~ UA!data_ind 
· . ca ?mG ~ UA! expid_ind 
.• ca?m7 ~ UA!disconn ~ goto closed 
• • ua ?abort ~ cb !m4 ~ goto closed 
•• ca?m4 ~ UA!d ~ goto closed 
od; 

Pclose: 
do 

proc B 

· . ua ?data_req ~ cb !mS 
· . ua ?expid_req ~ cb !mG 
· • ua ?abort ~ cb !m4 ~ goto closed 
•• ca?m4 ~ UA!d ~ goto closed 
· • ua ?close_req ~ cb !m3 ~ goto closed' 
.• ca?m7 ~ UA!disconn ~ goto closed 
od 

( queue cb [8 ] , ub [8 ] ; 

closed: 
do 
· . cb?m 1 ~ UB! conn_ind ~ goto rcvd 
· . ub?cpnn_req ~ ca !m1 ~ goto crsent 
· . ub?abort ~ ca !m4 
.. cb?m4 ~ UB!d 
od; 

crsent: 
if 
· . cb?m2 ~ UB! conn_conf ~ goto estab 
· . cb?m7 ~ UB! disconn ~ goto closed 
· . ub?abort ~ ca !m4 ~ goto closed 
· . cb?m4 ~ UB! d ~ goto closed 
fi; 

rcvd: 
if 
· . ub?conn_resp ~ ca !m2 ~ goto estab 
· . cb?m7 ~ UB! disconn ~ goto closed 
· . ub?abort ~ ca !m4 ~ goto closed 
· . cb?m4 ~ UB! d ~ goto closed 
fi; 
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estab: 

do 

: : ub?close_req ~ ca 1m3 ~ goto Aclose 

: : cb?m3 ~ UB! close_ind ~ goto Pclose 

: : ub?data_req ~ ca !mS 

o 0 cb?mS ~ UB! data_ind 

o 0 ub?expid_req ~ ca: !mG 

o 0 cb?mG ~ UB! expid_ind 

00 cb?m7 ~ UB!disconn ~ goto closed 

o 0 ub?abort ~ ca Im4 ~ goto closed 

o 0 cb?m4 ~ UB! d ~ goto closed 

od; 

Aclose: 

do 

00 cb?m3 ~ UB! close_ind ~ goto closed 

o 0 cb?mS ~ UB! data_ind 

o 0 cb?mG ~ UB! expid_ind 

o 0 cb?m7 ~ UB! disconn ~ goto closed 

o 0 ub?abort ~ ca !m4 ~ goto closed 

o 0 cb?m4 ~ UB! d ~ goto closed 

od; 

Pclose: 

do 

o 0 ub?data_req ~ ca !mS 

o 0 ub?expid_req ~ ca !mG 

o 0 ub?abort ~ ca !m4 ~ goto closed 

o 0 cb?m4 ~ UB! d ~ goto closed 

: : ub?close_req ~ ca !m3 ~ goto closed 

:: cb?m7 ~ UB!disconn ~ goto closed 

od 

proc AU 

{ queue UA[8]; 

pvar m= 0; 

do 

o 0 UA?conn_conf ~ ua! close_req; UA?close_ind 

00 UA?close_ind ~ ua! close_req 

o 0 UA?conn_ind ~ ua! conn_resp 

00 (m==O) ~m= 1; ua!conn_req 

o 0 (m = = 1 ) ~ m = 2; ua! abort 

: : UA?def aul t 

od 
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proc BU 
( queue UB [ 8 ] ; 

do 
: : UB?conn_conf -+ ub 1 close_req; UB?close_ind 
: : UB?close_ind -+ ub 1 close_req 
: : UB?conn_ind -+ ub 1 conn_resp 
: : UB?def aul t 
od 

The queue sizes were arbitrarily set to 8 slots per channel. The protocol 
tested is defined by the behavior of the two server machines, as visible 
to the users. The user behavior is no part of the formal protocol. An 
arbitrary set of user processes was defined specifically for the test. 
The local user AU will open the connection by sending a conn_req 
message to ua and some arbitrary time later it will close it with an 
abort message. The remote user BU is considered to be passive, 
responding only to close messages and accepting, but ignoring all 
others. Default is a keyword for receptions that match any input 
from the queue specified. 

The protocol as specified above is compiled-in 23 seconds of CPU 
time on a VAX-l1/750*-into four finite state machines of 27, 27, 10, 
and 6 states, respectively. The compiler flags a series of incompleteness 
errors, noting for instance that control message m 7 can be received 
but is never sent. Ignoring those warnings, an exhaustive analysis with 
trace takes just under 3 seconds of CPU time and reports 4 error 
sequences that reduce to two types of errors. The first one is an 
unspecified reception of the message conn_resp in state closed, for 
instance, after the following message exchange: 

queue: ca ua UA cb ub UB 
event: 

conn_req, 
2 ml, 
3 conn_ind, 
4 abort, 
5 m4, 

6 d, 
7 [conn_resp] , 

Each column corresponds to a queue and each line to a time step. The 
first event recorded is the sending of a message conn_req into queue 
ua, followed by an m 1 into queue cb, etc. The last message sent is 

*Trademark of Digital Equipment Corporation. 

2432 TECHNICAL JOURNAL, DECEMBER 1985 



enclosed in square brackets to indicate that it was sent but could not 
be received. Comparing the event sequence with the program shows 
that server process B is in,state closed at the time. 

The second problem is an unspecified reception of m2 also in state 
closed: 

queue: ca ua UA cb ub UB 
event: 

conn_req, 
2 ml, 
3 conn_ind, 
4 abort, 
5 conn_resp, 
6 m4, 
7 [m2] , 
8 d, 

It is now straightforward to study the behavior of the protocol for 
different user behaviors, which can reveal, for instance the possibility 
of the unspecified reception of a message conn_resp in state pclose, 
or the more obvious deadlock after a simultaneous conn_req message 
from both users. 
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We describe a Videocassette Recorder (VCR)-based information system 
whereby we can distribute frequently updated large pictorial databases to 
individual users and provide a variety of interactive video services. The four 
key advantages of this system are: (1) economics, (2) good picture quality, (3) 
capability to reach nationwide users, and (4) ability to update the database 
frequently (say, daily, preferably in early morning hours when many trans­
mission facilities are unused). An experimental home terminal consisting of a 
VCR driven by a personal computer for random-access searches was con­
structed to demonstrate this concept. The pictorial database used in the 
demonstration includes real estate listings, vacation guides, autos and Sears­
type merchandise catalogs. We also make comparisons of this system to other 
video services and conclude that the present approach has potential advantages 
in many applications. 

I. INTRODUCTION 

There are presently many systems under development for providing 
interactive visual displays.! For example, videotex uses the switched 
telephone network to send and receive digital data, which are then 
used by a microprocessor terminal to construct color graphics on a TV 
screen. Teletext is another technique whereby digital data for the same 
purpose are imbedded in the vertical blanking period of a video signal 
broadcasted to the end users. The graphics capability of these two 

* Authors are employees of AT&T Bell Laboratories. 
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methods is limited in representing those real objects, e.g., clothing and 
furniture, for which visual attractiveness is more important than 
functional' appeal. 

Limitations in the computer-graphic representation of real objects 
can be overcome by storing the pictures on an interactive videodisc 
(as in the "electronic book" application).2 In such a case, hard copies 
of the disc have to be distributed by mail or through stores to the end 
users. If real-time access to a central database is really required, then 
the so-called frame-grabber approach is frequently suggested. In this 
latter system, single frames are sent to individual users, time multi­
plexed on a dedicated video channel. 3 The user terminal must then 
store the received frame so that it can be examined by the human 
viewer. Digital frame stores for this application are expensive, although 
their cost should decline eventually. Nevertheless, a multiuser com­
puter system at a central location must manage the data requests and 
send different video frames to different users. Such a system can be 
overloaded easily, and practical solutions for giving nationwide service 
to thousands of users simultaneously have yet to be worked out. 

Here we suggest an alternative arrangement which appears to be 
more economical than the videotex or frame-grabber systems. We 
propose that the home terminal consist of a home Videocassette 
Recorder (VCR) connected to a personal computer, and that a "frame­
search" capability be provided whereby the home computer can specify 
which frame of the videocassette is displayed (in still frame) at any 
one time. The VCR must of course have good still-frame performance. 
The overall system for distributing pictorial databases from a central 
station to end users with such home terminals is outlined in Section 
II. Then we describe an experimental home terminal for demonstrating 
the feasibility of this idea (Section III). Finally, we make comparisons 
with other systems (Section IV) and conclude that our present proposal 
has potential applications in both the business and conSU1:ner markets. 

II. DIRECT DISTRIBUTION OF PICTORIAL DATABASES TO USER VCRS 

We propose the direct distribution of pictorial information to the 
end users' VCRs via a TV broadcasting channel, as illustrated in Fig. 
1. The pictorial database is assembled in one central location, where 
individual color pictures (35 mm photographs or slides) are recorded 
onto a master videotape (one-inch type) in a frame-by-frame manner, 
i.e., a single color picture on a single video frame. A two-hour videotape 
can then store up to 216,000 single-frame pictures. In the vertical 
blanking period of these video pictures, we insert a frame number for 
identification as analogous to the page number in a book. This tech­
nique of numbering the video frames can be implemented easily with 
the conventional Vertical Interval Time Code (VITC). In addition, 
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Fig. 1-Direct distribution of pictorial databases to home users. 
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Fig. 2-A video segment showing a sample database layout. 

END USER 

VIDEO 

part of the database, i.e., parts or the whole of a video frame, can be 
devoted to nonpictorial information such as table of contents, text, 
software instructions, etc. These data, although encoded digitally, can 
easily be incorporated in place of the normal active video. As an 
example, we show in Fig. 2 the layout of a database consisting of table 
of contents, text descriptions, synthesized audio, single-frame pictures, 
and full-motion video with sound. 

As suggested in Fig. 1, the database from the central station can be 
transmitted through a satellite broadcasting system (C-, Ku-band, or 
DBS) whereby nationwide users can either receive the information 
directly or through a local broadcaster. In the latter case, the local 
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distributor simply takes the received video signal from the satellite 
and retransmits it to the users via his own broadcasting system (e.g., 
cable TV, off-the-air VHF/UHF channels, optical fiber, etc.). Attach­
ing additional information from a local database is optional. Since 
many transmission facilities and TV channels are idle in early morning 
hours, this operation can most conveniently be done in the middle of 
the night with the VCRs programmed or pretimed for unattended 
recording. Once the database is recorded on a videocassette, the users 
can assess the information at their home terminals at their leisure. 
Direct distribution in this manner avoids the cost of recording and 
shipping thousands of tapes (or discs). Moreover, the database is 
always up-to-date, depending on how often it is sent (once a day should 
be adequate for most applications). No special equipment is required 
at the TV station or CATV head-end for sending out the databases. 
Indeed with satellite transmission, nationwide distribution is possible 
with transmission systems already in place. For example, the Sears 
catalog could be sent in 4.5 minutes, assuming 1600 pages and 5 frames 
per page. One thousand real-estate listings could be sent in 5.5 minutes, 
assuming 10 frames per listing. Custom orders for still-picture or full­
motion information (e.g., instruction manuals) could even be served if 
more transmission time were available. 

With the database recorded on a videocassette, we can use the 
interactive home terminal suggested earlier to browse through the 
pictures in a random-access manner. We constructed an experimental 
terminal to demonstrate this idea, which is discussed in the next 
section. But first, we should point out that the assembly of large 
databases at the master station is no easy task. In fact, the production 
cost could be an important consideration in systems of this type. The 
need for automation in database production is mandatory and indeed 
manageable with modern production equipment. 

III. AN EXPERIMENTAL VCR-BASED INTERACTIVE TERMINAL 

We show in Fig. 3 the block diagram of a VCR-based interactive 
terminal suitable for examining stored video data from a videocassette. 
The solid-line portion represents what was implemented in our labo­
ratory as an experiment to demonstrate the proposed concept, while 
the dashed-line part stands for an alternate approach using a remote 
computer (via telephone hook-up) to control the operation. They are 
functionally the same, but offer different kinds of user flexibility. More 
is discussed about their differences after we explain the terminal itself. 

The terminal consists of three major components: the computer, 
which serves as a controller for the entire system; the VCR/computer 
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Fig. 4-VCR/computer interface. 

interface; and the VCR* (with TV) itself. The video signal from the 
VCR is passed through the VCR/computer interface before being 
displayed on the TV. Inside the interface (Fig. 4), a field number 
decoder is used to examine the video frame identification number 
(VITC) recorded in the vertical blanking interval. This information 
should be made available to the computer at all times, i.e. when the 
tape is in still frame or in motion. But for simplicity, it is sufficient to 
provide valid frame numbers-for tape motions from still-frame to play 
speed (30 frames/second). For higher tape speeds, the computer can 

* Both the VHS and the Betamax formats would work as long as the VCR has good 
still-frame performance. We used VHS in our terminal. 
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use calculated estimates based on the initial known tape location, the 
current known tape speed, and the measured elapsed time plus some 
precalibrated adjustments. As an adjunct, the status encoder monitors 
the current operational status of the VCR (such as stop, fast forward, 
play, etc.) and conveys it to the computer. The command decoder, on 
the other hand, receives commands from the computer and translates 
them into actual instructions to the recorder, i.e., emulating a human 
pushing buttons to control the VCR. This was done simply by wiring 
up computer-driven electronic switches over the contact points of the 
pushbuttons on the remote control unit of the recorder. 

Although the field number decoder is designed to detect VITC for 
frame identification, it is easy to extend the idea for decoding digital 
data recorded in all or part of an active TV field. Thus, part of the 
database can be devoted to digital information such as table of con­
tents, programming or search instructions, synthesized audio, etc. 
They can be copied directly to the computer memory for use. 

A sample video database was put together for the experimental 
demonstration of the terminal. It consists of four sections: (a) real 
estate listings; (b) automobiles; (c) a vacation package; and (d) mer­
chandise catalogs. The interactive access to these data is done via a 
touch-sensitive screen on which menus are printed to prompt the user. 
The choices are all self-explanatory and are available to the user as 
touch-sensitive buttons on the personal computer. Instructions have 
been kept to a minimum, and the operation is so user friendly that a 
user manual is seldom needed. The majority of the material in the 
demonstration database is still-frame pictures. However, the full­
motion video segments (with sound too) in the Hawaii Vacation Guide 
and also in a merchandise catalog on how to use the riding lawn mower 
consume much more recording time than the still-frame pictures. Note 
that our use of the personal computer with a touch-sensitive screen 
was merely a choice for experimental convenience. Any other user 
interface may be substituted to serve the same purpose in an actual 
system. 

In addition to the user-prompting menu, 16 additional touch-sensi­
tive buttons are always available in the bottom of the computer screen 
(see Table I). As an example, if one selects the button for real estate 
listings, then a table of choices for different towns appears on the 
touch-sensitive screen (Fig. 5). Touching one of these choices would 
bring up the next menu for specific price ranges. After that we have 
one more menu selection for specific house types, e.g., two-story 
colonial, log home, etc. The computer then fetches the text listing of 
the house selected from its memory and displays it on the touch­
sensitive screen. Meanwhile, the search routine to locate the picture 
for the house is executed to the VCR. Therefore, the user sees the 
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Table I-List of 16 touch-sensitive buttons always available to a user 
Name 

Autos 

Vacation Package 

Real Estate 

Sears Catalog 
J. C. Penney 
Montgomery Ward 

Menu 

Order/Contact 

Help 

Compare 

Single Frame» 

Single Frame« 

Browse» 

Browse« 

Pause 

Exit 

Description 

Brings up a new car catalog. 

Brings up the Hawaii Vacation Guide consisting of "Map of 
the Hawaii Islands," "Scenes From Hawaii," "The Polyne­
sian Culture Center," and "The Sea Life Park," all of which 
(except the map) are full-motion video with sound. 

Brings up the real estate listings: still pictures of the houses 
from the VCR and their corresponding text descriptions on 
the touch-sensitive screen. 

Brings up the merchandise catalogs: still pictures of individual 
items plus full-motion-and-sound segments of merchandise 
demonstrations. 

Returns to the previous menu. 

Allows user to place an order or obtain order information. 

Brings up function definitions. 

Compares prices of same item from different catalogs, if 
available. 

Single-frame advance in the forward direction. 

Single-frame advance in the reverse direction. 

Causes video to move forward with momentary pause at each 
still-frame picture for browsing. 

Causes video to move backward with momentary pause at 
each still-frame picture for browsing. 

Pauses for still-frame viewing and brings up text description 
of current item. 

Terminates the viewing session and returns to beginning. 

color picture of the house on the TV and has the text listing simulta­
neously from the computer. The 16 buttons at the bottom of the screen 
provide plenty of choices and flexibility for the next step. 

The search algorithm implemented in our software is designed to 
perform random access on the VCR in the most expedient manner. It 
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Fig. 5-Three successive menus for real estate selections. 

should not be a surprise, however, that the VCR access time is 
considerably slow compared to that of a device truly capable of random 
access, e.g., a videodisc player. It takes a VCR typically 3 to 5 minutes 
to rewind a standard T120 (2/4/6-hour) cassette, and this would be 
the worst-case waiting time for getting to a picture from one end of 
the tape to another. Such a long access time is probably unsuitable for 
many applications. To circumvent this inconvenience, we propose that 
the whole database be divided into segments of, say, 1000 pictures 
each. Then the search within each segment is quite fast. As an 
illustration, if a 10 times play (lOX) speed is used for the search, i.e., 
300 frames/second, the maximum access time within such a segment 
is only 3.3 seconds. In our experimentation, we found that the speed 
search feature of the VCR was the most appropriate function to use 
for random access (i.e., fast visual search with lOX, 5X, 2X, etc.) 
because the video heads did not have to be disengaged and then 
reengaged during the process, and the continuous display of fast 
motions on the TV helped to make the waiting time less objectionable. 
In the event that the desired TV frame is very far away from the 
current position, the normal fast forward or rewind might have to be 
used. The optimization process is based on information previously 
obtained by an automatic calibration program which sizes the start 
and stop times, the video head engage/disengage intervals, and so on 
for each specific VCR. In short, we have developed an automatic 
calibration process that can characterize the access performance of a 
VCR, and the random-access software is intelligent enough to use this 
information for optimal control. 
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Laying out the database in segments of 1000 frames each requires 
intelligent partition of the overall source into groups of "humanly 
correlated" materials. For example, we don't want to put the listings 
of all different tires in one segment as in a conventional merchandise 
catalog. Instead we want to group all the accessories of a specific car 
model together. The situation is analogous to that of a large library 
where the books are carefully categorized and authored in such a way 
that most of the information desired for a subject is confined to a 
book of 1000 pages. The user can browse through each book very 
quickly, but probably does not mind spending more time in looking 
for another book. The assumption here is that most readers would 
spend some time reading a specific book of interest rather than reading 
pages of uncorrelated materials from different books in a random 
manner. We recognize that such an idea needs much more research 
before it can be put into practice. Nevertheless, recent experience 
from the videotex experiments seems to suggest evidence supporting 
the validity of this concept. 

It is clear from the foregoing discussion that software plays a key 
role in this system. In our experimental setup, all the software resides 
in the personal computer (Fig. 3), and the user has complete control. 
The dashed-line portion in the figure indicates the other alternative 
of having the controlling software in a remote computer, and the user 
interacts with the system via a key pad connected to a modem. This 
latter approach has the advantage that more powerful software can be 
used at the expense of less user control as well as less privacy. The 
basic idea remains, however, that very intelligent software is needed 
in managing the enormous database made possible by a simple con­
sumer-type VCR. 

Finally, let us point out that the VCR system can be used as a high­
density digital storage unit, which can provide digital high-fidelity 
music as well as synthesized voice and text data. 

IV. APPLICATIONS AND COMPARISONS 

The VCR-based information system has the same applications as 
other interactive video services. Some of the generic examples include 
real estate listings, vacation/entertainment guides, merchandise cat­
alogs, product demonstrations, and service/instruction manuals. 

We summarize in Table II a comparison with videotex and the 
videodisc-based system. It should be emphasized before we discuss 
these results that there is no single criterion possible for judging the 
relative merits or shortcomings of any approach. Instead, most systems 
tend to be application oriented. In other words, each individual video 
service tends to appeal more for the application it is intended for, and 
there is probably no single system that is universally "better" than all 
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Table II-Comparison of pictorial information systems 

VCR Based Disc Based Videotex 

Video quality Good. Good Graphic 

Database creation Automatic Automatic Manual photo-
photo-to-tape photo-to-tape to-graphic 

Distribution VHF/UHF, By mail or Telephone 
CATV,DBS, through stores 
fiber, etc. 

Number of hard copies 1 100,000+ 100+ 

Frequent updates Yes No Yes 

Real-time interaction with Limited Limited Yes 
data suppliers 

Response time Slow Fast Depends on 
number of 
users 

others. With this in mind, let us proceed with the comparison item by 
item. 

4.1 Video quality 

The picture performance of VCRs is usually designed to be compat­
ible with the characteristics of other devices they are connected to in 
most home use, e.g. resolution is similar to that of a popular consumer 
TV (without comb filtering) and signal-to-noise ratio is comparable 
to most c~ble TV systems. In any event, their picture quality in our 
subjective viewing was found to be remarkably close to that of cable 
TV, while the videotex picture tends to be cartoon-like. The videodisc 
is potentially capable of noticeably better quality than the VCR 
although this is usually not so in practice. 

4.2 Database creation 

The database creation process for the VCR and the videodisc is 
almost the same. In both systems, the original material (e.g., photos 
or slides) is recorded on a one-inch video tape serving as the master, 
and the difference between the two cases is that the videodisc requires 
further processing in transferring the tape material onto a master disc 
before mass duplication. As for videotex, the original material has to 
be recreated in the computer (with computer-aided tools) as a graphic 
representation of the real object. 

4.3 Distribution 

The VCR system uses the TV broadcasting for distribution. Video­
tex uses the phone lines to connect customers to a central computer, 
while videodiscs have to be distributed via mailing or store sale. 
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4.4 Number of hard copies 

Only one master copy of the database needs to be maintained 
nationwide in the VCR system. Videotex service requires a hard copy 
at each computer center, and hundreds are thus needed nationwide. 
The videodiscs are, of course, hard copies of the master, and a national 
market would require hundreds of thousands of them. 

4.5 Frequent updates 

The VCR database can be updated as often as possible because only 
one master copy is involved, and the user copies can be updated as 
often as transmission time permits. Similarly, videotex data can also 
be kept up to date. On the contrary, videodiscs cannot be changed 
easily, and current rewritabledisc systems are prohibitively expensive 
for most applications. 

4.6 Real-time interaction with data supplier 

Because the database resides in the user terminal, real-time inter­
action with the data supplier tends to be limited in both the VCR and 
videodisc systems. On the other hand, videotex users enjoy continuous 
real-time interactive picture transmissions with the central computer. 

4.7 Response time 

The VCR access time is considerably slow compared to the videodisc, 
as discussed earlier. The videotex response time depends mainly on 
the number of simultaneous users and is probably slow (tens of 
seconds) for a fair size of simultaneous accesses (say thousands). 

4.8 Cost 

The VCR approach could become extremely economical if there was 
a mass availability of VCRs and personal computers, both of which 
have tremendous appeal in their own right and are gaining popularity 
among businesses and consumers. The custom interface necessary to 
connect the VCR to the ,personal computer is so simple that it can 
easily be incorporated into either the VCR or the computer. In any 
case, its cost should only constitute a small fraction of that for the 
total user terminal. Videodisc players capable of true random-access 
search are fairly expensive, and their popularity with consumers seems 
to be on the decline. Videotex terminals are also quite expensive, but 
their cost could decrease dramatically if more large-scale integration 
were employed. 

v. CONCLUSIONS 

We have proposed a system for distributing large pictorial databases 
to home videocassette recorders (VCRs). Distribution is done by 
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broadcasting from a master station where the picture information has 
been assembled in a frame-by-frame manner, i.e., one picture per video 
frame, resulting in 30 independent pictures in a I-second video seg­
ment. The broadcasting medium could be a combination of direct 
broadcast satellites, cabJe TV, conventional VHF /UHF TV channels, 
or custom fiber systems. The main idea is that this can take place in 
the middle of the night when many transmission facilities become 
vacant, and the home VCRs can easily be pretimed for unattended 
recording. In fact, distribution or updating is possible as often as 
transmission time permits, but once a day is probably adequate for 
most applications. 

With the complete database stored in a videocassette, an end user 
can retrieve the data of his particular interest at his leisure with the 
aid of a simple home terminal. We constructed such a terminal 
comprising a VCR capable of good still-frame performance, a personal 
computer serving as a controller for random access, and a custom 
interface connecting them together. The VCR/computer interface 
translates digital commands from the computer into actual operational 
instructions to the VCR, i.e., emulating a human pushing the control 
buttons on the recorder. It also feeds back the operational status of 
the VCR to the computer. Most important of all, it examines the video 
signal and decodes a frame number previously recorded in the vertical 
blanking interval during data assembly. This frame number is the 
"page number" of the electronic book and is supplied to the computer 
so that it knows which video frame or picture is being displayed on 
the TV. Software on the computer was implemented to do random­
access search through the database, and the interface to the user is in 
the form of a touch-sensitive screen with menu-driven selections. The 
capability of this experimental terminal was demonstrated with a 
sample database consisting of real estate listings, new car models, 
vacation packages, and merchandise catalogs~ 

The main attraction of our proposal is its potential economics. That 
is, it takes advantage of other potentially low-cost and widely available 
terminal equipments, namely, the personal computer and the VCR, 
both of which have consumer appeal in their own right. Distribution 
requires only a single database plus transmission facilities that are 
already in place. Thus, a service supplier need only provide a hardware 
interface plus software, a networker need only supply a satellite or a 
TV station plus a video production unit, and purveyors of information 
need only furnish color photos and text. 
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The IEEE 802 standard for local area network based on Carrier Sense 
Multiple-Access with Collision Detection (CSMAjCD) operates at a peak rate 
of 10 Mbjs on a cable of maximum length 2.5 km using baseband signaling. 
In many situations, larger channel rates are required over a much larger area. 
However, the efficiency of the CSMAjCD access method decreases rapidly if 
either the length of the cable is increased for a fIXed bit rate or if the bit rate 
is increased for a fixed cable length. In this paper, we propose a broadband 
network for computer communications containing several CSMAjCD-type 
systems, each operating in a different frequency band. In addition, in order to 
have a wide area access, while minimizing the loss of performance associated 
with large collision delays, termmals in a small given geographical area are 
given one of the frequency bands for transmission. Two access protocols are 
developed. Using these schemes, it is possible to increase the channel through­
put and the access area and to reduce the collision delay. We present a 
simplified analysis to quantify the improvement in performance using our 
schemes. 

I. INTRODUCTION 

Local Area Networks (LANs) share computing and other resources 
among many users and, if properly designed, increase the reliability 
by reducing the dependence of a user on one processing unit or a 
peripheral. Unlike long-haul networks, ~here channel utilization has 
to be optimized owing to high cost of communication over long 
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distance, local networks use bandwidth somewhat extravagantly to 
reduce the switching costs. Several network topologies, such as rings, 
buses, and trees, have been proposed along with access methods such 
as carrier sense, token passing, etc.1

,2 

The IEEE 802 standard for local area networks uses CSMAjCD 
(Carrier Sense Multiple-Access with Collision Detection) as one of its 
access methods.3 It uses baseband transmission on coaxial cables 
(although other media are possible) at a peak rate of 10 Mbjs. For a 
variety of reasons, length of the cable (and therefore length of each 
segment of the network) is limited to 2.5 km. Within the limitations 
of the above parameters, the CSMAjCD-based access method provides 
an efficient means of computer communication for low loads on the 
channel. However, if the channel loading is increased, or if the require­
ments dictate either higher bit rates or longer cable lengths-for 
example, to serve a metropolitan area-there is considerable loss of 
efficiency. Much of this inefficiency comes from the use of the CSMAj 
CD protocol. In CSMAjCD, a source transmits a packet when the 
.channel is sensed as idle, but this injection of the packet can be known 
to the other sources only after it has propagated throughout the length 
of the cable, during which time another source may attempt to transmit 
on the channel. Thus, the number of bits wasted due to collision is 
proportional to the propagation delay and the peak bit rate. Also, the 
need to detect collisions makes it necessary that each packet have a 
duration equal to at least the round-trip delay. With very large nets 
and high bit rates, that may represent an unreasonably large minimum 
number of bits. 

Baseband CSMAjCD has been extended to broadband CSMAjCD 
by several CSMAjCD networks, each in a different frequency band 
put on the same cable (see, for example, Ref. 4). However, each of 
these networks operates almost independently, connected usually by 
a signaling channel. Also, the cable length limitation still applies, 
making it difficult to use for a metropolitan area. In this paper, we 
propose schemes that extend the capabilities of both the baseband and 
the broadband CSMAjCD networks by allowing higher bit rates on a 
cable, larger cable segments, and at the same time smaller collision 
delays. We do this by dividing the available bandwidth of the cable 
into several frequency bands and operating a network (or channel) in 
each frequency band. Since coaxial cables can easily carry up to 400 
MHz, several networks can be accommodated on one cable rather 
easily. By modulating the baseband data from devices connected to 
the network to a high-frequency band, total channel bit rates of higher 
than 50 Mbjs can be obtained easily. However, since the bit rate of 
each of the nets is kept low, channel inefficiency due to the use of 
CSMAjCD protocol is not increased. To increase the length of the 
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cable segment, and at the same time limit the collision delay, we divide 
the users into communities based on their location and give each user 
community a network (i.e., one band of frequencies) to transmit most 
of the time. Thus the "effective" end-to-end delay is reduced although 
the cable length is increased. The principal characteristics and advan­
tages of our system are the following: 

1. Larger channel throughput by using multiple frequency bands. 
2. Larger cable length but smaller collision delay by dividing the 

cable into several parts and operating a network in a given frequency 
band for each part to be used by a user community, while retaining 
the listening ability on the full cable length. 

3. Complete connection of users between any network. 
4. Different grade of service, depending on the complexity of net­

work interface. 
5. Restricting most of the high-speed processing to the analog 

domain and baseband processing to digital domain. Thus, although 
the network may have channel throughput over 50 Mb/s, individual 
networks may carry at much lower bit rates. 

We describe the system in more detail in the next section, and we 
develop two protocols for access. A crude analysis is presented at the 
end to bring out some of the trade-offs for our system. 

II. SYSTEM DESCRIPTION 

In this section, we describe one possible implementation of our 
system. A block diagram is shown in Fig. 1. Each terminal has a 
frequency-agile Radio Frequency (RF) modem that can modulate 
binary data for transmission on the cable and demodulate the signal 
from the cable to extract the transmitted binary data. Unlike long 
distance transmission, since the intent is not to maximize the data 
transmission rate, simple inexpensive modulation schemes can be 
chosen with enough separation between the various frequency bands 
to keep the filtering simple and to reduce the crosstalk. As an example, 
if modems based on Frequency Shift Keying (FSK) with 1/4 bit/Hz 
are used, then a cable of bandwidth 300 MHz can support six CSMA/ 
CD networks of peak rate 10 Mb/s each with a guard band of 10 MHz 
to separate each of them. 

Our block diagram in Fig. 1 shows bidirectional transmission, that 
is, signals injected on the cable at each tap travel in both directions 
and the amplifiers are bidirectional. It is necessary for the taps to be 
bidirectional so that they can receive signals from either direction. 
Although this is a straightforward extension of the baseband CSMA/ 
CD network, bidirectional amplification and taps may present engi­
neering difficulties, particularly at high frequencies. Alternative de-
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I 

CABLE 

TERMINATION 

------ HOMENET 1-----+---------- HOMENET 2 --------- __ 

Fig. i-Single cable system for multiple CSMAjCD networks. 

signs using cable-television-type systems and technology are described 
in Ref. 5. 

In Fig. 1, there are two networks (called Homenets) and therefore 
two frequency bands. The transmitter can, by the agility of the modem, 
transmit on any of the two frequency bands, and the receiver can 
receive -and demodulate data from both the frequency bands. Termi­
nals attached to homenet 1 transmit mostly on frequency band f1 and 
those attached to homenet 2 transmit mostly on frequency band f2. 
If several simultaneous conversations with terminals on different 
home nets are required (as in the case of a host computer), then a 
terminal may need multiple transmitters and receivers. Details of the 
protocols for the access are given in the next section. 

III. THE ACCESS PROTOCOLS 

Below we give two types of access protocols; the first does not 
require synchronization of the different terminals, whereas the second 
does. Some desirable characteristics of any protocol should be noted 
first. The access delay should be decreased by scheduling the trans­
mission on a net that is either least busy or has the least chance of 
collision. The load on the different networks should be distributed 
such that a situation does not arise in which many terminals are trying 
to transmit on a network and are unable to do so, while the rest of the 
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Fig. 2-Homenet assignments based on spatial distance. 

networks are carrying a very light load. In carrier sense multiple­
access systems, collisions are a result of the terminals knowing the 
transmission by other terminals only after the propagation delay. 
Therefore, by requiring all the terminals that are close to each other 
to initiate their transmission on a particular network, the collision 
delay can be reduced considerably. Thus, in both the protocols, each 
terminal is assigned to a particular network. This network is called 
the Homenet of the terminal. Homenet assignment is included as a 
part of the address of the ter.minal. Each terminal maintains a list of 
the homenet assignments of the-other terminals. The homenet assign­
ment, although made primarily by geographical location, may also 
take into account the desired connectivity, traffic patterns, etc. 

Figure 2 shows a system in which there are two homenets and three 
terminals per homenet. The transmission initiated by any of terminals 
1, 2, and 3 is mostly on homenet 1, whereas the transmission by 
terminals 4, 5, and 6 is on net 2. Since net 1 and net 2 are on two 
different bands of frequency, the collisions are now localized. That is, 
data from terminal 1 can only collide with data from terminals 2 and 
3. Since the distance between the taps on the cable of terminals 1, 2 
and 3 is much shorter compared with distance between the taps of 
terminals 1 and 6, the probability of collision and, therefore, of data 
wasted due to collision is significantly reduced. This increases the 
channel utilization and decreases the delay. Of course, the protocols 
must and do allow communication between the terminals on different 
homenets. 

3.1 Protocol 1 

The flow diagram for this protocol is shown in Fig. 3. The details 
follow. 

1. Every terminal has at least two receivers and, therefore, is capable 
of listening to at least two networks. One of these receivers always 
listens to the home net. The other receiver is free to listen to any net. 

2. An inactive terminal has one of its receivers listening to its 
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NO 

B - CHANNEL BUSY 
C - COLLISION DURING TRANSMITTING 

HD - HOME NET OF DESTINATION 
HS - HOME NET OF SOURCE 

LBT - LISTEN BEFORE TRANSMITTING 
LM - TEST IF TRANSMITTED MESSAGE WAS LAST 
LP - TEST IF TRANSMITTED PACKET WAS LAST 

LWT - LISTEN WHILE TRANSMITTING 
REC1 - RECEIVER 1 
REC2 - RECEIVER 2 

S - SOURCE 

SNM - SCHEDULE TRANSMISSION OF 
NEXT MESSAGE 

SNP - SCHEDULE TRANSMISSION OF 
NEXT PACKET 

SRB - SCHEDULE RETRY AFTER BUSY 
CHANNEL 

SRC - SCHEDULE RETRY AFTER COLLISION 
TR - TRANSMITTER 

WIC - WAIT FOR IDLE CHANNEL 
WNM - WAIT FOR NEXT MESSAGE 
XMIT - TRANSMIT 

Fig. 3-Flow diagram for a transmitter working on protocol of Section 3.1. 
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homenet. The other receiver of that terminal becomes active only after 
the first receiver starts listening to a network other than its homenet. 

3. Any terminal A desiring to transmit to terminal B goes through 
the following sequence. 

a. Determine the homenet of B, say it is netb' 
b. Listen to netb before transmitting. 
c. If netb is idle (i.e., absence of carrier), transmit netb carrier for a 

period T, the two-way propagation delay through the total network. 
This amounts to a priority preempt on netb.6* 

d. If during the second half of the period T there is collision on 
netb, then it implies a preemptive transmission from another terminal, 
not on netb. In that case, terminal A backs off and attempts a 
transmission on netb with reduced probability at the next time slot of 
T. If there is no collision, then terminal A follows its preempt with a 
message to terminal B. 

e. Terminal B always has one receiver listening to netb; therefore, 
it receives information from every collision-free packet on netb. 

f. If packet communications is to be continued, then terminal A 
starts listening on netb, terminal B on neta , and both terminals 
transmit on their homenets. Thus, if a message has several packets, 
only the first packet may be transmitted on a homenet different from 
the homenet of the source; all the subsequent packets are transmitted 
on their own homenet with standard CSMAjCD protocol with retrial 
period equal to round-trip delay of the homenet. 

g. If at step e terminal B is already in communication with some 
other terminal on a different network, then it still has a receiver on 
netb. If terminal B's transmitter is on netb (as it normally is, except 
when it is trying to set up an initial connection with a terminal on a 
network other than netb), even if it is in communication with some 
other terminal, it can send an acknowledgment back to terminal A on 
netb. If, however, Terminal B's transmitter is transmitting on a 
different channel, there may be delay in sending the acknowledgment.t 

h. If after successful connection there is no communication for 
a given amount of time and if the receiver on the homenet receives 
a message for communication from another source, then the 
other receiver of both the home terminals go back to their respective 
homenets. 

* Alternatively, there could be a signaling channel in a different frequency band 
accessed by all the terminals, and the first packet could be transmitted on the signaling 
channel. This alternative is attractive for a large network, since it confines collision to 
a common home net and, hence, does not constrain minimum packet length. With the 
utilization very low and the network large, the most appropriate protocol on the signaling 
channel would be ALOHA. 

t If several simultaneous conversations are required, then a terminal may need 
multiple transmitters and receivers. 
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i. Many different broadcast modes are possible. If the broadcast to 
only the terminals in the particular homenet is desired, then data is 
transmitted on that network only. However, if broadcast is required 
to all the terminals, then the transmitter has to successfully transmit 
on each network. 

3.2 Protocol 2 

The above protocol is reasonable in that it reduces collisions and 
works well when the traffic is quite bursty, with many terminals 
trying to transmit messages containing large numbers of small packets 
frequently. However, when there are large file transfers, use of the 
homenet by a terminal prevents other terminals with the same 
homenet from using the channel even though the other networks may 
be idle. Thus, a reasonable protocol is needed that will share the 
channels more evenly in the presence of large file transfers by one of 
the terminals. Protocol 2 attempts to accomplish this at the cost of 
slightly larger average delay in establishing a connection. In this 
protocol, networks on which a given group of terminals begin trans­
mitting are switched on a periodic basis. The period is of the order of 
several packets long (or tens of milliseconds). It thus requires a clock 
at every terminal, which may be provided from a central clock on a 
different band of frequencies. Details of the protocol are 

1. As in protocol 1, terminals in a given geographical area are 
grouped together. This grouping is made known to all the terminals 
(similar to homenets). 

2. A group has a homenet and an assigned transmission network. 
The homenet is fixed, whereas the transmission net changes cyclically. 
A terminal may, at any time, initiate a transmission only on the 
transmission network to which its group is then assigned. Once initi­
ated, the transmission may spill beyond this fixed interval, since the 
packet size is not fixed. * As an example, Fig. 4 shows the case of three 
groups and three sectors of time. 

3. A terminal has at least two receivers. When the terminal is idle, 
both of them listen to the homenet. After establishing a connection, 
however, one of the receivers switches to the network on which it has 
established connection with the other terminal (and, therefore, the 
network to which it listens changes cyclically) and the other receiver 
remains at the homenet. 

* In CSMAjCD the entire packet must be received and CRC checked before the 
destination address is verified. Thus, if the entire packet is not received before the 
period ends, the receiver may miss it. To overcome this problem, a separate CRC is 
provided for the header information and a source terminal starts a transmission 
sufficiently before the end of a period such that the destination is able to receive the 
header information before the period ends. 
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Fig. 4-Protocol of Section 3.2. The assignment of group j terminals to netk is made 
by rotating the inner circle at a given speed. The terminals in group j may initiate 
transmission on netk if the group j pointer is in the sector corresponding to netk. 

4. Terminal A, desiring to transmit to terminal B, goes through the 
following sequence: 

a. Determine the homenet of terminal B; let it be netb • 

b. Wait for the time period when terminal A is allowed to transmit 
on netb. 

c. At that time, listen to netb before transmitting. 
d. If netb is idle (during the assigned time slot), then transmit to 

terminal B on netb. 
e. If there is no collision, a packet is assumed to have been received 

by its intended receiver. If there is a collision, terminal A ceases 
transmission immediately and tries again, using a standard retry 
strategy, but the additional constraint that its starting time must be 
when terminal A is allowed to transmit on netb. 

f. If communication is to be continued, then terminal B switches 
one of its receivers to the net on which terminal A will be transmitting 
(this will periodically switch), and terminal A will set its receiver on 
the net on which terminal B will be transmitting. 

g. If at step f terminal B is already in communication, then its 
acknowledgment to terminal A will so indicate. 

h. If after a successful connection there is no communication for a 
given amount of time, receivers of both the terminals go back to their 
respective homenets. 
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IV. ANALYSIS 

In this section, we present a simplified analysis of the access protocol 
described in Section 3.1. The assumptions follow those made by 
Metcalfe and Boggs 7 for a single CSMA/CD network. The symbols 
used are 

P = Number of bits in a packet. 
C = Peak channel capacity. 
T = Round-trip propagation delay. 
Q Number of stations continuously queued to transmit a 

packet; represents the total offered load. 
N Number of networks on the frequency-multiplexed cable. 

IIm Probability that a message from a source contains m pack-
ets. 

The analysis is used first to calculate the delay versus the channel 
throughput characteristics of a single CSMA/CD network operating 
at a peak channel capacity of C. This uses the formulas given by 
Metcalfe and Boggs. The extension is then made to the case of multiple 
networks whose total capacity is (NC)/t, but is divided equally into N 
networks. Number t is assumed to be larger than 1. If t = N, then the 
total capacity C is divided equally in N networks, each with capacity 
C/N. If t = N/2, then each net has capacity of 2C/N, adding to a total 
of2C. 

4.1 Single network 

The average delay in sending a packet (including transmission time) 
when Q stations are continuously queued to transmit a packet, is given 
by 

P 
Dl = C + T[(l - l/Q)l-Q - 1]. (1) 

This assumes an optimum retry strategy. Since the Offered Load (OL) 
is Q packets, in terms of bits it is given by 

OL = PQ. (2) 

4.2 Multiple networks 

Here if a message from a source contains m packets, then the first 
packet may be transmitted on a different network, but the subsequent 
(m - 1) packets will be transmitted on the homenet of the source. 
Thus, the total transmission time is divided into two parts: time to 
transmit the first packet and time to transmit the remaining packets. 
It is assumed for simplicity that the length of each homenet is the 
same and it is l/N times the total cable length. The following analysis 
can be easily modified for other configurations. 
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4.2.1 Time to transmit first packet 

If the first packet of a source on homenetj is transmitted on homenet 
k, then 

T · C k tP .. lme J.or a pac et = C + contentIOn tIme. (3) 

Assume that a source on thejth home net has probability Pjk of wanting 
to communicate with a station on the kth homenet. Further, assume 
that the number of stations is the same for all nets; distribution, TIm, 
of packets is uniform for all messages; and (Pjk} are a constant* 
independent of j, k. Then the total traffic offered to the kth homenet 
is 

Q 
qk = N' 

of which the offered load from out-of-net is 

N-1 
ql = ----y;;- QTI1 

and from within homenet 

q;> ~ (1 _ N ~ 1 II.). 
Therefore the time per out-of-net packet is 

tP / 1)1 1 
D21 = C + T[(l - 1 qk -qk - 1]. 

4.2.2 Time for subsequent packets 

. (4) 

(5) 

(6) 

(7) 

This transmission is on the homenet itself. Therefore, the time for 
each packet is simply obtained by 

= t~ + ~ [(1 - qk)l-cfk - 1]. (8) 

This neglects the traffic generated by first packets of terminals from 
other homenets. It is assumed that the first packet is a small fraction 
of the total message and does not result in any significant traffic. 

4.2.3 Total time 

Since the probability that a message contains k packets is TIk , the 
average time per packet is given by 

* We have made no measurements of traffic on real systems to justify this assumption. 
It is made only so that a closed-form expression can be derived for the delay. If other 
values of Pjk are more realistic, they can be substituted easily in the equations that 
follow. 
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N 1 r tP 
D2 = Q (qkD2l + qkD2r) = C 

+ (N - I)II l T[(1 - l/qlP-ql - 1] 

( 
N - 1 ) T ( / r)l r + 1 -~ III N [ 1 - 1 qk -qk - 1]. (9) 

Thus the delay versus the offered load characteristic will be given by 
D2 versus OLe 

4.2.4 Total time with Protocol 2 

With Protocol 2, all packets are sent on homenet, and the delay for 
optimum strategy is given as 

tP T [( N)l-Q/N ] 
D 3 =C+N l- Q -1. 

When III is small, that is, messages consist on average of many 
packets, then D3 and D2 differ very little from each other. 

4.3 Optimum N for multiple networks 

It is possible to compute the optimum number of nets based on the 
above expressions for average delay per packet. This can be done for 
the case when Q (and Q/N) is large and the messages contain a large 
number of packets, implying that the average delay per packet is 
dominated not by the first packet, but by the subsequent packets. 
From eq. (1), for single network, the delay is given by 

Dl = ~ + T[(1 - I/Q)l-Q - 1] 

since 

lim(1 + x/k)k = eXlim[Dl] = ~C + T [ :1 - 1] 
k-+<rJ Q-+<rJ e 

P 
= C + T(e - 1). (10) 

For mUltiple networks, the delay is approximated by 

tP T 
D2 = C + N [(1 - N/Q)l-Q/N - 1]. (11) 

If t = N, then the total capacity C is divided among N nets equally. 
However, in most cases, the individual N nets may have a capacity 
such that the capacities add up to more than C. Thus let t = N / S. In 
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this case, each net has a capacity (sC)/N and the total capacity is 
given by sC. The delay then becomes 

D2 = ~% + ~ [(1 - N/Q)l-Q
/N - 1]. (12) 

For large (Q/N) (or small N/Q) we can expand D2 as a function of 
N/Q in Taylor's series 

Minimum D2 with respect to N is achieved when 

N = VSCT~ -1) . (14) 

For some typical cases, the optimum N can be worked out as follows: 

then 

s = 1, C = 10 Mb/s, T = propagation delay in 
seconds on a cable of length 2.5 km ~ 
(2.5 X 10-5) 

2 sec. 

P = 1000 bits; 

N~l~N=1. 

Thus with standard Ethernet* parameters, from the point of view of 
average delay per packet, N should be 1. 

then 

s = 1, C = 10 Mb/s, T = propagation delay in 
seconds on a cable of length 20 km = (20 X 
10-5

) /2 sec. 

P = 500 bits; 

N~2. 

This implies that as the length of the cable increases, more networks 
are required. 

* Trademark of Xerox Corporation. 
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then 

s = 5, C = 10 Mb/s, T = propagation delay in 
seconds on a cable of length 20 km = 
(20 X 10-5) 

2 sec. 

P = 500 bits; 

N~4. 

This implies that if each net is operated at 12.5 Mb/s, adding up to 
a total capacity of 12.5 X N Mb/s, average delay is minimized when 
N=4. 

4.4 Delay versus offered load plots 

The average time per packet derived in Section 4.1 was evaluated 
for a variety of cases and is plotted in Figs. 5 and 6. In all the cases, a 

10-2 r-------------------------, 

en 
0 
z 
0 
u 
w 
en 

~ 
I-
w 
~ 
u « ----512 PACKETS IN MESSAGE 
Il... 

a: 
w 
Il... 

>-« 
-I 

10-3 w 
0 

10-
4 1 '-_ ...... '_-,-' _...1...-_&.----'-_--'--_-'------',_ ......... _ .... '_ ......... ' _""",_--, 

o 4 8 12 16 20 24 28 32 36 40 44 48 52 

LENGTH IN KILOMETERS 

Fig. 5-Average delay per packet versus length ofthe cable. Performance comparisons 
are made between two networks on a cable and a single net. 
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Fig. 6-Average delay per packet versus length of cable. Comparison is made between 
four networks on a cable and single network. 

packet size of 500 bits was used. The curves in Figs. 5 and 6 are for 
Q = 200, that is, 200 packets are continuously queued. It is assumed 
that a message has 512 packets, that is, 

III = Il2 = ... , = Il512 = 1/512; Ilk = 0, k = 513, .... 

As expected, the delay increases with length, and depending upon the 
other parameters of the network, the delay corresponding to multiple 
network becomes smaller than that corresponding to single network 
if the length is increased beyond a certain value. Figure 7 shows the 
variation of the average delay with respect to number of networks. 
The capacity of each of the nets is equal and is such that the total 
capacity of all the nets adds up to capacity of the single network. We 
find that, as expected, for the parameters chosen in Fig. 7, the average 
delay does show a minimum around N = 4. This verifies our approxi­
mations of the previous section. 
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V. CONCLUSIONS 

We have described a broadband local area computer network. It 
consists of several local area networks whose data is frequency multi­
plexed on a single cable. The entire cable length is divided into parts; 
each part is assigned a network and a frequency band for transmission. 
We have also described two protocols that overcome some of the 
limitations of the present baseband as well as broadband CSMAjCD 
networks. Using our schemes, it is possible to increase the channel 
throughput and the length of the cable network, reduce the delay due 
to collisions, and at the same time allow complete connectivity among 
all the termina~s and devices logged into any network. Approximate 
analytical results are also presented to substantiate these claims. 
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Motivated by the communication problems caused by phase noise in those 
semiconductor lasers that may be used for fiber-optic data transmission, we 
consider heterodyned binary Differential Phase-Shift Keying (DPSK) in 
conjunction with high-rate (short time chip) redundancy as provided by 
repetition or by more complex coding techniques. In surprising contrast to 
repetitive coherent phase-shift keying where only a loss of a 2/7r (2 db) in 
power is incurred in the limit of infinitely many infinitesimal time chips, we 
show that DPSK requires, in this limit, an infinite number of photons per bit. 
This is true regardless of the coding scheme used with the DPSK modulation. 
Next we find the bandwidth expansion that minimizes the number of received 
photons per bit required to hold the error rate at 10-9 for two situations: first 
for a simple repetition code, and then for a repeated (24, 12) Golay code with 
maximum likelihood detection. The performance of the latter is assumed to 
be representative of other optimally detected codes of the same rate, such as 
convolutional codes with Viterbi decoding. Explicit curves relating required 
photons per bit to the bandwidth expansion are given for B/R ratios of 0.01 
to 10, where B is the laser linewidth and R is the data rate. An example of the 
results is that for B/R = 0.1 and a bandwidth expansion of 10, about 23 
photons per bit are required for the repeated Golay code to perform as well as 
uncoded DPSK without phase noise (which requires 20 photons per bit for Pe 
= 10-9

). If B/R = 0.01 the bandwidth expansion is reduced to 2, and 12 photons 
per bit are required, thus outperforming the phase-stable, but uncoded, situa­
tion. 
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I. INTRODUCTION 

Semiconductor lasers that may be used for coherent data transmis­
sion over optical 'fibers* have severe phase instabilities. Attempts to 
transmit a sine wave of frequency Ie result in outputs that are modeled 
as 

cos(2'Trlet + <p + w(t», (1) 

where w(t) (measured in radians) is a random process representing 
the phase instability. The process w(t) is usually taken to be a Wiener 
process and that then implie~ a Lorentzian [see eq. (4)] line shape for 
the power spectrum of (1). Such spectra are indeed observed and 3-db 
bandwidths as large as 10 to 20 MHz have been measured.t These 
bandwidths imply that the standard deviation of the change in w(t) 
over a J-LS can be as large as 47r. Severe problems would be encountered 
with any conventional coherent detection scheme if one is transmitting 
data at ten-megabit rates (or lower) rather than gigabit rates. Never­
theless, one may wish to do precisely that, and our purpose here is to 
mathematically explore one very natural approach, Differentially co­
herent Phase-Shift Keying (DPSK) in combination with code symbols 
that have short transmission time. The purpose of using code chips of 
short duration is to mitigate the effects of phase wander between 
adjacent chips. . 

We emphasize that the scheme we are about to investigate is not 
the only possible one. One could use on -off keying of the optical carrier 
(1) with photon counting for detection. Theoretically this outperforms 
DPSK by 3 db, even with a stable transmitting carrier assumed for 
the latter. However, photon counting is not easy to implement, and 
practical avalanche photodiodes can introduce 20 db of loss. Thus 
other techniques, which involve heterodyning, are of interest, in hopes 
that their implementations can be closer to their own theoretical 
ideals. For a general survey of lightwave communications we recom­
mend Ref. 1. In Ref. 2 a large number of modulation schemes for 
coherent optics are evaluated with the main purpose being that of 
determining the range of B/R values for which coding is not required. 
We choose here to examine DPSK in detail, but the general behavior 
of its performance with coding is expected to be representative of 
modulation formats that do not involve tracking the phase w(t) with 
a phase-locked loop. The latter was one of the methods considered in 
Ref. 2 and was shown to be feasible only if B/R < 0.003. 

Returning to the repetition-DPSK scheme, we note that it might be 
expected that in the limit of an infinite number of infinitely rapid 

* In optical-fiber work, coherent transmission refers to any modulation format where 
an optical oscillator is required at the receiver. 

t The carrier wavelength of interest is 1.55 I'm, or Ie is roughly 2 X 1014 Hz. 
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code chips, the performance would approach something like that of 
full interval DPSK with a stable oscillator. One of the surprises that 
we have uncovered (and perhaps the major point: of interest of this 
work) is that this is far from the truth. We show that in this limit an 
infinite number of incident photons per bit are required for fixed error 
rate. 

Decreasing the number of repetitions while holding the error rate 
fixed also will ultimately require the photons per bit to become 
unbounded. This occurs when one approaches (from above) the num­
ber of repetitions required to achieve the given error rate, with phase 
noise being the sole impairment. Consequently, one expects that there 
will be an optimum bandwidth expansion. This is in fact true, and it 
is discussed in Section IV, while the similar problem for more sophis­
ticated coding is treated in V. 

In Section II we begin by presenting the mathematical details of the 
model, while the two limiting cases of large and minimum bandwidth 
expansion are investigated for the repetition code in Section III. 

II. MODEL DEI AILS 

In the representation (1) we take 

wIt) = J.t n(t')dt' (2) 

and set the (two-sided) spectral density of the white noise n(t) to be 
N/2. The variance u!(t) of w(t) at time t is then 

(3) 

The power spectrum of (1) can be calculated in terms of these 
quantities and is given by3 

1 1 
gG(l- Ie) + gG(1 + Ie) 

with 

N 
G(I) = w2 + (N/4)2' (4) 

where, as usual, w = 2'7r}. From (4) the 3-db bandwidth B of the 
spectrum is 

B = N/47r, (5) 

and thus from (3) and (5) 

u!(t) = 27rBt. (6) 
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Often in coherent optics one converts (1) to microwave frequencies 
(GHz) where conventional signal processing techniques are available. 
This heterodyning is accomplished by mixing (1) with a locally gen­
erated optical' wave. The local oscillator also has phase instabilities 
that add to those of the received signal, and thus in this paper the 
effective bandwidth at microwave is taken to be double that at optical 
frequencies. Furthermore, shot noise fluctuations in photon counts 
during the heterodyning causes a white noise background to be added 
to the microwave signal. In our model we assume heterodyning to be 
done, and thus our received unmodulated carrier is modeled as 

A cos(wot + c/> + c/>(t)) + n(t), (7) 

where c/>(t) is tpe Wiener process phase noise of variance 

CT~(t) = 47rBt (8) 

and n(t) is a Gaussian white noise process of spectral density N o/2. 
Assume, momentarily, that c/> = 0 and c/>(t) = 0 Over a bit interval T, 

and we wish to coherently detect the modulation ±A. We simply 
multiply by cos wot, integrate the result for T seconds, and observe the 
sign of the output. The chance of making an error, Pe, is then 

1 v'fib Pe = - erfc -
2 No' 

(9) 

where 

21X 

erfc x = 1 - ~ 0 exp( -t2 )dt. 

In (9), Eb = A 2TI2 is the energy per bit in the transmitting signal. 
When (7) arises, as it does in our case of interest, from heterodyning 
of an optical wave, Ebl No is not an arbitrary parameter but is (see 
Ref. 1) numerically equal to the average number of photons per bit in 
the optical wave at the receiver. An EblNo corresponding to 18 photons 
per bit yields an error rate of 10-9 for coherent detection. 

The quantity EblNo is also numerically equal to the signal-to-noise 
ratio (sin) if the noise power N is measured in a bandwidth equal to 
liT. 

To motivate a later discussion, consider the coherent case further 
and instead of integrating the received signal over (0, T) and making 
a decision (what we might unconventionally call soft-decision decod­
ing), we make n = 2m + 1 hard decisions based on time chips of length 
Tin, and then use a majority vote to decide the sign of the transmitted 
bit. If Pc is the chip error rate, the bit error rate, Pe(n), would be 
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Pe(n) = 2'fl (2m
k
+ 1) p~(1 - pc)2m+l-k. (10) 

k=m+l 

Since we want to keep Eb constant, the energy in each chip decreases 
as Eb/n. For n large, then, we have from (8) and (9) 

P =! _"\ r:; (11) 
c 2 V -;:;., 

where 

(12) 

For the binomial distribution represented by (10) and (11), we have 
that 

(2m + l)p, "" m -~ .;m 

is the average number of errors; the variance of this number is 

m 
(2m + I)Pc(1 - Pc) ::::: "2. 

Since the lower limit on the sum in (10) is (m + 1), or 2.J'Y/7r standard 
deviations above the mean, we have 

lim Pe(n) = b- foo\!: exp(-x2/2)dx = -2
1 

erfc"\ !2;. (13) n~ v27r 2 ! V -:-
11" 

In (13) we see the ubiquitous 2/7r penalty in sin for using hard 
decisions. Equation (13) was derived for coherent detection. When we 
later consider repetition-DPSK to overcome phase noise, we will be 
concerned with a corresponding limit for differential detection. Then 
the fortunate limiting behavior we have just observed will not occur, 
because, with DPSK, the chip error rate approaches 1/2 more rapidly 
with n than it does in the coherent case exemplified by (11). 

To make a tractable model for DPSK, we assume that the received 
waveform is 

A (~ a.g(t - nT,) )COS(wot + 8 + ",(t» 

+ nAt)cos wot - ny(t)sin wot. (14) 

The pulse g(t) is assumed brick-wall Nyquist with g(O) = 1, and energy 
Tc. The Gaussian noise processes nAt) and ny(t) are independent, flat 
spectrum, and of equal variance (12 = No/Tc. As stated earlier, the chip 
time, Tc, for the repetition code is related to the bit time T via Tc = 
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VAR ni =a2 

Fig. I-Geometry of variables for differentially coherent phase-shift keying. 

T/(2m + 1), and (2m + 1) repetitions* of the bit are differently 
encoded into the chips an = ±L 

We imagine recovering the differentially encoded chips an by de­
modulating (14) with cos wot and -sin wot and sampling the demodu­
lation outputs at the appropriate Tc second intervals. At each sampling 
instant, then, we obtain a pair of real numbers, which we regard as a 
point in the plane. In the absence of phase and additive noise, this 
point would simply be (±A, 0), relative to a coordinate system fixed 
by the unknown phase B. With noise included, the geometry for two 

. consecutive samples is equivalent to that shown in Fig. 1, drawn for 
the case of different consecutive an. All the components of the two 
vectors (A, 0) and (-A, 0) are perturbed by additive independent and 
identically distributed zero-mean Gaussian noise of variance u2

• Owing 
to the phase noise, one of the perturbed vectors is also rotated by an 
angle ~, where ~ itself is a zero-mean Gaussian variable of variance 

(15) 

where B is the laser linewidth. If the angle t/I between the resulting 
vectors is less than 7r /2, we would declare that the two consecutive 
chips were the same and, in the present case, an error would be made. 
Of course, for t/I > 7r /2 we decide the chips were different. 

From (15) we see that as the chip interval decreases, u~ approaches 
zero and phase noise will make a negligible contribution to the chip 
error rate Pc. Note also that the additive noise variance u2 increases 
as Tc decreases. 

Before we proceed, a few comments about the model are in order. 
An equivalent detection procedure is to delay the signal represented 

* More generally, our results for the repetition code are unchanged if the bits are 
mapped into any two complementary patterns of n chips. 
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in (14) by a chip time, Tc , and sample the product of the delayed and 
undelayed signals. The resulting decision statistic is identical to the 
angle that we consider, being a representation of it as a quadratic form 
equal to the inner product of two noisy vectors. Secondly, a more 
realistic description of the signal uses a pulse g(t) that has unit value 
over the interval Tc and is zero elsewhere. The bandwidth of the signal 
then is not precisely defined, but if one estimates the bandwidth of a 
flat front-end filter required for noise filtering to be IITc (and ignores 
any intersymbol interference), then the numerical results are un­
changed. Finally, we note that Salz2 integrates the product of the 
signal and the delayed signal, rather than simply sampling. This 
complicates the analysis considerably . We have not attempted to 
investigate the difference in detail over the full range of B/R values, 
but we note the following. Salz estimates the B/R value required in 
order that DPSK detection suffers only I-db degradation compared 
with B/R = 0 and finds B/R < 0.003 is sufficient. We calculate this 
precisely for our model and find B/R < 0.002. This suggests that the 
postdetection processing provided by the integrator might not be 
significant. 

We use (10) later to calculate the bit error rate for repetitive DPSK 
(with an appropriate Pc). It may be objected that the use of this 
formula for the repetitive code is not rigorously justified, since samples 
used for detecting consecutive chips have one noise sample in common 
and thus the chip detection probabilities are not independent. This 
objection is easily overcome by assuming that the chips for two 
successive bits are interleaved in the manner abab .... 

III. LIMITING CASES 

In this section we treat two limiting cases of repetitive D PSK. One 
case is concerned with a very large number of rapid repetitions. Here 
since the chip interval Tc becomes small, the phase noise is neglected, 
and for fixed Eb the chip sin is small. The other case examines the 
minimum number of repetitions required to achieve a fixed error rate 
if phase noise were the only impairment. To approach this limit would 
require a large Eb provided that more than one repetition is required. 

We begin with the high repetition rate limit. It is well known that 
the error probability for DPSK (see Ref. 4) is 

1 
2" exp(-p), (16) 

where p is the sin. In terms of the parameters that apply to Fig. 1, 
A2 A2 1 Ec 

p=-=- =- (17) 
20"2 2 No (1/Tc) No' 
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where Ec = Ebln is the energy per chip. For small Ec (large n) (16) 
yields for the chip error probability, Po 

Po = H1 - ~). (18) 

Note the difference in behavior for the differentially coherent problem 
[see (18)] versus the coherent one [see (11)]. In (18) the chip error 
rate approaches 1/2 as lin, whereas in (11) the behavior is as 1/~. 
Thus, for DPSK the lower limit of (10) is O(l/~) standard deviations 
above the mean, and for large n we have that the bit error probability 
Pe(n) obeys 

lim Pe(n) = !. 
n~ 2 

(19) 

In essence, then, we have that if, in Fig. 1, only one of the vectors 
is noisy and cp is set to zero (coherent phase-shift keying), then Pe(n) 
is small in the limit of many repetitions with constant Eb , but if both 
are noisy (DPSK), Pe(n) limits to 1/2. 

For the second limiting case, when the only perturbing influence to 
the transmission is the Gaussian phase noise variable cp, the chip error 
rate is 

2 00 J,(3+4khr/ 2 
Pc = ~ L exp(-cp2/2u~(n»dcp 

'V27ru.p k=O (1+4k)'11/2 

= ~ [erf (3 + 4k)7r _ erf (1 + 4k)7r] (20) 
k=O 2J2"u.p(n) 2 J2"u.p(n) , 

where u;(n) is given by 

2 47rBT 47rB 
u.p(n) = 47rBT c = (2m + 1) nR . (21) 

In (20), Pc is explicitly a decreasing function of the number of 
repetitions via the phase noise variance ~. Further, if Pe(n) is fixed 
in (10), that expression implicitly determines Pc as an increasing 
function of n. Requiring that both (10) and (20) determine the same 
value of Pc fixes the number of repetitions required to achieve the bit 
error probability Pe. Including additive noise in the calculations can 
only increase the required repetition rate for fixed Pe. Setting Pe = 
10-9

, we have computed the number of repetitions, n, required when 
phase noise is the sole impairment. The probability Pc is the chip error 
probability (20) for n repetitions. Both are displayed in Table I for 
several values of B/R. Although our main focus will not be on numer­
ical values of Pc, it is worth emphasizing that throughout this paper 
values of Pc above 0.1, and even approaching 1/2, are possible for the 
larger values of B/R. 
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Table I-Minimum number of 
repetitions n required so that bit 
error rate does not exceed 10-9 

with phase noise as sole 
impairment 

BjR ii Pc 
0.01 3 2 X 10-5 

0.1 5 0.0017 
1 21 0.042 

10 83 0.20 

The ratio signal-bandwidth/laser-linewidth equals nR/B. From Ta­
ble I we see that this number is sufficiently high so that the implicit 
neglect of the wideband filtering on the phase noise that was made 
when writing the model [see (14)] seems justified for the parameters 
of interest. 

IV. OPTIMUM REPETITION RATE 

In this section we do a general investigation of DPSK detection 
with repetitions, including both phase noise and additive noise as 
impairments. Our main interest will be to determine the optimum 
repetition rate and the corresponding bits per photon required to 
achieve a bit error probability of 10-9

• 

There are probably several useful general expressions for the chip 
error rate Pc when both phase noise and Gaussian noise are present. 
We shall work with the one given in (22), namely, 

p =! _ p exp(-p) ~ (-l)S 
c 2 2 s=o (28 + 1) 

. [I (!!..) I (!!..)] 2 (_ (28 + 1)20"~(n)) 
s 2 + s+1 2 exp 2 ' (22) 

where p is the chip (s/n) [see (17)], O"~(n) is the phase noise variance 
with n repetitions [see (21)], and Is(p/2) are the modified Bessel 
functions given by 

(
x)S 00 (x2/4)i 

Is(x) = -2 .L "(' )" 
}=o J. J + 8 . 

(23) 

An expression similar to (22) for co~tant phase error was first 
derived by Blachman5 and is given in eq. (62) of Ref. 4. Performing a 
simple average when this angle has Gaussian statistics yields (22). An 
independent derivation is given in the Appendix. 

The successive terms of the sum in (22) decrease in magnitude, and 
hence, as for any such alternating series, the first neglected term 
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bounds the error. We find that 15 terms in double precision (single 
precision on a Cray I) is enough to duplicate (16) when O"~(n) = 0, and 
p ~ 20 (Pc;?; 10-9

). 

We first use (22) to calculate the deterioration inpc as B/R increases. 
Table II shows some results for p = 20, n = 1. We note that B/R = 
0.002 yields about a I-db degradatton. 

Next in Figs. 2 through 5 we plot as a function of the number of 
repetitions, n, the number of photons per bit, 'Y, which are required at 
the receiver to maintain a bit error rate of 10-9 for B/R values of 0.01 
to 10. This is done using (10) and (22) in the following way. First n is 
chosen and the required Pc is determined from (10). For fixed B/R and 
known n, O"</J in (21) is known, and (22) is then used to compute the 
chip sin p that will achieve that Pc. Finally, 'Y = np. These figures 
show quantitatively how the optimum value of n (and the correspond-

Table II-pc vs. B/R for 
p = 20, n = 1 

BjR Pc 

0 10-9 

0.001 6 x 10-9 

0.002 4 x 10-8 

0.01 2 x 10-4 

0.1 0.17 
1 0.498841 

10 0.49999 ... 
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n 

Fig. 2-Bits per photon versus bandwidth expansion for BjR = 0.01. 
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Fig. 3-Bits per photon versus bandwidth expansion for B/R = 0.1. 

200r-------------------------------------------------~ 

y 
100 

REPEATED GOLAY CODE 

CAPACITY 
O~ __________ ~ __________ ~ ______________ ~ ________ ~ 

10 20 40 100 200 
n 

Fig. 4-Bits per photon versus bandwidth expansion for B/R = 1. 
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Fig. 5-Bits per photon versus bandwidth expansion for B/R = 10. 

Table III-Optimum bandwidth expansion for repetition 
code (Pe = 10-9) 

B/R n* * Pc 'Y* 'Y*/20 (db) 

0.01 5 4.6 x 10-4 37 2.7 db 
0.1 15 0.0255 50 4.0 
1 49 0.141 79 6.0 

10 239 0.313 157 8.9 

ing value of')') increase with B/R. From these figures, we derive Table 
III, which lists n*, the optimum repetition Irate, and ')'*, the minimum 
number of photons per bit required to hold the error rate at 10-9

• The 
last column in Table III compares ')'* with 20, the number of photons 
per bit required at this error rate for DPSK with no repetitions and a 
stable phase. 

We note that the curves are often fairly flat .around the minimum, 
and hence less bandwidth may be used without significantly increasing 
the required number of photons per bit. 

V. CHANNEL CAPACITY AND GOLAY CODES FOR HETERODYNED 
DPSK 

The repetition (or complementary) code for transmitting at rate 
R = liT is but one way to use the discrete time Binary Symmetric 
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Table IV-Minimum and optimum bandwidth expansion for capacity 
and repeated Golay code 

B/C n Pc capacity n* ')'* p; 
0.01 <1.0001 -10-5 2.2 3.192 0.126 
0.1 1.7 0.0828 4.3 4.29 0.224 
1 6.3 0.265 20 8.83 0.369 

10 34.5 0.397 146 24 0.451 

B/R Repeated (24, 12) Golay Code P w = 1.67 X 10-10 

0.01 2 12.5 0.00237 
0.1 4 0.00507 10 22.8 0.0691 
1 14 0.0973 36 38 0.221 

10 60 0.277 194 85 0.372 

Channel (BSC) that we have to work with.* Therefore, to see what is 
theoretically possible, we next consider the required number of pho­
tons per bit that would be required to transmit at channel capacity. If 
G is capacity in bits per second, we will fix B/C and plot 'Y versus n 
where the chip time is Tc = 1/(nG). That is, the binary code using the 
chips should have a capacity C = lin bits per chip. Here n is the 
bandwidth expansion al)d need not be an integer. 

The required chip error probability is found by equating the channel 
capacity for the BSC to lin, that is, 

1 
C == 1 + Pclog2Pc + (1 - Pc)log2(1 - Pc) = -. (24) 

n 

The chip sin p required to yield this Pc is then computed from (22), 
and'Y = np. 

Curves for BIG = 0.01 to 10 are presented in Figs. 2 through 5, and 
summarized in the first half of Table IV. Once again, a feature is the 
existence of an optimum chip rate. The necessity of this is easily 
argued. The lowest value of n possible is determined by the phase 
noise alone, which causes Pc to increase as n decreases. Eventually, 
the capacity C drops below lin, and this fixes the minimum n = n. 
But to approach the pure phase noise situation, 'Y must increase 
indefinitely as n is approached from above. To see why 'Y must increase 
as n is very large, consider plotting C versus n with 'Y fixed. Then, as 
we have seen [see (18)], Pc = (1/2) - O(lln) owing to Gaussian (shot) 
noise. Setting Pc = (112) - EO and expanding the left side of (24) in 
powers of EO, we have, to lowest order, 

n 2E0
2 

b· I h· v = -z - Its c Ip. 
n2 

(25) 

* In fact, interleaving (explained at the end of Section II) creates two parallel BSCs. 
The total capacity is the sum of the capacity of each and is the same as the capacity 
calculated here as if all chip errors were independent. 
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Since E: = O(l/n) and we have O(n) chips per second, the capacity 
measured in bits per second vanishes like l/n. To avoid this, 'Y must 
increase. 

Finally, we consider specific coding schemes that are more involved 
than repetition. We explicitly consider the extended binary (24, 12) 
Golay code. THus for block length 24, 12 information bits are specified, 
yielding a rate 1/2 code. This is a linear code and any code word has 
759 nearest neighbors at minimum distance dmin = 8. The coding 
scheme that we consider is simply to construct low-rate code words by 
repeating a given Golay code word J times, make hard decisions on 
the chips at the receiver (assuming appropriately interleaved DPSK), 
and then use maximum likelihood decoding on the resulting binary 
code word of length 24J. Note that the new code has dmin = 8J and 
that the code rate has decreased to 1/(2J). 

Assuming that a word error results, on the average, in six bit errors, 
we set the word error rate, P w, to be (1/6) 10-9

• If Pc is the chip error 
rate, then the union bound yields 

P ~ 759 ~ (8~) i(l _ )8J-i + (higher) 
w i:tJ ~ Pc Pc terms ' (26) 

where "higher terms" represents the probability of decoding into words 
further away than the minimum distance. These terms are neglected 
for the low word error probability of interest here. 

We have in mind that actual attempts at coding would use repeated 
convolutional codes and Viterbi decoding. Our introduction of Golay 
codes is simply to make the analysis easier, but overall performance 
gains for the same repeated code rate are expected to be the same. In 
fact, Chase6 finds that a (properly chosen) repeated 16-state convolu­
tional code performs slightly better than a repeated Golay code. The 
effectiveness of repeating an appropriately chosen code to obtain a 
good low-rate code was, in fact, proposed by Chase,6 who was concerned 
with codes when Pc is large, as is often the case for the present 
problem.* Perhaps better rate 1/(2J) convolutional codes exist than 
can be generated by repeating the symbols of a given one, but Chase 
shows that, at least from a minimum distance point of view, a repeated 
rate 1/2 convolutional code (suitably chosen) is close to optimum for 
code rates at least as small as 1/128. 

Returning to the Golay code, note that J repeats (of any rate 1/2 
code, in fact) corresponds to a bandwidth expansion of n = 2J. 

Calculations of required photons per bit versus bandwidth expansion 

* A point emphasized in Ref. 6 is that for pc > 0.25 and asymptotically large block 
length, bounded distance algebraic decoders cannot operate (Pe --+ 1) and maximum 
likelihood decoders must be used. 
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are done in a similar manner, as earlier. The bandwidth expansion 
n = 2J is picked, Pc is found from (26) with Pw = 1.67 X 10-10

, and 
then (22) is used to solve for p. The improvements obtained over 
simple repetition are displayed in Figs. 2 through 5, and essential 
features of the results are given in the second half of Table IV. In 
general, we see that the optimum bandwidth expansion is less than 
with repetition, and, of course, so is the required number of photons 
per bit. An important feature is that for B/R = 0.01 and 0.1, the 
required number of photons per bit is less, or comparable to, that 
required when no phase noise is present and no coding is used. In 
these cases the bandwidth expansion is relatively modest as well. 

VI. CONCLUSION 

To reduce the harmful effects of phase noise, coding schemes that 
use DPSK detection of code symbols having short duration were 
examined. We first considered in detail a simple repetition code and 
determined the optimum bandwidth expansion that minimized the 
number of received photons per bit required for an error probability 
of 10-9

• If B/R = 0.01, we found n* = 5 and ')'* = 37. The corresponding 
numbers for a repeated Golay code were n* = 2 and ')'* = 12.5. By 
contrast, 20 photons per bit are required for phase stable but uncoded 
DPSK transmission. 

The performance of the repeated Golay code is intended to be typical 
of that obtained with other moderate coding efforts using maximum 
likelihood detection. In particular, it should be comparable to a re­
peated 16-state convolutional code (of the same overall rate) with 
Viterbi decoding. It is our understanding that the fastest commercially 
available Viterbi decoders operate at about 20 Mb/s (with 64 states). 
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APPENDIX 

Derivation of (22) 

We begin by deriving a Fourier series for the angular distribution 
g(fh) of a vector (A, 0) perturbed in each component by additive, zero­
mean, independent and identically distributed Gaussian noise of var­
iance 0-

2
• In what follows, 

(27) 

and 

(
Z)k 00 (z2/4)j 

Ik(z) = I-k(z) = -2 .L "(' + k)" 
}=o J. J . 

k = 0,1, ... (28) 

are the modified Bessel functions. We have 

exp(z cos t) = L Ik(z)cos kt. (29) 
k=-oo 

Expressing the joint density of the components of (A + nI, n2) in 
polar coordinates (r, ( 1 ) and integrating over the r variable after 
applying (29), we obtain, after a variable change, 

exp( -p) 00 roo ~ 
g(OI) = 27r k~oo cos k01 J

o 
exp( -x)Ik(2v px)dx 

1 exp(-p) 00 100 

~ 
= -2 + L cos k01 exp( -x)Ik(2v px)dx, 

7r 7r k=1 0 

(30) 

In our problem, we have a second noisy vector that is also perturbed 
by rotation through cp, cp being zero-mean Gaussian. The modulo 27r 
angle O2 of this vector has density h(02), where 

(31) 

E.p being expectation with respect to cp. In (31), g(02 - cp) is evaluated 
by the periodic extension of g(O). We are assuming here that the two 
consecutive chips are identical, but the error probability is the same 
when two consecutive chips have opposite signs. 

Since 01 and O2 are independent, the difference angle 1f; = (02 - ( 1) 

mod 27r has density p(1f;) [see eq. [6] of Ref. 4], where 
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p(if;) = E • • [ g(81)g(81 + if; - r/»d81. (32) 

Finally, using the symmetry p(t/;) = p(-t/;), the chip error probability 
is 

Pc = 2111" p(t/;)dt/;. 
11"/2 

(33) 

Performing the ()1 and then the t/; integrations gives 

1 2 00 (-1)8 
Pc = - - - exp(-2p) L --

2 7r 8=0 28 + 1 

. (J.OO dx eXP(-X)I2"1(2~)rexp( _ (28 +/)2U~). (34) 

A final use of eq. 6.614 (1) from Ref. 7 to evaluate the integral in (34) 
results in (22). 
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Performance signatures for dual-polarized transmission of M-state quad­
rature amplitude-modulated signals over dispersive multipath digital radio 
channels are theoretically derived in this work. We report on two major 
findings. Firstly, we show that for the assumed propagation model, a cross­
coupled interferer exhibits noiselike behavior and impacts on digital radio 
outage time in direct relation to its power level. Secondly, our theoretical 
finding is based on a new application of performance signature curves for two 
cross-coupled multipath channels. This treatment permits the prediction of 
multipath-induced digital radio outage for specified ratios of power in the 
copolarized and cross-coupled signals. Theoretical findings are qualitatively 
supported by measured performance signatures obtained from a laboratory 
simulation of the model. 

I. INTRODUCTION 

The last decade has witnessed a surge of interest in terrestrial digital 
radio transmission, with the newer high-capacity systems relying 
almost exclusively on single-polarization microwave transmission of 
M-state Quadrature Amplitude-Modulation (M-QAM) signals. In 
these digital radio systems, the performance degradation associated 
with multipath propagation has been of paramount importance and 
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the subject of considerable prior investigations. For single-polariza­
tion systems, the effects of multipath are well understood;1,2 suitable 
countermeasures-particularly adaptive equalization-have been 
studied;2-4 and these countermeasures are now widely deployed in a 
variety of digital radio systems.5,6 

When compared with single-polarization systems, dual-polarized 
operation obviously engenders economic and efficient spectrum-utili­
zation advantages. Unlike single-polarization transmission, however, 
an understanding of the effects of multipath propagation on this latter 
mode of operation is still in its infancy. For single-polarization oper­
ation, countermeasures to frequency-selective fading mitigate inter­
symbol interference (lSI) in the presence of Gaussian noise; the 
transmission of orthogonally polarized signals over the same bandlim­
ited facility is similarly vulnerable to the effects of lSI and noise, but 
now Cross-Polarization Interference (CPI), normally suppressed by 
the polarization selectivity of the receiving antenna, is also present. 
Consequently, an optimal receiver must recover the transmitted signal 
in the presence of lSI, CPI, and noise. 

Kavehrad7 has previously studied dual-polarized M-QAM transmis­
sion over nondispersive media. He concluded that satisfactory trans­
mission is not feasible without· some form of cross-polarization inter­
ference cancellation. Furthermore, the work showed that in an optimal 
detection process, the total noise and CPI power must be adaptively 
minimized. In this paper we extended the scope of the previous work 
by considering dual-polarized transmission of M-QAM signals over 
dispersive fading channels like those experienced in line-of-sight ap­
plications. 

The dual-polarized channel is modeled using RummIer-likes multi­
path transfer functions to describe both the copolarized and cross­
coupled paths. The transfer functions emulate snapshots of independ­
ent multipath fading events on the copolarized and cross-coupled 
paths, which, in the presence of noise, limit the achievable error rate 
at the receiver. Our results are predicted on the major assumption that 
the two simultaneous fading events are statistically independent. 
Performance "signatures," defined by a locus of fade notch depths and 
frequency positions corresponding to a 10-3 error rate,9 are used as a 
system performance measure since they are conveniently related to 
digital radio outage.10 

For the assumed propagation model, we find that the cross-coupled 
interfering signal exhibits a noise like behavior. That is, the power loss 
associated with a cross-coupled signal subject to flat or dispersive 
fading brings about an actual reduction in system outage time. Appar­
ently, the deleterious effect of lSI contributed by dispersive fading of 
the cross-polarized interference is more than offset by the power loss 
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of the same associated with the fading event, consequently improving 
net system outage. Furthermore, this finding is supported by labora­
tory measurements in which the fading of two independent 16-QAM 
signals is simulated. 

The theoretical and experimental finding cited above is based on a 
novel application of the aforementioned system performance signature 
curves for the propagation model adopted in this work. In particular, 
it permits an immediate comparison of multipath-induced dual-polar­
ized digital radio outage for specified ratios of power in the copolarized 
signal and cross-coupled interferer. 

In the following section we begin by providing a complete model of 
the dually polarized communication ch'nnnel, including the influence 
of frequency-selective fading. In Section III the computational meth­
ods and performance measurers are discussed. Numerical results and 
laboratory measurements that support our finding are presented in 
Section IV. Our conclusions are summarized in Section V. 

II. ANALYTICAL MODEL 

2.1 Channel description 

The system model for dual-polarized operation is illustrated in Fig. 
1. Two independent data sources (one for each of the dual-polarized 
channels) are assumed to generate complex-valued symbols at the 
baud rate, l/Ts, where Ts is a symbol period. We denote these complex 

HORIZONTAL 
POLARIZATION 

Fig. l-Channel model for dual-polarized radio system. 
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symbols as 

a~ = o~ + j {3~ i = I, II (1) 

at consecutive instants kTs , k = 1, 2, 3 .... The index i denotes 
symbol sets transmitted on the main (i = I) and cross-coupled (i = II) 
channels. The real and imaginary parts {o~, {3~} take on discrete levels 
±Q, ±3Q, ... ,±(L - l)Q with equal probability. Parameter L = JM 
is selected in accord with the number of states in the M-ary signal; 
the symbols 0 and {3 are independent and identically distributed; and 
Q is a measure of signal-point distance from the nearest decision 
boundary in signal space. 

We assume each of the Pulse-Amplitude-Modulated (PAM) signals 
has a raised-cosine (Nyquist) spectral shaping with a roll-off factor r. 
The corresponding time-domain impulse shape is thereforell 

( ) 
_ sin(7rt/Ts) cos(r7rt/Ts) 

p t - 7rt/Ts ·1 - (2rt/Ts)2' (2) 

and the frequency-domain transf~r function is designated P(w). On 
each of the orthogonally polarized channels, the shaped signals are 
modulated by quadrature carrier signals of frequency fe. Furthermore, 
the two independent carrier local oscillators for i = I and i = II at the 
transmitter are out of phase by Om, where this phase difference is a 
uniformly distributed random variable over the range 0 :5 Om :5 27r. 
The complex baseband symbol sequences are assumed misaligned by 
T m , where Tm is also a uniformly distributed random variable over the 
range 0 :5 T~ :5 Ts. 

As previously stated, we follow RummIer's prescription for modeling 
multipath fading. The model is applied to both the copolarized (i = I) 
and the cross-coupled (i = II) signal paths and assumes the presence 
of a single inband notch in each of the main and cross-coupled path 
transfer functions. This latter assumption of notched fading in the 
cross-coupled signal band and notched fading in the main polarized 
signal band agree$ with recent measurements that indicate the possi­
bility of a shallow'fade notch in the interfering cross-coupled path.12 

For. our analysis we use "static" fading models to emulate "snap­
shots" of multipath fading events.13 The passband transfer function 
for the two-ray propagation model can be expressed as 

F(w) = a{l + pe-i [(w-woh+1T
]}, (3) 

where a represents the flat fade level and all other parameters are 
related to dispersive fading as follows: the fade notch depth is -20 log 
11 - pi, where p is the relative amplitude of the secondary ray;* the 

* For minimum phase fades with p < 1. 
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relative delay between rays is T and Wo is the fade notch frequency. 
For a fade notch centered in the passband, 

T= 
2n7r 

(4) 
We - Wo 

where We is the radian carrier frequency. 
In the absence of a cross-coupled interfering signal, the main polar­

ization baseband waveform after demodulation at the receiver, as 
shown in Fig. 1, can be expressed as 

where 

XI(t) = L alhI(t - kTs)e-N>I + nI(t), 
k 

(5) 

(6) 

is the low-pass equivalent of the channel impulse response. The index 
I in eqs. (5) and (6) explicitly denotes reference to the main polariza­
tion channel; nI( t) is filtered Gaussian noise with variance cr;I; and ¢I 
represents the relative phase difference between the modulator and 
demodulator oscillators. In terms of a specific sampling epoch, to, 
distortion in the overall channel impulse response is minimized by an 
optimum relative carrier phase3 

( ) 
__ A PIP(tO - TI)sin[(we - WQI)TI + 7r] 

¢I opt to - rc tg ( ) ( .) ( ) . , P to + PIP to - TI cos[ We - WOI TI + 7r] 
(7) 

Extending the above discussion to dual-polarized operation, we give 
the received baseband signal in the main polarization channel as 

rI(t) = L alhI(t - kTs)e-jq)I 
k 

where hI and hn represent the low-pass equivalents of the main and 
cross-coupled paths impulse responses, respectively. As long as the 
main signal [the first term in eq. (8)] is much stronger than the cross­
coupled interferer, the carrier phase tracked by the demodulator of 
the main polarization receiver is the relative phase difference between 
local oscillators of the main polarization modulator and demodulator, 
¢I,opt(tO). In its expanded form, eq. (8), representing the demodulated 
composite signal at the main polarization receiver, can be expressed 
as 
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rl(t) = L (01 + j(31) 
k 

x {aIP(t - kTs) + aIPIP(t - kTs - TI)e-j [(wC-WOI)TI+1r)e-i<Pq 

+ L (011 + j(311) 
k 

(9) 

Notice that the parameters of the two independent fading events can 
be varied independently. 

To establish the relationship of eq. (9) to probability of error, and 
ultimately derive the performance signature (M curve)9 that des'cribes 
outage performance for a 10-3 symbol error rate, we can focus on the 
in-phase or quadrature rail signal on the received main polarization. 
Because the signal constellations are symmetrical, the associated 
probability of error for each of those two rails is identical and the total 
symbol error rate can be determined. From eq. (9) the in-phase" 
component of the received signal is clearly Re[ rl( t)] == ri,l( t): 

ri,l(t) = aloMcos(¢I)p(t) + PICOS[(Wc - wQIhl + 7r + ¢1]P(t - TI)} 

+ al L o1{cos(¢I)p(t - kTs) 
k#O 

+ PICOS[(Wc - wQIhl + 7r + ¢dp(t - kTs - TI)} 

+ al L f31{sin(¢I)p(t - kTs) 
k 

+ Plsin[(wc - WQI)TI + 7r + ¢dp(t - kTs - TI)} 

+ an L o1l{cos(¢1 + ()m)p(t - kTs - Tm) 
k 

+ pncos[(wc - wonhn + 7r + ¢I + ()m] 

.p(t - kTs - Tn - Tm)} 

+ an L f311{sin(¢1 + ()m)p(t - kTs - Tm) 
k 

+ pnsin[(wc - wonhn + 7r + ¢I + ()m] 

.p(t - kTs - Tn - Tm)} + Re[nl(t)], (10) 

and we denote _ the real part of the thermal noise by ni,l( t). The 
preceding remarks are germane to modeling the channel. In the 
following subsection we relate the received in-phase baseband signal, 
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given by eq. (10), to the associated probability-of-error performance 
of the dual-polarized QAM radio system. 

2.2 Probability-oi-error considerations 

Denoting the coefficient of the desired detected in-phase state as 
Zo, we have 

Zo = al{cos(¢I)p(to) + PICOS[(Wc - wQIhl + 7r + ¢dp(to - 'TI)}, (11) 

where to, the sampling time, is optimized by mimizing the distortion 
contributed by the second and third terms in eq. (10). The set of 
slicing levels at the in-phase detector of the main polarization receiver 
can be set to 

{- (L - 2)QZo, "', - 2QZo, 0, 2QZo, "', (L - 2)QZo}, 

and, with no loss of generality, we set Q = 1. 
Designating the sum of lSI contributed by dispersion in the main 

polarization and cross-coupled interference at the optimum sampling 
time to by x(ol, 011

, f31, (311), eq. (10) reduces to 

ri,l(tO) = o~Zo + x(01, oil, f31, (311) + ni,l(tO)' (12) 

Considering the automatic gain control operation at the receiver, the 
associated probability of error is then 

[
L - 1] Pe,li = 2 -L- Pr{(ni,1 + x) > Zo}. (13) 

Also, note that the noise variance U~i.I is equal to the total filtered 
noise variance, subsequently denoted by u~. Additionally, 

Pr{(x + ni,l) > Zo} = Ex,nI{Pr[ni,1 > (Zo - x) I x = x]}, (14) 

where E{ . } denotes statistical averaging and x is the conditioned value 
of random variable x. First, taking the average over the Gaussian 
noise, we obtain 

1 { (Zo - x)} Pr{(x + ni,l) > Zo} = 2. Ex erfc J2 Un ' (15) 

where the complementary error function, erfc(E), is defined by 

2 Joo erfc(E) = - e-TJ2d1J • J;E (16) 

By symmetry of the constellation, the total symbol error rate can 
therefore be expressed as 

L - 1 J (Zo - x) Pe ~ 2Pe,Ii = 2 -L- x erfc J2 Un dF(x), (17) 
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where F(x) is the cumulative distribution function for the random 
variable X. 

The integration in eq. (17) can be evaluated using Gauss Quadrature 
Rules (GQR).14 Equation (17) is thus expressed as 

L - 1 N [Zo - ~] P e :::::: 2 -L-.L wjerfc J2 . 
J=l 2 Un 

(18) 

In this equation, N is the number of terms iIi the finite series, and Wj 

and ~j are weights and nodes in the GQR approximation. At this point, 
P e in eq. (18) is calculated from the No = 2N + 1 moments of x. 
Because X is functionally dependent upon the independent transmitted 
symbol states, we have adopted Prabhu's algorithm15 to determine the 
moments. Note that the moments obtained in this manner are condi­
tioned on the values of the two random variables 7 m and Om. Hence, 
the resulting moments must be averaged over 17m , Om} before they can 
be used in the GQR method. 

To derive the probability of symbol error as a function of signal-to­
noise ratio (sin), we define 

(19) 

as the sin. Using this relationship, we rewrite eq. (18) as 

L-IN 
P e = 2 -L-j~l wjerfc[(Zo - ~j) ~3'Y/2(L2 - 1)], (20) 

where we have normalized n to one. In the next section we expand 
further on the computational aspects of the GQR method. 

As previously stated, the relationships above are all dependent upon 
the timing phase. This parameter can be selected a posteriori to 
minimize Pe, thus making probability-of-error computations a formi­
dable, numerically intensive task. In this work we choose a priori 
sampling epoch by minimizing the peak distortion of the received 
signal prior to equalization. The timing phase is thus dependent on 
both the in-phase and quadrature rails of the main polarization M­
QAM signal. 

2.3 Signal-to-interference ratio 

In addition to performance signature, we have also evaluated at 
select points along the M curve a corresponding signal-to-interference 
ratio (SIR). This ratio is defined as the relative power in the main 
polarization to that· of the cross-coupled interfering signal. Using 
parameters previously defined, this ratio is simply 
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SIR 

1 
(1+r)1I"IT

B 
' (21) 

arl 0 I P(w) 12{1 + prl - 2pncos[(w - won)Tn]}dw 

by which we can observe changes in the average SIR. 

III. NUMERICAL ANALYSIS 

An examination of Section II demonstrates that the theoretical 
analysis of M-QAM signal transmission over dual-polarized facilities 
in the presence of multipath fading is a computationally exhaustive 
activity. In this section we provide a brief overview of numerical issues 
related to our investigation. 

3.1 Impulse response description 

It is easily seen [see eq. (9) or (10)] that the dispersive nature of the 
multipath channel is completely described by the superposition of four 
impulse responses, each independently weighted by an appropriate 
transmitted symbol state. These impulse responses for the kth trans­
mitted symbol are 

Ui,l(t) = al{p(t - kTs)coS(¢I) 

+ PIP(t - kTs - TI)COS[(wc - WOl)TI + 7r + ¢d}, (22a) 

Uq,l(t) = al{p(t - kTs)sin(¢I) 

+ PIP(t - kTs - TJ)sin[(wc - WOl)TI + 7r + ¢I]}, (22b) 

Ui,n(t) = an{p(t - kTs - Tm)COS(¢1 + Om) 

+ Pnp(t - kTs - Tn - Tm)COS[(wc - won)rn + 7r + ¢I + Om]}, (22c) 

and 

Uq,n(t) = an{p(t - kTs - Tm)sin(¢1 + Om) 

+ pnp(t - kTs - Tn - Tm)sin[(wc - Won)Tn + 7r + ¢I + Om]}, (22d) 

where the variables have been previously defined. In the in-phase rail 
of the main polarization receiver, eqs. (22a) and (22b) describe the 
distorted in-phase and quadrature-coupled signals from the main 
polarization transmitter, respectively, and eqs. (22c) and (22d) describe 
the corresponding signals from the cross-coupled interferer signal. The 
optimum timing phase, to,oPh is selected by minimizing the peak dis­
tortion embedded in eqs. (22a) and (22b). That peak distortion is 

DIGITAL RADIO 2493 



(23) 

Distortion contributed by Ui,1I and Uq,I1 is specifically excluded from eq. 
(23) since the complex data sources I and II are not coherent; these 
latter signals appear noiselike to the timing recovery circuit in the 
main polarization receiver. 

From a computational standpoint, the operations described above 
are carried out by first computing ¢I,opt( to) and Dp (to) for all to in the 
range [-Ts, Ts], and then selecting the single sampling epoch, to,opt, 
that minimizes Dp. With to,opt identified, the symbol-period spaced 
samples of Ui,h Uq,h Ui,Ih and Uq,I1 are used for the subsequent probability­
of-error computations. An a priori selection of to,oPt obviously expedites 
the computer time necessary to perform the probability-of-error com­
putations. The use of a timing phase that minimizes peak distortion 
is one such choice. Another choice could be minimization of mean­
square eye closure. This can be shown to be equivalent to an IF timing 
recovery. 

For illustrative purposes, we present plots of Ui,I, Uq,I, Ui,II, and Uq,I1 

in Fig. 2 for PI = 0.80, PII = 0.75, aI = 1.0, all = 0.5, /01 = 1.63 MHz, 
/011 = 0 MHz, r = 0.45, Tm = 0, Om = 0, and Ts = 1/(15 Mbaud). For 
this illustration example, to,opt = -0.4 Ts and ¢I,opt = 5.13°. In particular, 
note that this carrier phase nulls the Uq,I response at t =to,opt, as it 
should. However, even though the cross-coupled interferer corresponds 
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Fig.2-Dispersive effects on impulse responses of a dual-polarized digital radio 
system. 
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to a notch-centered fade and 8m = 0, Uq,II ¥- ° since the carrier phase 
optimization is independent of channel II. 

3.2 Signal-to-interFerence evaluation 

The signal-power-to-interference-power ratio was evaluated from 
eq. (21). The presence of 1 P(w} 12 in this expression derives from the 
fact that at the receiver, the main and interference signals have P(w} 
spectral shaping and thus a 1 P(w} 12 spectral power density. The 
artl + pI - 2PiCOS[(W - WOi}Td}, i = I, II, terms correspond to spec­
tral power density associated with the dispersive fade and the undis­
torted signal power. The integral is conveniently evaluated using 
Romberg-quadrature methods. 

3.3 Probability-oF-error computations 

As explained in Section 3.1, the in-phase component of the received 
signal on the main polarization has basically four parts. The desired 
symbol to be detected is the k = ° term of Ui,I(t} in eq. (22a). Each of 
the four aforementioned terms consists of a sum of weighted, inde­
pendent, identically distributed random variables that together were 
designated as x(ol, f31, 011, f31I

} and discussed in Section 3.2. Since the 
random variable X is in the form of a sum of sums of independent 
random variables, it can be considered a long sum of weighted, inde­
pendent random variables. Thus, to determine a finite number of 
moments of X, Prabhu's15 recursive algorithm can be used: If 

k 

6.k = LVi, (24) 
i=l 

then 

tfNo(k} = E{[6.k- 1 + Vk]No} 

~ (No) tft(k - I}E{v~No-t)}. 
t=O t 

(25) 

Based on this recursive formula, a computer program was written to 
calculate No moments of the random variable X. 

Since all zero-mean random variables involved in the sum are evenly 
distributed, the odd moments of the sum become zero. In all our 
computations, No = 31 moments were found to be adequate for the 
probability-of-error calculations. 

Following the computation of conditional moments of X by averaging 
over uniformly distributed variables Tm and 8m , the absolute moments 
of X were found and subsequently used with the GQR method for 
computing the error probabilities. (For a brief summary of GQRs see 
Appendix C of Ref. 17.) For additional detail, interested readers are 
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referred to Ref. 14. Observe that by averaging over a~(i = I, II), T m , 

and Om when computing the No moments t/;No' a great deal of compu­
tation time is saved because these calculations are made once for all 
sin values. 

IV. NUMERICAL AND EXPERIMENTAL RESULTS 

In this section we present theoretical and measured performance 
signature curves for dual-polarized digital radio. It is well known that 
signature curves provide a locus of fade notch depths (in decibels) and 
relative fade notch positions (Hz) for a 10-3 probability of error. 
However, unlike their more customary presentation, we must also 
include parameters that define the character of the interfering cross­
coupled multipath channel. 

4.1 Theoretical performance signatures 

As a reference, we have computed the signature of a singularly 
polarized 16-QAM system, that is, an = O. The data are presented in 
Fig. 3 and labeled "1." Along this contour we also designate the SIR 
(in decibels) computed using methods previously described. For the 
case of no cross-coupled interferer, the SIR is obviously infinite. For 
all other cases, the SIR value at each point on the signature curve is 
functionally dependent upon specific fading parameters for the main 
and cross-coupled signals. Moreover, we associate with each curve a 
triplet representing the dispersive fading status of the cross-coupled 
interferer. This triplet is 

[20 log :11 (in dB), -20 logll - PIII(in dB), and MOIl (in MHZ)]. 

where !l.foi, i = I, II, denotes fade notch positions relative to the carrier. 
For example, the triplet (-30, 5, 11) describes a cross-coupled signal 
with a flat power level 30 dB below that of the main polarization 
with a 5-dB inband fade notch located 11 MHz away from the 
carrier frequency. For the case of curve 1 in Fig. 3, the triplet is simply 
(-00,.,. ). 

In addition to curve 1 in Fig. 3, we show three other cases corre­
sponding to (-30, 10,0), (-30,5,0), and (-30, 5, 11) and denoted 2, 
3, and 4, respectively. A comparison of curves 2 and 3, with the same 
-30 dB flat power levels and 0-MHz notch offsets, reveals that the 
fade of curve 2, with a 10-dB inband notch, results in less outage time 
than the fade of curve 3, with 5-dB inband notch. Hence, the greater 
power loss associated with curve 2 leads to reduced outage, even though 
the intersymbol interference for curve 2 exceeds that of curve 3. Now 
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Fig.3-Performance signature curves for dual-polarized 16-QAM radio; I' = 0.45, 
T. = 1/(22.5 Mbaud), s/n = 60 dB. Curves 1 through 4 show relationship of SIR to 
relative digital radio outage. 

consider curves 3 and 4. This data corresponds to identical flat power 
levels and fade notch depths, with the notch position moving from 0 
MHz (notch centered) to 11 MHz (near the band edge). The notch­
centered fade apparently causes less outage than the notch offset fade. 
When we remember that the unfaded signal spectral energy at 0 MHz 
is much more than that near 11 MHz, it should be clear that the 
relationship of curves 3 and 4 is again that of diminished net signal 
power in the interferer that equates to a reduced outage. 

SIR values are listed at certain points along curves 2, 3, and 4. It 
will be noted that moving toward higher notch offset values on each 
performance signature results in greater SIRs, specifically for the 
reason cited above. A fade positioned in a region of normally high 
spectral energy will pull out more power than the same fade in a region 
of reduced spectral energy. Moreover, at any main polarization notch 
frequency position, the SIR increases as the performance signature 
drops, because interference signal power, rather than intersymbol 
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interference, is the dominant factor for outage due to an independent 
interferer. 

To further verify that interference power plays a major role in 
outage performance, Fig. 4 presents two relevant cases. In that figure 
we consider (-30, 0, 0) and (-25, 5, 0) dispersive fading of 16-QAM 
cross-coupled signals. In both cases the total interference power loss 
is approximately the same. The former case corresponds to a 30-dB 
flat fade of the interferer, while in the latter case the flat fade is 25 
dB with a 5-dB shaped fade positioned in the center of the passband 
(a region of high spectral energy). Observe that the outage performance 
and SIR are virtually identical along the entire signature curves. We 
therefore conclude that whether fading of the cross-coupled signal is 
mildly dispersive (i.e., generating intersymbol interference) or flat, 
outage performance improvement is accompanied by interference 
power reduction provided the flat level of the cross-coupled signal is 
considerably below that of the main polarization signal (this is nor­
mally the case because of antenna/waveguide polarization isolation) 
and the dispersive fading of the cross-coupled signal is shallow. 

To confirm that the aforementioned property holds at lower isola­
tion levels as well, we have repeated the performance signature cal-
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Fig.4-Performance signature curves for dual-polarized 16-QAM radio; r = 0.45, 
Ts = 1/(22.5 Mbaud), sin = 60 dB. The total interference power loss is approximately 
the same, as is the relative digital radio outage. 
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culations for an interfering signal flat fade level of -20 dB. The 
results, presented in Fig. 5, confirm those in Figs. 3 and 4. 

Up to now Om and Tm were taken to be random variables. To gain 
further insight, we now impose Om = 0 and T m = 0 conditions on the 
interfering signal, thereby illustrating a case for which timing and 
carrier phase of the two signals are aligned. We have repeated com­
putations for the case presented in Fig. 5. These computations are 
presented in Fig. 6. Observe that the same qualitative properties hold. 
In the case of a (-20, 0, 0) interfering signal, the synchronous system 
exhibits a lower outage time than the general system for the same 
interferer (see Fig. 5). 

Data in Figs. 3 through 6 were all computed for a 60-dB sin, 22.5-
Mbaud symbol rate, r = 0.45 roll-off, 16-QAM dually polarized radio 
system. We have repeated these performance signature computations 
for a 66-dB sin, 15-Mbaud, r = 0.45, 64-QAM dually polarized radio 
system. The resulting curves, shown in Fig. 7, are expectedly much 
wider than the 16-QAM case. However, the general phenomenon 
exhibited by the data of Figs. 3 through 6 remains appropriate to Fig. 
7, as well. 
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Fig.5-Performance signature curves for dual-polarized 16-QAM radio; r = 0.45, 
T. = 1/(22.5 Mbaud), s/n = 60 dB. These cases correspond to lower isolation levels than 
those in Figs. 3 and 4. 
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CHANNEL II 

Fig.8-Experimental facility for the measurement of dual-polarized digital radio 
performance signatures. 

V. EXPERIMENT RESULTS 

Using the experimental arrangements functionally illustrated in Fig. 
8, we have confirmed the theoretical conclusions discussed in the 
previous section. As noted in the figure, two independent data sources 
provide inputs to D R-6* transmitters for channels I and II. The flat 
power levels of the two outputs are separately adjusted using atten­
uators AI and An, and dispersive fading is provided by IF fade simu­
lators. The channel I and II signals are added together with low-level 
noise (60-dB sIn) from an IF noise load set. The composite signal, 
simulating independent fading of a main polarization and a cross­
coupled interferer, is then applied to a DR-6 receiver and error-rate 
test set. 

Attenuators AI and An were used to adjust the ratio anI aI. Power 
was measured at the output of the IF fade simulators to establish the 
SIR and again at the input to the radio receiver to assure the demod­
ulator had the appropriate signal level. 

Error-rate measurements were made for a number of different fad­
ing· events. The first set of measurements correspond to the triplets 
(-00, 0, 0) and (--':25, 0, 0), the latter triplet representing a flat, 
nondispersive fade of the interferer. The performance signatures are 
presented in Fig. 9 and show the same trend as the theoretical data of 
Figs. 3 and 7. The quantitative differences are to be expected owing 
to equipment imperfections, such as nonideal Nyquist and bandpass 
filters, and imperfect carrier and timing recovery circuit operations. 
We next examined the influence of a dispersive fade characterized by 
(-25, 5, 0). As expected, the performance signature improved, but not 
to the point of reaching the (-00, 0, 0) case. This observation agrees 
with the data of Figs. 3, 5, and 7. 

* DR-6 is a 16-QAM, 90-Mb/s, 22.5-Mbaud digital radio system.16 
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Fig. 9-Measured performance signatures for dual-polarized 16-QAM radio; r = 0.45, 
T. = 1/(22.5 Mbaud), s/n = 60 dB. 

The next phase of the experimental study was to increase the flat 
fade level from -25 to -20 dB and to introduce a notch-centered 5-
dB fade, thus the triplet (-20, 5, 0). The resulting performance 
signature curve is also shown in Fig. 9 and supports the theoretical 
data of Fig. 4. In general, conclusions drawn from the experimental 
data support our theoretical findings. Note that in all of the experi­
mental tests, the two transmitters were completely independent of one 
another; hence, the conditions 0 S Tm S Ts and 0 S Om S 27r actually 
held. 

VI. CONCLUSIONS 

In this paper we present computed performance signatures for dual- . 
polarized transmission of M -QAM signals over dispersive multipath 
digital radio channels. For the assumed model, we show that a cross­
coupled interferer exhibits noiselike behavior, and its power loss, 
whether flat or midly dispersive, brings about an improvement (reduc­
tion) in dual-polarized system outage time. The theoretical findings 

2502 TECHNICAL JOURNAL, DECEMBER 1985 



are supported by measured performance signatures obtained from a 
laboratory simulation of the analytic model. 
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By applying an algebraic approach to the method of stages, an explicit 
solution is derived for a closed network consisting of a nonexponential server 
and a service station with two identical nonexponential servers in parallel. 
There is a finite number of jobs and the queueing discipline is first-come-first­
served in the closed network. The solution is described in a quasi-matrix­
geometric form, which is a generalization of the matrix-geometric form. 

I. INTRODUCTION 

There have been many developments and researches in the queueing 
networks for modeling of computer systems in the last two decades. 
Most researchers believe, however, that it is very difficult to concep­
tualize how to derive steady state solutions for general nonproduct 
form queueing networks, which do not have a product form solution.1 

For instance, a steady state solution for a general queueing network 
with first-co me-first-served (FCFS) queueing discipline and general 
service times is unavailable at present. Several recent empirical papers 
have shown that service time distribution can have a significant effect 
on performance with particular emphasis on the modeling of computer 
systems.2

,3 Recently several works describe steady state solutions for 
the restricted cases of the nonproduct form queueing networks.4

-
s 

N euts investigated a single server queue with phase type distribution 
and also found the solution to the M/G/1 queue.6 Carroll et al. 
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approached M/G/l and GI/M/l algebraically and found an explicit 
solution.5 Van de Liefvoort extended Carroll's work to G/G/l/ /N type 
loops.7 The solutions of these works are described in Neut's book on 
matrix geometric forms. 

This paper attempts to generalize these studies. It focuses on a 
closed network consisting of a nonexponential server and a service 
station with two identical nonexponential servers in parallel, which is 
a typical model of a computer system; a central processing unit and 
two input/output processors. There are a finite number of jobs, and 
the queueing discipline is FCFS at each node. An explicit steady state 
solution for this network is derived in a quasi matrix geometric form, 
where matrices are recursively defined in certain product spaces. 
Obviously this form is a generalization of the matrix geometric form. 
This result may provide insight for obtaining exact solutions for 
general closed networks that do not have a product-form solution. 

Section II of this paper introduces notations and definitions for 
describing the algebraic description of the general distribution server. 
In Section III, both external states and internal states are introduced 
to represent the states of the network. In Section IV, the global balance 
equations of the network is derived in a matrix form. Section V gives 
the steady state solution of the global balance equation. The conclu­
sions are summarized in Section VI. 

II. DESCRIPTION OF THE NETWORK 

One of the common approaches for representing general service time 
distributions is to use the method of stages. That is, each nonexpo­
nential service time distribution is replaced by a subnetwork of expo­
nential stages with the constraint that the subnetwork can only be 
accessed by one job at a time. The principle on which the method of 
stages is based is the memoryless property of exponential distribution. 
Thus this method is both general and compatible with the definition 
of Markov processes. All works to be studied in this paper are based 
on Cox's statement that any server whose service time distribution 
function has a rational Laplace transform could be replaced exactly 
by a subnetwork of exponential distributions.9 

In this paper, we consider a closed network consisting of two service 
stations, a nonexponential server (station 0) and a service station 
(station 1) containing two identical nonexponential servers (see 
Fig. 1). 

Let N denote the total number of jobs (there can be only one job 
active at any time within each of the servers). When a job completes 
service at either server of station 1, it leaves station 1 and joins the 
queue of station 0, while another job (if any) in the queue of station 1 
takes its place. 
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0-
STATION 0 STATION 1 

Fig. l-A closed network with nonexponential servers. 

-

Fig. 2-Subnetwork of exponential stages. 

Each of the nonexponential servers in Fig. 1 is represented by a 
subnetwork of exponential stages, as shown in Fig. 2. There are mi 
exponential stages, whose service rates are Jli

1
, ••• , Jli,mp in the server 

of station i (i = 0, 1). The server of station i can be characterized by 
vectors and matrices. These vectors are denoted by lowercase letters, 
whereas matrices are denoted by uppercase and bold letters. This 
convention is followed without exception. The notation that will be 
used is consistent with that of Refs. 5, 7, and 8. 
Definition 1,' For each server of station i, define the following: 
Pi the entrance probability vector, 
qi the departure probability vector, 
Pi the sub stochastic transition matrix, and 
Mi the service rate matrix = diag (Jli,l, ••• , Jli,m). 

For instance, (Pih, the kth component of the vector Pi, is the 
conditional probability that a job, upon entering the server of station 
i, will first go to stage k. Similarly, (qih is the conditional probability 
that a job, upon completing service at the stage k in the server of 
station i, will leave the server, and (Pdkj is the transition probability 
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STAGE 1 STAGE 2 

Fig.3-Erlangian-2. 

from stage k to stage j within the server of station i. One simple 
example is provided to show how to characterize the nonexponential 
server. 
Example 1: If a server of station 1 is Erlangian -2 as shown in Fig. 3, 
then the server is characterized by the following vectors and matrices: 

PI = (1 0), qi = (0 1), PI = [~ ~]. and MI = [ILI~ IL~.J 
Lemma 1: For i = 0, 1, let Ii be an identity matrix of order mi and ei a 
vector containing mi ones. The following relationships hold: 

(1) 

and 

(2) 

where T denotes the transpose. 
Proof: Using the law of total probability, we obtain the following 
relationships: 

mi 

L (Pi)j = 1, 
j=O 

mi 

for i = 0, 1, 

L (Pi)jk = 1 - (qi)j, for i = 0, 1 and 1::5 j ::5 mi. 
k=l 

Equations (1) and (2) are obtained from the above relationships. This 
proves the lemma. 

Next, three important matrices in the paper are introduced to 
simplify the balance equations and express the properties of the server. 
Definition 2: For i = 0, 1, define the following: 
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(5) 

where -1 denotes the matrix inverse. 
Note that Qi is an idempotent matrix of rank 1. We can assume 

that Ii - Pi, i = 0, 1, has an inverse since this expression means that 
a path exists from each stage out of the server of station i. Carroll et 
a1.5 and Neuts4 have shown that traditional probability notations can 
be expressed by vectors and matrices. 

Lemma 2: For i = 0, 1, let bi(x) be the probability density function (pdf) 
of the server of station i, Ei(X n

) its nth moment, Ei(X) its mean service 
time, and Bt(s) its Laplace transform. 
Then 

Proof' Omitted. 

Bt(s) = Pi(Ii + s Vi)-leT, 

Ei(x") = 100 

b;(x)x"dx = n!p;V7eT, 

bi(x) = Pi[Bi exp(-Bix)]eT, and 

Ei(x) = PiVieT. 

III. THE STATES OF THE NETWORK 

(6) 

(7) 

(8) 

(9) 

If there is only one job present (N = 1) in the system, queueing will 
never take place. The system is easily solved. If there is more than 
one job (N) 1), the state of the network is characterized by a number 
of jobs (called external state) and positions of active jobs (called 
internal state) at each station. The queueing problem is thus trans­
formed from one involving the remaining service time for a job to one 
involving the position of the active job in the subnetwork. 

In defining the states of the network, it is important to keep the 
internal state separate from the external state in order to make the 
balance equation easier to solve. Each external state has a set of 
internal states which we call the internal state space. Thus the state 
of the network can be represented by a pair, external state and internal 
state. 

The set of possible external states, which we call the external state 
space, is determined as follows: 

{(N, 0), (N - 1, 1), "', (N - n, n), "', (0, N - I)}, 

where 1:5 n :5 N. 

The cardinality of the external state space is N + 1. Next consider the 
internal state space. Since the number of internal states at station ° 
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is the same as the number of stages in the server, the internal state 
space of station ° is defined as follows: 

So = 11, 2, "', mol. 
If there is only one job at station 1, it must be active at one of the 
servers. Thus the internal state space for one job at station 1 is defined 
as follows: 

Sl = 11,2, "', md. 
When there are two or more jobs at station 1, two of them must be 
active. In this case, a possible internal state would be a pair of integers 
(j, k), where one job is at stage j and the other is at stage k. Since the 
two nonexponential servers in station 1 are identical, (k, j) is the 
same as (j, k). Thus the internal state space for two or more jobs at 
station 1 is defined as follows: 

S2 = l(ih i2) 11 :5 i l :5 i2 :5 md. 
Let d(i) be the dimension (cardinality) of the state space Si. 
There are d(O) = mo states in So, d(l) = ml states in Sl and d(2) = 
ml(ml + 1)/2 such states in S2. 
Definition 3: For N > 2, the state of the network is represented by a 
vector [Xl, X2], where Xl is a vector representing an external state and 
X2 is a vector representing the internal states of each station. That is 

[(N, 0), (i,)] = the state that all N jobs are at station 0, with 
internal state i E So. 

[(N - 1, 1), (i, j)] = the state that N - 1 jobs are at station 0, with 
internal state i E So, j E Sl' 

[(N - n, n), (i,j)] = the state that N - njobs are at station 0, with 
internal state i E So, and n jobs at station 1, 
with internal state j E S2, where 2 :5 n :5 

N-l, 
[(0, N), (,j)] = the state that all N jobs are at station 1, with 

internal state j E S2' 

Note that the cardinality of the state spaces is d(O) + d(O)d(l) + 
(N - 2)d(0)d(2) + d(2). Next, the steady state probability vectors are 
defined similarly. 
Definition 4: ForN > 2, the steady state probability vectors, describing 
the internal states, are defined as follows: 

= the steady state probability that the network is in 
the state [(N, 0), (i,)], where i E So. 
bo(N,O)@Ph where@ denotes Kronecker produceo 

(see Appendix). 
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[7rl(N - 1, l)]i,i = the steady state probability that the network is 
in the state [(N - 1, 1), (i, j )], where i E 8 0 and 
j E 8 1• 

[7r2(N - n, n)L,i = the steady state probability that the network is 
in the state [(N - n, n), (i, j)], where 2 =:; n =:; 
N - 1, i E 8 0, and j E 8 2• 

[b2(0, N) li = the steady state probability that the network is in 
the state [(0, N), (,j)], wherej E 8 2• 

7r2(0, N) = po @ b2(0, N). 

For k = 1, 2 and n = 0, 1, ... , N, the steady state probability 
[7rk(N - n, n)]i,i can be ordered lexicographically to create a vector 
7rk(N - n, n). The subscript of these probability vectors denotes the 
dimension of the objects. For instance, the subscript k is used to denote 
the steady state probability vector of order d(O)d(k). This vector is 
essentially decomposed into d(O) subvectors, each of order d(k). The 
vectors bo(N, 0) and b2(0, N) are of order d(O) and d(2). 

Definition 5: For N > 2, the steady state probabilities, describing the 
external states, are defined as follows: 

Pr(N,O) = 7rl(N, O)(e(l)) T 

= the steady state probability that there are all N jobs 
at station 0. 

Pr(N - 1, 1) = 7r1(N - 1, l)(e(1)) T 

= the steady state probability that there is one job at 
station 1. 

Pr(N - n, n) = 7r2(N - n, n)(e(2)) T 

= the steady state probability that there are n (2 =:; n 
=:; N - 1) jobs at station l. 

Pr(O, N) = 7r2(0, N)(e(2)) T 

= the steady state probability that there are all N jobs 
at station 1, 

where e(i) = eo @ ei = eOei, i = 1, 2, is a vector of order d(O)d(i) 
containing all ones (see Appendix). 

Next, objects of the state space 8 2 are defined similarly. These are 
also necessary to connect between 8 1 and 8 2• 

Definition 6: For the state space 8 2, the following matrices are defined: 

M2 = the diagonal matrix whose (i, i)th element is the probability 
rate of leaving state i = (it, i2) E 8 2• That is, (M2) ii = J.Ll,i1 + 
J.Ll,i2• 

(P2)ii = the probability of transition from state (k, i) to state (k,j), 
where k E 8 0 , i = (it, i2) E 8 2 and j = (jt, j2) E 8 2• 
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if {i1, id n {j1, j2} = 1>, 
{i1, i2} n {j1, i2} :;z!: 1> and il:;z!: i2, 

{i1, i2} n {j1, j2} :;z!: 1> and il = i2, 

where i is the other member of the i-pair, j is the other member of the 
j-pair, and n means set intersection. 

(R2) ij = the probability that upon a job entering station 1, the state 
is changed from (k, i) to (k, j), where k E 80, i E 81, aridj = 
(j1, j2) E 82• I 

= {(Pl)j if jl or j2 = 1, 
o otherwise. 

(Q2) ij = the probability that upon a job completing at station 1, the 
state is changed from (k, i) to (k, j), where k E 80, j E 81, 
and i = (iI, i2 ) E 8 2• 

A simple example is provided to show how to construct the objects of 
the state space 8 2• 

Example 2: If station 1 has two Erlangian servers (ml = 2) in parallel 
as shown in Fig. 4, then the internal state spaces and the dimension 
of the spaces are 

8 1 = {I, 2}, 

8 2 = {(I, 1), (1, 2), (2, 2)}, 

d(l) = 2, and d(2) = 3. 

Fig. 4-Station 1 containing two Erlangian servers in parallel. 
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U sing definition 6, the objects of 8 2 are determined by 

[ 

J..L1,l + J..L1,l 0 0] 
M2 = 0 J..L1,l + J..L1,2 0 

o 0 J..L1,2 + J..L1,2 

Q2 = [ /Ll~:t;:), /L",~q'h]. 
J..L1,l + J..L1,2 J..L1,l + J..L1,2 

o (q1h 

Note that R2 is d(l) X d(2) dimensional rectangular matrix and Q2 is 
a d(2) X d(l) dimensional rectangular matrix. Thus Q2R2 is the 
probability matrix that upon a completion at station 1, a job leaves 
and another takes its place. This event can happen only if there are 
more than two jobs at station 1. 

Lemma 3: For the state space 8 1 and 8 2, let Ii be an identity matrix of 
order d(i) and ei a vector containing d(i) ones. The following relation­
ships hold: 

R 2ef = ei, (10) 

(P2 + Q2R2) ef = ef, (11) 

Q2R2ef = Q2e[ = (12 - P 2)ef, and (12) 

P1R2ef = 1. (13) 

Proof: This lemma follows immediately from lemma 1 and the law of 
total probability. 

N ext, note that we have encountered objects of different state spaces 
8 0,81, and 8 2• They are of different dimensions d(O), d(I), and d(2). 
Objects of order d(O)d(l) and d(0)d(2) are said to be on the product 
spaces. The product space of order d(i)d(j) is represented by Fdjxdr 
Before any operation can be performed, all objects have to be replaced 
by their images under embedding into product spaces. For instance, 
objects of order 1 are scalars. Since scalars constitute subspaces of 
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spaces So, S1, and S2 and of the product spaces, and there is a 1-:-1 
correspondence between scalars and diagonal matrices all of whose 
diagonal elements are equal, scalars are isomorphic to scalar multiples 
of matrix I. Similarly, the spaces So, S1, and S2 are subspaces of the 
product spaces, so that objects from these spaces have a counterpart 
in the product spaces while algebraic relationships are preserved. 
These counterparts will be denoted by adding both superscripts and a 
hat, these counterparts are the image of an embedding (for details, see 
Appendix). For instance, Ao is a matrix in the state space So, and Al 
is a matrix in the state space SI. A&I) is a matrix in the product space 
Fdoxd

l 
and has characteristics inherited from matrix Ao• Also A~O) is a 

matrix in the product space Fdoxd
l 

and has characteristics from AI. If 
there is no possibility of confusion, the superscript (0) is omitted. That 
is, A~O) and A~O) are denoted by Al and A2• 

IV. BALANCE EQUATION 

In order for the network to be in steady state, the probability of 
leaving a particular state must be equal to the probability of entering 
that state. Thus the total flow into a particular internal state must be 
equal to the total flow out of that state. The steady state balance 
equations can then be derived for the internal states. All internal 
states belonging to one external state are combined in one mathemat­
ical entity, a vector. The balance equations can then be written in a 
matrix form, using Kronecker products and generalized embedding of 
vectorspaces (see Appendix). 
Theorem 1: For the closed network with a nonexponential server and a 
station containing two identical nonexponential servers and N > 2, the 
global balance equations are: 

A (1) A A 

7rl(N, O)Bo = 7rl(N - 1, I)B1Ql (14) 

7rl (N - 1, 1)[:8&1) + :8tl = 7r2(N - 2, 2)M2Q2 

+ 7rl(N, O):8&I)Q&I) (15) 
A 2 A A A A 

7r2(N - 2, 2)[B&) + B2] = 7r2(N - 3, 3)M2Q2R 2 

+ 7rl (N - 1, 1):8&I)Q&I)R2 (16) 

7r2(N - n, n )[:8&2) + :82] = 7r2(N - n - 1, n + I)M2Q2R 2 

+ 7r2(N - n + 1, n - 1):8&2)Q&2), for n = 3, ... , N - 1 (17) 
A A (2) A (2) 

7r2(0, N)B2 = 7r2(1, N - I)Bo Qo , (18) 

where :8i = Mi(I - 1\), i = 1, 2. (19) 

Proof: The proof will be done in five different parts, one part for each 
of eqs. (14) through (18). 
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(1) By equating the flow out of and into a state [(N, 0), (i, )] it 
follows that 

d(O) 

[bo(N, O)]i(MoL = L [bo(N, O)h(Mohk(Pohi 
k=1 

d(1) 

+ L [7rl(N - 1, 1)L,k(M1hk(qlh. (20) 
k=1 

7rl is a vector in the product space Fdoxd
1

, whereas the other factors are 
objects from space So. In order to write eq. (20) in a matrix form, these 
objects must be augmented into objects from product space Fdoxdl' By 
postmultiplying eq. (20) by f11 and using generalized embedding, eq. 
(20) can be written in a matrix form where vectors and matrices are 
in product space Fdoxdl: 

( )M" (1) (N )M" (l)p" (1) (N )M" AT A 7rlN,O 0 =7rl ,0 0 0 + 7rl -1,1 lQ1PI' (21) 

It can be simplified by substituting (t - PJeT for qT and Hi for 
Mi(t - PJ: 

(22) 

By substituting <11 for e[ PI, balance equation (14) is obtained. 
(2) By equating the flow out of and into a state [(N - 1, 1), (i, j)] 

it follows that 

d(O) 

= L [7rl(N - 1, l)h,j (Mohk(Pohi 
k=1 

d(l) 

+ L [7rl(N - 1, 1)hk(M1hk(P1hj 
k=1 

d(O) 

+ L [bo(N, O)h(Mohk(Qoh(PO)i(Pl)j 
k=1 

d(2) 

+ L [7r2(N - 2, 2)]i,k(M2hk(Q2hj. (23) 
k=1 

By simplifying eq. (23) and using generalized embedding, balance eq. 
(15) is obtained. 

(3) By equating the flow out of and into a state [(N - 2, 2), (i, j)] it 
follows that 
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[7r2(N - 2, 2)]i,j {(Mo>U + (M2)jj} 

d(O) 

= L [7r2(N - 2, 2)h,j (Mohk(Pohi 
k=l 

d(2) 

+ L [7r2(N - 2, 2)]i,k(M2hk(P2hj 
k=l 

d(l) d(O) 

+ L L [7rl(N - 1, 1)ho,kl(MohokO(qoho(PO)i(R2hlj 
kl=l kO=l 

d(2) 

+ L [7r2(N - 3, 3)]i,k(M2hk(Q2R2hj. (24) 
k=l 

By simplifying eq. (24) and using generalized embedding, balance eq. 
(16) is obtained. 

(4) By equating the flow out of and into a state [(N - n, n), (i, j)] 
with n = 3, ... , N - 1, it follows that 

[7r2(N - n, n)L,j {(MO)ii + (M2)jj} 

d(O) 

= L [7r2(N - n, n)h,j(Mohk(Pohi 
k=l 

d(2) 

+ L [7r2(N - n, n)]i,k(M2hk(P2hj 
k=l 

d(O) 

+ L [7r2(N - n + 1, n - l)h,j (Mohk(qoh(pO)i 
k=l 

d(2) 

+ L [7r2(N - n - 1, n + 1)hdM2hk(Q2R2hj. (25) 
k=l 

By simplifying eq. (25) and using generalized embedding, balance eq. 
(17) is obtained. 

(5) By equating the flow out of and into a state [(0, N), (, j)] it 
follows that 

d(2) 

[b2(0, N)L (M2)jj = L [b2(0, N)h(M2hk(Pohi 
k=l 

d(O) 

+ L [7r2(1, N - l)h,j(Mo)kk(qoh. (26) 
k=l 

By simplifying eq. (26) and using generalized embedding, balance eq. 
(18) is obtained. That completes the proof. 

Next consider the entire Markov chain of this network. The state 
probability vector of the entire Markov chain can be represented by 
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7r = (7rl(N, 0), 7rl(N - 1, 1), 7r2(N - 2, 2), 

"', 7r2(N - n, n), "', 7r2(0, N», 2 :s n :s N. 

This satisfies balance eq. (10) and the law of total probability. The 
infinitesimal generator Q* of the Markov chain can be written as 
follows: 

:8&1) _:8&I)Q&I) 0 0 0 
-:81Ql :8&1) + :81 

A (1) A &1) A -Bo Q R2 0 0 
0 -M2Q2 :8&2) + :82 0 0 

Q* = 
0 0 -M2Q2R 2 0 0 

0 0 0 A &2) A &2) -B Q 0 
0 0 0 :8&2) + :82 - :8&2)Q&2) 

0 0 0 ... -M2Q2R2 :82 

Wallace also termed such processes Quasi Birth and Death (QBD) 
processes. ll He has shown that if a QBD process is boundary leading, 
the process has a matrix geometric form solution. 

The global balance equations were derived by equating the flow in 
and out of a certain state. Thus the flow into an external state must 
be equal to the flow out of the external state because the external 
state is a collection of states. 

Lemma 4: (Flow-balance equations between the external states.) For 
N > 2, the flow out of a certain external state equals the flow into the 
external state. That is 

7rl(N, O):8&I)(e(l)T = 7rl(N - 1, 1):81(e(l)T (27) 

7rl(N - 1, 1):8&I)(e(1»T = 7r2(N - 2, 2):82(e(2»T (28) 

7r2(N - n, n):8&2)(e(2» T = 7r2(N - n - 1, n + 1):82(e(2» T, 

for n = 2, 3, ... , N - 1. (29) 

Proof: The proof will be done in three parts, one part for each of eqs. 
(27) through (29). 

(1) By postmultiplying global balance eq. (14) by (e(1» T, eq. (27) is 
obtained. 

(2) By postmultiplying balance eq. (15) by (e(I» T, we get 

7rl(N, O):8&I)(e(1»T - 7rl(N - 1, 1):81(e(1»T 

= 7rl(N - 1, 1):8&I)(e(l) T - 7r2(N - 2, 2):82(e(2» T. (30) 
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By applying eq. (27) to eq. (30), we get 

7r1(N - 1, 1):8&1)(e(1)T = 7r2(N - 2, 2):82(e(2)T, 

which is eq. (28). 
(3) By induction on n (n = 2, 3, ... , N - 1), 

Basis step: By postmultiplying balance eq. (16) by (e(2) T, it follows 
that 

7r2(N - 2, 2):8&2)(e(2) T - 7r2(N - 3, 3):82(e(2) T 

= 7r1(N - 1, 1):8&1)(e(1)T - 7r2(N - 2, 2):82(e(2)T. (31) 

By applying eq. (28) to eq. (31), we get 

7r2(N - 2, 2)B~)(e(2)T - 7r2(N - 3, 3):82(e(2)T. 

Inductive step: Suppose that 

7r2(N - k, k):8&2)(e(2)T = 7r2(N - k - 1, k + 1):82(e(2)T, 

2 :5 k :5 N - 2. (32) 

By postmultiplying balance eq. (17) by (e(2) T and rearranging, we get 

7r2(N - k - 1, k + 1):8&2)( e(2) T 

= 7r2(N - k - 2, k + 2):82( e(2) T. (33) 

Thus, we have 

7r2(N - n, n):8&2)(e(2)T = 7r2(N - n - 1, n + 1):82(e(2)T, 

for n = 2, 3, ... , N - 1, 

which is eq. (29). This proves the lemma. 

v. STEADY STATE SOLUTIONS 

The solution of the global balance equations (Theorem 1) can be 
derived now. A definition is introduced to obtain the steady state 
solutions. 
Definition 7: For N > 2, define recursively the following matrices: 

U 2(0) = :8&2)Q&2)(:82)-\ (34) 

U 2(n) = :8&2)Q&2)[:8&2) + :82 - U 2(n - I)M2Q2R2f\ 
for n = 1, 2, ... , N - 2, (35) 

U1(N - 1) = :8&1)Q&1)[:8&1) + :81 - R2U2(N - 2)M2Q2r1. (36) 

Since 7r1(N, 0) depends on one unknown vector bo(N, 0), we can 
express all state probability vector 7r'S in terms of it. With notations 
defined above we are ready to derive the steady state solutions. 
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Theorem 2: For the closed network with a nonexponential server and a 
station containing two identical nonexponential servers and N > 2, the 
steady state probability vectors can be described by 

7r1(N, 0) = bo(N, 0)P1 

7r1(N - 1, 1) = 7r1(N, 0)U1(N - 1) (37) 

7r2(N - 2, 2) = 7r1(N, 0)U1(N - I)R2U 2(N - 2) (38) 

7r2(N - n, n) = 7r1(N, 0)U1(N - I)R2U 2(N - 2)U2(N - 3) 

for n = 3, 4, "', N. (39) 

Proof: The proof will be done in three parts, one part for each of eqs. 
(37) through (39). 

(1) By induction on N - n (N - n = 0,1, "', N - 3), 
Basis step: From eq. (18) and definition 7, we get 

Inductive step: Suppose that 

7r2(k, N - k) = 7r2(k + 1, N - k - I)U2(k), 

From eq. (17) and (41), we get 

7r2( k + 1, N - k - I){B&2) + B 2} 

= 7r2(k, N - k)M2Q2R2 

o :5 k < N - 3. (41) 

+ 7r2( k + 2, N - k - 2)B&2)Q&2) 

Thus, using definition 7, it follows that 

7r2(k + 1, N - k - 1) = 7r2(k + 2, N - k - 2)B&2)Q&2) 
A (2) A A A A 1 

. [Bo + B2 - U2(k)M2Q2R2r 

= 7r2(k + 2, N - k - 2)U2(k + 1). 

Therefore, we have 

7r2(N - n, n) = 7r2(N - n + 1, n - I)U2(N - n), 

for N - n = 0, 1, 2, "', N - 3. (42) 
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(2) From eqs. (16) and (42), we get 
... 2 ... ... ... ... 

7r2(N - 2, 2)(B&) + B 2) = 7r2(N - 3, 3)M2Q2R2 

+ 7rl (N - 1, I)B&1)Q&l)R2 

= 7r2(N - 2, 2)U2(N - 3)M2Q2R 2 

+ 7rl(N - 1, I)B&1)Q&l)R2 

Thus, using definition 7, it follows that 
... (1) ... (1) ... 

7r2(N - 2, 2) = 7r1(N - 1, I)Bo Qo R2 
... (2) ... ... ...... 1 

.[Bo + B2 - U 2(N - 3)M2Q2R 2r 

= 7r1(N - 1, I)R2B&2)Q&2) 

... (2) ... ... ...... 1 
. [Bo + B2 - U 2(N - 3)M2Q2R 2r 

= 7rl(N - 1, I)R2U 2(N - 2). 

(3) From eqs. (15) and (43), we get 

(43) 

... (1) ... ... ... ... (1) ... (1) 
7r1(N - 1, I)(Bo + B 1) = 7r2(N - 2, 2)M2Q2 + 7r1(N, O)Bo Qo 

= 7r1(N - 1, I)R2U 2(N - 2)M2Q2 

+ 7r1(N, O)B&l)Q&l). 

Thus, using definition 7, it follows that 

... (1) ... (1) 
7r1(N - 1, 1) = 7r1(N, O)Bo Qo 

... (1) ...... ... ... -1 
.[Bo + B1 - R 2U 2(N - 2)M2Qz] = 7rl(N, 0)U1(N - 1). (44) 

From eqs. (42), (43), and (44), the steady state vectors can be written 
as described in eqs. (37), (38), and (39). That completes the proof. 

The solution of the network, as described in Theorem 2, is expressed 
in terms of the vector bo(N, 0) and the matrix Uk(N - n)'s. The vector 
bo(N, 0) is thus far unknown, while matrix Uk(N - n)'s can be 
generated. In general, the vector bo(N, 0) contains d(O) unknowns. 
Definitions and a lemma are introduced to make the solution explicit. 
Definition 8: For N > 2, define recursively the following matrix: 

... (1) ...... ... ... -1 
R1(N - 1) = (Bo + Bl - R 2U 2(N - 2)M2Q2) (45) 

so that U 1(N - 1) = B&l)Q&1)R1(N - 1). 

Definition 9: For N> 2, define the following matrix of order d(l) X 

d(2): 
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K(N) = Rl (N - 1) {Bl 41 (B&1»-lR2 + Rdi2 + U2(N - 2) + ... 

+ U2(N - 2)U2(N - 3) ... U 2(2) 

+ U 2(N - 2)U2(N - 3) ... U 2(2)U2(1) 

+ U 2(N - 2)U2(N - 3) ... U2(2)U2(1)U2(O)]}. (46) 

Lemma 5: The following relation holds: 

(47) 

Proof: Using the law of total probability and definition 4, we get 
N 1 

1 = L r(N - n, n) = L 7rl(N - n, n)(e(l»T 
n=O n=O 

N 

+ L 7r2(N - n, n)( e(2» T 
n=2 

1 N 
= {L 7rl(N - n, n)R2 + L 7r2(N - n, n)}(e(2»)T 

n=O n=2 

= 7rl(N, O)B&1)4&1)K(N)(e(2» T = bo(N, O)BoQoPlK(N)(e(2» T. 

This proves the lemma. 
To make the solution explicit, a normalization vector must be 

determined. The normalization vector can be derived now. 
Theorem 3: The normalization vector can be determined by 

bo(N, O)BoQo = c(N)po, 

where c(N) = POfhK(~)(e(2»T is a scalar. 

Proof: The normalization vector is proportional to Po: 

(48) 

bo(N, O)BoQo = bo(N, O)BoeJ'po = c(N)po, (49) 

where c(N) = bo(N, O)BoeJ' is a scalar. Thus, the proportionality is 
normalization constant c(N). By substituting eq. (49) for eq. (47), it 
follows that 

c(N)poPlK(N)(e(2»T = 1. 

The proof is now completed. 

VI. CONCLUSION 

An explicit solution is derived for a closed network consisting of a 
nonexponential server and a service station with two identical nonex­
ponential servers in parallel (e.g. CPU and I/O devices). There is a 
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finite number of jobs, and the queueing discipline at each node is 
FCFS. By applying an algebraic approach to the method of stages, the 
properties of each nonexponential server are represented by vectors 
and matrices in a space identified with that server. Product spaces are 
introduced to combine the properties of these servers and to allow 
their interactions to be described. Both external states and internal 
states are introduced to represent the states of the network. That is, 
the queueing problem is thus transformed from one involving the time 
of service remaining for a job to one involving the position of an active 
job in the subnetwork of exponential stages. In the mathematical view, 
the problem of integral equations (continuous) is transformed to one 
of algebraic equations (discrete) over a finite dimension. 

From Theorems 1, 2, and 3, it turns out that the solution of this 
network is described in what I call a quasi matrix geometric form, in 
which the steady state vector is given by 

'Irk = 'lroU(N - l)U(N - 2) ... U(N - k), for 1:5 k :5 N, 

where 'lro is a normalization vector chosen to make the steady state 
probabilities sum to 1, and each U(n) is a matrix which is recursively 
defined by matrices involved. Obviously this form is a generalization 
of the matrix geometric form. All of techniques used in this paper are 
drawn from linear algebra. This algorithm is easy to implement, even 
for a person not familiar with queueing theory, because it involves 
only matrix multiplication and inversion (we can use commercial 
matrix packages). 
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APPENDIX 

A.l Kronecker Products 

The Kronecker product is the direct product of two disjoint operator 
spaces. In particular, if K is an m X nand L an r X s matrix, then the 
Kronecker product of K and L, denoted K ® L, is the matrix of size 
mr X ns which is obtained by multiplying each element (K)ijof matrix 
K by the full matrix L. 

A.2 Embedding of Vectorspaces 

In this paper, there are equations involving matrices of different 
dimensions. Before any operation can be performed, all matrices have 
to be replaced by their images under embedding into product spaces. 
According to the definitions in the previous sections, d(i) denotes a 
dimension of state space Si(i = 0, 1). Let Fdjxdj be the additive group 
of d (i) X d (j) matrices. 
Definition A.l: Define the following mappings between Fdoxdo' Fd1Xdl' 

••• Fdcxdc and F cJod1xdod1, F cJod2 xdod2 as follows: 

Fdjxdj ~ FdOdjxdOdj ; 

A(i) : Fdoxdo ~ FdOdjxdOdj ; 

where ® stands for the Kronecker product and i = 1, 2, ... , c. 
These mappings are group homomorphisms and preserve all alge­

braic characteristics of the matrix. The proof is omitted. 
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Selective Fading 
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The transmission performance of digital radio systems is controlled by 
spectral distortion caused by multipath fading. To evaluate this performance 
for digital systems with high-order modulation schemes, a statistical model 
for frequency-selective fading is needed. New propagation data obtained in 
Gainesville, Florida, were used to generalize RummIer's model to include group 
delay response. The introduction of the delay response data into the model of 
the fading channel enabled the classification of the fades as minimum phase 
and nonminimum phase. We found that 24 percent of all fades have significant 
delay distortion, and can be characterized as being minimum phase or non­
minimum phase. In the range of practical interest, there are as many minimum 
phase as nonminimum phase fades. The results of this work will facilitate a 
better understanding of the fading channel, which will be beneficial in the 
engineering of radio routes and digital radio design. The results also demon­
strate the need for a description of the geographical occurrence of dispersion, 
which will differ from that for multipath fading at a single frequency. This is 
based on the observation, presented in this paper, that the relative amount of 
dispersive fading is significantly greater in Gainesville, Florida, than in Pal­
metto, Georgia. The availability of a dispersive fading map will facilitate the 
accurate engineering of digital radio routes. 

I. INTRODUCTION 

Digital radio communication systems are sensitive to selective fad­
ing. To evaluate their performance, a statistical model for frequency-
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selective fading is needed. Although the amplitude response of multi­
path fading in a microwave communication channel has been exten­
sively modeled previously,I-8 statistically based results for the group 
delay response were not available until recently,9-11 and work on 
modeling the delay in a fading channel is just beginning.12 

A successful model for multipath fading using amplitude data was 
developed by W. D. Rummler.3

,4 The delay response in this model was 
inferred from the measured amplitude. This led to an ambiguity, since 
both minimum phase and nonminimum phase fades are possible. In 
this paper, we generalize the use of this model by including group 
delay data. The model parameters are defined to characterize both 
minimum phase and nonminimum phase behavior, and statistical 
distributions of these parameters are compiled. RummIer's model, 
although developed for data obtained in the Palmetto experiment for 
a 6-GHz carrier with a 25.3-MHz bandwidth, has proven itself robust 
and applicable for a wide range of frequencies. Our new results are 
based on amplitude and delay measurements at 6 GHz in a 3D-MHz 
bandwidth over a 23;3-mile path between Gainesville and Sparr, 
Florida. 

Inclusion of the delay response into the statistical model of the 
dispersive line-of-sight channel will benefit both the engineering of 
digital radio routes and digital radio equipment design. The description 
of the occurrence of events with minimum and nonminimum phase 
response is of immediate practical interest. The need for delay descrip­
tion, such as provided by our model, will increase with the growth of 
sophistication of digital radio. 

The experiment and the modeling procedures are described in Sec­
tion II. The selection of the scans recorded by the instrumentation is 
outlined and the fixed delay RummIer model for selective fadin~ is 
described. It is shown that, by appropriately redefining the parameters 
of this model, it is suitable for characterization of amplitude and delay. 

Section III presents the statistical distributions of the modified 
model parameters for the data measured in Gainesville. Comparison 
with Palmetto data have been made that show that the Gainesville 
fading is more dispersive than that at Palmetto. 

II. CHARACTERIZATION AND MODELING 

2.1 The experiment 

The Gainesville experiment is implemented on a 23.3-mile path 
between Gainesville and Sparr, Florida, in a 6-GHz channel with a 
3D-MHz bandwidth. The experimental setup is described elsewhere.9

,13 

The amplitude and delay characteristics of the faded link are measured 
by a Wandel-Goltermann link analyzer and recorded on magnetic 
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tape. The amplitude and delay were measured during alternating 
frequency scans. Each scan duration was 0.1 second followed by a 0.1-
second retrace. A measurement period was thus 0.4 second. The 
amplitude scale was set up for fades between 15 to 65 decibels and the 
delay between ±50 nanoseconds. * Amplitude fades smaller than 15 
decibels were out of scale and recorded at 1 scan/min. Each scan was 
sampled at intervals of 2 MHz or 16 samples over the 30-MHz 
bandwidth. 

The database used for this study consists of approximately 43,000 
scans that represent 17,000 seconds of fading activity. The data were 
recorded in Gainesville for 11 months during the period from 1982 
through 1984. 

2.2 Selection of data for modeling 

A fading event recorded in Gainesville is shown in Fig. 1. As a rule, 
fading events were slow enough to be considered static during the 
frequency scan. Although on some scans a certain amount of distortion 
that could be attributed to the dynamics of the system was noticeable, 
it was small enough to be negligible. Many scans were incompletely 
recorded because of the limited range of both amplitude and delay 
measurement equipment. Therefore, the recorded fading scans were 
first screened in order to eliminate fading scans that are not suitable 

* Modified to ±100 nanoseconds in February 1985. 
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Fig. 2-Complete and incomplete amplitude scans. Scans II and III rejected. Scan IV 
marked. 

for modeling. In addition, scans that do not need dispersive modeling, 
but have to be included in the total fading statistics, were identified 
during the screening process. This screening was done as follows. 

A. Only those responses recorded at a rate of 2.5 scans/s were 
selected for processing. Responses recorded at different rates were 
regarded as unfaded. 

B. Data scans were categorized on the basis of amplitude response. 
Figure 2 shows several amplitude scans as they appear in the recorded 
data. Only complete scans of types I and IV were modeled. Type II 
was rejected because part of the scan is out of scale at the high end 
(>65 dB). This is a rare event; about 30 such scans were recorded. 
Type III was eliminated because the trace is out of scale at the low 
end «15 dB). This is the most common type that was eliminated; 
about 20 percent of all scans were type III. Flat fades of type IV were 
marked to indicate that dispersive modeling is not required. 

C. Data scans were also categorized on the basis of delay response. 
Figure 3 shows several delay scans. Scans of types I and II were 
included as they are. Flat delay scans of type III that have a dispersive 
amplitude response were marked to indicate that delay modeling is 
not required. Scans of types IV and V are incomplete and were marked 
so that they can be modeled using an alternate technique. 

Accordingly, 51,953 scans were selected using criterion A. From 
these, 9103 were eliminated because the amplitude was out of scale; 
16,892 were marked because the amplitude was flat; 13,580 were 
marked because the delay was flat; and 2269 were marked because the 

2528 TECHNICAL JOURNAL, DECEMBER 1985 



>­« 
--l 
UJ 
Cl 

FREQUENCY 

Fig. 3-Complete and incomplete delay scans. Scans III, IV, and V marked. 

delay was out of scale. Consequently, 12,538 scans, or 24 percent of 
the total, had sufficient delay information to be modeled using both 
the delay and amplitude measurements. For the rest, only the ampli­
tude measurements were used. 

2.3 The model 

The modeling was done using RummIer's model for selective fading.3 

In addition to wide acceptance and extensive validation this model 
has the advantage of separating the flat component of the fade from 
the dispersive component. The dispersive component can thus be 
statistically characterized by one parameter. The transfer function of 
the model is 

(1) 

where we can regard T as the relative path delay of the second ray, b 
and WOT the relative amplitude and phase of that ray, and a as the 
amplitude scale factor. 

The squared amplitude (or power) response is 

Y(w) = 1 H{w) 12 = a2 [1 + b2 
- 2b cos{w - woh]; (2) 

and the group delay is 

D{w) = - d¢{w) = T b{b - cos{w - woh) (3) 
dw 1 + b2 

- 2b cos{w - woh 

The delay parameter T is constant in this model, at T = 6.25 ns. Typical 
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amplitude and delay frequency responses based on eqs. (2) and (3) are 
shown in Fig. 4. 

Although the model was developed using measured amplitude data 
only, we found it adequate for modeling of selective fading using both 
measured amplitude and group delay data. The statistical distribution 
of the parameters naturally differs from those obtained for amplitude 
only, because we can distinguish between minimum and non minimum 
phase. scans. 

2.4 Fitting the model to the amplitude data 

The model parameters were estimated by fitting the squared ampli­
tude in eq. (2) to the measured amplitude responses. The estimation 
procedure followed was similar to the one described by RummIer in 
Ref. 3. From eq. (2) it is clear that 

where 

Y(w) = ex - (3 cos(w - wo)r, 

ex = a2(1 + b2
) 

{3 =. 2a2b. 

(4) 

(5a) 

(5b) 

For convenience, the channel scan is measured in frequency incre­
ments of 2 MHz, resulting in 16 samples over the 3D-MHz range 

n = 1, 16. (6) 

If we choose 
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1 
7= M(2.106 )' 

then the phase increments are 

n 
W n7 = 27r M· 

(7) 

(8) 

Choosing M = 80, the delay is 7 = 6.25 ns. Thus the in-band frequencies 
correspond to n values between 1 and 16, and the model transfer 
function is periodic with M = 80, which corresponds to a frequency 
period 1/7 = 160 MHz (see Fig. 4). 

The first modeling step is to choose a, {3 and Wo so that the sequence 
of measured values {Yn }, n = 1, 16, is closely matched by the sequence 
{Y(wn)} using eqs. (4) and (8). Estimates of a, {3 and Wo were found by 
minimizing the mean square error, E rms , between .these sequences. We 
define E rms as 

16 

L Cn( Yn - Y(Wn))2 
E

rms 
= _n=_I ______ _ 

L Cn 
(9) 

where Cn is a weighting coefficient. Since Yn is derived from data that 
was uniformly quantized on a logarithmic scale, we use a weighting 
that is approximately logarithmic. Hence, 

1 
Cn = -2· Yn 

(10) 

A measure of the goodness of this fitting for a given scan is the root­
mean-square value of the decibel error over the sampled frequencies, 
i.e., 

[ 
1 16 ]1/2 

EdB = 16 n~1 (Yn[dB] - Y(wn)[dB])2 . (11) 

A plot of the distribution of this error for the total population is shown 
in Fig. 5. As seen from the plot, nearly 99.9 percent of the errors are 
below 2 dB. 

The second step in the modeling is to find a and b given estimates 
for a and {3. From these estimates the parameters a and b are obtained 
by inverting eq. (5). Tl!e set [a, b] has two possible solutions [aI, bd 
and [a2' b2] 

(12a) 
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Fig. 5-Distribution of the root-mean-square error of the amplitude fit. 

and 

b, = ~ + [(~)' - 1 r 
[ 

{3 ]1/2 
a2 = 2b

2 
• (12b) 

It is clear from eq. (4) that ex ~ (3 in every scan, since Y(w) must fit a 
sequence of nonnegative powers. Thus, both solutions for b are real. 
It also follows that b1b2 = 1. 

The two solutions in eqs. (12a) and (12b) satisfy the amplitude 
response fit. The solution [ab b1] where b1 < 1 corresponds to a 
minimum phase transfer function, since it produces a zero in the left 
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half of the complex frequency plane, and the solution [a2' b2], where 
b2 > 1 corresponds to a nonminimum solution, since it produces a zero 
in the right half of that plane. 

The decision of whether a given scan corresponds to a minimum 
phase or nonminimum phase fade is made here by using the delay 
data. For a substantial fraction of the available data, the delay response 
was flat. For this population, the estimations were done by using 
amplitude data only and assuming the minimum phase solution. 

2.5 Fitting the model to the delay data 

2.5.1 Typical delay data 

Figure 6 shows a few typical delay scans. To determine whether a 
scan is minimum phase or nonminimum phase, we have to examine 
the shape of the delay response. Scan I shows clearly a nonminimum 
phase delay shape, but so does scan II, although it is negative. The 
group delay scans usually exhibit a constant delay offset that has to 
be subtracted during the fitting process. Scan III is caught in the 
transition between minimum phase and nonminimum phase; this 
sometimes happens at very deep fades. 

The usual time trajectory of a deep fade is as follows: The fade 
appears as a minimum phase fade, gradually deepens, crosses to a 
nonminimum phase fade, then becomes shallower, and disappears. It 
usually does not cross back to the minimum phase shape. 
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2.5.2 The fitting procedure 

Each delay scan is sandwiched between two amplitude scans that 
are separated by 0.2 second. The initial parameters WOi, bli and b2i used 
to fit each delay scan [eq. (3)] were interpolated from the two ampli­
tude scans. Two error estimates were then set up, namely, 

1 16 
~ A 2 

El = 16 n':l [Dn(bt, wo) - (Dn - Do)] , (13) 

and 

1 16 
~ A 2 

E2 = 16 n':l [Dn(b2, wo) - (Dn - Do)] , 

where Dn(bt, wo) is the minimum phase delay response, and Dn(b2, wo) 
the nonminimum phase delay response, as derived by fitting the 
amplitude data. Further, Dn is the measured group delay at frequency 
wn • The group delay scans usually exhibit an unknown constant delay 
offset Do (see Fig. 6, scan II) that has to be estimated during the fitting 
process. 

The above errors were minimized using a quasi -Newton optimization 
algorithm. First, El and E2 were minimized with respect to the delay 
offset Do. By selecting the response with the better fit, this step was 
sufficient to decide if the shape is minimum phase or nonminimum 
phase. The delay responses thus obtained usually fit within a 7-ns 
root-mean-square error, for scans having swings smaller than 50 ns. 
The delay response fits were further optimized, by adjusting the 
parameter b, to yield root-mean-square errors smaller than 4 ns. These 
further optimization did not change the values of b significantly. The 
EdB values [eq. (11)], of the resulting amplitude fits changed by less 
than 1 dB. 

Delay scans with swings larger than 50 ns were out of scale and 
could not be fitted. * For these scans, the choice between minimum 
phase and nonminimum phase was made by minimizing the error with 
respect to the offset Do only. The initial parameters, interpolated from 
the adjacent amplitude scans, were used in the statistics. 

One type of poor fit occurred when a delay scan was in a transition 
from minimum phase to nonminimum phase. These scans were elim­
inated from the modeling. 

The delay data could not be fitted more tightly to the model because, 
as seen from Fig. 7, the residuals have strong harmonic components. 
The harmonic components indicate long delay echos in the system. 
We have concluded from our experiments that this distortion is caused 

* The instrumentation was changed recently to record delays in the range of ±100 
ns. 
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Fig. 7-(a) Measured and fitted delay curves. (b) Delay residual. 

by multimoding in the antenna and waveguide system of the trans­
mitter and receiver. 

III. STATISTICAL DISTRIBUTIONS OF MODEL PARAMETERS 

The statistical distributions for the parameters of the fading model 
transfer function in eq. (1) were characterized previously using ampli­
tude response data from the Palmetto experiment. 3,4 We used a similar 
approach to generate parameter distributions for the present case. 
Essentially, the data scans can be divided into four distinct groups: 
Minimum-phase fades, nonminimum phase fades, flat amplitude fades 
and flat delay fades. These four groups are characterized best if the 
estimated statistical distributions of the model parameters are de­
scribed separately. The flat amplitude and flat delay groups are degen­
erate cases, where only limited modeling was required. A scan with a 
flat amplitude response has also a flat delay response. However, a flat 
delay scan does not necessarily correspond to flat amplitude response. 
Since the delay notch is narrower than the amplitude notch (see Fig. 
4), many scans with a sloping amplitude response, corresponding to 
an out-of-band notch, have flat delays (see Section 3.5). ' 

The statistical characterizations of the minimum phase fades and 
nonminimum phase fades are done first, followed by the characteri­
zations of the flat amplitude and flat delay fades. The statistical 
distributions of the model parameters for the whole fading population 
are estimated next, based on amplitude data only. This is done in 
order to compare the fading characteristics of the Gainesville channel 
with those of the Palmetto channel. 

3.1 Minimum phase fades 

For minimum phase fades the distributions are generated for the 
parameters 
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Wo 

Al = -20 log al 

BI = -20 log(1 - bl), (14) 

where al and bl are the minimum phase solutions of eq. (12a), Wo is 
the notch frequency, BI is the relative notch depth in decibels and Al 
is the amplitude scale factor in decibels. 

3.2 Nonminimum phase fades 

For nonminimum phase fades, the parameter b2 is unbounded and 
is not easily characterized. Equation (1) is then rewritten as 

H(w) = a2b2(e-j(w-woh - l/b2), (15) 

and we define 

B2 = -20 log(1 - l/b2) 

A2 = -20 log(a2b2). (16) 

As shown below, the choice of these parameters leads to distributions 
very similar to those of their minimum phase counterparts. 

3.3 Distributions for minimum phase and nonminimum phase fades 

3.3.1 The distributions of 8 1 and 82 

The cumulative distributions of BI and B2 are shown in Fig. 8. The 
abscissa is BI or B2 in decibels, and the ordinate shows the time T 
that BI or B2 is greater than the abscissa. It is clearly seen that, if we 
ignore the fades with low dispersion (B ~ 8 dB) and assume that the 
data above 30 dB have too few samples to be reliable, the two curves 
can be fitted to within ±1.75 dB by one exponential distribution. This 
distribution is 

B 

T = 1.37.104 e - 4.82 = 1.37.104 L1.8, for 8 ~ B ~ 30 dB, (17) 
-B 

where L = 10 20 , and represents the minimum fading voltage relative 
to the amplitude scale factor al (or a2b2). 

As seen from Fig. 8, there are overall more minimum phase than 
nonminimum phase fades (58 percent). However, if we restrict our­
selves to the practically significant range of 8 ~ B ~ 30 dB, the 
proportion of nonminimum phase fades is 50 percent. Both the mini­
mum and nonminimum phase fades distributions can be expressed, 
within the limits of the approximation, in eq. (17). 

3.3.2 The distribution of the parameters A1 and A2 

The cumulative time distributions for Al and A2 are shown in Fig. 

2536 TECHNICAL JOURNAL, DECEMBER 1985 



104 

0 8 1 

0 8 2 

--- APPROXIMATION 
FROM EQ. 17 

103 

en 
Cl 
Z 
0 
U 
UJ 
en 
0 
z 
« 
z 
~ 
UJ 102 
~ 
i= 
UJ 
> 
i= 
:) 
=:l 
~ 
=:l 
U 

101 

8 1 • 8 2 IN DECIBELS 

Fig. 8-Distribution of parameters Bl and B2• 

9. It is clearly seen that the two distributions are almost identical for 
larger A (above 14 dB). The means and standard deviations are 

Al = 15 dB, 0"1 = 3.0 dB 

A2 = 15.5 dB, 0"2 = 3.0 dB. (18) 

The unnormalized probability density functions (pdf's) of Al and 
A2 are shown in Fig. 10. (These pdf's are scaled in such a way that the 
ordinate displays on a logarithmic scale the number of seconds that A 
was within ±0.5 dB of the abscissa. This same format is used in all 
the pdf's shown later.) The pdf's show a definite asymmetry about 
the mean. This deviation from a Gaussian distribution * could be 

* A was Gaussian for the Palmetto data. 

FADING IN DIGITAL RADIO 2537 



104~ ______________________________________ ~ 

103 

CIl 
0 
Z 
0 
U 
W 
CIl 

~ 
W 
~ 

102 ;::: 
w 
> 
;::: 
« 
-l 
::J 
~ 
::J 
U 

101 

100~~ __ ~ __ ~ __ ~~ __ ~ __ ~~~~ __ -L __ ~~ 

o 4 8 12 16 20 24 28 32 36 40 44 48 

AI. A2 IN DECIBELS 

Fig. 9-Distribution of parameters Al and A2• 

partially attributed to the data gathering method used in Gainesville 
(see Section 2.2). 

The means and standard deviations of Al and A2 as functions of BI 
and B2 are shown in Fig. 11. These plots show clearly that the 
parameters A and Bare uncorrelated for the Gainesville data. * 

3.3.3 Possible discrepancies in the A and B distributions caused by 
instrumentation 

1. The amplitude and delay characteristics were sampled every 2 
MHz by the recording equipment over the 30-MHz frequency scan. 

* A and B were correlated for the Palmetto data. 
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The 2-MHz resolution may be too low for very deep dispersive fades, 
and cause flattening of these curves during the fitting process. This 
may cause the distributions of Bl and B2 to appear steeper for very 
large B values than they really are. 

2. The Microwave Link Analyzer (MLA) was set up to measure 
amplitudes between 15 to 65 dB only. Therefore, some of the shallow 
fading events with small A and small B· are not recorded. This could 
cause the distribution of B for small values to appear flatter than they 
really are, and the distributions of A to appear less symmetric. 

3.3.4 The distribution of the notch frequency Wo 

Figure 12 shows the density function of the notch frequency, for 
both the minimum and nonminimum phase fades, as estimated by the 
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modeling procedure. This model estimates that approximately 70 
percent of the scans have an in-band notch. This is to be expected 
because, as seen from Fig. 4, the delay shape is steeper and narrower 
than the amplitude notch. Therefore, most of the scans that have an 
in-band slope (out-of-band notch) have a flat delay response, and are 
therefore not characterized in this group (see Section 2.2). 

Fitting the model to amplitude shapes that have in-band slopes is 
not unique, since small perturbations in data can produce large vari­
ations of out-of-band notch depth and frequencies. The modeling 
algorithm in its present form has a tendency to move the notch for 
slope shapes close to the edges of the band. We have tried, with 
variable success, to use also the delay data in placing the out-of-band 
notches. However, the delay data for shapes with out-of-band notches 
are limited and heavily corrupted with multimode distortion that made 
the fitting of the model rather difficult. 

3.4 Statistical distribution of flat-amplitude fades 

Amplitude scans that were flat within 1 dB were assumed to be 
nondispersive. For such scans, therefore, A was the only parameter 
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Fig. 12-Unnormalized probability density function of the notch frequency Fo. mea­
sured from midband. 

modeled. The cumulative distribution of A for this case is shown in 
Fig. 13. As in previous cases, the distribution exhibits a truncated 
Gaussian behavior, with 

A = 15.9 dB, (J" = 2.85 dB. (19) 

3.5 Statistical distribution of flat-delay fades 

Scans that did not have a flat amplitude but exhibit a small delay 
distortion, D (w )peak to peak ::::; 7 ns, were regarded as having a flat delay. 
Scans of this type can be put into two categories: 

(a) Scans with in-band, or close to in-band, notches and small 
amplitude deviations. A 7 -ns delay notch corresponds to an amplitude 
notch with B = 6.5 dB. 

(b) Scans with amplitude slopes that may have a notch so far out 
of band that the delay distortion is negligible. 

In both of the above cases the delay information is too limited to be 
used to decide whether the scan is minimum phase or nonminimum 
phase. Since it is relatively unimportant to differentiate, in these 
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Fig. 13-Unnormalized probability density function of A for flat amplitude fades. 

cases, between minimum phase and nonminimum phase fades, the 
statistics described below were compiled as though all such fades were 
minimum phase. 

Figure 14 shows the distribution of B. As seen from the plot, 96 
percent of the scans have B :5 6.5 dB, which puts them in the category 
(a) above. Only 4 percent belong to category (b). 

Figure 15 shows the probability density of A, wherein 

if = 15.8 dB, (j = 2.6 dB. (20) 

3.6 Parameter distributions for the total fade population and comparison 
with Palmetto 

The distributions of the model parameters for the whole fade pop­
ulation, derived entirely from amplitude response data and comprising 
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the four groups characterized in previous sections, are described below. 
By ignoring the delay characteristics, we computed the model param­
eters as if all fades were minimum phase. This was done in order to 
have a basis for comparison with the results obtained in the Palmetto 
experiment. 

3.6.1 B distributions 

Figure 16 shows the distribution of the parameter B, as measured 
in Gainesville. Within reasonable accuracy the distribution can be 
modeled by the exponential curve 

B 

T = 2.37.104 e -"5 = 2.37.104 L1.72. (21) 
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The fading data were recorded for 11 months, well distributed over all 
seasons during 1.5 years in 1982-1984. The curve in Fig. 16 can 
therefore be regarded as an annual average distribution of dispersive 
fading in Gainesville. The other curve in Fig. 16 shows the annual 
distribution of B for the Palmetto data. This distribution was extrap­
olated from data measured in Palmetto in 1977.4 The total fading for 
the heaviest month of the year was estimated to be 8000 seconds, 
where the total fading was defined as the intercept of the B distribution 
with the B = 0 axis. To approximate the average annual fading in 
Palmetto, we multiplied the seconds for the heaviest fading month by 
a scale factor of 3.5. The average annual fading in Palmetto was thus 
estimated to be 28,000 seconds. 
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The Palmetto distribution is steeper than that for Gainesville and 
can be modeled over its central region by 

B 

T = 1.6.104 e- 3.8 = 2.104 L2.28, 4 dB :5 B :5 25 dB. (22) 

It can be surmised from the shape of the Gainesville distribution that 
fading on that path is more dispersive than the Palmetto fading. By 
examining, for illustration purposes, the total dispersive fading for 
B ~ 20 dB, we see from Fig. 16 that there is five times more of it in 
Gainesville than in Palmetto. 

3.6.2 A distributions 

Figure 17 shows the probability density function of parameter A. It 
has a truncated Gaussian shape, with mean and standard deviation 

FADING IN DIGITAL RADIO 2545 



Ul 
0 
Z 
0 
U 
w 
Ul 

~ 
W 
~ 

f= 

104.---------------------------------------~ 

102 

8 12 16 20 24 28 32 36 40 44 48 
A IN DECIBELS 

Fig. 17-Unnormalized probability density function of A for the total population. 

Aa = 16.2 dB; Ua = 2.85 dB. (23) 

The corresponding distribution in Palmetto was Gaussian, with mean 
and standard deviation 

Ap = 25 dB; Up = 5 dB. (24) 

Moreover, the mean Ap was correlated with Bp in the Palmetto 
experiment. The Gainesville parameters Aa and Ba are independent 
(Fig. 18). 

The apparent truncation of the A distribution is probably due to 
the data gathering method in Gainesville. Specifically, fades below 15 
dB were not recorded. This could also be a reason why A and Bare 
uncorrelated in Gainesville. In Palmetto, A was correlated with B, for 
B < 10 dB only. 
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3.6.3 Distribution of notch frequency Wo 

The probability density function of the notch frequency for the total 
fade population is shown in Fig. 19. Most of the scans have an in­
band notch (55 percent). The notch frequency does not exhibit the 
bimodal distribution shown in Palmetto. 

IV. CONCLUSION 

4.1 Summary 

The fading data obtained in the Gainesville experiment were for 
both amplitude and group delay. We generalized the method of 
Rummler3

,4 to include group delay response data, and thus obtain both 
minimum phase and nonminimum phase model parameters. 

The distributions for minimum phase and nonminimum phase fades 
can be regarded as identical, and can be given by a single description 
[see eqs. (17) and (18)], in the significant range of interest, 8 ~ B ~ 
30 dB. However, if the shallower fades are included (0 ~ B ~ 8 dB), 
there are, overall, more minimum phase fades (58 percent). 

The Gainesville channel is more dispersive than the Palmetto chan-
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total population, measured from midband. 

nel. This is seen from the estimated average annual distributions for 
the total fade populations. For the dispersive part of the fading, the B 
parameter, the distribution is steeper in Palmetto. By examining Fig. 
16 for illustration purposes, we can deduce that there is five times 
more fading with B = 20 dB in Gainesville. In addition, the mean of 
A is smaller in Gainesville; Ac ~ 16 dB, as compared with Ap ~ 26 dB 
in Palmetto. 

4.2 Implications in terms of performance objectives 

AT&T long-haul digital-radio performance objectives limit service 
failure time to 0.02 percent (two way) annually on a 4000-mile route 
due to all causes. One-half of this is allocated to causes associated 
with equipment and maintenance. The allocation to dispersive fading, 
therefore, is 0.01 percent annually.14 The one-way annual dispersive 
fading allocation for the average 25-mile hop is thus 10 seconds. 

One measure of the amount of dispersive fading in a radio channel 
is the distribution of the parameter B. As seen from Fig. 16, a 10-
second annual failure limit in Gainesville requires a robust digital 
radio system designed to operate with notches B :5 36 dB. The same 
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failure limit in Palmetto requires a radio system designed to operate 
with notches of B :5 26 dB. These comparisons demonstrate the need 
for a description of the geographical occurrence of dispersion, which 
will differ from that for multipath fading for a single frequency. The 
availability of such a dispersive fading map would facilitate the accu­
rate engineering of digital radio routes. 
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LETTER TO THE EDITOR 

Comments on "Integration With the 5ESS™ Switching System," by S. A. McRoy, 
J. H. Miller, J. B. Truesdale, and R. W. Van Siooten* 

This letter amplifies the footnote on page 2426 of the article titled, 
"Integration With the 5ESS™ Switching System," in the December 
1984, issue of the AT&T Bell Laboratories Technical Journal. 

The information given here has been used in the field for engineering 
Remote Terminals (RTs) of the SLC® 96 digital subscriber loop carrier 
system on the Digital Carrier Line Unit (DCLU) in a 5ESS switching 
office. For engineering RTs, the telephone company engineer can 
choose one of the three service criteria-1-1/2 percent blocking, 4 
percent blocking, and 7 percent blocking. The 1-1/2 percent blocking 
criteria is recommended for average busy season busy hour engineer­
ing, the 4 percent blocking Once-A-Month (OAM) for extreme value 
engineering, and the 7 percent blocking for high -day engineering. The 
DCLU traffic capacities for the two types (Mode I and II) of RTs 
corresponding to the three criteria are given in Table I. 

Table I-OCLU CCS capacities per line 

No. of 
Model 

Time Slots RTs 1-1/2% 4% 7% 

641 6 3.19 3.41 3.53 
64 5 3.83 4.08 4.24 
64 4 4.79 5.10 5.30 

1282 6 6.93 7.25 7.44 
128 5 8.31 8.69 8.92 
128 4 10.36 10.85 11.14 
128 3 13.78 14.43 14.81 
128 2 20.56 21.54 22.12 

No. of 
Mode II 

Time Slots RTs 1-1/2% 4% 7% 

64 6 3.06 3.27 3.40 
64 5 3.65 3.90 4.09 
64 4 4.52 4.83 5.04 

128 6 6.61 6.93 7.13 
128 5 7.81 8.21 8.45 
128 4 9.51 10.00 10.32 
128 3 10.02 11.07 11.72 
128 2 11.85 13.20 14.10 

1. A two-peripheral-interface-data-bus DCLU has 64 time slots. 
2. A four-peripheral-interface-data-bus DCLU has 128 time slots. 

* AT&T Bell Lab. Tech. J., 63, No. 10, Pt. 2 (December 1984), pp. 2417-37. 
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The capacities in the table are calculated by the same approach 
described in the article. However, the 3 percent OAM blocking crite­
rion referenced in the article is not used for engineering 5ESS switch­
ing systems in the field; 4 percent OAM is used. Also, the peak factor 
formula discussed in Section 5.4 of the article is not used in engineer­
ing. The information in the two tables documented in this letter has 
been used for engineering of 5ESS switching systems. 

K. A. Raschke and P. A. Patankar 
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