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A Self-Organizing Binary System®

RICHARD L. MATTSON?

INTRODUCTION

NY STIMULUS to a system such as described in
A this paper can be coded into a binary representa-
tion. A character on a piece of paper can be
represented in binary form by dividing the paper into
many small squares and assigning a 1 to a square if
the character covers that square, and a 0 to the square
if the character does not cover it.

A voltage waveform can be coded into a binary
representation by quantizing the waveform in both
time and amplitude, and assigning a binary code to
each amplitude. In general, any data that are measur-
able can be coded into a binary representation with
no loss of information. One form of an interesting
logical system would be one which transformed this
block of binary data into a single binary decision.
For example, such a system would take the binary
representation of a character and transform it into a
binary decision (either it is an “A’ or it is not an
“A”). Combinations of such devices could then be
used to make decisions of a higher order than binary.

The conventional method of designing such a sys-
tem is to list in a table all possible combinations of
the binary inputs, and to assign the most probable
output value (decision) to each input combination.
This table of combinations with output values is then
reduced to a Boolean function which represents the
method by which the decision is to be determined.
This procedure will always yield the best possible
technique of making decisions.

However, this synthesis procedure has two major
disadvantages. First, the Boolean function is not
easily obtained when the number of binary variables
at the input is large. Second, even if the Boolean
function were determined, any change in the decision
process would require a repetition of the difficult
synthesis procedure in order to arrive at a new
Boolean function.

It is the purpose of this paper to define a model for
a self-organizing logical system which determines, by
an iterative trial-and-error procedure, the proper
Boolean function for a process. This self-organizing
logical system is composed of two separate systems,
one a network of adjustable logical devices, the other

* Most of the work described in this report, including computer
simulation studies, was done at the Digital Systems and Components
Laboratory and the Computation Center, Massachusetts Institute
of Technology, under Navy BuShips Contract NObsr 72716. The
work was completed at Lockheed Missiles and Space Division,
Logical Design, as a part of the Lockheed General Research Program.

t Missile Systems Division, Lockheed Aircraft Corporation, Sunny-
vale, Calif.

a system for determining what logical function
should be assigned to each device in the network.
Such a system is depicted schematically in Fig. 1.

INPUT DESIRED
COMBINATIONS OUTPUT
I, NETWORK OF
1,——— AbsusTaBLE | NETWORK
' OUTPUT
LoGicAL —{]
1,——| DEVICES
NO OF SUCCESSES
PERFORMANCE NO-OF SUCCESSES
ADJUSTING
SYSTEM

Fig. 1—Self-organizing logical system.

The adjusting system makes a sequence of adjust-
ments in the network, each adjustment being deter-
mined by the performance of the network for the
previous adjustments, so that with the final adjust-
ment the network realizes the desired Boolean
function.

AN ApsusTaBLE LocicaL Device

A logical device that can realize any one of many
different logical functions by adjusting its internal
parameter values is shown schematically in Fig. 2.

INPUT B,
BINARY
COMBINATION [~ - ] BiNaRY

Fig. 2—The adjustable logical device.

The inputs to this device are binary, + 1 and — 1.
The weights, w;, are continuous real variables that
can assume either positive or negative values. The
threshold, T, is also a continuous real variable and
can be either positive or negative. The output of this
device is + 1 if

T+ 3 T, > 0 (1)
and — 1 1if
(2)

The dividing condition between the output being
4+ 1 or — 1 is given by

T+ > ITw: <0

T+3 Lw =0 3)
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A geometric representation of the logical properties
of this device can be made by using the equation of
the dividing condition (Equation 3), and a binary
n~-cube representation of the input space of the device.
For example, with three inputs to the model, the
dividing condition is

T + Iw, 4+ Iowe + Isws =0

By plotting this plane in an I, I, I; space, and
indicating various input combinations by points in
the space, the logical operation of the device can be
interpreted geometrically. That is, all points on one
side of the plane are mapped into a + 1 by the device,
and all points on the other side are mapped into a
— 1. A plot of the input space is shown in Fig. 3. In
an n-dimensional input space the dividing condition
specifies a hyperplane which separates the n-dimen-
sional input space into two parts. It can easily be
shown that the w, values control the slope of the
hyperplane in the space, and the threshold, T, con-
trols the position of the plane in the space.

SEPARATING PLANE

THIS INPUT COMBINATION
MAPPED AS +I,
THE OTHERS AS -1

Fig. 3—Three-variable input space.

By changing the w, values and 7, different map-
ping functions can be obtained. For example, with
this device one can obtain 14 different mapping
functions for two-input variables, 104 for three-input
variables, and approximately 1900 for four-input
variables. These different mapping functions are
termed ‘linearly separated” truth functions?. The
idea of passing a hyperplane through an n-dimensional
input space is important because it allows one to
visualize types of functions that can be generated by
the logical device. It is also useful for determining
the types of processes that the model would be best
suited to classify. For example, since the hyperplane
divides the input space into two regions, each of
which is a region of points unit-distant apart, the
logical device would be useful in classifying processes
in which one group of unit-distant points is separated
from another group of unit-distant points. An ex-
ample of such a process is a single-error correcting
code where a legal n-bit word, and all combinations
unit-distant from this word, are to be mapped as the
legal word. Another possible use would be for char-
acter recognition where a legal character is to be
separated from all other characters. For this applica-
tion each character and its variations must be repre-
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sentable as a group of closely connected points in the
input space, and each of these groups must be
separable from all the other groups. When this condi-
tion is met, a single logical device would be an
effective character classifier.

Another useful capability of the device is that of
assigning output values to input combinations that
have never been given to the device. For example, if
a small number of input combinations have been
given to the logical device and a hyperplane is placed
in the input space so as to map these combinations
correctly, then every point in the input space is
automatically assigned an output mapping by this
plane. This allows a mapping criterion to be estab-
lished without being exposed to all possible input
combinations. In the case of character recognition,
where the number of possible variations of a legal
character is so large that it becomes impossible to
list all of them, a hyperplane could be situated in the
input space on the basis of a partial listing of varia-
tions, and the mapping of the other variations would
automatically be determined.

By interconnecting devices of this type, each one
realizing a different linearly separated function, and
feeding their outputs into an AND or or device, any
logical function can be obtained. This is easily shown
since a single device of this type can realize the AND
or or function of n-variables and any Boolean func-
tion can be written as a sum of products or product
of sums.

A network of adjustable logical devices can be
constructed by using as a basic element the device
shown in Fig. 2. By adjusting various weights and
thresholds in the network any logical function can
be realized. The remaining portion of this paper
describes methods of determining what sequence of
network adjustments should be made to obtain
convergence to a desired Boolean function.

ANALYSIS OF THE PERFORMANCE OF A
SineLE Logicar DEvicE

Consider the input space of an n-variable logical
device. There will be 2" distinct points in this input
space, each one corresponding to a particular input
combination of the n-variables. Let these combina-
tions be denoted as C1, Cs, ..., Ci. .., Cyn. Each of
these input combinations has a probability, P(C), of
occuring at the input of the logical device. For each
input combination the desired output has a proba-
bility of being + 1, P(D, = + 1| (), and a prob-
ability of being — 1, P(D, = — 1| (). If the input
combination C; is mapped as a + 1 by the device,
then the probability that the output of the device
will agree with the desired output is

Pk(A)=P(Dk=+1‘Ck) (4)
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If Ci is mapped as a — 1 by the device, the
probability of agreement between the desired output
and the output of the logical device is

P,(A) = P(Dy, = —1|Cy) (5)

Since C; must be mapped either as a +1 or a —1,
then one of the two above equations is valid for the
probability of agreement for a fixed logical device,
and the other is not. Define a variable z, so that
zr = 1 when C, is mapped as a -+1 and is zero
otherwise, and a variable z;, which is 4+1 when C; is
mapped as a —1 and is zero otherwise. The probabil-
ity of agreement for input C; can then be written as

Pk(A) = ka(Dk =41 ‘ Ck) +5kP(Dk =-1 |Ck) (6)

The total probability of agreement between the
output of the logical device and the desired output
can be obtained by summing the individual per-
formances of all the input combinations.

on
P(4) = kz;,l[ka(Dk = +1|C) + TP(Ds

= —1|Cy) @

The performance of the logical device is measured
by the number of agreements divided by the number
of trials. The expected value of this measurement is
given by P(A), and thus P(A) is the expected
performance of the logical device.

Earlier it was pointed out that the weights in the
logical device control the slope of the hyperplane in
the input space of the model, while the threshold
controls the location of the plane in that space. Thus,
with the threshold set at an extremely negative value
the hyperplane will lie outside the binary n-cube in
that space, and all points in the input space will be
mapped as — 1. As T is increased in value the
hyperplane will pass through the binary n-cube,
changing the mapping of the points in space to + 1
until 7' is extremely positive and all points are
mapped as a + 1. With T extremely negative all
points in the input space are mapped as — 1 and
Equation 7 becomes

P(4) = é;l P(Dy = —1]|Cy) )

If the index k is arranged so that the sequence
k=1,23,...,2" corresponds to the first, second,
. .., 2"th point in the input space to have its mapping
changed to + 1 as T"is increased, then the perform-
ance will have the sequence of values.

2n
Py(A) = k}_:,lP(Dk =-1|Cy
for T extremely negative
on
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increasing T'

Py(4) = é:l P(D, = +1]|Cy) + gsP(Dk

=—1]|Cy

v
on
P, (A) = kZlP(Dk = +1 | C}) for T extremely positive
as T is increased from negative to positive. In addi-
tion, if Po(4) < Py(4), then P(D, =-1|C)) <
P(D; =+ 1| C) and C; should be mapped
as a + 1. By comparing P,(A) with P,(A4) etc., it
can be shown that if the performance continuously
increases as T is increased, points in the input space
are continuing to be mapped correctly as +1. When-
ever the performance decreases for increased T, that
point should not be mapped as +1. From this result
it is possible to prove that if P(A) increases monoton-
ically to a maximum (peak) value and decreases
monotonically thereafter, then the mapping function
corresponding to T set at the peak is the best possible
mapping function for that particular input space.
This is easily shown since, for T set at the peak, the
performance is

P(4) = 3 P(Dx = +1]C) + 3 Py = =11y
and foreach 1 <k <<

P(Dy =+1|Ci) > P(Dy =—1]|Cy)
and foreachi + 1 <k <2,

P(D, =—-1|Ci) > P(D, =+1]|Cy)

By using similar arguments it can be shown that:if
there exist m groups of +1 points in the input space
that are separated from each other by a group of —1
points, there will be at least m peaks on the perform-
ance curve. A sample performance curve vs. threshold
for m = 1 is shown in Fig. 4.

P(A)
PERFORMANCE

.
i
i
'
|
|
t
]
'
H
'

Topt

!
THRESHOLD

Fig. 4—Performance curves with one peak.

Equation 7 gave the performance of the logical
device in terms of the performance for each input
combination. The index & was associated with the
sequence of points that change their mapping func-
tion as T is increased. When a given weight, w,, is
changed, the hyperplane will rotate and another
sequence of points will change their mapping func-
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tion. Thus, the same results that applied for the
threshold can also be applied for each weight of the
device, and a curve of the performance as a function
of w, can be plotted. Again it can be shown that as
the performance increases a group of points in the
input space is being correctly mapped, and as soon
as the performance decreases a point is being incor-
rectly mapped by the change in parameter of the
device.

PLANE OF
FIRST

DEVICE i‘ 1

) (2) (3)
DESIRED FUNCTION FIRST LOGICAL DEVICE INPUT SPACE OF
SECOND LOGICAL DEVICE

POINTS

Fig. 5—Synthesis with two logical devices.

The addition of other logical devices can be accom-
plished by letting each one adapt to a group of
separated points in the input space. For example,
consider the input space shown below. Here, since
there are separated groups in the input space, a single
logical device cannot realize the desired function.
However, a single logical device can realize the
function shown in Fig. 5-(2). If the performance
curve of this logical device is plotted against its
threshold it will have two peaks. One peak will
correspond to the function shown in Fig. 5-(2) and
this logical device should be adjusted to realize that
function. Every time the first logical device has an
output of +1 the desired output of the second
logical device should be —1. This makes the input
space of the second logical device be as shown in
Fig. 5-(3). Clearly this is a linearly separated func-
tion and can be realized by the second logical device.
By feeding the outputs of these two devices into an
or function, the desired function is-obtained. It can
be shown that the most difficult logical function to
mechanize in this manner is the alternate symmetrie
or even-odd functions. In .this case it requires 2-7!
logical devices all feeding into an or gate to realize
the function.

AN ADJUSTMENT PROCEDURE

Having related the performance of the device to
the change in parameter values, an adjustment
procedure can be devised for the adjusting system.
Briefly, the procedure is to start with a single logical
device and make a guess at initial values for weights
in the device. It has been demonstrated experi-
mentally and justified mathematically that good
results are obtained if each weight is initially set to
the value of the cross-correlation between the partic-
ular input and the desired output.! This quantity
is computed from the equation

41 41
wk=2 inDfP(IhD:):P(Ik:D)-—P(Ik=D)
1

i= —1 j= —
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For certain processes this initial setting is not the
best one to make; however, it is good for the types of
processes considered in the demonstrations. Then
vary the threshold from extremely negative to less
negative values and measure the performance for
each value of T. If the performance increases, in-
crease T and measure the performance again. If the
performance decreases adjust the threshold back to
the peak. Then increase the weights one at a time
until a peak is obtained for each weight. The thres-
hold and weights should be re-adjusted until any
change in any parameter causes a decrease in per-
formance. At this point the hyperplane has a group
of points on one side that are correctly mapped, and
all points closest to the other side of the plane require
the opposite mapping. Then T should be increased to
an extremely positive value and a measure of the
performance recorded for each value of T. If the
performance monotonically decreases for increasing
T then the single logical device with T set at the peak
realizes the desired truth function for the process. If
the performance curve has another peak as 7T is in-
creased, then a single logical device cannot realize
the desired function, and other logical devices must
be added.

Because the adjusting. system obtains only a
measure of the P(A) function, the measured per-
formance may deviate from the theoretical perform-
ance. When this happens the performance curve will
not look like the one shown in Fig. 4, but rather will
have many small peaks and valleys as shown in Fig.
6. On this measured performance curve a slight
decrease in the measured performance may be due
to sample-size effects of measuring. Therefore con-
fidence limits must be established by the adjusting
system to determine if the performance has actually
decreased, or if the decrease is due to measurement
errors. Thus, statements about the performance of
the logical system must be modified to include
confidence limits. As an example, with 95 percent
confidence the performance curve has only one peak
and therefore with 95 percent confidence the logical
system is realizing the best possible function for this
process.

PERFORMANCE

I
THRESHOLD

Fig. 6—Measured performance curve.

The process of determining a peak on the per-
formance curve can be speeded up by assuming a
slowly changing curve and by selectively sampling
the curve. Consider the curve shown in Fig. 7. This
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curve is first sampled at n + 1 equally-spaced values
of T. Because the curve increases monotonically to
a peak and then decreases, one peak must be be-
tween the first and third sampling. The curve is then
sampled 7 times in this region. The peak must now
be between the second and sixth samples so the
curve is sampled n times in this region, and this
process is repeated until the peak has been deter-
mined. This process can be shown to converge
geometrically to the peak.

THIRD SAMPLING

SECOND SAMPLING

FIRST SAMPLING

Fig. 7—Successive sampling of the performance curve.

PaTTERN RECOGNITION DEMONSTRATION %4

The devices and the adjusting system were simu-
lated on the IBM 704 computer and four demonstra-
tions of the self-organizing logical system were made.
Three of these were character-recognition problems
and one was waveform recognition. In the character-
recognition problems the network of logical devices
was to be adjusted until it realized an optimum truth
function for distinguishing one group of characters
from another group in the presence of noise. The
initial settings of the weights was the cross-correla-
tion and in each demonstration this was a setting
which gave optimum performance. In each case the
noise-free characters were arranged in a fixed m X n
array of squares just large enough to contain the
characters. Noise was introduced into the characters
by selecting each of the squares in the array, one at
a time ; the representation of each square was changed
with a probability, p, and was left unchanged with a
probability, 1 — p.

Demonstration 1:
Variables

Recognize 5 and S; 25 Binary

In this problem the system was required to dis-
tinguish a 5 and a shifted 5 from an S and a shifted S
in the presence of noise. The noise-free and noisy
characters are shown in Fig. 8.

EEEE

5
SHIFTED
NOISE-FREE CHARACTERS

B a s

SHIFTED

SHIFTED

SHIFTED
NOISY CHARACTERS

Fig. 8—Characters in Demonstration 1.
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With 1.5 minutes of computer time, 2192 inde-
pendent samples of noisy characters, and a single
logical device the 5’s were distinguished from the S’s
with 98 percent recognition. Because of the noise
this was the best possible theoretical performance
for this process. The performance curves were
sampled three times to determine the best setting of
the threshold. These curves are shown in Fig. 9.
Since the adjusting system used a confidence limit of
99.5 percent, it is 99.5 percent certain that the self-
organizing system was realizing the best Boolean
function for this process.

ANCE
1o

FIBT SAMPLING

PERFORMANCE PERFORMANCE
968 PERCENT

[1.0 PERFORMANCE ——yvJ 1.0

a‘ﬂﬁo—m—-T———m—‘- T

-6 +6
SEC(ND SAM’LING THIRD SAMPLING

Fig. 9—Sampling of performance curve, Demonstration 1.

Demonstration 2: Recognize 5, S and 8; 49 Variables

In this problem the system was required to dis-
tinguish a 5 from an S and an 8 arranged ina 7 X 7
array. Noise was introduced in the same fashion as
in Demonstration 1. The noise-free and noisy char-
acters are shown in Fig. 10.

B & 8

5 —e+1 S —= i 8 —l

NOISE-FREE CHARACTERS

g1 8 &

5—t| 8 —-i

S ——

NOISY CHARACTERS

Fig. 10—Characters in Demonstration 2.

It required 1.6 minutes of computer time, 1337
samples of noisy characters, and one 49-input logical
device to realize an optimum truth function for this
recognition problem. The sampled performance
curves for this process are shown in Fig. 11, and
again there was 99.5 percent certainty of realizing
the best possible Boolean function.

Demonstration 3: Recognize OF, AT, TO, and IN;
50 Variables

In this problem the system was required to distin-
guish the word OF from the words AT, TO, and IN
displayed in a 10 X 5 array. Noise was introduced
in the same manner as before. The noise-free and
noisy characters are shown in Fig. 12.

It required 1.1 minutes, 718 samples of noisy char-
acters, and a single 50-input logical device to realize
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PERFORMANCE
to

Al
_ulllle

SECOND SAMPL!NG

PERFORMANCE
10

111D

-40 -30 ~20 -0 O 10 20
THIRD SAMPLING
PERFORMANCE

10 97 PERCENT

PERFORMANCE
— + + 1 , —T

-40 -30 -20 -0 O 10 20 30 40
FOURTH SAMPLING

P

30 40

Fig. 11—Sampling of performance curve, Demonstration 2.

BE &F O TH

OF +1 at < To - N -
NOISE-FREE CHARACTERS
of +H at -1 10 -1 » -
NOISY CHARACTERS
Fig. 12—Characters in Demonstration 3.
PERFORMANCE
100 PERCENT
PERFORMANCE 10
-2 -0 -8 -6 -4 -2 2 10 |1

FIRST SAMPLING
Fig. 13—Sampling of performance curve, Demonstration 3.

the optimum function (100 percent recognition) for
this problem. The single sampled performance curve
is shown in Fig. 13.

Demonstration 4: Recognition of Waveforms

The fourth demonstration problem for the self-
organizing logical system was to distinguish one
waveform from a similar waveform in the presence
of noise. The two waveforms were quantized into 36
discrete instants of time and the amplitude at each
instant was coded into a 6-bit binary code. Thus, the
binary representation of a waveform required the
combination of 216 binary bits. Noise was introduced
so that the greatest amount of noise appeared in the
least significant bits of the amplitude code, and the
least amount of noise appeared in the most significant
bits of the amplitude code. Examples of noise-free
and noisy waveforms are shown in Fig. 14.
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AMPLITUDE AMPLITUDE

WAVEFORM { TIME WAVEFORM 2 TIME
NOISE FREE NOISE FREE

(+1) =1

AMPLITUDE AMPLITUDE

|
|

L u\"!lu

WAVEFORM | WAVEFORM 2

WITH NOISE WITH NOISE
(+1) -0

Fig. 14—Waveforms, Demonstration 4.

The self-organizing logical system required 0.9
minutes, 987 samples of noisy waveforms, and a
single 216-input logical device to distinguish the
waveforms with 100 percent recognition. A sampling

of the performance curve is shown in Fig. 15.
SAMPLING POINT  PERFORMANCE

T

TIME TIME

I

-ss —2 4
Fig. 15—Samphng of perfonnance curve, Demonstration 4.

CONCLUSIONS

From the results obtained in the simulation studies,
it appears that this technique of self-organization
allows solution of many practical pattern-recognition
problems. These problems could take a variety of
forms, from visual recognition to speech recognition,
and more complicated data reduction problems such
as binary predicting and filtering in the presence of
noise. The time and amount of data required for the
system to “adapt” to a given arbitrary task seem to
be within practical limits. It is not known what the
equipment requirements would be for a general
self-organizing system, and a variety of more diffii-
cult pattern-recognition problems are needed to
determine the versatility of a ‘self-organizing’
logical system requiring many logical devices.
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Alpha-Numeric Character Recognition
Using Local Operations

J. S. BOMBAY

1.0 INTRODUCTION

HIS PAPER describes a demonstration of the
Trecognition of thirty-four alpha-numeric char-

acters. The IBM 704 EDPM was used as a tool
to study the method which led to this demonstration.
The Generalized Scanner! was used as an input
transducer for this study.

The method of character recognition which was
used here is to extract from the character its ‘“‘essen-
tial”’ features and then recognize it from these fea-
tures. For this study such features as horizontal,
vertical, and slant straight lines, and intersections
of lines have been used.

These features have been extracted by means of
local operations. A local operation is a transformation
which produces a small section of a new pattern, or
field, from data in a corresponding small section of the
original pattern (Fig. 1). An entire pattern is trans-
formed by considering all of the small sections, where
each section is considered independently. Here, the
pattern area was divided into a sixty by ninety array
of bits (t.e. either black or white spots) in order to
quantize the visual impression of a character. A typi-
cal local operation section would consist of fifteen bits.

/— LOCAL AREA
Pij Yij
P -y
! —— = - — —=ETC
—J
ORIGINAL RESULT

Fig. 1—Illustrated definition of a local operation. A ‘“local area” is a
configuration of spots not necessarily square as drawn which is
examined by the program. The position p,, of the local area is
defined as the position of one particular spot in the configuration;
e.g., point p in figure 8 and y., is the spot which is made into a
“1” if the spots found in the local area indicate the presence of a
specific feature. Both p,, and y,, have the same coordinates (z, ).

Since p., scans all points in the original patterns, the resulting
pattern must contain the same number of points as does the
original.

In order to extract a specified feature, the whole
pattern is processed and the resulting pattern then is

blank unless the desired feature was present in the
original pattern.

t Bell Telephone Laboratories, Incorporated, Murray Hill, New
Jersey.

AN\ S/

I 2

[ S AN
2 <

Fig. 2—Features extracted by Feastract. Only features above the
dashed line were used for recognition. The numbers are to identify
the features for Fig. 12.

The procedure for recognition is as follows. Furst,
the characters are processed by a program which
reduces the noise in the field by the method of local
averaging?. In this method, the value of the majority
of spots in a three by three rectangular local area
dictates the value of the center spot in the new
pattern. This process is more effective if it is repeated
twice. Second, the line width is standardized. Since
the matrix granularity is such that a typical line
trace as written is always greater than four matrix
elements thick, a line-width standardizing operation
can extract the middle four matrix locations. Third,
the features as shown in Fig. 2 are extracted. These
are:

(a) straight lines which are horizontal and vertical,
and slant straight lines which are at =+ 45
degrees, + 30 degrees, and =+ 60 degrees from
vertical :

(b) all four orientations of T- and L-intersections,
and

(c¢) selected orientations of V-intersections.

The local areas (as defined in Fig. 1) which are used
to extract these features, have the same shape as the
desired feature. There are seventeen different features
for which the original pattern is examined. In effect,
a complete pass is made through the pattern for each
feature and whenever a local area in the pattern
matches the interrogation local area, a mark is made
in a corresponding output matrix. This is done for
each of the seventeen different features, thus generat-
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/ 80 \

|

7

Fig. 3—Division of pattern field. The field consists of a
60 x 90 array of bits.

ing seventeen ‘‘new pattern fields.” Fourth, these
fields are divided into nine equal rectangular areas
(shown in Fig. 3). The prevalence of spots in certain
areas is used to indicate the general position of the
feature (7.e. top or bottom) and its significance (i.e.
whether a straight line is long or short). Fifth, the
recognition is done from the detection of the presence
of features. In most cases, it was only necessary to ask
whether a given feature was extracted. However, with
the limited variety of feature types which were used
in evaluating the method, it was necessary to ask
further questions about a few features such as hori-
zontal and vertical straight lines. The identification
was done with combinational logic. The logic was
extended to allow some variation in character styles.

A B C D E F G
H J K L M N
O Q R S T U
\% X Y Z

s

I 2 3 4 5 6 7

8 9 O

Fig. 4—Typical style of hand printed
block capital alphanumerics.

Hand printed, block capital letters and numbers of
the style shown in Fig. 4 can be recognized by this
method. These are the letters “A” through “Z’’ and
the numberics ““1” through “0”; a ‘“‘one”” and “I”’,
and “zero’” and ‘0, are not separately distinguished.
The characters may vary from full to one-half size
vertically and horizontally. The line widths may
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vary horizontally and vertically, from a minimum
average of four matrix elements to a maximum aver-
age of ten matrix elements. The characters must
roughly be centered when they are less than two-
thirds full size, and must be reasonably free from tilt.

2.0 INpuT METHODS

The visual impressions have been transferred into
the 704 by a manual and a machine method, both of
which are described below (see 2.2 and 2.3).

The visual image is first quantized by dividing the
pattern field into square elements and giving each
element a value of “0” or “1” depending on whether
the field is light or dark at that point. In this study
the character lines were dark on a light background,
and these character lines are represented by the bit
locations which are ones.

The image, which then consists of “0”’s and ‘‘1’’s, is
stored in the computer in this binary matrix form.

Each 60 element row of the matrix is split in half
and each half is stored in the least 30 significant bits
of a 704 core word. The rows are in 90 consecutive
pairs of storage locations.

2.01 Matrix Size

A 60 X 90, 5400-element matrix was chosen
because:

(1) It is large enough so that quantizing errors
should be negligible.

(2) It is large enough so that the edges of the
pattern need not be covered by the local opera-
tion if the character is more or less centered
(thus, it was not necessary to program the
special cases which occur when the local area
is only partially present as would happen at
the field edge. As you will see later in the dis-
cussion of feature extraction (see Fig. 10),
since the largest local area used extends 7
spots from the local area center, the effective
size of the matrix is thus 46 X 76.)

(3) Its width will just fit the printer which we use
with the 704, (119 available type wheels are
used to print the pattern with every other one
printing a blank. The blanks are printed to
limit the distortion of the field which the
printer introduces because (a) in the original
quantization the matrix elements are square
whereas (b) on the printer the elements are
rectangles whose height to width ratio is 6 to 5
when the blanks are printed and 6 to 10 when
they are not).

2.2 Manual Procedure

In order to test the programs and to try sample
characters before the Generalized Scanner' was
finished, test patterns and characters were made up
on IBM cards.
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Fig. 7—Character “D” after local averaging twice.

Fig. 5—Local area for local averaging (3 x 3 array).
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Other criteria for the 3 X 3 local area and a 5 X 5
local area with a variety of criteria were tested. The
3 X 3 local area and the criteria of the previous para-
graph were found to be the most satisfactory of the

possibilities which were studied.
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extract a different feature. However, for purposes of
study, it was convenient to arrange a local area in
the manner shown, a radial pattern which enabled
me to vary both the criterion for extraction and the
shapes of the features which are found to be most
suitable.

It should be noted here that this local area, as
applied in this program, is used for local operations;
however, if the number of points at which the local
area is used is limited to fewer than all points in the
overall pattern, then this local area falls into the
class of feature extraction methods which can be
called radial or polar scan methods®. There is one sig-
nificant difference, however, between the polar scans
and this scan. That is, each radius in my local area is
required to contain ‘“‘a’” spots (where ‘“a” = the
number of spots in the entire radius, or nearly all
spots to allow for some noise) whereas in the polar
scans each radius is only considered from the view-
point of crossing a line. That is if any radius contains
any spot, it is considered to have crossed the line for
the polar scans.

4.2 Effective Operation of Feastract Program

In order to clearly present the feature extraction
process, the details of the Feastract program will be
omitted. Thus, we will discuss the feature extraction
process.

Let us consider a specific feature as an example,
namely an L-intersection. The local area for an L-
intersection consists of radii 1 and 13 and the spot
“p’’ as shown in Fig. 10. The spot “p’’ with its associ-

ated spots is moved over the pattern field in a scan-

FI (=)

/ N\

F2 (1)

I
|
1 ETC

Fig. 11—Original pattern (0) and buffer images (F1, F2, etc.)
which result from feature extraction process.
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ning manner. Whenever all spots in this local area
are found to be ‘“‘ones”’, a one is written in a buffer
image for the L-feature at the same coordinates which
“p”” has. Since the original pattern is not changed
during the above process, the entire operation could,
of course, be done in parallel.

The same process can now be done for each feature
which we wish to extract.

The result is a group of buffer images, one for each
feature. Fig. 11 illustrates schematically some buffer
images which would be produced from the original
pattern. Each buffer image contains one feature.

After all of the spots in the original pattern have
been examined and the results of the feature extrac-
tion process stored in various pattern buffer images,
the program proceeds to examine each of these buffer
images, and it determines whether or not there were
any spots corresponding to the given feature in each
image. If a spot is found in a buffer image, the pro-
gram determines in which of nine areas the spot lies,
as shown in Fig. 3. A series of counters are used to
remember how many spots lie in each area of the
field for the feature under question at the time. When
the buffer image for a given feature has been com-
pletely scanned and the number of spots in each area
of the field have been recorded in the counters, then
the result is transferred to the recognition program
and also printed out. The basic program was designed
so that it would handle up to 50 features.

Note that this feature extraction program does not
consider the feature “closed loops” (as encountered
in a well-formed B). Although closed loops can be
extracted with local operations?, they are not a neces-
sary feature for recognition of the symbols which
were used here.

4.8 Output from Feastract

Typical information which is transferred from
Feastract to the recognition program is shown in the
following list for one feature. This list consists of —
the identifying feature number and — the number
of spots for the given feature which were found in
each area of the field (Fig. 3).

Reguster

Contents
Feature Number 2
Top Right 27
Middle Right 78
Bottom Right 24
Top Middle 0
Middle Middie 0
Bottom Middle 0
Top Left 30
Middle Left 59
Bottom Left 16

These numbers resulted from the extraction of verti-
cal lines (Feature Number = 2) for an H.
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Fig. 12—Recognition tree — logic diagram. The feature numbers at
each branch point are identified in Fig. 2. At each branch point
the upper branch is followed if the feature is present.

5.0 REcogNITION FROM FEATURES

Recognition is accomplished by combinational
logic with the features as the input variables. Since
there is a two-way choice corresponding to the
presence or absence of each variable, the logic takes
the form of a logical tree (Fig. 12). However, before
the actual recognition takes place, certain preprocess-
ing can be done on the features and their locations.

5.1 Preprocessing

A series of subroutines were written to take the in-
formation from Feastract and to partially interpret
this information to answer such questions as, “how
long is a horizontal line”’? The detailed specification
of said question would be, ‘“does a horizontal line
cross three areas in a horizontal row in the field”’?

We can now consider more details of the answer to
the above question. A general statement of the cri-
teria for answering the question is: ‘“Horizontal lines
are considered to be long, if all three areas of the field
in a horizontal row each contain more than two marks
which were identified from horizontal feature sec-
tions.” In other words, first, all those areas with only
two marks indicated in the new or transformed pat-
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tern are eliminated. Second, a test is made to see if
there are horizontal features in the three top areas.
The same thing is repeated for the three middle areas
and then for the three bottom areas. The results are
stored in registers called TOP, MIDDL and BOTOM.
Third, it is then possible to say that if the TOP
register has the number three in it, there is a long
horizontal line at the top. When there is a number
one in it, then there is a short horizontal segment in
the top. Thus, the number and length of horizontal
lines can be determined for characters which have
the restrictions as indicated in Section 1.0.

The same procedure which was used for horizontal
lines can be applied to vertical lines. In this case, the
information is stored in registers called LEFT,
MIDLE and RIGHT.

There is also a subroutine to determine if there is,
for instance, only one horizontal line in the field.
The same procedure could be applied to slant lines.
However, for this particular recognition tree, it was
not found to be necessary to apply this type of pre-
processing to other than horizontal and vertical lines.

5.2 Recognition

As indicated in Section 5.0, the recognition pro-
ceeds as a series of binary choices. The majority of
tests which were used to make these choices are the
following two:

(1) The presence of a feature is determined by
testing the computer memory location of the
feature number for non-zero. (See Section 4.3).

(2) The presence of a feature in one of the nine
field areas is likewise determined, except that,
in some cases, a minimum number of spots is
required in the test. The other tests which were

used are discussed in Section 5.1.

When a terminal branch of the recognition tree is
reached, the identified character is printed.

It is interesting to note in Fig. 12 that a great many
more characters result from all of the tree branches
than just the 34 which we initially started with.

We thus have evidence from this tested recognition
tree that, even with the restricted input patterns
which we have used, redundancy has to be included
in the recognition logic. Some subtle variations in
characters have only become apparent when they
were encountered in testing this recognition logic.

6.0 ExTENsIONS OF Tuis CHARACTER RECOGNITION
APPROACH

This character recognition approach, which I have
described, has been used to actually recognize charac-
ters in order to show that it works. Here, in this feasi-
bility demonstration, only a few of the features which
can be extracted with local operations have been
used. It seems clear that if the local area of Feastract
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were used for other features which it ean extract
(ends, curved segments), many of the restrictions
which have been here (Section 1) imposed on the char-
acters could be removed. Along this same line, if other
local operations, such as concavities as described by
Unger,* were included, the field would not have to be
divided and thus larger variations in the characters
could be admitted.

Unfortunately, there does not seem to be any good
orderly way to specify the most desirable features or
to specify the local area or local operation to extract
a given feature. Fortunately we can use the 704 to
test possibilities without the long process of building
hardware. Nevertheless this is still a trial and error
process.

Also, the logic for the recognition for this demon-
stration allows only limited variations in the charac-
ters. Although to the human being, characters of a
wide variety appear to be the same, very often these
characters are actually quite different from their fea-
ture viewpoint. Seriphs, slanted characters, and deco-
rations tend to make the character into a different
symbol. Thus, in an identification procedure which
utilizes features, whether they be the normal features
as specified by a human being or some special param-
eters which are not normally recognized by human
beings, these various forms must be treated as sepa-
rate symbols. The identification procedure could be
lengthened to allow other forms of characters to be
recognized.

Finally, unless self-organizing systems rapidly be-
come a lot more sophisticated than they are now, any
machine which we build to recognize large alphabets
of characters of unspecified style will probably use a

1959 PROCEEDINGS OF THE EASTERN JOINT COMPUTER CONFERENCE

combination of several recognition methods, along
with feedback to make more and more complicated
tests until there is a high enough probability that
there is a correct identification or a rejection.

7.0 CoNCLUSIONS

It has been explained how features may be detected
to recognize certain isolated alpha-numeric characters
by using the local operations mentioned above.

Three sample alphabets were tested on an IBM 704,
and the characters in these alphabets were separately
recognized. With this limited amount of test data, it
was felt that any attempt to specify allowable
signal-to-noise ratio, character distortion (such as
tilt) or a recognition error-rate would not be
meaningful.

Others*® have shown the power of using other local
operations for this same purpose. Only a few of the
many possible local operations have been investi-
gated, and it seems likely that this approach will be
useful not only for character detection but also in
other areas of pattern recognition.
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Pattern Recognition and Reading by Machine

W. W. BLEDSOEt AND I. BROWNING#Y

INTRODUCTION

ANY EFFORTS have been made to discrimi-
M nate, categorize, and quantitate patterns, and
to reduce them into a usable machine language.
The results have ordinarily been methods or devices
with a high degree of specificity. For example, some
devices require a special type font; others can read
only one type font; still others require magnetic ink.
We have an interest in decision-making circuits
with the following qualities: (1) measurable high re-
liability in decision making, (2) either a high or a low
reliability input, and (3) possibly low reliability com-
ponents. The high specificity of the devices and
methods mentioned above was felt to be a drawback
for our purposes. All of these approaches prove apon
inspection to center upon analysis of the specific
characteristics of patterns into parts, followed by a
synthesis of the whole from the parts. In these
studies, pattern recognition of the whole, that is,
Gestalt recognition, was chosen as a more fruitful
avenue of approach and as a satisfactory problem for
the initial phases of the over-all study.
In addition, we chose to concentrate upon the rec-
ognition of alphanumeric patterns, rather than upon
other pattern types, for the following reasons:

(1) Convenience. Results can be handled easily
since it is possible to use conventional print-
out equipment. Furthermore, we could exploit
our own familiarity with letters and words.

Background. Research on alphanumeric pattern
recognition has been vigorously pursued, and
we were therefore able to make use of the rela-
tively large literature on the subject.

)

Usefulness. Success in our efforts would make
available a technique which society needs and
can use immediately, even though such a result
would be only a by-product of our over-all
study.

Because typewritten numbers were recognized
without error in the cases considered, the investiga-
tion quickly shifted to hand-blocked print and finally
handwritten script characters as displaying greater
complexity and increasing individual variability. In
this way the decision making powers of the system
were more fully challenged.

Since a numerical output is the inherent mode of
expression of a digital computer, our work was aimed
at developing a numerical score for each pattern ex-

1 Sandia Corporation, Albuquerque, New Mexico

amined. The basic method employed to obtain these
scores and to use them to identify each pattern
uniquely will be described in the following section.
Then various expansions and variations of the method
will be covered. Finally, a method of extending iden-
tification by contextual relationships will be described
briefly.

It may be mentioned at this point that this system
is highly general — that is:

(1) It handles all kinds of patterns with equal
facility.

(2) Because it does not depend upon absolute pat-
tern-matching, it can identify a pattern which
is not exactly like, but only similar to, a pattern
it has previously learned.

(3) It does not depend significantly upon the loca-
tion of a pattern on the photomosaic for iden-
tification.

(4) It is only partially dependent upon the orien-
tation and magnitude of a pattern for identi-
fication.

It would also be well to mention the two major dis-
advantages of the system:

(1) When the learned patterns are quite variable,
the memory can be saturated, especially in cer-
tain cases.

A very coarse mosaic, especially if it has incon-
stant photocell performance, produces images
of small letters which do not contain enough
information for recognition. See, for example,
the sixth character, an e, in Fig. 2b. The large
letters, however, do not present this problem.

(2)

However, both of these disadvantages can be at least
partially overcome; the first, by various techniques
to be described later; the second, by using a mosaic
with more photocells.

Basic METHOD

Of prime importance in this method is the way in
which pattern discrimination is provided. The best
way to describe the process is by example.

We start with a 10 X 15 photocell mosaic (this size
being chosen because of immediate availability), the
elements of which are related to one another as 75
randomly chosen, exclusive pairs. Fig. 1a shows the
mosaic and two such randomly chosen pairs (1,1, and
2.2,). Images, letters for example, projected on the
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Fig. 1(a)—The photomosiac and two of the randomly chosen photo-
cell pairs. The four digital groups to the right are the four possible
states of each photocell pair.
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Fig. 1(c)—The system learning the letter I in another position. Note
that the memory experience shown in the previous figure remains.

mosaic will produce characteristic patterns, examples
of which are shown in Figs. 2a and 2b as they appear
on IBM cards. For computer convenience, the light
values of an image on the mosaic are rendered in a
binary system which treats dark as 1 and light as 0.
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Fig. 1(b)—The system learning the letter I in a central position.
Only two of the 75 pairs are shown.
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Fig. 1(d)—The system learning the letter I in a third position. The
check marks to the right show all possible combinations of these
two photocell pairs for the letter I.

When an image is on the mosaie, each pair of photo-
cells (the members of which are ordered for this pur-
pose) will represent the light values of the image as
a two-bit number. Each pair of photocells has there-
fore four possible states — 00, 01, 10, and 11.

Fig. 2(a)—Hand-block print as it appears on IBM cards.
(Top—A, C, E; Bottom—N, M, H.)

Fig. 2(b)—Handwritten script characters as they appear on
IBM cards. (Top — w, 1, 0; Bottom — s, 1, e.)
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In the memory matrix of the computer, a 36-bit
computer word is assigned to each state of each pair,
giving four words for each photocell pair or 300 com-
puter words for the 75 pairs. Furthermore, each bit
position in the 36-bit computer words is assigned a
pattern nomenclature. The sequence used in our ex-
periment was:

Position

1234567891011 12 13 14 15...35 36

Nomenclature
12345678 9 a b

This nomenclature sequence will hereafter be referred
to as an “‘alphabet.”

In order to demonstrate how patterns are
“learned,” we will use as an example the letter I.
First, a letter I is projected on the photocell mosaic
(Fig. 1b). Its image on the mosaic produces one of
the pair states (00, 10, 01, 11) for each of the pairs,
depending upon the amount of light falling on the
pair. Since all 75 pairs are involved, the resulting 75
states address 75 words in the memory matrix. For
each word addressed, a binary 1 is entered in the
nineteenth position, the position corresponding to the
letter being learned, I. Obviously, if the letter A were
being learned, a binary 1 would be entered in the
eleventh or A position, and so forth. The process de-
scribed constitutes the learning of a single letter I,
but whole series of letter I’s, differing in shape or
position or both, can be learned. For example, Figs.
1b, le, and 1d show the same I being learned in dif-
ferent positions, while Fig. 3 shows a case in which
two @’s have been learned.

cd e...y =z

STATE-123456789 ABCDEFGHIJKLMNOPQRSTUVWXYZ
[ |
1ST joi | |
PAIR |10 1
1}
00
2ND J 01 | t
PAIR) 10
11} |

3RD
1mma | \

00

75TH JoI [

PAIR |10 !
Ul 1 1

Fig. 3—The memory matrix with the characters B, G, and 5
learned. Note that two G’s have been learned.

Since not all the letter I’s will be in the same posi-
tion as the first, some different computer words will
be addressed. That is to say, there is a degree of in-
dividual character variability. However, no letter I
or combination of I’s will normally address the same
75 computer words as, say, a letter A would. This is
a key point: the very shape of a character, such as the
letter I, forbids certain states for certain pairs. The
existence of these forbidden states lies at the heart of our
method, for without them the logic would saturate. In
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sum, different patterns have different forbidden states
and consequently score differently.

Now, suppose that we have taught the logic several
alphabets, proceeding for each character as for the
letter I above. We can then identify a specific un-
learned character, an A for example. A letter A is
‘“read” by imaging it on the photomosaic. Its image
will address the 75 computer words in the memory
matrix to correspond to the active states of the 75
pairs. Identification of the specific pattern in ques-
tion is made by comparing the unknown image with
the previously learned characters. In practice this is
done in the following way:

(1) The binary 1’s in position one (the position
corresponding to .) are added up for all of the
75 computer words addressed by the unknown
pattern. The score obtained shows the simi-
larity of the unknown pattern to the . pattern.

(2) The same process is repeated for the other 35
positions, with the result that 36 mumerical
scores are obtained.

These scores are compared by the computer,
and the highest score wins. That is, the un-
known pattern is identified with the character
occupying the position scoring highest. If there
is a tie for highest score, the computer arbi-
trarily selects one of the highest scores as the
winner. Note that the highest score possible
is 75.

Fig. 4 shows an example of scoring for hand-block A
and 7. Fig. 5 shows scoring for much more highly
variable patterns, namely, handwritten a and ¢.

It will be noted that if an image corresponding
exactly to the unknown image had been learned be-
fore by the matrix, a scoreof 75 would be made at that
position. Again, if by learning several similar patterns
(4’s, for example), all of the pair states now being
addressed had been learned, a second 75 would be
made. However, in most cases, an unlearned charac-
ter will not make a perfect score. The degree of simi-

le:? V
CDEFGH RSTUVWXYZ

. L T
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Fig. 4—Comparative scores of hand-block letters.
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Fig. 5—Comparative scores of handwritten letters.

larity is measured by comparing the magnitude of
the various scores with a perfect score of 75. Discrimi-
nation is defined as the difference between the score
of the correct character and the next highest score.
It can be seen that what actually happens in this
process is that the images, both those learned and
those being read, are transformed into a new space
(the memory matrix) and are there compared for
identification.

Locic ExpaNSION AND M ANIPULATION

Our studies and experiments moved outwards from
the basic method to include a variety of modifications
and variations. An attempt is made below to evalu-
ate each variation in terms of its final effect. It should
be noted that the combination of two or more of the
methods to be described results in substantial in-
creases in correct readings.

Different Photocell Groupings

In the examples cited, the photocells were grouped
as exclusive pairs. However, it is obviously possible
to use n-tuples in which n has any value from 1 to
150. Let us begin by comparing the system employ-
ing photocell pairing (n = 2) with a system in which
n = 1. In the latter case, each individual photocell
addresses only two computer words, since its possible
states are 0 and 1. The difference in the behavior of
the systems is striking. If we re-examine Figs. 1b, le¢,
and 1d, we note that-in learning several images of
the letter I, with n = 1, every single photocell would
exhibit the values 1 and O: this is so because the posi-
tion of the letter I changes. In other words, unless
the image on the mosaic is held within narrow limits,
the memory loses most of its discrimination value
with n = 1.

We can say then, that position is very critical in
the case of n = 1, and that it has less importance for
n = 2. A direct consequence of this difference is
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Fig. 6—Comparisons of the percent recognized for hand-block print
read with different n-tuplings: n = 1 (hatched bars) and n= 2
(solid bars). Note that when all five alphabets are learned together,
the percent for n=2 improves. In other words, for » = 2, the
ability to read improves with additional learning in the memory
matrix.
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Fig. 7—Comparison of percentage recognition of hand-block print
with different n-tuples. Five alphabets (labelled A, B, C, D, and
E) are considered singly, and then together.

found when the matrix is taught more than one posi-
tion or more than one example of a pattern. The
scores will improve if n = 2; for n = 1, they will not
improve and will probably deteriorate. Figs. 6 and 7
illustrate this characteristic with respect to five alpha-
bets learned separately and then in combination.
Marked improvement in the reading of this message,
which was written in hand-block print, was achieved
whenn = 2rather thann = 1. For the five alphabets
learned separately, the average percent of recogni-
tion with n = 1 was 56.12 percent; for n = 2, 54.01
percent. But for the same five alphabets learned to-
gether, the percentages are 46.42 for n = 1, and 67.63
for n = 2. (See also Figs. 8a and 8b.)

Remembering that n can equal any number from 1
to 150, we can ask what effect is produced when
higher n-tupling is used. The problem of pattern
recognition with a multichannelled system, such as
the one simulated for discussion here, has tradition-
ally been approached from one of the two extremes,
that is, n = 1 or n = 150. Consider the formula

S"x]X x C =1,
n
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where

S = the number of operational states of the photo-
cell. In the case being considered S = 2, for
the possible photocell states are 0 and 1.

n = the parameter for n-tupling.
N = the number of photocells.

C = the number of categories of patterns learned
and read (36 in the previous examples).

the number of storage sites in the memory
matrix.

L

The factors held arbitrarily constant in our experi-
ment were n = 2, N = 150, and C = 36. The tradi-
tional cases, as mentioned before, have involved
n =1 and n = N = 150. But the former has been
shown to deteriorate or at least not to improve appre-
ciably with learning. The latter, on the other hand, re-
quires a prohibitively large memory matrix (36 X 21,
using the same values as above), although its reading
ability would be perfect if enough learning experience
could be provided.

Let us summarize concerning these two extreme
conditions. If n = 1, there are no forbidden combina-
tions and therefore the memory will saturate with
the learning of successive characters which vary in

n=5

LETTERS AND NUMBERS RECOGNIZED

L3570 13 5 71 I35 7 0 I 35 7 it

NO OF 36 CHARACTER ALPHABETS

Fig. 8(a)—Scores made on handwritten script letters, showing that
for larger values of n, larger amourts of learning are useful.

LETTERS AND NUMBERS READ
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o
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1
50 100 200 00
LETTERS AND NUMBERS LEARNED

Fig. 8(b)—Material of Fig. 8(a) presented in different form.
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size, area, shape, or position. Such a logic has, con-
sequently, an extremely limited use. If n = 150,
saturation is impossible. But, even apart from the
impossibility of having 2'%° computer addresses avail-
able, images being read successfully would be re-
stricted to exactly those that had been learned be-
fore. This logic, then, has even more severe limitations.

Our method avoids these several disadvantages by
concerning itself with intermediate values of n, values
which provide the learning advantages of a large ex-
ponential matrix but which retain a memory matrix
more comparable in size to the photomosaic matrix.
For example, with n = 2, the formula for the logic
used gives:

22 X lg(—) X 36 = 10,800

The number of bits in the memory matrix for the
simplest case of a system not position sensitive, under
these conditions, is therefore 10,800.

Let us introduce another quantity, M, which will
be the number of photocell n-tuples utilized in a given
experiment. While M will normally be given by N /n,
larger M values can be obtained by non-exclusive
n-tupling of the photocells. We will have more to say
about the non-exclusive cases later.

In any event, it is obvious from the formula that a
larger memory matrix can be utilized if any of the
variables are increased. During the course of our
experiments, we used the following values:

n=12358
M = 30, 50, 75, 150, 128, 256, 512, 1024
C = 10 and 36

The experimental data suggest that a greater amount
of logic produces better discrimination. The primary
effect of varying » is that as n increases, the percent
of recognition increases with increased learning (Figs.
7, 8a, and 8b). However, a balance must be preserved
among the various parameters in order to utilize to
best advantage a given amount of logic and to mini-
mize computing time.

Non-exclusive n-tupling

Some experiments were made in which non-exclu-
sive n-tupling was used for the photocells. The num-
ber of n-tuples (M) used could in these cases have
any value. Tables I and II show that non-exclusive
pairing resulted in some improvement in the percent
of characters recognized. But this improvement was
at the expense of more storage space and longer com-
puting time. We feel that a larger gain in percent
recognized can be realized, for the same amount of
storage and same length of computing time, by in-
creasing the number of photocells (N) and continuing
to use exclusive n-tuples. In other words, we see no
real advantages in non-exclusive grouping.
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TABLE 1
ProGress IN REapiNg Hanp Brock Print
n-Tupling
Exclusive Non- | Alphabets Percent
exclusive | Learned Manipulation Read
1 1 None 39-72
5 1 None 28-66
1 5 None 46
3 3 None 78
2,3,5 2 Probability 77-84
2,3,5 3 Distribution 80-84
2,3,5 1 None 80-85
2,3,5 4 Rotating Origin 88-92
3 1 Rotating Origin 96
2,3,5 1 Context 94-100
2,3,5 1 Context-Positioning 98-100
TABLE 1I
ProGRrESs IN READING HANDWRITING
n-Tupling
Non- Alphabets Percent
Exclusive | exclusive | Learned Manipulation Read
1 1 None 26.14
1 3 None 30.68
2 1 None 25.00
2 5 None 33.64
5 5 None 34.55
5 3 Distribution 43.84
5 5 None 24.55
5 5 Positioning 53.15
5 11 None 50.00
5 11 Positioning 58.56
5 11 Rotating Origin 60.00
5 11 Context-Positioning 94.32
Positroning

A procedure for pre-positioning characters for
learning and reading by rotating an origin was at-
tempted and found to be profitable in special cases.
This rotating-origin technique is useful for digits and
for print, but will not work with handwritten script.
That is to say, if a character or pattern is separate
and distinet, it can have an origin rotated with re-
spect, to some reference. Handwriting (as contrasted
with the separate handwritten characters which we
used) has continuity, and there is no obvious origin
from which to start. Some method for separating
handwriting into its components would be required
before the origin of such components could be rotated
profitably.

For each character an origin is arbitrarily defined.
The character is then successively repositioned about
this origin in the following sequence of z, y values:
0,0;1,0;1,1;0,1; —1,0; —1,—-1;0,—1;1,—1;2,0; etc.
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Scores are obtained for each value, and the maximum
score made by a character in any of the positions is
chosen as the identifying score. This program in-
volved a considerable amount of computer time, and
is of interest mainly in connection with the possibility
of simulating conditions for ‘“‘servoing’’ the “eyeball.”
Such a feedback system appears feasible, since effec-
tive score criteria were found.

In a variation of the positioning program, the
characters were all relocated by the computer to the
upper left hand corner of the rectangle. This posi-
tioning, combined with the rotating-origin program
just described, gives the maximum probability of re-
claiming position-dependent data. This combination
provides the largest increases in effectiveness for the
n = 1 cases, those cases which we have seen are most
sensitive to position. Typical increases in percent
recognized for hand-block print with these techniques
are:

Original Positioning Rotating origin
80 84 89
72 88 90

Distribution Processing

A method of processing the data obtained from the
pattern scores was tried which was based on the en-
tire scoring pattern rather than upon the maximum
score only. The principle involved becomes clear at
once if Fig. 5 is re-examined. Note that the sets of
scores with respect to the previously learned letters
are quite different for @ and ¢. These different values
are apparently consistent in their differences. For ex-
ample, ¢ scores high for b, while a scores low for b,
and so forth.

The procedure is first to teach the memory matrix
several alphabets as a primary experience. Scores
made by one or more additional alphabets, constitut-
ing a secondary experience, are then averaged to give
a score distribution typical of each character. An un-
known pattern is compared with the memory matrix
in the usual way to obtain its distribution of scores.
This distribution is then compared with the typical
distributions and the one most similar to it is chosen.
For convenience, all of the scores were normalized,
so that the sum of the scores in each distribution was
one. Comparisons between two distributions were
made in these experiments by summing the absolute
values of the differences of the corresponding scores.
It might well prove useful to employ a correlation
technique in which a sum is taken of the products of
corresponding scores, but this has not yet been tried.

As an example of results, in one case in which hand-
written script characters were being read (n = 5, 3
alphabets learned), we found:

Undistributed 32.39%, recognized
Distributed 459, recognized
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A final approach in this effort was to introduce ten
arbitrary shapes for the primary experience (Fig. 9).
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Fig. 9—Arbitrary shapes which were taught to the system as a basic
distribution pattern for the subsequent reading of alphanumeric
handwritten characters. Each shape was learned in the position
shown and also in several positions resulting from lateral dis-
placement.

After these were taught to the memory matrix, three
alphabets were compared with the matrix to obtain
a ten-component distribution analogous to the 36-
component bar graph of Figs. 4 and 5. The three
ten-component distributions were averaged. New
alphabets could then be read by the distribution-
comparison program. For handwritten script the re-
sults of this program were:

Undistributed 32.39, recognized
Ten-Component Distribution 519 recognized

This program was novel in that it involved two
steps of disorder; that is, two arbitrary operations —
random pairing and comparison with arbitrary con-
figurations — were performed on patterns before
attempting to read order out of them. It is also im-
portant to note that by using only 10 shapes instead
of 36, a considerable saving in computer time is
realized.

Probability

The method of reading characters described previ-
ously utilizes a memory matrix which is taught by
a given set of experience patterns. Another method
was tried in which the contents-of several such mem-
ory matrices were averaged to obtain a ‘‘probability’’
matrix which was then used as the memory matrix
in the reading phase. The memory matrices used in

CHOICE NUMBER

n I hi 8 m hi's h'a MEAN o
HANDWRITING

2 © 31% 27% 32% 35% 35% 32% | 3.0

5 36% 33% 33% 37% 36% 3% | 7
HAND BLOCK PRINT:

2 78.5% 78.2% 772%  778%  80.% 78.4%| L.O

Fig. 10—Percentages of recognition for five different *
choices of random n-tupling.
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the averaging can be taught by different sets of ex-
perience patterns. An interesting (but not very sue-
cessful) special case is one in which each of the
matrices being averaged is taught only one alphabet
of experience patterns.

In the few cases tried with this method, the percent
of handwritten characters recognized was increased
as follows:

Original 289, recognized
Probability Matrix Used 529, recognized

Certain variations of this “probability’’ method
will undoubtedly yield some increase in percent
recognition.

Discrimination Criteria

The scores obtained for each pattern read by any
of the described methods lend themselves readily to
the establishment of diserimination criteria. That is,
if the standard of minimum margin is not met for a
given image, a secondary program can be evoked
which utilizes one of the higher (and probably slower)
logic treatments for higher resolution and/or dis-
crimination. Such a program would give the com-
puter a second, and ‘“more careful look” at a pattern
which was not clearly recognized on the first trial.

Randomness

Since the elements of the photomosaic are related
to each other by randomly chosen n-tuples, it was
decided to test the sensitivity of reading ability to
changes in the particular organization used. The
random (actually pseudo-random) n-tuples were gen-
erated by the following program. First a random
permutation, £(1), k(2), ..., k(150) of the num-
bers 1, 2, 3, ..., 150 was generated. Then the ele-
ments of the mosaic EE,, E,, ..., Es, were related
in this manner:

(Ek(l) y Ek(z) g e sy Elc(n) y (Ek(n+1) P
(Elc(150—n)) y e ey Ek(150))-

The test was made by using five different randomly
chosen permutations to read the same set of patterns.
The results are shown in Fig. 10. Although ad-
mittedly the sample was rather limited, indications
are that the percent recognized is fairly insensitive to
the variation, especially when the precent recognized
is high.
Context

Another method to extend the basic technique de-
serves special attention, for it produced the highest

percentage of correct readings. It is identification of
letters by word context, and it operates as follows:

-;Ek(2n),-~-,

1. Establish the length of an unknown word by
counting the number of characters between
spaces.
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-1 23456789atcdepalifgtdLmnopgr atanvwdty s

T 30 35 42 46 4445 39 43 46 45

H 25 37 40 40 40|45 47 37 45 38

E 38 43 43 47 49|46 42 42 a6 46/48 46 49 39

39 48 37 40 40(43 42 46 42 43
35 48 32 37 33|46 43 @D45 4

42 46 42 42 4

43 48 38 40 35[41 48 39 39 @939 36 36 39 434l

48 47 3| 31 34{37 44 31 31 47|33 33 30 33 37|4l

4] 44 42 50 44|48 48 49 47 47|50 46 44 48 46(43

NOTE: WINNERS WERE LN

CORRECT WORD:
A = 49; A =47, 2 =50;

OTHER WORDS:

a = 39, & =31, _e =50,
X = 48, ( =45, o =50;
X = 49; L =45, ¢ =50;

K; U AND E_TIED

n=3 M=50 Cl=396 Mu=0

AA 2 =49+47+50 = 146

asre =39+31+50 =120

Lize
ALl

= 48+ 45+50 = 143

= 49 + 45+50 = 144

Fig. 11—Scoring by context.

2. Establish, by the techniques previously de-
scribed, all the scores for all of the letters con-
stituting the unknown word.

3. Using a vocabulary of words of the length in
question, add in their proper order the letter
scores of each word in the vocabulary to obtain
a total score for each word.

4. The highest score wins.

Fig. 11 illustrates the whole process. Words can
be read by context (see Fig. 12), or, since each word
has a score, it would be possible to establish a similar
program to deal with phrase context.

The word the in the message in Fig. 11 won against
100 other three-letter words even though it was
badly misread letter by letter. The results shown

MESSAGE
THE COMPUTATION IS DONE BY THE USUAL MACHINE
FOR n =2 (11 ALPHABETS)
LETTERS
TKU GXMPYTYTTEN LU DEYT EY TTU UUEET MNQHTUU
CONTEXT

THE COMPUTATION |T DONE BY THE GREAT MACHINE

FOR n=5 (il ALPHABETS)

LETTERS

TKE GVMSUTUTIVN 2U DVUM BY TKU USMAD MNGHTUE

CONTEXT

THE COMPUTATION 1S DONE BY THE USUAL MACHINE

Fig. 122—Handwritten letters read by context.
Letters and words incorrectly identified are underscored.

in the table were obtained using a vocabulary of 677

most commonly used short words. Obviously a larger

vocabulary would result in decreased recognition.
Tables I and II summarize the results obtained for

reading hand-block print and handwritten script by
the basic method and by the various modifications
described.

Discussion

The problem posed by this investigation was: Can
a general program be utilized to attenuate the in-
formation contained in a higher-order matrix pattern,
while at the same time retaining enough of the
essence of the information to categorize the pattern.
Our results clearly indicate that this is possible. And
although such a program will be useful at once for
purposes of character recognition as is required in
general reading machines, it has a much broader
import.

A general program of this sort — as opposed to
such specific logical programs as pattern matching or
analytical character differentiation — will be useful
as a basic tool in our investigation of decision-making
circuits. This method could be expanded into such
areas as phrase context, the automatic reading of
books as a service to language translation programs,
etc. It should perhaps be re-emphasized that the pro-
gram identified typewritten numbers without error
in the cases considered. Handwritten script was pur-
posely introduced to challenge the program by offer-
ing it patterns of high variability.
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Discussion of Problems in Pattern Recognition

W. W. BLEDSOE, J. S. BOMBA, I. BROWNING, R. J. EVEY, R. A. KIRSCH,
R. L. MATTSON, M. MINSKY, U. NEISSER, anp O. G. SELFRIDGE

Various problems encountered in pattern recognition were
examined by an eight-man panel during the Thursday after-
noon session. The panel included O. G. Selfridge, M.I.T.
Lincoln Laboratory, Session Chairman; K. A. Kirsch,
National Bureau of Standards; M. Minsky, Massachusetts
Institute of Technology; U. Neisser, Brandeits University;
and the authors of the four preceding papers — R. J. Evey,
1.B.M. Corporation, ‘“Use of a Computer to Design Character
Recognition Logic,” R. L. Mattson, Lockheed Missiles and
Space Diwviston, “A Self-Organizing Binary System;” J. S.
Bomba, Bell Telephone Laboratories, ‘Alpha-Numeric
Character Recognition Using Local Operations;” and W. W.
Bledsoe and I. Browning, Sandia Corporation, “Pattern
Recognition and Reading by Machine.” Following comments
by Messrs. Kirsch, Minsky and Neisser,the panelists answered
a number of questions from members of the audience.

R. A. Kirscu

WOULD like first to make a few technical points.
l The first commentrelates to the connectionbetween

the Bledsoe-Browning paperand the Mattsonpaper
and the relationship between these two papers and
some of the other work in this field that you may
know about. If we have an input retina in a pattern
recognition device which has n cells, then a pattern
may be defined as a Boolean function of the n vari-
ables. Each of the various representations of a pat-
tern is another one of the terms in the disjunctive
normal form of the Boolean function which charac-
terizes the pattern. This is substantially the way in
which Mattson looks at the notion of a pattern.
Mattson’s criterion for similarity between two pat-
terns is the usual metric of the symmertric difference
of the two patterns or, what is the same, the area
of the modulo-two sum of the two patterns. This
measure has, of course, useful mathematical proper-
ties and leads to an interesting and perhaps fruitful
analysis, but the important relevant question is
whether this particular criterion for similarity corre-
sponds to any very important class of pattern simi-
larities. The evidence that Mattson offers shows that
at least some of the types of similarity that we would
like to attribute to sets of patterns are, in fact, re-
flected in his measure of similarity.

The economy in terms of number of devices re-
quired for a Mattson type of self-organizing pattern
recognition system is determined by the extent to
which the pattern classes represent linearly separable
Boolean functions. Interestingly enough in the ex-
amples that Mattson gives, the functions appear to
consist of single clusters of points in Boolean n-space.
However, we know that there are important pattern

classes which are not so economically realized by a
Mattson type of device. In fact, Mattson recognizes
that the alternate symmetric function is a very diffi-
cult one to implement in terms of number of devices
required. The alternate symmetric function happens
not to correspond to an important type of pattern,
but certain other functions do; for example, a funec-
tion whose disjunctive form contains all terms having
exactly half of the variables complemented and
half of them uncomplemented. This corresponds to
the pattern class which has 509, black points and
509, white points. This, although not as difficult to
implement with a Mattson device as the alternate
symmetric function, nevertheless is reasonably diffi-
cult and perhaps corresponds to an important pattern
class.

Bledsoe and Browning give some detailed dis-
cussion of the effects on their recognition program of
changing the size of n for their n-tuples. It is interest-
ing to note that the case of n equals 150, which they
reject on the basis of the size of memory required
to implement it, is the case that corresponds to the
situation chosen by Mattson for his recognition
scheme. Mattson gets around the large memory re-
quirement by the use of his similarity criterion which,
as I pointed out before, is somewhat debatable in
terms of its usefulness. Bledsoe and Browning quite
correctly point out that for a case of n = 1 and pat-
terns subject to all possible translations the memory
will saturate. Their discovery that for n = 2 satura-
tion does not occur can be related to the fact that
characters subject only to translation have a con-
stant autocorrelation function, and a set of patterns
with a constant autocorrelation function do not cause
saturation for n = 2. If we allow the patterns also to
change linearly in size, or also to rotate, the auto-
correlation function changes and hence n = 2 satu-
ration becomes possible. Again we are confronted, as
we were in the Mattson paper, with an experimental
question: “Does the autocorrelation function of a
character tell us more about that character for pur-
poses of recognition than does the character itself?”’

It seems likely that we can invent important pat-
tern classes that will confound the autocorrelation
function method of recognition, which is implicit in
the Bledsoe-Browning approach, just as we can do
similarly with the Mattson approach. This should
not be taken as an implied criticism of either of these
approaches. Both of them have implicit in them, and,
in fact, all pattern recognition schemes have implicit
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in them, certain built-in heuristic criteria which make
them useful for certain types of pattern recognition
problems. Since no pattern recognition scheme is
truly universal, and we need not expect that any
scheme will be truly universal, the fact that a heu-
ristic will work in certain situations and will not work
in others need not necessarily be a shortcoming. The
significant question is how important that heuristic
will be for the problems that are to be solved. It is
for this reason that reference such as has been made,
not in these papers but in other papers in the field,
to general purpose pattern recognition devices seems
at least misleading and probably just not true.

I would like also to make a few remarks of a less
technical nature. The fact that there are some strong
similarities between at least two of the papers in this
session, and that these similarities are superficially
not obvious, leads one to feel that what is needed in
the pattern recognition field is at least some type of
unified terminology and perhaps even a unifying
theory which will make comparison of results simpler.
It is not superficially obvious, although I neverthe-
less believe that it is true, that the two types of
devices that we have seen here can accomplish the
same type of recognition and no more nor less, for
example, than that of the Perceptron device of Rosen-
blatt. If this is true, it is certainly a fact made more
obscure by Rosenblatt’s talk of neurons, Mattson’s
talk of Boolean functions, and Bledsoe and Brown-
ing’s talk of n-tuples in a photocell mosaic. This
lack of a unifying terminology may perhaps explain
why so many of the workers in the pattern recogni-
tion field fail to give credit to their predecessors, who
very often have contributed useful ideas.

Another possible explanation is the generally mis-
taken notion that proprietary interests in pattern
recognition research must be protected because of
important commercial applications; for example, to
the problem of character recognition machine de-
velopment. We have seen here in this session the
example of Mr. Evey of how a successful character
recognition machine may be developed without the
necessity of being concerned with fundamental pat-
tern recognition problems. Conversely we have seen
in such papers as the Bledsoe and Browning paper,
the Mattson paper, and, perhaps to an extent, in the
Bomba paper that pattern recognition research
can continue without necessarily contributing very
directly to the development of character recognition
machines. Confusing pattern recognition research
with specific machine development does not accrue
to the benefit of either of the two types of programs.

There is one final point that I would like to make.
Pattern recognition research has been, I think, to
some extent held back by a lack of proper data in
several of the research efforts. About two years ago
at the Eastern Joint Computer Conference in 1957,
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when I gave a paper on picture processing, I offered
to the workers in this field the data that we at the
National Bureau of Standards had generated with
our picture digitalizing device. It was disappointing
then and still is to see workers in the pattern recogni-
tion field preparing data by hand and attempting to
investigate a problem which is so largely experimental
in nature with data that is quite inadequate. What
one needs for successful prosecution of pattern recog-
nition research is large quantities of information in
machine form and perhaps automatically generated
information. I would like again to offer our service
for helping make this data available to people in
the field, and I would invite any of my colleagues
who have such data to do the same. Where such data
is easily generated and can be made available to ac-
tive workers in the field, the general status of re-
search in pattern recognition can be considerably
advanced.

M. MiNsKY

I would like to make some remarks on how the
character-recognition systems presented today may
be related to more general pattern-recognition
problems.

What are patterns? It is hard to define precisely
this intuitive concept but I think we will agree first
that the things we call patterns are classes of signals
or figures, not single figures. They are classes of
figures which are grouped together because, for some
purpose or other, they can be treated alike. Now in
the character-recognition problem it is perfectly clear
in what sense the figures so grouped are to be treated
alike. In the case of printed characters the patterns
have a structure derived from the manner in which
the figures are produced. In each case one starts
with an ideal “prototype.” To read a text requires
that one decide, for each image on the paper, which
of the prototypes was responsible. Each of the pro-
posed systems computes the values of a set of func-
tions of the image. Once these values are computed
the system faces a statistical inference problem: on
the basis of the evidence (the set of computed values)
what is the prototype most likely responsible?

The figures are related to the prototypes by vari-
ous kinds of noise and distortions. Simplest, perhaps,
are the “additive’” noises, in which pigment is added
to or subtracted from the true image in a manner
independent of the image. For these distortions one
may do well with a simple correlation or area-
matching analysis. If the noise is not extreme, or if
the ensemble of patterns is small, it may be possible
to confine the analysis to just a few of the points, or
pairs of points, etc. With more complicated figure-
dependent distortions (for example, smearing) more
complicated functions may be necessary.
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In the case of more global distortions involving, for
example, variations in size and position, the simple
area-matching tests will give poor results.

There is a question in my mind about the extent
to which some of the methods discussed here can
handle, or be easily extended to handle, that kind of
problem. In the Bledsoe-Browning system the
figures are constrained so that rather little transla-
tion is admitted. The method requires discovery of
simple combinations which separate patterns, and
these will be rather hard to find as the admitted dis-
tortions become more extreme. And when we look
beyond prototype-derived patterns to, for example,
patterns defined by connectivity, I think we will find
that one needs to go to essentially more complicated
functions; one cannot get by with larger numbers of
simple ones.

The method of Mattson is useful, it seems to me,
only where the area-matching kind of comparison is
appropriate. The technique of Evey works on trans-
lated figures because the figure is actually “rolled”
or scanned in Pitts and McCulloch fashion through
the vertical translates after being normalized with
respect to the horizontal translates. This seems to
give excellent results for the chosen problem, but it
really is difficult to make a case for the scanning
method when faced with more complex classes of
distortions.

The Bomba system has, I feel, rich possibilities for
extension to harder problems. For it is based on the
use of complicated but rather meaningful properties
of the figures. The ‘‘meaningful”’ properties of figures
can be used to define and recognize patterns based
on ideas more abstract than that of the distortion of
prototypes. (I certainly do not mean to imply that
even the printed-character problem is trivial. Con-
sider, for instance, the examples illustrated in Mary
Stevens’ Bureau of Standards report.)

In each model there is an inference stage in which
one combines the values of a number of rather inde-
pendent functions of the figures. One must require
that the functions be at least partly insensitive to the
differences between instances of the same pattern —
otherwise the system will be overwhelmed by the
need for a special treatment of each case. In the case
of systems which generate test functions at random,
through net connections or the like, we can expect
that most of the functions defined will be useless or
nearly so and a learning procedure will be needed
to separate out and weight the relatively good ones.
When the patterns in question are very complex,
the chance of finding any significant functions at all
in this way becomes prohibitively poor, and such
systems certainly cannot ‘handle all kinds of pat-
terns with equal facility” except when one is re-
stricted to patterns of equal simplicity.

The papers suggest different ways to combine the
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results of the different tests or functions. Evey’s sys-
tem sets up fourteen ‘“‘character triggers’”’ with differ-
ent tests and requires a stringent matching for one
and only one of them — this harsh requirement is,
of course, perfectly appropriate to the problem he is
working with (namely, handling money). In the
Bledsoe-Browning system one compares scores based
on summations of contributions from many tests.
They describe at least two ways of combining many
fragments of evidence, none particularly decisive
alone, to obtain conclusions which are conclusive and
accurate. (A rather general discussion of ‘“parallel”
methods of combining evidence from many tests can
be found in a paper of Selfridge, whose ‘‘Pande-
monium”’ computer concept embraces many of the
models being explored these days.)

In the Bomba system, with its decision tree struc-
ture, we find a rather different way of combining
evidence. As Dr. Neisser will note, a program which
has been run at our laboratory uses test functions
which are not very remote from those of Bomba, but
which are combined in a parallel decision rather than
a sequential tree method. This program, due to W.
Doyle, is of interest here, I think, in that it can be
regarded as using tests related to the kind in Bomba’s
program, a decision method not far from that of
Bledsoe and Browning, and with, I believe, com-
parable success. One can use the decision tree struc-
ture only when one is very sure that the decisions
at the top of the tree are very reliable — of course,
in that case one can avoid all the computations in
the discarded portions of the tree. Otherwise one has
to obtain in some way the kind of redundancy sup-
plied by the parallel methods.

That is all I have to say, in general. I find I can’t
refrain from remarking (with all due apology to
Mr. Evey, who is not responsible) that the choice of
type-face “E13” in the ABA magnetic-ink system
seems unfortunate to me. I don’t find the characters
very legible. Speaking as a human being I will grant
that we do seem to have here a solution to the prob-
lem of character-reading-by-machine, but we are left
with something of a problem in the way of character-
reading-by-people!

U. NEISSER

I will try to do a couple of things. One is to dis-
tinguish the two basic types of program in this field;
the other is to emphasize the things they have in
common which are worth considering in future work.
The types I have in mind are those mentioned by
Minsky: decision trees and parallel processing.

It does seem that where you cumulate separate de-
cisions you are more apt to make mistakes. Bomba’s
program was the only one of these four involving a
tree; you could see it most clearly in the diagram of
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decision logic that he showed. Other tree programs
have been reported in the literature, however. I
think all of them will have great difficulty in learning
from experience. If the program makes a wrong de-
cision at any fork it will necessarily be wrong at the
end, with no obvious way of finding out what should
be changed in order to improve performance. In
Bomba’s program, for example, the entire decision
process is spelled out in advance by the programmer;
the machine will never improve on his original de-
scriptions of the characters.

In fact, all the tree programs have used quite well-
printed characters as inputs. If the characters were
made a bit sloppily, or slanted, the program could no
longer distinguish one from the other. I would worry
about that if your objective is to recognize hand-
printed characters: really hand-printed, as when you
ask somebody to print their name and address. If
you look in detail at what people do under these con-
ditions it is miserable.

In parallel programs the basic idea is to take a lot
of intermediate functionsof the stimulus pattern,and
then make a decision on the basis of some more or
less sophisticated maximum procedure. It seems to
me that there are two important differences among
parallel programs. The first is the degree to which the
features used are shape-dependent rather than
position-dependent. A program like Evey’s is ex-
tremely position-dependent. His particular sure-bits
are either on or off, and that’s it; the shape of the
input character is irrelevant except as it happens to
fill particular positions. To some extent this amount
of position-dependence characterizes the typical
“neural-net’” programs as well. In some of these, how-
ever, there is a good deal of preprocessing done; the
character is centered and sized before the neural net
takes over. One of the exciting things about the
Bledsoe-Browning paper is that in considering pairs
of bits, and larger n-tuples, their program is partly
shape-dependent. The vertical I in the 7 X 10 matrix
never excites bits on the left and the right side simul-
taneously because of its shapé, not because of its
original position.

The other important aspect of parallel programs is
the sophistication of the decision process. The sim-
plest procedure is to compute a lot of functions like
the outputs of the n-tuples in Bledsoe-Browning and
take the one with the highest score. They have done
much more than that. In one of their procedures they
look at the entire distribution of outputs rather than
only at the largest; in another, as we have heard,
they successfully introduced context into the decision
process. There is a Lincoln Laboratory program for
character recognition which is also parallel. It uses
a large number of shape-dependent operations: fea-
tures like Bomba’s, directions of curvature, and
things of that sort. It computes the outputs of all of
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these tests in parallel, and uses a very simple decision
procedure. Even with this, it performs quite well.

My worry about Bledsoe and Browning’s program
stems from the small size of their matrix. It’s hard to
know how their system would perform if they intro-
duced anyone’s handwriting besides Ibn Browning’s!
Indeed, one of the impressive things about the
character recognition problem is that you never
know if something will work until you try it. Theory
doesn’t help; until a program is running you cannot
know whether it will saturate or run out of storage
or what have you, when confronted with sloppy
characters. This may be a sign that we have a prob-
lem genuinely related to the simulation of higher
mental processes.

Let me turn now to some of the similarities among
the programs. One is the emphasis that several of
these papers (as well as others in the literature) have
shown in recognizing hand-printed characters rather
than machine print. Let us all take warning from Mr.
Evey, who showed how difficult even the IBM-font
is if you have high standards of accuracy.

A second point is that most of these programs use
some amount of pre-processing before they get into
the real work. Bomba thins out lines and cleans up
stray points. Unger’s program, reported elsewhere,
does similar things; so does the Lincoln Lab pro-
gram. Evey moves the characters to one side of the
matrix; Bledsoe-Browning have experimented with
shifting them to one corner. Roberts’ perceptron-
type program, at M.I.T., uses centering and scaling.
In other words, these programs involve two levels of
processing. I think this will become increasingly im-
portant as we get to the more complex patterns that
we would like to recognize successfully. Suppose, for
example, that you are dealing with triadic patterns
and you would like the computer to select that part
which is maximally different from the other two.
Such a task can’t be accomplished with present types
of programs; a different sort of analysis is necessary.
You have to do several stages of processing, and I
think that is what we are getting into.

One last point of similarity is a deficiency the
programs have in common. None of them has yet
looked at the problem of segmenting words into let-
ters, either in cursive writing or in print. Yet you
cannot actually read until you have some idea where
one letter ends and the next begins. Even Bledsoe
and Browning, as I understand, computed one letter
at a time in their work with context. We will have to
tackle segmentation pretty soon if character recog-
nition is to be realistic; if it is to compare with the
way people perform. It is quite clear, if you take
handwritten characters (at least in my handwriting)
that it is impossible to identify a letter directly.
What you actually recognize is the word itself. So
far, no paper that I have seen has faced this problem.
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Discussion

M. Selfridge: While the question cards are being collected, I will give
you a couple of biographies available in this field. The first is by Otis
Minot, U. 8. Navy, San Diego, California. This is PM 364, ‘“‘Auto-
matic Devices for the Recognition of Two-Dimensional Patterns.”
The other is by Mary E. Stevens of the National Bureau of Stand-
ards. The number is 5463, and it is called, “A Survey of Character
Recognition.”

J. K. Moore (Smith, Kline & French): How long did it take the 704 to
recognize the sentence?

Mr. Browning: We did not attempt to recognize sentences per se;
rather, we scored letters, then, with the context program, we scored
words. At the heginning we were recognizing on the average one letter
every 3/5 of a second. This is because, in order to understand the
discrimination process, we had an elaborate print-out of the relevant
data. We believe that this time could be reduced to perhaps a few
hundredths of a second per letter. For contextual recognition of
words, the time requirement is increased and will depend on the size
of the dictionary.

D. Baumann (MIT): How does your device locate the character at
the right side of trigger matrix before its recognition?

Mr. Evey: The character actually comes into the matrix from the
left hand side and is moved across the matrix — we ean think of it as
this — and the machine decides that it has the character in the
matrix when it sees any two bits in the first column.

E. B. Cohen (Auerbach Electronics): Have you considered other kinds
of character distortion besidés poor printing? Can the 1210 sorter
read tilted or displaced characters?

C. E. Dorrell IBM) What work is being done or what is the value of
observing the profile density or edgeview of the.characters?

Mr. Selfridge: If you take a character and project it to one side, you
get a one-dimensional distribution with many fewer bits, which is
presumal\)ly a good thing in processing. A number of people have
considered this — Gerald Dinneen and I, for example, some years
ago. We never did anything about it. It didn’t look that advantageous.
I think that the kind of program arising and being considered today
might find projection an acceptable technique. I don’t know of a
program carrying through techniques like that today.

G. A. Barnard (Ampez): Please expand on the contextual positioning
aspect of your method.

J.J. Murphy (Sylvania): Were the n-tuples ever other than randomly
associated?

Myr. Bledsoe: Let me take the second question first. Since we had no
preconceived indea of what patterns we wanted to recognize, we
felt that randomly associated n-tuples would be a logical starting
point. In a couple of test cases we found the non-random associations
did not discriminate as well. We feel that, for a particular family
of patterns to be read, some particular non-random association
would be optimum.

Mpr. Selfridge: Another general point was brought up about segmenta-
tion. This is going to be a real problem on this. Very few people hand
print. The only ones I know are people who go to Radcliffe; they do
tend to hand print. This is as in speech recognition; in identifying
words you are aware that segmentation is the real primary problem.

M. Jacoby (Remington Rand): What is the spacing of the individual
heads on the reading element?

R. P. Niguette (Ramo-Wooldridge): "What kind of character rates are
to be expected from the system you deseribed? Failure rates?

Myr. Evey: The area of the check that has to be read is about a half
inch across the bottom of the check. Actually in the IBM system
there are 30 tracks which cover this half inch and you get it down to
10 tracks by tying every tenth track together, so you have three
tracks together. So you actually have a positioning problem in the
matrix. This is mentioned in the paper. I didn’t want to take time to
discuss this in the talk. So you have 30 tracks covering this half inch
and each track ends up about 17.5 thousandths wide. There is a dead
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space in between each track of about six thousandths. The failure
rate is actually part of the problem here because the specifications
laid down by the ABA, where they wanted machines used by banks,
were something less than one-tenth of one per cent reject and about
a tenth or so of that for substitution. That is, the actual rates as
originally spelled out were one reject in every 2,500 checks, which
figures out to four-tenths of one per cent and about a tenth of that
for substitutions, which figures out to about one substitution in a
million characters.

My, Neisser:
handle them?

Mr. Selfridge: Is the tréé decision technique absolutely essential to
your problem? .

Won’t serifs confuse your technique? How will you

Mr. Bomba: No, the tree decision technique isn’t essential to the pro-
gram. The basic idea that I presented was to extract figures. Now,
whether I use a tree method or some sort of statistical method with
features as the input variables, is unimportant. The use of the tree
here did enable me to show that I could recognize all of the characters
in the alphabet. This particular type of logic which I chose in order
to illustrate the feature extraction process was arbitrary.

With regard to serifs and other types of distortion, in some cases,
particularly typewritten characters, the addition of a serif will be
quite significant in changing the type of the character from a feature
viewpoint. Actually the character might vary considerably, and thus
the recognition procedure might well call a character such as a “T
with serifs on it”” by another name until the final recognition is done.
So serifs do make a difference. However, small distortions, small serifs,
would tend to be ignored by the feature extraction process. Seriphs
cannot be ignored as they are often as large as the features which
distinguish two characters. For example, on a pica typewriter font,
the serifs on the T are as large as the feature at the lower right of the
G, which distinguishes it from the C.

R. Marcus (MIT): Doesn’t your system essentially consider each
point in the matrix independently; that is, no consideration of corre-
lation between different points?

O. N. Minot (USN Electronics Lab.): Could you give an example of a
problem which leads to the sort of double peaks which you mention
as requiring additional units in the adjusting equipment?

Mr. Mattson: The answer to the first question. This device considered
individual combinations of bits but not single bits by themselves. It
is the combination of certain key bits that enables the machine to
recognize characters and other patterns.

The function which results in the double peak for the process is
considered a function where, say, the 1111 point wanted to be mapped
as a 1 and the 0000 point wanted to be mapped as a 0. It is impossible
to have both of these points on one side of the plane and the others on
the other side, so this function would yield two peaks.

E. B. Cohen (Auerbach): Can your approach learn to distinguish the
handwriting of different individuals?

T. T. Rocchi (BTL): How do you explain that percent recognition
increased, other things being similar, when the number of alphabets
learned was increased?

Mr. Browning: In answer to the first question, it seems impossible
that wth the present definition — which we had with 150 photocells
— that we could recognize the handwriting of different individuals.
After all, that number of photocells is approximately one-tenth of
the number that a gnat has. If the number were greatly increased,
we might well be able to distinguish the handwriting of different
individuals.

In answer to the second question. I would explain the percentage
recognition increase as follows. If the memory matrix has learned
only one alphabet, any attempt to recognize an unknown character
will be essentially pattern-matching with a complete position sensi-
tivity. If the memory-matrix has learned a number of alphabets, the
probability is increased that an unknown character will match a
similar pattern previously learned in this position. The novel feature
of our type of memory-matrix access is that the learning of a few
subsequent patterns does not destroy its memory of previously
learned patterns.
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A Computer Analytic Method for Solving
Differential Equations

LEO HELLERMAN+}

INTRODUCTION

N RECENT years, numeric analysis has been
I claiming an increasing share of overall mathe-

matical research activity. The reason for this is
apparently the need to have answers-— numeric
answers — to problems of modern technology, along
with the development of the stored-program digital
computer for carrying through the computations of
numeric methods. But this emphasis on numbers is
also an indication of the attitude of problem solvers:
to use the computer, use numeric methods. And yet
these methods are not always adequate. It may be
more important to know how z depends on other
variables than to know that z = 3.

The inadequacy of numeric techniques for the solu-
tion of differential equations is highlighted by the
following engineering problem: In the design of a
transistor switching circuit for a high-speed com-
puter, we wish to know the output-current level at
a particular time after the start of an input pulse.
This information is contained in the solution of a non-
linear differential equation, which can be solved very
nicely by numeric methods on a computer in, say,
ten minutes. In evaluating the reliability of this cir-
cuit with respect to component deviation and drift,
we want to know the statistical distribution of out-
puts. A simple method for finding this is synthetic
sampling, or monte carlo!; but at ten minutes per
solution, this may not be practical. However, monte
carlo is known to be practical in estimating distribu-
tions associated with analytic expressions. This sug-
gests that we first obtain the analytic solution of the
differential equation, and then apply monte carlo to
the solution. The methods are compared schematic-
ally in Fig. 1.

(1) NUMERIC METHOD

data

I:{difforomial equation

———&— numeric solution :’

—a

(2) ANALYTIC METHOD
differential equation —» Janalytic solution

[> data

Fig. 1—Comparison of numeric and analytic methods of
solving a differential equation many times.

—»— numeric solution _l

1 Product Development Laboratory, Data Systems Div. IBM,
Poughkeepsie, N. Y.

1 L. Hellerman and M. P. Racite, “Reliability Techniques for Elec-
tronic Circuit Design” Trans. I.R.E. PGRQC, Sept. 1958, pp. 9-16.

In the numeric method ((1) in Fig. 1), we must
solve each case anew, starting with the data and
differential equation. In the analytic method ((2) in
Fig. 1), enough information is contained in the solu-
tion, so that we need solve the differential equation
only once, and evaluate the solution for each case.
Since a major portion of machine time is taken up
with solving differential equations, there may be
problems in which (7) is not practical and (2) is, pro-
vided (2) can be carried through by the computer.

The purpose of this paper is to call attention to a
basic principle of analytic technique on a stored-pro-
gram digital computer, and to illustrate this principle
by a computer algorithm, and “address calculus,”
for finding solutions of ordinary differential equations
by analysis. We also describe the implementation of
this algorithm in an IBM 704 program. We see no
reason why the same technique might not be applied
to a host of other mathematical problems.

Tue PRINCIPLE AND GENERAL APPROACH

The principle of numeric computation in a stored-
program digital computer is well known : numbers are
represented by the contents of storage cells, and com-
putation is accomplished by arithmetic manipulation
on these contents. Functions are represented by a
finite table of numeric values. The principle of ana-
lytic computation may be stated thus: algebraic
symbols are represented by the locations of storage
cells, and analysis is accomplished by manipulating
addresses. Functions are represented by machine pro-
grams. An algorithm for the analytic solution of a
problem is an assignment of the correspondence of
algebraic symbols with addresses, and a description
of the way the addresses are manipulated.

In the description of the following programs, in re-
ferring to the address of some location corresponding
to some symbol S, we will say “address S.”” Address
and symbol are equivalent, and we may use the sym-
bol to designate the address. On the other hand
“address of S” refers to some other location and
address, say T, which has the address S as part of its
contents. Thus the address T may be the address of S.

Our approach to the analytic solution of ordinary
differential equations will be to develop the Taylor
series expansion of the solution. If the differential
equation is

y®(x) = f(x; y@ @), ...,y (@) (1)
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then the formal solution is

y(x) 2 (0) 22

= y(0) +y*©O)z + L3

(k — 1) are assigned
... are determined

+... (2

where the y@ (0) forj = 0, ...,
initial values, and forj = k, &k + 1,
from f and the derivatives of f.

Thus the heart of the problem is to develop ana-
lytic differentiation on a computer. In this connec-
tion we mention the work of H. Kahrimanian?, and
the LISP Programming System? However, our ap-
proach is a bit different from both of these, being a
close parallel to differentiation “by hand’’. A recently
reviewed Soviet paper? appears to contain material
quite similar to the work described here. The
SHARE routine PE PARD? for differentiation and
partial differentiation of rational functions is a proto-
type of our present program. Recall that the func-
tion to be differentiated is, in the computer, a stored
program. PARD examines this program as a college
sophomore examines a function to be differentiated,
and when it finds it to be the sum of two parts, it
applies the rule: the derivative of a sum is the sum
of the derivatives. Or, if it finds a product, it uses
D(w) = uDv 4 vDu, and similarly for other differ-
entiable combinations. Eventually, the derivative of
a function is expressed in this way in terms of the
derivatives of constants and the independent vari-
able, and the differentiation process is complete. The
problem in doing this on a computer is doing it in a
uniform and orderly way, so that the method may
be applied to arbitrary differentiable functions, and
so that the results of the differentiation of each term
can be combined in the end to one expression (pro-
gram) for the derivative.

Tae DENDRITE NATURE oF FUNCTIONS

In this section, we examine a stored-program as-
pect of functions. Some notions will be defined which
will facilitate the description of the differentiation
algorithm.

A binary operation is an operation on two quanti-
ties. Addition, subtraction, multiplication, division
and exponentiation are binary. Unary operators op-
erate on a single quantity. Exp, log, sin, and cos are

2 H. G. Kahrimanian, “Analytical Differentiation by a Digital
Computer,” M. A, Thesis, Temple University, May 1953.

3 J. McCarthy, ‘“Recursive Functions of Symbolic Expressions and
Their Computation by Machine” Quarterly Progress Report No. 53,
Research Laboratory of Electronics, M.I.T., April 15, 1959.

4 L. V. Kantorovich, ‘“On Carrying Out Numerical and Analytic
Calculations on Machines with Programmed Control,” Izv. Akad.
Nauk Armyan. SSR., Ser. Fiz.-Mat., Nauk 10 (1957), No. 2, 3-16.
See review No. 4360 by J. W. Carr, III, in Mathematical Review,
June 1959.

5 M. R. Dispensa and L. Hellerman, “Differentiation and Partial
Differentiation of Rational Functions” PE PARD, SHARE distrib-
uted Program D2-445, March 18, 1958.
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unary. Let the symbol a * b have this meaning: * is
a binary or unary operation. If * is binary it operates
on a and b; if unary it operates on a, and b is ignored.
Thus a * b may be, for example, ¢ + b, a + b, a?, or
log a, or sin a. We will say a mathematical expression
is a finite dendrite if it is composed by a finite number
of binary and unary operations from a set of starting
terms. We call a starting term an elementary term, or
an end: it is not composed from other terms.

For example, consider the dendrite y = (z + a)b —
sin z. Its branching nature is shown in Fig. 2.

b
(xea) b {
X
{ s
y a

sin X ———@— x

Fig. 2—The dendrite y = {z + @) b — sin z.

The elementary terms are a, b, and z. The dendritic
terms are, besides y itself, (x + a)b, z + a, and sin z.

Note that the dendritic picture of y may serve as a
flow chart for a program for its computation. First x
is added to a, and the result is multiplied with b.
Then z is operated on by some sine routine, and the
result of this is combined by subtraction with (z + a)b
to give y. Thus a stored program for evaluating a
function is essentially a sequence of binary and unary
operations, starting with operations on elementary
terms. That is, a program is a dendrite.

Blocks of 1’s and 2’s are a convenient notation for
the branches of a dendrite. If «;... a, is such a
block representing some dendritic term, (a; = 1 or 2),
then, from the definition, a;...0n = a1... a,1*
ai...a,2. The branch designations of the above
example are shown in Fig. 3.

_{ 12
e 10,
Fig. 3—Branch designations for the dendrite
y=(x+a)b—sinz.
A set of branches of the form
a1, ajas, . .

oy O12 ... Oy,

where the last branch is an elementary term, will be
called a chain. All the chains of the example are

1, 11
1, 12, 121
1, 12, 122
2, 21

A finite dendrite has a finite number of chains.

THE DIFFERENTIATION ALGORITHM

Let us suppose we are given a y-program, that is,
a stored program for computing y. We wish to extend
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this to a program for its derivative, a Dy-program, by
adding additional instructions. The block of storage
for the Dy-program will include the block for the
y-program. Since y is a dendrite, y = 1 * 2 and

Dy = A,D(1) + A.D(2) (3)

where A; and A, are functions determined by the
operation * and the branches 7/ and 2. That is,
A, = A, (* 1, 2) where a = 1, 2. These functions are
specified in Table I. It may happen that an A, is the
number 0, or 1, or some function which is known to
exist in the y-program. This is the case fory = u + v
and y = exp u, and in these cases it is unnecessary to
place any instructions in the block reserved for the
Dy-program. If an A, is not of this type, say 4, =
—u =+ v?, then we do construct the program for this
function and place it in the first available locations
in the Dy-program block. Whether A, is constructed
or not, we save the addresses A4, and A,, in locations
L(1) and L(2). Since we can only differentiate one
term at a time, we also save the instruction to find
D(2), in a location 1(2).

TABLE I
A, AND Ay 1N D(u *v) = A Du + A.Dv

u*y A1 Az I
u+v 1 1 v
u—v 1 -1 v
U v v u v
u v 1+ —u = 2 v
u?, v constant vur 1 0 v
exp u exp u 0 0
Inu 1+u 0 0
sin u cos u 0 0
cos U —sin © 0 0

We may now go on to find D(1). Suppose 1 is
dendritic and 1 = 11 * 12. Then

D(I) = A11D(11) + A12D(12)

The functions 4,; and A, are constructed as A, and
A,, again by Table I, the addresses A1; and A1, are
stored in L(11) and L(12), and after storing the in-
struction to find D(12) in I(12) we continue to find
D(11).

In general, if oy . ..

D(Cq o« . a,.) = Aa,...anlD(al . e anI)
+ A, ap2D(or. .. 4)

The eoefficients are constructed if necessary, and the
addresses A, ... a,+1 Stored in L(e; ... ay41); the in-
struction to find D(a; . . . @,2) issaved in I(ay . . . a.2);
then we go on to D(a; ... a.l).

Eventually, since y is finite, we come to an ele-
mentary term, 11 . .. 11. This will be a constant, the

a, is dendritic, then

a,2)
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independent variable, or an initial condition y%(0),
j = 0, e eey (k b 1). Thus D(11 . .11) = All...lll
is known, and we store this in L(11 ... 111).

At this point we have traversed one chain of the
dendrite y. We may now examine the I-cells for some
deferred differentiation instruction, and proceed with
the differentiation of this new term, until another end
is reached. Continuing in this way, all chains will be
completed, for there are a finite number.

It is clear from (3) and (4) that Dy is simply the
sum of all products of A’s, where the subseripts of
the factors of each product range over a complete
chain. If A,,l,,.aj = (;,, where ¢ stands for the ¢-th

chain, we may write
8 k(z)

Z _|—| 0;1052...

i=1 j=1

Dy = Cy )
where ¢ ranges over the set of chains of y, s in num-
ber, and where C,.» is the derivative of the end of
the +-th chain.

Thus the Dy-program is completed by construc-
tion of a program for evaluating (5). This can be
done because the addresses A, ..., are at hand in
the locations L(a; . .. a,).

The algorithm as it stands requires excessive
storage. To differentiate any function composed with
n operations, we should allocate 2~ locations for
storing the addresses A,,...a, for there are as many
of these as n-blocks of 1’s and 2’s. But consider the
situation when the first chain has been completed.

At that point we know

Dy = A Ay ... Au. .l
+ A,D(2)
+ A1A1,D(12)
4+ ...
+ AAn. . Ay An.2DUT. . 12)  (6)

The addresses of the A’s and D’s are consecutive
cells in three blocks of storage, called the A-block,
As-block, and I-block. The storage arrangement is
shown schematically in Fig. 4. The lines in this figure
indicate the formation of the products in (6).

A|-Block! A ‘l: Ay ‘|: ‘[Au..J ‘[An...n—Au...m
Ag-Block: Az LA b LAy 2 LA 2
I-Block: D(2) D(I12) D{Il...2) D(lt...12)

Fig. 4—Contents of A,-Block, 4 s-Block, and I-Block of storage,
at completion of a chain.

Instead of continuing by completing another chain,
construct the program for the product of terms of
the first chain just completed, and place this pro-
gram in the Dy-block. Then the addresses A;;...11
and Aj;.. 111 are no longer needed. We may replace
Au_”u in L(]I c e 11) of the Al—bIOCk by All...l2
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and proceed to find D(11...12). The storage ar-

rangement will now be as shown in Fig. 5.

A| A| -[ N *[ A“” | —[A” 12— D(|||2)
Ax AL Loy, o’
I D(2) D(ll...2) 0

Fig. 5—Contents of storage blocks after down-dating
of Fig. 4 arrangement.

The differentiation D(11...12) may generate
further terms in the A, A,, and I-blocks. Whenever
an end is reached, we form the product for the com-
pleted chain, replace unnecessary A; terms by their
corresponding A, terms, and then continue with dif-
ferentiation of the next term, indicated by the last
non-zero address in the I-block. This process of re-
placing terms no longer needed by terms of the next
chain to be completed will be called down-dating. Up-
dating refers to the process of adding new addresses to
the A, A, and I-blocks, upon examination of each
operation, as prescribed in Table I. These new ad-
dresses are stored in the appropriate blocks, and
nowhere else. Since two cells are required for the
storage of the A’s from each operation, it is now only
necessary to allocate 2n storage cells for saving the
A’s of any n-operation function.

AN IBM 704 ProGrAM

A main feature of our IBM 704 implementation of
the above algorithm is the pseudo-code used to
specify functions. The function 4 = B + C in 704
instructions would be

CLA B
ADD (¢
STO A

But we do not actually need B in the accumulator,
for we do not really intend to add numbers. The pro-
gram is used only to recognize that B and C are
composed by the binary operation addition, to form
A. Thus a more compact code is possible, and de-
sirable if the information we need is to be easily
available. The code we use for A = B + (' is

A:PZE B, , C |

That is, location A contains the addresses B and C
in the address and decrement portion of the word,
and the prefix PZE is used to indicate that these are
composed with the binary operation of addition.
The code for other operations is shown in Table II.
Table II also shows the detailed 704 version of
Table I. When a function K = « * v is differentiated,
the construction of A, and A, and the updating of
certain blocks of storage is specified by this table.
After K = u * v is differentiated, the next step is to
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TABLE II
Ur-DartiNG oF Dy-ProGraM, A-Brock, 4,-Brock, AND I-BLock
Dy-Program
Fune- New Terms for
tion Code at Construction of
K = | Location K A,and 4, Ay A, I
u+ov|PZEwu,,v None 1 1 v
u—v|PONu,,v None 1 -1 v
u-v PTWu,,v None v u v
u+o(PTHu,,v |[L+0:MONv, MFL1{| L |—(L+1]v
L+1:PTWK,,L
w |MONwu,,v|L+0:PONv,,FLI{ |[L+2 0 0
L+1:MONuw,,L
L+2:PTWvw,,L+1
expu (MZEu,,1 None K 0 0
Inu [MZEw,,2|L: MONwu,, MFL1} L 0 0
sinu |[MZEu,,8|L:MZEu,, 16 L 0 0
cosu |[MZEu,,16|L: MZEu,, 8 —L 0 0

IMFLI is the address of —1; FLI is the address of 1.

find Du. In the flow chart of Fig. 6 ‘“new K’ refers
to u.

The 704 flow chart is clarified by a description of
the roles played by certain blocks of storage.

(a) Constants block. All constants are given ad-
dresses of storage locations in this block.

(b) Initial conditions block. This contains the loca-
tions y»(0), j < k£ — 1, as consecutive storage cells.
When an end y?(0), j < k£ — 1, is recognized, its
derivative is the address y¢t(0).

(¢) Variable of differentiation. This is a single
storage cell.

START

@

SET K=ADDRESS OF LAST INSTRUCTION OF Dy-PROGRAM
SAVE K IN D-BLOCK

v
n ALL DERIVATIVES FOUND ?
SET TAG BIT IN K |
1

EPDATE Dy-PROGRAM and BLOCKS FOR A,, A,, I (Table zd

O——
—CEXAMINE NEW K >——(dendrite}—<IS K=y')(x) TAGGED

I .
Gniﬁol volue,gl-b-(voriable)
]

Y [sET EnD=yY"|

@508

[seT Enp- ] [SET END=yien,)]

| TRANSPLANT COMPLETED CHAIN TO F-BLOCK |

:

L—{(constant }——— DOWN DATE BLOCKS FOR A, A, and I |
'

(?—Qu. CHAINS COMPLETE »—(m)—s(D

[ ADD PROGRAM FOR F-BLOCK TO Dy-PROGRAM

@

Fig. 6—Flow chart for successive differentiation of
y®O (@) = fx; yO (@), . . . ,y&—D(z))
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(d) Function program block. This contains the se-
quence of pseudo-instructions defining the function
to be differentiated. The last pseudo-instruction is in
y®(0). New terms for the construction of 4, and A,,
as shown in Table II, are placed in the first available
locations following y*(0), as needed. The program of
pseudo instructions for formula (5) is also stored here,
when all its terms have been constructed.

(e) Derivative block, D. The derivative of the initial
condition y*~V(0) is y*®(0), which is not an initial
condition but an address in the function program
block. The D-block cells contain addresses of y?(0),
j = k, stored in order, so that these may be treated
in a manner similar to initial conditions.

(f) Ai-block, As-block, and Instruction block I. The
roles played by these blocks are as described in con-
nection with Figs. 4 and 5. In up-dating we add new
terms as prescribed by Table II. In down-dating we
eliminate terms that are no longer needed.

(g) Factor block, F. This saves all completed non-
trivial (no zero factors) A; chains. In transplanting
an A; chain into the F-block, all ones and minus ones
are boiled down to a single sign for the entire product.
All ones are omitted from the F-block, unless the
particular product contains nothing but a single one.

In the flow chart of the 704 program, K stands for
the address of some pseudo-order of the y-program
currently under examination. The program starts
with examination of the last K, y®(0). A tag bit in
K will indicate that Dy® has been found, and is in
the D-block, so that it need not be found over again
when constructing higher derivatives.

The series construction, which involves multiply-
ing each derivative by the appropriate power of
x — zo and dividing by factorials, is straightforward,
and is not shown in the flow chart.

The Taylor series solution of the differential equa-
tion which is finally obtained is in the form of a
sequence of pseudo-instructions. It is always possible
to convert these and print them on paper using
familiar mathematical symbols, but we do not do
this and will hardly ever want to. If a differential
equation is sufficiently complicated to warrant using
the program, the chances are that any significant in-
formation in the expression for the solution will be
hidden in its complexity. If w is some complicated
function of z, ¥, and 2, w = f(x, ¥, 2), and we want
to find out how w depends on z, it will do no good to
inspect the expression f. Instead, we picture w versus
z by evaluating f for a range of z values. Similarly,
if we wish to study w versus y, we evaluate f with a
range of y values. The point is, we need find the
program for f only once. We may then evaluate it
numerically as many times as we wish, illuminating
the dependence on any desired variables.

To evaluate the solution obtained, it is necessary
to convert the pseudo-code program to a regular
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Differential Equation, as sequence of pseudo instructions

| DIFFERENTIATION PROGRAM |

Taylor Series Solution, as sequence of pseudo instructions
[ INTERPRETIVE ROUTINE |
Taylor Series Solution, as @ 704 machine program

| OUTPUT EVALUATION ROUTINE |e——Numeric Data

‘

Dependence of

solution on selected variable

Fig. 7—Data flow for solution of differential equation.

machine-language code, and to supply numeric data.
This is done by interpretive and output routines.
The flow of information is shown in Fig. 7.

An example of the solution of a differential equa-
tion, showing the kind of information that can be
obtained from these solutions, is shownr in Figs. 8,
9, and 10.

70

60

50

40 /
30

y (x) —»

20 /
10 /
o]
[0} 0.5 1.0 1.5
X —
Fig. 8—Eight terms of series solution of

dy
=2 = = = 2.
Pl y(0) =1, a

CoNCLUSION

We have described an analytic method for finding
a series solution of ordinary differential equations on
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50

.,o /
w y

20 /

y(l) —»

y(0) —»
Fig. 9—FEight terms of series solution of
%=y"+x,:c=l,a=2.

a stored-program digital computer. Note, however,
that the present IBM 704 program for implementing
this method has room for improvement. Indeed, in
the present program little attempt is made to sim-
plify the generated derivative expression. This is a
severe waste of storage capacity, and unduly limits
the number of series terms that can be found. Fur-
ther, the unsimplified expression, containing redun-
dant and irrelevant terms, increases the machine
time for evaluating a solution. For this reason, we
cannot now obtain a significant estimate of the merit
of the analytic method in comparison to conven-
tional numeric techniques.

The method should be useful in illuminating local
properties of solutions. It also appears to lend itself
to extending solutions by analytic continuation, but
this is a problem that has not yet been attacked.

Another needed improvement, if we are to handle
the differential equations of electrical engineering

243
50 /
40
/

! /
= 30 /

20

/ ’
10
v
—-//
° 10 14 1.8 22 2.6 3.0

EXPONENT, o —»
Fig. 10—Eight terms of series solution of

dy _ - -
a—y“+:c,y(0)—l,z—l.

practice, is the capability of handling simultaneous
equations. The obvious modification to do this is to
provide a separate function program and D-block for
each differential equation of the system.
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Normalized Floating-Point Arithmetic with
an Index of Significance

HERBERT L. GRAY} ano CHARLES HARRISON, JR.{

GENERAL REMARKS ON ERROR AND SIGNIFICANCE

T HAS BEEN frequently pointed out that the task
l of determining an error-bound for the results of
a problem is usually a long difficult calculation,
which is avoided as much as possible by the pro-
grammer. The introduction of floating-point arith-
metic in modern computers and the ever-growing use
of compilers makes the task of error analysis even
more difficult and its computation even less probable.
Clearly, a machine method is needed to automatically
calculate a bound for the propagated and generated
error, given the initial error in the input and the
residual error due to approximating functions.

Two methods for doing this herein are called the
“normalized significance”’ and the ‘“unnormalized
significance” methods. The ‘‘normalized significance”
method always keeps the floating-point number nor-
malized and provides an index of significance. The
“unnormalized significance’”” method does not nor-
malize floating-point numbers and uses the count of
digits remaining after leading zeros as an indication
of their significance.

Before discussing these methods, we should like to
define what is meant by significance. If one says that
a digits of a number are significant, one means that
the error in the number is less than B~“™ where B
is the base and n is the number of leading zeros. In
the normalized system, n would be zero. In the un-
normalized system, n would be the total number of
digits minus «, as there are no insignificant digits.

Thus, in the normalized method, as many digits as
possible of a number are retained, and its index de-
termines the number of .digits which are significant;
in the unnormalized method, only the digits con-
sidered significant are retained.

Since the error in any one-step of a calculation is
not usually a factor of the base, B, and « in either
system only allows adjustment to within a factor of
B, any set of arithmetic rules can have the desired
property only “on the average’’. The design of such
rules must rest upon general assumptions concerning
the statistics of computation; these rules may, there-
fore, not be valid in special situations.

NorMALIZED AND UNNORMALIZED
MeTHODS CONTRASTED

In the normalized method to be used with Ar-

gonne’s arithmetic unit FLIP, each number is repre-

* Work performed under the auspices of the U. S. Atomic Energy
Commission.
t Argonne National Laboratory, Lemont, I1l.

resented with base 2 by a triplet (x;,2,,z;) where z,is
the fractional part of the number with 14 < |z, < 1,

x, is the associated power, and z; is the index of
significance. Thus X = z,.2", to =z; significant
figures. In addition and subtraction, the result has
an index equal to the smaller of the two indices of the
operands. Whenever a fraction is down-scaled, its in-
dex and power are increased; whenever a fraction is
up-scaled its index and power are reduced. In multi-
plication and division, the index of the result is the
smaller of the two indices; and even if the result needs
to be scaled to bring it into the normal range, the
index is not changed.

The “unnormalized method’’ is very similar to the
one to be used by the University of Chicago in their
new computer.! Each number is represented by a
couplet (z;, z,,), where 0 < | z;| < 1 and the number
of digits of x; minus the number of leading zeros
equals z; of the normalized scheme. Insignificant
digits are shifted off the register. In addition and sub-
traction, no scaling of the result is carried out, unless,
of course, its fraction is greater than or equal to
unity. In multiplication and division, the resultant
fraction is scaled so as to have the same number of
leading zeros as the operand with the fewer number
of significant figures.

In his error analysis of floating point procedures in
the Communications of the Association for Computing
Machinery?, John W. Carr III points out that a nor-
malized floating point procedure will always give a
better result than an unnormalized procedure. While
the normalized method will create less error, the loss
of possible significant digits due to the shorter regis-
ter-length remaining when an index of significance is
used may outweigh this gain.

The logic for addition and subtraction, due to the
normalization which a result may require and the
handling of the index, are more complicated in the
normalized method. However, division and multipli-
cation are much more complicated in the unnormal-
ized system because of the shifting required to obtain
the correct number of leading zeros. Since the number
of additions and subtractions in a calculation is usu-
ally greater than the number of multiplications and
divisions, the unnormalized system might be a little
faster.

1 R. L. Ashenhurst, and N. Metropolis, “Unnormalized Floating
Point Arithmetie,” Journal of the ACM, July, 1959, pp. 415-429.

2 Carr, John W. III, Error Analysis in Floating Point Arithmetic,
Communications of the ACM, May, 1959, pp. 10-15.
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TypicaL ExaAMPLES

Following are some examples. Those numbered
with (a) use the Argonne method, while those num-
bered with (b) use the second method. The length of
the fractions is adjusted so that the register in each
scheme contains the same number of digits.

(1a) (0.5782, 6, 3) + (0.1485, 4, 3): [Argonne scheme)

0.57820, 6,3  Arithmetic register holds 1
more digit than storage.
+0.00148, 6,5 Power and index adjusted.
0.5797, 6, 3 Result rounded, smaller index

is used.

(1b) (0.00578, 8) + (0.00149, 6): [Other scheme])

0.005780, 8 Register again holds one extra
digit.

+0.000014, 8 Power adjusted.

0.00579, 8
(2a) (0.1397, 5,4) — (0.9143, 4, 2):

0.13970, 5, 4

—0.09143, 5,3 Power and index adjusted.
0.04827, 5,3 Smaller index used.
0.4827, 4,2  Number normalized.

(2b) (0.01397, 6) — (0.00091, 7):

0.001397, 7 Power adjusted.
—-0.000910, 7
0.00049, 7 Number rounded to 2 signifi-

cant digits.

(3a) (0.9143, 4, 2) + (0.1875, 4, 4):

0.9143, 4, 2 No power adjustment needed.

0.1875, 4, 4

1.1018, 4, 2 Fraction exceeds one.

0.1102, 5, 3 Normalization and roundoff.
(3b) (0.00091, 7) + (0.01875, 5):

0.000910, 7

0.000187, 7 ;

0.00110, 7 Rounded to 3 figures.

(4a) (0.5782,6,3) X (0.1485,4,4):
(0.5782, 6, 3) x (0.1485, 4, 4) = .08586270, 10, 3
[Double-register product]
= .8586, 9, 3
[Normalized and rounded]

Index not changed. The digit which was shifted
into register was assumed to be good (opti-
mistic approach).

(4b) (0.00578, 8) X (0.01485, 5):
(0.00578, 8) X (0.01485, 5) = 0000858330, 13

= .00858, 11
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[Rule: result always contains same number of
significant digits as the least significant operand.]

(5a) (0.5782,6,3) X (0.2485, 4, 4):
(0.5782,6,3) X (0.2485,4,4) = .14368270, 10, 3
= .1437,10,3
[Rounded]
(5b) (0.00578, 8) X (0.02485, 5):
(0.00578, 8) x (0.02485, 5) = .0001436330, 13
= .00144, 12
[Adjusted and rounded]
(6a) (0.5782, 6, 3) < (0.2485, 4, 4)

(0.5782, 6, 3) = (0.2485, 4, 4)
= 2.327605...,2,3
= 0.2328, 3, 3
[Normalized and rounded]

Index does not change after normalization.
Extra digit assumed to be no good (pessimistic
approach).
(6b) (0.00578,8) =+ (0.02485, 5)
(0.00578, 8) =+ (0.02485,5) = 0.2325955...,3
= 0.00233, 5
[Adjusted and rounded]

Same rule holds for division as well as multipli-
cation.

(7a) (0.2485, 4, 4) + (0.5782, 6, 3)
(0.2485, 4, 4) + (0.5782, 6, 3)
= 0429782 ..., —2,3
= 0.4298, —2, 3
[Rounded]
(7b) (0.02485, 5) =+ (0.00578, 8)
(0.02485, 5) + (0.00578,8) = 4.29930 ..., —3
= 0.00430, 0

[Adjusted and rounded]

REMARKS ON SPECIAL CASES

In the test cases we have run so far using the Argonne
scheme the number of multiplications far exceeds the
number of divisions; this gives rise to optimistic in-
dices, though none of the indices have been off by the
equivalent of more than one decimal place. In both
systems, a special number exists which does not obey
the above rules. This number is zero and it follows
the following rules in both systems.

X+0=X
XxX0=0
0+-X=0

X + 0is not attempted.

If during the normalization process in the Argonne
scheme, the index of significance is about to become
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less than zero, then the shifting is stopped so that
the index remains at ‘zero. Thus, at the end of this
operation, the fractional part of the number may be
less than one-half. This number, known as a relative
zero, obeys the same rules as any normalized number
during addition, subtraction and multiplication; but
division by this number, as with true zero, is not
attempted. Whenever the normalization is not com-
pleted, the Argonne machine will jump to a fixed
location in the memory and let the program decide
what is to be done about the number.

Relative zero may also be introduced as an input
number. In this case, the fraction is unnormalized,
but the index need not be zero. This number is used
in special operations such as finding the integral part
of another number, as follows:

0.4597, 2, 4
+0.0000, 4, 4

0.0045, 4, 4 Adjust power (index at max.)
0.4500, 2, 2 Normalization.

This type of relative zero is also used in operations
which convert from floating to fixed point. A relative
zero with an index not equal to zero can never be
generated by the floating-point unit.

The only other special number which may arise in
the second scheme is a number with zero significant
figures and thus a zero fraction. All operations with
this number except division follow the normal rules.

If a number in the Argonne scheme does not have
any associated error, it is said to be ‘“‘totally repre-
sented”’. Such numbers are given a special index and
operated on in a slightly different way. As long as a
. calculation uses only totally represented numbers,
the index of the result does not change even if normal-
ization occurs. If, however, during a calculation any
non-zero digits of a number are shifted off, or if one
of the operands is not a totally represented number,
then computation of the index of the result reverts to
its normal form. For example:

(4583, 2, TR) (Totally represented)
—(.4329, 2, TR)

.0254, 2, TR

2540, 1, TR Normalization.

(.4583; 2, TR)
+(.1497, 1, TR)

4583, 2, TR
.01497, 2, TR Adjust power
4733, 2, 4 Results rounded to 4 figures.
4583, 2, TR

—.4329, 2, 4 Not a totally represented number.
0254, 2, 4 Index reverts to its normal form.

2540, 1, 3
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Such a scheme helps to simplify floating-point-integer
arithmetic.

TEesTS OF ARGONNE METHOD IN
REPRESENTATIVE PROBLEMS

To test the accuracy of the index in the floating-
point scheme, we simulated FLIP with a GEORGE
program. We combined this program with some
GEORGE subroutines and compared the results ob-
tained in this manner with those computed by other
means.

Characteristic Polynomial of a Matrix

First, let us consider the routine involving the
method of Leverrier for determining the coefficients
of the characteristic polynomial of a real-valued
square matrix.

Let A; = roots of the characteristic polynomial of
our n X n matrix A.

Define S; = trace (A*) £k =1,2,...,n
Si = 3 aff
The characteristic equation is
AMACA T4+ O 24+ ...+ Cn+C, =0
where
—-C, =8
—2C, = 8:C1 + 8.
-3C; = 8,0y + 8:C1 + S;

—nC, = 81Cu1 + 8:Cs + ... + 8..4C1 + S,

The method requires the computation of A2 A3, .. .
A» and the corresponding S;, Sz, S, . .., S,.. There
are n®(n — 1) multiplications and #n®(n — 1) +
n (n — 1) additions involved in these calculations.
Obviously, inaccuracies can be caused if n is very
large or the elements of A are too large.

We ran tests with our combined program using
four different matrices. In the first two cases tested,
the A’s were of the tenth order and of the forms:

1 1 1 2 2 ... 2

2 2 2 and 4 4 ... 4

10 10 10 20 20 ...-20
InbothecasesC; = ~8S;andCy; = Cs = ... = Cy = 0.

We obtained exact results and the index indicated
this for each coefficient.
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Next we tried a twelfth-order matrix of the form

4 -1 0 0-1 0 0 0 O O O O
-1 4-1 6 0-1 0 0 O O O O
0-1 4-1 0 0-1 0 0 0 O O
6 0-1 4 0 O 0-1 0 0 0 O
-1 06 0 0 4-1 0 06 O O O O
6-1r 0 0-1 4-1 0-1 0 0 O
6 0-1 0 0-1 4-1 0-1 0 O
6 0 0-1 0 O0-1 4 O O0-1 0
¢ o0 0 0 0-1 O O 4-1 0 O
6 0 0 0 0 0-1 O0-1 4-1 O
o 0 0 0 0 0 0-1 0-1 4 -1
6 6 0 0 0 O O O 0 0-1 4

Once again, we obtained exact results with the
corresponding correct indices. It was with this case
that we noticed the vast difference a change in
method made in the final results. We computed the
coefficients from the equation

Cr = (8101 + 82Cis + ... +8,aC + 8p) + (—k)
If, however, we use the slightly different equation

1
Cp = — F (8:Cioy + SoCis + oo o + 8:aCy + Sh)

we get different results. In fact, Cy; is completely in
error and the index associated with it is zero. This
zero index means the number is worthless as a result.

The initial error was introduced in the computa-
tion of 1/k, since non-terminating decimals like 1/3,
1/6, etc. cannot be exactly represented. The use of
these inexact numbers produced inexact coefficients.
The errors in both of these were propagated in the
calculations of subsequent coefficients. As a result,
C,2 was completely in error.

The next matrix we used was a fifteenth order
matrix having all its elements equal to 1. Even though
the elements are not large, the size of n leads to some
very large intermediate results. For example, S;; =
15' = 437,893,890,380,859,375. The coefficients, how-
ever, were more reasonable. In fact C; = —8; and
Cy =C; =...=Cy = 0. In this test we also found
complete agreement with the indexed results and
the known values for the coefficients.

Inversion of a Hilbert Matrix

Next we applied our program to Jordan’s method
for.the inversion of Hilbert matrices of various orders.
Hilbert matrices are of the form
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1 1 1 1

2 3 n
11 1
2 3 4 n + 1
Lo 1
3 4 5 n + 2
} 1 1 1
n n+1 n+2 2n — 1

Hilbert matrices are almost singular and as the size
of the order increases, the value of the determinant
rapidly approaches zero. Several matrices were in-
verted including a 12 X 12 which had a determinant
approximately equal to 10775, We compared the re-
sults we obtained with those computed by an inver-
sion formula.?

The elements in our inverted matrices compared
favorably with those in the table of inverses for all
the orders tested. We were able to get 10- or 11-digit
agreement in the elements of an inverted seventh-
order Hilbert matrix and 6-or 7-digit agreement for a
10 X 10. The indices associated with these inverse
elements were either correct or one-digit optimistic.
This is about what we expected since we employ the
optimistic approach in our floating-point scheme.

It may be interesting to note that Jordan’s method
on a floating-point machine produced inverses above
the 6% order that were completely in error. Also, our
GEORGE interpretive floating-point subroutine was
useless beyond a 7®-order Hilbert matrix. The pri-
mary difference in these cases is the number of digits
the machine can hold. However, the other two
schemes give no indication of the approximate ac-
curacy of the results.

Evaluation of a Polynomial

A third test was performed with a subroutine
which evaluates a polynomial, with real or complex
coefficients, having real or complex roots. We inserted
known roots for certain 4'® and 8t degree polynomials
with real coefficients and noted the computed value
of the polynomial.

When the roots were real and exact, the computed
value of the polynomial was exactly zero. The same
thing was true when the roots were complex but with
exact real and imaginary parts. However, when the

3 1. Savage and E. Lukacs, “Tables of Inverses of Finite Segments
of the Hilbert Matrix” in Contributions to the Solution of Systems of
Linear Equations and the Determination of Eigenvalues, NBS Applied
Mathematics Series 39, p. 105-108, 1954.
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roots were complex and at most one of the parts was
exact we get an evaluation of the polynomial which
is not exactly zero and has a zero index. Here, the
zero index meant the digits in the number were mean-
ingless but the zeros preceding the first of these
digits were correct.

Numerical Integration

Finally, we applied our program to a trapezoidal
integration subroutine. We evaluated some simple in-
tegrals between exact limits. If the results could be
represented exactly, we obtained exact results. When
the results could not be exactly represented we ob-
tained numbers whose error was less than 5 X 10715,
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For these cases, the index on the partial sums was
sometimes less than the maximum, but continued
summations caused it to increase up to the maximum
allowed for non-totally-represented numbers.

Conclusions

The tests we ran were considered fairly representa-
tive of the calculations involved in many problems.
The fact that the index of significance was never
more than one digit from its true value lends merit
to the Argonne scheme. If some of the multiplications
could have been replaced by divisions without in-
creasing the errors, the index would have been even
closer to the true value.



1959 PROCEEDINGS OF THE EASTERN JOINT COMPUTER CONFERENCE

249

Determination of Optimum Production Tolerances

by Analog Simulation

R. B. McGHEEf anp A. LEVINE}

INTRODUCTION

HE ELECTRONIC analog computer has been
Twidely utilized in recent years to obtain optimum

parameter values for various types of control
systems."? The procedure usually followed is to de-
termine a control-system configuration by simplified
analysis and then to program a computer in a rea-
listic way, including all significant nonlinearities and
appropriate random input disturbances. Next, a per-
formance criterion of some sort is selected for the
control system under study, and system parameters
(gains, time constants, ete.) are varied until an opti-
mum system is obtained. At this point, simulation
activity usually ceases and is not resumed again un-
less the actual control system either cannot be con-
structed to obtain the desired parameter values or
else fails to attain the level of performance indicated
by the earlier simulation.

While this approach has produced many success-
ful systems, it is the contention of the authors that
it is seriously deficient in one respect: the essentially
statistical nature of an actual system resulting from
a manufacturing process is completely ignored. The
representation of a control system as a differential
equation with known coefficients is not realistic. An
accurate simulation must effectively consider an en-
semble of control systems, (z.e., a random differen-
tial equation) characterized by parameters with
common statistical properties. These statistical prop-
erties ordinarily take the form of production toler-
ances. Such tolerances must be considered concur-
rently with the search for optimum parameters if
the simulator is to provide a reliable evaluation of
the system performance.

The addition of random parameter values to a
control-system simulation not only allows a more
realistic determination of performance, but it also
permits a more systematic and organized assignment
of production tolerances. Conventionally, while the
mean values for parameters are selected primarily on
the basis of performance, the tolerances are selected
primarily on the basis of cost. These two indices are
somewhat at odds. For example, if cost were no
object, but the desire to maximize performance

t Hughes Aircraft Co., Culver City, Calif.

1 C. L. Johnson, Analog Computer Techniques, pp. 45-64, McGraw-
Hill, New York, 1956.

2 F, E. Nixon, Principles of Automatic Controls, pp. 287 to 305,
Prentice-Hall, Englewood Cliffs, N. J., 1953.

dominated, then the ideal choice for each tolerance
would be zero. On the other hand, if one desired
simply to minimize cost per unit, infinite tolerances
(one hundred percent acceptance of production)
would be the proper policy. In the practical situa-
tion, a compromise between performance and cost
must be effected. This compromise is too often ac-
complished on the sometimes dubious basis of intui-
tion and “engineering judgment.” It is unfortunate
that such methods are used at a decision level so
vital to the ultimate performance and cost of a
product; more so, since the trade-off can be made
more objective through analog simulation. By using
a simulator to obtain performance as a function of
the tolerance assignment, one can choose tolerances
so as to maximize performance for a fixed cost or
minimize cost for a fixed performance. In statistical
terms, one can use the simulator to obtain optimum
values for both the mean (nominal value) and stand-
ard deviation (production tolerances) for each im-
portant parameter.

A first step in this direction has been taken by
R. C. Davis.? He postulated a linear dependence of
a system performance index on parameter variances
and obtained the necessary degradation coefficients
by regression analysis of an analog computer experi-
ment in which parameters were varied randomly.
Although Davis did not explicitly mention cost, the
coefficients he derived were utilized in juggling tol-
erances in such a way as to ease manufacturing
difficulties without degrading performance. In prin-
ciple, it would seem that these coefficients could be
used to derive the original tolerances in an optimum
manner. While Davis’ method is probably the only
sensible one if one is restricted to real-time simula-
tion, it will be demonstrated with a simple practical
example, that there are systems for which such a
linearization can lead to wholly erroneous and mis-
leading conclusions. The following paragraphs de-
scribe an analog simulation technique leading to an
optimum tolerance-assignment which avoids the dif-
ficulties associated with an a priorr assumption
concerning the form of the functional dependence of
performance on tolerances.

3R. C. Davis, “A Statistical Method for Analyzing the Effects of
Missile Guidance System Tolerance on Hit Probability,” Proc. Third
Ezxploratory Conference on Missile Model Design for Reliability
Prediciion, White Sands Missile Range, pp. 85-96, April 1959,
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ProproseEp ToLERANCE OpPTiMIZATION TECHNIQUE

Determination of the PerforMame Function

In order to arrive at an optimum set of tolerances,
it is necessary first to determine the dependence of
the control-system performance index, P(Q), on the
tolerance vector Q. It is proposed that P(Q) be
determined by simulation according to the following
procedure:

(1) Optimum nominal parameters are determined
in the usual way.

(2) A tolerance vector, Q, whose components are
the standard deviations assigned to each para-
meter, is selected. This vector, together with
the mean values determined in Step 1, is used
to adjust filters operating on a stationary noise
source so as to obtain voltages having the
same mean and variance as the parameters
under investigation.

These voltages are fed to integrators as initial
conditions while the computer is in reset. Each
integrator in turn provides the input to a mul-
tiplier representing the value of the random
coefficient in the simulation. When the com-
puter is placed in operate, the integrators
have no input. Thus, the value of the coeffi-
cient is fixed during the solution of the differ-
ential equation, but random when the com-
puter is in reset. This effectively simulates a
new production sample each time the com-
puter is placed in operate.

®3)

(4) A large number of runs is made with a fixed
tolerance-vector. An average performance-
index is obtained for the whole set of runs

(e.g., probability of hit for a missile system).
() |

The components of the tolerance vector are
varied in a systematic way, with a large num-
ber of computer runs being made for each

new set of tolerances.

The results are plotted with the aid of re-
gression analysis using a digital computer. An
arbitrarily high order of polynomial fit may
be used if sufficient data is taken on the ana-
log computer.

(6)

The enumerated steps lead to a representation of a
system performance-function, P(Q), without an a
priori assumption regarding the form of the funec-
tional dependence of the system performance on
parameter values.

It should be noted that step 5 may easily involve
hundreds of thousands of runs. For this reason, it
appears that the proposed sirnulation technique is
economically feasible only when high-speed analog
computers such as the GPS (General Purpose Simu-
lator Instruments Company) or Philbrick Repetitive
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Computer are employed.? These computers are
capable of providing solutions at rates up to 50 cps
and can compute average performance indices simul-
taneously with solution of the differential equations
of the control system.

Determination of the Cost Function

Once P(Q) is obtained, it is necessary to deter-
mine the dependence of the unit cost of the system,
C(Q), on the tolerance assignment. This is a diffi-
cult problem which has long concerned manufactur-
ing industries. It does not appear that analog simu-
lation can aid in the determination of C(Q). Never-
theless, C'(Q) is required in order to optimize Q, so
it is therefore necessary to discuss the estimation of
costs sufficiently to indicate the difficulties to be
expected and the general nature of the cost function.

Among the factors to be taken into account in the
determination of C(Q) are the raw cost per unit,
salvage value, maintenance costs resulting from tol-
erances too wide or too narrow, lifetime, etec. Initial
estimation of C(Q) based on such considerations can
probably best be accomplished by reference to man-
ufacturing experience with previous produects similar
to the one under consideration. As production pro-
ceeds, the original estimate may be refined on the
basis of actual costs. In addition to the experience
accumulated by various manufacturing organiza-
tions, considerable literature exists on the subject of
cost estimation.*®

While the general problem is much too extensive
to treat here, one can observe from experience that
C(Q) is generally hyperbolic in nature. That is,
reduction of any element of Q = (o4, a9, . . . , 0,) to
zero will result in infinite cost while minimum cost
is achieved by making all tolerances infinite.

Optimazation of the Tolerance Vector

After P(Q) has been determined, the optimiza-
tion of Q may be considered. The first step required
is to select a criterion for optimization. An obvious
criterion is to optimize performance for a fixed cost.
That is, on a surface of constant cost in the Q-space,
one seeks the point of maximum performance. On
the other hand, it might be more desirable to mini-
mize cost for a fixed performance. More complicated
optimization criteria are possible by specifying the
cost one is willing to accept as a function of per-
formance, ete. .

As more data becomes available, the estimate of
the cost function will change, thereby shifting the

4 Johnson, op. cit., pp. 222-232.

5D. H. Evans, “Optimum Tolerance Assignment to Yield Mini-
mum Manufacturing Cost,” Bell System Technical Journal, Vol. 37,
pp. 461-484, March 1958.

¢E. W. Pike and T. R. Silverberg, ‘“Assigning Tolerances for
Maximum Economy,” Machine Design, Vol. 25, p. 139, Sept. 1953.
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optimum. However, the original performance func-
tion, P(Q), remains valid; so the apportionment of
tolerances may be altered to a new optimum without
Sfurther simulation.

ExaMpLE

Description of Simulation

In order to establish the feasibility of the proposed
technique, a simulation of a hypothetical radar-
homing missile was undertaken. Besides random
parameters, this simulation included random radar
tracking noise and a random missile-heading error at
launch. The performance index selected was proba-
bility of hit, P, as measured against an idealized strip
target. To limit the amount of data to be taken, only
two parameters were varied randomly. These param-
eters were the navigation gain, K, and the principal
missile filtering-time constant, ». The missile which
was simulated derived steering information from the
angular rate of the line of sight from missile to target,
so K is given by :

K - steady-state missile turning-rate
h line-of-sight angular rate

)

Fig. 1 is a functional block diagram of the missile
simulated.

RADAR TRACKING NOISE

APPARENT LINE-OF-SIGHT #lfghﬂﬁlé
+
TRUE LINE- Kp RATE
AERODYNAMICS
OF-SIGHT + I+t
ANGLE TO GUIDANCE UNIT
COMMANDED
TURNING
RATE

TARGET
POSITI?N

INITIAL HEADING
ERFOR (RANDOM)

KINEMATICS

K= NAVIGATION GAIN 7 =PRINCIPAL FILTERING

TIME CONSTANT

Fig. 1—Radar homing missile navigating in a plane.

To measure P, with sufficient precision, it was nec-
essary to simulate five hundred attacks for each
value of the tolerance vector Q = (ox, o). By con-
sidering four values for each tolerance, a total of
sixteen cases was generated, resulting in a grand total
of eight thousand simulated attacks. Since a high-
speed computer was not available at the time, this
simulation was performed on a real-time basis using
automatic sequencing equipment. The total running
time was about one week. Thus, this example shows
quite clearly that a problem of realistic complexity
will require high-speed simulation.

In this simulation, it was assumed that the popula-
tion statistics for both K and r were Gaussian with
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mean values K, and r, and standard deviation ox and
or respectively. The sample values were therefore
obtained by low-pass filtering of noise generators,
using integrators which did not reset. Fig. 2 shows
the computer program used to randomly vary the
navigation gain, K, from run to run.

NON-RESETTING

INTEGRATOR
NORMAL
+100©
BroADEAND —{— INTEGRATOR Ko
ISE
oIS : I 2 AK: 3 K SERVO p=
%K/ 2 Ic -100©
No T Ko
l/‘rl 100
+100

No = TWO-SIDED LOW FREQUENCY SPRECTRAL
DENSITY, VOLTZ/CPS.
© = APPARENT LINE-OF-SIGHT ANGLE

Fig. 2—Random variation of navigation gain.

Tk
0% 10% 20% 30%
97
0% 0.34 0.30 0.31 0.29
10% 0.30 0.31 0.29 0.29
20% 030 0.26 0.30 0.30
30% 0.24 0.22 0.28 0.27

Fig. 3—Measured probability of hit as a function of
parameter standard deviations.

Fig. 3 is a table of the results obtained in the simu-
lation. This table presents the measured P, as a
function of the percentage standard deviation as-
signed to the randomized parameters, K and r. The
raw data of this table was subjected to quadratic re-
gression analysis on ¢x and ¢, using a digital com-
puter;i.e., the data points were fitted in a least-square
sense by

P, =Py + aiox + Q07 + Q1108 + Qr90x0r + G207 (2)

The results are plotted in Fig. 4. Fig. 5 is a contour
map of Fig. 4 with hypothetical cost curves included.
Examples of minimum-cost and maximum-perform-
ance optima are indicated.

Significance of the Experimental Results

The first and most obvious observation that can
be made from Fig. 4 is that linearization of the de-
pendence of P, on ox and o is impossible. Linear de-
pendence would result in equally spaced, parallel,
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Fig. 4—Dependence of probability of hit on tolerance
assignment for a homing missile.
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Fig. 5—Optimization of tolerances for minimum cost or
maximum performance.

straight lines on Fig. 4. Replotting with ¢x* as the
abscissa would show that linearization of the depend-
ence of P, on ¢x* and o,? is also impossible. Further
examination of the figure reveals the remarkable fact
that the performance of this system can actually be
degraded by tightening tolerances. For example,
when o, = 30 percent, the probability of hit is de-
creased from .28 to .24 as the tolerance on ox is
reduced from 30 percent to 0 percent. This is quite at
odds with the widespread opinion that when toler-
ances are relaxed in one part of a system, they must
be tightened elsewhere to maintain the system per-
formance. In the present example, this apparently
anamolous behavior results from a cancellation of
effects when K and r both vary widely from their
nominal values.

A more general and far reaching conclusion arising
from this example is concerned with the form of the
mathematical model selected to represent the de-
pendence of the system-performance index on param-
eter values. In the more conventional approach to the
study of tolerances, one begins by assuming a specific
model for this dependence.” For example, on the basis

7 Evans, op. cit.
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of experience gained in the optimization of nominal
values, the system designer might decide that an ade-
quate model for the relationship between P, and the
values of the parameters, K and r, is given by the
quadratic expression:

Py = yo + v1(K — Ko) + v2(7 — 70) + y1:(K — K,)?
+ vi2(r — 70) (K — Ko) + va2(r — 10)> (3)

Now since the values of K and r were independent in
this experiment (and very often in practice) the
average or expected value of P, measured over the
ensemble of missiles is given by

Py = E(Py)
Yo + Y1uE(K — Ko)? 4+ v22E(r — 70)?

I

(4)

where the symbol E denotes the expected value or
theoretical average resulting from repeated estima-
tion of P;. The other terms vanish because they have
zero expected value. Now, by definition, the ensemble
averages in the above expression are just the vari-
ances; 7.e.,

E(K — K,)? = ox? = variance of K (5)
E(r — 70)? = ¢, = variance of = (6)
S0 P = vo + vuox* + v220*? (7)

This is the analytic origin of the common assumption
that performance depends linearly on the variances.
If one accepts this assumption, then all that is re-
quired is to perform an experiment, selecting many
values of the variables and recording the performance
index along with the values of the variables. Regres-
sion analysis is then accomplished on equation (3)
yielding the desired coefficients, vo, v11, and vyas.

While the above approach will succeed if the as-
sumed model (3) is in fact correct, it has already
been shown that the resulting conclusion of linear
dependence of performance on parameter variances
cannot possibly describe the behavior of the example
at hand. The reason is that the effect of the terms
o1, 02, and o102 are absent from (7) whereas a regres-
sion analysis of the experimental results based on (2)
shows that o102 is in fact the most significant term.
This term represents interaction effects which are of
prime importance in this system. The actual financial
cost of ignoring this term could be considerable since
utilization of (7) would lead both to unnecessarily
tight tolerances on K and to degraded performance
when o, is large.

The process of deriving the effects of tolerances
from a model for performance-dependence on param-
eter values can be turned around. That is, if one
knows the, coefficients in an equation like (2),

Ph = Qg + Q105 + Q207 + anox? + Q120x0T + a220‘r2 (2)

then the effect of parameter values can be inferred
(though not uniquely). For example, if it were true
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that

Py =ac+ay | K—Ko| +ds| 7—70| + an(K—Ko)?
+a,12|K—K0|IT—ToI+(122(7'—To)2 (8)

then (2) would follow and the coefficients in (8)
could be obtained from a regression on tolerances
such as was performed in the present example.

To summarize, in the light of the preceding discus-
sion, it is maintained that one should in general re-
verse the usual approach to tolerance analysis by:

1. Performing a simulation with randomized co-
efficients as described in the section above on
Tolerance Optimization.

2. Derive the mathematical model for the system
from a regression analysis of the dependence of
system performance on the tolerance vector.

In this way, new insight can be obtained into the
relationship between performance and parameter
values, and serious errors in tolerance assignment can
be avoided.

DEsioN oF EXPERIMENTS

The Need for Experimental Design

The experiment just described involved only two
parameters. In a more realistic problem, it is likely
that a much larger number of system parameters
would be considered in the assignment of optimum
tolerances. Utilization of the method presented in
this paper leads to an alarming increase in the total
number of runs as the number of parameters increases
unless the experiment is carefully designed. The
problem of determining just how to take data so as
to obtain the most information with a minimum of
effort falls within the realm of statistical design of
experiment. This field is so extensive that it is neither
possible nor desirable to consider it in detail in this
paper. Fortunately, there are several excellent texts
on the subject which treat a variety of types of
experiment.®

While a general discussion of design of experiment
is not appropriate, there are two aspects of this field

which are particularily useful in experiments of the.

type discussed in this paper. In the first place, it is
necessary to be able to estimate the total amount of
data required to define P(Q) before beginning the
experiment. Secondly, in the event that this number
is too large, it is very desirable to have a means for
reducing this total by a judicious choice of data
points in the tolerance-vector space. Both of these
problems are considered below in connection with the
present experiment.

Estimation of the Amount of Data
In the missile simulated, the measured values of

8W. G. Cochran and G. M. Cox, Exzperimental Designs, John
Wiley and Sons, New York, 1950.
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the performance index, P,, possess a binomial dis-
tribution, because they result from repeated trials of
the same experiment. One can therefore estimate the
variability of successive measurements of P;.° It
turns out that if Pj is the true or theoretical proba-

bility of hit and 13;, is the measured ratio of hits to
total firings, then
Py=DPyx1/vn
n = total pumber of simulated firings

(9)

with probability .95 or better. Consequently, since
the data in Fig. 3 was obtained by making five hun-
dred simulated firings per data point,

Po=P,+1/V500 =P, + .045  (10)

That is, we can have at least ninety-five percent con-
fidence that the true P, lies within =+.045 of the
values listed in Fig. 3.1° Utilization of quadratic re-
gression (2) considerably improves the confidence we
may have in the final result of Fig. 3.

If one were to decide that a precision of +.045
with ninety-five percent confidence was required of
every point, and furthermore, that m values of each
of k& parameters must be considered, then for this
example the total number of runs would be given by

n = 500 mk (11)

This number may be so large as to make a ‘“‘brute
force’’ determination of P(Q) impractical, even with
a high speed computer. In such an event, some means
such as the experimental design described below must
be found for reducing this total.

Factorial Design

In the example treated in this paper, the data
points were taken at uniformly spaced points in a
ox, or space (Fig. 3). Fortunately, it is not necessary
to take data at all of these points to determine a
quadratic relationship between P(Q) and Q. One
type of design of experiment which allows fewer data
points to be considered is called ‘‘fractional factorial
design’’.** This design method involves a sequential
determination of the points at which observations
should be made, and is particularly well suited to the
determination of P(Q). The total number of com-
puter runs may be drastically reduced, amounting
possibly to several orders of magnitude in the total
effort required to define P(Q). While the complete

9 P. G. Hoel, Introduction to Mathematical Statistics, John Wiley
and Sons, New York, Chapter 10, 1947.

10 Methods also exist for the estimation of confidence intervals in
the event that the variables do not possess a binomial distribution.
Ibid., Chapter 10.

11 J 8., Hunter, “Designing and Interpreting Tests,” Control
Engineering, pp. 137-141, Sept. 1959.
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Fig. 6-—Measured probability of hit as a function of
parameter standard deviations.

theory is somewhat involved, Fig. 3 ean be used to
illustrate the basic idea of fractional factorial design.

Referring to the experimental example, if one knew
the relative importance of the terms ok, o7, and oxor
in determining P(Q), then a more intelligent selec-
tion of sampling points could be made. Now an esti-
mate of the relative effects can be obtained by evalu-
ting P(Q) only at the vertices of the table of Fig. 3.
Fig. 6 is an abbreviated table, obtained by using only
the four corners of the other table. The relative effect.
of each of the three terms above is obtained as follows:

(1) Estimated effect of ox = average of P, over
column (2) — average P; over column (1) =
(229 + .27)/2 — (34 + .24)/ =—.01

(2) Estimated effect of o = averageof P, over row
(2) — average P, overrow (1) = (.24 + .27)/2
— (.34 — .29)/2 = —.06

(3) Estimated effect of sxor = average difference
of row (2) — average difference of row (1) =
(.27 — 24)/2 — (29 — .34)/2 = .04

Thus it can be seen that the ‘““interaction effect” of
oxor 1S greater than the “main effect” due to ox
and nearly as great as the “main effect’” due to or.
While this result is obtained from only four data
points, it is (qualitatively) quite in accord with the
final result obtained by regression analysis (Fig. 4).
The significance of this test is simply that the oxor
term cannot be dropped from the regression equa-
tion (2). There is, however, a possibility of dropping
the linear term ox. If this were done, then less data
would be required to estimate the remaining regres-
sion coefficients. A more sophisticated approach to
fractional factorial design must consider confidence
intervals and other effects to determine whether or
not a given term can be dropped from (2).

When a large number of parameter tolerances are
involved in Q, the dropping of even one term from
the regression equation may provide a considerable
saving in the simulation effort required to obtain
P(Q). Even if no terms can be dropped from the
regression equation, uniformly-spaced data points do
not provide the best grid for measurement of P(Q).
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Further development of fractional factorial design
provides a solution to the problem of determining the
optimum location for data points in the parameter-
tolerance space.

SPECIAL SIMULATION CONSIDERATIONS

Correlation Between Successive Parameter Values

In order to simplify the analysis of data, it is de-
sirable that successive values of parameters selected
from noise generators be uncorrelated. For noise
sources shaped by first-order filtering, the correlation
of output samples separated by time 7T is given by

p(T) = e~ T/, (12)
where 7, is the filter time constant.'? Consequently,

Multvplexing of Notise Generators

In a problem of realistic complexity, a sizable
number of uncorrelated noise voltages are required
to provide parameter values. These voltages can be
obtained from a single noise generator by frequency-
multiplexing techniques. Rice has shown!® that an
ensemble of samples drawn from a Gaussian noise
generator can be described by a Fourier series with
uncorrelated random coefficients. Consequently, if
such a signal is passed through a bank of bandpass
filters, the correlation between filter outputs can be
made as small as desired by reducing the spectral
overlap of the filters sufficiently. In this process, the
correlation between successive samples from a single
filter must also be considered. This factor sets a
lower limit on the bandwidth of the individual filters.

High-Speed Data Processing

When solution rates are as high as the 50-cps capa-
bility of repetitive computers, data reduction must
be at least partially accomplished by the computer.
One such computer (GPS) has a probability-distri-
bution analyser which automatically provides proba-
bility of hit. This means that there is no need to
process individual solutions off the computer. It ap-
pears that such an instrument or a related one 'is
essential in simulations where hundreds of thousands
of runs are required.

CONCLUSIONS

The role of simulation in the preliminary design of
control systems can be expanded to include selection
of optimum manufacturing tolerances. If a high-
speed computer is available, one may abandon linear
models for the effect of varying tolerances and thereby
obtain a realistic method for performing the crucial
trade-off between cost and performance. A lesser
effort is apt to lead to false conclusions concerning
system performance.

12J L. Lawson and G. E. Uhlenbeck, Threshold Signals, p. 42’
MecGraw-Hill, New York, 1950.

13 8. 0. Rice, “Mathematical Analysis of Random Noise,” Selected
Papers on Noise and Stochastic Processes, N. Wax, ed., pp. 157-161,
Dover Publications, New York, 1954. :
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The Crossed-Film Cryotron and Its Application
to Digital Computer Circuits

V. L. NEWHOUSE,t+ J. W. BREMERt axnp H. H. EDWARDSY}

INTRODUCTION

HE NAME cryotron was applied by the late
TD. A. Buck to the superconductive relay which

he described.! Buck’s cryotron consisted of a wire
of tantalum surrounded by a coil of niobium and was
operated at the boiling point of liquid helium at
atmospheric pressure. At this temperature the tan-
talum ‘‘gate” wire was only just superconducting.
By passing a sufficient current through the niobium
control coil, a magnetic field was created which was
sufficient to transform the tantalum gate to its resis-
tive state.

It was found by two of the authors that it is pos-
sible to produce the cryotron in a geometry suitable
for deposition on a flat surface.? This will be referred
to as the crossed-film cryotron (CFC). The CFC
was first presented in public at the Electron Device
Research Conference at Ithaca in June 1959. Similar
devices were described at the same meeting by M. L.
Cohen, J. L. Miles, A. E. Slade and C. R. Smallman
of the A. D. Little Company, and by A. E. Brenneman
and R. de Lano of the IBM Research Center.

This paper describes a crossed-film cryotron de-
posited on an insulated superconductor. This CFC
has a time constant of less than one microsecond and
is_approximately one hundred times faster than the
original vacuum-deposited cryotron.? The d-c¢ dissi-
pation is less than 5 microwatts and the active area
of each element is approximately 5 X 10-* square
centimeters. These cryotrons and all their inter-
connecting circuitry can be vacuum deposited at one
and the same time in a few simple steps.

The cryotrons can be applied to both switching and
storage. Some experimental storage and shift-register
circuits are described, which demonstrate a circuit
property unique to superconductors. A shift-register
circuit is shown which is deposited in an area corre-
sponding to 20,000 active elements per square foot.

Calculations are presented which show that with
this component density, a computer or memory con-
taining more than one million elements can be accom-
modated in a one-cubic-foot liquid helium container
using presently available refrigeration methods.

t General Electric Company, Schenectady, N. Y.

1D. A. Buck, “The Cryotron — A Superconductive Computer
- Component,” Proc. I.R.E., Vol. 44, pp. 482-493, 1956.

2V, L, Newhouse and J. W. Bremer, “High-Speed Superconductive
Switching Element Suitable for Two-Dimensional Fabrication,”
J.A.P., Vol. 30, p. 1458, Sept. 1959.

SUPERCONDUCTIVE FILMS

The devices to be described are made up of tin,
lead and insulator films only. Of these, only the tin
films change their state during operation. We can,
therefore, confine our attention mainly to tin films.
At temperatures below the so-called critical temper-
ature T, tin and lead become superconducting. For
lead, T, = 7.2°K. For the tin films used, T, =
3.75°K. The devices described are operated at ap-
proximately 3.6°K. At this temperature, the tin
films can readily be switched from the superconduct-
ing to the normal (resistive) state, but the lead films
remain superconducting throughout.

Just as in the case of bulk materials, it is possible to
restore a superconductive film to the normal state by
the application of a magnetic field greater than the
so-called critical field H,.. The variation of H, for
bulk tin is shown in the insert of Fig. 1.

400~y oF BULK TIN

VS TEMPERATURE

o
0 3 MICRON TIN
He FILM

401 200
oe. o He
A oe
¢ 0
201 BULK TIN 0 2 4
4 T°K
1 1
0.1 02
Te-T°K

Fig. 1—Critical field of gate film as a function of temperature. Solid
line: measured directly. Points: calculated from cryotron char-
acteristics and grid widths, using Eq. 4. Grid widths: A 16 microns
(unshielded), [ ] 65 microns (shielded), o 40 microns (shielded).

The main portion of Fig. 1 compares H, of bulk tin
and H, of a 0.3-micron-thick tin film. The film curve
was determined experimentally, with a uniform
magnetic field applied parallel to the film surface.
The data points shown in the figure are values of H,
calculated from the electrical characteristics of
crossed-film cryotrons. These are discussed in con-
nection with Eq. (4) below.

Fig. 1 shows that H. of the film is higher than for
the bulk material. It can be established on the basis
of thermodynamics?® that if the film thickness is of the

same order of magnitude as, or less than, the penetra-

3D, Shoenberg, Superconductiviiy, pp. 171-174, 2nd edition,
Cambridge Univ. Press, 1952,
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tion depth, H,. varies inversely with film thickness.
The penetration depth is roughly equal to the thick-
ness of the surface layer in which the current flows in
a bulk superconductor. For tin, the penetration
depth at absolute zero is approximately 5 x 107¢
cm, but at temperatures close to 7, it is larger. At
3.6°K, a typical operating temperature for a crossed-
film cryotron, the penetration depth is about 0.1
micron.

The variation of resistance with current for a 0.3-
micron tin film is shown in Fig. 2. By applying the
current in short pulses, it is possible to obtain the so-
called isothermal transition shown in the broken
line. This curve is connected with the actual super-
conducting behavior of the film, and is reasonably
independent of other film characteristics, such as
resistivity, and of the substrate properties. If a
slowly-rising current is passed through a film, Joule
heating causes thermal ‘“propagation” of resistive
areas in the film.* This behavior is shown in the solid
curve of Fig. 2, and is strongly dependent on sub-
strate thermal conductivity and on film resistivity.
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Fig. 2—D-¢ and pulse current-induced transitions for 0.3 micron
thick, 4.05 mm wide tin film on sapphire substrate. AT = 0.08°K.

The current at which resistance first appears is
known as the critical current .. For thin films
I, =i, W(T, — T) where W is the film width and T
the bath temperature, provided that T, — T <T..°
1. increases as film thickness increases and appears to
depend somewhat on heat treatment and film sub-
strate. It has been found that 7, is more than doubled
if the film in question is deposited on top of an
insulated lead ‘“‘shield” plane.

The explanation of why a tin film which lies
adjacent to a lead shield plane has a higher critical
current than a similar tin film deposited on glass is
believed to be as follows: It can be shown® that a

film in the shape of a cylinder will carry twice as*

4J. W. Bremer and V. L. Newhouse, ‘“Thermal Propagation Effect
in Thin Superconducting Films,” Phys. Rev. Letters, Vol. 1, p. 282,
1958.

5J. W. Bremer and V. L. Newhouse, “On Current Transitions in
Superconductive Tin Films,” Phys. Rey., to be published.

¢V. L. Ginzburg, “Critical Currents in Superconducting Films,”’
Soviet Physics “‘Doklady,” Vol. 3, p. 102, 1959.
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much current as the same film unwrapped into a
flat plate. When current passes through a tin film
adjacent to a superconducting shield, surface cur-
rents are induced in the shield to prevent flux from
penetrating into it. It can be shown that these surface
currents double the field between the film and the
shield, and produce an approximately zero field on
the opposite side of the film. This field configuration
is the same as would occur if the tin film were in the
shape of a cylinder. It is to be expected, therefore,
that the critical current for a shielded flat film is
increased from the value for the unshielded flat film
to that for the cylinder.

The mathematical problems of calculating the sur-
face currents induced in a superconducting surface
due to the presence of an external current-carrying
conductor are similar to the problems of calculating
the surface charge produced in a perfect conductor
due to an external charge. It is found that some of
the results of the ‘“method of images” of electro-
statics can be carried over to superconductors if an
electronic dipole is replaced by a magnetic dipole, and
a line of charge by a line of current. For a current-
carrying wire above a superconducting surface, for
instance, it can be shown that the net field outside
the surface is equal to the field of the original cur-
rent plus that of an equal and opposite shielding
current which is the same distance behind the super-
conducting surface as the real current is in front.
This effect increases the field between the current and
the surface, but reduces it everywhere else. (It is
assumed that the maximum net field is less than the
critical field of the superconducting shield plane.) It
can be seen therefore that if it is desired to reduce
the effective inductance of a wire or length of film,
it is simply necessary to place a superconducting
plane with a high critical field in close proximity.

TaE CrossED-FiLM CRYOTRON:

The basic structure of a crossed-film cryotron
(CFC) is shown in Fig. 3. If a sufficiently large cur-
rent is passed through the “grid” film, the resulting
magnetic field produces a resistive channel across the
much wider tin “gate’” film. The grid remains super-

TIN GATE

LEAD CONNECTORS
GLASS SUBSTRATE

Fig. 3—Structure of crossed film cryotron. Typical dimensions: gate
film — 0.3 microns X 2 mm, Insulator — 0.4 microns, grid film
— 1 micron X 25 microns.
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Fig. 4—Comparison of electrical characteristics of unshielded and
shielded CFC. Shield insulation thickness = 4 microns. Grid
width — 30 microns, gate width — 2 mm, T. — T = 0.07°K.

conducting at all times. The characteristics of the
unshielded cryotron are shown in the broken curves
of Fig. 4. The curve intersecting the left-hand ordi-
nate at 91 ma. shows values of gate and grid current
at which resistance just begins to appear. Its inter-
section with the ordinate defines I, for the gate film
used. It can be seen that the presence of gate current
“helps” the grid current to make the gate resistive.
The gain of the CFC can be defined as the ratio of
the maximum current /., which the gate can carry
and remain superconductive, to the minimum grid
current I¢ required to make the gate resistive at low

gate currents, i.e.,
(1)

For the unshielded eryotron I, = 91 ma and I¢ =
31 ma at the temperature shown. The other broken-
line curves shown in Fig. 4 refer to the right-hand
ordinate and represent the variation of resistance
with grid current at constant gate current. The slope
of these curves can be accounted for, to within a
factor of 2, in terms of the known critical field of the
film and the film resistivity.

If the CFC shown in Fig. 3 is covered with an in-
sulating layer followed by a film of lead, the induc-
tances of the gate and grid will be reduced as ex-
plained above, and the d-c characteristics will be
somewhat changed as shown in the solid lines of
Fig. 4. It can be seen that I. for the shielded tin film
is more than three times that for the unshielded
film. I¢ is also somewhat larger. However, the gain
of the shielded cryotron is larger than that of the un-
shielded one.

It is noteworthy that the curves of resistance as a
function of grid current for the shielded CFC ap-
proach a saturation value of resistance. This is be-
cause the field due to a grid above a shield plane falls
off very rapidly beyond the edge of the grid; because
in this region the fields, due to the grid current and
the shield current, tend to cancel one another. It is

g = Ic/IG
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to be expected, therefore, that the portion of the gate
film which can be made resistive by grid current ac-
tion is that portion lying under the grid. The maxi-
mum calculated resistance of the shielded CFC is
shown dotted and is seen to be in fair agreement with
experiment.

We will now show that the gain of the CFC is
proportional to the ratio of the gate to the grid
widths. As mentioned above, for thin tin films, I, is
proportional to the film width W, z.e.,

I, =W. (2)
Here <. is a constant of the material roughly propor-
tional to T, — T as long as this is small.

In a current-carrying superconducting film (at
least when the film thickness-is large compared to the
penetration depth of the current), the current density
1s not uniform over the film surface, but is more con-
centrated near the edges. For a current-carrying film
close to a superconducting shield plane, however, the
current is distributed more uniformly.

The field H between a film of width w carrying a
current / which is assumed distributed uniformly,
and a shield plane is

H = 04rl/w. 3)
This formula will apply to the field in the space be-
tween a grid and its shield plane, which contains the
gate film. If the gate film has a critical field H, at
which it becomes resistive, then the grid current I
at which the gate just becomes resistive will, using

Eq. (3), be
(4)

The points shown in Fig. 1 are values of H. calcu-
lated from experimental values of I, for representa-
tive cryotrons of different grid widths. It is clear
that Eq. (4) is at least approximately correct. From
(1), (2) and (4) we finally obtain the gain as
. W
T w (5)
It is seen that the gain is proportional to W/ w.
1./H, is a property of the material and decreases with
gate film thickness. 7 riseslinearly withAT =T, — T
close to the critical temperature. However, as Fig. 1
shows, the curve of H, vs. AT has a knee at AT <
0.08°K. It is to be expected, therefore, that ¢ should
rise strongly as the temperature is decreased below
T. until T goes below the knee of the H.-vs.-AT
curve. This appears to be the case. The cryotrons
described here are operated at AT = 0.07°K, <.e.,
just above the “knee’” and are not, therefore, operat-
ing at their maximum gain.

The speed of a cryotron is, of course, dependent
on the mode of operation. In the circuits described

I = Hw/0.4r .

g = 04r
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below, the cryotron gate is in parallel with the load,
which consists of the grid crossing a similar cryotron.
The time constant r at which current will be diverted
from a cryotron gate to the grid of the load cryotron
is L/R where R is the resistance of the driving cryo-
tron. L is the sum of the grid inductance of the driven
cryotron, the gate inductance of the driving cryotron,
and the inductance of the connecting circuits. Out of
all these terms, only the grid inductance is important.
The inductance of a grid of width w spaced d em
from the superconducting shield plane can be shown
to be 47 X 107° d/w henries/cm. The driven cryotron
has a width W, hence its grid has a length W and

wd

L = 47 — X 107® henries. (6)
w

As discussed in connection with Fig. 4, the maxirmum
portion of a shielded cryotron which becomes resis-
tive is that part of the gate film covered by the grid.
Hence, the resistance R of the driving cryotron of
width W, energized by a grid of width w, is

w
R = p— ohms

wt ™

where ¢ is the gate film thickness and p the effective
bulk resistivity. (For very pure films, p is itself a
function of ¢, but for the relatively impure films used
here, this dependence can be neglected.)

From (6) and (7), we find that the effective time
constant 7 of one cryotron driving another is

r=L/R

= 4r ﬁ-(zfy X 1079 sec. (8)
p \w

Substituting from (5) for W /w in (8) we find the time
constant in terms of the gain:

T =4wtii(jc

There are two points of interest in (9). First,
r « t(H./0.4xi,)% This shows that there is an opti-
mum value of the gate thickness {, because as we
attempt to reduce r by reducing ¢, H./0.4ri, in-
creases. For solid wires, H./0.4ri, — 1, but for the
0.3-micron tin films presently used, H,/0.4xt, is be-
tween 20 and 50. The second point of interest is that
7 is not a function of the grid and gate widths.
Hence, a reduction in cryotron area will not increase
speed.

Present values for the material constants in (9) are

2

) g% X 107° sec.

(9)

p = 6-12 x 1077 ohm-cm,
—E—”—, = 20-50.
0.471,

t = 0.3 microns,

d = 1.0 micron,
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A practical value for the gain is 2. Substituting these
values into (8), we obtain a theoretical range of
=5 — 65 X 1078 sec. A typical cryotron, described
below, has an experimental time constant of 38 x 1078
sec. at the temperature of operation.

A SimpLE STORAGE CIRCUIT

We will now describe a simple storage circuit
which makes use of a principle unique to super-
conducting networks. The principle will be illus-
trated with the circuit shown in Fig. 5-A.

In one mode of operation of this circuit, a current
is applied between X and Z. Most of this flows
through the path XZ rather than XYZ, because the
former has much lower inductance. The equivalent
circuit is shown in Fig. 5-B.

TIN FILM
) LEAD FILM

INPUT GATE X Y] OUTPUT GATE
- |_ o
1 R
Ea QUTPUT GRID
INPUT GRID 2 'N

A

Fig. 5—(a) Cryotron storage cell. (b) Equivalent circuit.

If current is now passed through the input grid,
XZ becomes resistive and I is diverted through the
path XYZ. It is now possible to switch off the current
through the input grid so that XZ becomes super-
conducting again. Since L, is still superconducting,
it is to be expected that 7 will remain diverted
through L., even though L, has become supercon-
ducting again. This does, in fact, happen experi-
mentally. The current in XYZ can conveniently be
determined with a d-c measurement by measuring
the resistance of MN.

If, after I has been diverted to L, and after L, has
become superconducting again, I is switched off, a
circulating current will remain in loop X YZ. Its mag-
nitude can be calculated as follows:

Assume that a current 47 has been injected into
node X and completely diverted to L., through L,’s
having been temporarily been made resistive. If now
current —7 is injected into node X, it will divide
itself between XZ and XYZ in the inverse ratio of
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their inductances. The current along XZ will be

and the net current along XY Z will be

L, L,

I =1 —171 =7 .
xre Li+L, L+ L

Therefore, —Ix; = Ixyz. Hence, the circulating
, current
L,
I cire — o I. 10
Ly + L, (10)

Eq. (10) has been confirmed experimentally, and cur-
rents have been stored for several hours.

The results which have been described in connec-
tion with the above storage circuit can be generalized.
If a current is injected into a network of supercon-
ductive elements, it will distribute itself among them
in inverse ratio to their inductances. By making one
or more of these inductors resistive for various
lengths of time, current will be diverted from the
resistive elements to the superconducting ones. As
soon as the resistive elements are made superconduct-
ing again, however, the current distribution stops
changing, as long as the external injected current re-
mains constant.

It is clear that in a cryotron computer, analog and
digital storage will be simpler than in a transistor
computer, where positive feedback circuits, or mag-
netic cores which cannot conveniently supply a con-
tinuous output, are required.

The circuit of Fig. 5 provides a convenient way of
measuring the effective speed of the cryotrons used
in it. The deflection of current from leg XZ to leg
XYZ takes place with a time constant

= (L + Ly)/R (11)

(R is the resistance produced in XZ by the input
grid current). By applying individual pulses of known
length to the input grid, we can measure the current
changes in the output grid and obtain an experi-
mental value for r.

The result of applying 0.05-microsecond current
pulses to the input grid of one of the storage loops
shown in Fig. 7 is shown in Fig. 6. The experimental
curves have a time constant of approximately 0.38
microseconds. The value given by Eq. (11), using
calculated values for L, + L, and experimental values
for R, is 0.33 microseconds. The curve of rising cur-
rent is obtained when 150 ma. is injected into the
cryotron loop and gradually diverted to the output
leg. The curve of decreasing current corresponds to
a stored current (with the external current switched
off) being destroyed by pulses on the input grid.
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Fig. 6—Change of stored current due to 0.05 usec pulses on input
grid of storage cell of Fig. 7. Curves are fitted to the data points
corresponding to a time constant of 0.38 usec.
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Fig. 7—Portion of experimental shift register. Note the insulator
film separating the grids from the underlying gate films.

A Suirr REGISTER

The memory circuit described has been applied to
a shift register. A short portion of such a register is
shown in Fig. 7. The register is of the three-stages-
per-bit type and requires two advance and two reset
windings. A diagram and a set of calculated wave-
forms are shown in Fig. 8.

Information travels from left to right. To inject a
“1” into the register, the input winding is pulsed
while advance current 7, is on. This diverts I, from
the first cryotron to its output grid and when I, goes
off, a circulating current C, remains in the first cell.
I, is now injected into the second storage cell. Due
to the existence of Cy, I, will be diverted to the out-
put grid of the second storage cell. It is necessary at
this time to destroy C;. This is done by passing cur-
rent through the reset winding R,. C; has to be
destroyed before I, is switched off since, otherwise,
C,, the circulating current in the second storage cell
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Fig. 8—Calculated waveforms for shift register.

caused by the effect of C; on I,, would be destroyed.
After C, has been destroyed and 7, switched off, the
injected ‘“1” is represented by the circulating current
C: in cell 2. In similar fashion, C;is created and C, is
destroyed. Only now can a new “1” be injected into
the first storage cell. The grid of the last storage cell
crosses an output cryotron whose resistance is an
indication of the presence or absence of the circulat-
ing current C,. As described earlier, the experimental
and calculated time constant of the cryotron in this
circuit module is 0.38 microseconds. This time con-
stant could probably be reduced to approximately
0.1 microsecond by working at a lower temperature
and changing the cryotron dimensions to lower the
gain. The register has been used to transfer informa-
tion. However, it has not yet been operated at high
repetition rates.

A summary of cryotron characteristics is shown in
the table:

Time 0.4 usec
6 mm?
=5 X 107¢ watts

The lower limit in size is presently set by difficulties
in getting good contact between the CFC gate and
its connecting circuitry.

Size

Dissipation (d-c¢)
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Using our present elements and putting one per
square cm (this would leave plenty of area for inter-
connections), it should be possible to accommodate
1000 circuits on a 1 ft? plate. Stacking two of these
plates per em would give a 50,000 element computer
in 1 cu ft. Assuming each element to be on for 10 per
cent of the time gives the total dissipation as
5 X 10* X5 X 1077 = 0.025 w. Approximately 0.25w
of heat enters the liquid helium due to radiation and
conduction through the container. It has been cal-
culated that 100 input and output leads, 10 of which
carry 200 ma. dc, would contribute less than 0.2w in
conduction and Joule heating. (It was assumed that
the upper ends of these leads would be in thermal
contact with a liquid nitrogen chamber.) The total
heat inflow is therefore just under 0.5w for the sys-
tem under discussion. Helium refrigerators with 1-w
capacity for a l-cu.-ft. volume are presently being
designed.

What role will eryotrons play in future computers?
They are, of course, small. They appear to constitute
the cheapest method of assembling a large number of
circuits in a small place, and they are the only active
circuit component which can be deposited in a few
steps at the same time as the interconnections.

Because CFC’s are, in principle, as cheap as mag-
netic cores, they make possible radically improved
memory structures where each storage element can
have logic associated with it. Memories, in fact, ap-
pear as an attractive first application because their
structure is repetitive and because they have many
less logic levels than even the simplest computer.

Computers are presently built from plug-in circuit
packages where each plug-in unit represents a few
logical elements. CFC’s make it possible to deposit
the equivalent of a present-day rack on a small plate
in a few hours. The problems of testing and fault
correction in such a complex multi-level logic module
are real, but they are not greater for cryotrons than
for any other component which would allow similar
packing densities. If these problems can be solved
economically, and we feel sure that they can be, the
next ten years may see the development of cryotron
ground-based computers, as well as air-borne com-
puters and memory sustems.
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