




































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































b. Measure of extent to which 
American Airlines is requested to 
make reservations for passengers on 
other airlines. 

It will be Sabre's purpose to 
supply a variety of reports to 
Management instantaneously. (See 
attachment for examples of Manage­
ment Reports.) 

Information for Agencies Outside 
of American Airlines 

In general, information that 
is required by organizations out­
side of the company will not differ 
in any major respect from that re­
quired by the company itself. Such 
information will be limited to the 
following outside agencies. 

1. The Air Transport Associa­
tion (ATA) 

2. The International Air 
Transport Association (lATA) 

3. The Air Traffic Confer­
ence (ATC) 

4. The Civil Aeronautics 
Board (CAB) 

5. The Federal Aviation 
Agency (FAA) 

Civil Air regulation requires 
that airlines retain certain infor­
mation for a period of 90 days. 

a. All Passenger Name Records 
made for a day including a cancelled 
reservation or wait listed passenger. 

b. The corrected Inventory 
Record (record of seats sold for 
each flight) for the day's flights. 

c. Flight information (data 
governing whether a flight will take 
off or not) and flight progress in­
formation for all flights. 

This information will be made 
available for examination on re­
quest. It will be conveniently and 
efficiently supplied by Sabre from 
the historical records which are 
purged from the master files of 
passenger name records at the end 
of each day. 
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REAL-TIME MANAGEMENT CONTROL 
AT THE 

HUGHES AIRCRAFT COMPANY 

Donald R. Pardee 
Industrial Dynamics, G.O. 

Hughes Aircraft Company 
Culver City, California 

Summary 

We have reached an impass as data processing 
professionals unless we use a new approach in 
meeting management information requirements. Our 
old approach - such as batch processing, mainten­
ance of voluminous card and tape files, and 
rigidly structured reports - can no longer do the 
job. We must continually recognize the implica­
tion and impact of the dynamic nature of the 
industrial environment. New products, more acute 
competition, shifting skills, changing customers 
and reduced lead times place staggering demands 
on operating managers for faster decisions and 
more accurate answers. In addition, these rapid­
ly changing conditions make it impossible for 
management to predict, with any preciseness, what 
future information needs will develop. What they 
do know - and demand - is that our information 
systems must provide more visibility and respon­
siveness. These systems inherently must be more 
flexible and contain more economy of operation 
than traditional te~hniques afford. At the 
Hughes Aircraft Company, we are meeting these 
requirements through the growing utilization of 
source data recording, large rando~ access file 
processing, and high character-rate tape units. 
In addition, we make the greatest possible use of 
programming aids such as automatic coding rou­
tines and report generators. Our Finished Goods 
and Shipping information system exemplifies the 
use of these tools in our current approach to 
real-time control. 

Management Information Requirements 

As noted recently in the Wall Street Journal 
management disenchantment with data processing 
has set in - and will continue to spread - unless 
we recognize our present shortco~ingsl. We must 
adopt totally new methods - now - to satisfy 
today's management information requirements. 
These requirements have been postulated and ex­
pounded upon ad nauseam. Yet, by their very 
nature these requirements will continue to serve 
as a criteria and a measure of our successes and 
failures. It does not seem inappropriate, there­
fore, that we should review them again. 

~lity Imorovement of Data 

One authority defines information as " •••• 
knowledge derived from the organization and 
analysis of data" and data processing as " •••• 
the conversion of data into information".2 

Obviously, the value of any information so pro­
duced will be a function of the accuracy and 
timeliness of the data from which it was derived. 
All too frequently, our old techniques of con­
verting raw data to machine language formats -
transmittal preparation, key punching and veri­
fying - have defeated our objective of obtaining 
current, valid data. 

Flow Time Reduction 

In the past - and I suspect for sometime into 
the future - we have been and will be criticized 
for using our computing power for the sole pur­
pose of producing documented hindsight. Far too 
great a portion of our data processing reports 
show where we have been, rather than where we are 
and where we are going. 

Much of this is attributable to batch process­
ing transactions and changes - and our voluminous 
card'and tape files seem to preclude any differ­
ent approach if economy of operation is to be 
considered. I think it is fairly obvious that 
when we batch process for file maintenance and 
reporting, we are updating files with events that 
occurred, on the average, one-half the batch­
period-interval ago. In short, many of our 
monthly financial reports reflect important 
financial transactions that took place 2-1/2 
weeks before~ This kind of performance will no 
longer do. If electronic data processing is con­
sidered a management science - and I believe it 
is - our main goal, according to Peter Drucker, 
" •••• must be to enable business to take the 
right risk". "Indeed", he goes on to say, "it 
must be to enable business to take greater risks­
by providing knowledge and understanding •••• and 
by measuring results agains~ expectations thereby 
providing means for ~a3lY correction of wrong or 
inadequate decisions". The flow time between 
data inception and information reporting can be 
and must be reduced. As one of our managers has 
put it, he wants visibility, not perspective; 
information, not history~ 

Responsiveness and Flexibility 

As data processing people, it seems to me that 
all too frequently we attempt to ignore the dyna­
mic nature of the industrial environm·ent in which 
we work. Hardly a day goes by when our companies 
and management do not experience a change in pro­
duct or a change in competition, a change in cus­
tomers or a change in regulatory specifications. 
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The American Management Association puts it this 
way, "We live in an ever-changing world. Every­
thing about us - and we ourselves - change to a 
greater or lesser degree. So far as the business 
situation is concerned, this state of constant 
flux introduces two very real complications into 
our calculations. First, we find as we look into 
the future that the number of possibilities to be 
considered increases at an astronomical rate. 
Second, the further ahead we attempt to plan, the 
greater the uncertainty factor, which also oper­
ates to increase the number of alternative deci­
sions we must consider. On the whole, flexi­
bility arid adaptability are urgently needed

4
to 

adjust quickly to shifting conditions ...• ". 

In the face of this situation, data process­
ing must become increasingly more responsive to 
implementing requests for new applications. It 
is imperative, I think, that we reduce system's 
design and programming lead time. In this sense, 
it will always remain incongruous for us to talk, 
in the same sentence, of machine processing in 
terms of micro-seconds and programming in terms 
of months~ 

As for flexibility, the difficulty and ex­
pense of changing report content, format and 
sequence has made it mandatory for us to estab­
lish contr,ols on change reques ts. Then, as 
changes increase in volume and frequency, subtly 
but inexorably, our controls become impediments 
designed to discourage change. Carried to ex­
tremes, our relative inflexibility leads us to 
creating reports, we find to our utter amazement, 
that are neither used nor read. 

Hughes Aircraft Company Approach 

Automatic Data Collection 

At Hughes Aircraft Company, the need to im­
prove the accuracy and timeliness of input data 
has been recognized as a chronic problem. The 
mUltiple operations we required in the prepara­
tion of such data by conventional methods per­
mitted the introduction of human error - as well 
as time delays - at every step. This input gap -
between the recording of information at its 
source and its later processing - has been 
bridged by the introduction of "Automatic Data 
Collection" equipment. We are using this equip­
ment currently for: 

1. Labor Attendance Recording 

2. Labor Distribution Recording 

3. Order Location Recording 

4. Quality Control Data Recording 

5. Inventory Control 

In terms of pure economics, the introduction 
of this equipment reduced clerical costs through 
the elimination of many handwritten documents; it 
obviously reduced key punching and verification 
costs as well as reducing control and audit 
requirements. 

Large Random Access Files 

The storage of data on numerous decks of 
punched cards necessitates multiple machine runs, 
a great deal of lost time in having to pass the 
same decks through the system many times for such 
operations as sorting, merging, calculation and 
listing. On the other hand, magnetic tape cre­
ates difficulties in interrogation of information 
contained in the tape files and would, in cases 
in which these interrogations had to be answered 
quickly, require voluminous print-outs or fre­
quent computer interruptions for tape file 
searches. Our problem, then, was to develop a 
system that could produce timely working paper 
and reports - at a price we could afford. The 
solution we chose was mass random access storage. 
Subsequently, we installed a dual-processor, 40 
million character storage RAMAC system to compli­
ment our 705 and 1401 computer systems. For the 
first time, we have the ability to maintain a 
number of massive files as frequently as four 
times per day~ Having divorced ourselves from 
batch-process frequencies, we n~w generate work­
ing documents such as work o~ders, priority 
reports and delinquency reports on a meaningful 
basis. 

Report Generators 

In our efforts, at Hughes Aircraft Company, 
to increase data processing flexibility and re­
sponsiveness, we have and will continue to rely 
heavily on automatic programming and report 
generators. In this regard, we have programmed 
our own report generator, for a tape system 1401, 
which utilizes control cards specifying format 
and control total fields, but does not require 
computer assembly time. Only from extensive use 
of these "soft-ware" packages can we get the mos t 
for our programming dollars - more programs, in 
less ti~e, with less effort. 

Finished Goods and Shipping Control 

A brief review of an inventory control 
system in operation at one division of Hughes 
Aircraft Company can serve to illustrate an inte­
grated application of real-time source data 
recording, large random access file processing 
and report generators. 

The Finished Goods and Shipping inventories 
may be said to represent the culmination of the 
production and supporting departments' efforts. 
The products in these inventories - such as end 



unit "black boxes", shippable spare subassemblies 
and modification kits - represent a considerable 
financial investment. Their anticipated shipment 
is a major consideration in determining realiz­
able income. Of equal importance, these products 
must be shipped according to stipulated schedules 
defined by contractual obligations. It was 
imperative, therefore, to establish accurate and 
timely controls. The system in general, then, is 
one of maintaining a record of all inventory 
status changes, by part number and serial number, 
from receipt of the product (from assembly work­
in-process) to actual shipment. In addition, the 
control system has the inherent ability to pro­
vide immediate replies to such questions as: 

Was the product closed into finished goods 
in compliance with the manufacturing sched­
ule? 

What is the location and condition - test 
and inspection, rework, shipping inventory, 
etc. - of the completed products? 

Was the product shipped in compliance to 
contractual schedules? 

Input Transactions. The system, as illus­
trated in Fig. 1, utilizes three Stromberg Time 
Transacters to record the movement and status of 
products. One is located in the Finished Goods 
Stores, the second in the Product Compliance 
area, while the third is located in the Shipping 
Office. Three classes of information are entered 
and recorded simultaneously - a plastic stub card 
containing the transaction code, a pre-punched 
part and order identification card, and variable 
information such as quantities or DD250 numbers 
which are entered through the transacter dials. 
By means of this source data recording, faster 
input and more accurate recording of transactions 
to the inventory records is thus accomplished. 

File Records. The inventory records are 
maintained on Ramac disk files in two forms, a 
part number record and a serial number record for 
end units. The part number inventory records are 
fairly typical in that they contain summarized 
information such as the. total quantity in rework 
or in test and inspection. In addition, cumula­
tive totals are maintained for manufacturing and 
delivery schedules. The part number record con­
tains, as well, part identification codes (end 
unit, subassembly, or modification kit) and pro­
curement codes. 

The serial number record is unique, however, 
since it contains the latest information on the 
location and status of each end unit. In addi­
tion to providing supporting details for the 
quantities in the part number record, its primary 
function is the provision of replies to the types 
of inventory questions raised earlier. However, 
these records would be of little value if we 

could not maintain or interrogate them on a real 
time basis as provided by random access storage. 

Output Reports. In addition to supplying 
interrogation replies, the control system pro­
vides management reports on weekly production and 
shipping performance - what was manufactured and 
shipped according to the specific, predetermined 
plan and what variances occurred. Equally im­
portant, a delinquency report by making depart­
ment is supplied. Other reports are and will be 
provided, as management requires them, without 
undue delays. Through the use of report genera­
tors, we have the ability of dumping the file 
contents on tape and process them through the 
1401 computer for any conceivable type report 
utilizing the file data. This can be done more 
quickly and economically than any technique we 
have used in the past. 

Other Applications 

Obviously, Hughes Aircraft Company is not 
the only company to recognize the advantages 
offered by new hardware and programming aids. A 
number of companies, large and small, have imple­
mented or are planning similar systems. Faced 
with a problem of maintaining and controlling 
160,000 tab cards utilized in a spare parts 
inventory management control application, 
Convair-Astronautics in San Diego turned to 
large random-access storage for solution. In 
addition to local input, the system is geared up 
to accepting off-site inventory transactions via 
a five-channel punched paper tape communication 
system. The resu1t~ Cost per transaction post­
ing was reduced by 25 per cent in addition to 
obtaining a tremendous increase in control and 
visibili ty. 5 

Another company, Federal Telephone and Radio 
Company, having converted to source data record­
ing, reports, " ••.. over-all (input) costs are 
much less, reflecting fewer errors, new informa­
tion, and fast'er action to clear up shop trouble. 
Four keypunch clerks have been freed for other 
assignments. Manual reporting errors and wasted 
time have been cut to an insignificant level in 
the plant".6 

The American Bosch Division of the American 
Bosch Arma Corporation utilizes large random 
access file processing for controlling the manu­
facture and procurement of some 15,000 parts used 
on approximately 1000 end-products. Processing 
scope extends from a level-by-level net part re­
quirements computation to the issuance of pur­
chase requisitions and shop fabrication orders. 
Some of the benefits claimed to have been derived 
from the system are: 

1. Reduction of inspection, ordering and 
set up costs by cutting the number of manufactur­
ing lots - and related paper - processed through 
the shop. 
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2. Increased accessibility to accurate, 
up-to-date production control records. 

3. Indications of inventory shortages in 
time to take corrective action. 

American Bosch states that these and other 
advantages have already resulted in net savings 
which are in excess of $120,000 per year. 7 

Conclusion 

As indicated by our experience at Hughes as 
well as others, management information require­
ments can be met. The hardware and the soft-ware 
is available. We are remiss in our responsibili­
ties if we do not utilize them to their fullest 
potential. 
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THE COMPUTER SIMULATION OF A COLONIAL SOCIO-ECONOMIC SYSTEM 

Warren Dee Howard 
Defense Systems Division 

General Motors Corporation 
Warren, Michigan 

The spectrum of weapons employed by the 
Communists is not confined to force, but 
brackets all possible relationships be­
tween states and social groups---ideolog­
ical, political, economic, psychological, 
cultural, technological and military. , 

Summary 

One might view the international poli­
tical world as a system of nations, each 
described by a unique transfer function. 
Existing system engineering methods and 
computer techniques might then be appli­
ed to this multi-variable system with 
the hope that a better understanding 
might be achieved for the rise of inter­
national problems and their subsequent 
solution. 

This paper describes the design, and 
actual demonstration by analog computer 
techniques, of a colonial socio­
economic system which included national 
growth and national behavior models. 

The national growth model included 
such variables as resource, opportunity 
and incentive with the hopes of evalu­
ating the asymptotic behavior of the 
total population. The national behavior 
model described which one of the two 
political alternatives would be advo­
cateq by elements of the organized 
native class based on the environment 
defined by the growth model. 

Introduction 

In considering the requirements for 
a "total defense", the modern military 
strategist must critically evaluate 
the roles and potentials of factors in­
troduced from the areas of economics, 
sociology, psychology, etc. This is 
particularly true today where we, as a 
nation, are involved in a large number 
of potentially dangerous international 
activities known as the Cold War. 

Strausz-Hupe 

If we were to look into our arsenal 
of these types of weapons, however, we 
would immediately find that we are 
quite poorly equipped. There are many 
reasons for this; but the dominating 
reason, no doubt, is the fact that the 
social sciences have not developed to 
the point where even somewhat valid 
and reliable predictions can be made. 
The most often cited difficulty is the 
reportedly large numbers of variables 
which must be evaluated and processed. 

With the advent of modern computation 
techniques and machines, however, the 
processing of large numbers of equations 
and variables is no longer a problem. 
Moreover, a new technology generally 
termed "systems engineering" has devel­
oped which has made possible the simula­
tion and solution of large scale systems 
problems. 

One might then speculate on the ques­
tion as to whether or not the nations 
of the world might be conceived of as 
a system of elements which, when quan­
tified, might lead to predictions of 
future instabilities, growths, etc. 

An attempt was made, therefore, to 
consider the growth and subsequent be­
havior of a primitive nation in light 
of the foregoing to determine the fea­
sibility of such a simulation. 

Although the social scientists in 
general have failed to make use of 
mathematics and hence computers, we 
cannot ignore the very important work 
which they have accomplished. The 
documentation of this work includes 
a wealth of verbal propositions which 
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attempt to explain some phenomenon in 
their area of interest. Important then 
in the construction of a nation simula­
tion, is the possible quantification of 
these verbal propositions. 

By considering small portions of the 
model on an analog computer, one might 
intuitively quantify certain of these 
propositions by comparing the computer 
output with known data. Each proposition 
so quantified may then serve as a build-' 
ing block for more complex computer 
models. 

The Model 

Development of the Model 

The socio-economic model was construc­
ted in several stages on the analog 
computer; beginning with the primitive 
group and ending with national behavior. 
An .exhaustive literature search in the 
social sciences produced the general 
ideas of how the model might be con­
struct~d. From biology,S,ll came the 
familiar first order equation which 
describes the unconstrained development 
of a species. The thought of a Law of 
Diminishing Returns was borrowed from 
early economists4 ,8 and the consumption 
function from more contemporary au­
thors. 6 The national behavior is an 
application of research done by Rashev­
sky.9,lO 

For proper selection of initial con­
ditions and constants, many statistical 
publications were consulted,2,12,13 and 
from the documentaries,l,3 came a wealth 
of verbalizations which led to the in­
clusion of certain constraints. 

The Model, a Verbalization 

The nation is described by two classes 
of models: (1) national growth, and (2) 
national behavior. The national growth 
models define the environment in which 
a three-class society, consisting of 
the colonizers, organized and primitive 
natives, evolve. The national behavior 
model describes which one of two poli­
tical alternatives the organized native 
class advocates, under the influence of 
the environment as defined by such para­
meters as resource, opportunity, incen­
tive and technology. 

These two classes of models define a 
nation, the majority of whose inhabi­
tants are considered primitive. These 
people are seen to exist in a relatively 

closed society which evolves around a 
resource, R. The personal needs of the 
natives are represented by a consumption 
function which includes a marginal pro­
pensity to consume itself depending on 
the favorability of the times. To add 
more realism, the primitive work force 
has its production affected by a Law of 
Diminishing Returns. 

The nation also possesses an incentive 
which is the motivation for an external 
power to emigrate personnel to the na­
tion for the purpose of exploitation. 
The colonizers organize a portion of the 
primitive population to serve as the 
labor force for this exploitation. The 
organization of the natives is seen as 
mutually beneficial, and an opportunity 
factor is thereby created for the primi­
tives; hence, a new organized class is 
formed. 

The organized natives are visualized 
as those who will form the urban areas, 
become more highly educated, and in 
general engage in those activities which 
b¥ our standards would tend to improve 
their standard of living from what it 
was in the primitive society. 

The work force represented by a por­
tion of the organized natives develops 
the incentive for the colonizer. The 
effectiveness of their work is control­
led by a worker efficiency function 
which takes into account an optimum 
management labor ratio. 

Figure (1) shows the organizational 
structure of the three classes. The 
primitives are seen to be organized 
along the traditional tribal lines. 
The colonizers are depicted as being of 
the leader type; because of the nature 
of their work, administrative. The or­
ganized natives develop into a large 
follower class whose allegiance is sought 
by two opposing leader groups; one which 
advocates status quo, the other a change. 

By constraining the technological 
level of the nation, the incentive is, 
with time, depleted. with the disap­
pearance of incentive, the opportunity 
for new individuals entering the or­
ganized society is diminished. With the 
loss of opportunity, the size of the 
leader group which advocates a change 
will grow; hence, the total number of 
people in the organized class advocating 
a change will grow. The rate and ease 
with which the behavior of the organized 
group changes is developed as a function 
of the relative number of leaders, fol-



lowers and their respective "influence 
coefficients". It is suggested that the 
latter themselves are functions of com­
munication, transportation; hence the 
technological level of the nation. 

Thus, we have described a model which 
permits the study of a colonial socio­
economic system, not with the desire of 
fitting the present model to a specific 
nation, but to demonstrate that you can 
take apparently pertinent variables and 
construct a dynamic model whose charac­
teristics are somewhat realistic. 

The Primitive Society 

Let us now consider how a simple mo­
del was cpnstructed. First we have a 
group of primitives, and we should 
like to describe how they evolve. From 
various levels of organisms we find that 
their development may be described by 
the following system of equations: 

~~. ;; r;. (Yl./ YlJ j '" lJ,,) (I) 

where the /?,' are elements of the society 
itself. It is sometimes possible, how­
ever, to consider a system of a single 
variable)( . The above system of equa­
tions then reduce to 

(2 ) 

The previous assumption holds when 
for any reason one species or group 
grows actively while conditions other­
wise remain substantially constant. 
This seems to be essentially what has 
occurred in most human populations. 
It is true that in their growth, they 
have carried along with them a compli­
cated industrial system or group com­
prising both living and non-living 
elements. We shall, however, look upon 
the number of the human population it­
self as a sort of single index or mea­
sure of the group as a whole. 

To be more correct, equation (2) may 
take the following form: 

where 

in. =- (h -J ) Yf ( 3 ) 
dt 

b is per capita birth rate 

J is per capita death rate 

This form, however, was no more 
amenable to modeling than equation (2) 
so it was decided that equation (2) 
slightly modified would be the core of 

the primitive society. 

1f-: )?[F(n>] 

As the primitives were viewed as a 
group with neglible external influ-

(4 ) 

ence and a relative low and constrained 
technological capability,' in equa­
tion.(4) was seen as primarily a func­
tion of what the natives considered as 
necessary resources. We shall close 
the loop in this class as shown in 
figure (2). The primitives will develop 
and use a fixed resource which exists 
within the sphere of their influence 
according to laws which we shall now 
describe. 

Consumption Function 

As the ultimate desire is to construct 
a model which might describe an African 
nation, the habits of the more ~rimitive 
groups here were noted. Cloete points 
out that the typical African will gen­
erally produce only to his needs, and 
that he does not tend to stockpile. 
With this in mind, the consumption func­
tion of the primitives was set as a per 
capita constant plus a marginal amount 
which depends upon a favorable differ­
ence between production and consumption. 

The constant was viewed as the minimal 
requirements for the group under unfav­
orable conditions; namely when d » was 
negative. J~ 

To simplify the fitting of the model 
on existing analog computing equipment, 
the marginal propensity to consume was 
set as follows: 

foy p~c.. 

p)C:: 

Production Function 

This portion of the model presents 

(5) 

a little more complication. First there 
must be a "production force" whose num­
bers may be different from that of the 
total population. Secondly, we must 
consider the Malthusian4 concept of the 
Law of Diminishing Returns as applied 
to resource. 

Again, to facilitate the fitting of 
the present model on existing computing 
equipment a simple approximation was 
used: 
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where 

!?t",:: ~t- T) 

Y/U'J ,. f7t 

~P} is production force 

I?-c is, present population 

/c?t-~ is the population 7 years 
previous 

(6) 

It should be pointed out that a more 
sophis,ticated approach to the above ap­
proximation would be to consider the age 
distribution of the primitives. Sharpe 7 
has shown that there is a certain stable 
type of age distribution about which the 
actual age distribution varies, and 
towards which it returns if a perturba­
tion (nature or man) causes any devia­
tions. As the degree of sophistication 
of our model heightens, the necessary 
increase in computing components will 
be made to include this important work. 

Now let us consider the production 
which is accomplished by the "production 
force". This output may be noted as 
follows: 

where 

p~ k )" f1(P) 

P is production of resource 
per unit time 

Y7t,.J is production force 

(7 ) 

k is the amount of labor per 
unit time that is willing 
to give 

'( Law of Diminishing Returns 

In general, all the terms of equation 
(7) are amenable to measurement except 
r It can be seen that '( in general 

will be a function of both YI{P) and re­
source. 

(8) 

As an approximation, we shall ass~e 
that there exists a oritical ratio ~,} If? 
which determines the maximum efficiency 
per unit resource subject to the follow­
ing: 

~') < Yk~ 
)?(,)) Yl(~) 
Yl(,) = 0 

I1(P) = ~ 

Y is increasing 

r is decreasing 
t.;- 0 (9) 

r=O 

Thus r was chosen as an arbitrary 
function of the general shape of a 
Poisson distribution and was equipped 
with the capability of varying n,n/K . 
Resource-Saving 

As can be seen from figure (2) the 
consumption and production rates are 
summed, and their effects are applied 
to the unused resource. By the very na­
ture of the way in which we conduct our 
lives (periodically sleeping, working, 
etc.), the actual process of summation 
of rates is viewed as a sampled process~ 
however, for our purposes we chose to 
allow the time integral to approximate 
this process. ~ 

~ (pco-c:,) ~ [( p-c) de (10) 
l.,o 

The constant k. which appears in figure 
(2) is itself a function of the techno­
logical level of the group. 

Constraining F(n) 

It seemed reasonable to assume that 
the initial magnitude of the resource 
R should affect F(n> only within certain 
limits for two reasons. 

1. The magnitude of R subtly assumes 
nature's effect on R over the period 
of evolution, and hence R's magni­
tude may not be known to the primi­
tives at any given time. They 
probably see either favorable or 
unfavorable conditions. 

2. The constraint on their technolog­
ical level and their assumed group 
characteristics leave them without 
the desire or the tools to measure 
R even if they so wished. 

Fffl), more properly, sh0uld be con­
strained in the favorable condition~ 
however, it should be left unconstrained 
for the unfavorable condition. To see 
this, we must first justify allowing R 
to go negative. Previously we referred 
to R as being considered necessary re­
sources. It is felt that when the 
m~gnitude of R knowingly to the primi­
t1ves approaches zero (possibly below 
the value of positive constraint), that 
the primitives will modify their total 
consumption of resource to include items 
which were not previously considered as 
resource. This would imply a certain 
ingenuity on the part of the primitives 
and would also require a learning period. 
As the availability of this ~ resource 
would be constrained by nature, the un-



favorable condition imposed by R going 
negative would be conducive to emigration 
and famine; hence Fill) may take on large 
negative values for short periods. 

Development of the Organized Society 

The model which describes the organ­
ized society is similar to the one which 
describes the primitive society with two· 
exceptions. First the Law of Diminishing 
Returns is replaced with a production 
efficiency function. Second, the re­
source element is replaced by an oppor­
tunity element. 

The modification of the (' function 
is quite straight forward and essential­
ly requires the substitution of nr",lnt. 
for Ylr,'/r< wi th the conditions already 
enumerated in equation (9) still holding 
and where~e is the number of colonials. 

The second change is more one of de­
finition than anything else. There is, 
however, no attempt to constrain the 
amount cf opportunity remaining for the 
group. 

Development of Colonizing Society 

The presence of an undetermined quan­
tity of incentive is the motivating 
factor for the immigration of a group 
of colonizers who are capable of or­
ganizing a portion of the native popu­
~ation. An equation of the form (3) 
is again used with Ftn) being a constrained 
function of the remaining incentive. 
Whether or not the incentive is allowed 
to go negative might well be considered 
as government policy towards the nation. 

The rate of change of incentive is 
considered to be of two factors: (1) 
a constant demand, and (2) a productive 
output. 

where 

~J is 

Ylt" is 

f (~:}) is 

(11) 

constant demand 

the number of organized 
working natives 

an organizational effi­
ciency function 

C is a work constant 

The constant demand is viewed as that 
drain on the incentive which would be 
caused by governmental policy, both 
within and outside the colony, changes 

in value systems, etc. 

The second term of (11) .. l!,qui te 
straight forward with f(I'lt"~eing ar­
bitrarily chosen of the same form as r in equation (8). 

Thus far we have described a model 
of essentially a three-class society. 
It is reasonable to assume that there 
will be negligible interclass mobility 
between the colonizer and the other 
two groups; and as a close approxima­
tion, it may be neglected between the 
organized and primitive groups if, 
again, the end result is to correspond 
to an African society. This may be 
seen by noting that mobility is a func­
tion of ·transportation among other 
items, and it is noted that public 
conveyances in the areas of considera­
tion that would be used by the indivi­
duals passing from one class to 
another tend to have the same load 
factors whether they are leaving or 
returning to the urban area. If there 
was a differential mobility between 
these two classes, it would show up 
in the load factors; and if the mo­
bilities are equal, then they can be 
safely neglected. 

National Behavior 

As we previously indicated, our 
center of attention is the organized 
group as to which one of two mutually 
exclusive behaviors they exhibit; 
status quo or change. The fundamental 
concept used here is a generalization 
on Rashevsky's theory of imitative 
behavior of a social group. Interested 
readers are referred to the original 
pub1ications 9 ,lO for the development 
of this theory. 

In general the approximation takes 
the following form: 

where 

d Yls ~ a n oral. Ylz. ~aJ 'rl3 -Gtt Yl4f dt ~ ( ( (12) 

Yls 

-n, 
Yl" 

'Yl3 

n., 

total of those advocating 
status quo 

active (leader) individuals 
advocating status quo 

passive (follower) individuals 
advocating status quo 

passive (follower) individuals 
advocating change 

active (leader) individuals 
advocating change 
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t:ti influence coefficients 

The influence coefficients are primari­
ly functions of communication (number of 
lines of newsprint, hours of radio broad­
casting, etc.), and it may be noted that 
in general the influence coefficients 
associated with the active individuals 
will be of greater magnitude than those 
associated with the passive types: for 
the actives will, in most cases, be in 
control of the press and radio. 

. . t f dY11C A similar express10n eX1S S or ~ ~ 

where 

JYI, ::a$Yl:3~.n,~q,n-a,YJ2. (l3) 
J:t 

)11( is the total of those 
advocating a change 

It now becomes necessary to modify 
slightly the nomenclature used in identi­
fying the individuals in each class, for 
we have to consider an interclass effect. 

Yle number of colonials 

'Ylz number of primitives 

718 number of organized natives 

nJr number of organized natives 
advocating actively status quo 

I?~ number of organized natives 
advocating actively change 

Equations (l2) and (l3) can be reduced 
to a single equation in ~s : 

where 

d '9.:- (t:l. ~a!) }?z - raJ Yl '-t:l.l'),f'Q#-114}(l4} 
dt" 

/?':: Ylzr -{nJI" YlJ.j 
Y/, ~ t/k: <1-)11-]' 
/1., =- /?~ 

The intraclass group structure is 
defined as follows: 

it; = r/rl?r 
/7':' =- /?g[i- ~(IJ.l (lS) 

The constant r~ determines the initial 
percentage of organized natives who are 
actively advocating status quo. The 
constant is amenable to measure and is 
of the order of 3%. Ca)is a constrained 
function of opportunity which allows the 
number of individuals actively advocat­
ing a change to increase as opportunity 
approaches zero. 

As Rashevsky has extended his theory 
to include a mutually exclusive be­
haviors, one might speculate o~ the 
possibility of construction of a be­
havior model of the Congo with three 
mutually exclusive behaviors, say M, 
K and L, such that the effects and po­
tential stability of a coalition betwe­
en M and K might be studied. 

Discussion 

Figure (3) shows a sample run of the 
socio-economic system. This experiment 
was run to determine the feasibility 
of applying a systems engineering ap­
proach to the simulation of a nation. 
The general. dynamic characteristics of 
the model leave one highly optimistic 
concerning this hypothesis. It is in­
teresting to note the development of 
the native society is comparable with 
many present day colonial systems. 
The constraints placed on the techno­
logical development appear to be sub­
stantiated. as far as the remote primi­
tives are concerned: but, by the very 
definition of the organized natives, 
it would appear that the constraint is 
not realistic. 

Many of the constants which appear 
in the model are inherently statistical 
and are not amenable to quantification, 
such as the influence coefficients in 
the national behavior model which are, 
by definition, mean-values of probab­
ility distributions. 

To strengthen the present model, the 
following modifications will be incor­
porated: 

1. The application of Monte-Carlo 
techniques to those portions of 
the model which are inherently 
statistical, such as equation (14). 

2. Removal of the constraint on the 
technological level, especially 
in the colonizer and organized 
native groups. 

3. The replacement of specific group 
structures with appropriate dis­
tribution functions. 

Conclusion 

Through the use of building block 
techniques on an analog computer, a 
model of a colonial socio-economic 
society was developed. In general, 
the colony is described by two classes 



of models: (1) national growth and (2) 
national behavior. The growth models 
lead to a three-class society, each of 
which develops as a function of their 
numbers and respective value system. 

The national behavior model describes 
which one of two political alternatives 
is advocated by the organized native 
class. The rate of change of group size 
advocating a particular behavior is 
shown as a function of the relative num­
ber of leaders, followers and their res­
pective "influence coefficients". It 
is suggested that the latter are them­
-selves functions of communication, trans­
portation; hence the technological level 
of the nation. 

Two important points have been demon­
strated: 

1. The potential of the analog com­
puter in the possible solution of 
the problem. 

2. The possibility of modeling the 
evolution of society through 
building block techniques. 

It would be interesting to speculate 
on whether or not this approach might 
be the key to the quantification and 
subsequent unification of the social 
sciences. 
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X-15 ANALOG FLIGHT SIMULATION PROGRAM 
- SYSTEMS DEVELOPMENT AND PILOT TRAINING -

N. R. Cooper 
North American Aviation, Inc 

Los Angeles 45, California 

The extensive requirements for simulation 
in the design of the X-15 Research Vehicle be­
came apparent very early in the development 
program. In early 1956, only weeks after NAA 
had been awarded the X-15 contract, a simple 
analog mechanization was being utilized, together 
with a crude three-axis controller to define the 
requirements for a manual reaction control sys­
tem, a problem area which at that time was as 
new as space rendezvous is today. However, our 
most exaggerated estimates at that time regard­
ing the application of simulation techniques in 
the developn;tent and flight testing of the X-15 are 
seen now in retrospect to have been most con­
servative. It may be said that the X-15 simula­
tion requirements literally "grew" with the 
program. The flight simulation has been used in 
all design and testing phases; first to support the 
configuration and subsystem design; next to test 
and evaluate subsystems, displays, and control 
hardware, both in prototype and in final produc-

, tion form; and finally to provide flight test sup­
port and pilot training. This paper will review 
briefly the overall simulation program conducted 
during the 5-year development of the X-15 ;1nd 
will describe in detail the unrestricted six­
degree-of-freedom mechanization which has been 
utilized during the past 3 years of the program. 
It will describe the most important of the many 
applications in which the simulator has been, 
and in fact is still being, utilized in the deSign, 
development, and flight testing of the X-15. 
Finally, it will be interesting'to compare the 
simulation requirements of the X-15 with those 
of more advanced space vehicles and attempt to 
interpret problems or deficiencies encountered 
in the X-15 simulation as they may affect more 
advancea space mission simulation. 

A review of the X-15 vehicle and its in­
tended mission give an inSight into the simula­
tion requirements associated with the program. 
Figure 1 shows the X-15 vehicle and the control 
system configuration. The X-15 has an upper 
and lower movable vertical stabilizer for yaw 
control, and differentially operated horizontal 
surfaces for pitch and roll control while in the 
atmosphere. The reaction system for attitude 
control outside the atmosphere consists of small 
hydrogen peroxide rocket motors in the nose and 
wingtips. Electronic stability augmentation in 
the X-15 consists of rae damping about all three 
axes. 

Figure 2 reviews the design mission and 
performance capability of the X-15. It is capa­
ble of attaining speeds in excess of 6000 feet per 
second, or Mach 6.0, and altitudes to 500,000 
feet. Very early in the X-15 development it be­
came apparent that a six-degree-of-freedom 
simulation, covering as much of the complete 
flight regime as possible, was necessary in 
order to explore the problems of manually con­
trolled boost, re-entry, and space flight. In 
past airplane designs, stability and control pro­
lems could be adequately analyzed and solved by 
utilization of a five-degree-of-freedom (constant­
velocity) simulation at a large number of given 
flight conditions. The addition otthe sixth de­
gree of freedom, namely.the variation in veloc­
ity and altitude, entailed much increased cOlll­
plexity in the mechanization required and was 
not warranted, since the effects of these varia­
tions were not Significant in the overall stability 
analysis. However, the X-15 can transverse its 
flight profile at a rate much greater than any 
encountered before. The rates of change of 
velocity and altitude, and correspondingly of dy­
namic pressure, during the boost and re-entry 
phase of the X-15 mission become large enough 
to greatly influence stability and control charac­
teristics. The performance range of the X-15 
makes the number of flight conditions which 
would be required to be investigated on a five­
degree-of-freedom simulation prohibitively 
large. Also, it was necessary to allow the pilot 
to evaluate all the various phases of the mission 
during continuous Simulated missions to estab­
lish proper compatibility with the human of the 
control systems, instruments, etc, during de­
sign. Thus, the requirements for at least a 
limited six-degree-of-freedom simulation was 
obvious purely from a stability, control, and 
human engineering standpoint, without regard 
for the many added advantages it would provide 
in pilot training, mission evaluation, and flight 
plalUling. 

Because of the need for adequate aero­
dynamic data and early limitations of analog 
equipment, it was not expedient to initiate a 
six-degree-of-freedom simulation immediately. 
Consequently, during the first year of the pro­
gram, efforts were ~ected toward specialized 
proglems which could be solved on simpler 
simulations. Figure 3 presents a time schedule 
of the various simulation activities from the 
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initiation of the X-15 program to the present 
time. It is of interest to note the increasing 
sophistication of these studies. It is also inter­
esting to note that the problems of early interest 
were those about which we knew the least, 
namely the exit and re -entry problem and the 
problems associated with reaction control. As 
mentioned previously, the simple reaction con­
trol mechanization was initiated in early 1956 
and provided preliminary criteria for the re­
action control system design. This was followed 
by a three-degree-of-freedom longitudinal mode 
mechanization of the exit and re-entry flight 
characteristics, utilizing very early aerodynamic 
data j for preliminary evaluation of control char­
acteristics during these phases of the mission. 
This program showed that, in the longitudinal 
mode at least, manual control without augmenta­
tion was possible, but that augmentation was 
desirable. Next a "programmed q" analog mech­
anization was utilized to evaluate the compati­
bility of reaction and aerodynamic controls dur­
ing the transition phases of exit and re-entry. 
Reaction control duty cycle requirements were 
also finalized. This simulation programmed the 
dynamic pressure variations of a design altitude 
mission and utilized constant aerodynamic data 
estimated at Mach 6. During the early simula­
tion studies, the ability to include the pilot in 
the loop was provided by means of a simple cock­
pit simulator which included a reaction control 
stick. 

The first six-degree-of-freedom mechaniza­
tion which was utilized in the X-15 program 
was limited to Mach numbers greater than 2 and 
altitudes greater than 50,000 feet in order to 
simplify the mechanization. In this manner we 
were able to eliminate the complex variations in 
aerodynamic characteristics in the transonic 
regions and to minimize the range of variations 
of air density which had to be simUlated. This 
simulation was utilized for approximately 8 
months during 1957. During this period, the 
major design and development of the primary 
control system and the stability augmentation 
system on the X-15 was accomplished. Also, 
additional stability requirements were deter­
mined, and several design changes were incor­
porated in the basic configuration. The five­
degree-of-freedom analog program shown on 
the schedule was run Simultaneously with the 
early six-degree studies in order to evaluate 
stability and control characteristics, including 
roll coupling, at subsonic and transonic condi­
tions. 

One other simulation program which was 
accomplished during this period is worthy of 
note before we discuss the complete six-degree-

of .. freedon simulation. Since there was Some 
concern as to the pilot's ability to control the 
X-15 under the dynamic loading conditions char­
acteristic of exit and re-entry, a simulation 
program was conducted in the Human Centrifuge 
at the U. S. Naval Air Development Center, 
Johnsville, Pennsylvania, during the summer of 
1958. In this program, the centrifuge was 
driven by computed signals from a limited six­
degree-of-freedom analog simulation of the X-15 
which was very similar to the one just described. 
Figure 4 shows, schematically, the method in 
which the analog computer was used to drive the 
centrifuge with a pilot operating as a closed-
loop controlling function. The centrifuge was 
driven to follow the computed values of acceler­
ations resulting from pilot inputs and airplane 
stability and response characteristics, so that 
the pilot was subjected to the actual G-loads of 
a specific mission or maneuver. During the 
centrifuge program, a total of 287 dynamic 
flights, conSisting of the boost and/or the re­
entry phase, were accomplished by the seven 
participating pilots. The results of this program 
showed that the pilot could control the X-15 dur­
ing its most severe re -entry conditions, and 
further showed that, for the X-15 miSSions, 
static simulator results were not Significantly 
different from those obtained under dynamic con­
ditions. Consequently, no additional dynamic 
simulation effort has been necessary in the X-15 
program. 

Although the limited six-degree-of-fredom 
simulation provided invaluable information in 
early design of the airplane, it was soon apparent 
that it was inadequate. Because of limitations 
imposed on Mach number and altitude, probl~ms 
associated with launch and roundout, space 
pOSitioning, subsonic and transonic stability, 
and landing could not be investigated. By this 
time the potential value of the simulator in 
flight test mission planning and pilot training 
was apparent, and in these applications, com­
plete Simulation capability over the X-15 flight 
regime would be required. Therefore, the 
unlimited six-degree-of-freedom simulation was 
developed and has been in operation continuously 
since March of 1958. This simulation is capa­
ble of piloted or nonpiloted analysis throughout 
the X-15 flight regime, including launch maneu­
vers, boost and exit phase, reaction controlled 
ballistic flight, re -entry, and glide to landing 
flareont. The performance capability of the 
simulation covers the Mach range from O. 2 to 
10.0 altitude to 500,000 feet, and angles of 
attack to 35 degrees. Simulated flights may be 
accomplished with speed brakes open or closed, 
with flap and landing gear extension effects, 
ventral jettisoning characteristics, and other 



nonlinear effects. Missions may be flown using 
either the XLR-ll or the XLR-99 engine, includ­
ing the effects of engine throttling and of thrust 
misalignment. Missions may be accomplished 
from the design B-52 carrier aircraft or from 
other advanced carriers such as the B-70. The 
dynamic effects of nonlinear changes in mass 
and moments of inertia during engine burning are 
simulated. Premature burnout of either engine 
may be simulated at any time, and propellent 
jettisoning may be accomplished at the required 
rates. 

This simulation c~pability permits evaluation 
of all important contributions to the complete 
miSSion, with the exception of temperature. A 
Simplified computation of sltiIl temperature at 
critical points on the vehicle was mechanized on 
the analog computer and incorporated in the 
real-time problem solution early in the program. 
Temperature at one of several points on the 
vehicle was displayed to the pilot as an aid in 
remaining within limits during re -entry. How­
ever, it was found that this information merely 
told the pilot that he had exceeded limits and did 
not provide sufficient lead time to allow correc­
tions once it was established that an over­
temperature condition was imminent. Due to the 
limited application for which the temperature 
mechanization was suitable, and the equipment 
required, this part of the simulation was dis­
continued. 

The capability of permitting piloted flights 
of the X-15 with this simulation is obtained by 
integration of the mechanization into the X-15 
flight control simulator. This simulator is 
shown in figure 5. It consists of an exact dupli­
cation of the airplane cockpit, instruments, and 
control system. The complete operational flight 
control system provides exact system character­
istics under operating conditions. Actual pro­
duction components, including cables, push rods, 
bell cranks, the hydraulic system, artificial feel, 
etc, are utilized in exactly the same manner as 
the actual airplane. The electronics of the X-15 
stability augmentation system are also included. 
The control system is duplicated in this detail in 
order to include all nonlinearities in closed~loop 
systems evaluation, and to provide the pilot with 
the exact feel characteristics of the airplane. 
All control displacements are available to the 
analog computer by means of electrical pickofis 
on each aerodynamic control surface. The cock­
pit area, shown in figure 6, is a x:ealistic simu­
lation of the airplane configuration. The simu­
lator has the same provisions for aerodynamic 
control as in the airplane ,_ utilizing either the 
center stick or the right-hand console stick and 
rudder pedals. Reaction control is provided with 

the left-hand three-axis controller. The pilot 
has normal control over the stability augmenta­
tion system by means of the same controller 
panel as is installed in the air vehicle. The fUght 
instruments, which are simulated in complete 
operational form, are driven by voltages from 
the analog computer. They include the inertial 
attitude indicator which provides pitch, roll, and 
heading; the inertial velocity, altitude, and rate­
of-climb instruments; angles of attack and side­
Slip; roll rate; normal load factor; indicated air­
speed; and for simulator test purposes only, an 
indication of dynamic pressure. 

The equations utilized to simulate the X-15 
in the unlimited six degrees of freedom are pre­
sented in figure 7. These are basically the 
classical equations of motion of the aircraft with 
respect to an Eulerian frame of reference. The 
equations and all aerodynamic parameters are 
mechanized in a body-axis system of coordinates. 
Orientation of the gravity vector and the geo­
graphical distance and pOSition are obtained by 
means of conventional Eulerian angles. Due to 
the limited ground distance traveled by the X-15 
in its design miSSion, a fiat earth may be 
assumed as a reference. However, the centrifu­
gal acceleration effect is included as a function 
of the X-15 horizontal velocity component and 
added directly to the normal gravity vector which 
is mechanized as a function of altitude. The 
terms and the equations which are considered 
variable include thrust, mass, velocity, graVity, 
inertia, and all aerodynamic coefficients which 
may not be assumed constant within the accuracy 
desired. 
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The analog computer complex used in theX-lf> 
simulation is shown in figure 8. The linear equip­
ment consists of five Model 16-31 Electronic Assoc­
iates analog computers, incorporating 330 opera­
tional amplifiers. Additional nonlinear equipment 
required in the mechanization includes approxi­
mately 80 diode function generators, 25 computing 
servos, and three electronic multipliers; part of 
this equipment is shown in figure 9. The nonlinear 
variations of stability derivatives with Mach num­
bers and angles of attack are accomplished on 
four special interpolating servos which provide 17 
interpplating points selected, as necessary, over 
the Mach range for each of the derivatives. The 
nonlinear variation of the derivatives with the 
angle of attack at the required Mach number points 
are obtained from a rack of 60 fixed-base diode 
function generators. 

The greatest utilization of the simulator is 
obtained when the pilot is included as part of the 
control loop. Before discussing specific appli­
cations of the simulator in the X-15 program it 
might be well to review a complete simulated 
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flight of the X-15. Typical analog traces of a 
piloted design altitude mission as flown on the 
simulator are shown in figure 10. The flight 
begins at drop conditions, at Mach • 8, at 
approximately 45, 000 feet. The throttle is 
opened immediately after drop, and the pilot 
makes a pullup to (X = 8 degrees, which is 
maintained until the proper climb angle is estab­
lished. (For a 250,000-foot-altitude miSSion, 
this angle is 30 degrees.) Pitch angle is then 
held constant until burnout, at which time an 

I (X = 0 ballistic trajectory is established. It is 
well to note that this represents only one of 
several acceptable techniques for performing 
the exit phase. During the period of engine 
burning, control is required to correct for thrust 
misalignment. Burnout occurs approximately 
90 seconds from drop, at a velocity of 6200 feet 
per second, at 160,000 feet. The effects of 
thrust misalignment are seen in the oscillations 
in angle of attack and sideslip. At burnout, the 
pilot begins use of the reaction control and con­
tinues this means of control throughout the 
ballistic phase of the trajectory. The recovery 
used in this particular flight was an angle of 
attack of 15 degrees, established at approxi­
mately 200,000 feet during re-entry. The 
required aerodynamic trim for this attitude can 
be set at any time, and the reaction control sys­
tem then used to establish the required angle 
of attack. As the dynamic pressure builds up, 
the load factor is seen to increase, and for this 
miSSion, the pilot performed the recovery with 
the maximum of 5 G. Following the successful 
recovery, which occurs in this case at approxi­
mately 85,000 feet at apprOXimately Mach 5, 
the altitude is held constant as the airplane 
decelerates until the desired descent speed is 
reached. 

Consider now what this complete flight simu­
lation allows in the way of system development 
and testing. Since the pUot can essentially fly 
the complete mission, a complete evaluation of 
controls, displays, and augmentation devices is 
possible long before flight. In the case of the 
X-15, the complete flight control system, includ­
ing the stability augmentation system, was 
operating in the simulator a year before the first 
flight. The stability augmentation system, which 
was originally designed and specified on the 
limited 6-degree simulation was later included 
in a closed-loop simulation in its exact proto­
type form on the complete mechanization. These 
simulation tests on the complete system 
revealed several inadequacies due to the non­
linear characteristic of the control system; 
these were corrected before flight. Other 
changes which were made in the X-15 as a result 
of simulator testing included control system feel 

modifications, display changes, and a redesign 
of the right-hand console grip. 

The versatility of the combined simulator 
and analog mechanization has been more re­
cently demonstrated by the design evaluation and 
hardware testing of two separate autopilot sys­
tems on the simulator. These were both com­
plex adaptive-type autopilots which included 
attitude-hold modes, reaction and aerodynamic 
control integration, and other refinements to the 
basic X-15 control system. These autopilots 
were included as a part of the closed-loop con­
trol system, and their performance was com­
pletely evaluated under conditions of the X-15 
mission profile. Considerable design changes 
and improvements·were made as a result of 
these tests, and at the present time, one of these 
advanced systems is being readied for X-15 
flight evaluation. During flight testing of this 
system, a simulator support program will pro­
vide the pilots with preflight training and famil­
iarization with its operational characteristics. 

In addition to systems development and 
stability analysis applications, the simulator 
has proved invaluable in studies involving the 
pilot, his control requirements and training, 
and in flight test planning and support. An ex­
ample of these is the early development of 
reaction control techniques. Since the basic 
X-15 originally had no provisions for stability 
augmentation through the reaction control sys­
tem, the control characteristics were those of 
a perfectly neutral, undamped system unlike 
any vehicle with which pilots were familiar. 
Prior to establishment of final reaction control 
fuel requirements, several pilots were trained 
on the simulator to perform this type control, 
and a realistic duty cycle was then obtained. It 
is significant that gross reductions in fuel re­
quirements were obtained after a pilot had 
experience on the simulator. ~lso, it was found 
that only a minimum amount of experience was 
required (10 to 20 "flights") for the pilot to 
reach his near-optimum degree of efficiency. 

More recently, the simulator has been 
utilized by the Air Force, NASA, and North 
American almost exclusively for pilot training 
and flight planning. In order to fully appreCiate 
the value of a simulator in this capacity, it is 
necessary to consider in some detail the X-15 
flight test program. First, of course, the cost 
of an X-15 flight is quite high, requiring that 
all possible benefit be derived from each mission 
in terms of research data. The cost factor is 
also reflected in the necessity for taking 
reasonably large steps in performance during 
the fUght buildups" which requires that each 



flight be thoroughly evaluated prior to its accept­
ance. The safety aspect of research flight plan­
ning provides the greatest single requirement for 
adequate simulation. The simulator allows the 
research pilot to thoroughly evaluate all aspects 
of a proposed flight, including all conceivable 
malfunctions or emergency situations. 

The ground positioning, or navigational 
problem, is a critical consideration in flight 
planning due to the limited glide range of the 
X-15. This problem is analyzed on the simu­
lator, with the aid of a detailed map of the flight 
area (figure 11) on an X-Y plotter upon which 
the simulated flight path is plotted. This per­
mits the pilot to actually fly simulated emergen­
Cies, such as premature engine shutdown, at all 
points along the proposed flight path, and deter­
mine the optimum approaches to the selected 
emergency landing sites. It is interesting to 
note that the plotting board used in the simula­
tion is identical to the ones used at the ground 
station during an actual flight, except of course 
that, at the actual control station, the flight 
path is plotted from radar tracking Signals 
rather than from analog Signals. This permits 
the flight test engineer to review, or rehearse, 
the proposed flight with the pilot on the simu­
lator. 

As a result of 3 years of continuous opera­
tion of the X-15 simulator in many various 
applications, certain general conclusions may 
be made regarding operation, accuracy, and 
efficiency of complex analog simulations. The 
six-degree-of-freedom analog simulation has 
been operated in excess of 10,000 hours in sup­
port of the X-15. Over 5000 hours have been 
logged in the flight control simulator. The 
simulator is generally on a two-shifts-per-day 
schedule, and on this basis, an operational 
utilization of approximately 85 percent is 
realized. Down time may be attributed equally 
to equipment problems and to checkout. It has 
been found that, for a computer complex as large 
as this, daily problem checks are a requirement. 
So-called "dynamic" checks, or stability checks, 
are made by comparing the simulator with 
IDM-computed transients obtained during pre­
programmed roll maneuvers at several constant­
velocity flight conditions. These five-degree-of­
freedom checks have been found to be most ade­
quate in ensuring correct stability characteris­
tics thropghout the flight regime. Very good 
accuracy is obtainable with the analog computer 
in stability computations, since they generally 
involve short time transients for which the 
analog is well suited. 

Performance checks are also made at regu­
lar intervals, and involve comparison of 
mM-computed trajectories with analog results. 
It is in this area that the checks become most 
critical. Very minor discrepancies in the com­
puter operation can cause excessive errors in 
performance checks, primarily in altitude and 
range. This is because of the long time com­
putations involved (from 5 to 20illinutes, de­
pending on the condition) and the resulting sus­
ceptibility of the solution to computer drifts and 
noise, and to nonlinear servo characteristics. 
It has been pOSSible, however, to recognize the 
source of these errors and, by proper computer 
checks, to obtain the accuracy necessary for the 
X-15 perfox:mance problem. The accuracy 
usually obtained in computing such parameters 
as range, altitude, and velocity over a 20-minute 
simulated flight is within 2 percent. 

Final proof of the validity of the Simulation 
is, of course, demonstrated in how well it com­
pares with actual flight results. The pilots who 
have flown the X-15 consider the Simulator to be 
a very close simulation of the actual airplane 
flight characteristics. In fact, the simulator 
has become an integral part of the pilot's flight 
preparation program as a result of the pilot's 
own acceptance of the accura~y and value of the 
simulator. Figure 12 shows a performance 
comparison of XLR-l1 maximum-speed flight 
with the analog -predicte d flight which was run 
prior to the flight. The discrepancies noted are, 
to a great extent, the result of atmospheric 
variations, i. e., nonstandard days and wind 
shears. Figure 13 shows the same comparison 
for the maximum -altitude flight with the XLR-ll 
engine. During all speed and altitude buildup 
flights, simulator-predicted performance has 
been matched to within • 1 Mach and 3000 feet 
altitude. The stability characteristics of the 
X-15 have also been adequately predicted on the 
simulator, although it is in this area that minor 
discrepancies in wind tunnel data reflect the 
largest differences in simulator matches. The 
simulation is used, in this regard, to determine 
the variation in stability derivatives necessary 
to obtain exact flight data matches, and in this 
manner the validity of wind tunnel data is estab­
lished. 

Figure 14 shows a simulator comparison of 
the data obtained during the landing of the first 
X-15 glide flight. This demonstrates the valid­
ity of the Simulation in duplicating the low-speed 
dynamics and performance of the airplane, but 
at the same time, it may be used to indicate an 
area in which the Simulation was proven to be 
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deficient. The pitching oscillation experienced 
during the landing flareout, although duplicated 
almost perfectly on the simulator after the flight, 
was not predicted from simulator experience 
prior to flight. The problem resulted from a 
higher level of control sensitivity associated with 
the side-arm controller than was expected. This 
characteristic was not predicted on the simulator 
because of lack of critical cues, such as the 
visual horizon and the actual motion of the air­
plane, during the landing simulation. 

It is of interest to compare the X-15 simula­
tion requirements with those of currently pro­
jected manual space vehicles, and to consider 
some of the expected problem areas in view of 
X-15 experience. In the X-15 program, the 
major simulation requirements have been de­
scribed as being related to control system 
development and testing, stability evaluation, 
pilot task studies, miSSion planning, and pilot 
training. These requirements result primarily 
from the fact that the vehicle utilizes the man 
for command and control, and that it is designed 
to fly at conditions far advanced over any 
encountered at the time of the vehicle design. 
The extension of this reasoning to manned space 
systems is obvious. The system development 
and testing requirements for these advanced 
vehicles will far exceed those of the X-15 be­
cause of the greater number of systems requir­
ing integration and pilot evaluation and because 
of their increased sophistication and complexity. 
The importance of early simulator evaluation of 
subsystems critical to the space mission is 
demonstrated by the advanced system programs 
which have been accomplished, or are being 
planned, on the X-15 simulation. The stability 
and control characteristics of aerospace vehicles, 
particularly during re-entry, will require simu­
lator analysis and pilot evaluation over a much 
greater range of flight conditions than for the 
X-15. The effects of the expanded flight envelope 
will also be reflected in increased simulation 
requirements in areas of human engineering, 
mission planning, and pilot training. 

Even these very general considerations 
leave no doubt that simulation will play an even 
more important part in space vehicle develop­
ment and testing than was required on the X-15. 
Consider next the problems which may be ex­
pected in providing this required simulation 
capability. The critical problem areas which 
have been encountered in the X-15 simulation 
have already been described as being related 
primarily to performance. These resulted 
from long time computation requirements in 
which computer drift and accuracy limitations 
become critical. It is apparent that these 

problems will become more serious in space 
missions simulation because of the larger mis­
sion time. The ranges of important variables 
which must be mechanized for a typical aero­
space configuration will be, in many cases, 
greater than those required in the X-15 simula­
tion and will create additional scale-factoring 
problems. Typical of these are velocity, Mach 
number, and altitude. In /lome instances, how­
ever, the X-15 requirements may be the more 
severe. For example, the range of dynamic 
pressure for which the X-15 is designed (0 to 
2500 psf) is much greater than will be required 
Ln winged re-entry vehicles. The rates of change 
of dynamic pressure in the X-15 mission are 
even more Significant. Figure 15 shows dynamic 
pressure rate of change during re-entry as a 
function of re-entry angle. It is seen that the 
steep re-entry angles required for the X-15 
result in much more severe dynamic pressure 
changes than are experienced by orbital re-entry 
vehicles. 

Space simulation requirements will allow 
particular phases of the complete miSSion to be 
mechanized individually in order to limit the 
range of variables and to minimize the computa­
tion time required. For instance, Simulation of 
the boost, orbit, and re-entry phases of a com­
plete orbital mission in a single mechanization 
becomes impractical by current analog techniques. 
However, if each phase is mechanized individu­
ally, with appropriate scale factoring, satis­
factory results may be obtained for most appli­
cations. For example, the major portion of the 
orbital re-entry problem may be simulated at 
altitudes above 100,000 feet. Since the X-15 
simulation adequately duplicates air density from 
sea level to 250,000 feet, the requirements for 
simulation of air denSity for an orbital re -entry 
problem are no more severe than for the X-15. 

Some preliminary studies have been con­
ducted utilizing conventional analog techniques 
to mechanize various aerospace missions. The 
vehicles simulated were an orbital re-entry sys­
tem and a lunar return vehicle. The X-15 flight 
simulator was used to allow pilot participation 
in analysis of such problems as high-angle-of­
attack stability during re-entry and flight path 
control during aerodynamic deceleration from 
lunar return velocities. Analog data showing a 
piloted lunar return maneuver are shown in 
figure 16. As the vehicle approaches the earth 
at approximately 36,000 feet per second along an 
optimum flight path which has been established 
many hours earlier, the pilot rolls 180 degrees 
and, by utilizing aerodynamic lift, maintains a 
constant altitude as the velocity slows to sub­
orbital. In this application, the analog simulation 



was found to be quite adequate in establishing 
pilot capability and control techniques, since the 
critical portion of the problem (namely, the 
establishment of the proper approach trajectory) 
was assumed to have already been accomplished. 
Also, the maneuver considered required rela­
tively high aerodynamic forces at velocities 
appreciably greater than orbital, so that the 
differences between gravity and aerodynamic 
effects were not critical. Figure 17 shows the 
effects of a O. 1 percent error in either of the 
components of acceleration during a simulated 
re-entry from a hear-circular orbit in which 
aerodynamic drag is used to decelerate the 
vehicle at perigee. Here the effects on perform­
ance during re-entry are seen to be quite severe 
due to the near-equal values of gravity and centri­
fugal acceleration. It was apparent from these 
studies that the analog mechanization provided 
adequate simulation of both dynamic characteris­
tics and performance, provided the computation 
time was minimized and good performance was 
not required at very-near-orbital velocities. 

To summarize, it would be well to reiterate 
that the X-15 flight simulator, as it exists today, 
is the result of design requirements as projected 
early in the program. The requirement to include 
the pilot in the loop as an integral part of the sys­
tems development and testing provided the major 
justification for the detailed duplication of dis­
plays and flight controls, and for the extensive 
six-degree-of-freedom analog simulation of the 
airplane motion. Since the application for which 
the simulator has been utilized in the latter phases 
of the program (namely, mission planning and 
pilot training) were not clear cut in the beginning, 
we were fortunate that early requirements dic­
tated the simulation approach which was pursued. 
It has been indicated that the X-15 simulation re­
quirements were similar in many respects to 
those which may be expected in simulation of 
more advanced vehicles, and that the problems 
which were encountered are definite indication of 
the difficulties which may be expected. Conse­
que ntly , it appears that the X-15 simulation re­
quirements, techniques, and problems should 
prove helpful in future programs, both in early 
definition of the overall simulation program to be 
followed and in determining the best approach to 
accomplish the program. 

Symbols 

b Wingspan (ft) 

C Mean aerodynamic chord (ft) 

Cc Chord force (nondimensional coefficient) 

CI Rolling moment (nondimensional coefficient) 
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Pitching moment (nondimensional coefficien~ 

Yawing moment (nondimensional coefficient) 

Normal force (nondimensional coefficient) 

Side force (nondimensional coefficient) 

Acceleration of gravity (ft/sec2) 

Altitude (ft) 

Moment of inertia about X-body axis (slug-ft2) 

Moment of inertia about Y -body axis (slug-ft2) 

Moment of inertia about Z-body axis (slug-ft2) 

Tail length (ft) 

Mass (slugs) 

Mach number 

Roll rate 

Pitch rate 

Dynamic pressure (lb/ft2) 

Yaw rate 

Wing area 

Velocity of the center of gravity (ft/sec) 

Velocity component along X-body axis (ft/sec) 

Velocity component alongY-body axis (ft/sec) 

Velocity component along Z-body axis (ft/sec) 

Angle of attack 

Angle of sideslip 

Differential horizontal stabilizer deflection, 
roll control 

Horizontal stabilizer deflection, pitch 
control 

Vertical stabilizer deflection, yaw control 

Euler angle of axial rotation, roll 

Euler angle of elevation, pitch 

Euler angle of azimuth, yaw 
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REACTION CONTROL ACCELERATIONS 

-PITCH e YAW - 2 1/2°/SEC2 

-ROLL - 5°/SEC2 

AERO CONTROLS 
ALL MOVEABLE SURFACE 

-HORIZONTALS - PITCH tROLL 
-VERTICALS - YAW 

Figure 1. Flight Controls 
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Figure 2. X-15 Research System 



REACTION CONTROL MECHANIZATION 
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Figure 3. Flight Simulation Summary 

ACCELERATION OUTPUTS COORDINATE CENTRIFUGE DRIVE SIGNALS 
CONVERTER 

ACL COMPUTER 
FACILITIES 

PILOT CONTROL 
MOTIONS 

AMAL CENTRIFUGE 

CENTRIFUGE POWER 
Figure 4. Dynamic Simulation 
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Figure 5. Flight Control Simulator 

Figure 6. Simulator Cockpit 



e : 'f COS<l> - rSIN<l> 

<i> : p + ~ SIN e 

~: 'f SIN <l> + rCOS<l> 
cose 

V~: V~+ V~+ V; 

-I VX 
~ : 51 N VO COS /3 

~: SIN-I ~: 

X : [Vxcose + (VySIN<l> + V:tCOS<l» SIN e]cos'I' +[V,SIN<l> -VyCOS<l>]SIN'I' 

if : [vxcose+(VySIN<l> + V~COS<l»SINe]SIN'I' - [V3'SIN<l> - VyC OS<l>] COS'I' 

i : Vx SINe - VJf coseSIN<l> - V1cosecos<I> 

9-: 32.17 - ii' -/'2 x2 

Figure 7. Six-degree-of-freedom Equations of Motion 
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Figure 8. Analog Simulation 

Figure 9. Nonlinear Computing Equipment 
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Figure 10. Design Altitude Mission 

Figure 11. Variplotter for Simulated High-range Plotting 
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Figure 12. X-15 Maximum-speed Flight 
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Figure 13. X-15 Maximum-altitude Flight 
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Figure 14. First Glide Flight Landing Flareout 
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Figure 15. Re-entry Dynamic Pressure Variation 
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Figure 16. Lunar Vehicle Re-entry 
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ANALOG - DIGITAL HYBRID COMPUTERS IN SIMULATION 
WITH HUMANS AND HARDWARE 

Owen F. Thomas 
U. S. Naval Ordnance Test Station 

pasadena, California 

The U. S. Naval Ordnance Test Station, Pasa­
dena, operates an analog simulation center for 
testing antisubmarine torpedoes and the associated 
fire-control equipment. This simulation incorpo­
rates a real torpedo on a flight table, a real 
fire-control computer, and real fire-control per­
sonnel. The simulation must be run in real time 
in order to place the proper requirements on the 
components being tested, for example, the human 
operators must not be allowed any extra decision­
making time. Now, it is intended to incorporate a 
digital computer into the simulation. This leads 
to the general system to be considered here -- an 
analog - digital hybrid computer required to work 
in real time with humans and hardware. Certain 
problem areas are defined and some techniques of 
solution are presented. 

The Problem 

The problem is to test a physical device. 

Mathematical Simulation 

In this type of testing, a mathematical model 
is formed for each physical device involved and 
these models are programmed on a computer. It is 
then possible to consider that the computer is 
acting as if it were the physical devices that are 
modeled. While executing the program, the com­
puter produces graphs as a function of time, or 
lists of times along with quantities like velocity, 
position, and fuel expended to describe the condi­
tions of the physical devices at various times. 
In such a solution, clock time is of importance 
only in determining the cost of computation. It 
is of secondary importance whether l/lO-second 
time intervals on the printed page were actually 
printed at l/lO-second intervals by the operator's 
wrist watch. Mathematical models of this sort are 
interesting, but if a human, or hardware, is in­
volved in the solution without being modeled, then 
the model must move in clock time. Furthermore, 
this type of model fails to convince the hard­
boiled engineer who knows that there is many a 
slip between the equations and a working device. 

Simulation Robot 

Characteristics. The Simulation center which 
NOTS operates uses mathematical models when they 
are unavoidable, but allows a real device to per­
form before the eyes and instruments of an engi­
neer wherever possible. It is not sufficient here 
for the computer to print that the torpedo is 
turning at a rate of 20 degrees per second during 
a search scan. The torpedo on the flight table 
must actually rotate at 20 degrees per second. 
The essential feature of the NOTS simulation is 
that mathematical answers cause movement of some 

sort or produce information for human operators. 
Things that move and talk to humans have been 
called Robots. Therefore, this facility is de­
fined as a Simulation Robot. The computing equip­
ment is called a Robot Brain. The Brain must 
receive stimuli, think about them, and cause an 
action, while recording certain quantities of 
interest. The Brain is adequate only if its re­
sponse is quick enough and accurate enough. If a 
digital computer is part of the Brain, it is often 
necessary to sacrifice accuracy in order to gain 
speed. 

The device which an engineer has built and 
wants to test is also a Robot. It is intended to 
observe the real world in some way and perform 
some sort of action in response. In the real 
world, these Robots go dashing about with much 
noise and violence, often destroying themselves, 
and generally they are very hard to observe. The 
Simulation Robot is meant to cradle them safely in 
its arms and make them think they are in the real 
world while the engineer watches them, as shown in 
Fig. 1. The Simulation Robot regards the engi­
neer's device as merely a Test Robot, which is 
what it will be called from here on. The Test 
Robot might even be a man, for example a fire­
control officer, and there may be multiple Test 
Robots. 

Figure 1 

Now it is clear what the Simulation Robot 
must do. It must duplicate the environment of the 
Test Robots. In greatest generality, it would be 
like the whole wide world. In special cases, it 
must at least be enough like a small part of the 
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world so that the Test Robot will not know the 
difference. The engineer might also like to check 
out a small part of a Test Robot before it is all 
completed, in which case, the Simulation Robot is 
required to behave like the missing parts. The 
engineer might also like some assistance from the 
Simulation Robot in the area of assigning test 
jobs to the Test Robot and in evaluating perform­
ance. He might even like the Simulation Robot to 
decide upon new test jobs as a result of the previ­
ous performance. The Brain of the Simulation 
Robot should be composed of whatever computing 
elements can be used for these jobs. Remember 
that the most important job of the Simulation 
Robot is that it be like at least part of the en­
vironment. More specifically, it must be like the 
parts of the environment that are important to the 
Test Robots. 

Inertial Force Simulation~ Simulation at 
NOTS has included inertial forces on the torpedo 
from the environment for many years. When the 
Test Robot actuates a control surface, the infor­
mation goes to an analog part of the Simulation 
Robot Brain that solves the hydrodynamic motion 
equations and controls the flight table that holds 
the torpedo. This results in some inertial forces 
being applied just as they would be in the ocean. 
The forces due to lateral acceleration are not 
simulated because the flight table cannot move 
laterally. This has caused no difficulty because 
the Test Robots have not been sensitive to lateral 
accelerations. It is not planned to use digital 
equipment in this part of the Brain, as it would 
require analog-digital conversion or a digitally 
controlled flight table or both. 

Environmental Response Simulation. When a 
Test Robot interrogates the environment, the Simu­
lation Robot must fake a response. For many types 
of interrogation, the response is mathematically 
determined by a solution of the wave equation.of 
mathematical physics. The boundary conditions for 
this solution are time-varying and the medium has 
spatial and time variability. What is needed is a 
computer to solve these equations with the same 
speed as a response from the real environment. It 
is well-known that present computers cannot do 
this. The present effort is to simplify the mathe­
matical description of acoustic echoes to a point 
where they can be generated by the Brain. 

Human Factors. Humans do not ~nterrogate the 
environment in this Simulation; instead they oper­
ate certain controls on the Test Robots or on con­
soles concerned with Test Robot deployment. 
Therefore, it is of no concern at present that 
there be direct communication between humans and 
the Simulation Robot Brain during a Simulation run. 
Of course, human operators are involved in starting 
and stopping the Simulation Robot, and in program­
ming it, or in giving it the basic education which 
it must have. 

Solution Techniques 

Acoustic Echo Simulation, First Method 

The Test Robot occasionally transmits a pulse 
of sinusoidal pressure waves and observes the re­
turn. This particular case of environmental solu­
tion will be the first to be incorporated in the 
digital part of the Simulation Robot Brain. The 
return can be obtained by solving the wave equa­
tion, but the initial effort will be based on a 
simplification. It is assumed that the echo is a 
sum of pulses just like the one transmitted but 
delayed by varying amounts of time. For the first 
model, it is also assumed that there is no doppler 
shift, so the solution will be in the form of a 
sum of pulsed Sine waves, all at the same frequen­
cy. 
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Figure 2 

Figure 2 is a block diagram of the components 
involved in the solution. A summation of sine 
waves is not a simple arithmetic operation like a 
summation of numbers. In this solution, the sum­
mation is shown being performed by an analog 



summing amplifier. The various pulsed sine waves 
are generated by analog phase shifters and attenu­
ator-switches, controlled by the digital computer. 
The digital computer has the job of computing the 
phase, amplitude, and time of each component of 
the echo and controlling the analog elements. It 
computes this information on the basis of position 
data obtained from the analog computer via analog 
to digital converters. Note that the Test Robot 
does not actually transmit into the environment; 
it sends a pulse to the digital computer. Note 
also that the Test Robot does not observe the en­
vironment; it receives the analog solution fed 
through an analog filter with the same transfer 
characteristics as its hydrophone. 

Some may wonder why it is necessary to go to 
such extreme measures and it must be stated that 
the problem has been simplified for this presenta­
tion. Actually, the Signal ls more complicated 
and the Test Robot is doing a meticulous job of 
signal processing on the sine wave sum which it 
receives. This simple example still serves for 
discussion of techniques. One thing of interest 
is the filter. It is an analog device; the digit­
al computer would take too long to do the filter­
ing job. FUrther, it is significant that the 
digital computer is not outputting the sine wave 
of interest. It is too slow. It is used instead 
to control an analog oscillator. Note also that 
the digital computer is not being asked to solve 
the real-time problem of the wave equation in the 
real world. Instead, it is working with a simpli­
fied model that allows computing to be done during 
a time which is considered as transport delay 
while the transmitted signal travels to the target 
and returns. This is possible for sonar where the 
velocity of propagation is relatively slow. There 
is some difficulty in doing this for radar unless 
the range is quite large. 

This system is capable of Simple extension to 
the case where each component in the echo has its 
own doppler shift. It would merely be necessary 
to use a number of oscillators with frequency con­
trolled by the digital computer. However, the 
cost of this system is high because there are many 
digitally controlled analog devices; a cheaper, 
slower, and less versatile system will therefore 
be considered. 

Acoustic Echo Simulation, Second Method 

Figure 3 is a block diagram of a simplified 
system. There is now only one oscillator with 
phase and amplitude controls. The rest of the 
system is unchanged, so that the output of the 
single controlled oscillator must be the same as 
the output from the analog summation amplifier in 
Fig. 2. This summation is mathematically equiva­
lent to a vector summation which must now be per­
formed in the digital computer. The digital output 
quantities are the phase angle and amplitude of the 
sum vector. Each time a new Sine wave echo com­
ponent enters the sum, the digital computer must go 
through at least Sine, COSine, square root, and 
arctangent calculations. This means that it will 
be slower in response. 
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Figure 3 

Because there is a limited amount of time 
available, this system cannot consider as many 
components as can the system of Fi~. 2. It is, 
therefore, not as accurate in the available time. 

Communications Between Computers 

Description by Sine Wave Components. The 
systems of echo Simulation considered communicate 
a simplified description of the echo, namely, the 
amplitudes and phases of sine waves. These are 
similar to Fourier coeffiCients, except that the 
coefficients are functions of time. This type of 
thinking is also applicable to input problems. If 
it is known that an input signal is a sine wave, 
then an input unit should be built to extract its 
amplitude, phase, and frequency, and input these 
three numbers. This has an obvious extension for 
Signals conSisting of more than one frequency. 
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Description by Derivatives. Some signals are 
easily described by their derivatives. In analog 
computations, this is almost always the case. 
Figure 4 is an example. It results in a parabolic 
extrapolation of the conditions at time to. At to' 

the digital computer establishes initial conditions 
and input to an analog extrapolator composed of two 
integrators. This is done by an output of x(t ), 

o 
x(to)' and x(to) as shown. The value x(t) will 
then be a parabolic extrapolation for all times t. 
If the second derivative does not change, this will 
be exact; if it does change, the digital computer 
can reset the output extrapolator periodically, re­
sulting in a parabolic segment approximation. A 
segmented straight-line approximation could be done 
by eliminating one integrator and setting only 
x(to) and i(to ). This can be increased in com-

plexity to give any desired degree of approxima­
tion. This type of trick could also be done on 
input because a similar prediction can be made in , 
the digital computer on the basis of analog input 
Signals of x(t ) and its derivatives. o 
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Figure 4 

Communication Codes. At the present time, 
general purpose digital computers will accept only 
digital stimuli and will respond only in digital 
form. ~ne problem of connection to the real world 
is left up to the ingenuity of special equipment 
designers who usually surround the digital com­
puter with-analog-digital and digital-analog con­
verters and then use familiar analog transducers 
or analog-controlled manipulators for input and 
output. It should be kept in mind that there are 
many forms of encoders for analog-digital conver­
sion, and there are digitally controlled manipu­
lators; a system is not limited to the one type of 
conversion. 

It should also be noted that the communica­
tion line between Test Robot and Simulation Robot 
is not invariant. For example, the Test Robot may 
not actually radiate energy; the load may be arti­
ficial and the Simulation Robot stimulus may be 
picked up from the controls of the Test Robot. In 
a similar manner, the Simulation Robot may intro­
duce a signal into the Test Robot somewhere after 
a sensing element. If the Test Robot happens to 
have a part digital brain, this could be very con­
venient. In cases of this sort, part of the Test 
Robot is not functioning and the engineer must de­
cide if there is an essential test being bypassed. 

The Future of Communication. In some bright 
future, it would be advantageous to have the digit­
al equivalent of analog quantities automatically 
available in some memory locations and to have 
some memory locations control manipulators direct­
ly. All present computers require main program 
steps to cause data transfer. The block diagram 
of a desirable system is shown in Fig. 5. The 
switching matrix on input is under program control 
and selects the analog lines that are to feed memo­
ry locations. The selected lines are converted in 
rotation and transmitted to consecutive memory lo­
cations. A similar switching matrix on the output 
connects memory locations to manipulators. It 
must be mentioned that there is one computer that 
is partly set up for this type of operation, since 
it has circulating memory tracks that can be writ­
ten or read by a second computer of the same type. 
The second computer could be used for the switching 
matrices and transfers. The main difficulty is 
that the particular computer is not really fast 
enough. 

ANALOG 
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CONTROLLED 
SWITCHING 
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Figure 5 

DIGITAL 
COMPUTER 

In reference to the problem of giving the 
digital computer more time for solution, it has 
been suggested that the analog computer be put 
into hold until the digital computer is finished. 
This might work in some cases for a pure analog­
digital hybrid, but in the present application 
there is no' way to re-start the Test Robot with 
the proper initial conditions. Furthermore, this 
would provide the humans with too much decision­
making time. Another suggestion is to rerun the 
problem many times, each time using recorded digit­
al solutions and doing one more digital solution. 
This will not work when there is enough noise in 
the Test Robot to keep it from repeating its 
actions on reruns. It also fails when there is a 
Test Robot, such as a human, involved which may 
learn too much from the reruns. 

The only way to get things done faster is to 
have multiple digital computers working at the 
same time on separate parts of the problem. 

Real Time Computers 

What Are They? The hare and the tortoise are 
both real time animals but no serious writer would 
claim they are the same speed. Computer salesmen 
seem to overlook this fact when they claim to have 
a real time computer. There appears to be no 
sales literature that approaches this problem seri­
ously. This problem is defined below in terms fa­
miliar to analog people who do not juggle time. 

The transfer characteristic and gain accuracy 
of an analog element describes its speed and accu­
racy. What is needed is a similar characteristic 
for digital elements. It is not immediately ap­
parent what this characteristic is for digital 
elements. Wh~t is it for systems? Analog experts 
can predict whether a deSired system characteristic 



is possible on the basis of the element character­
istics. In the digital equipment, this is equiva­
lent to deciding whether a program can be written 
to input a time function, perform a required oper­
ation on it, and output the resultant time func­
tion fast enough and with enough accuracy. A 
salesman who claims to have a general-purpose, 
real time computer should allow an arbitrary sys­
tem transfer characteristic to be stated and have 
his computer obey it. So far, there have been 
none found who can do that. For now, certain 
limits are implied by the operations that follow. 

Pulse Delay. The fastest useful job that can 
be conceived for a digital computer is pulse trans­
mission with specified delay. Such a function can 
be done on a computer that has been considered at 
NOTS. It requires 65 microseconds to set the de­
lay. The minimum delay is 10 microseconds and 
Ie-microsecond multiples are easily available up 
to a total of about 1/3 second. The output pulse 
will be synchronized with the digital computer. 
If the input is not synchronized, the delay will 
vary because the computer will not recognize the 
input immediately. This indicates that, for some 
jobs, the entire Robot might have to be synchro­
nized with the digital computer. 

Square Wave Generation. Another job the 
digital computer can do rapidly is generate a 
square wave with controlled period and level on 
each half-cycle. This can be done on a computer 
NOTS has considered with a minimum period of 120 
microseconds. The 120 microseconds are all con­
sumed in analog-digital conversion and input. The 
converters require 52 microseconds and it is not 
possible to complete the input until 60 micro­
seconds have elapsed. This time is required on 
each half-cycle for complete control. During the 
conversion time, all the program steps required 
for period control and output can be executed. 
The period is controllable on each half-period in 
steps of 10 microseconds up to a total of about 
1/3 second. 

Digitized Signal Delay. A slight modifica­
tion of the previous program can give time variable 
delay to a time function. The minimum delay of 60 
microseconds can be increased by multiples of 10 
microseconds to about 1/3 second. 

Summary. A real time computer has not been 
defined, but an attitude has been suggested and 
some bounds on speed stated. 

Test Robot Performance Evaluation 

Type of Brain to Use. In this area, the 
digital part of the Simulation Robot Brain seems 
clearly useful. Performance results are almost 
always reduced to digital form, and as such are 
ideal for a digital computer. These results can 
be tabulated for the Test Robot engineer, or they 
can be processed according to the engineer's rules 
to automatically decide on new job aSSignments for 
the Test Robot. The digital computer is ideal for 

making logical analysis of performance results and 
varying job assignments by systematic, probabi­
listic, or combined rules. Some analog parts of 
the Simulation Robot Brain are already digitally 
controlled and, therefore, are available for job 
assignment tasks originated in the digital part. 

Random Factors in Evaluation. In all sys­
tems, there are certain random factors. Analog 
simulations ordinarily use noise generators to 
introduce these. Since the noise generators will 
not repeat, it becomes difficult to determine 
whether the analog can give repeated solutions. 
Repeat solutions are often done to check on accu­
racy of the answers. The engineer may also want 
to repeat a particular job which resulted in fail­
ure. Sometimes it has been necessary to use mag­
netic tape records of noise to overcome this 
difficulty. In a digital computer, random factors 
are generated by a digital program called a pseudo­
random number generator. This can be easily re­
peated. In these cases, it seems that the digital 
computer is the proper place to initiate random 
occurrences. 

Philosophy of Equations 

Analog specialists often consider continuous 
solutions to differential equations to be correct, 
and digital solutions to difference equations to 
be approximate. This is the result of the fact 
that, historically, calculus came before fast 
digital computers and phYSiCists described the 
physical world by continuous models. Even so, 
they have been forced to use quantum, or discrete 
models in some areas. The test of a mathematical 
model of the physical world is to compare calcula­
tions with measurements of the phYSical world. It 
is quite possible that difference equations will 
give as good agreement as differential equations. 
Then the continuous solution to differential 
equations would justly be called an approximation. 

Translators 

An engineer who has been thoroughly bitten by 
the computer bug will want the Simulation Robot to 
understand plain English. In computer jargon, 
this means that the Simulation Robot must include 
a language translator to go from user-oriented 
language to machine-oriented language. The engi­
neer would like to strap his creation to the 
flight table and tell the Simulation Robot, "This 
is supposed to work in X environment and accom­
plish Y. If it does not work, tell me why not.1I 
In order to translate thiS, the Simulation Robot 
must have self-consciousness, that is, it must 
know the types of things it can do. Here arises 
the first problem of translation; the Simulation 
Robot must be told by someone what it is and how 
to use the information. The Simulation Robot at 
NOTS is one of a kind and the same is true for the 
others presently in operation. No general-purpose 
ones seem to be enVisioned for the near future. 
This means that a translator will have to be 
special for each Simulation Robot. An excessive 
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amount of labor would be required for one to be 
written single-handed; it is to be hoped that a 
user's group will eventually be formed. In the 
meantime, existing translators can be used for the 
digital equipment and the use of digital programs 
to help in the setup of analog computers can be 
wat~hed with interest. Then, ingenuity will be 
needed in using these aids to put together a speci­
fied environment for the Test Robot and in in­
terpreting what happens, with perhaps help from 
the digital computer in tabulating results. In 
the meantime, it may be possible to plan a trans­
lator with general capability. 
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Summary 

Automatic computer methods for the aetermination 
of system parameters from dynamic test data e.g., 
those of Heissinger, Leondes, Hargolis, Graupe, 
Turner, and the authors, are reviewed and 
compared at length. 

Two applications of a method of steepest descent 
(on the absolute magnitude of the system-equation­
satisfaction error) are reported. In the first, 
simultaneous automatic analog determination of 
four coeffcients in a human response equation 
(transfer function) was accomp1ished. The second 
app1ication of the technique was in an analog 
dete~nat10n of aerodynamic coefficients from 
simulated flight test data. 

The paper is concluaea by a briet" aiscussion of a 
broaa range of potential applications of methods 
for determination of the parameter values 
required for computer simulation of human 
systems, other biological systems, socio-economic 
systems, and physical systems of concern in 
science and eng1neering. 

Introduction 

The class of problem addressed in this paper is 
that of determining the parameters of any given 
dynamic system by automatic methods on an analog 
or digital computer. In Section I, this class of 
problem is defined and discussed in relation to 
certain other important problems. In Section II 
many methods of solution are described and 
compared. Section III presents the method of 
steepest descent on ~he absolu~e magnitude of the 
error in satisfying the system equation. Two 
specific applications are presented in Sections 
IV and V. The paper is concluded in Section VI 
with a brief look at the benefits to science and 
technology which should result from further 
applications • 

I. The Problem Of Parameter Determination 

A simple instance of the parameter determination 
problem is that of finding some of the G£ 
coefficients 1n a linear equation 

l: c.i. x,i. = 0 
Co 

(I) 

, given at least a sufficient amount of experimental 
data concerning the variables Xt and given the 
other coefficients c~. One of the variables 
might be a forcing function. Other variables 
might be successive derivatives of a dependent 
variable, or values of a dependent variable at 
successively delayed times. However, the 
symmetry in equation (1) admits a dual interpre­
tation, so that the forcing function might be 
among the unknowns. 

The foregoing problem is readily generalized. 
For example, the system equation neea no~ be 
linear; the system might require several 
equations for its description; the equations 
might contain unknown exponents and other 
constants as well as coefficients; and, moreover, 
the unknown parame~ers might not be constants. 
As will be discussed, however, nearly all of the 
methods which can solve ~he problem of equat10n 
(1) are theoretically capable of solving also 
these more general cases. 

The problem of system parameter dete~mination may 
be contrasted with the solution of a given differ­
ential equation, in which the coefficients and 
forcing function are known and in which the 
desired answer is the dependent variable as a 
function of the independent variable. In the 
parameter aetermination problem, on the other 
hand, one is usually given the system inputs and 
outputs and it is the set of system parameters 
which is desired. 

Thus the problem of parameter de~ermination is 
closely related to the electrical problem of 
synthesis, given the inputs and outputs of a 
black box. Indeed, the problem of parameter 
determination is a special case of the problem 
of system equation synthesis, (mathematical model 
optimization) in which not even the form of the 
system equation is originally given but in whlch 
it shoulu be posslble a~ least to ascertain some 
of the parameters (particularly exponenLs) by 
dimensional analYSis, etc. Herein, however, ~t 
will be supposed that ~here is only a single 
sys~em equation, tha~ a reasonably valia form for 
the system equation is known, ana that time 
h~stor1es of the var1ables are given, it being 
required to determine only the system equation 
parameters. This situation arises often in 
science, engineering, operations research, etc. 

Parameter determination is allied also to a 
number of other impor~ant general problems 1n 
information processing, suc~ as signal filtering, 
de~ec~10n, recognition, and prediction. Indeed, 
the parameter-deterMination-problem concept may 
be a key to solution of these practical problems 
in many specific 1nstances. 

Another class of problems related to parameter 
determination is that of the calculus of varia­
tions. In the calculus of variations the unknowns 
are functions and/or end conditions. If the 
unknown functions are regarded as being character­
ized by a set of parameters, and if the unknown 
end conditions can be expressed in terms of 
parameters, then a problem in the calculus of 
variations can be recast as a problem in 
parameter determination. This possibility is 
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especially attractive if the unknown function is 
required to be nonanalytic (eg, comprised of 
straight segments, in some ~olution space, re­
presen~~ng aelays, suaaen changes, l1mita~ions, 
ana other irregularities not easily treated by 
the classical calculus of variations). 

It will be readily seen that the common problem 
of "function separa~ion" falls under the class of 
parameter determination problems. There arises 
often a need for analysis of a given function 
into a sum of terms of known type but with unknown 
coefficients, exponents, etc. Examples of this 
function separation problem are radiochemical 
analysis of a mixture by identification of the 
half-lives of the constituents, determination of 
chemical kinetic func~~ons within measurea time 
h~s~or1es of concentrations, separation of the 
normal modes in a dynamic structural response, 
etc. 

The classical approach to the determination of 
system parameters was to devise a set of special 
experimental conditions which would isolate each 
parameter for direct measurement, all others 
being in terms contrived to be zero. Since this 
is not always feasible, the approach has been 
extended in many instances to the simultaneous 
determination of two parameters by indirect 
measurement, such as the measurement of natural 
frequency and damping ratio of a second order 
system in order to determine two of the three 
coefficients in the system equatlon. 

Methods wh1ch determine at most one or two 
parameter values per experiment are excessively 
expensive and time consuming if the cost per test 
is high. Moreover, these methods are subject to 
error due to imperfect nulling of unwanted terms. 
A further difficulty is tha~ closed-form 
solutions are not always available for use in the 
indirect methods of determining coefficients in a 
differential equation. 

It is eVident, then, that there has been need for 
methoas which would permit simultaneous deter­
mination of many or all parameters of a system 
from a single dynamic experiment. Many such 
methods have been developed in the past few years 
and will be aescribed below. These methods offer 
an optimization of testing and data reaUC~10n for 
minimum total cost. 

II. Methoas For Parameter Determination 

Explicit Methods 

The most readily unuerstanaable method of para­
meter determination is that of wr~~1ng the system 
equation with variables evaluated at as many 
times as there are unknown parameters and then 
solving ~he resulting equations as a simultaneous 
set for the parame~ers. In the case of equation 
(1), for example, the simultaneous equations to 
be solved are: 

(2.) 

Where the tj are times at which data for the Xi 
are given, and where some of the Ci are the un­
known parameters. 

If the unknown Ci, are functions of time, l,he 
process can be repeated with staggered sets of 
equations. This process lends itself well to a 
digital computer, ana it is especially appropri­
ate if the given data are sampled rather than 
continuous functions of time. The sampling could 
be either periOdiC or in accoraance w1~h some 
criterion relating to the derivatives of the 
variables or to the highest significant frequency 
in the specvrum of the forcing function. If the 
sampling interval is too short, the matrix is 
ill-conditioned, thus render1ng the answers 
subject to large error due to amplified roundoff. 
On the other hand, if the sampllng interval is 
too long, the higher frequency variations in the 
desired parameters will not be resolved. An 
unpublished preliminary investigation of this 
method on an operational analog computer was 
conducted in July 1960, by 'W. C. Franke, North 
American Aviation, Inc., Columbus Division, 
using circuits controlled by a clock circuit to 
yield solutions of 3 x 3 matrices staggered in 
time. 

One of the shortcomings of the foregoing sampled 
matrix method is that it utilizes only sampled 
data. This is wasteful of information if the 
variables are known as continuous functions of 
time, as is the case in most dynamic experiments. 
Moreover, the sampled data used will yield 
erroneous results if an appreciable amount of 
noise is present in the measurements, since every 
datum is in an essential role. Accordingly, it 
would be desirable to use a method which employs 
a redundant amount of data, such as would be in 
short-term running averages instead of instan­
taneous data. 

Redundant data can be made to yield exactly as 
many equations as there are unknowns even in 
methods of running regression analysis, such as 
"dynamic least squares". 'Ihis mIthod was in­
vestigated by one of the authors in 1957-58 and 
has been applied widely2. In the application of 
the method of dynamic least squares it is 
necessary to choose the sampling interval and the 
number of samples in such a way that errors of 
measurement are smoothed out without causing loss 
of the higher frequencies in the desired para­
meters. One of the difficulties in the method of 
dynamic least squares is that the normal equations, 
being often nonlinear, may be troublesome to 
solve quickly and hence econOmically. 

Another method for obtaining as many equations as 
there are unknown parameters is to differentiate 
analytically the system equation successively as 
many times as necessary. 'Ihis possibility is not 
known to have been investigated, possibly because 
it would often require differentiation of noisy 
experimental data. 



1he use of as many sets of narrow-band filters 
as there are unknown parameters is another con­
ceivable method using simultaneous equations. 
~his method would fail in the case of a highly 
nonlinear system, since each discrete input fre­
quency could excite a wide spectrum of discrete 
output frequencies. 

It is often possible to use filters alone for 
parameter determination. An example is the case 
of the separation of dynamic structural response 
at a point into da~ped sinusoidal functions of 
time whose frequejcies and damping ratios can be 
measured directly • 

Another explicit method is cross-correlation, 
which is especially usefu14 when the system is 
represented in terms of a set of weights on 
successive~y delayed values of the forcing 
function5, instead of in terms of an equation. 

The classical statistical methods of multivariate 
regression analysis, factor analysis, multiple 
correlation analysis, etc., can be used for para­
meter determination in the case of systems which 
can be described by algebraic equations 
statist~c9l methods developed by Albert1, 
Wilkie ' , and others, have application in para­
meter determination and related problems. 

Linear systems lend themselves to a variety of 
special methods. One which is in very common use 
in the process and control industries is the cal­
culation of system equation coefficients from the 
break points and slopes of a Bode plot (log of 
amplitude response vs log of frequency of 
excitation). This method is suited to automation 
on a digital computer. Such automation is often 
facilitated by the fact that a suitable system 
model can be of a much lower order than the 10 
system itself (at least under certain conditions. 

Implicit Hethods 

'Ihe foregoing methods yield a direct solution for 
the unknown parameters. In contrast, the methods 
to be discussed next involve an iterative or 
continuous approach to the desired parameters. 

As long as there have been analog computers they 
have been used in a trial-and-error process to 
match experimental results and thereby to deter­
mine system parameters. The published 
applications which have been made of this manual 
tentation method are far too numerous to list. 
It is laborious, and it is subject to errors of 
human judgment. Therefore an automatic and 
objective method would be much to be preferred. 

A simple and more objective method is to let the 
computer determine the mean-squared error of fit 
of the computer-generated dependent variable and 
the given time history of the dependent variable. 
By judicious adjustment of the unknown parameters 
it is possible to minimize the mean-squared error. 
This process can be automated by closing the loop 

on the computer, a method which has been widely 
used 11. As automated, however, it can determine 
only one parameter per equation (i.e., per 
dependent variable) per run. 

1 
A related method is "implicit synthesis", in 
which a desired parameter is adjusted automatic­
ally to minimize the instantaneous error in the 
dependent variable. Among the interesting 
applications of implicit synthesis which have been 
made are the determination of lift coefficient 
during transient stall, aircraft-tire friction 
during landing, and nuclear reactor parameters. 
Implicit synthesis yields, in general, only one 
parameter per equation. However, W. C. Franke 
(in an unpublished study) has shown that under 
certain conditions it is possible to obtain a 
second parameter simultaneously by letting it be 
adjusted automatically to minimize the instan­
taneous error in the rate of change of the 
dependent variable. 

The first published implicit nonrandom iterative 
method known to the authors which is capable of 
yielding several parameters at once per equation 
is one due to r1eissingerl~. It is basically 
steepest descent on an integral of the square of 
the error in the dependent variable. It has the 
disadvantage that it requires the use of 
auxiliary differential equations. It has been 
applied, nevertheless, to~ ~ber of problems 
including adaptive servos ' 

One of the characteristics of all of the foregoing 
implicit methods of parameter determination is 
that they contain a mathematical model of the 
system, which has been called a "'learning model" 13 
since it "learns" the correct parameter values. 
The learning model generates continually a tenta­
tive value of the dependent variable for compari­
son with experimental data. 

Automatic determination of parameters can be 
accomplished also by steepest descent on some 
even function of the error in satisfaction of the 
system equation. This class of methods has been 
investigated and applied by Graupe15 and indepen­
dently by the authors in unpublished work during 
1960. Some of the earlier specific applications 
of met~gcts in this class have been discussed by 
Turner and Levine17 • It is this class of 
methods with which Sections III-V are concerned. 

The authors' studies of steepest descent on 
equation error began in March 1960 with the 
concept that an excessively large value for a 
coefficient in the learning model would cause tne 
"signature" of the faulty term to show up in the 
equation error. Then one would expect the 
quantity i ft £-X' dt to have a positive 

t )0 l 

value, where 'E is the error in the system equa­
tion. A term in "the system equation having a 
correct value for its coefficient would give a 
small or zero value for the above quantity. 
Therefore this quantity could be used as a 
measure of the rate at Which the coefficient of 
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XL should be reduced between runs in an iterative 
procedure. It was recognized that a continuous 
correction could be obtained by using a running 
integral over a finite period or by using the 
output of a first order lag circuit instead of 
the above quantity. The latter possibility was 
investigated on an analog computer in June 1960 
in the case of a third order system equation and 
was found to be successful in driving out good 
values of all four coefficients in five seconds. 
It was found, moreover, that the lag circuit had 
little effect, equally satisfactory performance 
being obtalned without it. Hithout the lag 
circuit this method is simply steepest descent on 
the square of the equation error, as was recogniz­
ed after the authors had seen l1eissinger's 
paper12. 

Noting, in continuous steepest descent on the 
square of the equation error, that the rate of 
convergence to the answer became progressively 
slower in the manner of a decaying exponential, 
the author~ tried the scheme of sampling and 
holding new values of the variables whenever the 
equation error had been reduced to a prescribed 
level. This gave improved convergence. 

Next it was noted that the multipliers were act­
ing essentially only as sign changers, so they 
were replaced with relay-amplifier sign changers, 
which converted the method to steepest descent on 
the absolute magnitude of the equation error. At 
about ~his time (September 1960) Graupe's pre­
printl was sent to the authors for discussion. 

Independently, Graupe starting with implicit 
synthesis, had been investigating several of the 
same methods and applying them to nonlinear 
problems. His example problems were solved by 
his methods with time constants ranging from 6 
secs. down to as little as 0.1 sec. He developed 
also more general methods of steep descent, one 
of which subsumes all methods of continuous steep 
descent on an even function of the equation error. 
Graupe studied also the case of a system described 
by more than one system equation. One of Graupe's 
more interesting remarks is that steepest descent 
can be used for the determination of the highest 
derivative in a differential equation in which 
the highest derivative cannot conveniently be 
isolated analytically for explicit calculation 
and successive integration. 

It is instructive to note relationships among the 
methods discussed above and with certain other 
methods. For example, it has been shown in un­
published analyses by B. J. Miller, North American 
Aviation, Inc., .Columbus Division, that an analog 
circuit'for implicit synthesis is in some cases 
identical with that for steepest descent on a 
function of the system equation error. 

Linear programming is closely related to parameter 
determination. As performed on an operational 
analog computer18, linear programming is simply 
steepest descent (or ascent) on an "objective 
functioa' of the parameters Ci' with the 

complication that there are in general some con­
straints on the parameters. If the objective 
functlon l~ nonlinear, the same approach is 
applicable. Even time-varying constraints can be 
handled, thus permitting solution of a class of 
problems in dynamic programming. Thinking of the 
solution of a linear programming problem as being 
the optimum set of values of the parameters of an 
"operating system" (as distinguished from a 
"hardware system"), one can then conceive by 
analogy that steepest descent can be applied to 
the optimization of the parameters of a hardware 
system. T~~s possibility has been pointed out by 
NeissinO'er and has been applied by }J!argolis and 
Leondes13,14, thus establishing a close relation­
ship between parameter determination methods and 
the "optimizers" which are being developed for 
process control systems19- 22 • 

There is no particular virtue in steepest descent 
as such. What is really desired is to move as 
rapidly as possible in error-parameter space in 
the direction of the answer rather than merely in 
the steepest direction. It is interesting to note 
that the long-term average of the instantaneous 
steepest directions is the direction to the 
answer. Accordingly, it might be advantageous to 
employ incremental descents in averaged directions, 
or continuous descent in the running average 
direction, rather than steepest descent. In the 
latter case, if the running average is weighted 
in an exponentially decaying manner with time 
measured backwards from the present, one has the 
method mentioned earlier as involving a first 
order lag circuit. These possibilities have not 
been investigated by the authors. 

The following section presents a general exposi­
tion of the method of continuous steepest 
descent on the absolute magnitude of the error in 
satisfying the system equation. This method is 
that utilized in the application of Sections IV 
and V. 

III. A Parameter Determining Technique 

Conside: the li~ar differ~ntial equa\ion 
c}.OXl'~IX.+···+~x =F(i:)+~,F(tl+···-t io.,F('t) (3) 
where the coefficients are not necessarily con­
stants, but may be functions of time and/or of x, 
F(t) or their derivatives. A method for deter­
mining the coefficients aif'j is sought--a method 
requiring only that F(t) and X(t) be given. 

First, let aci and bcj represent the computed 
values of coefficients ai and bj' respectively, 
at any time t. Then~ define the equation error 

&;m d'x , dJF(t) 
e = a.~idt' - ~ bc;.j ~dt.J .(+) 

=0 J'" 
~Qw at a~y time ta the s~ecified v~lues of X, X, 
X, ••• , X, F(t), F(t), '{t), ••• , F(t) define an 
m+n+2 dimensional hypersurface given by 

(5) 



where e and the aci and bcj are the coordinates 
of a running point in the m+n+2 dimensional error­
parameter space. Further, the hyperplane E =0 
(of dimension m+n+l) is tangent to this hyper­
surface along some hyperplane (of dimension ~n) 
within £=0. Thus the point of intersectton of 
all tangency locus hyperplanes of dimension ~n 
in e=O (as the hypersurface moves and deforms 
in time) is sought. The coordinates of that 
point will be {aD' aJ, ••• 8m, b], ••• bn, and 
E: (=0)) • 

,\-le now proceed to find the required point of 
intersection. Form the slopes in the error­
parameter hyperspace as follows: 

'()Ief :: .l:.-. X 
~ a co \£1 

~ f £1 ::..&..: ~ 
() e>..'m lEt 

} 
t) IE-I :.!... Flt) } () ~e, \t\ 

~~\ • n 

(6 ) 

(7) 
- -:.£... F(t) 
~ ben I£l 

Thus one may, considering these slopes, drive the 
running point "downhill" along the path of 
steepest descent toward the nearest set of values 
of the parameters for which the absolute value of 
the error is minimum (zero). Specifically, if 
the projection of the running point into the E 
= 0 hyperplane is made to move along the normal 
to the tangency locus hyperplane (of dimension 
m+n) and toward tbe latter hyperplane, a uniform 
convergence toward (80, aI, ••• , am, bl, b2, 
•••• , bn) is assured, since when the running 
point has reached the tangency locus hyperplane 
it is closer to the point of intersection than 
it was when it started. Thus rates of correction 
to the parameters may be specified for descent 
in the steepest direction by'choosing them to be 
proportional to the slopes of the hypersurface 
in the coordinate directions: 

-Go,A. ·x 
lEI 

~ - -G''£'''X 
'"'C", - lfl 
b- :: - c;. • ..£.. • F" It) 

Cl 1£' \I 

• • n 
b~", = - (;. ·ift · F(t) 

where G is a large number (gain). 

Example 

Consider the equation 

(8) 

a. o )( + a.. , X = F(t) (~) 
We seek to determine a·O and al where F(t), x(t), 
and x(t) are known. 

First, define the system equation satisfaction 
error, 

(to) 

where acO and acl are the computed values of the 
coefficients. Now geometrically (see Figure 1) 

lEI = I a..,<> X -+ 3.." X - F(t) I (ill 
represents a surface opening upward from the aOal plane. This surface is tangent to the plane in 
the line A given by 

l\.c.o X + <:\." ><. - F(t) ::. 0 ( , 2.) 

whence the slopes of the surface along the acO 
and acl axes (i.e., the components of the 
gradient vector) are 

d lEI _ £ 
d a.c.o - it. · X ( 13) 

c>l" £.. 
~ a", = WI ·x (\+) 

If the coordinates of the running point are driven 
at rates proportional to the negatives of these 
slopes, the running point moves toward the line A 
along a path normal to that line. As the values 
of X, ~, and F change with time the tangent line 
will rotate about some fixed point having 
coordinat~s (eo, al). The running point, however, 
will converge uniformly upon the (aO' al) position 
as noted above. 

IV. Application Of The Hethod To 
Determination Of 

Human Coefficients 

Background 

One area of application of the above described 
technique arises in the determination of an 
equation repres2~ting the human operator as a 
control element • This area has been investiga­
ted in the past ~J utilization of classical 
engineering (control system) techniques. The 
techniques used range froTI analytic transfer 
function and cross-spectrum approachec (24-28) to 
the simulation approach involving the use of 
electronic compute3~(29-3l). A recent report by 
HcRuer and Krendel presents an excellent review 
of studies in which th~se various techniques have 
been applied. All of these techniques seek to 
express the output of the human operator as a 
function of input to him. 

One factor which has become quite apparent is that 
none of these techniques permits the rapid and 
efficient determination of parametric values for P. 

human transfer function. For example, the 
describing function and quasi-linear models re­
quire at least a cross-spectrum analysis and 
computerized mathematical/statistical progrRms. 
Even the simulation te2~~%ue as developed at the 
Goodyear Aircraft Co. ' involves a process of 
successive iteratl0n in order to match simulated 
human output to actual human output. The only 
application of the simulatlon approach in which 
an attempt was made to estimate automatically the 
human transfer fun5tion parametric values was in 
the work of Fuchs. Fuchs was successful in 
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automatically estimating, one at a time. the co­
efficients of a second order linear differential 
equation representing part of a human transfer 
function. All remaining values of the coeffici­
ents were required to be pre~specified. 

The application to be discussed involves the 
simultaneous determination of four coefficients 
in a human transfer function. The technique 
described in Section III was employed in two 
experiments involving the human operator as a 
controller in a complex servo loop. Specifically, 
variations in the values of the human transfer 
function parameters were determined as a function 
of known sets of system characteristics. The 
first experiment treated the influence of display 
quickening upon the parameters of the human 
response equation, while the second experiment 
treated the influ~nce of damping upon th~se 
parameters. 

The equation form chosen for the human transfer 
func1.ion was 

HTF = (15) 

where a, b, c, and d were the coefficients to be 
determined. This is the linear component of the 
quasi-linear model exercised by McRuer and 
Krendel. 

Apparatus 

A block diagram of the entire system apparatus is 
presented in Figure~. For descriptive purposes, 
three major elements may be recognized. First, 
there is the tracking device. Involved here are 
display anti control hardware and the various 
elements needed to produce an input signal, per­
form nroper op~rat~ons upon the control stick 
output, and present gn error signal to the 
subject. Second, there is what shall be ~ermed 
the synthesizing circuit, which performs the 
determination of the coefficients in the human 
response equation. Third,4there is a circuit 
which comprlses the simulatlon of a human transfer 
funct~on which was used in evaluating the 
synthesizing circuit. 

Synthesizlng Circuit 

Figure 3 presents a block diagram of an analog 
circuit deslgned to implement the human coeffici­
ent determining technique. In the descr~bed 
circuit the~e exis~s at any time ~ a set of values 
of 80 (t), 8" (t), 9" (t), e(t-.2), e(t-.2) and 
£ (t). Based upon these values a set of 

coefficients (ac ' bc, Cc and dc) is computed which 
puts the running point on the tangent hyperplane, 
thus driving ~ toward zero. 

The system equation satisfaction error, is 
defined by 

E:: be 6o(t) + Cc 9Q (t) +qc 9.(t)-e(t'-.z)-a.,e(t~.2)(t6) 
The 0.2 second delay was obtained from a second 
order Pad~ approximation. It will be noted that 
with the circuit as described, the coefficients 

obtained will contain contributions from the 
control element. These can easily be removed if 
the control element transfer function is known. 

Reliability and Validity of Coefficient 
Determination 

The reliability and validity of the determination 
of coefficients in an equation of the form of 
equation (15) was investigated. An analog circuit 
representing equation (15) and having controllable 
coefficients was placed in the overall network in 
a manner such that it could be substituted (ase 
Figure (2) for the human operator. A series of 
runs was then made in which known (human-like) 
values were set into the "manalog", a circuit 
representing equation (15); and during these runs 
the synthesizing circuit determined the values of 
coefficients in its usual manner. Inasmuch as the 
circuit was found in pilot studies to require 
approximately 30 sec. to converge to an asymptotic 
value for a human subject, runs were of 1.5 min. 
duration, the values of the coefficients being 
averaged over the last minute. Table I summarizes 
the results of this series of runs. It may be 
seen that the coefficient-determining circuitry 
did not produce precisely the d~ired values of 
the coefficients--even though the true variability 
of any given coefficient was nil. The. observed 
variability over runs was attributed to the fact 
that the manalog, Which exhibits smoother perfor­
mance than the human, did not uniformly reach 
final coefficient values during the one and one­
half minute trial due to the fact that convergence 
rate is a function of the magnitude of the error 
signal and its derivatives which are randomly 
different over trials. 

Based upon this set of observations, an iterative 
procedure designed to circumvent the convergence 
problem was devised, as follows: after each trial 
the coefficients therein determined were set as 
initial conditions in the coefficient-determining 
circuits. This procedure was used effectively 
throughout all runs of the experiment. Table II 
presents the data for five sequential manalog runs 
using the iterative process. The coefficients are 
stable to within .001 after two iterations. 

The forcing function 9i (t) was randomly generated, 
which resulted in a forcing function rms which 
varied greatly from trial to trial. In order to 
standardize the forcing function input over 
subjects it was decided to average over four trials 
for each subject under each condition. This 
procedure resulted in an rms which, based upon a 
sample of 100 trials, varied by a maximum factor 
of 1.3 over 25 blocks of four trials. This 
factor represents the ratio of the highest rms 
(based upon four randomly selected trials) to the 
lowest similarly based rms. The value 1.3 may be 
compared with a single trial maximum ratio value 
of 2.1. 

The reliability of the technique under the 
averaging procedure was determined by estimating 
the variF.nce of each of the coefficients. Forty 



manalog trials were run with initial conditions 
in the coefficient determining circuit set at the 
true values indicated ~n Table II. These trials 
were then averaged in groups of four. The result­
ing ten sets of coefficients yielded standard 
deviations as follows: 

cr"a.:: .oola; (J""b:: .0005; Uc :..0007; O"'"d:.ooo+ 

The same data as described in the previous 
paragraph permit a comparison of average deter­
mined value and true value. Coefficients a, b, 
c, and d when averaged over the forty trials were 
found to have values: .2008, .0507, .2504 and 
• 003 respectively. 

General Experiment Design 

Serving as subjects were four male volunteers; 
two jet flight test pilots, one USAF-reserve jet 
pilot, and one non-pilot. Subjects were run 
individually in the tracking device previously 
described. 

Experimental trials were administered in blocks 
of five with about 90 sec. rest between trials. 
During the 90 sec. interval the various metrics 
were recorded, and the iterative initial condi­
tions procedure discussed above was implemented. 
After each block of trials a rest of from 5 - 10 
min. occurred. 

Experiment I 

One of the major efforts to consider the human 
as a functional servo system is the work of 3-
Taylor et al. at the Naval Research Laboratoif 
36. Perhaps the bes~ statement of this approach 
appears in

3
jhe now-classic paper by Birmingham 

and Taylor wherein the approach is set forth as 
what they term a basic principle of control 
design. In essence, this principle states that, 
when designing man-machine control systems, man 
should be required to act no more complexly than 
does a simple amplifier. 

One application of the Birmingham and Taylor 
principle results in a system that is said to 'be 
quickened. Figure 4 presents two systems -- one 
quickened, the other not quickened.> Specifically, 
system A is not quickened; the human views an 
error signal which is e = E). - eo. In system B, 
the,quickened system, the htiman views an error 
signal e = 9,' - t 60 + ,~,eo .... l<z eo ] 
which is seen to contain derivative information. 
Thus the subject, when using a quickened display, 
is provided directly with derivative information. 

Now, according to the Birmingham and Taylor hypo­
thesis, the quickened display should result in 
"betterlt performance because tht:.! human, when using 
such a display, is required to do less differen­
tiating (rate estimation)--derivative information 
being already inhere~t in the displayed signal, e. 
If this were the case, the prediction would follow 
that the human response equation derived under 
conditions involving the use of a quickened 

display should show a weighting of the e term 
decreased from that obtained under conditions 
,"Therein an urquickened display was used. FUrther, 
it might also be predicted that the condition of 
Partial Quickening (K;2 = 0, Kl> 0 in Figure 4) 
should yield a weighting of ~ intermediate to 
those obtained under the No Quickening (Kl = 0, 
K2 = 0) and Full Quickening (Kl) 0, K2> 0) 
conditions. An experiment was performed to test 
these predict~ons. 

The general details of method were those discussed 
above. The non-zero values of the quickening 
coefficients were taken as Kl = .5 and K2 = .25 • 
No spring was attached to the control stick nor 
was the damper attached. Conditions were present­
ed to subjects in a randomized order with the 
restriction that the No Quickening condition 
appeared first. 

The weights assigned to the e term of the human 
response equation umer the three quickening 
(averaged over subjects) conditions are summarized 
in Figure 5. The differences between the No 
Quickening and Partial Quickening conditions, and 
between the No Quickening and FUll Quickening 
conditions are significant beyond the .01 level 
(t = 7.31 and 7.02, respectively, with 3 df). A 
similar examination of the other coefficients of 
the human response equation (see Equation 15) 
failed to reveal other differences of significance 
at this level. 

Experiment I I 

~fuereas Experiment I treated display factors, this 
experiment is concerned with the effects upon the 
human response equation of variations in the 
amount of control stick damping. The rationale, 
however, derives as in Experiment I from the work 
of Birmingham and Taylor. Consider a 'system as 
in Figure 4A, each element having a given 
response equation. Suppose now that an additional 
integrator is placed in the system and located in 
the box labeled "control sticklt • If the system 
without this addition tracks asymptotically at a 
given level of accuracy then the insertion of the 
integrator as described wiil require some change 
in one of the other system elements if the same 
level of tracking accuracy is to be maintained. 
Inasmuch as a damper on the control stick performs 
an integration, an experiment suggests itself 
wherein the mechanism remains unchanged and the 
control stick is changed qy varying its coeffici­
ent of damping. Under these conditions the human 
is predicted to change his response equation so 
as to compensate for the inserted integration. 
Further, it is postulated that the amount of 
change in the human response equation will be 
related to the amount of damping inserted. Thus, 
three conditions are considered: No Damping, 
Light Dampi~g, and Heavy Damping. 

As in Experiment I the general details of method 
were those discussed above. A nonquickened dis­
play was utilized and both a spring and damper 
inserted. The spring constant was 1.2 lb./deg. 
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and the time constant of the damper was adjusted 
to the values 0.000, 0.05, and 0.28 sec. for the 
conditions No Damping, Light Damping, qnd Heavy 
Damping, respectively. The same subjects were 
utilized as in Experiment I, which was concluded 
before the start of the present experiment. The 
order of conditions was randomized over SUbjects. 

Figure 6 presents the weights assigned to the e 
term of the hunan response equation under the 
three conditions of damping. All intercondition 
differences are significant at beyond the .01 
level (t = 40.6, 16.8, 29.2 for No Damping vs. 
Heavy Damping, No Damping vs. Light Damping, and 
Light Damping vs. Heavy Damping, respectively, 
wi th 3 df). No comparisons across conditions 
were significant for the othe~ coefficlents of the 
human response equation. 

SummarY of Application I 

This application demonstrated the utility of a 
technique for the automatic analog determination 
of human respbnse equation parameters. The 
technique has proven efficient and reliable, and 
provides meaningful metrics of performance. 

v. Application Of The Method 
To Determination Of 

Aerodynamic Coefficients 

Background 

Another promising application of the technique is 
in the area of automatic reduction of flight test 
data to aerodynamic coefficients. A great deal 
of effort has been expended on this problem in 
recent years, such as references 8 and 9, but 
there is still much room for improvement in the 
methods available for use. It is to be hoped 
that the application of the method described here­
in will bring an improvement to the state-of-the­
art. 

The tests were performed using simulated flight 
test data. The two degree-of-freedom constant­
speed lift and pitch aircraft equations of motion 
were solved on the analog computer to provide 
simulated flight test time histories of pitch 
rate, angle of attack ana their first derivatives. 
These signals were operated on according to the 
above described technique to yield the aircraft 
dimensional stability coeffic~ents. To obtain 
the usual non-dimensional aerodynamic coefficients 
only algebraic operations on the dimensional 
coefficients are required. 

Description of Apparatus and Method 

A block diagram of the apparatus used is presented 
in Figure 7. The two equations representing the 
aircraft simulation are: 

9 .,. Md 8 + M",,' 0(. ... Me(.·cit.. :: MSh ·Sh (11) 

8 -L.C(,.oc. - ~ = l-Sh·Sh (IS) 

Mj, ~, l1:ic, MSh, Ioc., and LSh represent the unknown 

coefficients to be determined. In this case, the 
form of the equations describing the system is 
known explicitly. Two system equation satisfac­
tion errors can be formed, .. ,. ( ~. , 

£, ::: e .,. Me'S + Mo(' 0<. ... ~.O( - MSh ·$h <'9) 

Gz. :: 8 - L'oc.·O(. - ~ - J:Sh ·$11 (zo) 
where the primes denote the computed values of the 
coefficients. Consid.ering 1£,/ and It,./ to 
represent hypersurfaces, as in the previous dis­
cussion, the components of the gradients can be 
written as 

d Itt! = ...§J.. • iJ 1 
dM~ Ic,l 

d If,' = .!J... .0(, 
'C) NI~ J£,I (21) 

Thus, to drive the computed coefficients against 
the gradient, toward values yielding zero system 
equation satisfact~on errors, the rates of change 
of the coefficients are taken to be 

." t· M' ::-G·..-!.·B e It,1 

• " £ M -=-G·....L.·C(. 
« Ie. I . , ,. 

M. --G·-!..·cx, ex. - 1£.1 

where G represents a fixed gain chosen experiment­
ally for good convergence. 

Studies Performed 

The convergence of the coefficients was investi­
gated under conditions wherein the coefficients 
were constants. Forcing function inputs to 
the horizontal stabilizer deflection, comprised 
sine, triangular and square waves of various 
frequencies and amplitudes, random noise of 
various power spectral denSities, and combinations 
of random and periodic signals. 

Results 

Some general observations on the convergence of 
the computed coefficients when the true 
coefficients were all constant can be noted. The 
rate of convergence was found to be directly 
proportional to the amplitude of the forcing 
function and to the loop gain of the coefficient 
synthesizing loops. The noise level on the 
computed coefficients was also found to be 
proport~onal to these factors, but fortunately a 



good compromise could be reached here, such that 
an exponential convergence time constant of one 
second could be obtained with reasonable noise 
levels on the coefficients and with realistic 
horizontal stabilizer inputs. The ability of the 
systems to converge uniformly to the correct 
values of the constants was found to be a function 
of the power spectral density of the forcing 
function; in general, it was found that it was 
necessary to offset large amounts of low 
frequency power with large amounts of high fre­
quency power to prevent the computed coefficients 
from tracking the forcing function waveform. 
Using periodic forcing functlon inputs, it was 
found that only one narrow frequency range gave 
good convergence of the coefficients. 

Using a forcing function input yielding an expon­
ential convergence time constant of one secorill, 
the coefficients were allowed to converge to their 
correct values and then the M coefficient was 
instantaneously doubled. The corresponding 
computed coefficient assumed its new value in 
about one second, with only minor momentary dis­
turbances to the other coefficients. 

Summary of Application II 

The results indicate that the technique shows 
promise for the automatic reduction of flight­
test data to aerodynamic coefficient form. 

VI. Other Possible Applications 

Other Applications to Human Simulation 

The determination of human "tracking-situation" 
coefficients discussed above is clearly only one 
of the many possible instances of the application 
of automatic methods for human system parameter 
determination. These methods comprise a conven­
ient preliminary to h~~an simulation on a 
computer. Similarly automatic determination of 
the parameters of more elabo;~t38theoretical 
models of the human operato~' would be 
desirable as a step toward development of control 
systems modeled after th~ human 59 £brst simulat­
ing the h~~an operator in detail ' • 

In the field of human physiology there are still 
many homeostatic (regulatory) systems for whicn 
differential equatio~ Z£d parameters of desired 
accuracy are lackin~t, ,in spite of the 
n~erous quantitative experimz~t~J studies and 
simulations already performed ' • Automatic 
parameter determination methods in conjunctl0n 
with differential equatl0ns derived from theore­
tical models should greatly expedite the 
realization of human physiology simulations 
involving several homeostatic systems and their 
interacti ons • 

One of the many possible practical applicat~ons 
of automatic methods to physiolo~_cal parameter 
determination would be a device for use in operat­
ing rooms to serve as a monitor to warn the 
anesthetist and/or surgeon in the event of 

signil"icant changes in critical parameter values 
of a patlent. A slmilar device might fipd appli­
cation to pllots of future flight vehicles. 

Simulation of social, economic, ecological, 37 
industrial, demographic and political systems 
is handicapped at present because of a lack of 
means for deriving the values of parameters from 
available data and because of the difficulty or 
impossibility of perforffi1ng experimenvs designed 
to slmplify parameter determination. Untold 
benefits await this vast field of applications of 
methods for automatic determination of parameters. 

Insofar as higher processes in the human brain 
may be better described by some as-yet-undeveloped 
branch of logic than by mathematical equations the 
present techniques are not applicable. However, 
insofar as mathematical equations suffice, a new 
and pOWerful tool is available. 

Other Applications In Physical Science and 
Technology 

The determination of aerodynamic coefficients as 
discussed herein is merely illustrative of the 
possibilities for application of automatic 
methods for parameter determination in systems of 
concern in the physical sciences and in engineer­
ing. A lengthy list of some of thrse possibilit­
ies has been published previously. One may in 
addition note the possibility of determining the 
parameters of: 

1. Equations for boundary layers, wakes, 
noise fields, etc., either as kinematic 
field descriptions alone or with 
physical constraints as imposed, e.g., 
by Lagrange's equations. 

2. Transient aerodynamic functions 
occurring during transient st~ll, 
V/STOL maneuvers, etc. 

3. Theoretical models developed by 
operations research. 

4. Control strategies and other high­
level heuristics and roulines in 
computers of the future4~. 

5. Living systems studied for the 
purpose of designing analogous 
engineering devices45 • 

6. Signal signature functions. 

7. Molecular structure as revealed 
by infrared spectra. 

VII. Conclusions 

1. The methods discussed herein afford the means 
for a revolution in the science of dyna~c 
measurement. Instead of it being necessary 
to conduct n~~erous specialized test runs on 
a system, it is now sufficient to run only 
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one test (or certainly fewer tests than former­
ly) in order to determine sim~ltaneously all 
of the parameters of a system • 

2. These methods should serve as a powerful 
stimulus to analog, digital, and hybrid 
computer simulation of systems of all kinds. 
The benefits of the computer simulations 
which will result may be readily appreciated. 

3. These methods have been demonstrated suffici­
ently to justify the investment of research 
in further efforts to seek and develop 
improved methods for parameter determination, 
for the design of dynamic experiments, and 
for system equation determination in general. 
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Trial 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
Average 

True 
Value 

Trial 

1 
2 
3 
4 
5 

True 
Value 

VALUES OF COEFFICIENTS DETERMINED 
IN MANALOG RUNS HAVING NO ACTUAL 

TRIAL-TO-TRIAL VARIABILITY 

Coefficient 

a b c 

+.0473 + .0436 + .27'2!7 
+.0615 +.0547 +.2801 
+.0572 + .0380 +.2781 
+ .0575 + .0475 +.2715 
+.0544 +.0337 +.2762 
+.0593 +.0465 + .2813 
+.0557 + .0539 +.2819 
+.0500 +.0420 +.2740 
+.0432 +.0529 + .2757 
+.0614 +.0465 +.2829 
+.0550 +.0459 +.2770 

+.0600 +.0500 +.2800 

TABI,E II 

COEFFICIENTS DEl'ERHINED USING 
ITER1\TIVE INITI.AL COlillITIONS PROCEDURE 

Coefficient 

a b c 

+.1040 +.0402 +.2077 
+.1815 + .01..71 +.2405 
+.1982 +.0499 +.2474 
+.2023 + .C!+98 +.2486 
+.2011 +.0492 +.2480 

+.2000 +.0500 +.2500 

d 

-.0075 
+.0059 
-.0102 
-.0062 
-.0133 
-.0030 
-.0002 
-.0032 
-.0044 
-.0109 
-.0053 

+.0010 

d 

-.0157 
-.0033 
+.0012 
+.0014 
+.0012 

+.0010 
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