








































































































































































































































































































































































































































































































































































































































































FACT SEGMENTATION 

monitor wil1 search for the segments and load them 
where the Segmenter has specified. The Segmenter 
tables are then updated (base, status and follower 
fields of segments, last segment, unused storage, 
lowest �~�o�c�a�t�i�o�n� unloaded of bank 1). 

Release Segment (Figure 4) 

Releasing segment 5 has the Segmenter change 
the segment's status and add its length to the 
available inactive storage in the Bank Control 
Table. Segment 5 is still intact and may be 
reactivated easily if required again. 

Load Segment into Opening (Figure 5) 

Scanning the Ba11.k Control �T�a�b�~�e� will indicate 
that segment 7 will not fit at the end of any 
bank, but can fit into the inactive storage of 
bank 1. There is no inactive contiguous storage 
large enough to contain segment 7. The Segmenter 
must COllect an adequate area by relocating the 
active segments in bank 1. 

The �r�e�~�o�c�e�t�i�o�n� process can best be visualized 
by picturing the active segments in bank 1 as 
loosely strung beads. The gaps of string between 
the beads represent the inactive storage. The 
bead folloWing the bead at the beginning of the 
�b�~�~� is moved adjacent to it. The gap created 
below the moved bead is examined to see if the 
called segment �w�i�~�l� fit. If it will not, another 
bead is moved adjacent to the moved bead �u�n�t�i�~� an 
adequate gap is developed. The �c�a�l�~�e�d� segment 
will then be loaded into the gap. 

To perform this operation it is necessary to 
know the sequence of segments in the bank. This 
is found starting with the first segment as 
indicated in the Bank Control Table (segment 3). 
In each Segment Control Word, the segment number 
that follows is shown in the follower field. Thus, 
segment 3's follower is segment 5, 5's fol1ower is 
8 and so forth. (This refers to the segment 
control table indicated in figure 4). 

Scanning down the chain of segments, the last 
of the first group of active segments can be found. 
This �s�~�g�m�e�n�t� is the head bead of the �a�n�a�~�o�g�y�,� 

(segment 3) Following it will be a group of 
inactive �s�~�g�m�e�n�t�s� (5 and 8). The bead to be 
first moved is the first active segment (segment 
9) following the group of inactive segments . 
Segment 9 is moved next to segment 3. By doing 
this, inactive segment 5 is �o�v�e�r�l�a�i�d�~� Since 
segment 5 can no longer be directly activated, 
its status is changed to out of core (0). Segment 
10 will also have to be moved before segment 7 
will fit. After this, segment 7 is loaded into 
the bank. Segment 7 will overlay segment 8, so 
it is necessary to change segment 8's status to 
out of core (0). 

All of the above operation seems to be quite 
involved and yet its operation is barely percepti­
ble when watching it at the �H�-�~�O�O� console. 
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Squishing (Figure 6) 

Segmenter operations described so far have 
been confined to action within one bank. Should 
a segment be called that is larger than the 
inactive stnrage in anyone bank, the inactive 
storage in all of the banks is accumulated in 
an attempt to fit the segment. To do this, 
the Segmenter �e�m�p�~�o�y�s� a subroutine called the 
Squisher. This routine, whose name sounds 
like a fugitive from a science fiction movie, 
will coagulate the active segments into the.lower 
addressed banks and locations available to the 
program. Where necessary segments will cross 
into other banks. Like all reputable science 
fiction creatures, the Souisher is destructive 
in that it destroys all of the inactive segments 
in memory. In return it collects all of the 
inactive space together into upper memory. This 
should enable the loading of the called segment 
that otherwise could not have fit. 

Another use of the Squisher is in preparation 
for executing a sort. Sorts are amorphous 
by nature and operate faster if given more space. 
The Squisher operation gathers all available 
inactive space for the sort and informs the 
sort generator of the amount of space available. 

Relocation, Communication, Linkage 

The explanation thus far has been about 
when and why segments are relocated. The 
next sections will explain how the relocation 
is performed, how the migrant segments can 
successfully communicate with each other, and 
what the linkage is that brings the Segmenter 
into action. 

Relocation 

The execution of any code is sensitive to 
its location in storage. When segments are 
moved or loaded, their code must be adjusted 
to the new environment. When loading a 
routine from a secondary storage as tape, 
it is possible to have information on how to 
relocate each word delivered to the loader. 
This relocation information is used during 
loading and does not permanently reside in memory. 
Unavailability of relocation information for 
the memory to memory relocation of FACT requires 
another method of determining the relocation 
rUles. 

A Segment is generated as a block of code 
that must be moved together. When a segment is 
moved, the incremental address is the same for 
every word in the segment. The segments are 
constructed in the structured format shown in 
Figure 8. Each word of the segment that 
fOllows the same relocation rules is assembled 
into the same region. One word in the segment 
defines the length of each of these regions. 
It then becomes possible to have a relocation 
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routine operate on each of the regions and make 
the appropriate modifications. 

Each segment is kept on the program tape 
though it were to be loaded into Locations 
starting at zero. rne relocation increment for 
a program being loaded is the intiaL loading 
address (or base). The memory to memory 
relocation subroutine is used to perform the 
relocation. Relocation data need not be kept 
on the program tape nor must the loader be 
concerned with this process. 

Intersegment Communication 

Segments must be able to operate on 
information in other segments, transfer informa­
tion between segments, and transfer controL 
to other segments. The mobility of F~CT 
segments requires a communication device 
for these functions. This centers about a 
table Called a Reference Region that is part 
of each segment. 

The Reference Region is a table of addresses 
of locations in other segments that are addressed 
by the segment. These entries contain initially 
the number of the segment in one fieLd and the 
Location relative to address zero within that 
segment that is being addressed in another field. 
Whenever a segment is ~oaded or moved in memory, 
its relocation increment is used to update the 
Refer·~nce Region tables of all other segments 
of that program that are in memory. Whenever 
a segment is Loaded, its Reference Region 
table is updated to reflect the positions of 
those segments that it addresses that are in 
memory. It is possible to rapidly scan and 
update the Reference Region tables by using 
the Segment Control Table. The segments may 
freely communicate using the information kept 
current in their Reference Regions. 

The updatings of the Reference Region of 
s'3gment 3 of the example used before is shown 
in Figure 7. Addressing between segments is 
always done using either indexed or indirect 
addressing features of the Honeywell Boo. The 
entries in the Reference Region are arranged 
so they may be loaded into the special registers 
for this mode of addressing. 

Linkage to the Segmenter 

The Segmenter is dormant until called to 
load, ~ctivate, or release segments. When the 
Segmenter is active, the program it controls is 
~ept dormant. (This need not be the case 
because of the parallel processing capabiLity 
of the Honeywe~l 800). Other programs running 
in parallel do keep operating. It is necessary 
to stop the operation of the program calling the 
Segmenter because some of its segments in memory 
may be relocated, a segment may have to be loaded 
from secondary storage, and other caLls to the 
Segmenter must be inhibited. 

PROGRAMMING AND CODING 

Calls to the Segmenter to release a segment 
occur at points in the code that can be defined 
a compilation time. The calling linkage is a 
simple direct entry simiLar to those used in 
entering monitors. 

Linkage to activate or load a segment are 
quite different. The system is designed to 
allow segments to easily address each other 
and at the same time have the segments 
activated and reLeased frequently. It would 
be most inefficient in time and storage if each 
instance of intersegment addressing had to 
require testing to determine whether the 
segment was active in memory. 

The method employed relies on the fact that 
inter segment communication always uses indirect 
or index addressL~g that employs the words in 
the Reference Region table to load these 
special registers. Whenever a segment is 
inactive, all Reference Region words pertaining 
to it are forced to bad parity. ~ben a segment 
loads the special register with the Reference 
Region word, the Honeywell 800 forces an 
automatic unprogrammed transfer of controL to 
a specit'ied location. The Location transferred 
to is the start of the Linkage to enter the 
Segmenter. 

The hardware is such that no sequence 
counter or any other settings are disturbed 
by the unprogrammed transfer. After the 
Segmenter operation, it becomes very easy to 
restore control to the calling segment as 
none of its settings have been changed by the 
linkage. Thus, a hardware feature of the 
Honeywell 800 is used as an automatic test 
sensitive to the absence of an addressed 
segmant. 

Since a hardware error detection feature 
is being used in this linkage, the Segmenter 
must verify that this is a legitimate call and 
not a machine malfunction. The Segmenter 
reduces the probabiLity of a mistaken call 
by verifying that the Location of the word of 
bad parity resides in a Reference Region table 
and the Segment number referred to is inactive. 
The re~iabi~ity of the H-Boo memory further 
reduces the probabiLity. 

Operation with the Monitors 

The Segmenter has been designed to work 
wi th both the Program Test System and the 
Executive System monitors. 

The Program Test System, Honeywell's 
checkout system, allows dynamic or snapshot 
dum?ing of memory areas and tapes during the 
program operation. The dumping occurs at 
points where the programmer requests derail 
linkages to the monitor. The requested 
dumping is identified by the location of the 
derail. The mobiLity of the segments created 
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a problem that was handled by including the 
segment number in the derailing instruction. 
Use of the Segment Control Table allol..red a 
routine to convert the derail location to a 
location relative to location zero. The 
particular derail could then be identified. 
The instructions dumped are converted via use 
of the Segment Control Table to locations 
relative to zero. Thus, the programmer need 
not be hindered by the actual position of the 
segment while it was being dumped. 

The Executive System .~ll be the pri~~ 
monitor working with the Segmenter. Each FACT 
program is given an area of memory to operate 
in at scheduling time. The full power of the 
Executive System Monitor is available to the 
FACT programs. It is used to set restart points, 
restart individual programs, execute a full 
schedule of parallel operating routines, test 
the validity of the schedule, etc. Loading 
of segments is done by the Run Supervisor after 
receiving the information from the Segmenter. 

The search for a new segment on the Production 
Run Tape is always optimized to the proper 
direction. 

Operating Exp~rience 

That described in this paper is not a 
proposed or theoretical system but one that 
has been in daily operation since August 1961. 
There have been e.mbellishments to improve the 
Segmanter, but it has not changed in its 
basic operation. 

In September 1961, the Segmenter was tied 
into the Executive System. Runs have been 
scheduled and executed involving combinations 
of two FACT programs and an assembly language 
program all operating in parallel. In that 
operation there are periods where five of the 
eight independent sequence counters in the 
H-800 are active. All eight of the sequence 
counters were used at some time during this 
operation. 

Future Modifications 

A number of ideas have been su?gested to 
add to the flexibility and attractiveness of 
the Se~nenter. Currently the Segmenter requires 
about 500 memory cells. There is a separate 
segmenter for each FACT program being run in 
____ 1.,_1 A ..L __ 1-_.!_~ __ '- __ 1- ___ ..l ____ , ___ -l.L._ 

iJCI •. J:"C:iJ..J..t:::.L.. ft vt:::~U.llJ..yut::: Ud,::i ut:::t:::u ut::: vt:::.L.u!Jt:::u VU 

have only one Segmenter for all FACT programs 
in operation. The FACT programs could h:1Ve 
their segments intermingled in memory instead 
of having distinct areas as is now required. 
The most difficult part of this design would 
be the setting of restart points. The Segment 
Control Table would be employed to identify 
the areas occupied by the segments of the 
program for which a restart was being set. 

To further conserve memory, the operations 
of the Segmenter would themselves be segmented. 

The Segment Control Table is the source 
of information to the Segmenter as to the size 
of each segment. This table could have its 
entries changed by the program and enable 
specified segments to grow in size according 
to the dynamic needs of the routine. 

The Segmenter makes no attempt to save 
the settings of a segment it is about to 
destroy. Such a segment could be dwupad L,to 
secondary storage prior to its destruction. 
A choice could be made when the segment was 
again called as to having it loaded in its 
initial state or in the state it was in the 
last time it appeared in memory. 
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SEGMENT CONTROL TABLE 

SEG. NO. STATUS* LENGTH FOLLOWER~~ LOCATION 

0 A 500 1 0,0$00 ., T 500 4. 0,1000 "'" "'" u 

2 0 400 
3 A 200 5 1,0000 
4 0 600 
5 A 600 8 1,0200 
6 I 300 L 0,1.500 
7 0 900 
8 I 200 L 1,0800 
9 0 300 

10 0 300 

BANK CONTROL TABLE 

BA.~K FIRST LAST UNUSED LOv-lEST HIGHEST LOWEST 
NO. SEG. SEG. STORA.GE LOC. LOC LOC UNLOADED 

0 0 6 1000 500 1999 1800 
1 3 8 1000 000 1799 1000 

Fig. 1 STARTING CONDITION OF EXAMPLE 

SEGMENT CONTROL TABLE (PARTIAL) 

SEG. NO. STATUS LENGTH FOLLOWER LOCATION 

o 
1 
2 
etc. 

A 
A 
o 

BANK CONTROL TABLE 

500 
500 
400 

1 
6 

0,0500 
0,1000 

BANK FIRST LAST UNUSED LOWEST HIGHEST LOWEST 
NO. SEG. SEG. STORAGE LOC. LOC. LOC UNLOADED 

o 
1 

o 
3 

6 
8 

500 
1000 

500 
000 

1999 
1799 

1800 
1000 

Fi~. 2 ACTIVATE INACTIVE SEGMENT 1 

* A = ACTIVE; I = INACTIVE, in HSM; 0 = OUT OF HSM 
-Be L = LAST SEGMENT IN BANK 

l'ROGRA~I~IIi\'G AND CODING 

BANK 0 BANK 1 
i 

~ SEG. 3 

EXECUTIVE ~ MONITOR 

t SEG. 5 

SEGM"r:NTER ~ SEG. 0 

I--_=;;.;....-~_,OOO 
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SEGMENT CONTROL TABLE 

SEG. NO. STATUS LENGTH FOLLOWER LOCATION 

. 
8 
9 

10 

I 
A 
A 

BANK CONTROL TABLE 

BANK FIRST LAST 
NO. SEQ. SEQ. 

0 0 6 
1 3 10 

200 
300 
300 

UNUSED 
STORAGE 

500 
400 

9 
10 

L 

LOWEST 
LOC. 

500 
000 

1,0800 
1,1000 
1,1300 

HIGHEST 
LOC. 

1999 
1799 

LOWEST 
LOC. Tn.TT f"'. AT'lt;'T'I 

Vll~l1J.J.L:.I..u 

1800 
1600 

Fig. 3 LOAD SEGMENTS 9 and 10 INTO END OF STORAGE 

SEGMENT CONTROL TABLE 

SEG. NO. STATUS LENGTH FOLLOWER LOCATION ---. 
4 0 600 
5 I 600 8 1,0200 
6 A 300 L 0,1500 

BANK CONTROL TABLE 

BANK FIRST LAST UNUSED LOWEST HIGHEST LOWEST 
NO. SEG. SEG. STORAGE LOC. LOC. LOC. UNLOADED 

0 0 6 500 0500 1999 1800 
1 3 10 1000 0000 1799 1600 

Fig. 4 RELEASE SEGMENT 5 
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BANK 1 

SEG. 3 
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SEGMENT CONTROL T.<\BLE 

SEG. NO. 
o 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

STATUS 
--A-

A 
o 
A 
o 
o 
I 
A 
o 
A 
o 

BANK CONTROL TABLE 

LENGTH 
500 
500 
400 
200 
600 
600 
300 
900 
200 
300 
200 

FOLlOWER LOCATION 
1 0,0500 
6 0,1600 

9 1,0000 

L 0,1500 
L 1,0800 

10 1,0200 
7 1,0500 

BANK FIRST LAST UNUSED LOWEST HIGHEST LO\\~T 
NO. SEG. SEG. STORAGE LOC. LOC. LOC. UNLOADED 
--0 0- --0 500 ~ 1999 1800 

1 3 7 100 000 1799 1700 

FIG. 5 LOAD SEGMENT 7 INTO AN OPENING 

SEGMENT CONTROL TABLE 

BANK CONTROL TABLE 

FOLLO~lliR LOCATION 
1 0,0500 
3 0,1000 

9 0,1500 

L 1,1100 

5 1,0200 

L 0,1700 
7. 1,0000 

BANK FIRST LAST UNUSED LOWEST HIGHEST LOWEST 
NO. SEG. SEG. STORAGE LOC. LOC. LOC. UNLOADED 
-0- -0- -9- 000 soo-- 1999 2000 

1 10 5 000 000 1799 1800 

FIG. 6 LOAD SEGMENT 5 AFTER SQUISHING 

PROGRAMMING AND CODING 

BANK 1 (before) BANK 1 (after) 
I I 

SEG. 3 1 SEG. 3 

SEG. 9 
500 

SEG. 10 

~~~~~~OOO 
SEG. 7 

SEG. 9 ~ 

~15 
rmKO 

] SEG. 10 E
NK 1 

J 
EXECUTIVE 

500 ~ 
I---------l ~ SEG. 7 

SEGMENTER 
SEG. 0 

-
-
-
-

t-------=rOOO ~ 

I SEG. 1 I 

b=100~ 
SEG. 5 

I SID. 9 j ,--' - __ -oJ 
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SEGMENT J 
REFERENCE REGION 

TAG REFERENCED LOCATION BAD 
SEGMENT PARITY 

ar- SEG. 1 0,0210 x 
R2 SEG. 5 1,0500 
R3 SEG. 9 0,0181 x 
STARTING CONDITION 

Rl SEG. 1 0,1210 
R2 SEG. 5 1,0500 
R3 SEG. 9 0,0181 x 
SEGMENT 1 ACTIVATED 

Rl SEG. 1 0,1210 
R2 SEG 5 1,0500 
R3 SEG. 9 1,1181 
SEGMENTS 9 and 10 LOADED 

Rl SEG. 1 
R2 SEG. 5 
R3 SEG. 9 
RELEASE SEGMENT 5 

0,1210 
0,0300 
1,1181 

R1 SEG. 1 0,1210 

x 

R2 SEG. 5 0,0)00 x 
R3 SEG. 9 1,0381 
LOAD SEGMENT 7 (MOVE SEGMENT 9) 

Rl SEG. 1 0,1210 
R2 SEG. 5 1,1500 
R3 SEG. 9 0,1881 
10 AD SEGMENT 5 (MOVE SEGMENT 9) 

FIG. 7 CHANGES TO SEGMENT 3 
REFERENCE REGION WORDS 
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REGION CONTROL WORD 

REFERENCE REGION 

MASKBASE CONSTANTS 

SPECIAL ADDRESS CONSTANTS 

COMPLETE ADDRESS CONSTANTS 

INSTRUCTIONS 

UNRELOCATABLE CONSTANTS 
AND DATA STORAGE 

FIG. 8 TYPICAL FACT SEGMENT STRUCTURE 
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A GENERAL TEST DATA GENERATOR FOR COBOL 

Lt. Richard L. Sauder 

Automation Techniques Branch 

Headquarters, Air Force Logistics Command 

Wright-Patterson Air Force Base, Ohio 

'l'lll.S ar"t.l.Cl.e Q.l.scusses the effort being made 
by the Air Force Logistics COImlland in developing 
a method of generating effective program test 
data. This "Test Data Generator" is designed to 
operate in conjilllction with the ~ compiler 
implemented by AFI..J:;. As such, the system not 
only builds data conforming to descriptions given 
in the Data Division of a COBOL program but also 
places in these items necessary data relation­
ships to test the logic of the COBOL program. 
Both the utilization and the method of operation 
of the system are discussed in this paper. 

Introduction 

One of the major underdeveloped areas that 
still exists in the development of programming 
techniques is that of insuring adequate checkout 
of programs before release for use. Often the 
logical paths wi thin a program are highly com­
plex. The effort to insure that each of these 
is functionally correct can be prohibitive - so 
much so that only the most obvious and most fre­
quently employed segments of the program are 
tested thoroughly. 

Compilers that have been employed in the 
past decade have aided in reducing this problem. 
By eliminating many careless coding errors, they 
have not only insured a greater degree of opera­
tion in a shorter time but have also released 
more time for more elaborate testing of the com­
piled program. The fact still remains, however, 
that unless adequate test data is available the 
debugging effort is hampered. Recognizing this 
deficiency, the Air Force Logistics Command last 
year began developing a method of producing this 
data. The immediate result is a Test Data Gener­
ator designed to operate in conjunction with the 
COBOL compiler implemented by AFLC. As such it 
performs two main filllctions: 

1. Builds data of the format and descrip­
tion specified in the COBOL source program and 

2. Inserts in these elements data specified 
by the user to meet inter (and intra) element 
requirements and relationships. 

These functions basically fulfill the needs 
for prodUCing effective test data. Obviously it 
is necessary to produce elements conforming to 
their given fonnats. But Since there are few 
business oriented runs which do not require de­
pendency among various elements, a more perti-

nent criterion is that of controlling the content 
of these elements. 

The method of operation and the information 
necessary to fulfill these functions will now be 
described in detail. 

utilization of the COBOL Data DiviSion 

Determining the format of data fields re­
sul ts from a thorough interpretation of the Data 
Di vision of the COBOL source program being 
tested. Wi thin this Division, options exist to 
describe in detail both the structure of every 
element wi thin a record and the relationships of 
these elements to one another. Those options 
which affect the generation of data are defined 
as follows: 

1. ~ 
2. Level number to establish the relation­

ship of one unit of data to others. 
3. Size in number of characters. 
4. Class indicating the type of data, i.e." 

alphabetic, numeric, alphanumeric. 
5. Usage to establish the number system in 

which the element is represented. 
6. ~ to define repeated occurrences of 

the same element. 
7. Range to establish limits for the value 

of the element. 
8. .§!B!l specifying the operational sign of 

the element. 
9. SYnchronize poSitioning the element 

within or across computer words. 
10. Redefines to allow the same area to have 

more than one description. 
11. Picture - a graphical representation of 

the element. 
12. ~ to define a stated value for the 

element. 

In addition to these element descriptions, 
options are present which describe the files to 
which the records belong, e.g., tape and file 
labels" the number of records within a file and 
the number of elements within these records. 

Construction of Formatted Data 

Since in the generation of data we are con­
cerned only with those records in a program de­
Signated for input, the interpretation of the 
source program Data Division produces only sets 
of parameters dealing with elements of input 
records. 
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In all cases this' set includes the size of 
the element of data and its relative location 
within the record. Other information produced 
depends on the type of element. Type in this con­
text is deflned as one of four classifications: 

1. Li teral indicating that a single value 
has been defined for the element. 

2. Conditional indicating that a restricted 
set of variables only may appear in the field. 
(Conditional values in COBOL data descriptions 
are designated by a level number of 88.) 

3. Random indicating that no values were as­
Signed to the field so that the content of the 
element is determined only by the options: class, 
range, and base. 

4. Sequential indicatL'"lg tha.t the original 
value of the element is to be incremented by a 
fixed or a random amount. 

Jl.ll information concerning these types can 
be obtained from the data descriptions with the 
exception of those items to be sequenced, and the 
amount, if known, by which they are to be incre­
mented. Therefore, disregarding these items, it 
is now possible to generate "garbage" test re­
cords with only the COBOL source tape for the 
program serving as input. The method of genera­
tion if this were desired 'WOuld be as follows: 

1. Interpretation of the program's Data Di­
vision, construction of sets of parameters and 
grouping of these parameters by record designa­
tion. 

2. Isolation of all parameters for a partiC­
ular record and employment of each set of parame­
ters, in turn, to build a Single test record with 
the following criteria: 

a. If the element is li teral or condi­
tional, insert the value or chosen value into its 
relative position in the record. 

b. If the item is random, generate ran­
dom characters (determined by the class of the 
item) filling the element. 

3. Repeti tion of step t'WO until the desired 
number of test records has been generated.. Repe­
tition of the entire process for the next record 
description, and so forth. 

In testing applications, it is often true 
that some information which 'WOuld be generated in 
this manner is insignificant or unnecessary. For 
instance, a thirty character random field reserved 
for a manufacturer's name could possibly be de­
leted or replaced by a two character code repre­
senting the name if this element is not involved 
in any logical decision in the program. This ac­
tion 'WOuld not only reduce the time needed for 
generation, but also 'WOuld considerably improve 
the appearance of the data. In addition, elements 
may not be described in the Data DiviSion to a 
sufficient degree for testing purposes. For in­
stance, a stock-number may be described as alpha­
numeric when in reality the first half of the 
number is alphabetic and the remainder numeric. 

PROGRAMMING AND CODING 

For these reasons the Data Generator includes 
the option to modify data descriptions by the de­
letion or replacement of these descriptions or by 
the insertion of new descriptions. The method by 
which these modifications are expressed will be 
discussed later. 

Specification of Data Relationships 

The data generated in the manner described 
falls far short of being adequate for production 
testing. Though some control on the ccntent of 
the records is obtained by stating literal and 
conditional values for elements, the great major­
ity of the output is unrelated "garbage" adequate 
only for testing error logic. For this reason 
the ability to specify data relationships and re­
quirements is included with the generator. The 
type of relationships desired may be of the fol­
lowing nature: 

If fie1d-1 of record-A equals field-1 of re­
cord-B then field-2 of record-A must be in 
the range 7-15. If fie1d-2 of record-A is 
less than 10 and field-3 of record-A is not 
less than 24 then field-7 of record-B must 
equal "A"; but if field-2 of record-A equals 
10, then field-7 of record-B equals "C". If 
fie1d-7 of record-B equals "C" then fie1d-8 
of record-B equals 0 or 2 • • • • • 

Via this option the formatted records pro­
duced can be edited to contain combinations of 
these relationships, which in turn can test the 
logiC of the program concerned. To allow a flex­
ibility of this magnitude, a procedural type 
system similar in objective to the COBOL Procedure 
Division is provided. Just as the Procedure Divi­
sion contains a series of statements arranged to 
specify the logic of a computer program, thi s 
system (named the Relation Section) is a series of 
statements arranged to specify the logic of data 
relationships. 

The Relation Section is formed by a series of 
conditional and declarative statements consisting 
of a restricted set of operations and the operands 
involved. The operands are those element names 
which appear in the Data Division of the program 
or those defined by the method of modification 
explained before, and any quantity appearing as a 
1i teral value. The same conventions apply to ex­
pressing these operands as in the COBOL Procedure 
Division. 

Example: 

If FIELD-l equals SUBFIELD-X of FIELD-A of 
REroRD-1 • 

If CLASS-CODE-l equals "ABC" then IN-CODE of 
FIEID-C equals 375 • • • 

~ne set of operations allowed consists of 
three types: relational" arithmetic and control. 
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Relational Operations 

The relational elements are the same as those 
defined in the COBOL language for expressing con­
ditional relationships. In the Relation Section, 
however, these elements serve a dual purpose. 
. They first express conditional relationships as in 
COBOL. In addition, however, they are employed in 
imperative statements to prescribe an action be­
tween given operands. Used this way, the conven­
tion is established that given 

oprnd-m (relation) oprnd-n, 

oprnd-m is adjusted, if necessary, to satisfy the 
given relation. For instance, given: FID-A equals 
FLD-B. If inequality exists, the content of 
FID-A is made equal to that of FIn-B. 

The relations (and their associated mnemon­
ics) are: 

F.Q equals 
NF.Q is not equal to 
GR is greater than 
NGR is not greater than 
LS is less than 
NLS is not less than 
ZER is~ 
NZR is not zero 
FOS is positive 
NBS is not positive 
NEG is negative 
NNG is not negative 
RNG range of (elernent-j) is 

(value-a) - (value-b). 
(value-c), (value-d), ••• (value-m). 

Examples: 

1. If FID-B .m. FID-C, ITEM-NO-l ~ 200017. 

2. FID-3B of REI:D-l NNG; FlD-2A of FID-2 of 
REm -B lim. FID-2B. 

If ELEMENT-C GR 7 or if ELEMENT-P EQ 
"AB", RNG FID-3A is 7-19. 

4. !mQ. ITEM-PQ is "A", "B", "D", "X", 9, 13. 

Arithmetic Operations 

+ element-j PillS element-k 
element-l MINUS element-m 

* element-n TIME§ elernent-p 
/ element-q DryIDED BY element-r 

Examples: 

1. If FID-E EQ FID-C + FID-D, then ITEM-l EQ 
ELEMENT-I * 3. 

2. If ELEMENT-B - 35 GR 7, RNG FID-F is 
0, 1. 
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Control Operations 

At present three control operations are per­
mitted. 

1. l!m. denotes completion of data specifi­
cations • 

2. 9Q to path-i. 

Example: If FLD-R EQ 7 and FID-P NLS 100, GO 
'ro AB-l; otherwise GO ro AB-2. 
AS-I. ENG FID-H is • • • • • • 

BUIID record-name-j. 
This operation signals the con­
struction of a particular record 
described in the Data Division. 
If references are made to elements 
wi thin a record for which the BID 
option has not been stated, these 
items are ignored. 

The option simultaneously releases 
a record which has been construct­
ed and initiates the construction 
of a new one. 

EKample: 1. BID REl:X)RD-l, REI::ORO-2. 
2. If ITEM-CODE is POS, BID 

REmRO-3. 

Additional Relation Section Options 

Several storage areas of varying sizes are 
set aside for use with the Relation Section. 
.Each of these areas has a fixed name and may be 
referenced as an operand by any appropriate oper­
ation stated. The major reason for providing 
these areas is to allow trailer type items to be 
specified. For instance, if a stock-number of an 
item must appear in fifteen successive trailers, 
this stock-number can be generated and placed in 
a storage area and then be moved later to the ap­
propriate element when the trailer items are 
built. 

These areas must be used when an element of 
a table is referenced by subscripting. 

Examples. 

1. If TRALR-CODE-l EQ I, BIID-19 EQ 
STOCK-NO-l. • • • • 
•••• BID TRLR-REDJRD-IA. SroCK-NO 
OF TRLR-RECORO-IA EQ BILD-19 • • ~ 

2. BIlD-6 EQ 7. If TA:8LE-l (BIID-6) 
EQ •••• 

NOTE: BILD-6 and BIlD-19 are names of as­
signed storage areas. 

Preparation of Relation Section for Input 

The examples that have been given for the 
use of the Relation Section have indicated a 
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moderately free format. On the contrary, a tabu­
lar form of input has been chosen because the task 
of specifying the operands and the desired opera­
tion (or operations) is generally simplified by 
employing tables. Two tables - one containing op­
erands, the o~ner containing operations - are re­
quired to specify a set of relations and actions. 
Figure ~ describes the formats of these tables. 
In this illustration also is the tabular repre­
sentation of the following series of statements. 

Al. If IN-l m FID-2, then SroCK of RECORD­
A m S'IDCK of REroPJ)-2, BIID-6 m 5, 
TBL-l (BILD-6) GR TBL-2 (BILD-6). 

A2. If START-CODE NLS 4, then RNG FID-18 is 
"A", "B", "X", go to A5; otherwise go to 
A4. 

A4. BID REmRD-C. Go to A5. 
A5. BID REroRD-A, REU)PJ)-B. Go to A3. 

In this tabular form, series of disjunctive 
statements are expressed horizontally across suc­
cessive columns; conjunctive statements are ex­
pressed vertically in .2llE. column. For example, 
given the series of expressions: 

If (A m B and C LS D) or J NLS K or 
(E NQ "X" and F FOS), THEN BID Q. 

This series is expressed tabularly as fol­
lows: 

N Al<lE-TABLE OPERATION -TABLE 
Pl P2 P3 P4 

~ondit1on-Group 

10 A B 10 I m 
20 C D 20 LS 
30 E "X" 30 NQ 
40 F 40 FOS 
50 J K 50 NLS 

lResult-Group 
60 Q 60 BID 

GaTe P4 P4 P4 
;Else y~ Pj p} 

Additional Necessary Information 

Two add! tional sections are provided in the 
input format for expressing those options needed 
in constructing formatted data. 

Control Section. Wi thin this section infor­
mation is given as to the number of test items to 
be constructed and those elements to be se­
quenced. The COUNT option specifies this total 
number for each record within one file. The for­
mat is as follows: 

COUNT file-name 
record-l amoU.l1t 
record-2 amount 

record-m emount 
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Only those input files for which test records are 
to be constructed must be listed. 

The SE;iUENCE option is specified in the fol­
lowing manner: 

SmU.l!l'l"CE (Name) (Orig. value) (Increment). 

Examples: 

CONTROL SEl:TION. 
COUNT FILE-l 

RECD-A 5000 
RECD-B 1500 

COUNT FILE-2 
REl:I)-C 7000 

SEQUENCE FlD-ZC 100000 100 
OF RECD-B 

SmUENCE .E!LFlvl-Pl ABCDE 

Overlay Section. This section contains those 
elements of the Data Di.vision which are to be mod­
ified. imY of three options may be employed de­
pending upon whether an element is to be deleted, 
replaced, or inserted. (The "line-number" re­
ferred to in the following explanations is that 
found in the COBOL Data Division.) 

1. Deletion: 

line-no-l DEI' ET'E (thru line-no-2). 

Example: 100024 DELErE THRU 100027. 
100105 DELErE. 

2. Insertion: 

line-no-l INSERT (n) lines. 
The lines to be inserted must directly 

follow the INSERT statement. 

Example: 100046 INSERT 4 LINES. 
02 FIEID-A size is 6. Value is 

"ABC123". 
02 FIEID-B size is 9. Class is 

numeric synchronized. 

3. Replacement. 

line-no-l (contents of new line). 

EKample: 100049 03 IN-CODE size is 30. 
100083 -WE IS "X-CO". 

The Control, Overlay, and Relation Sections pro­
vide sufficient information to generate test items 
fulfilling both functions of the Test Data Gener­
ator. The combined system is titled the "Require­
ments Division. tt A complete example of this 
division is given in figure g. 

Construction of Ee1ted Data 

At present work is proceeding on a network 
analysis routine which will serve the follOwing 
purpose. After the parameters describing record 
formats have been constructed, these parameters 
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I NAME-TABLE-j OPERATION-TABLE-j 

I IPath 1/ Al I A2 A3 A4 A5 

Condition-Group 

101 IN-l FLD-2 101 EQ 

102 S TART-C ODE 4 102 NLS 

..-- ..--
~ ~ 

Jl:.t ( 0 PER AND S ) 
~ 

I%i ( 0 PER A T ION S ) 
~ - -

Result-Group 

174 RECORD-C 174 BLD 

175 RECORD-A RECORD-B 175 BLD 

184 STOCK OF STOCK OF 184 EQ 
RECORD-A RECORD-2 

190 BILD-6 5 190 EQ 

195 TBL-l (BILD-6) TBL-2 (BILD-6) 195 GR 

201 FLD-18 "A", "B", "X" I 
I I 

I ! 
I -

I 
! 

~ I 

I%i ( 0 PER AND S ) 
I ~ 

201 RNG 

I 

....... 
~ 

I%i ( OPE RAT ION S ) 
£.t] 

"""' I -II 
GoTo A2 A5 A5 A3 

Else A2 A4 

Figure 1. Relation Section Input Format 
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DOOOOO REQUIREMENTS DIVISION. 

D00010 
D00020 
D00030 
Dooo40 
D00050 
Doo060 
D00070 
Dooo80 
D00090 
D00100 
D00110 
D00120 

CONTROL SECTION. 
COUNT FILE-AA 

RECD-AA 
RECD-INVENTORY 

COUNT FILE-BA 
REPLACEMENTS 
ADDITIONS 

COUNT FILE~ 

ALTERNATES 
SEQUENCE STOCK-NO-A2 
SEQUENCE ITEM-CODE OF 

RECD-INVENTORY 

7000 
3500 

1500 
2000 

750 
ABCD1234567 
1000000 

D10000 OVERLAY SECTION. 
........ "",,.., 
JJJ.vvJ.V 100035 03 REQ-CODE SIZE IS 6 ~~~RIC . 

100076 DELETE THRU 100079. 

100 

D10020 
D10030 
D10040 
D10050 
D10060 
D10070 
D10080 

100080 02 CO-NAME CLASS ALPHA SIZE 30 VALUE "AB". 
100157 INSERT 4 LINES. 

05 SECND-PART. 
88 ACCEPT-CON SIZE 1 VALUE "A". 
88 REJECT-CON SIZE 1 VALUE "B". 
88 END-CON SIZE 1 VALUE liE". 

D20000 RELATION SECTION. 
D20010 NAME-TABLE-1 
D20020 

OPERATION-TABLE-1 

D20030 

D20040 
D20050 
D20060 
D20070 
D20100 
D20110 
D20120 
D20130 

D20140 
D20150 
D20160 

D20170 
D20180 
D20190 
D20200 

D20210 
D20220 

250 REQ-CODE 

260 SECND-PART 
270 SECND-PART 

300 SECND-P JL~T 

310 ACTIVE-CNT 
320~ COST-CODE 

510 RECD-AA 
520 REPLACEMENTS 
530 COST-CODE 

540 ALTERNATES 
550 BILD-6 

1560 II TRLR-CODE 
570 ADDITIONS 

LEAD-NO OF 
RECD-AA 
"A" 
liB II 

liE" 

370000 
7, 8, 9 

7 - 12 

~-.~~ 

'Path }PAl PA2 PA3 
Condltlon±-Group 

250 NLS 

260 
270 
300 EQ 
310 GR 
320 
Resu1t-Group 

510 I~LD 
520 raLD 
530 RNG 
540 
550 

1560 I 

570 I I 
GOTol PA2 END PA4 
ELSEI PA2 PA3 IPA1 

PA4 I P5 I p6 

GR 

EQ 
EQ 

RNG 

BLD 

EQ I 
..L. I 

IB~D I 
A6 A6 PAl 
A5 PAl A7 

Figure 2. Sample Problem Employing the Requirements Division 

! 

I 

I 
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will be modified before each test record is gener­
ated so that relationships specified may appear in 
the record. In this manner, different branches· in 
the networks of relations given can be traced 
until the maximum number of records requested has 
been generated. 

This scheme introduces a significant problem. 
Two branches must emanate from fNery branch point 
in a logic network; therefore, for ~ branchpoints, 
there exist 2? paths. In terms of the problem at 
hand, if only fifteen conditional statements 
(stanming from a common origin) were expressed, 
there would be over 30,000 possible methods of 
combining the data relations stated. Wi th a lim­
ited number of test items to be generated, then, 
it is likely that several important combinations 
would be omitted. 

To overcome this problem, it is possible to 
deSignate priority branches in the network. A!l 
path names in the Relation Section which are pre­
fixed by the letter .'p'. will be considered prior­
i ty paths and will be investigated first. 

Generation of a Test COroL Source Program 

A temporary method of generating edited test 
items has been dfNised to operate until an accept­
able network analysis routine is completed. Via 
this method, the information given in the Data Re­
quirements ,Division and portions of the Data Divi­
sion of the program to be tested are edited into a 
COBOL Source Program. This program when compiled 
accepts as input the uned.ited data files generated 
as a result of the interpretation of the Data Di­
viSion. Each of the records defined in a file is 
asSigned an input area in Working storage of the 
edited source program. When a ~ operation is 
encountered, an edited item, if present, is re­
leased from this area and a new "garbage" item is 
read in. The source coding generated to test re­
lational operations merely involves a test com­
paring the operands involved. If the test fails, 
the first operand is adjusted to satiSfy the re­
lation. 
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To test error logic of the program, the test 
COBOL program is deSigned to generate improperre­
lations at random. An error indicator is inserted 
in these items if space is available. This method 
of editing data relationships is admittedly less 
efficient than an analysis type sytem. However, 
the extensive use of this approach will help in 
indicating necessary revisions to the analysis 
routine being developed. 

Conclusion 

The use of the Test Data Generator requires 
work on the part of the progrannner or systems ana­
lyst. This has a definite advantage, however, in 
tha.t it forces him to review the logic of the data 
structure of a program. If this can be accom­
plished without reference to the program, the 
chances that the data generated will locate logi­
cal discrepancies in the program are increased. 
For this same reasen, the concept of determining 
necessary data relationships by analyzing the Pro­
cedure DiviSion of the program has been discarded. 
A! though this method would require little work for 
the programmer or analyst, it would likewise elim­
inate all possibilities of locating missing 
branches in the program. Some thought has been 
given, however, to an analyzer of this type which 
would cross-check the statements of the Require­
ments Division and thereby possibly indicate log­
ical discrepancies before any test data is gener­
ated. This method would also help to locate logi­
cal errors in the Requirements DiviSion, should 
they exist. 

Any implications that the Data Generator de­
scribed is the final solution to program debugging 
are hereby denied! The system in its present 
state is merely an intermediate stage of develop­
ment. Exte.~sive applications of the generator 
will indicate the advisability of whether to con­
tinue with this line of thought or to revise the 
approach to any expedient degreeo It is felt that 
this development will help to further understand­
ing of how best to express data in a manner which 
may be of value to COBOL and problem-oriented 
languages in general. 
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DATA STRUCTURES THAT GENERALIZE RECTANGULAR ARRAYS 

Samuel A. Hoffman * 
Burroughs Corporation, Burroughs Laboratories 

Paoli, Pennsylvania 

Summary 

Three problems associated with structured 
data sets -- description. allocation. and retriev-

al -- are briefly considered. The first is a prob­
lem in describing data to a compiler in a formal 
manner that will allow the compiler program to 
allocate storage and retrieve data when the data 
is referenced. The second is the problem of pro­
viding contiguous storage for the data set in such 
a way that when suitably described pieces of the 
data are required at run time, the positions of 
these pieces of data relative to some base will be 
determinable. The third problem is that of re­
ferencing or describing subsets of the data set. 

A class of data structures is defined. This 
class is shown to be a generalization of the class 
of structures which are representable as n-dimen­
sional rectangular arrays. These structures are 
termed generalized structures; a formal method 
of describing these structures (by descriptors) is 
defined. The formal entities, called reference 
expressions, that describe the data to be retrieved 
from storage, are also defined for this class of 
structures. Finally, the appropriate form of the 
storage mapping function is derived. The storagE: 
mapping function is the mathematical expression 
which relates the description of an item of data to 
its position in memory. The manner in which 
this function is derived from the descriptor is 
shown. In every case. the work performed for 
generalized structures is shown to be a direct 
generalization of the corresponding considerations 
for rectangular arrays. 

Finally, an ALGOL program for the Burroughs 
220 computer is briefly described. The program 
simulates the actions that a compiler would take 
upon receiving a descriptor in forming the storage 
mapping function, and the actions that would be 
carried out at run time when a reference expres­
sion is presented. 

Description, Allocation, and Retrieval 

When a program is being written for a digital 
computer, the programmer or programming sys­
tem must see to it that memory space is suitably 
allocated for the data to be processed by the pro­
gram. This is true regardless of the language in 
which the program is being written. When the da­
ta is structured, the allocation should be made so 
that calls for the data can reflect this structure. 

* Now with Kettelle & Wagner, Consultants, 
Paoli, Pennsylvania 

Because computer memories are sequentially or­
ganized -- by words, characters, bits. etc. -­
the allocation and retrieval problem has usually 
involved linearly mapping the data into memory. 

\Xlhen a compiler is being used by t..lJ.e program­
mer, there are three facets to the structured data 
problem. 

1. The structure of the data must be 
supplied to the compiler program in a suitable 
symbolic form. 

2. The compiler program must have 
a routine that allocates a contiguous portion of 
memory for each instance of the structured da­
ta set. 

3. A means must be available for the 
programmer to refer to individual (or groups of) 
items of the stored data. 
These three facets may be characterized as de-
scription method, storage mapping function, ~­
ference expressions; the three facets are bound, 
respectively. to the more general problems of de­
scription, allocation. and retrieval. .-

The classical employment of structured data in 
computer programs has been that of n-dimensional 
rectangular arrays; that is, the data is considered 
to be indexed by n coordinates. where the allow­
able values of the ith index are 1. 2, .. , , ai . 
The description method for such a structure is 
simply given by the n-tuple of ai's (a1 • aa'" • 
an) and. for identification purposes. a preceding 
name. It should be recognized at this point that 
the n-tuple itself defines the structure in question. 
The preceding identifier can then be interpreted as 
a free variable for which substitution will be made 
when a particular data set (an instance of the 
structure) is being declared as having this struc­
ture. However, in this paper, structures are as­
sumed to be defined only in the context of partic­
ular instances of those structures. 

In any case, then, a name or identifier followed 
by an n-tuple of integers provides a complete de­
scription of the data set so named as an n-dimen­
sional rectangular array. To refer to a particu­
lar element of a data set so structured. it is nec­
essary only to prescribe another n-tuple of, say, 
xi's, where Xi is (an integer) less than or equal to 
ai' Thus. a name (the same as in the descriptor) 
followed by an n-tuple is the general form of the 
reference e.xpression for such structures. The 
typical storage mapping function in these cases is 
a program which computes 

n-1 

(xn - 1) + \' r. ~ a) (x. - 1) 
L \i=l+ 1 J/ 1 

i= 1 
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The range of values for this expression is from 0 
to (nn _ ak) - 1. These values are typically added 

k-1 . h 't' f to some base address to determine t e POSI lOn 0 

the referenced item of data. In general, the quan­
tities 

n 
Pl' n a· i = 0, 1, 2, ... , n - 1 

j=i+ 1 J' 

are computed at compile time. In addition, Po 
units of memory are reserved for the overall da­
ta set, and the quantities PI' P2' '" , Pn-1 are 
stored to be used as coefficients in determining 
specific positions when xi's are specified at run 
time. 

The following discussion defines a class of da­
ta structures that is more general than the n-di­
mensional rectangular array, as well as a descrip­
tion met.~od and a form for the reference expres­
sions which are entirely suitable for inclusion in 
high-level symbolic programs. The discussion al­
so derives the form of the storage mapping func­
tion for structures so described. 

Generalized Structures 

This section describes and defines a class of 
data structures; the class includes n-dimensional 
rectangular arrays as special cases. This gener­
alization is not an idle one, but is motivated by 
the fact that, although any such structure can, by 
suitable manipulation, be eventually incorporated 
into n-dimensional arrays, it is very often neither 
convenient nor efficient to do so. The result of 
such incorporation is often a "sparse" matrix 
which is wasteful of memory. That any such struc­
ture can be eventually described by an n-dimension­
al array follows from the fact that any such struc­
ture is mappable into a linear (one-dimensional) 
(n = 1) array. Furthermore, in this day of pro­
cedure-oriented languages~ the description tech­
nique which is most natural is the preferred one, 
and the contention here is that the structures and 
description technique to be defined are the natural 
ones for many data sets. 

An English language description of the set of 
structures under consideration might help in under­
standing the formal definition to follow. The struc­
tures under consideration are, broadly, those 
that can be presented in an "outline" or "list" or 
"level" form, with the additional property that 
multiple instances of any "level" can occur. For 
example, a personnel file might be made up of 40 
records, each record being composed of; say; 
three distinct items - - name, salary history, and 
work evaluation list. The item "salary history" 
may allow for the ten most recent raises and 
dates; the item "work evaluation list" may pro-
vide for the ten most recent ratings. In outline or 
list form, the items might be stated as 
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Personnel Record (40 instances) 
Name 
Salary His tory (10 ins tances) 

Date 
New Salary 

Evaluation List (10 instances) 
Rating 

For each item in the structure that is not a head­
ing for a list of subitems -- that is, for each da­
tum -- the description must assign the number of 
data "particles!! of which the item is composed. 
The particles may be bits, characters, bytes, 
etc., but it is assumed that, whatever the basic 
particle is, it is the same throughout. Thus, for 
each of the data items (name, date, new salary, 
rating) in the above example, a number of char­
acters, say, would be assigned. 

It should be understood that whenever multiple 
instances are indicated, the structures below 
each instance are all identical. 

Generalized Structure Descriptors 

The set of descriptions of these structures are 
now defined in a formal manner, using the now 
well-known Backus definition form. 1 In effect, 
a set of strings of symbols are defined, which, 
when given the proper interpretation, are, in 
each case, a description of the kind of data 
structure discussed above. 

Remarks similar to those above, concerning 
the difference between a skeletal structure with 
free variable names, and particular instances of 
such structures where these variables are bound 
by context, must also be made here. The dif­
ference will little affect this discussion, and, 
for convenience .. the identifiers will be assumed 
to be contextually meaningful. The metalinguis-
tic variables ::=, <, >, and I will be employed, 
and the classes < INTEGER> and <IDENTIFIER> 
are assumed to be already defined. Let the 
class of formal representations of these descrip­
tions be called FIELD, where this is defined by 
<FIELD> ::= <IDENTIFIER> «INTEGER» I 
<IDENTIFIER> «INTEGER>, <FIELD SEQUENCE> ); 
<FIELD SEQUENCE> ::= <FIELD> I <FIELD 
SEQUENCE> <FIELD>. 
Using single Roman capitals as IDENTIF,:-IERs, the 
following examples of FIELDs can be given: 

A (4) 
A (4, B(5» 
A (4, B(5) C(6» 
A (4, B(5, D(3) E(2» C(6». 

The personnel file above would have the form: 

P (40, U(20) S(10, D(6) T(5» E(10, R(2»). 

Those structures definable by FIELDs will be 
referred to as generalized structures, and an 
interpreted FIELD will be referred to as a gen-
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eralized structure descriptor, or, simply, a de­
scriptor. 

If FIELDs defined as follows: 

<FIELD> ::= <IDENTIFIER> «INTEGER» 
<IDENTIFIER> «INTEGER>, <FIELD» 

are considered, it is clear that these FIELDs re­
present a subset of the set of all FIELDs, and 
that this subset is equivalent to the set of n-di­
mensional arrays. The association proceeds as 
follows: 

A (a1 , a 2 , •• , , an) corresponds to 

Al (al' A2 (a2 , .•• , An (an» ... ). 

There is, to be sure, a redundancy in the de­
scription when the generalized structure is, in 
fact, an n-dimensional array. This follows from 
the fact that there is descriptive information in 
the position of the elements of the n-tuple. It will 
be shown, when discussing the reference expres­
sions, that an important feature of the generalized 
structure method is that there are no restrictions 
engendered by position. 

Storage Mapping Functions 

and Reference Expressions 

The class of structures under consideration, 
and the method of describing the structures in a 
symbolic program. have been defined by FIELDs; 
this section discusses the form of the reference 
expressions and the storage mapping function, as 
well as the processing of the FIELDs that is car­
ried out at compile time. For the discussion, it 
is convenient to consider a class of pictorial re­
presentations known as L-trees -- trees that have 
legs, as well as branches. 
---rt is well known how Iflists " or "outlines" can 
be uniquely associated with trees. The structures 
discussed here, which can exist as multiple copies 
of identical substructures, require another type 
of branching symbolism -- thus, the legs. 

r 
I 

Leg Node (FI ELD) 

II Table" 

Leg 

A Log Nodo (FI ELD) 

Branch Node 

Branch 

Fig. 1. L-Tree Representation of the FIELD 
A(n, B1 ( ) ... B k ( » 

In general, the FIELD A(n, Bl ( ) B 2 ( ) ••• 

Bk( » has the representation indicated in Fig. 1. 
As shown, the number of legs emanating from the 
table below leg node A is n. Each leg terminates 
in a branch node from which emanates the K 

branches of the FIELD SEQUENCE. These branch­
es, along with the integer n, define FIELD A. 
Further. if the FIELD is a special one of the form 
A(n), it is represented as indicated by Fig. 2. In 
this figure, the n endpoints_ have no further emana­
tions and represent particles of data. In short, to 

Leg Node (FIELD) 

1 I Endpoinl (porliclo of dalo) 

Fig. 2. L-Tree Representation of the FIELD A(n) 

each FIELD corresponds a leg node, and to each 
FIELD SEQUENCE correspond n branch nodes, 
below each of which the structure is identical. The 
branch nodes are not named, but they do have a 
natural order, and, in a picture, an integer indi­
cating the number of branch nodes present will 
follow the last of a set of identically structured 
branch nodes, if they are not all drawn. 

This pictorial representation clarifies the man­
ner of referring to a specific particle of data. 
Since leg nodes are referenced by identifiers, and 
branch nodes by integers, reference to a specific 
particle of data is accomplished by specifying a 
sequence of identifier-integer couples, rather than 
a sequence of integers (with one identifier) as for 
rectangular arrays. The identifier portion of the 
couple refers to a leg node, and the integer part 
to one of the n branch nodes immediately following 
the referenced leg node -- or, in the special case, 
the integer part of the couple refers to a particu­
lar particle. 

More formally, then, a reference expression 
is defined as a set of couples [(Ai' xi)} for i = I, 
2, .,. , k, such that Ai is an identifier and xi is 
an integer. Thus, if there is, in the descriptor, 
Ai (ai, Bl ( ) ... Bj< », then 1 s: xi s: ai, 
and Ai+l is one of the B's, or, if the form A/aj) 
appears in the descriptor, then k = j. 

Thus, the example given above, namely: 

P(40, U(20) S(10, D(6) T(5» E(10, R(2»), 

has the L-tree indicated in Fig. 3. The arrows in 
the figure point to the particles referred to by the 

following reference expressions: 

{(P, 2), (U, 2)} 
[(P, 2), (S, 3), (T, 4)} 
UP, 2), (E, 2), (R, 1)1. 
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p 

(10) 

T R 

Fig. 3. L-Tree for P(40, U(20) S(10, D(6) T(5» 
E(10, R(2» ) 

It is now clear that the uniqueness of reference 
is not destroyed if the couples in a reference ex­
pression are rearranged from the natural order­
ing. This characteristic is at least partial repay­
ment for the redundancy which is present when the 
structure is an n-dimensional rec tangular array. 

For rectangu.lar arrays, there is a natural way 
to map the set onto a linear array. The effect of 
this mapping procedure is that (vl , v2' ... , vn ) 
precedes (w l , w2' .:. , wn ) in the linear array if 
and only if 

2. There exists a t such that vi 
i < t and Vt < Wt. 

Thus, 

(1, 1, 
(1, 1, 

(1, 1, 
(1, 1, 
etc. 

1) is in the Oth position 
, 2) is in the 1s t position 

1, an) is in the (an - 1)st position 
, 2, 1) is in the anth position 

It is apparent that this ordering is precisely that 
provided by the storage mapping function previous-
1y given for n-dimensional arrays. 

With the aid of L-trees, the natural mapping of 
the data particles onto a linear array may be dis­
cussed, as well as the storage mapping function 
that is implied, for the case of generalized struc­
tures. 
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At each node of an L-tree, a natural ordering 
on the legs or branches -- a left-to-right ordering 
- - can be defined. This, in turn, imparts an or­
dering on all ot the data particles. To achieve 
this ordering, the tree is traversed according to 
the regime of moving always down the leftmost 
leg or branch not already traversed; when such 
downward movement cannot continue, the travers­
ing moves to the next leg to the right, or, if there 
are none, back to the branch node at the next level 
up, then to the next branch to the right, if possible, 
or else up to the next level, and so forth. In this 
way, each particle is encountered once and only 
O:lce; the order in which the particles are encoun­
tered is the order which will be generated by the 
storage mapping function to be defined for gener­
alized structures. 

This ordering can be more explicitly defined as 
tollOWS. Let [(Ai, ~)} be the reference expres­
sion for data particle P l , and [{Cj. Yj )1 be the re­
ference expression for P 2' where i = 1, 2, ... , 
k l , j = 1, 2, ... , k2' and Al = C l . Then P 2 will 
precede PI in the ordering if 

1. 

2. 

3. 

There exists at> 1 such that 

Ci = Ai and Yi = Xi' for i < t, and 

C t precedes At in the FIELD SEQUENCE 
that defines At - 1, or 

There exists at> 1 such that 

Xi, for i < t, and 

The position in the linear array. then. of a parti­
cle. PlJ referenced by {(Ai. Xi)}, i = 1, ...• k, 
is equal to the total number of particles that pre­
cede P l , by virtue of 1, 2, or 3, above. It is 
clear that these conditioris are mutually exclusive; 
that is, particle P 2 can precede PI by virtue of 
only one of these conditions, and if the conditions 
2 or 3 are pertinent, then a specific t is involved. 
Thus, 81 is defined to be the total number of par­
ticles that satisfy condition 1, rr t to be the total 
number of particles that satisfy condition 2 for t, 
and !:1 t to be the total number of particles that sat­
isfy condition 3 for t, where 2 s t s k. It follows 
from the above that the sets comprising these to­
tals are diSjoint sets and the number of particles 
in their union is the total number of particles pre­
ceding Pl' Thus, the position of P l is given by 

k 

I (OJ; + St)· 
t= 1 

where al = O. What this means in terms of the 
L-tree is demonstrated next. 
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For each leg node (or FIELD), F, let M(F) be 
the total number of particles that lie below each 
of the n legs of F. If the legs of F are particles, 
M(F) = 1. Let N(F) = n· M(F). Note that, if 
Bl , B2 , '" , B· are the FIELDs in the FIELD 
SEQUENCE for ~ (that is, successive branches 
of a branch node), then M(F) = r~= 1 N(Bi)' Let 

i-1 
us define Q(Bl ) = 0, and Q(Bi) = L {= 1 N(Bt ) for 
i = 2, ... , j. Note that Q(Bi) is the total num­
ber of particles below Bl , B2 , ••• , B; -1 . 

It should be clear that, , for P l given- by [(Ai, 
xi) }, i = 1, 2, ... , k, 

81 = M(Al)(xl -1), 8t = M(At)(xt-1), and at = Q(At ). 

Thus, if for each FIELD (or IDENTIFIER), F, 
the quantities Q(F) and M(F) are computed, the 
particle referenced by [(Ai> Xi)} is to be found (or 
placed) in the position of the linear storage num­
bered: 

k I [Q(Ai) + M(Ai)(Xi- 1)]. 

i= 1 

where Q(Al ) is set equal to O. 
The Q's and M's can be computed at compile 

time quite readily, given the generalized struc­
ture descriptor. The amount of storage reserved 
for such a structure is N(Al ) = alM(Al ) particle 
positions. At run time, when the xi's and Ai's are 
supplied, the relative address is easily computed. 
Note that the Ai's must be supplied in this general 
case, in addition to the xi's -- for n-dimensional 
arrays only the xi's need be given -- since not all 
particles are derived from the same set of A's, al­
though all of the particles have Al in common. 

It is interesting to note the relationship of these 
quantities to the quantities in the storage mapping 
function of an n-dimensional rectangular array. 
Let the generalized structure descriptor be Al (al , 
A:;>(a:;?, ... , Ak(ak» ... ). Since each FIELD 
SEQUENCE has only one FIELD, Q(Ai) = 0 for 
each i. Now, M(A k) = 1, N(Ak) = ak' 1 = ak, 
and M(Ak-l) = N(Ak) = ak' In general, M(A j _1) 

N(A j ) = aj" M(A j ). Thus, by induction, 
K 

M(A
J
.) =. 1} ai, for j = 1, ... , k - 1. 

l=J+ 1 

This is precisely the expression for the p' s de­
rived above for rectangular arrays. 

This completes the assertion that the descrip­
tion method, reference expressions, and storage 
mapping functions for generalized structures are 
direct generalizations of those for n-dimensional 
rectangular arrays. 

Storage Manping Function ComputatiQD 

Appendix A is a Burroughs ALGOL program::! 
for the Burroughs 220 computer which simulates, 
first, the computations carried out by a computer 

upon receiving the generalized structure descrip­
tor at compile time, then the computations that 
would be carried out at run time when presented 
with reference expressions. 

The first task ot the program is to place the in­
put FIELD into a vector, one word for each symbol. 
A table is then constructed which has one row for 
each identifier or FIELD of the input. This table 
is, in some respects, similar to a Perlis3 thread­
ed list; the same names for the columns have, in 
fact, been adopted. 

The f column of the table is defined, for the 
FIELD (or IDENTIFIER or ROW) named A, as fol­
lows. If A is a FIELD of the form A(n), then f(A) 
is 2 or 0, depending upon whether or not A is the 
last FIELD in a FIELD SEQUENCE. If A is a 

FIELD of the form A(n, Bl ( ) ... ), then f(A) is 
3 ::>r 1, depending, again, upon whether or not A 
is the last FIELD in a FIELD SEQUENCE. 

The t column is defined as follows. It A is of 
the form A(n, Bl ( ) B 2( )... ), then {,(A) is B1 ; 

if A is of the form A(n), teA) is undefined. 
For the r column, if A is the overall FIELD, r 

is undefined. If f(A) is 0 or 1, then rCA) is the 
succeeding FIELD in the FIELD SEQUENCE in 
which A occurs. Otherwise (that is, f(A) is 2 or 
3), r is the FIELD which is defined by the FIELD 
SEQUENCE of which A is the last FIELD in the 
sequence. 

Finally, a c column is defined; this column has 
no counterpart in threaded lists. For each FIELD. 
A, the c column contains the associated INTEGER 
in that descriptor; that is, whether A is of the form 
A(n) or A(n, Bl ( ) ... ), c for that A is n. No 
information appears in this table that is not in the 
original descriptor, although the table is now in 
a more usable form for computing the N's, M's 
and Q's. 

If f(A) is 0 or 2, M(A) is set equal to 1, and 
N(A) is set equal to c(A). From this point on, the 
task is reduced to finding a FIELD (defined by a 
FIELD SEQUENCE) all of whose FIELD SEQUENCE 
components have their N's already defined. Thus, 
if A is defined by A(n, Bl ( ) ... Bk( », then 

M(A) = f N(Bi ), 

i= 1 

and N(A) = c(A)· M(A), where, of course, c(A) = n, 
in this case. At this time Q(Bi) can also be com­
puted for these i's by 

j-1 
)J N(Bi) = Q(Bj-1) + N(B j _1)· 

i= 1 

This process is iterated until N(A) is found for the 
A which is the overall FIELD being processed. 
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This processing is carried out by constructing 
an incidence matrix, G, by using the f, t, and r 
columns, such that the matrix has as many rows 
and columns as there are FIELDs, and has a 1 in 
row A, column B, if B is in the FIELD SEQUENCE 

Q(U) 
Q(S) 
Q(E) 
Q(P) 

= 

0 
N(U) 
Q(S) 
O. 

= 20 
+ N(S) = 130 

defining A. The A's for which M's are ready to Thus, in tabular form: 
be computed are then determined by comparing the 
rows of G to a vector which has l's for those FIELDS M N Q 

for which N is already determined. 
The G matrix is constructed by finding, for each 

FIELD. A. for which f(A) is 1 or 3, the con.stitu­
ents of its FIELD SEQUENCE, by looking at ,(A), 
r(-f(A), r(r(, (A»). etc., until r( ... r(J.(A» ... ) 
= A. All of the FIELDs so encountered are con­
stituents. The ord'3r in which the FIELDs are 
encountered is later used (when the N's for the 
FIELDs are known) in computing the Q's of 'these 
constitutents of the FIELD SEQUENCE, A. 

These computations are now summarized for 
the example above. The input, as before, is 

P(40, U(20) S(10, D(6) T(5» E(10, R(2»). 

The following table is constructed (where * means 
undefined ): 

f t r c 

P 1 U * 40 

U 0 * S 20 

S 1 D E 10 

D 0 * T 6 

T 2 * S 5 

E 3 R P 10 

It 2 '" E 2 

The following are then computed in order: 

M(U) = 1 
N(U) 20 
M(D) 1 
N(D) 6 
M(T) 
N(T) 5 
M(R) = 1 
N(R) = 2 
Q(R) 0 
M(S} N{D) + N(T) = 11 
N(S) 10· 11 = 110 
Q(D) 0 
Q(T) 6 
M(E) N(R) 2 
N(E) 10·2 20 
M(P) N(U) + N(S) + N(E) 150 
N(P) 40· 150 = 6UOO 

P 150 6000 0 

U 1 20 a 

S 11 110 20 

D 1 6 0 

T 1 5 6 

E 2 20 130 

R 1 2 0 

The 6000 ln this table indicates the total storage 
required for this FIELD; beyond this point, only 
the M and Q columns need be retamed for pro­
cessing the reference expressions at run time. 

Next to be considered is the manner in which 
this data would be used to determine the position 
indicated by the reference expression f (P, 2), (S, 
3), (T, 4)1. Using the storage mapping function, 

f (X) = 0: 

f (X) = 1: 

x [c(X) f-- t. ,(XI 

x I C(x)F 
I 

~ 
lO.l(X) 

to r(X) • I 
I 

to reX! (except If X is overall FIELD! 

from last FIELD in FIELD SEQUENCE 
defining X 

'(X1~ 2' 83 

f (X! = 3: 

to r (X) 

+ 
I 

03--
1 

loRex) 

from last FIELD in FIELD SEQUENCE 

defining X 

Fig. 4. Definition of "Boxes" in Terms of the 
Quantities f(x), t(x). r(x), and c(x) 
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L:[ Q(Ai ) + (xi - l)M(A i )J = [0 + (2 - 1)· 150J + 

[20+ (3 -1)' 11J + [6+ (4-1)· 1J 

= 15 0 + 42 + 9 = 2 0 1 

~
40 ----- - ------------_-, 

I 
I 
! 

Fig. 5. "Box" Diagram for P(40, U(20) S(10, 
D(6) T(5» E(lO, R(2» ) 

There is another useful pictorial method for 
representing the structures under consideration. 
This method is easily derived directly from the 
descriptor. Each FIELD has a "box." Two sec­
tions are associated with each box. The first 
sec tion contains the IDENTIFIER. X, of the FIE LD; 
the second section contains c(X). There are ar­
rows emanating from and entering the boxes, the 
nature of which depends upon f(X). This depen­
dence is given in Fig. 4. Using these definitions, 
the descriptor 

P(40, U(20) S(10, D(6) T(5» E(10, R(2») 

can be indicated as in Fig. 5. 

Further Considerations 

There are several questions concerning gen­
eralized structures which are still under consider-
ation, bu.t for which results cannot be presented at 
this time. 

The first of these questions involves a more gen­
eral definition of FIELD which allows a (previous­
ly defined) FIELD to be referred to by FIELD name, 
alune, withuut indicating the associated FIELD SE­
QUENCE, or the number of data particles. In ad­
dition, the generalization from INTEGER to A­
RITHMETIC EXPRESSION is highly desirable, but 
will, of course, delay the M and Q computations 
until run time. Tne same delay is incurred in com­
puting the coefficients for the storage mapping func­
tion for n-dimensional rectangular arrays, when 
arithmetic expressions are used in the descriptor. 

A second area of present and future interest is 
that of nonhomogeneous memory and/ or data. For 
example, the particles of data may not be the same 
throughout. If single bits are used in some places, 

and six-bit characters in others, for example, then 
clearly the d'2scriptor, reference expressions, and 
mapping function must reflect this. The problems 
here seem reasonable to handle, but, of course, 
the descriptor definition must be modified. 

In keeping with the notion, alluded to before, 
that structure definition is distinct from instances 
of that structure, the IDENTIFIERs could be re­
moved from a descriptor, and the remains con­
sidered as a structure definition. In terms of the 
L-tree, the effect would be merely to remove the 
IDENTIFIERs -- the tree does not change. In de­
claring data which has such a structure, it would 
be necessary only to supply a sequence of IDENTI­
FIERs which could be interleaved with the skeletal 
representation, placing one before each left paren­
thesis. Using the example once again, the struc­
ture could be defined as 

(40, (20) (10, (6) (5» (10, (2»). 

The instance noted above could now be declared 
by naming this skeletal structure and providing the 
sequence of IDENTIFIERs P, U, S, D, T, E, R. 
The M's and Q's can be determined from the skel­
etal structure alone, and are usable for any subse­
quent instance. All of this is, of course, a nota­
tional simplification for writing the structure de­
scriptor in terms of free-variable IDENTIFIERs, 
and then binding these IDENTIFIERs by a sequence 
of IDENTIFIERs. 

It is interesting to consider the set of such skel­
etal structures as being in reality a generalization 
of all Euclidean spaces; that is, 
<GENERALIZED POINT> ::= « INTEGER;') I 
«INTEGER>, <GENERALIZED-SEQUENCE»; 
<GENERALIZED SEQUENCE> ::= <GENERALIZED 
POINT> I <GENERALIZED SEQUENCE> 
<GENERALIZED POINT> 
defines a set of formal objects, < GENERALIZED 
POINT>, which is a direct generalization of the 
collection of all n-tuples of integers for all n. 
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Appendix A - Burroughs ALGOL Program 

The following is taken directly from the print­
er output of the Burroughs 220 computer, as em­
ployed for the Burroughs ALGOL program as de­
Sf'1"ihorl above. 

COMMENT 

COMMENT 

INTEGER 

THIS PROGRAM TAKES A GENERALIZED DATA STRUCTURE FIELD 
AS I NPUT AND GENERA TES A T ABLE UPON '""H I CH THE GENt:"AL I ZED 
LINEAR STORAGE MAPPlt-.G FUNCTION OPE"ATES.TrlE INPUT 
REQln RES EAC~YMSOL rN THE F I Ei...D TO 8E ON A SEPARA rE CARl.) 

CODED IN THE B220 ALPHANUMERIC CODF. IOACH IDE"ITIFIER AND 
INl:EGER MUST BE ONE CHARACTEP LONG. LET THIO NU""8EQ CF 
CARDS "lE 1("'. '$ 

GIVEN THE INPUT FIELD. THE OUTPUT WILL 8::: IN THE FORM 
OF A TABLE WITH 01£ ROW FOR EACH IDENl/lTIFIt::R. THESE 

ARE LISTED UNDER THE HEADING BIJ). THE OTHER COLUMNS 
ARE J,' FeJ). LC')i, ~(..J). CC,J), N(J), M(..)}. AND Q(J). 

WHEN THIS IS COMPLETED. THE PROGRAM IS "EAD'" TO A<'CEPT 
REFERENCE EXPRESS I ONS$ 

OTHERIIII SES 

ARRAY INIIOO) .BI2'5) .P(25) .C(25) .L(25) .S(25) .K(~C;) .KP(25) .1'<1(25). 
F (25).R (25) .RN(2'5) .LN(2C;) ,SIG 12c;) .TAUI?5) .N(25) .GI?5.25). 

T ( 2'5 ) • TN I 25 ) • a ( 25 ) $ 

INPUT FIELD(KM.FOR I =(l.I.KM)$IN(J)l$ 

FORMAT HEAD (BCh"J* ,SIS. *8 (J )*. 86_ *'F (J '*.86' *L (J l* • Flf" *R (H)* ,86, 
*C (J )*.S6.*N(J») *.S6.*M( J)* ,S6.*c;. (,J)*'. \1,'2)$ 

I'"ORMAT FORM I II 0.B9.AI • II 0.B9. AI .B9. AI. 110. 110. 110. 110. WO) $ 
OUTPUT TABLE(FOR J= I 1.1. JM)$ (J.B (J) .F( J).L (J) .R(J).c (J).N (:J). 

"IJ)'O(J)l)$ 
TAKE IN.. READ(SSFIELD)$ 

COMMENT THIS ASSIGNS SUCCESSIVE VALUES OF J TO INPUT 

COMMENT 

FIELD IDENTIFIERS. IDENTII'"IERS ARE STORED IN BIJ). 

THE POS I T I ON I N THE I "lOUT S T"II "IG OF B ( J) I SIN P (J ) • 
JM is THE LI'IIT OF J$ 

NOTE THAT LEFT PARENTHFNSES ARE STORED AS 

')400000000. RIGHTS AS 24000(30)0. AND CO .... /IS AS 
2300000000. INTEGERS f) TO 9 ARE STORED AS BOOOOOOOOO. 
8100000000. ETC.$ 
J=IS 
FOR KA= (! 01 .KM) S 

BEGIN 

IF (IN (KA) NEO 0400000000) AND (IN (KA I NEO 2400000000 I 
AND C/N(KA) NEO 2300000000) AND I <lNIKA)/1000000('\001 NEO 8)$ 

BEGIN 

COMMENT 

COMMENT 

DON •• 

BIJI=INIKA)$ 
PIJI=KA$ 
J=J+I 

END$ 
END$ 

JM=J-I$ 

THIS ASSIGNS NUMBER OF COP IF.'; ('II=" .JTH I="!ELD !DE"'T!F'!=:~ 
TO CIJI AND ASS[GNS LIJ) WHENEVER 81JI IS A LIST HEAD$ 
FOR J=( I.I.JM)$ 

BEGIN 

C IJ I = I IN (P I J 1+2 1-8000000('\00) /1 00000000$ 
IF INIP(JI+3) EOL 230000COOO'$ 

L(JI"IN(PIJ)+4 )$ 
END$ 

THIS F[NDS THE POSIT[ON. SIJ). IN TH INPUT STRING OF 
THE RIGHT PARENTHES[S FOR THE JTH FIELD DENTIFIF:,,$ 
FOR J=(!.I.JM)$ 
BEGIN 

CTR=I $ 

KB=P I J 1+2$ 

[F CTR NEQ 0$ 

BEGIN 
I I'" ["I (KB) EOL 0400000000$ 

CTR=CTR+I$ 
IF INIKBI EOL 2400000000$ 

CTR=CTR-I$ 

KB=KB+I'" 
GO TO 00"1$ 

END$ 
S (J )=KB-I$ 

END$ 
COMMENT THIS GENERATES F(JIoRIJIoLNIJ).RNIJIo THE LATTER TIIIO 

ARE RESPECT I VEL Y B I NVERSE OF L (J) AND B I NVERSE OF R I J I • 
THAT IS. BILNIJlJ=LIJIo BIRNIJ) )=R(J). [>( C~SE FI.;)=O. 
OR 2. TH[S SETS N(J)=CIJI. MIJ)=I. AND KIJ)=l. IN 

GENERAL K I J I III I LL EQUAL I ONCE "I I J I HAS B~EN 
DE TERM I NED$ 
FI 11=1$ 
I'l!! )=0$ 
RNOI=O$ 
FOR KA: (! oI.J"')$ 

IF B(KAI EOL L(I)$ 
LN (I )=KAS 

FOR J=1201.JM)$ 
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BEGIN 
SJ=SIJI+I$ 

PJ=PIJ)+3$ 
EITHER IF !IN(SJ) NF:Q 24000:J0000I AND ([NIPJ) NEO 2300000(00)$ 

BEG[N 

KPIJ)=I$ 
K (JI=I$ 
MIJ)=I$ 

GIJ.J)=I$ 
N IJ I=C(~I)$ 

F(JI=O$ 

R I J I = [ 1'.1 I SJ 1$ 
FOR KA=II.I.JM)$ 

BEG[N 
[F BIKAI EOL RIJ)$ 
RN(J)=KA$ 

END$ 

END$ 
OR IF IINISJ) NEQ 24000000CO) AND I [N(PJ) EOL 2300000000)$ 

BEGIN 
FIJ)"'I$ 
R IJ I=[N (SJ) $ 
FOR KA=(!.I.JMI$ 

END$ 

BEGIN 
IF BIKAI EOL R(JI$ 
RN(J)=KA$ 

!F BCKA) EOL LIJ)$ 
LNIJI : KA$ 

OR IF !INISJ) FOL 2400000000) liND IINIPJ) NI'"O ?3001"'t00r)OOI$ 
BEG[N 

KAPPA •• 

LAMBDA •• 

END$ 

KOIJI=I !L 

MIJ)=I$ 
NIJ )=C I JI$ 
FIJI=2$ 

KA=I$ 
IF S(KA) NEO SJ$ 

BEGIN 
KA=KA+ 1$ 
GO TO KAPPA$ 

101'.10$ 
R(JI=BIKA 1$ 
RNIJ)=KA$ 

END$ 
OTHERWISE$ 

BEGIN 
F IJ )=3$ 

KA=I$ 
IF S (KA) NEO SJ$ 

BEGIN 
KA=KA+I'$ 
GO TO LAMBDA$ 

10"10$ 
R (J I=B(KA 1$ 

RNIJ)=KA$ 

FOR KA=lIo1.JM)$ 

BEGIN 

END$ 

IF BIKAI EOL LIJI$ 

LNIJ)=KA$ 

END$ 

COMMENT THIS FILLS THE ROWS OF G FOR F(JI=I OR 3$ 
FOR J=(loI.JMI$ 
BEGIN IF (FIJ) EOL I) OR IFIJI EOL 31$ 
BEG[N X"LN(J)$ 
BETA.. G(J.XI=I$ 
IF RN(XI NEO J$ 

BEGIN X=RNIX)$ 
GO TO BETAS 
END$ END", END$ 

COMMENT 
MU •• 

THIS FiNDS THtO SIGIJ) VECTO~S BY SUM .. ING THt: GIJ .. RO"'S$ 
FOR J = I I • I • JM I $ 

BEGIN 

SIGIJI = 0$ 
FOR I = I I • I • JM) $ 

SIG(JI = SIG(JI + GIJ.I 1$ 
END$ 

COMMENT THIS FINDS SMALLEST J FOR WHICH SU"I GIJ.I )K( I) SIG(J). 
AND FOR WHI CH K EOUALS O. AND COMPUTES 

M (J) AND N (J I. REPEATS UNT IL NO J.S REMA IN$ 
DELTA.. FOR J=lloI.J",)$ 

Mil 1=0$ 

BEGIN 

TAUIJI=O$ 
FOR 1= lIo1.JM)$ 

TAUIJ)=TAUIJl+GIJ.1 I.KI 11$ 
END$ 

IY=O$ 

FOR I = I I • I • J" I $ 
BEGIN 

IF ITAUIII EOL SIGIllI AND (KIll EOL 01$ 

BEGIN 
[Y = 1$ 

FOR ! X = {~. 1 i JM }" 
"I I )=011 I I+GI I.IX).NI IX)$ 
N I I I =C I I )0'" I I ) $ 
K( I 1=1$ 

ENDS 
END$ 

IF IY EOL 1$ 
GO TO DEL TA$ 

COM~ENT TH! 5 CQMPUTES Q VECTO~ $ 

o I I) = 0$ 
1=1 $ 

EPSILON .. IF IFIll EOL 0) OR IFltl EOL 21$ 
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BEGIN 
IF I EOL JM$ 

GO TO PUTOUT$ 
I = 1+1 $ 
GO TO EPS 11..0N$ 

END$ 
Q(l..N( I 1 1=0$ 
IV=l..N" ) $ 
ZETA.. IF RNCIVI EQl.. 1$ 

BEGIN 
IF I EQl.. JM$ 

GO TO PUTOUT$ 

I = 1+1$ 
GO TO EPSll..ON$ 

END $ 
Q(RNC IV) 1 = "I ( IV) + Q( IV)$ 
IV = RN( IV)$ 
GO TO ZETA$ 

PUTOUT.. WRITE($$ HEAD)$ 
IMR!TE 1$$ TA8.L~~FORM)$ 

COMMENT AT TH I S PO I NT THE PROGRAM \0 I l..l.. ACCEPT REFERENCE 
EXPRESSIONS IN THE FORM IDENTIFIER. INTEGER. IDENTIFIER. 
INTEGER ETC. EACH IS ON A SEPARATE CARD AND Al..PHANU­
MERICAl..l..Y CODED. THEy MUST BE PRECEDED BY A CARD 

CONTA I N I NG TZ. THE NUMBER OF CARDS 1 N THE 
REFERENCE EXPRESS 1 ON$ 

INPUT TESTCTZ.FOR I=CI.I.TZ)$T(I»$ 
OUTPUT POS IT ION (SMF) 'I> 

FORMA T POS ( I I ° . wo 1 $ 
TESTSTART •• 

READ C$$TEST)$ 
FOR 1=( I • I • TZ/2 ) $ 

BEGIN 
T<21 )=CT(21 )-80000000001/ICOOOOOOO$ 

FOR J=(I" .JM)!f. 
BEGIN 

IF B(JI EQl.. T(21-1 1$ 
TNC I ) =J$ 

END$ 
END$ 

COMMENT THIS IS THE STORAGE MAPPING FUNCTION COMPUTATION$ 

FOR 1=(I.I.TZ/2I$ 
SMF=SMF+M (TN ( 1 ) I. (T (21 )-1 ) +0 (TN ( 1 ) )$ 

WR ITE ($$POS IT I ON.POS) $ 
GO TO TESTSTART$ 

THFEND •• FINISH$ 

333 





335 

AN EXPERIMENTAL TIME-SHARING SYSTEM 

Fernando J. Corbato, Marjorie Merwin-Daggett, Robert C. Daley 

Computer Center, Massachusetts Institute of Technology 

Cambridge, Massachusetts 

summary 

It is the purpose of this paper to discuss 
briefly the need for time-sharing, some of the 
implementation problems, an experimental time­
sharing system which has been developed for the 
contemporary IBM 7090, and finally a scheduling 
algorithm of one of us (FJC) that illustrates 
some of the techniques which may be employed to 
enhance and be analyzed for the performance 
limits of such a time-sharing system. 

Introduction 

The last dozen years of computer usage have 
seen great strides. In the early 1950's, the 
problems solved were largely in the construction 
and maintenance of hardware; in the mid-1950's, 
the usage languages were greatly improved with 
the advent of compilers; now in the early 1960's, 
we are in the midst of a third major modifi­
cation to computer usage: the improvement of 
man-machine interaction by a process called 
time-sharing. 

Much of the time-sharing philosophy, 
expressed in this paper, has been developed in 
conjunction wi th the work of an MIT preliminary 
study committee, chaired by H. Teager, which 
examined the long range computational needs of 
the Institute, and a subsequent MIT computer 
working committee, chaired by J. McCarthy. 
However, the views and conclusions expressed 
in this paper should be taken as solely those 
of the present authors. 

Before proceeding further, it is best to 
give a more precise interpretation to time­
sharing. One can mean using different parts of 
the hardware at the same time for different 
tasks, or one can mean several persons making 
use of the computer at the same time. The first 
meAning, _~+ ___ ~" _~ Tn,,' +; T\.,.,.nty,...~mm; n('l' ; c:: 

VoL,",,"","'''' "'- .......... '"" .... _- .... -l""' .. -b .. - .. • ... ·_ ..... b' --

oriented towards hardware efficiency in the 
sense of attempting to a~t~i9 §omplete utili­
zation of all components ' , J • The second 
meaning of time-sharing, which is meant here, 
is primarily concerned with the efficiency of 
persons trying to use a computerl ,2,3,4. 
Computer efficiency should still be considered 
but only in the perspective of the total system 
utili ty. 

The motivation for time-shared computer 
usage arises out of the slow man-computer inter­
action rate presently possible with the bigger, 
more advanced computers. This rate has changed 
little (and has become worse in some cases) in 
the last decade of widespread computer use. lO 

In part, this effect has been due to the 
fact that as elementary problems become mast­
ered on the computer, more complex problems 
immediately become of interest. As a result, 
larger and more complicated programs are written 
to take advantage of larger and faster computers. 
This process inevitably leads to more programm­
ing errors and a longer period of time required 
for debugging. Using current batch monitor 
techniques, as is done on most large computers, 
each program bug usually requires several hours 
to eliminate, if not a complete day. The only 
alternative presently available is for the 
programmer to attempt to debug directly at the 
computer, a process which is grossly wasteful 
of computer time and hampered seriously by the 
poor console communication usually available. 
Even if a typewriter is the console, there are 
usually lacking the sophisticated query and 
response programs which are vitally necessary 
to allow effective interaction. Thus, what is 
desired is to drastically increase the rate of 
interaction between the programmer and the 
computer without large economic loss and also 
to make each interaction more meaningful by 
extensive and complex system programming to 
assist in the man-computer communication. 

To solve these interaction problems we 
would like to have a computer made simultaneously 
available to many users in a manner somewhat 
like a telephone exchange. Each user would be 
able to use a console at his own pace and with­
out concern for the activity of others using the 
Q'l:Tc+om 
-,J - -_ ........ This console could as a ~~nimum be 
merely a typewriter but more ideally would 
contain an incrementally modifiable self­
sustaining display. In any case, data trans­
mission requirements should be such that it would 
be no major obstacle to have remote installation 
from the computer proper. 
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The basic technique for a time-sharing system 
is to have many persons simultaneously using the 
computer through typewriter consoles with a 
time-sharing supervisor program sequentially 
running each user program in a short burst or 
quantum of computation. This sequence, which in 
the most straightforward case is a simple round­
robin, should occur often enough so that each 
user program which is kept in the high-speed 
memory is run for a quantum at least once during 
each approximate human reaction time (~.2 
seconds). In this way, each user sees a computer 
fully responsive to even single key strokes each 
of which may require only trivial computation; 
in the non-trivial cases, the user sees a 
gradual reduction of the response time which is 
proportional to the complexity of the response 
calculation, the slowness of the computer, and 
the total number of active users. It should be 
clear, however, that if there are n users 
actively requesting service at one time: each 
user will only see on the average lin of the 
effective computer speed. During the period of 
high interaction rates while debugging programs, 
this should not be a hindrance since ordinarily 
the required amount of computation needed for 
each debugging computer response is small 
compared to the ultimate production need. 

Not only would such a time-sharing system 
improve the ability to program in the conventional 
manner by one or two orders of magnitude, but 
there would be opened up several new forms of 
computer usage. There would be a gradual 
reformulation of many scientific and engineering 
applications so that programs containing decision 
trees which currently must be specified in 
advance would be eliminated and instead the 
particular decision branches would be specified 
only as needed. Another important area is that 
of teaching machines which, although frequently 
trivial computationally, could naturally 
exploit the consoles of a time-sharing system 
with the additional bonus that more elaborate 
and adaptive teaching programs could be used. 
Finally; as attested hy the many small business 
computers, there are numerous applications in 
busine$ and in industry where it would be 
advantageous to have powerful computing facilities 
available at isolated locations with only the 
incremental capital investment of each console. 
But it is important to realize that even \rithout 
the above and other new applications, the major 
advance in programming intimacy available from 
time-sharing would be of immediate value to 
computer installations in universities, research 
laboratories, and engineering firms where 
program debugging is a major problem. 

PROGRA~tMING AND CODING 

Implementation Problems 

As indicated, a straightforward plan for 
time-sharing is to execute user programs for 
small quantums of computation without priority 
in a simple round-robin; the strategy of time­
sharing can be more complex as will be shown 
later, but the above simple scheme is an 
adequate solution. There are still many 
problems, however, some best solved by hard­
ware, others affecting the programming conven­
tions and practices. A few of the more 
obvious problems are summarized: 

Hardware Problems: 

1. Different user programs if simultan­
eously in core memory may interfere with each 
other or the supervisor program so some form of 
memory protection mode should be available when 
operating user programs. 

2. The time-sharing supervisor may need 
at different times to run a particular program 
from several locations. (Loading relocation 
bits are no help since the supervisor does not 
know how to relocate the accumulator, etc.) 
Dynamic relocation of all memory accesses that 
pick up instructions or-data words is one 
effective solution. 

3. Input-output equipment may be initiated 
by a user and read words in on another user 
program. A way to avoid this is to trap all 
input-output instructions issued by a user's 
program when operated in the memory protection 
mode. 

4. A large random-access back-up storage 
is desirable for general program storage files 
for all users. Present large capacity disc 
units appear to be adequate. 

5. The time-sharing supervisor must be 
able to interrupt a user's program after a 
quantum of computation. A program-initiated one­
shot multivibrator which generates an interrupt 
a fixed time later is adequate. 

6. Large core memories (e.g. a million 
words) would ease the system programming compli­
cations immensely since the different active 
user programs as well as the frequently used 
system programs such as compilers, query programs, 
etc. could remain in core memory at all times. 

programming Problems: 

1. The supervisor program must do auto­
matic user usage charge accounting. In general, 
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the user should be charged on the basis of a 
system usage formula or algorithm which should 
include such factors as computation time, amount 
of high-speed memory required, rent of secondary 
memory storage, etc. 

2. The supervisor program should coordinate 
all user input-output since it is not desirable 
to require a user program to remain constantly 
in memory during input-~utput limited operations. 
In addition, the supervisor must coordinate all 
usage of the central, shared high-speed input­
output units serving all users as well as the 
clocks, disc units, etc. 

3. The system programs available must be 
potent enough so that the user can think about 
his problem and not be hampered by coding 
details at'typographical mistakes. Thus, 
compilers, query programs, post-mortem programs, 
loaders, and good editing programs are 
essential. 

4. As much as possible, the users should 
be allowed the maximum programming flexibility 
both in choices of language and in the absence 
of restrictions. 

Usage Problems 

1. Too large a computation or excessive 
typewriter output may be inadvertently requested 
so that a special termination signal should be 
available to the user. 

2. Since real-time is not computer usage­
time, the supervisor must keep each user informed 
so that he can use his judgment regarding loops, 
etc. 

3. Computer processor, memory and tape 
malfunctions must be expected. Basic operational 
questions such as "Which program is running?" 
must be answerable and recoveIYprocedures fully 
anticipated. 

An Experimental Time-Sharing System for the IBM 

7090 

Having briefly stated a desirable time­
sharing performance, it is pertinent to ask 
what level of performance can be achieved with 
existant equipment. To begin to answer this 
question &nd to explore all the programming and 
operational aspects, an experimental time­
sharing system has been developed. This system 
was originally written for the IBM 709 but has 
since been converted for use with the 7090 
computer. 
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The 7090 of the MIT Computation Center has, 
in addition to three channels with 19 tape units, 
a fourth channel with the standard Direct Data 
Connection. Attached to the Direct Data Connec­
tion is a real-time equipment buffer and control 
rack designed and built* under the direction of 
H. Teager and his group. This rack has a variety 
of devices attached but the only ones required 
by the present systems are three flexowriter 
typewriters. Also installed on the 7090 are two 
special modifications (i.e. RPQ's): a standard 
60 cycle accounting and interrupt clock. and a 
special mode which allows memory protection, 
dynamic relocation and trapping of all user 
attempts to initiate input-output instructions. 

In the present system the time-sharing 
occurs between four users, three of whom are on­
line each at a typewriter in a foreground 
system, and a fourth passive user of the back­
ground Fap-Mad-Madtran-BSS Monitor System similar 
to the Fortran-Fap-BSS Monitor System (FMS) used 
by most of the Center programmers and by many 
other 7090 installations. 

Significant design features of the fore­
ground system are: 

1. It allows the user to develop programs 
in languages compatible with the background 
system, 

2. Develop a private file of programs, 

3. Start debugging sessions at the state 
of the previous session, and 

4. Set his own pace with little waste of 
computer time. 

Core storage is allocated such that all users 
operate in the upper 27,000 words with the time­
sharing supervisor (TSS) permanently in the 
lower 5,000 words. To avoid memory allocation 
clashes, protect users from one another, and 
simplify the initial 709 system organization, 
only one user was kept in core memory at a 
time. However, with the special memory protec­
tion and relocation feature of the 7090, more 
sophisticated storage allocation procedures are 
being implemented. In any case, user swaps are 
minimized by using 2-channel overlapped magnetic 
tape reading and writing of the pertinent 
locations in the two user programs. 

The foreground system is organized around 
commands that each user can give on his type­
writer and the user's private program files 
which presently (for want of a disc unit) are 
kept on a separate magnetic tape for each user. 

* This group is presently using another approach9 

in developing a time-sharing system for the 
MIT 7090. 
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For convenience the format of the private tape 
files is such that they are card images. have 
title cards with name and class designators and 
can be written or punched using the off-line 
equipment. (The latter feature also offers a 
crude form of large-scale input-output.) The 
magnetic tape requirements of the system are the 
seven tapes required for the normal functions of 
the background system. a system tape for the 
time-sharing supervisor that contains most of 
the command programs. and a private file tape 
and dump tape for each of the three foreground 
users. 

The commands are typed by the user to the 
time-sharing supervisor (not to his own program) 
and thus can be initiated at any time regardless 
of the particular user program in memory. For 
similar coordination reasons. the supervisor 
handles all input-output of the foreground 
system t)vewriters. Co~~~nds are composed of 
segments separated by vertical strokes; the 
first segment is the command name and the 
remaining segments are parameters pertinent to 
the command. Each segment consists of the last 
6 characters typed (starting vdth an implicit 
6 blanks) so that spacing is an easy way to 
correct a typing mistake. A carriage return is 
the signal which initiates action on the command. 
Whenever a command is received by the supervisor, 
"WAIT". is typed back followed by .. READY." when 
the command is completed. (The computer responses 
are always in the opposite color from the user's 
typing.) While typing. an incomplete command 
line may be ignored by the "quit" sequence of a 
code delete signal followed by a carriage return. 
Similarly after a command is initiated. it may 
be abandoned if a "quit" sequence is given. In 
addition, during unwanted command typeouts, the 
command and output may be terminated by pushing 
a special "stop output" button. 

The use of the foreground system is initiated 
whenever a typewriter user completes a command 
line and is placed in a waiting command queue. 
UPOil conlplet1on. of each quantlliu. J the time..:sharing 
supervisor gives top priority to initiating any 
waiting commands. The system programs corres­
ponding to most of the commands are kept on the 
special supervisor command system tape so that to 
avoid waste of computer time, the supervisor 
continues to operate the last user program until 
the desired command program on tape is positioned 
for reading. At this point, the last user is 
read out on his dump tape, the command program 
read in, placed in a working status and initiated 
as a new user program. However, before starting 
the new user for a quantum of computation, the 
supervisor again checks for any waiting command 
of another user and if necessary begins the look­
ahead positioning of the command system tape 
while operating the new user. 

PROGRAMMING AND CODING 

Whenever the waiting command queue is 
empty, the supervisor proceeds to execute a 
simple round-robin of those foreground user 
programs in the working status queue. Finally, 
if both these queues are empty, the background 
user program is brought in and run a quantum at 
a time until further foreground system actively 
develops. 

Foreground user programs leave the working 
status queue by two means. If the program 
proceeds to completion, it can reenter the 
supervisor in a way which eliminates itself and 
places the user in dead status; alternatively, 
by a different entry the program can be placed 
in a dormant status (or be manually placed by 
the user executing a quit sequence). The dorw~nt 
status differs from the dead status in that the 
user may still restart or examine his program. 

User input-output is throu~h each type­
writer, and even though the supervisor has a 
few lines of buffer space available, it is 
possible to become input-output limited. 
Consequently, there is an additional input­
output wait status, similar to the dormant, 
which the user is automatically placed in by 
the supervisor program whenever input-output 
delays develop. When buffers become near 
empty on output or near full on input, the user 
program is automatically returned to the working 
status; thus waste of computer time is avoided. 

Commands 

To clarify the scope of the foreground 
system and to indicate the basic tools avail­
able to the user. a list of the important 
commands follows along with brief summaries of 
their operations: 

1. I a 

a = arbitrary text treated as a comment. 

2. login I a I ~ 
a user problem number 
~ user programmer number 

Should be given at beginning of each 
user's session. Rewinds user's private file tape; 
clears time accounting records. 

3. logout 

Should be given at end of each user's 
session. Hewinds user's private file tape; 
punches on-line time accounting cards. 

4. input 

Sets user in input mode and initiates 
auto~~tic generation of line numbers. The user 
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types a card image per line according to a 
format appropriate for the programming language. 
(The supervisor collects these card images at 
the end of the user's pri va te file tape.) When 
in the automatic input mode, the manual mode may 
be entered by giving an initial carriage return 
and typing the appropriate line number followed 
by I and line for as many lines as desired. To 
reenter the automatic mode, an initial carriage 
return is gi ven • 

The manual mode allows the user to over­
write previous lines and to insert lines. (cf. 
File Command.) 

5. edit I a I ~ 
a title of file 

p class of file 

The user is set in the automatic input 
mode with the designated file treated as initial 
input lines. The same conventions apply as to 
the input command. 

6. file I a I p 

a = ti tie to be given to file 

p = class of language used during input 

The created file will consist of the 
numbered input lines (i.e. those at the end of 
the user's private file tape) in sequence; in 
the ~ase of duplicate line numbers, the last 
version will be used. The line numbers will be 
written as sequence numbers in the corresponding 
card images of the file. 

For convenience the following editing 
conventions apply to input lines: 

a. an underline signifies the deletion of 
the previous characters of the line. 

b. a backspace signifies the deletion of 
the previous character in the field. 

The following formats apply: 

a. FAP: symbol, tab, operation, tab, 
variable field and comment. 

b. MAD, MAIYrRAN, FORTHAN: statement label, 
tab, statement. To place a character in the 
continuation column: statement label, tab, 
backspace, character, statement. 

c. ~TA: cols. 1-72. 

7. fap I a 

Causes the file designated as a, fap to 
be translated by the FAP translator (assembler). 
Files a, symtb and a,bss are added to the user's 
private file tape giving the symbol table and 
the relocatable binary BSS form of the file. 

8. mad I a 

causes file a,mad to be translated by 
the MADtranslator (compiler). File a,bss is 
created. 

9. madtrn I a 

3.39 

causes file a,madtrn (i.e. a pseudo­
Fortran language file) to be edited into an 
equivalent file a,mad (added to the user's file) 
and translation occurs as if the command madla 
had been given. 

10. load I a l I a 2 1 ••• lan 
causes the consecutive loading of files 

O1,bss (i=1,2, ••• ,n). An exception occurs if 01= 
(libe), in which case file a. ,bss is searched 

~+l 
as a library file for all subprograms still 
missing. (There can be further library files.) 

11. use I a l I a2 1···1 an 
This command is used whenever a load or 

previous use command notifies the user of an 
incomplete set of subprograms. Same a. conven-
tions as for load. ~ 

12. start I a I p 

Starts the program setup by the load 
and use commands (or a dormant program) after 
first positioning the user private file tape in 
front of the title card for file a,p. (If p is 
not given, a class of data is assumed; if both 
a and p are not given, no tape movement occurs 
and the program is started.) 

13. pm I a 
a = "lights", "stomap", or the usual 

format of the standard Center post-mortem (F2PM) 
request: subprogram name I loc I loc I mode I 
d

. . 1 2 
~rect~on where mode and direction are optional. 

Produces post-mortem of user's dormant 
program according to request specified by a. 
(E.g. matrix I 5 I 209 I flo I rev will cause to 
be printed on the user's typewriter the contents 
of subprogram "matriX" from relative locations 
5 to 209 in floating point form and in reverse 
sequence.) 

14. skippm 

Used if a pm command is "quit" during 
output and the previous program interruption is to 
be restarted. 

15. listf 

Types out list of all file titles on 
user's private file tape. 
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16. printf I a I ~ I y 

Types out file a,~ starting at line 
number y. If Y is omitted, the initial line is 
assumed. Whenever the user's output buffer fills, 
the command program goes into an liO wait status 
allowing other users to time-share until the 
buffer needs refilling. 

17. xdump I a I ~ 
Creates file a,~ (if ~ omitted, xdump 

assumed) on user's private file tape consisting 
of the complete state of the user's last dormant 
program. 

18. xdump I a I ~ 
Inverse of xdump command in that it 

resets file a,~ as the user's program, starting 
it where it last left off. 

Although experience with the system to date 
is quite limited, first indications are that 
programmers would readily use such a system if it 
were generally available It is useful to ask, 
now that there is some operating experience with 
the 7090 system, what observations can be made. 
An immediate comment is that once a user gets 
accustomed to computer response, delays of even 
a fraction of a minute are exasperatingly long, 
an effect analogous to conversing with a slow­
speaking person. Similarly, the requirement that 
a complete typewritten line rather than each 
character be the minimum unit of man-computer 
communication is an inhibiting factor in the 
sense that a press-to-talk radio-telephone con­
versation is more stilted than that of an 
ordinary telephone. Since maintaining a rapid 
computer response on a character by character 
basis requires at least a vestigial response 
program in core memory at all times, the straight­
forward solution within the present system is to 
have more core memory available. At the very 
least, an extra bank of memory for the time­
sharing supervisor would ease compatibility prob­
lems with programs already written for 32,000 
word 7090's. 

For reasons of expediency, the weakest 
portions of the present system are the conventions 
for input, editing of user files, and the degree 
of rapid interaction and intimacy possible while 
debugging. Since to a large extent these areas 
involve the taste, habits, and psychology of the 
users, it is felt that proper solutions will 
require considerable experimentation and prag­
matic evaluation; it is also clear that these 
areas cannot be treated in the abstract for the 
programming languages used will influence greatly 
the appropriate techniques. A greater use 6f 
symbolic referencing for locations, program names 
and variables is certainly desired; symbolic post­
mortem programs, trace programs, and before-and­
after differential dump programs should play 
useful roles in the debugging procedures. 

PROGRAMMING AND CODING 

In the deSign of the present system, great 
care went into making each user independent of 
the other users. However, it would be a useful 
extension of the system if this were not always 
the case. In particular, when several consoles 
are used in a computer controlled group such as 
in management or war games, in group behavior 
studies, or possibly in teaclting machines, it 
would be desirable to have all the consoles 
communicating with a single program. 

Another area for further improvement within 
the present system is that of file maintenance, 
since the presently used tape units are a hind­
rance to the easy deletion of user program files. 
Disc units will be of help in this area as well 
as with the problem of consolidating and 
scheduling large-scale central input-output 
generated by the many console users. 

Finally, it is felt tr~t it would be desir~ 
able to have the distinction between the fore­
ground and background systems eliminated. The 
present-day computer operator would assume the 
role of a stand-in for the background users, 
using an operator console much like the other 
user consoles in the system, mounting and de­
mounting magnetic tapes as requested by the 
supervisor, receiving instructions to read card 
decks into the central disc unit, etc. Similarly 
the foreground user, when satisfied with his 
program, would by means of his console and the 
supervisor program enter his program into the 
queue of production background work to be 
performed. With these procedures implemented 
the distinction of whether one is time-sharing 
or not would vanish and the computer user would 
be free to choose in an interchangable way that 
mode of operation which he found more suitable 
at a particular time. 

A Multi-LeVel Scheduling Algorithm 

Regardless of whether one has a million 
word CQre memory or a 32: 000 word memory as 
currently exists on the 7090, one is inevitably 
faced with the problem of system saturation 
where the total size of active user programs 
exceeds that of the high-speed memory or there 
are too many active user programs to maintain 
an adequate response at each user console. 
These conditions can easily arise with even a 
few users if some of the user programs are 
excessive in size or in time requi~ements. The 
predicament can be alleviated if it is assumed 
that a good design for the system is to have a 
saturation procedure which gives graceful de­
gradation of the response time and effective 
real-time computation speed of the large and 
long-running users. 
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To show the general problem, Figure I 
qualitatively gives the user service as a function 
of n, the number of active users. This service 
parameter might be either of the two key factors: 
computer response time or n times the real-time 
computation speed. In either case there is some 
critical number of active users, N, representing 
the effective user capacity, which causes satur­
ation. If the strategy near saturation is to 
execute the simple round-robin of all users, then 
there is an abrupt collapse of service due to the 
sudden onset of the large amount of time required 
to swap programs in-and-out of the secondary 
memory such as a disc or drum unit. Of course, 
Figure I is quite qualitative since it depends 
critically on the spectrum of user program sizes 
as well as the spectrum of user operating times. 

To illustrate the strategy that can be em­
ployed to improve the saturation performance 
of a time-sharing system, a multi-level schedu­
ling algorithm is presented. This algorithm also 
can be analyzed to give broad bounds on the 
system performance. 

The basis of the multi-level scheduling 
algorithm is to assign each user program as it 
enters the system to be run (or completes a 
response to a user) to an £th level priority 
queue. Programs are initially entered into a 
level £0' corresponding to their size such that 

£0 = [10g2 ([ :: ] + 1 ) ] (1) 

where w is the number of words in the program, 
w is tge number of words which can be trans­
m~tted in and out of the high-speed memory from 
the secondary memory in the time of one quantum, 
q, and the bracket indicates "the integral part 
of". Ordinarily the time of a quantum, being 
the basic time unit, should be as small as 
possible without excessive overhead losses when 
the supervisor switches from one program in high­
speed memory to another. The process starts with 
the time-sharing supervisor operating the program 
at the head of the lowest level occupied queue, 
£, for up to 2£ quanta of time and then if the 
program is not completed (i.e. has not made a 
response to the user) placing it at the end of 
the £+1 level queue. If there are no programs 
entering the system at levels lower than £, this 
process proceeds until the queue at level £ is 
exhausted; the process is then iteratively begun 
again at level £+1, where now each program is 
run for 2£+1 quanta of time. If during the 
execution of the 2£ quanta of a program at level 
£, a lower level, t', becomes occupied, the 
current user is replaced at the head of the £th 
queue and the process is reinitiated at level 
tt. 
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Similarly, if a program of size w at level 
t, during operation requests a change fn memory 
size from the time-sharing supervisor, then the 
enlarged (or reduced) version of the program 
should be placed at the end of the £tI queue where 

t" = £ + [ log2 ( [=:J + 1 ) J · (2) 

Again the process is re-initiated with the head­
of-the-queue user at the lowest occupied level 
of £'. 

Several important conclusions can be drawn 
from the above algori thm which allow the perfor­
mance of the system to be bounded. 

Computational Efficiency 

1. Because a program is always operated for 
a time greater than or equal to the swap time 
(i.e. the time required to move the program in 
and out of secondary memory), it follows that 
the computational efficiency never falls below 
one-half. (Clearly, this fraction is adjustable 
in the formula for the initial level, to.) An 
alternative way of Viewing this bound is to say 
that the real-time computing speed available to 
one out of n active users is no worse than if 
there were 2n active users all of whose programs 
were in the high-speed memory. 

Response Time 

2. If the maximum number of active users 
is N, then an individual user of a given program 
size can be guaranteed a response time, 

tr ~ 2Nq[ :: ] + 1) (3) 

since the worst case occurs when all competing 
user programs are at the same level. Conversely, 
if tr is a guaranteed response of arbitrary 
value and the largest size of program is assumed, 
then the maximum permissible number of active 
users is bounded. 

Long Runs 

3. The relative swap time on long runs can 
be made vanishingly small. This conclusion 
follows since the longer a program is run, the 
higher the level number it cascades to with a 
correspondingly smaller relative swap time. It 
is an important feature of the algorithm that long 
runs must in effect prove they are long so that 
programs which have an unexpected demise are 
detected quickly. In order that there be a 
finite number of levels, a maximum level number, 
L, can be established such that the asymptotic 
swap overhead is some arbitrarily small 
percentage, p: 
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L [lOg2 ([:~~XJ +1)] (4) 

where w is the size of the largest possible 
pmax 

program. 

Mul ti-Ievel vs. Single-level Response Times 

4. The response time for programs of equal 
size. entering the system at the same time. and 
being run for multiple quanta. is no worse than 
approximately twice the response-time occurring 
in a single quanta round-robin procedure. If 
there are n equal sized programs started in a 
queue at level t. then the worst case is that of 
the end-of-the-queue program which is ready to 
respond at the very first quantlli~ r~~ at the 
£+j level. Using the multi-level algorithm. the 
total delay for the end-of-the-queue program is 
by virtue of the geometric series of quanta: 

Tm'- q2.e {n(2j -l) + (n-l) 2j .J (5) 

Since the e~d-qf-the-queue user has computed for 
a time of 2 (2J -l) quanta, the equivalent single­
level round-robin delay before a response is: 

(6) 

Hence 

( n-l) (2j ) 1 + --- --.--- ~ 
n 2J-I 

2 (7) 

and the assertion is shown. It should be noted 
that the above conditions. where program swap 
times are omitted. which are pertinent when all 
programs remain in high-speed memory. are the 
least favorable for the multi-level algorithm; if 
swap times are included in the above analysis, the 
ratio of Tm I Ts can only become smaller and may 
become much less than unity. By a similar analysis 
it is easy to show that even in the unfavorable 
case where there are no program swaps. head-of-the­
queue programs that terminate just as the 2 t +j 
quanta are completed receive under the multi-
level algorithm a response which is twice as 
fast as that under the single-level round-robin 
(Le. T IT = 1/2). m s 

Highest Serviced Level 

5. In the multi-level algorithm the level 
classification procedure for programs is entirely 
automatic, depending on performance and program 
size rather than on the declarations (or hopes) 
of each user. As a user taxes the system. the 
degradation of service occurs progressively 
starting with the higher level users of either 
large or long-running programs; however, at some 
level no user programs may be run because of too 
many active users at lower levels. To determine 
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a bound on this cut-off point we consi~er N 
active users at level £ each running 2 quanta, 
terminating, and reentering the system again at 
level £ at a user response time, t u ' later. If 
there is to be no service at level £+1, then the 
computing time, Nq2£, must be greater than or 
equal to tu. Thus the guaranteed active levels, 
.ea , are given by the relation: 

.ea ~ [ log2 (tu) 1 (8) 
Nq J 

In the limit, tu could be as small as a minimum 
user reaction time (~.2 sec.), but the expected 
value would be several orders of magnitude 
greater as a result of the statistics of a 
large number of users. 

The multi-level algorithm as formulated 
above makes no explicit consideration of the seek 
or latency time required before transmission of 
programs to and from disc or drum units when 
they are used as the secondary memory, (although 
formally the factor Wq could contain an average 
figure for these times). One simple modification 
to the algorithm which usually avoids wasting 
the seek or latency time is to continue to 
operate the last user program for as many quanta 
as are required to ready the swap of the new user 
with the least priority user; since ordinarily 
only the higher level number programs would be 
forced out into the secondary memory. the 
extended quanta of operation of the old user 
while seeking the new user should be but a minor 
distortion of the basic algorithm. 

Further complexities are possible when the 
hardware is appropriate. In computers with input­
output channels and low transmission rates to and 
from secondary memory, it is possible to overlap 
the reading and writing of the new and old users 
in and out of high-speed memory while operating 
the current user. The effect is equivalent to 
using a drum giving 100 % multiplexor usage but 
there are two liabilities, namely. no individual 
user can utilize all the available user memory 
space and the look-ahead procedure breaks down 
whenever an unanticipated scheduling change 
occurs (e.g. a program terminates or a higher­
priority user program is initiated). 

Complexity is also possible in storage 
allocation but certainly an elementary procedure 
and a desirable one with a low-transmission rate 
secondary memory is to consolidate in a single 
block all high-priority user programs whenever 
sufficient fragmentary unused memory space is 
available to read in a new user program. Such a 
procedure is indicated in the flow diagram of the 
multi-level scheduling algorithm which is given 
as Figure 2. 
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It should also be noted that Figure 2 only 
accounts for the scheduling of programs in a 
working status and still does not take into 
account the storage allocation of programs which 
are in a dormant (or input-output wait status). 
One systematic method of handling this case is 
to modify the scheduling algorithm so that 
programs which become dormant at level £ are 
entered into the queue at level £+1. The 
scheduling algorithm proceeds as before with the 
dormant programs continuing to cascade but not 
operating when they reached the head of a queue. 
Whenever a program must be removed from high­
speed memory, a program is selected from the end­
of-the-queue of the highest occupied level 
number. 

Finally, it is illuminating to apply the 
multi-level scheduling algorithm bounds to the 
contemporary IBM 7090. The following approximate 
values are obtained: 

q = 16 m.s. (based on 1% switching overhead) 

Wq = 120 words (based on one IBM 1301 model 
2 disc unit without seek or latency 
times included) 

tr ~ BNf (based on programs of (32k)f 
sec. words) 

£a ~ 10g2 (lOOO/N) (based on tu = 16 sec.) 

£0 ~ B (based on a maximum program size of 
32K words) 

Using the arbitrary criteria that programs 
up to the maximum size of 32,000 words should 
always get some service, which is to say that 
max la= max £0 ' we deduce as a conservative 
estimate that N can be 4 and that at worst the 
response time for a trivial reply will be 32 
seconds. 

The small value of N arrived at is a direct 
consequence of the small value of Wq that results 
from the slow disc word transmission rate. This 
rate is only 3.3% of the maximum core memory 
multiplexor rate. It is of interest that using 
high-capacity high-speed drums of current design 
such as in the Sage System of in the IBM Sabre 
System it would be possible to attain nearly 
100% multiplexor utilization and thus multiply 
w by a factor of 30. It immediately follows 
tgat user response times equivalent to those 
_..: .... ___ h-... ,_ ... ...: .. l.. .. "'_ ,.:1..; ..... _ •• _..: ...... _ ... ,...:1 h __ ~ .... __ 
6 ..... Vw ... " UOUVV":;;: .,.. .... "".&..1. "'.u ..... u ..... .,"'" " .• ,u ......... WVU,.LU Ut;; O .... VC.l.l 

to 30 times as many persons or to 120 users; the 
total computational capacity, however, would not 
change. 
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In any case, considerable caution should be 
used with capacity and computer response time 
estimates since they are critically dependent 
upon the distribution functions for the user 
response time, t u ' and the user program size, 
wp , and the computational capacity requested by 
each user. Past experience using conventional 
programming systems is of little assistance be­
cause these distribution functions will depend 
very strongly upon the programming systems made 
available to the time-sharing users as well as 
upon the user habit patterns which will gradually 
evolve. 

Conclusions 

In conclusion, it is clear that contemporary 
computers and hardware are sufficient to allow 
moderate performance time-sharing for a limited 
number of users. There are several problems 
which can be solved by careful hardware design, 
but there are also a large number of intricate 
system programs which must be written before one 
has an adequate time-sharing system. An import­
ant aspect of any future time-shared computer is 
that until the system programming is completed, 
especially the critical time-shal~ng supervisor, 
the computer is completely worthless. Thus, it 
is essential for future system design and imple­
mentation that all aspects of time-sharing system 
problems be explored and understood in prototype 
form on present computers so that major advances 
in computer organization and usage can be made. 
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Kenneth E. Iverson 

Research Division, IBM Corporation 

Yorktown Heights, New York 

The paper describes a succinct problem-oriented programming language. 
The language is broad in scope, having been developed for, and applied 
effectively in, such diverse areas as microprogramming, switching theory, 
operations research, information retrieval, sorting theory, structure of 
compilers, search procedures, and language translation. The language 
permits a high degree of useful formalism. It relies heavily on a syste­
matic extension of a small set of basic operations to vectors, matrices, 
and trees, and on a family of flexible selection operations controlled by 
logical vectors. Illustrations are drawn from a variety of applications. 

The programming language outlined
1
here 

has been designed for the succinct description of 
algorithms. The intended range of algorithms is 
broad; effective applications include micropro­
gramming, switching theory, operations research, 
information retrieval, sorting theory, structure 
of compilers, search procedures, and language 
translation. The symbols used have been chosen 
so as to be concise and mnemonic, and their 
choice has not been restricted to the character 
sets provided in contemporary printers and com­
puters. A high degree of formalism is provided. 

Basic Operations 

The language is based on a consistent uni­
fication and extension of existing mathematica 1 
notations, and upon a systematic extension of a 
small set of basic arithmetic and logical opera­
tions to vectors, matrices, and trees. The 
arithmetic operations include the four familiar 
arithmetic operations and the absolute value 
(denoted by the usual symbols) as well as the 
floor, ceiling, and residue functions denoted and 
defined as fo llows: 

Name S}::mbol Definition 

floor 
I I 

Lxj ~ Lxj + 1 LXJ x < 

ceiling rxl rxl ~ x > fxl -1 

residue mod m min n= mq + m I n;O,.::: m I n<m, 

where LxJ, r xl, m, n, and q are integers. 

The logical operations and, or, and not are 
defined upon the logical variables Oand 1 and are 
denoted by A, v, and an overbar. They are aug­
mented by the re lational statement (proposition) 
(x R y) defined as fo llows. If x and yare any 

entities (e. g., numerals, alphabetic literals, or 
logical variables) and R is any relation defined 
upon them, then (x R y) is equal to 1 or 0 ac­
cording to whether the relation R does or does not 
ho ld between x and y. Thus (i = j) is the familiar 
Kronecker de Ita cS ij> (ujv) is the exclusive or 
function of the logical variables u and v, and 

sgn x = (x > 0) - (x < 0) 

is the familiar sign function, defined as +1, 0, or 
-1 according as x is strictly positive, zero, or 
strictly negative. 

Vectors and Matrices 

A vector is denoted by an underlined lower­
case letter (e. g., x), its i-th component by x., 
and its dimension by v(~). A matrix is denot2 
by an underlined uppercase letter (e. g., X), its 
i-th row by ~~, its j-th column by ~j' its ij-th 
element by X~, its row dimension (1. e., the 
common diI~;nsion of its row vectors) by v(~), 
and its column dimension by fl(~). 

All of the basic operations are extended 
component-by-component t9 vectors and matrices. 
Thus, 

~ = ~ +.Y <===> ~i = ~i + .Yi ' 

_z = ~ X Y <==> Zi = X~ X y~ 
-j -] -] 

w = (~<.Y) <===::> 

The symbol,,: (n) will denote a logical vec­
tor £.f dimension n whose components are all unity, 
and..: (n) therefore denotes the zero vector. The 
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dimension n will be elided whenever it is clear 
from context. 

The cyclic left shift of a vector x is called 
left rotation. It is denoted by k t x and defined 
by the re lation: 

:t. = (k t ~) <==>.Ii = ~ j , 

where j = 1 + v (~) I (i + k - 1). Right rotation 
is denoted by k l ~ and is defined analogous ly. 

Reduction 

For each basic binary operator 0, the 0-
reduction of a vector ~ is denoted by 0/~ and­
defined by 

o I_x = ( ••• (( _x 10 _x 2) 0 x ) 0 ••• 0 x ). 
-3 -v(~) 

Thus +/~ is the sum, and xix is the product of 
all components of x. Moreove-;, if u = (1, 0, 1), 
then +/!;!, = 2, +/~ =-1, AI!;!, = 0, and -VI!;!, = 1. 

Reduction is extended to matrices row-by-
row: 

z = 0/x ¢:::> z. = 0/x i 
, 

- - -1 -

and column-by-column: 

z = 0 I Ix ¢:::> z . = 0/x. , 
- - -1 -1 

the co luron reduction being distinguished by the 
double slash. 

For example, if !;!, = (!;!'1' !;!, ) is a logical 
vector of dimension two, then De ZMorgan' slaw 
may be expressed as: 

AI!;!, = v/~ . 
Moreover, this is the valid generalization of 
De Morgan's law to a vector!;!, of arbitrary 
dimension. 

The reduction operation can be extended to 
any relation R by substituting R for 0 in the for­
mal definition above. The parentheses in the 
definition now signify relational statements as 
well as grouping, and thus the expression II!;!, 
denotes the application of the exclusive-or over 
all components of the logical vector u. For 
example, 11(1,0,1) = ((1 10) I 1) = (1-;t 1) = O. 
Induction can be used to show that 

II!;!,= zl+/!;!" and = I!;!, = 21+/~. 

Hence, I lu = =/~, a useful companion to 
De Morgan's law. 

Matrix Product 

The conventional matrix product !:= ~ may 
be defined as: 

(A B): 
- - J 
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Adopting the notation A * B for this product makes 
explicit the roles of th~ ba-;ic operations + and X, 
and suggests the following useful generalization: 

0t 
A B = 
-02 -

where 0
1 

and 02 are any operators or relations 
with suitable domains. 

Thus C = M ~ X is an "incidence matrix" 
such that Cr-= 1 if ;nd only if Mi and X. agree in 
all componJnts. If M is the m-;mory ;-rla binary. 
computer (i. e., M is a logical matrix and row M1 
is the i-th word of memory), and if x is an 
"argument register". then (treating ~ as a one­
column matrix) 

~= M ~ ~ 

defines the sense vector s of an associative . 
memory such that ~i = 1 if and only if word M1 
agrees with ~. 

As further examples, R = P t Q give~ the 
- - - 1 

number of places in which a component of ~ ex-
ceeds the corresponding component of Q., and 
~ = ~ ~ 9 is a "covering matrix" whi~:tl indicates 
which rows of P cover (exceed in every component) 
which rows of Q. 

De Morgan's law and the identity 

I I!;!, = =/u 
establish a duality with respect to negation be­
tween A and v , and between I and =. This 
dua lity is easily extended to matrices. For 
example, 

A ~ B 

Selection 

The formation of a vector .I from a vector 
~ by deleting certain components of x will be 
denoted by 

.I = ~~, 
where u is a logical vector (of dimension v (x) and 
x. is d;leted if and only if u. = O. Thus u/;; and 
TfJx provide a d isjoint deco~1position of x-: -;nd 
T~ -;~) I ~ is the vector of all strictly po;Itive 
components of ~. 

The operation ~~ is called compression 
and is extended to matrices by row and by column 
as follows: 

~ = ~~ ¢:::::> Zi = ~~i , 
Z= 211~ ~ ~i = ~~i· 
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The familiar identity concerning partitioned 
matrices can now be generalized as follows: 

x ~ y = (u/X) ~ (u/ /Y) + (u/X) ~ (u/ /Y). - - - - -- --

Since the identity depends only on the associativity 
and commutativity of the operators + and X, it 
holds also for all operators (and relations) pos­
sessing these properties. Moreover, 

and 

To illustrate other uses of compressioI?-' 
consider a bank ledger l: so arranged that l:1 
represents the i-th account, and l:1' l:2' and l:3 
represent the vector'of names, of account num,­
bers, and of balances, respectively. Then the 
preparation of a list ~ (in the same format) of all 
accounts having a balance less than two dollars is 
described by the statement: 

P - (L < 2 E )/ / L, 
- -3 - -

where the arrow denotes specification (in the 
sense of the symbol = in Fortran and the symbol 
.- in Algo 1). 

Three useful operations converse to com­
pression are defined as follows: 

Mesh: z = \~, ~, :e.\~ g/~ =~; ~~ = :e. 
Mask: z = /~,~,:e. / <;:> W~ = ~~; ~~ = ~2. 

Expansion: ~ = ~ \:e. ~ ~ = \~, ~,:e.\ . 
They may be extended to matrices in the estab­
lished manner and are related by the obvious 
identities: 

\~, ~, :e.\ /lI\~' ~, 

/~, ~, :e./ \~ /~, ~, 

~ \:e. / , 
~/:e.\ . 

In addition to the full vector.:. {n} already 
defined, it is convenient to define the prefix 
vector ~j (n) as a logical vector of dimension n 
whose first j components are unity. The suffix 
vector wj (n) is defined analogous ly. An infix 
vector ~ving i le~ding O's followed by j ~an 
be denoted by i + ~J. When used in compres sion 
operations, these special vectors are very useful 
in specifying fixed formats. 
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Mixed Base Value 

If the components of the vector :t. specify the 
radices of a mixed base number system and if x 
is any numerical vector of the same dimension,­
then the value of x in that number system is 
called the base y -;alue of x, is denoted by :t.l ~ 
and is defined formally by 

where w is the weighting vector defined by 
w ( ) =-1 and w. 1 = w. X V.' For example, if 
-v w -1- -1 """1 
Y = (24, 60, 60) and if ~ = (I, 2, 5) is the elapsed 
time in hours, minutes, and seconds, then 

.:t. 1 ~ = 3725 is the e lapsed time in seconds. 

The value of x in a decimal system is de­
noted by (1 0 .:.) 1 ~-; and in a binary system by 
either (2 .:.) l~, or 1 ~. Moreover, if y is any 
real number, then (y .:.) 1 ~ denotes the poly­
nomia 1 in y with coefficients ~. 

Application to Microprogramming 

To illustrate the use of the notation in de­
scribing the operation of a computer, consider the 
IBM 7090 with a memory M of dimension 215 X 36, 
a command vector .£ of di;;ension 36 representing 
the instruction next to be executed, a sequence 
vector s of dimension 15 representing the instruc­
tion cou-;'te r, and a 3 X 15 index matrix I repre­
senting the three index registers. The instruction 
fetch phase of operation (excluding the channel 
trap) can then be described as in Figure 1. 0 ~ 
origin indexing will be used for all vectors and 
matric~e~s~.~ ______________________________ ~ 

£-Ml~ 
1 ~ - 2

15 I (1 + 1 ~) 
1 

a - k (~) 1\ .£12 1\ .£13 

2 
k (.£): 0 

.!. _ (18 + ~ 3) / .£ 

1 ~15 /.£ - 2
15 

I (1 ~ 15 /.£ -1 (t X In 

a : 0 

~18 /.£ _ ~18 /Ml ~15/.£ 

Instruction Fetch of IBM 7090 

Figure 1 

= 
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Step 1 shows the selection of the next in­
struction from the memory word specified by the 
instruction counter ~ and its transfer to the 
command re giste r c. Step Z shows the inc re -
mentation (reduced ~odulo 215) of the counter s, 
The logical function k 1 (c) of step 3 determines­
whethe r the instruction J~st fetched be longs to the 
class of instructions which are subject to indirect 
addressing, the bits ~IZ and ,£13 determine 
whether this particular instruction is to be 
indexed, and a is therefore set to unity only if 
indirect addressing is to be performed. 

The function kZ(c) determines whether the 
instruction is indexabl;. If kZ(c) = 0, the branch 
from step 4 to step 7 skips the potential indexing 
of steps 5 and 6. As shown by step 6, indexing 
proceeds by £!ing together the index registers 
(i. e., rows of I) selected by the three tag bits 
t = (18 ! a 3}/c,-subtracting the base two value of 
the resulting ;ector from the address portion of 

Or to storage ORS 

Or to accumulator ORA 

And to storage ANS 

And to accumulator ANA 

Exclusive or to accumulator ERA 

Complement magnitude COM 

C lear magnitude CLM 

Change sign CHS 

Set sign plus SSP 

Set sign minus SSM 

Store logical word SLW 

Clear and add logical CAL 

Add and carry logical ACL 
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the instruction c, reducing the result modulo Z15, 
and respecifying the address portion of ~ 
accordingly. 

The fetch terminates immediately from 
step 7 if no indirect addressing is indicated; 
otherwise step 8 performs the indirect addressing 
and the indexing phase is repeated. Step 9 limits 
the indirect addressing to a single level. It may 
be noted that all format information is presented 
directly in the microprogram. 

The description of the execution phase of 
computer operation will be illustrated by the 
family of instructions for logical functions in the 
7090. Representing the 38-bit accumulator by 
the logical vector u (with v (u) = 38, and with 
~, ~1' and ~Z rep~senting the sign, q and p bits, 
respectively), these instructions may be de~ 
scribed as in Figure Zo 

u - 0 -0 

Instructions in IBM 7090 

Figure Z 
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Ordered Trees 

A tree can be represented graphically as in 
Figure 3(a) and, since it is a special case of a 
directed graph, it can also be represented by a 
node vector ~ and connection matrix ~ as in 
Figure 3(b). 

Defining an ordered tree as a tree in which 
the set of branches emanating from each node has 
a specified ordering, a simple indexing sy·stem 
for ordered trees can be defined in the manner 
indicated by Figure 4(a). The dimension of the 
vector index i assigned to each node is equal to 
the number of the leve I on which it occurs. If T 
is an ordered tree, then T. will denote the sub­
tree rooted in the node witntindex .i. Thus T (1 1) 
is the subtree enclosed in b.roken lines in ' 
Figure 4(a). Moreover, T2. will denote the 
(unique) path vector comprising all nodes from 
the root to node i. Thus T (1, 2) = (a, b). The 
maximum dimen;ion occurring among the index 
vectors is called the height of the tree and is 
denoted by v (T). 

The index vector notation proves very con­
venient in describing algorithms involving tree 
operands. Moreover, it provides a simple for­
malization of the two important representations 
of a tree, the Lukasiewicz representation and the 
level-by-level list. 

(a) 

349 

If each index vector is augmented by 
sufficient null components (denoted by 0) to bring 
all to a common dimension equal to the height of 
the tree, then they may all be arrayed in an 
index matrix 1. as in Figure 4(b). If, as in 
Figure 4{b), the node vector ~ is defined such 
that n. is the value of the node indicated by (the 
signifitant part of) the index vector Ij, then the 
matrix obtained by appending!!. to l-provides an 
unambiguous representation of the tree T. It is 
convenient to also append the degree vector d 
such that d. is the degree of (i. e., the numb-;;r of 

-J . 
branches emanating from) node .!J. The resulting 
matrix of v (T) + 2 columns is called a full list 
matrix of T. 

Any matrix obtained by interchanging rows 
of a full list matrix is also a full list matrix and 
is again an unequivocal representation of the tree. 
If, as in Figure 4(c), the index vectors are right 
justified and arranged in increasing order on 
their value as integers (in a positional number 
system), the resulting list matrix is called a full 
right list matrix and is denoted by JT. If, as 
in Figure 4(b~ the index vectors are left justified 
and arranged in increasing order as fractions, 
the list matrix is called a full left list matrix 
and is denoted by CT. 

n= (a, c, f, k, e, d, h, g, b;) 

0 1 0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

c= 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

(b) 

FIGURE 3 
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The right list groups node s by leve Is, and 
the left list by subtrees. Moreover, in both 
cases the degree and node vector together (that 
is, ~ 2/( 1T) or ~ 2/( (T)} can be shown to pro­
,ride an unequivocal representation of the tree 
without the index matrix. If, as in the case of a 
tree representing a compound statement in­
volving operators of known degree, the degree 
vector d is a known function of the node vector 
!:" then the tree may be represented by the node 
vector n alone. In the case of the left list, this 
leads to-the familiar Lukasiewicz~:~ notation for 
compound statements. 

App lications of Tree Notation 

The tree notation and the right and left list 
matrices are useful in many areas~~~:~. These in­
clude sorting algorithms such as the repeated 
selection sort4, the analysis of compound state­
ments and their transformation to optimal form 
as required in a compiler, and the construction 
of an optimal variable-length code of the 
Huffman5 prefix type. The sorting algorithm 
proceeds leve 1 by leve 1 and the right list 
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representation of the tree is therefore most 
suitable. The analysis of a compound statement 
proceeds by subtrees and the left list (i. e. , 
Lukasiewicz) form is therefore appropriate. The 
index 'lectors of the lea,Tes of any tree clearly 
form a legitimate Huffman prefix code and the 
construction of such a code proceeds by com­
bining subtrees in a manner dictated by the £re­
quencies of the characters to be encoded, and 
therefore employs a left list. However, the 
characters are finally assigned in order of 
decreasing frequency to the leaves in right list 
order, and the index matrix produced must 
the refore be brought to right list orde r. 

First introduced by J. Lukasiewicz
2

, and first analyzed by Burks et a1
3

. 

_,.", For detailed treatments of the applications mentioned, see Reference 1. 

T 

(a) 

r---------, 
111 

I I 
I I 
I I 

I 
I 
I 

I I 
L ________ ..J 

FIGURE 4 

d n - -
2 a 

2 c 

0 k 

0 f 

0 b 

3 d 

0 g 

0 e 

0 h 

I -
1 0 0 

1 1 0 

1 1 1 

1 1 2 

1 2 0 

2 0 0 

2 1 0 

2 2 0 

2 3 0 

[T 

(b) 

I , , 
d n I .... - -
2 a 0 0 1 

3 d 0 0 2 

2 c 0 1 1 

0 \b 0 1 2 

0 g 0 2 1 

0 e 0 2 2 

0 h 0 2 3 

0 k 1 1 1 

0 f 1 1 2 

lT 

(c) 
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DESIGN OF A ONE-MEGACYCLE ITERATION RATE DDA 

R. E. Bradley and J. F. Genna 

Hazeltine Technical Development Center, Inc. 

Indianapolis, Indiana 

Summary 

This paper describes the design of 
a parallel digital differential analy­
zer which operates at a rate of one 
million iterations per second. SPEDAC 
(Solid-State Parallel Expandable Dif­
ferential Analyzer Computer) features 
parallel organization of the integra­
tors, serial-parallel arithmetic within 
the integration cycle, 26-bit word 
length, and the integral inclusion of a 
digital function generator. The com­
puter is progr~~ed in analog computer 
fashion by means of plugboard inter­
connection of the integrators. 

To achieve the one megacycle 
iteration rate, the arithmetic circuits 
operate at a six megacycle clock rate 
performing trapezoidal integration. 
The use of a parallel magnetic core 
memory permits direct parallel communi­
cation and hybrid operation with extern­
al large scale general purpose digital 
computers. 

History 

The first scientifically useful 
differential analyzer computer was 
designed by V. Bush and A. Ho Caldwell. l 
It was an electro-mechanical computer 
using 18 ball and disk integrators, 
decimal constant multiplier gear boxes, 
and servo-controlled relay switching 
for interconnecting the integrators. It 
provided a maximum of .01% accuracy in 
the solution of differential equations, 
and was used extensively by scientists 
on a computing service basis during 
World War II. 

DUring World War LL ~ne development 
of the voltage operational amplifier 
allowed the construction of an amplifier 
with extremely high gain and input im­
pedance and near zero output impedance. 
This made possible the construction of 
an accurate electronic analog computer 
in 19470 2 Since then the general pur­
pose electronic analog computer has been 
refined to such an extent that it pro­
vides easily set up, precise, accurate 
(maximum of 001%), real time solutions 
to elaborate mathematical problems re­
quiring hundreds of operational 

amplifiers. It also is used in simUla­
tion stUdies to simulate portions of 
physical systems. Within its area of 
application, its economy is unmatched 
by other types of computerso 

The desire fo~ greater accuracy, 
more flexibility, and simpler equipment 
caused Northrup Aircraft, Inc. in 1950 
to design the first digital differential 
analyzer (DDA), designated MADDIDA.3 It 
was an all binary, magnetic drum type 
machine using rectangular incremental 
integration and serial operation. In 
comparison with analog computers, the 
digital computation permitted greater 
accuracy, the programming procedure was 
more difficult, and the speed of opera­
tion was much slower. 

A number of drum type, serial 
memory, serial operation DDA's were de­
signed in the next few years.4,5 These 
included the CRC-I05, the Bendix D-12, 
the Bendix DA-l, the Litton 20, and 
several other special purpose computers 
such as the Autonetics' VERDAN. Various 
features such as decimal data entry, 
trapezoidal integration, and solid state 
circuitry were offered by various 
computers. However, they all shared the 
one common drawback to real time opera­
tion of being slow in operating speed 
due to serial operationo 

The first great leap forward in 
operating speed was taken by Packard 
Bell Corporation in the design of 
TRICE.6 It is a DDA using parallel or­
ganization of the integrators (all re­
quired integrators coexist physically) 
and serial arithmetic within the 
integrators o Since all integrators 
operate simultaneously, one iteration 
cycle (in this case ten microseconds) is 
just the time required for one integrator 
to complete its updating process. Since 
it is three orders of magnitude faster 
than previous DDA's, it is capable of 
performing real time computation for 
many types of problems. The parallel 
organization of integrators permits the 
simplified programming technique of 
analog computers through the intercon­
nection of integrators on an analog 
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computer type patchboard. 

The Hazeltine high speed DDA 
designated SPEDAC (Solid-state Parallel, 
Expandable, Differential Analyzer Com­
puter) provides a further increase in 
speed of one order of magnitude with its 
one megacycle iteration rate, while re­
taining simple analog patchboard 
programming. This increase in speed is 
achieved by means of serial-parallel 
arithmetic computation within the inte­
grators in addition to the parallel 
organization of the integrators. An 
additional feature of interest to analog 
simulation laboratory personnel is the 
inclusion of a digital f~~ction genera­
tor as an integral part of its designo 
Its design concepts are described in the 
following paragraphs o 

Design Concepts 

General 

The principal concept of the design 
philosophy of SPEDAC is the realization 
of a very high speed digital machine 
which is operationally analagous to a 
general purpose analog computer with the 
increased accuracy and reliability of a 
digital computer. SPEDAC is an all 
solid state digital differential analy­
zer which is parallel in logical organi­
zation and serial-parallel in arithmetic 
operation. 

The system concept will now be 
described with reference to the simpli­
fied block diagram given in Figure 1. 

The inputs and outputs of every 
computing element are wired to a plug­
board. The computer is programmed by 
patching the plugboard to interconnect 
the computing elements in the desired 
manner. The plugboard assembly is 
centrally located in the rack assembly 
in order to minimize and equalize the 
signal transmission time between com­
puting elements. The maximum allowable 
transmission time between computing 
elements is 40 nanoseconds (e.g. 40 
feet of high propogation coefficient 
coaxial cable). 

Since the digital integrators 
require six operational timing pulses 
per iteration period, the one megacycle 
model computer contains a master timer 
which generates the six megacycle clock 
pulses and distributes them throughout 
the computer. 

DDA AND HYBRID COMPUTATION 

The master timer, illustrated in 
Figure 2, consists primarily of a multi­
ply tapped delay line and sufficient 
gating to control the recirculating 
start pulse. Since only six pulses are 
required to synchronize the operation in 
one iteration cycle, a start pulse gen­
erated either by the start button or 
from an external control is gated down 
the multiply tapped 1 ~sec delay line. 
For a one microsecond iteration period 
the start pulse emerging from the end 
of the delay line is recirculated back 
down the delay line with no external 
delay. However, the whole system may be 
time scaled downward by inhibiting the 
output gates a number of 1 ~sec periods. 
The length of this inhibit may be pre­
selected by a binary counter and a 
matrix enabled from a set of scaling 
switches. Thus the iteration rate may 
be scaled downward from one megacycle-by 
any integral valus. Occasionally a 
problem will arise where the programming 
and scaling is greatly simplified if an 
iteration rate equal to a binary multi­
ple is available. For this reason an 
additional .907 ~sec delay line is pro­
vided and may be switched in series with 
the recirculating start pulse. This re­
sults in a basic period of 1.907 ~sec 
and yields an iteration rate equal to 
524,288 cycles per second or 2I9. This 
rate may then be scaled down with the 
counter and matrix to yield submultiple 
binary iteration rateso 

Computer Inputs 

Data Entry. Data may be entered 
into the computer either manually or 
automatically. The manual input is by 
means of a high speed keyboard, and the 
automatic input is via paper tape, mag­
netic tape, Flexowriter, or directly 
from a di~ital computer. This informa­
tion is decoded into a standard 4-bit 
binary coded decimal form and shifted 
into the Message and Address registerso 
The Address Selection Matrix receives 
the address data and advances the memory 
counters to the indicated memory address. 
The Message Register presents the encoded 
data to the Decimal/Binary Converter. 
This converter sequentially translates 
the binary coded decimal digits to pure 
binary numbers and simultaneously adds 
the binary numbers to obtain a pure 
binary number equal to the multi-digit 
binary coded decimal number in the 
Message Register. This binary nwuber is 
also present at this time in the Memory 
Register and is loaded as the initial 
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condition into the register of the 
integrator determined by the Address 
Selection Matrix. The procedure is con­
tinued until all the initial conditions, 
scaling factors, and integration limits 
have been entered into the designated 
registerso Since the information is re­
circulated back into memory as it is 
read out, all of the input parameters 
are retained in memory primarily for use 
in a repetitive type of operational mode o 
Additional planes of memory are utilized 
as the Function Generator Storage. 
Discrete breakpoints and associated 
slope values of a function may be stored 
in these planes by the operator through 
the various means of input or directly 
by a general purpose digital computer. 

Computer Outputs 

Data Readouto Data may be read out 
of the computer in a continuous fashion 
during a compute mode, or in a manual or 
automatic fashion during a read out mode. 
The continuous read out is accomplished 
by interconnecting on the pre-patch 
panel one or more digital-to-analog 
converters. The contents of the Rand 
Y registers and the initi~ conditions 
stored in memory are read out in much 
the same fashion as the data is read ino 
Read out selection is accomplished 
either through the external enabling of 
the Address Selection Matrix, (manually 
or automatically) or by sequentially ad­
vancing through the memory addresses o 
The data is then presented to the Output 
Register where it is stored during the 
binary-to-binary coded decimal-to­
decimal conversion process o 

Computing Modules 

Digital Integrator. The high speed 
of computation is accomplished by per­
forming the arithmetic operations in 
serial-parallel, that is, each register 
is broken up into small sections which 
add in an independent serial fashion, 
and each section's carry is sensed 
simultaneously in parallel. Thus, the 
speed of operation (i.e o the iteration 
rate) for practical purposes is inde­
pendent of-the word length and the com­
plexity of the carry gates is directly 
proportional to the word length rather 
than factorially as in an all-parallel 
arithmetic o 

The Integrator illustrated in 
Figure 3 consists primarily of two of 
these binary registers. One is called 
the R Register and the other is the Y 
Register. The initial conditions are 
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read into the Y Register in parallel 
fashion from the initial condition 
register in the memory unit. Signals 
representing increments of one or two 
dependent variables and their associated 
signs may be plugged into each integra­
tor via the pre-patch panel. In the 
"compute" mode, the Integrator adds 
these inputs to the contents of the Y 
Register and adds one-half of this in­
crement to the contents of the R 
Register for the purpose of trapezoidal 
correction. When an increment of the 
independent variable is received, the 
Integrator adds the Y register contents 
to the R Register contents; thus, the 
R Register contains 

[n-j) Yo+ 1;..) ~ ~-I+ i 6 Ytl}~)( 
which is the continuous integral of the 
dependent variable function provided 
the independent variable increment ap­
proaches a relative zero and the itera­
tion rate approaches a practical 
infinity. As the R Register fills and 
overflows, the overflow is detected and 
produces a signal which approximates 
the equation 

dz= (YI+Yz)clx 
If the dz's are accumulated in a second 
Y Register, the second Y Register will 
contain an approximation to the total 
integral, 

z.:: fiy,+ Yz')dx 
The inputs and outputs of the integrator 
are: 

Inputs - (1) Dyl, Dy2 
(2) ± sign dyl, ± sign dy2 
(3) dx 
(4) ± sign dx 

Outputs - (1) dz 
( 2) ± sign dz 

During a typical iteration cycle, 
the following operations are performed: 

(1) Load the SQm of dylj dy2 into 
the Y Register; and at the same time, 
feed a trapezoidal correction to the R 
Registero 

(2) If a dx is present, add or 
subtract the contents of the Y Register 
to or from the R Register according to 
the sign of dxo 

(3) Determine if an overflow of 
the R Register has been produced and 
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present on output dz. 

The basic building block of the 
Integrator is the counter-gate combina­
tion shown in Figure 4. 

Counters #1 and #2 both contain N 
flip flop stages. These counters count 
up or down depending upon the condition 
of the input ± line. Bits can be loaded 
into any of the N stages of either 
counter. 

The carry storage logic receives 
three inputs. These inputs are: (1) 
Overflow from last stage of the counter, 
(2) Counter Full enable from the 
counter, (3) Carry enable from an ex­
ternal source o The carry storage logic 
will present an output to the output 
gate when input 1 £! when input 2 and 3 
are presento 

N connecting gates connect the out­
puts of counter #1 to the inputs of the 
corresponding stages of counter #2. To 
add or subtract the contents of counter 
#1 to or from counter #2, these gates 
are strobed by sequential timing pulses. 
The number of timing pulses required to 
combine the contents of counters #1 and 
#2 and detect an output is N for the 
connecting gates plus 1 for the carry 
(N+l) plus 1 for the output gate, a 
total of (N+2)o 

The output gate is strobed by a 
timing pulse after the above arithmetic 
operation has been completed o 

In the Integrators these basic 
counter-gate blocks are combined into a 
series network as shown in Figure 5. 
The #1 counters now form a counter 
register of NxZ stages. The #2 counters 
form an identical registero 

To add or subtract in register #1, 
the bit is gated into the proper stage, 
as determined by a scaling matrix, and 
then the output gates of the counters 
are simultaneously strobed to complete 
the operationo 

To add or subtract the contents of 
register #1 to or from #2, each basic 
counter-gate block described in Figure 4 
simultaneously goes through the process 
of gating #1 counter into #2 countero 
Each output gate of register #2 is then 
simultaneously strobed to complete the 
operationo The number of timing pulses 
used to complete this operation is still 
(N+2) regardless of the number of basic 
blocks used in the registers o 

DDA AND HYBRID COMPUTATION 

This method of implementing an 
integrator by the use of counters has 
the desirable characteristics of: 

(a) The complexity of each basic 
counter stage is independent of the 
register size. 

(b) The time required for the 
addition or subtraction operation is 
independent of the register size for all 
practical register size requirementso 
This enables the utilization of 6 mega­
cycle circuits as opposed to 30 megacycle 
circuits required in a 26-bit serial 
in te gr a tor 0 

(c) Fewer parts are used to 
accomplish these operations than would 
be needed for the conventional parallel 
adder approacho 

Block 1 of Figure 6 is the dy 
summer and timer. The summer sums the 
scaled values of dyl and dy2, then 
strobes this sum into the Y and R 
Registers. This sum is fed to the R 
Register such that the rectangular in­
crements of integration are corrected 
to the more exact trapezoidal increments. 
(The correction is accomplished by feed­
ing +1/2 dy to the R Register as dy is 
loaded into the Y Register.) Although 
an inspection of the trapezoidal cor­
rection factor, with respect to an indi­
vidual integrator, results in an 
apparent error in the order of dydx, this 
is not the case. Since the source of 
the incremental input is a preceding 
computing element, the information is 
delayed one iteration period and would 
result in a second order truncation 
error if a -1/2 dy trapezoidal cor­
rection factor were used. 

As these bits are bein~ strobed in, 
the sign of the bit is fed to the Y 
Register ± enable and to the R Register 
± logic, Block 2. This sign information 
thus determines the direction of count 
of the two registers. 

The loading of dy bits to the Y 
Register may cause the register to pass 
through zero or to overflow its capacity. 
The overflow logic of Block 4 determines 
either of these conditions by examining 
the final carry storage logic of the 
last stage in the Y Register, the sign 
of the Y Register, and the sign of dyo 

Should the Y Register pass through 
zero, the overflow logic changes the 
sign of the Y Register. Should the 
cape.ci ty of the Y Register be exceeded, 
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then an alarm signal is initiated to 
stop the problem. 

If the trapezoidal correction 
causes the R Register to pass through 
zero or exceed the capacity of the 
register, then R overflow logic, Block 5, 
will change the sign of R in the case of 
passing through zero, or store the ex­
cess bit in the case of exceeding the 
register capacityo 

The next operation in the cycle is 
the loading of the Y Register into the 
R Register. This is triggered by the 
presence of a dxo 

Dx is fed into the dx storage and 
timing logic, Block 3. This logic then 
strobes (in sequence) the gates con­
necting the output of the Y Register to 
the inputs of the R Register. This 
logic is timed and controlled by the 
synchronizer and the limits of integra­
tion set on this integratoro 

During this portion of the cycle, 
the ± enable for the R Register is con­
trolled by the sign of dx through the R 
Regis ter ± logic, Block 2. 

The R overflow logic now determines 
if an output has been generated by the 
operations of this cycle, or if a sign 
change is necessary for the R Registero 
This decision is based upon the condi­
tions of the last carry logic stage in 
the R Register, the sign of the R 
Register, the sign of the Y Register, 
the sign of dx, and the results of the 
trapezoidal correction. This completes 
the cycle o 

The Y and R Registers have read-out 
gates which allow the contents of the 
registers to be read out of the integra­
tor. The Y Registers have read-in gates 
which allow initial conditions to be 
loaded into the registers. These read­
in and read-out gates are used in set­
ting up the problem in the integrator 
and examining the results of computa­
tions o 

Constant Multi¥lier. The constant 
multipliers are sim lar to the digital 
integrator. In the constant multiplier 
the Y register need not be a counter as 
there are no dY inputs, and also the 
trapezoidal correction logic is not 
necessary. 

The constant multiplier utilizes 
one parallel accumulator register (the 
R register) and two parallel static 

registers, the C or Y register and the 
IO (initial condition) registero 
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During operation, the constant 
multiplier accepts one input, dX, and 
produces an incremental output, CdX, in 
which C is a constant. The· IO register 
is used to enter the constant C into the 
C register at the start of the problem. 
In repetitive computations, the IO 
register, which is located in the memory, 
may be used to enter new values of the 
constant C into the C register. 

When operating with a function 
generator, successive values of C repre­
sent the successive values of the 
function slopes as the function passes 
from one breakpoint to successive break­
points. The output of the constant 
multiplier then represents an incremen­
tal rate, proportional to the slope of 
the function. 

Variable Multiplier. The products 
of differential variables are formed 
using the mathematical expression for 
the differential of the product of X and 
Y. 

d(XY) = YdX + XdY + dXdY 

This product is formed in the 
SPEDAC variable multiplier with two 
special integrators and a summing net= 
work connected as shown in Figure 7. 

The integr8.tors in the variable 
multipliers differ from the standard 
SPEDAC integrators in several ways. 
Since a dY increment to the variable 
multiplier is used as the dependent 
variable increment for integrator #1 and 
as the independent variable increment 
for integrator #2, the timing of the 
utilization of the dY increment must be 
correspondingly synchronized. Therefore 
the timing of the operational procedure 
of integrator #1 is the same as that of 
the standard SPEDAC integrator and the 
timing of integrator #2 is invertedo 

For rectangular integrators this 
results in an output of the form~ 

Y(n-l) Xn + X(n-l) Yn + Xn Yn 

This represents the exact differ­
ential product of the two variables X 
and Y. Thus, the use of a variable 
multiplier to accomplish variable multi­
plication is more desirable than the use 
of two trapezoidal integrators, because 
integrator truncation error is avoided. 
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Other Computing Elements. Several 
other minor computing elements are avail­
able in the computer system, described 
briefly as follows: 

1. Digital Servo - One of these 
minor elements is the digital servo 
which is used as a decision gate or a 
nulling device. 

2. Summer - The summer accepts 
the outputs and associated signs of any 
other six computing elements patched 
into its input and presents a binary 
output plus sign equal to the algebraic 
sum of the inputs which may be patched 
into a following computing element. 

30 Integration Limits - An 
Integration Limit module is available 
which is merely a counter and gating to 
accept an incremental variable input and 
either gate out or inhibit this incre­
ment depending upon a binary number 
initially read into the counter. These 
inputs and outputs are also patchableo 

Function Generator 

An unique feature of this computer 
is the inclusion of a digital function 
generator as an integral part of the 
system. A simplified block diagram of 
this component is illustrated in Figure 
8. 

A portion of the rapid access 
memory is used to store twenty-two bit 
words (21 bits plus sign), representing 
the breakpoints and associated slopes 
of desired functions. Data may be 
entered into the function generator 
storage via the DDA's automatic input. 

The first three characters of a 
function generator message contain an 
address for one of the function 
generators. The remaining characters 
of the message specify the breakpoint 
and the slope o The breakpoints and 
slopes follow alternately in the se­
quence of breakpoint occurrence with 
respect to the independent variable 
increments c 

After all the data have been read 
into the memory unit and a "start com­
pute" signal is received, the independ­
ent variable increments are gated into 
their respective dX counters, and the 
instantaneous value of each counter is 
compared with the value in the break­
point register. When the counter and 
the breakpoint register contain the 
same value, a compare signal assigns a 
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read-out sequence for use by the read 
out control unit. 

The read out control unit generates 
signals to update the address register 
and to enable the address gates for ad­
vancing the memory to the adjacent 
location which contains the correspond­
ing slope value. The read out control 
also provides an enable for the Y 
register gates to allow the slope value 
to be read in parallel fashion into the 
selected constant multiplier. 

An independent variable counter and 
a breakpoint comparator are used for 
each f1L~cticn to determine the occur-
rence of the function breakpoints. When 
a new breakpoint is reached, the new 
slope is read (in parallel) out of 
memory and into the C register of a con­
stant multiplier. Between breakpoints 
the same slope is retained in the C 
register. The constant multiplier uses 
the independent variable of the function 
as its incremental input, and has an out­
put whose rate is proportional to the 
slope in the C register. 

The function may be generated 
either forward or backward with direc­
tion reversals accomplished within five 
microseconds. The maximum reversal 
rate is one per ten microseconds. If 
more than one comparator senses a com­
pare in the same cycle, each of the 
indicated slope values is loaded into 
its corresponding constant multiplier 
before any of the breakpoint registers 
are updated o In the event of a "worst 
case" condition of five simultaneous 
compares, all five slope values are up­
dated in twenty microseconds. In this 
case, another twenty microseconds is 
required to update all five breakpoint 
registers; a.nd a mlnlmu!ll spaclng of only 
forty microseconds between the break­
points of anyone function is requiredo 

The number of breakpoints and 
slopes per function is variable in 
multiples of 32. As the number of 
breakpoints per function is increased, 
however, the number of f~~ctions capable 
of being stored in the s ts.ndard memory 
decreaseso For example, twelve 32 
breakpoint functions, six 64 breakpoint 
functions, etc., may be utilizedo 

Circuits 

The high computational speed of 
SPEDAC is due primarily to its paral­
lel organization and series-parallel 
arithmetic 0 Since only six pulse times 
per iteration cycle are required, the 
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logical devices are operating well with­
in the state of the art at six mega­
cycles. Thus, conventional transistor 
flip flops and cascaded diode gates 
rather than unreliable or exotic elec­
tronic configurations are employed. 
Furthermore, the series-parallel logic 
provides a relatively easy transition 
to higher computational rates as the 
state of the art of semiconductors im­
proves. Investigation of this expansion 
is under constant evaluationo 

Packaging 

All components are mounted on 4" x 
9" printed circuit cards which are as­
sembled in removable drawers. These 
drawers are in turn mounted on sliding 
tracks in the cabinet assembly in a 
manner such that the drawer is supported 
by the track even when fully extended. 

The majority of the one megacycle 
enables throughout the system are 
carried via teflon hook-up wire which 
is loosely distributed in plastiC wiring 
troughs in order to eliminate the cross 
talk of a tight harness. The six mega­
cycle clock pulses and signals are dis­
tributed via teflon coaxial cable 
terminated with buffer amplifierso 

The mid-section of the cabinet in­
cludes the writing desk, the control 
panel and the patch bay. When seated at 
the desk, the operator may easily reach 
the control panel and the patch bay. 
Four access doors at the rear of the 
console provide access to the cabling, 
power supply units and patch panel o 

Applications 

Quite often, when solving sets of 
differential equations on an analog 
computer, there exists an extreme con­
trast in the dynamic ranges of two or 
more of the physical variables contained 
in the equationso When the problem is 
scaled such that the va.riables of major 
interest lie within the dynamic range of 
the computer, the accuracy of the remain­
in2 variables mav bA dAa~~dAd hAvnnrl 
useful limi ts. In ~a~y~~~~~; thl;--;e­
sults in very unrealistic values of the 
points of secondary interesto 

Due to the very high speed and 
large range of SPEDAC, mating this com­
puter and an analog computer in hybrid 
operation will resolve many of these 
difficulties by proper apportionment of 
the equation variables. It is evident 
that this computer is quite useful in 

solving sets of equations requiring 
differential computation with respect 
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to variables which are arbitrary 
functions of time, partial differential 
equations, and extreme dynamic range 
problems such as missile and satellite 
tracking problems requiring a uniform 
degree of accuracy over the entire range 
of values of the variables. 

SPEDAC provides a very high speed 
complementary computing aid for general­
purpose digital computers. The master 
timer is so designed to enable complete 
enslavement externally. Thus the input­
output and computing modes of operation 
may be in complete sypchronization with 
rund under the complete control of a 
stored program on a general-purpose 
digital computer. The input-output data 
are channeled through the High Speed 
Data Transfer Register to and from the 
fully addressable magnetic core memory 
at data transfer rates up to 200,000 
words per second. The data transfer 
rate is limited only by the input-output 
data transfer capability of the general­
purpose digital computer. 

General-purpose digital computers 
are relatively slow in solving sets of 
simultaneous differential equations be­
cause the solution is performed by means 
of numerical approximation methods using 
iterative procedures. Equations invol­
ving many trigonometric functions also 
reduce the computing speed of a general­
purpose digital comput~r, due to the 
necessity of approximating trigonometric 
functions by expansions in power series 
or by means of table lookupso 

SPEDAC is ideally suited to per­
forming both of the above types of 
computations at very high speeds, but 
with digital computer accuracyo Thus, 
its use in conjunction with a general­
purpose digital computer increases the 
computing speed of the general-purpose 
digital computer and consequently in­
creases the work load potential of the 
computing facllityo 

1. 
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Summary 

Sampled data techniques were first 
appliedlt~ digital operations by Linvill and 
Saltzer' in order to study the errors 
resulting from the use of numerical inte­
gration techniques. The purpose of this 
paper is to develop an understanding for the 
mechanics of errors in the digital differen­
tial analyzer and to evolve a conceptually 
simple error theory. This is accomplished by 
establishing some of the basic comcepts 
regarding the applications of sampled data 
techniques to the integration process; devel­
oping the matrix model for the solution of a 
system of linear differential equations with 
constant coefficients on a digital differen­
tial analyzer and then using the W-transform 
to finalize the error theory. It is then 
easily shown that simple adjustments to the 
coefficient matrix of linear differential 
equations with constant coefficients will 
allow one to obtain solutions to these equa­
tions the accuracy of which is limited only 
by round-off errors. 

Mechanics of Error in the DDA 

Fundamentals 

Before progressing directly into the 
analysis of DDA systems, it is desirable to 
examine briefly some of the tools to be used. 
The discrete nature of the variables in digi­
tal system~ allows the use of sampled data 
techniques which are already widely used. 
However, some of the concepts involved in DDA 
systems are sufficiently different to warrant 
special attention. Of particular interest is 
the mechanics of integration. 

If yet) is a continuous function, its 
sampled counterpart can be represented by 
y*(t) where 

co 

y*(t) = yet) • L S (t-nT) 
n=l 

It is to be noticed that given yet), y*(t) is 
uniquely determined. However, the inverse 
relation is not unique. That is, given 
y*(t), there are an infinite number of 
functions yet) that will yield the same 
sampled function. 

Quite frequently it is desirable to con­
vert (by some practical technique) the sam­
led function back into a continuous function. 
If a Fourier analysis of the unsampledfsignal 
shows that it contains frequencies f< 0/2 
where f is the sampling frequency, the 
unsampl~d function can theoretically be recov­
ered identically by passing the sampled func­
tion through an ideal low-pass filter that 
passes all frequencies below f. (This is 
simply a paraphrase of the sam~ling theoremJ 
As a matter of fact, in order to theoretic­
ally recover the original signal, the sampl­
ing frequency is required only to be at least 
twice the bandwidth of the unsampled signal. 

In the following work, recovery by prac­
tical techniques is not the point in question. 
The concern here is with the sampled function 
that has resulted and the sampled function 
that is desired. This will be done by sampl­
ing the original continuous function, operat­
ing on this sampled function with approximate 
operators and then comparing the result to 
the sampled function derived from performing 
the true operation on the original function 
and then sampling this true function. Hence 
the non-uniqueness of the derived sampled 
function is not a matter of concern nor are 
any of the previously mentioned recovery 
restrictions. 

The Laplace transform of the sampled 
yet) is given by the convolution of yes) and 
the Laplace transform of 6 (t-nT). This can 
be written in two different ways: 

Y*(s) 

Y*(s) 

_1_ lc yew) • 
2nj 1 -

1 
-(s - w)T • dw (2) 

e 

...L Ic 
21tj 

1 -

1 

e 
• yes - w) • dw 

-wT 

where residues are considered only at the 
poles of the first function inside the 
integral sign. 

The two forms shown yield considerably 
different appearing results. Equat\on (3) 
yields residues at the poles of T 

1 - e-(I) 
while (2) yields residues at the poles of 
y«(I). Both equations shed some light on the 
theory of sampled data systems. 
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Because of the prevalence of the function 
e-sTin the esu~tions that follow, this work 
will use z=e s as a sUbstitution where it will 
simplify the equations. A¥other sUbstitution 
that will be used is a=e-~. If these sub­
stitutions are used, the following transforms 
may be obtained. 

.'li.U yes) 

c .£ 
s 

ca 
__ c_ 
s + Ot 

cta c 

(5 + a.) 2 

c t na __ ~c~ __ 

n! (s + ~ )n+l 

y*(s) 

__ c_ 
( 4) 

1 - z 

__c_ ( 5) 
1 - e.z 

Taz (6) 
(1 - az)2 

If concern is maintained for the solution 
of linear or piece-wise linear systems, these 
pairs are the only ones needed. 

let 
Let yet) be a continuous function and 

x(t) It yet) dt. 
o 

(8) 

Let yes) and xes) be the Laplace transforms of 
yet) and x(t), respectively, and Y·(s) and 
X·(s) be the L~~Tace transforms (with z sub­
stituted for e ) of their sampled counter­
parts. 

Then "c; 1"'1~ ----0 the convolution integr~l~ 

Y· (s) 1 . 1 · 2' I yew) dw 
n J c 1 

wT - ze 

X·(s) 1 1 · 21t . I X(w) wT dw 
J c 1 - ze 

_1_ I yew) • 1 · dw. 
21tj c w 1 

wT - ze 
(10) 

Since sampling and summation are commut­
ative, yet) can be broken into its exponential 
components. This is most easily accomplished 
in the Laplace transform domain by partial 
fraction expansion. 
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form 

yes) 

In general, then yes) will be of the 

~ 
r=l 

A 
~ 

r 
5 

k. 
A. 
~,r +~~ 

i=l r=l 

The reason for making the pole at zero a 
special case is that integration creates a 
special case for poles at the origin. 

(11) 

In order to understand the mechanics of 
integration, consider a typical term from each 
of the sums of (11). 

First, let 

yes) 

Then 

Y*(5) 

and 

A 
-.2..1.!! 

n 
s 

n-l ( • d 

dwn- l 1 

X*(s) - _1_ I 
- 2n j 

c 
~( n+l 
w 

=[~. n! 

Second, let 
A 

yes) = l,n 
(s + a,)n 

Then 

Y*(s) 

and 

l,n • d 

(12) 

(14) 

, \ 1 
... ze

wT 
) Jw= - a, 

1 X*(s) 
[

A 

(n-l )! 

n-l ( 

dwn- l w(l WT»)] 
ze . w= - ~ 

A + --1..s.n __ 1_ 

~n 1 - z 
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Corresponding to the general term for 
yes) in (11), the general terms for Y·(s) and 
X"(s) are 

m [A r
1 

( 1 )] Y·(s) -L~ 
r=l (r-l)! dw

r
-

l 
l-zewT w=o 

k. r n J. A L( 1 II + L L --LL. (18) 
r-l wT 

i=l .,.=1 (.,.-1 ) ! ti,,, 1-'7.'" - -~.- -_. -- \ - - - I .J w= - (1 

X·(s) 
m A L--2..L!: 

r=l r! 
. L(_l ) 

r wT dw l-ze w=o 

k. n J. A. 
+ L L ...d..t£ • _1_ 

r 
i=l r=l (11 l-z 

k. (] 
+ L L ~. _d_ 1 (19) 

n J. [ A r-l 

i=l r=l (r-l)! dw
r

- l w(l-zewT ) W=-(1 

Note that d: [A(W)B(W)] yields 
dw 

+ CnA (w)B (w) ------ • 2 n-2 2 
( 20) 

One of the terms of (19) when expanded as in 
(20) will yield 

Y·, (s), 
J.,r 

but the rest of the terms of the expansion 
are not expressable in terms of Y·(s). This 
is indicative of the difficulty of finding 
some difference operator to operate on Y·(s) 
to achieve, effectively, true integration. 
In particular note that the Laplace integral 
operator, lis, will definitely not be useable 
as an operator upon the sampled function in 
order to yield the sampled counterpart of the 
integrated continuous function. This is 
obvious anyway since lis operating on an 
impulse function must yield a continuous func­
tion and not a sampled function. 

The relatively involved computation indi­
cated in (19) can be expressed mUqh

5
more effi­

ciently by use of the W-transform '. Those 
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familiar with sampled data technique will 
recognize that the expressions previously 
derived are essentially in ZTtransform form. 
(Ge¥erally , however, Z is eS rather than 
e- s .) The W-transform can be defined by say­
ing that if a function has a Z-transform equal 
to F(Z), then the W-transform becomes 
G(W) = WF(W). The inverse transform becomes 

where quite amazingly f(t) is the unsampled 
(continuous) function satisfying the sampling 
theorem. This becomes an extremely powerful 
and important relationship. Since f(t) is 
continuous, it is possible to defferentiate 
both sides with respect to t, getting 

fl(t) _1_ ! l!!! G(",),,,t/T dW 
2n j T IV II 

C 

InW Hence in the W-plane ~ becomes a dif-
ferential operator--something which has not 
been found for the function in the Z-plane. 
The result of this discussion on integration 
can be expressed diagramatically as in 
Figure 1. 

In the DDA, the purpose of the integrator 
is to accept two inputs, ~x and ~y and to form 
~z=y~x. ~ is then formed into z in the "y" 
register of another integrator. In the con­
nection of integrators, it is assumed that the 
z formed is equal to the integral of ydx. It 
is therefore necessary to examine the methods 
used for this operation and then compare the 
results with (19). 

There are many methods of approx;m~ting 
the integral of yet) based on samples' • 
However, the primary two upon which opera­
tional DDA's have been based are rectangular 
(Euler) integration and trapezoidal integra­
tion. These two methods will be compared with 
(19). If any other techniques should be 
implemented, the method of comparison would 
be the same. 

Rectangular Integration (Open Loop Integration) 

In llclosed type:: rectangular integration, 
the value of x at the time n is assumed to be 

x 
n 

In a sampled data representation, ~t becomes 
the sampling interval T, and (23) becomes 
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or 

I 

[X*(s)] = zX*(s) + TY*(s) 

I 

[ X * ( s)] = _T_ • Y * ( s) • 
(l-z) 

However, an expansion of this last 
function shows 

x(O) + x(T)z + x(2T)z2 + ----

=T [1 + z + z2 + --- ][y(O) + yeT) + y(2T) + --1 
=Ty(O) + T [yeo) + yeT)] z 

+ T[Y( 0) + ,~' + yC 2T) J z2 + y\. '1.') 

which is in error from the desired equation 
by an amount 

2 Ty(O) + Ty(O)z + Ty(O)z + 

Hence the machine equation-must necessarily be 

I 

[x*(s)] = _T_ • Y*(s) _ Ty(O) 
(l-z) (l-z) . (24) 

The last term of (24) is essentially 
taken care of in the machine by setting the 
initial conditions. In the following work 
yeo) will quite frequently be zero, thereby 
eliminating the last term from consideration. 

Establishing the general term for the 
output of the machine integrator requires 
having (24) operate on (18). This yields for 
the rectangular integration case 

[X*(S)] = L o,r --1..- _d__ 1 I ~t-- A (' 0) r-l (' ')~"" 
r=l (r-l)! l-z dwr -

l 
l-ze

wT w=O 

-1'.;!iQl+ 
(l-z) 

k. 

i=~ 
i=l r=l 

In the interest of gompac~ness~Tlet dnjdw
n 

be represented by D and iet e be represen­
ted by Q. Also let the error function be 
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I 

X*(s) - [x*(s)] . 

Then, subtracting (25) from (19) yields 

U*(s) 

!ri.Q.L + 
(l-z) 

n J. A k. [ L ~ i,r 
i=l r=l (r-l)! 

This function is fairly formida~le, but 
leads to rather interesting results. The 
errors associated with the integration of some 
rather simple functions are shown in Table 1. 
It should be pointed out here, that the 
process used in finding the error function 
does not limit yet) to functions satisfying 
the sampling theorem. 

Trapezoidal Integration (Open Loop Integration) 

Trapezoidal integration follows the rule 

r, , [v [(n-l)Tl+ v(nT)l 
x(nT) = xL(n-l)Tj + Tl' ; W J (28) 

which becomes 

I 

[x*(s)] = X*(s)z + %[Y*(s)z + y*(s») 

or[x*(s»)'= y*(S)[T(l+z)l -~ 
2(l-z)j 2(l-z) 

where the second term of (29) is required to 
correct for the fact that yeO) may not be 
zero. 

Using the general term (18) for yes) 
yields for the general case 
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Subtracting (30) from (19) yields the error 
function 

U*(s) = ~ Ao •r [(Dr_ rT(l+z) 
L- r! 2 (l-z) 
r=l 

k. 

Ty(O) + ~ ~ Ai • r 
2(1-z) ~ ~ (r-l)! 

i=l r=l 

Application of this formula to simple func­
tions yields the errors shown in Table 1 
under Trapezoidal Integration. 

Comments Regarding Open Loop Integration 

By straightforward, but rather lengthy 
computations, it can be shown? that the max­
imum per unit error (magnitude) in the inte­
gration of a function with a pole at s=-o: 
(regardless of the order of the pole) is 
approximated by o:T/2 for rectangular and 
0:2T2/2·3! for trapezoidal integration. 
(Absolute errors are approximately T/2 and 
T2/2·3! respectively.) It is interesting to 
notice that there is no phase shift in the 
integration of a cosine wave when trapezoidal 
integration is used. This is a valuable 
asset in closed loop DDA operation. 

Mechanization of the DDA 

The digital differential analyzer is 
sufficiently different, conceptually, in its 
operation that, before proceeding, a few 
words regarding its mechanization are in 
order. The parallel type of operation will 
be considered first. 

Consider the set of simultaneous differ­
ential equations 

x = AX + F( t). 

The machine representation is of the form 

To mechanize this equation, the machine 
utilizes xi(nT) to produce the values of 
~X(nT), then uses both of these to produce 
xi (n+l)T. At first glance, this would 
seem to preclude the use of closed form 
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nT 
integration techniques. [If x( nT) =! y( t) dt, 

open form integration techniques areOthose 
that attempt to produce the true integral 
from knowledge of x(mT) for m from zero to 
n-l. Closed form integration techniques are 
those that attempt to produce the true inte­
gral from knowledge of x(mT) for m from zero 
to n. However, the machine variable is dis­
crete in nature. Since ~xi(nT) is added to 
xi(nT) to produce xi(n+l)T , the next value 
of xi is actually known and so it is possible 
to 'Oroduce the "intell"ral increment" in closed 
for~. Hence one ope;ation utilizes xi(nT) 

to form ~i and then forms 

X[(n+l)T] = X(nT) + ~X(nT). 

The formation of ~(nT) establishes the rule 
of integration used by the machine. 

Before continuing, consider the following 
simple example. A system of equations 

is represented on the machine by 

The schematic for the machine set-up is 
shown in Figure 2. 

The solution is initiated by establish­
ing initial conditions for xi(O). The xi(O) 
are operated on to produce the ~Xi(O). 
When the first ~t occurs, xi is updated to 
produce x2(T)At which in turn forms the new 
Ax2(T). This completes one full cycle. The 
computer solution evolves as this cycle is 
continuously repeated. 

As previously mentioned, integration in 
the DDA occurs in the formulation of the 
function ~X(nT). The mechanized scheme may 
use either open or closed form numerical 
techniques. Consider, for example, trape­
zoidal integration. The quantity AXCnT) is 
developed by 

AX(nT) = A[X(nT) + 6X;nT)]6t 

+ ff(nT) ; U(nT) ]6t. 
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This is the equivalent of the mathemat­
ical expression 

(n+l)T r Ii 1 I ydt 'B ~x(nT) ::: Y L(n+l);J +y(nT) ~t 
nT L - J 

Hence 

(n+l)T. 
! Xdt 

nT 

becomes 

= r(nT) + :r(~T) + bz(nT) ]6t 

= ~(nT) + 6;y~nT)] 6t • 

This in turn becomes 

[ 
~t]-l [ = 1 - A2' AX(nT) 

( 
F( nT) + F [( n+ 1 ) T] )} 

+ 2 f.t • 

In the machine, ~t is represented by T, 
so that the last equation can be put in the 
form 

x [2(1-Z)] = (AX + F) T(l+z) • 

Therefore, the machine's differential oper­
ator becomes 

D*(z) 2(1-z) 
= T(l+z) • 

In the serial type DDA, only one inte­
grator is updated at one time. This means 
that the mechanization takes on the following 
form (for rectangular integration without a 
driving function). 
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~n1a comp~1ca~ea Loe error theory some­
what but the analysis follows the same 
pattern as that established in the following 
work. 

Analysis of DDA Techniques 

In analyzing solutions to differential 
equations on the DDA, it is desireable to use 
the W-transform because one may use the dif­
ferential operator in the W-plane. 

If the W-transform is applied to the set 
of equations 

x = AX 

the result in the W-domain is 

or 

ln w X(w) 
T 

AX(w) 

[lnT w I - A] X(w) = o. 

(34) 

(36) 

The determinant of the square matrix in 
(36) yields a polynomial in (In w)/T which 
when solved for yields the poles in the 
W-plane. 

For example, if sX-A yields a pole at 
s= -(I, then a root of the polynomial would be 
(In w)/T = -(I which yields a pole at w=e-a.T. 
This is in accordance with the theory of 
differential equations and W-transform theory. 

The problem, then, is what sort of error 
occurs in the location of these poles if one 
uses an approximate integration operator 
rather than the true operator. 
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Substitution of the W-transform for the Z 
form in (24) and (29) shows that the W-trans­
form of the rectangular and trapezoidal 
integration techniques are, 

for rectangular: 

[X(Wl{ = [,,:1] [Y(1Ol]' - T;:~' 
for trapezoidal: 

rvr_,,' _ r T(w+l)lrvr._,,1 
tMII'J - L 2(w-l)JLHw 'J 

Ty(O) 
2(w-l) • 

I~O\ 
\;;UJ 

The differential operators, therefore, 
are for the rectangular case : 

for the trapezoidal case: 

[Y( w)]' =[2( W-l)]rX( w)]' + yeO) 
T(w+l} t w+l 

(40) 

l. 
of C39) 

The Rectangular Case. Substitution 
into (34) yields 

or 

or 

(-;1 j[X(Wl]' = A ~(wl]' - x(Ol 

[(-;1) I - A]~("']' -x(ol 

[X(wl{ = [(-;l)r Ar1 X(O). 
I 

The poles of rX(w)] are hence the roots of 

the determl.naJi [( -;1) r _ + 
(41) 

If the true r~o~~ of the original equation 
lie at wi = e ~~ , then the resulting poly­
nomial in (w-l)/T will yield roots at 

(WT-l)= -"", ~ so that wi = 1 - ~iT. 

Comparison with the expansion of e-~T 
shows the error in the location of thelroots 
to be 

• .::> 
\~.T)-

--~- -2: 

~ 

a.T"" 
+---~-~-

2! 
(42) 

Therefore the product ~T must be kept small if 
the solution is to closely resemble the true 
solution. This requirement is similar to the 
one discovered for small error in open loop 
integration in the first part of this paper. 

An interesting observation may be made 
regarding the solution of the equation 
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x" + ",2x = O. Here tch~ poles in the W-plane 
should lie at w = ~JlO. (Poles on the unit 
circle yield undamped oscillations.) However, 
if one uses rectangular integration, the 
poles will lie at 1 + lOT (see Figure 3). 
These poles lie outside the unit circle and 
hence the solution will yield exponentially 
increasing oscillations. The further they 
are from the origin, the greater will be the 
negative damping and the 
the resulting frequency. 

the error in 

2. ~ Trapezoidal~. Substitution 
of (40) into (34) yields 

(;~::ii)[X("'{ = A [X(Wl{ + ;:~' 

or [(~1::i;1 r - A] [X(wl]' = !~~' 

[ ]' [( 2(W':'1)) I _ A]-l X(O) 
and X(w) = T(w+l) w+l (43) 

In this case the poles occur for 

(~~ ::i;)= -~. or for 

w = 

This shows that the position of the pole will 
be in error by an amount 

(3!-22) (~T)3 
22 • 3: 

+ - - -

(4:-z3)(~T)4 
23 • 4! 

(44) 

Again it is seen that trapezoidal integration 
produces less error than rectangular inte­
gration. There appears to be an introduction 
of a pole at w= -1, see (43). However, this 
pole will be cancelled when the inverse of 
the matrix is taken. This .ill always be the 
case regardless of the integration operator. 
Hence the only frequencies present will be 
the negative roots of the matrix (except for 
those introduced by round-off errors). 

considerin~ again the solution of the 
equation x" + lO = 0, where the poles should 
lie at w = e.:!:.jlOT, it is seen that the poles 
lie instead at 

w = 1+jlOT/2 
1.:!:.jlOT/2 • 
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Since the magnitude of the numerator and 
denominator are the same, the poles will lie 
on the unit circle. Hence the solution will 
be undamped and is at least without error in 
this respect. The actual location of the 
poles, however, is at 

+ 2 tan- l wT/2 
e..... , 

which means the location of the poles will be 
in error by approxim~tely 

+ . (wT) 
e .- J """"'l2 

This means the angle per unit error in W-plane 
2 

r" (wT) ( ~ 
~""""'l2 Comparison with Table L shows that 

this is the same as the per unit error in the 
magnitude of an integrated cos function.) For 
an error of about 1 percent the product wT 
should be about 0.33. This is rather inter­
esting since it indicates that approximately 
ten samples per cycle will yield 1 percent 
accuracy in the resultant frequency. For an 
error of 0.1 percent, thirty samples should 
be taken; for 0.01, one hundred samples; etc. 
In the closed loop system, establishment of 
proper initial conditions will preclude any 
error in magnitude since poles lie on the unit 
circle. (This of course neglects errors 
caused by rounding.) 

It can be said, then, that theory regar~ 
ing sensitiv~ty7 and errors due to parameter 
perturbation can be applied to DDA systems in 
the W-plane. The perturbation of roots, 
however, is more distinct since the differ­
ential operators are of a precise nature. 

Function Generation 

The ability to determine errors precisely 
immediately suggests the possibility of modi­
fying the original differential equation to 
accurfl.tely produce the desired function--or 
the desired solution to the original differ­
ential equation. This indeed is possible for 
those functions that can be described by 
linear differential equations with constant 
coefficients. Here the rootssin the w-Plane 
are given precisely by wi = e it, where the Bi 
are the s-plane poles of the desired function. 
If the poles of the modified differential 
equation are Yi , then 

for rectangular integration: 
wi -1 eSi t_l 

Yi=-T-= T 

and for the trapezoidal integration: 

2(w.-1) 
~ 

Yi = T(w.+l) 
~ 

2(es i t -l) 
T(esit+l) • 
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The modified differential equation may then 
be derived from n TI (s-Yi )· 

i=l 

The resulting differential equation is 
then put in matrix form and solved using the 
desired operator. The matrix will generally 
consistTof the constants of the type tangent 
~ or e~. The accuracy is limited only by 
truncation of these terms and round-off in the 
computer. Hence, this technique could be 
invaluable for accurate generation of simple 
functions. 

Rpund-Off Errors 

Round-off errors are particularly diffi­
cult to resolve. Since these errors are 
unpredictable without prior knowledge of the 
solution, it would seem that deterministic 
methods would fail to produce any useful 
results. However, a few concepts are pre­
sented here which may be useful in some 
considerations. 

Consider the system of linear 
differential equations 

x = AX. 

In the W-transform domain, this becomes 

In w Z( \ 
m W, AX( w). 
.L 

The machine equation is actually set up 
to perform 

, I 

[X(W») = O(w) [A][X(W)] -(W~l)AX(O) 

+ ~w: 1) X ( 0 ) ( 45 ) 

where O(w) is the mechanized integration 
operator, and the k is a constant necessary 
to achieve the proper initial conditions, 
mathematically. The roun~-off process Can be 
considered as the addition of some function, 
£(w) to the function after the "integration" 
operation has been performed. 

Equation (45) then becomes , , 
[XCw)] = O(W)A[X(W)] -(W~l)AX(O) 

+(W:l)X(O) + E(w). (46) 



DDA ERROR ANALYSIS USING SAMPLED DATA TECHNIQUES 

I -1 

So [X(W)] = [I-O(W)A] {l-kA] (W:l)XCO) 

+ E(w)l· 

Supposedly the poles of E(w) will be 
more or less randomly distributed in the 
normal case. However, it is observed from 
(47) that should poles Of~E(W)~COinCide with 
poles of the "unrounded" X(w) , it would be 
possible to obtain almost y ind of error 
from the round-off procedure. However, E(w) 
cannot have poles of higher order than one by 
nature of its origin. This means that the 
worst effect that could occur would be to 
increase the order of some "natural" pole by 
one. The worst type of pole would be one 
lying on the unit circle in the W-plane since 
this would give a response of tsin ~t in the 
equivalent uns~pled domain. If one should 
know the location of the poles in the 
"unrounded" [X(w)]', it would be possible to 
set a bounds on the error by assuming the 
worst case, namely one pole in E(w) lying on 
each pole of [XCw)]I. 

It is believed by the author to be not 
possible to extend the theory of error caused 
by round-off any further than has been done 
in the previous discussion if deterministic 
methods are to be used. However, it is 
possible that some statistical studies might 
show that this type of error has some pre­
dictable distribution. 
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yet) --+ yes) --/ ~ Y*(s)~ y*(z) ~ yeW) 

! t ~ ~ i 
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Figure 1. Integration Operations. 

~l 
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Figure 2. Machine Representation of X = AX. 
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poles from 
rectangular 
integration 

desired poles 

Figure 3. Location of Poles x" + clx = O. 
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cos CQt + 1. + CQT sin CQt T CQt 
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Actual Function Developed 
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CQT/2 sine CQt + CQT/2) + T cos CQTL2 sin CQt 2 2 2 sin tlJT/2 

Table I. Absolute Errors. 
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HYBRID TECHNIQUES APPLIED TO OPTIl\tIIZATION PROBLEMS 
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Princeton, New Jersey 

Summary 

A function dependent on the solution of a 
set of differential equations containing adjust~ 
able parameters, can be minimized by systematic 
search procedures in parameter space. Such pro­
cedures can be implemented by a hybrid system 
consisting of a general purpose analog computer 
and a digital expansion providing parallel logic 
building blocks. Programming of such a system is 
illustrated for a simple search procedure in 
n parameters. 

Introduction 

The solutions of many problems benefit from 
the use of a combination of both analog and digi­
tal computing devices. The required hybrid 
techniques of computation can be carried out by 
the linkage of an analog computer with a general 
purpose digital computer. For iterative solution 
of problems, in particular system optimization, 
a more desirable approach is the addition to the 
analog computer of a digital expansion system de­
signed to provide primarily: 

(a) Flexible automatic logic control of an 
analog computation or a long sequence of analog 
computations 

(b) Large capacity, fast-access storage for 
problem solutions requiring a sequence of com­
putations with variable function storage. 

The assembly of many analog and digital com­
puting components in an integral system gives the 
programmer complete flexibility in his organiza­
tion of a problem solution. To demonstrate what 
is possible with such a system this paper con­
siders a problem solution which makes good use of 
the flexible automatic logic provided by the pro­
posed digital expansion system. For simplicity 
in explanation, this more basic feature of the 
hybrid computer is applied to the solution of a 
straightforward problem in optimization. 

The digital expansion system provides "logic 
building blocks" which can be connected to form 
in this case the automatic control of the optimi­
zation program. These digital modules are elec­
tronic (solid-state) devices providing high com­
puting speed. Any logical function could be im­
plemented by relays and stepping switches, as has 
been done

6
iO ~any analog computer applications in 

the past. ,1,oHowever, higher speeds, flexibility 
and programming convenience are required in order 
to take full advantage of the speed of analog com­
puters. This is not done in the repetitive opera­
tion mode where successive computations are simply 
repetitious or differ only by small perturbations. 

The full possibilities are realized by speeding 
up the usual real-time operation where the opera­
tor makes intelligent decisions between computa­
tions, on the basis of the fresh information just 
obtained. Successive computations can then be 
distinctly different. 

The digital modules are interconnected on a 
removable patch panel. Programming is conven­
iently similar in principle to the approach 
familiar to analog computer users. 

Digital Expansion System 

General Features 

The digital expansion system building blocks 
use two voltage levels to represent 0 and 1. A 
connection carrying a 1 level is said to be ener­
gized. Logical functions can be mechanized by 
interconnection of gates operating on these 
levels. Sequential logic requires flip-flops. 
Changes in the state of a flip-flop are clocked 
by a central system clock. Frequency of the 
clock pulses is adjustable from several mega­
cycles down to manual control, pulse by pulse, by 
a pushbutton. This enables the operator to check 
parts of the set-up at leisure. 

Counters provided with the system can be 
used to generate signals at binary or decimal 
submultiples of the central clock frequency. 

Logic Building Blocks 

For the present purpose, only four types of 
building blocks are required: (See Fig. 1) 

(a) AND gates (2 inputs), the negated output 
is provided. 

(b) OR gates (up to 6 inputs), the negated 
output is provided. (AND and OR gates, although 
logically interchangeable through negation, are 
distinguished for ease of intuitive programming) 

(c) General purpose flip-flops (GPFF) 

These are clocked RST flip-flops. The 
S (set) input commands the 1 state; the R (reset) 
input the 0 state; the T (trigger) input commands 
state reversal. Only one of these inputs may be 
energized at a time. The input levels are samp­
led by the clock pulse. Changes in state take 
place accordingly after disappearance of the 
pulse and the new state is established before the 
following pulse. Assembled in groups of four, 
these flip-flops have two group-input controls: 
a"clear" input which resets all four, and an 
"enable" input which can be used to inhibit the 
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RST inputs. 

(d) Quadruple flip-flops in shift register 
connection. (QFF) These are sets of four flip­
flops with internal connection into a shift re­
gister. Each set has eight outputs, the 0 and 1 
states of each flip-flop. 

The inputs are as follows: 

Serial Inputs: The serial set (SS) and serial 
reset (SR) inputs are applied only to the first 
flip-flop and can be patched, in particular, from 
either the output of the last flip-flop of another 
QFF package for construction of long registers or 
the output of the last flip-flop in the register 
for closure of a loop. 

Shift Input (SH): Transfers the state of each 
flip-flop to the next in order on one clock pulse 
and enables the serial inputs to control the 
first flip-flop. 

Clear Input: (CLR) Resets all four flip-flops. 

Set and Load Inputs: One set input(S) is pro­
vided for each flip-flop. The load input (L) is 
common to the building block. When the load in­
put is energized, flip-flops for which the set 
input is energized will go into the 1 state. 

Programming of the Digital Expansion System 

The techniques for programming a digital ex­
pansion system are presently unfamiliar to most 
analog and digital computer users. The program 
is not introduced as a list of successive in­
structions but as a set of patching connections. 
This implies a task of organization similar to 
that needed in the design of a digital computer. 
However, there is considerable difference in the 
emphasis placed on component economy. Economy is 
essential for a computer design but of little 
concern in the programming of the digital expan­
sion system as long as enough components are 
available. Thus, an empirical approach to digi­
tal expansion system programming, by successive 
simplifications and rearrangements is entirely 
acceptable. 

The logic building blocks provide entirely 
parallel operation though it is possible to per­
form digital operations serially when desired. 
The digital and analog programs are introduced 
by their respective patch panels and inter­
connected by trunk lines forming one single set 
of parallel analog-digital components. 

Several signals from analog comparators can 
be accepted simultaneously and combined to form 
several logical functions, while simultaneously 
several commands to analog switches (electronic 
relays, analog memory, mode control) can be gen­
erated. 

This paper shmvs some aspects of this pro­
gramming technique, for consideration by analog 
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computer users. To this effect, it considers the 
general optimization problem which is both sig­
nificant and representative of the class of appli­
cations requiring logic operations rather than 
large capacity storage. 

For clarity, no attempt is made to reduce 
the number of building blocks to a minimum. 

Use of Subroutines 

Operations in the analog computer have to 
follow a definite time sequence. Whenever a se­
quence of operations has to be repeated many 
times, it is defined as a subroutine. One way to 
implement a subroutine is to use a ring counter, 
acting effectively as an electronic stepping 
switch, where the sequence of states determines 
the sequence of operations. A ring counter is 
obtained by assembling QFF units into a shift 
register of the desired length and then connect­
ing the outputs of the last stage to the serial 
inputs of the first QFF. Initially the first 
flip-flop in this loop is set to the 1 state and 
the others are in the zero state. When the shift 
input is energized each clock pulse will advance 
the sequence by moving the I state to the next 
flip-flop resetting the previous one. After all 
flip-flops have been energized successively the 
next shift returns the ring to the initial state. 
Each flip-flop can command in parallel a set of 
operations, including the initiation of other sub­
routines. 

The effective use of subroutines depends on 
two features: 

(a) Appropriate control by other routines. 

(b) Provision for delays necessary for 
operation of analog components. 

Control of Interlocking Subroutines 

When a routine calls, at one stage, for the 
execution of a subroutine it is often necessary 
to halt the advance of this routine until the 
subroutine has gone through its entire cycle. 
This interlock can be obtained by the formation 
for a given subroutine A of 3 signals. 

sA: this signal is the call for subroutine 
A, it is formed by an OR gate which receives 
signals from all the sources of calls, generally 
different positions in one or more other rou­
tines. 

eA: this signal is generated at the time 
routine A returns to its initial state. It is 
produced by an AND gate supplied from the last 
state of A and the shift input of A. The eA sig­
nal is energized for one clock time and is called 
the end signal of subroutine A. If a subrouti.nE> 
should be repeated n times, a separate counter 
(analogous to index registers) can be used to 
produce the end pulse. 
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eAx
: this signal is produced by an OR gate 

supplied by eA and by the negation SA of sA. 
Called the interlock signal, eAx 

is fanned out to 
all routines which call subroutine A. 

The required interlock is obtained by supply­
ing the shift input of a routine by the AND com­
bination of its own call signal and the interlock 
signals of all the routines for which it calls. 

Some routines control electronic relays, ana­
log memory and mode of integrators in the analog 
computer. When exercising such control the rou­
tine must incorporate delays to allow sufficient 
time for changes in computation to take place so 
that solutions do not include the transient 
response of amplifiers and the charging of capa­
citors necessary between consecutive operations. 

These delays can be obtained by an AND gate 
at the shift input to the routine; this gate is 
fed by the shift command and timing signals of 
slow rate derived from the carries of the central 
clock counter. Different rates can be used in 
different routines. 

If delays of different sizes are required in 
the same routine, the routine itself can switch 
control from timing signals of one rate to those 
of another. Alternatively general purpose delay 
units (one-shot multi-vibrators) can be used to 
inhibit shifting during the required time span. 

The delay required while the analog computer 
is going through an operate cycle, is obtained by 
inhibiting shifts of the controlling subroutine 
in the operate mode; this takes care of the cases 
where the run time is variable, depending on some 
condition in the problem. 

Signals From Digital To Analog Eguipment 

Signals computed by digital components and 
transferred to the analog computer are required 
for the following purposes: 

(a) Control of the analog computer mode. 

(b) Control of the mode of individual inte-
grators or groups of integrators. 

(c) Control of analog storage units. 

(d) Control of electronic gates used for 
switching operations. 

For the control of the analog computer modes 
(OPERATE, HOLD, INITIAL CONDITION) input termina­
tions are provided on the digital patchboard. A 
pulse applied to any input termination will trig­
ger the corresponding mode. 

The other control functions are effected by 
electronic gates which accept digital signals. 
The opening or closing of the gate is a function 
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of the applied digital level. In many cases, a 
GPFF will buffer these commands so that the con­
dition of the gate is maintained until new signals 
are fed to the GPFF. One GPFF can control sev­
eral gates in synchronism. 

Signals From Analog To Digital Eguipment 

Particular signals produced within the ana­
log computer are transferred to the digital 
equipment. These signals provide information of: 

(a) The analog computer mode, and 

(b) The state of comparators 

The computer mode signals are ICL, HL, and 
OPL which are energized whenever the analog com­
puter is in the initial condition, hold, or 
operate mode, respectively. 

Comparators will supply one of two levels 
depending on the sign of the algebraic sum of 
their analog voltage inputs. These levels are 
normalized for direct utilization in the digital 
system. 

The "Optimization Problem" 

A set of algebraic and differential equa­
tions, mechanized on the analog computer, unique­
ly determines in one computation (the run) a 
value E, the loss-function or error-function to 
be minimized by manipulation of n parameters 
Al ••••• ,An' 

This problem occurs in many situations; 

--solution of a set of algebraic equa-
tions 

--matching of boundary conditions 
--search for eigenvalues 
--process optimization 
--model building 
--curve fitting etc ..•..• 

While special techniques exist for each class of 
problem, the general problem is considered here. 

Analytical methods l ,2,5 for solving optimi­
zation problems, such as that of steepest descen~ 
make use of partial derivatives determined either 
from the analytical proble~ statement or by para­
meter influence techniques. The experimental 
approach considered is quite different concep­
tually, for the search for an optimum is entirely 
based on repeated tests with differ~n6 parameter 
combinations. Experimental methods' can use a 
varied degree of sophistication to accelerate 
convergence to an optimum and to overcome poss­
ible difficulties due to the teatures of the un­
kno"tm hypersur face. E (AI'····· ,An) • 

The price of refined search procedures in­
creases very rapidly with the number n of para­
meters. For the purpose of illustrating the 
methods of hybrid programming of any search tech-
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nique the following simple approach is selected. 

Search Procedure 

Assurr.e normalization of all parameters so that 
a unique !!exploration distance!!, h (say 1 volt on 
a + 100 volt computer), is acceptable. 

Given A. and E at an arbitrary starting 
point, the !~rst pa~tial derivatives are approxi­
mated by 

where 

5E+i E(Alo,···,Aio+h, ••• ,Ano) -Eo 

5E-i E(Alo,···,Aio-h, .•• ,Ano) -Eo 

All n partial derivatives are thus approxi­
mated by means of 2n calculations of E (runs). 
In order to place most of the load in the digital 
part of the hybrid system, the values of the par­
tial derivatives are stored in quantized form. 
Instead of storing dE/dA., a quantity p., sus­
ceptible of only 3 value§, is defined b~ com­
parison \vith a limit L selected by the computer 
operator. Extension to a higher number of values 
poses no special problem. 

+1 if BE+ BE - < - 2hL Pi 

Pi a if -2hL < BE+ - BE < 2hL 

Pi -1 if BE+ - BE- > 2hL 

The vector with components p. defines a di­
rection in n-space in which a de2rease in E is 
probable. It is close to the steepest descent 
direction for which the components are dE/dA .• 
The program stops if all p. = O. Hith one 6f 
the 3n-l possible directioRs determined, the 
parameters are changed to A. + P'~l' where 6 1 is 
a fixed quantity (say 2 volEg). ~II an improve­
ment, indicated by a decrease in E, is obtained 
the values of all parameters A. are "updated" to 
give a new starting point. Ada~tional changes by 
steps, 6 1 , in the same direction are carried out 
until no more improvement occurs. Then a smaller 
step-size 6

2 
(say .2 volt) is selected and when 

this also fails, the partial derivatives are re­
determined and the process repeated. If, after 
a new determination of the quantities p., even a 
single small step leads to no improvemeRt, the 
program stops. If the analog computer does not 
overload,the program will ultimately reach one of 
the stop conditions and this should occur in the 
vicinity of the optimum. 

An advantage of this technique is that the 
equipment requirement, as demonstrated later, has 
a slow linear increase with n. It is recognized 
that many possible features of the E function 
(high curvatures, local minima, narrow winding 
"canyons", etc.) will defeat the search procedure; 
on the other hand, the very same features can 
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also defeat more elaborate and equipment-consuming 
alternatives. 

If a Euclidean metric b~sed on voltage is 
used, the step length 6~ will vary between 
. .. r-... . ~.. . _ . 

c::, and. c::,'.j n d.epend.~ng on the d.J.rection selected. 
This is acceptable because there is no a priori 
reason for a voltage metric to have special signi­
ficance. 

Program Refinements: 

The procedure outlined above can be improved 
at a small expense in equipment by addition of the 
following features: 

(1) If: after determination of direction i at 
least one large step 6 1 is successful, then no 
small steps are used before a new determination of 
direction. However, when a single large step does 
not decrease E, a smaller step 6~ is used. This 
program arrangement is a time~sa~ing feature. 

(2) For non-convex E functions it is 
necessary to redetermine direction from time to 
time even if improvement is constantly obtained. 
To this end an upper limit N (say 8) is put on the 
number of steps in a direction before redetermina­
tion of direction. 

(3) The limit L for quantization of the 
slopes should be carefully chosen. If L is too 
large, the program will stop in any "flat" region 
of the E-function and for non-convex functions 
this final value of E may be far from a minimum. 
If L is too small, all quantities p. will have 
values ±l most of the time. This h~s the dis­
advantage of reducing the effective set of poss­
ible directions from 3n_l to 2n (for n=6 from 728 
to 64) and therefore the efficiency of .the search 
procedure. 

Many refinements are possible to avoid this 
difficulty. The following is selected for its 
economy of equipment. 

Each slope is compared with two limit values 
Ll an~ ~2 (Ll < L2)· If no slope exceeds L2 the 
quantJ.tJ.es p. are based on Ll . If any slopes ex­
ceed L2 the &uantities P. are based on L. This 
procedure is poor whenev~r many slopes a~e clus­
tered in a narrow range around either L1 or L

2
, 

but this is unlikely to happen frequently in a 
long optimization. The procedure requires just 
one more comparator in the analog computer. 

(4) Whenever desired, half the exploration 
runs can+be sa~ed by +eplacing the slope evalua­
tion BE - BE by 5E ,that is use forward in-

2h 11" 
stead of central differences. 

Analog Program 

From the statement of the optimization pro­
cedure the analog circuit (Fig.2) can be derived 
immediately as follows. 
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The problem equations are mechanized by cir­
cuits which accept n input signals ~i' The last 
updated values of the parameters~. are held on 
n analog memories. The size h, ~L;oor ~l of the 
1ncrements 5~ is selected by Z s~V1tches and dis­
tributed with both signs to n pairs of switches; 
for each parameter one switch determines the sign 
of ~_ the other determines the addition of 5A. 
to ~.1. This addition is performed by an ana16g 
memof~ so that the new value ~. =~. + 5~. can 
be transferred to the~. memofies ~gen upaating 
of the parameters is re~8ired. 

The duration of the operate period (the run) 
is determined in general by the problem itself 
and can be dependent on the parameters. A com­
parator produces the hold signal when the appro­
priate condition is satisfied. At that time the 
value E becomes available. 

The previous updated value E is held on a 
memory amplifier. The differencg E+- E is_fed 
to two memory amplifiers so that 5E ana BE can 
be successively computed, stored and then compar­
ed. The value E itself is stored to permit up­
dating of E when required. If the problem inte­
grators canoconveniently be used as storage for 
the value E the number of analog memories requir­
ed at the output can be reduced from four to two. 

For determina~ion o! the direction parameters 
p. the sign of BE - BE is sensed by a compara­
t6r, and the absolute value of this difference is 
compared with two constants by two more compara­
tors. 

After a step has been carried out the change 
in the E functio~ is stored in one of the 5E 
memories, say 5E , and the sign of this quantity 
is sensed by a comparator to determine whether 
improvement has been obtained. Table I shows the 
conditions fo~ digital control of the circuit 
switches. 
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The comparators deliver information about 
the E-function to the digital equipment according 
to Table Z. 

Digital Expansion System Program 

The digital expansion system program must in­
sure that, once begun, the computation progresses' 
automatically in its search for an optimum. This 
part of the program has inputs only from the IMP, 
N, LI , LZ co~parator signals and the analog com­
puter moae s1gnals. 

Program Structure 

The first step in producing such a program 
is to specify a flow diagram of the required se­
quence of operations. (Fig. 3) This flow diagram 
organizes the operations into the following sub­
routines: 

Master Routine: selects the step size h, 
~ or ~ tests the two stop conditions and calls 
alterna~elY for the subroutines Explore, for de­
termination of a direction, and Proceed, for 
carrying out steps in that direction. 

Explore Routine: calls for a computation of 
E with a single parameter displaced by +h then by 
-h. It steps through all parameters storing the 
p. as they are obtained. Hhen all p. have been 
oBtained it sets the B~. switches acEordingly. 

1 

Run Routine: executes the computation of E 
for the prevailing ~i values. 

Proceed Routine: A step size (~l or ~ ) 
being selected by the Master routine and a ~irec­
tion (a set of p.) having been set by the Explore 
routine, the Pr02eed routine displaces the ~. 
accordingly, calls for computation of E and Eests 
for improvement. The routine repeats as long as 
improvement is obtained, unless a preset number 

TABLE 1 

UNITS DIGITAL LEVEL 
0 1 

!J. l /b.
2 

relay Lll Ll
Z 

h/~ relay h ~ 

BA. Off/On relay Off On . 1 
i = 1, 2, ••. n 

B~. + / - relay + 
1 

Stores for E and ~. store track 
0 10 

Stores for -E and -~i track store 

5E+ store track store 

-5E store track store 
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of steps is exceeded, and calls for the updating 
routine after each improvement. 

Update Routine: transfers the present values 
of ~i and E into the ~io' Eo memory units. 

Program Mechanization 

The subroutines are instrumented in detail as 
follows: 

Subroutine C (Fig. 4) (RUN) will start with 
the analog computer in its IC mode. The call sig­
nal sC is obtained by an OR gate (not shown) 
which combines all sources of calls from the 
EXPLORE and PROCEED routines. The routine will 
be started after new commands have been given for 
the 8~; a delay is necessary for acquisition of 
the new ~i by the analog computer (especially if 
some of tfiem are initial conditions). Next the 
OF mode is triggered and the subroutine ir~ibited 
by the OP level. Upon automatic hold, the rou­
tine resumes with a delay to allow for ac~uisi­
tion of the final 8E values. Then the 6E store 
and, if permitted by a signal ENHM (enable hold 
minus) generated in the EXPLORE routine, the 8E­
store are switched to hold by setting the flip­
flops controlling the memories. After another 
delay, the subroutine returns to its initial 
state, generating the end signal eC. The inter­
lock signal eCx is used to inhibit the calling 
routines. 

Subroutine D (Fig. 5) (UPDATE) will update 
the ~io' Eo values to ~he last ~i' E values. 
Here delays are prov~ded to enable the tracking 
stores to acquire steady-state values. Since 
only two states are required the ring counter is 
replaced by a GPFF with the trigger input acting 
as the shift control. Signals eD and eDx are 
generated, eDx inhibits the PROCEED routine. 
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The delays for subroutines C and D are ob­
tained by the use of a slow clock rate (SLCL) de­
rived from a carry of a clock counter. 

Subroutine A (Fig. 6) is the program for de­
termination of approximate partial derivatives 
(~XPLORE1. It is associated with shift registers 
8 , 8, W, N. 

8
x 

and ~ control the analog value of 8~: 
The data obtained during exploration is stored in 
registers 8 and N. 

The subr~utine begins with the 8
x

, ~ clear­
ed. First 8

1 
is loaded and subroutine C called 

then NIx is loaded (implementing 8A=-h) and sub­
routine C called with ENHM turned on. At this 
stage the correct value of N, Ll , L2 appear on 
the comparators. A test is carried out to deter­
mine which comparison level should be used. The 
first occurence of a slope> L2 will clear all 
previous 8's, set flip-flop L, which controls de­
termination of future 8's on the basis of L2 
alone. If L2 is not exceeded, 8's are selected 
according to LI • The routine shifts the new data 
into the 8, N stores, sends the 8E memories to 
the tracking mode and repeats, shifting to the 
next parameter. When the last parameter is 
reached the 8x , ~ are cleared and the 8, N are 
transferred into 8

x
, ~ registers in a parallel 

loading operation. The end signal and the inter­
lock signal eAx are generated. 

Subroutine B (Fig. 7) will carry out steps 
in the chosen direction (PROCEED). It calls 
upon subroutine C for an analog run, then senses 
the IMP comparator level. (l,f no-improvement is 
obtained the end pulse eB is generated. If 
improvement is obtained, subroutine D is request­
ed for updating and the S flip-flop associated 
with the master routine is set, to record success. 

TABLE 2 

Analog Condition Digital Name Meaning Level 

+ sgn BE + 0 IMP Improvement 
I 

(8E - - 8E+) 0 Best direction sgn + N 
1 is 8>..1< 0 

[ I - -8E+ I ·2hL. 0 sgn 6E + L. Change in ~i is 
J 1 J advisable 
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The end signal eD of the UPDATE routine incre­
ments a counter (r) and subroutine B re2eats un­
less r=N where the routine end pulse eBl2) is 
generated. The two types of end signals are com­
bined to generate the interlock signal eBx• 

Master Routine M (Fig. 8) first calls upon A 
for exploration, selecting step size h. Next it 
tests the stop condition 8 = .• = 8 = O. It 
then calls upon B (PROCEEDt with thenlarge step­
size ~l' If, and only if, at the end of B, S = 0 
(no improvement) B is repeated with the smaller 
step-size 02' Next the stop condition S ~ 0 is 
tested. If S = 1 it is reset to 0, the 8 , N 
are cleared and routine M repeats. 

Initialization (not illustrated): It is con­
venient to initialize the digital system by 
clearing all its flip-flops from a central con­
trol. At this time the operator can introduce 
starting values for Ai' The hybrid program will 
start as soon as the s?stem clock is turned on. 
A non-repeating initialization routine is patched 
to perform the following operations: (a) set all 
flip-flops .which should be energized initially; 
(b) calIon the RUN subroutine to calculate and 
store the value E corresponding to the initial 
parameter values;o(c) start the master routine of 
the problem. 

Equipment Requirements 

If no further rearrangements are carried out, 
the following numbers of components are required, 
where n is the number of parameters. 

On the analog side: 

On the digital side: 

2n + 2 switches 
2n + 4 analog memory units 

5 comparators 

11 GPFF 

6 + 4 [{-] QFF 

50 AND/OR gates 

1 counter 

Conclusions 

The addition of the digital expansion system 
providing logic capability to the general purpose 
analog computer will enlarge its capabilities as 
an automatic computing device. 

The less flexible relay and stepping-switch 
arrangements used in the past are eliminated and 
full use is made of the computing speed of the 
analog computer. This alone brings within reach 
problems, such as optimization, where computing 
times were previously excessive in most cases. 
The further addition of point storage in digital 
form on delay lines will permit the use of serial 
techniques for solution of integral and partial 
differential equations. Problems of a statisti­
cal nature can be handled with a maximum of auto­
matic operation. Many simpler auxiliary func­
tions for GPAC's can be easily carried out (auto­
matic scale changes, editing of graphical plots 
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which are not continuous in time, Fourier analy­
sis). 
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SYMBOLS 

a ab a a 
[) ~ 

b 

ab negation 

AND gate 

T ~----r---~ I state 
at b 

b ___ ..... 

a+b 

R 
'--_-.,. 0 state 

OR gate 

GPFF general purpose flip- flop 
I 0 I 0 I 0 I 0 

~~~~ 
... SS I I I 

--=... .. 
SR I I I 

S 
~r ~~S ~,.S ~~S 

QFF quadruple flip - flop 
SH 

Ring Counter 

Figure 1: Digital System Symbols 
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Figure 2: Analog Computer Circuit 

-E 

PROBLEM 

EQUATIONS 

HOLD 

-E 

memory 

385 

~ ~
analOg 

~der DIGITAL 
,--,--- control 

=C>--
c.omparator 
generating 
DIGITAL 
signal 



.386 DDA AND HYBRID COMPUTATION 
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Figure 3: Program Flow Diagram 



HYBRID TECHNIQUES APPLIED TO OPTIMIZATION PROBLEMS 

RUN 

delay OP delay 

~delaYH Ie ~end 

PROCEED 

RUN 

UPDATE 

I .... S 

N 

Track 
'--------I 8 E 

~end 

UP 
DATE 

387 

I-+r 

Hold Aio,Eo;TrackAI,E,8E 
I I 



388 

sC 

SL CL 

eC 

ENHM 

eS(I) eO 

Su broutlne C 

RUN 

OPL 

y 

S 

R 

SH 

MODE 
CONTROL 

TRACK 8E 

Figure 4: Subroutine C. RUN 

DDA A:-.JD HYBRID COMPUTATION 

HOLD 
'---.... - COMP 

S 

Hold 8 E + 

R 



HYBRID TECHNIQUES APPLIED TO OPTIMIZATION PROBLEMS 
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Figure 5: Subroutine D. 
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Figure 6: Subroutine A. EXPLORE 
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