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STATION
PNEUMATIC TUBE

HIGH VOLTAGE
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ELECTRON BEAM —
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FILAMENT TURRET — ]
AND DRIVE

e
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CELL HANDLING
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DEVELOPING
é SUPPLIES

Figure 4. Photo-digital writer, containing the recorder and developer.

electron-beam column which delivers a controlled
electron beam approximately 1.25 microns in diam-
eter and 5 X 10° ampere. The beam repeatedly
sweeps across a frame on the chip and “paints” the
bits of information as shown in Fig. 3 at a rate of 5
X 107 bits per second.

The design of the electron-beam column is orient-
ed toward unattended operation, minimum mainte-
nance time, and ease of serviceability. One feature
which illustrates this is the central precision tube
(Fig. 6) that serves as a combination vacuum wall,
alignment reference, electrical interconnector, and
maintenance unit. This tube contains the beam-ex-
posed parts, including the beam-sensing plates, aper-
tures, pole pieces, and beam-blanking plates. Spring
contacts on the internal parts and corresponding
feedthroughs in the wall of the tube furnish the
means for electrical connection to the outside. The
whole prealigned assembly can easily be removed
and quickly replaced by a new assembly.

Another feature which facilitates unattended
operation and ease of maintenance is the turret of
16 tungsten hairpin filaments (Fig. 7) which quickly
moves a new filament into place as needed. The tur-
ret allows a minimum of approximately 3 weeks

continuous operation before filament servicing is re-
quired.

To compensate for the differences between indi-
vidual filaments and the effects of wire evaporation,
the filament heating current is servo regulated. An
a-c component in the heating current generates a
signal proportional to the slope of the cathode-cur-
rent versus heating-current curve. The very small
signal does not produce significant beam current rip-
ple or angular beam oscillation. By monitoring the
slope, the filament servo ‘corrects the heating current
until the slope value is close to an adjustable refer-
ence value (Fig. 8) set for a minimum brightness of
5 X 10* amperes/centimeter? steradian at 12 kilo-
volts. :

Four electronic servo systems are used to insure
stable beam parameters:

1. A filament-operating-point control sys-
tem provides stable long-life electron
emission from each filament.

2. An alignment control system maintains
the beam on axis to the column.

3. A spot-size control system periodically
checks and minimizes the spot diam-

“eter in the plane of the film.
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CHIP
ENTRY/EXIT

LY

Figure 5. Format station.

4. A spot-current control system checks
and adjusts the beam current arriving
‘at the film, also on a periodic basis
(between chips or less frequently).

An examination of the operation of the electron-
beam system shows that, as the beam comes from
the off-axial gun position, it is first bent by a deflec-
tion magnet into the tube axis to prevent filament
light from arriving at the target. Filament emission
is stabilized by the filament-operating-point control
system described above. The beam is then partially
collected by a symmetrical system of four electrical-
ly insulated sensing-plate quadrants that monitor the
beam position. These sensing plates, beam heated to
several hundred degrees centigrade to minimize con-
‘tamination, provide the error signal for a servo sys-
tem which automatically aligns the beam to the col-
umn axis via a magnetic alignment system.

Periodically a metal test target is placed in the
recording plane for purposes of automatic spot-size
measurement and adjustment. A solid state detector
collects the beam transmitted through openings in
the target. Using feedback control to an auxiliary
focus control lens, the detector signal rise time, and

thus the spot diameter, is minimized to between 1
and 2 microns. A hold circuit maintains the focus
control lens current constant between the periodic
checks.

In conjunction with the spot-size adjustment
procedure, the spot current arriving at the film is
also adjusted to the desired value. This is accom-
plished by deflecting the beam into a Faraday cup
for measurement and providing feedback control to
lens one (nearest the filament). A hold circuit also
maintains this lens current constant between period-
ic checks.

The nonmagnetic tube separates the pole pieces
from the external lens. All apertures are heated to a
temperature of about 300°C. This not only reduces
contamination, but, as shown by Wilska,? also effec-
tively and reproducibly renders most contaminants
conductive, FElectrical insulation of the apertures al-
lows monitoring of the intercepted beam current.

An overall supervisory control system allows the
system controller to monitor the operation of the

TURRET WITH MULTIPLE
FILAMENT UNITS

LIGHT TRAP
MAGNET

SENSING PLATES

ALIGNMENT
SYSTEM

K

[ ———CENTRAL TUBE

HEATED APERTURES

1 FOCUS
CONTROL LENS

BLANKING PLATES

STIGMATOR

D D ————oeFLecTiON YoKE
1
I REMOVABLE
.4’;./ TEST TARGET
1
oo : DIODE

Figure 6. Cross section of the automatically stabilized elec-
tron-beam system. (Most supporting structures
have been omitted.)
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1 CM

Figure 7. Filament unit used in the turret gun.

column and detect malfunction. A linear-sweep
electromagnetic-deflection system is used in conjunc-
tion with an on/off high-frequency electrostatic-
deflection system for painting each line of data.
Line-to-line deflection is performed by using a pre-
cision digital-to-analog converter and electro-mag-
netic deflection.

Vacuum-Pump System. The basic components of
the vacuum system include mechanical roughing
pumps and diffusion pumps. One 5 cfm pump acts
on the differential sealing slot of the chip format
station. The pressure in this slot is 10 to 20 torr. A
4-inch diffusion pump, connected to the chip writing
chamber, maintains a low 10-* torr pressure. A 2-
inch diffusion pump, connected to the filament tur-
ret, maintains a pressure in the low 10 torr range.

Pressure sensing is by means of both thermocou-
ple (high pressure) and ionization (low pressure)
gauges located in the filament and film-writing
chambers.

Chip Developer

The developer accepts chips from the recorder at
a maximum rate of 1 chip every 18.5 seconds and
automatically processes and returns a dry chip of
archival quality to the chip transport within a total
cycle time of approximately 150 seconds. ‘

Chips are processed individually in a small cavity
(3cc). A set of 8 processor cells containing 1 cavity
each comprises the rotary turret as shown in Fig. 9.
The turret is indexed in 45-degree increments to se-
quentially present a processing cavity to a single
fixed load-unload station and 7 individual and fixed
processing stations. The processing cavities are
sealed at each processing station by means of a ver-

FILAMENT
CURRENT
OPERATING
POINT

SPOT SIZE

100

CATHODE |
~ | CURRENT |
] I
Wl
Os0f- |
iy | ADJUSTABLE
a TARGET | _ SERVO

CURRENT | REFERENCE

BRIGHTNESS
1 1 y 2 1

1
2.6 2.8 3.0 3.2 3.4
FILAMENT CURRENT, AMP

Figure 8. Various gun parameters as a function of filament-
heating current. (“Slope current” is the a-c com-
ponent of the cathode current generated by a
constant a-c component in the filament-heating
current. “Target current” is the current observed
at the target under conditions of constant beam
angle and demagnification. The curves apply for
a new filament and shift to lower heating current
with increasing filament age. By adjusting the
reference of the filament servo system, the op-
erating point and consequently the average life-
time and brightness can be changed.)

ticaily reciprocating “cymbai” ring and deformabie
elastomer seals.

Chemicals are gravity-fed from 3 pairs of replace-
able supply containers. After proper heating, air driv-
en diaphragm pumps introduce a discrete volume
(up to 5 cc) of chemicals into the processing cavi-
ties at the 2 chemical processing stations (develop/
stop and fix/wash). Heated fresh water, introduced
at 2 stations, insures complete washing; heated air,
introduced at the final 3 stations, dries both chip and
cavity and provides a heated cavity to the load-

SEALING CYMBAL

SEALS (TOP &
BOTTOM)

DEVELOP STOP

REMOVABLE
CAVITIES

NO.3 DRY
CAVITY SUPPORT

DRYING AIR — "2
MANIFOLD

/ N MANIFOLD

FLUID INLET .

DRAIN OUTLET TURRET
DRIVE

Figure 9. Rotary turret principle. The chip enters a de-
veloper cavity at the load-unload station and is
rotated to the sequence of processor stations.
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Figure 10. Photo-digital reader.

unload station. Individual temperature control is
provided for the 2 chemical stations as well as for
the wash water and drying air.

The developer does not reuse the chemicals. It is
capable of operating under computer control for pe-
riods of up to 8 hours without operator intervention.
Valving and level sensing means are provided in
each of the 3 chemical supplies to permit automatic
valving between active and reserve containers. The
reserve supply can be replenished anytime during
the last 4-hour period without interrupting developer
operation.

READER

The reader (Fig. 10) uses a CRT (cathode ray
tube) flying spot scanner to recover data from the
film chip. Data is read at an instantaneous bit rate
of approximately 2.5 X 10¢ bits per second. Ac-
counting for the nondata bits read, the data bit rate
is 2 X 10° bits per second within 1 chip. The multi-

chip sequential maximum read rate is approximately
1.1 X 10° data bits per second.

A cell arrives at the reader through the pneumatic
tube and, via the cell and chip handling mecha-
nisms, the chip to be read is addressed. The X-Y
picker drive assembly picks the chip and rapidly
moves it into the optics path between the two air
heads. When the region of a frame at which reading
is to begin is positioned within the “window” of the
air heads, the chip stops and scanning can begin.

The CRT spot is imaged onto the chip by the
objective lens, and the transmitted light is collected
by the data PMT (photomultiplier tube). A line of
data is read during each sweep of the CRT spot
across the tube. Feedback from the data PMT pro-
vides CRT X-deflection to “capture” the spot on a
data track. The scanner can loop on a pair of data
tracks to provide reread and error-correction time.
The scanner signals the X-Y drive to increment the
chip for continuous reading of up to a full column
(8 frames) of data.
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A reference PMT is provided for a CRT intensity
control loop and differential signal detection.

The 7-inch electromagnetic deflection CRT uses a
P-16 short persistence phosphor to minimize phos-
phor decay time (scan speed approximately 34,000
ips). A spot diameter of less than 0.002 inch is
maintained on the 5.7 X 1.5 inch scan area.

The f/2 objective lens has a magnification of
0.05. It images the flat face CRT to the film-chip,

with an image distortion of less than =+0.5% and
minimum transmission of 70% .

Air heads provide a means of precisely position-
ing the emulsion plane of the chip at the image
plane of the objective. The air bearings have a rec-
tangular opening in the center to clear the optical
path. Air is ported to the heads when a column se-
lection is started, to provide a pneumatic guide as
the chip enters the gap between the heads. When the
chip reaches column 0, the moving head is pneuma-
tically loaded to form a dual-pressurized air bearing,
thereby precisely positioning the emulsion surface of
the chip relative to the fixed air bearing. Positioning
of the chip between ihe iwo air heads allows the
chip to move in the X and Y direction in a plane
perpendicular to the optical axis without scratching
the chip.

The photomultipliers are 1%2-inch S-25 tubes,
with 10 stages of gain. Quantum efficiency of S-25
to P-16 phosphor is about 20%, and the tubes oper-
ate at a current gain of approximately 0.5 X 10¢,

A closed-loop stepping motor system actuates the
X-Y picker drive assembly. The key function of this
system is that of rapidly advancing the film as need-
ed during the reading process.

Special circuits developed for the reader provide
the functions of spot deflection, servo control, line
incrementing, spot size, spot brightness, and CRT-

PMT biasing. In addition, special detection and
clocking circuitry accepts the phase modulated sig-
nal from the photomultiplier tube and converts it to
clocked binary data. A variable-frequency clock,
phased to the PMT signal, maintains proper opera-
tion even if data is lost for several bits or if the
average data frequency varies.

A synchronous rectifier, integrator, and 3-level
synchronous sampling technique produces a binary
erasure channel output. In all, some 30 special solid-
logic-technology card types are used.

SUMMARY

The photo-digital storage system, permitting the
storage of great quantities of digital data, employs a

method of data recording and handling which is new
to the computer world. Basically, the storage unit is
a silver halide film chip which holds about 5 million
data bits. An electron beam records the data on the
chips.

After the chip is recorded, it moves from the vac-
uum chamber to a developing station, and then to a
storage cell. A pneumatic system transports the cell
to a cell file, where it is held for retrieval and read-
out.

The entire photo-digital operation is governed by
a module controller. This controller directs the proc-
essing steps of the system in a manner similar to the
automatic control of an industrial process.
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INTRODUCTION

In the pursuit of accuracy, speed and economy in
the simulation of mathematical models of physical
systems, analysts are continuously searching for more
sophisticated mathematical techniques and computer
systems. When the complexity of the mathematical
models increases, their simulations on pure analog or
pure digital computers are frequently cumbersome.
The main reason for this is that some of the opera-
tions in mathematical model are inherently best
handled either on the digital or the analog computer.

A hybrid computer represents an effort to combine
in one computer system some of the best character-
istics of the analog and digital machines.» > Gen-
erally, the intent in creating a hybrid is to combine
the speed and efficiency of the analog in handling
ordinary differential equations with the proficiency
of the digital computer in performing logical and
arithmetical operations.

The analysis of many physical systems involves the
solution of partial differential equations. The analog
computer cannot be employed to simulate these
equations directly since it is limited to just one inde-
pendent variable. Consequently, partial differential
equations are simulated by discretizing all but one

* Work performed under the auspices of the U.S. Atomic
Energy Commission.
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of the independent variables. Since the number of the
resulting ordinary differential equations increases as
the product of the number of node points into which
each of the independent variables is discretized, and
since the analog is basically a parallel device, the
simulation of models with several partial differential
equations may require a prohibitive amount of ana-
log equipment. In cases where sets of differential
equations are similar, multiplexing of (time sharing)
a block of analog circuitry for just one set of equa-
tions with the aid of the memory and logic capabili-
ties of a digital computer can enhance the effective
capacity of a given amount of computer equipment.?
In systems with internal feedbacks, however, mul-
tiplexing of computer equipment precludes the clos-
ing of the loop. This is explained as follows.
Consider the system represented by Fig. 1. Sup-
pose the input (or forcing function) x* is given. Let

* The input x and oufput y may consist of several com-
ponents.

Figure 1. An open loop system.
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B represent a system of equations which may be
solved by multiplexing computer. components. The
output y of B may be obtained as a result of repeated
application of the relevant part of the input x to the
part of B which is actually simulated on a computer.
An excellent example illustrating this approach may
be found in Ref. 3. An important point to note here
is that x is known (given) a priori; and is not af-
fected by y.

In a system which has feedback, as shown in Fig.
2, x depends on y.

A simultaneous computation of all of y corre-
sponding to x is necessary to close the loop. Multi-
plexing, however, results in a sequential solution of
the sets of equations of B. Consequently, multiplex-
ing in the simulation prevents the closing of the loop.

An iterative method is found to be effective in ob-
taining the closed loop system response.

The iterative process is illustrated in Fig. 3. It is
initiated by using an arbitrary function y°. (In many
situations y° may be taken as zero.) The convergence
of the sequence, y°, y', . ..y, ¥, ... y* to the
closed loop response, y, of the system in Fig. 2 de-
pends upon characteristics of the equations in B, and
in particular the boundedness of their variables. It
is advisable to prove the convergence of the sequence
before attempting the simulation.

The principle of contraction mapping is found to
provide a basis for a proof of convergence of the
iterative process. This gives a mathematical rationale
for the extension of the technique of multiplexing
to complex feedback systems.

The system considered in this paper for the pur-
pose of illustrating the present approach to hybrid
simulation is that represented by a fast neutron re-
actor core composed of ceramic fuel materials such
as UO,. The mathematical model consists of dif-
ferential equations describing the space and time-
dependent neutron flux density, and the core mate-
rial temperatures; and algebraic equations which give
the feedback reactivity as a function of the transient
temperature distributions,

Figure 2. A system with feedback.

i i+l

Figure 3. Iteration for the closed loop response.

The space dependence of the neutron flux is taken
as invariant during transience. This assumption is
realistic in reactors of moderate size. Consequently,
the present treatment of the neutronics is macro-
scopic in nature.

The thermal properties of the ceramic materials
change considerably with temperature,** and the
thermal gradients encountered are large. Due to these
facts and since it is necessary to determine when and
how phase changes (fuel melting, coolant boiling)
occur in the core materials, no simple macroscopic
approach to the determination of the core material
temperatures is found to be realistic. It is therefore
necessary to treat heat flow equations on a micro-
scopic basis.

The detailed temperature profiles (radial and
axial) in the various representative core regions are
used to compute the feedback of reactivity.

Considering the nonlinearities of the differential
equations of the system, they are simulated efficiently
on analog components, multiplexing the circuitry
wherever possible. Digital components are used for
memory, for logic and for the arithmetic operations
involved in the computation of the feedback re-
activity.

The present method of hybrid simulation is prov-
ing to be very effective in the analysis and design
studies of nuclear reactors. Since the techniques used
are quite general, the method has wide application
in complex feedback systems.

MATHEMATICAL MODEL

The equations which comprise the model of the
reactor core describe the transient neutron flux den-
sity and the concomitant flow of the fission heat in
the core materials. The temperature changes in the
core affect the nuclear properties of the materials.
The variations in the nuclear properties are reflected
in the parameters of the equations for the transient
neutron flux. Thus the model constitutes a feedback
control system.
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The equations of the model are stated below and
discussed in Appendix 2. :

Neutron Kinetics Equations

The neutron flux F is expressed as

F=y(@) n() (1)

¥(r), the space-dependent part* of F, is assumed to
be known. n(?) is given by Eq. (2).

an(®) = —; (p— B) n(®) + é AiCi

dt 4
de; f 2
i En(t) — AiCi @
dt l

i=1—6

where | = the neutron lifetime,
Bi = the ith delayed neutron fraction,
¢; = the ith precursor concentration,

A; = the decay constant of c;
6

B - E 581" and
=1

p = the excess reactivity.

p(t) has two parts: the externally added reactivity,
pext (£) (the forcing function of the system); and
pur(¢) the feedback reactivity.

p(2) = pexe(2) + p(2) 3

The feedback is that due to the temperature changes
in the various materials of the core. The parameters
I, B, and the \’s are normally constant and so con-
sidered herein.

The different components of the feedback reactiv-
ity of any representative core region k are computed
typically as:

ATklue!

bek =a ln(l + ) + b AT‘ktuel +c Achoolant

(4)

where a is the Doppler coefficient and b and c are the
coefficients of reactivity due to thermal expansion.
AT%:yo; and AT, 0140¢ are the changes in the fuel and
coolant average temperatures of the region k. T,
is a reference temperature. The overall feedback is
given by

o

pib — Ewk Pkfb (5)

* Note that 7 refers to the entire core.

where w¥’s are the appropriate weights for the re-
gions. w¥’s are known a priori.

The time-dependent part n(¢) of the neutron flux
is obtained by solving Eq. (2). This, when multi-
plied by the space dependent part ¢(r), gives the
neutron flux in the reactor. This flux is multiplied by
the fission cross section distribution in the core,
=;(r), and the energy release per fission, E, to ob-
tain the internal heat generation rate.

q(r) = [¥(r) n(O1 (NI E (6)
Transient Heat Flow Equations

The reactor core is an assembly of fuel cells in the
form of a right cylinder with the coolant flowing co-
axially. :

A typical fuel cell consists of a cylindrical rod of
fissionable material with concentric cylinders of the
bonding material, clad and coolant (Fig. 4).

Axial conduction of heat is neglected. Therefore,
the heat flow equations are coupled in the z-direc-
tion, i.e., along the direction of flow, only through
the variation of the coolant temperature along the
z-axis. This temperature variation is dictated by the
energy transport due to the coolant flow. An impor-
tant consequence of this is that the equation for the
radial heat flow is the same (in form) at any axial
location.

The z-axis is divided into “small” increments Az
(Fig. 4). The radial temperature distribution in the -
fuel, bond and clad is considered to be invariant in
the distance Az. The coolant temperature, however,
is assumed to vary linearly along Az.

The radius is discretized as shown in Fig. 5. The
equation of radial heat flow at any axial segment j is
then ¥

d 1 Ar ) 3
CP-Zt[(g— 24, )Ty + 2 T +
G2 1

8 247‘,

1 Ar Ti+1 —_ T@j
=Kiin 1 +~-—) ———

2 r; (Ar)?
1 Ar Tij"— Tji_l _
—Ki_ i 1 ——— ——-—‘_+Fi]n(t)
1 ( 5 ri) (anr)° %)

+ Note that r in the present context refers to the radial
coordinate of the fuel cell. See Ref. 7 for a detailed deriva-
tion of Eq. (7).
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The conductivity at the boundary between the
| radial sections i and i+ 1 denoted by Kj ;,, is evalu-
. ated at the boundary temperature T7;, ;.. F'; N(2)

; represents the heat generation rate in the radial seg-
ment at r; and it varies along the z-axis.
The boundary conditions are:

T.oj = T1j (8)

and

K U( le) .__—_' . = h(] Nf - ch) = ‘23
AI/2 ‘

T,/ is the average coolant temperature at the jth
axial segment and / the heat transfer coefficient.

The conservation of energy in the coolant results
| in the following equation.

ar,;’ 2 ) ) )
+ 2w —1 =g
dt pAZ Pc
(10)
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wherej=1... M,

A = the ratio between the circumference of the
clad and the cross section area of the
coolant flow,

G(t) = the mass flow rate of coolant per unit
area, and

T~ = the inlet coolant temperature to the axial
segment j. Its exit temperature T, is com-
puted from

TG =2TJ — T4 (11)

The inlet coolant temperature of the core, T.° is a
known function of time.
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The equations developed thus far define the math-
ematical model. With this model, the various phe-
nomena are described quantitatively. To summarize,
Eq. (2) gives the time-dependent part n(f) of the
neutron flux, which, when multiplied by ¢ (r), gives
the space time dependent neutron flux. Equation (6)
gives the concomitant fission heat release in the
nuclear fuel. From the knowledge of the internal heat
generation rate in each fuel cell, the corresponding
two-dimensional transient temperature profiles are
obtained by solving Eqgs. (7) to (11). Note that
N X M number of equations of the form (7), M
number of equations of the form (10), and the
boundary conditions have to be solved simultane-
ously to obtain the detailed temperature profile in
each cell.* Finally, Eqgs. (4) and (5) give the tran-
sient feedback of reactivity.

The resulting closed loop system may be repre-
sented by the block diagram in Fig. 6. The simula-
tion of this system may be made on a pure analog
or a pure digital computer. However, it is found
that the simulation on a hybrid computer has some
outstanding advantages in terms of economy in com-
puter equipment and programming effort.

HYBRID SIMULATION

From the mathematical model just described, it
is apparent that a major portion of computing is in
the solution of the differential equations of heat flow
(Egs. (7) to (11), (N + 1) X M in number) to
obtain the two-dimensional temperature profiles in
the fuel cells. Although the analog computer is effi-
cient in handling these ordinary differential equa-
tions, the computing equipment required is enor-
mous. From the nature of these equations, however,
it is clear that the equations for the radial tempera-
ture profile are identical in form at any axial incre-
ment. This immediately suggests multiplexing of ana-
log circuitry.

In the present simulation, therefore, the heat flow
equations are programmed only for one axial seg-
ment in one fuel cell. This requires only the simula-
tion of N equations of heat conduction (i = 1 ...
N in Eq. (7) for any j) and one equation for the
temperature rise in the coolant in the length Az (Eq.
(10) for any j). Figure 7 gives the detailed analog
circuitry. Since axial conduction of heat is neglected,

* A value of 10 each for M and N is reasonable in many
practical cases. Simulation of 5 representative fuel cells is
considered adequate to describe the entire core.

(1) o __p)

pex?

NeuTRoN | n(t) [ Fission |alnz,t) [ hear | Tirz,1)
KINETICS [ ] HEATING | FLOW —

REACTIVITY
FEEDBACK

Figure 6. Block diagram of the mathematical model.

the successive axial increments are thermally coupled
only through the flowing coolant. The exit coolant
temperature of the axial segment j is the inlet tem-
perature of the segment j + 1. Therefore, the ther-
mal coupling between axial segments is only through
Eq. (11). ,

The two-dimensional temperature profile in any
fuel cell is determined as follows. The inlet coolant
temperature, 7.°, and the flow rate G are known
functions of time. The radial temperature profile of
the first axial increment, and the coolant temperature
T.' at the exit of this increment are computed on
the analog.

T, is obtained as an analog voltage. This voltage
is sampled at a rapid rate and stored in the memory
of the digital computer unit.

T.* is made available from the digital memory, as
the inlet temperature of the second increment and the
same analog circuitry is used again to compute the
radial temperature profile of the second axial seg-
ment.

The above process is continued for all axial incre-
ments.

Thus, the incorporation of a memory unit to the
analog computer has made possible a repetitive use
of just one set of the radial heat flow equations to
cover the entire z-axis.

The other fuel cells are treated sequentially in the
same manner.

If axial conduction of heat is not negligible, the
determination of the two dimensional temperature
profile is accomplished by repeating the above com-
putational procedure several times. Initially the pro-
files are determined for no axial heat flow. From
the axial profile of temperature thus determined the
axial heat flow between segments is computed.
Using this information, new radial and axial profiles
are determined. The process is repeated until con-
vergence is achieved.

The simulation is completed by programming Eq.
(2) for the time dependent part of the neutron flux,
n(t), and Egs. (4) and (5) for the temperature-
dependent feedback reactivity.
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Figure 7. Multiplexed analog circuitry.

The analog computer is conveniently used to simu-
late the neutron kinetics equations.

Since the equations for the feedback reactivity are
algebraic in nature, and since the various tempera-
tures may be conveniently sampled,* and stored in
the digital memory, the digital computer is the logical
choice to handle the feedback equations.

The response of the closed loop system (shown
in Fig. 6) is obtained by means of the iterative proc-
ess described in the Introduction and illustrated in
Fig. 3.

The iteration is initiated by using an arbitrary

* A discussion of the sampling procedure is given below
in paragraph beginning “Sampling rates . . .”

feedback reactivity (as a function of time). The
corresponding transient neutron flux and the tem-
perature profiles are determined using the methods
already described. The digital component now cal-
culates a new feedback reactivity concomitant with
these temperature profiles. This feedback reactivity
is used for the next iteration. The iterative process
is continued until the required convergence of the
system variables is achieved. The schematic of the
hybrid computer is given in Fig. 8. The computer
flow chart is presented in Fig. 9. ‘

The neutron kinetics in Eq. (2) are very sensitive
to the net amount of reactivity, p(¢), especially in
the case of a fast reactor. Consequently, in cases
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Figure 8. Schematic of the hybrid computer.
where the feedback is a strong function of tempera- START
ture, a good initial guess of the feedback is necessary.
This may be made in many cases by the following TETE
simple computational procedure: A closed loop is __ P—— e sveTen
formed on the analog considering only one axial CRo0Kk CoNTROL P er T
segment of an “average” fuel cell, and the reactivity
feedback is obtained from the average temperatures RSt
of the various materials in this segment. This feed- -
back reactivity is sampled and used as the initial r firh2:3)
guess. If the magnitude of the external reactivity, GPERATE FoR
| pext (2) |, itself is small, an initial guess of pg TINE & KoL .

to be zero is found to be satisfactory.

A typical example of the process of convergence
is illustrated in Fig. 10, where the time-dependent "o
part of the neutron flux n(¢) is plotted. It is this
quantity whose variation in time is the most notice-
able. The response corresponds to a ramp reactivity prm—
input pex:(f) which levels off after a second. The LT T
feedback is negative.

The converged neutron flux n(z), the centerline
temperature of a typical fuel cell, and the feedback
reactivity are shown on Fig. 11.

An important aspect of the time dependence of
temperature and feedback reactivity is that it is con-
siderably “smoother” than that of n(¢). This fact :
is particularly significant because it influences the Figure 9. Flow chart.
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Figure 10. Illustration of convergence.

sampling rate (for A/D and D/A conversions as
shown in Fig. 8) and the memory requirements of
the digital computer.

Sampling rates were arrived at by means of the
following experiment. A simple feedback loop (con-
sidering space independent temperatures) whose re-
sponse is similar to that of the actual system is
simulated on the analog. The closed loop response of
the simple system is also obtained by the iterative
procedure using progressively higher sampling rates
and compared with the all-analog response. A
sampling rate of 350/sec was found to be satisfactory
for the problems considered.

In the present simulation, the iteration is termi-
nated by the following test for the convergence of
peo(2).

‘be(i) (t) - be(i_l) max < € (12)

A satisfactory value for « depends upon the type of
transient considered, and is largely a matter of the
analyst’s judgment. Five to six iterations were suffi-
cient to achieve convergence in most cases.

Examples

The examples that follow represent typical prob-
lems solved using the hybrid simulation of the
system.

Example 1. This example is presented to illustrate
the efficiency of multiplexing in the computation of
detailed temperature profiles.

Consider the transient conditions resulting from
a decreasing coolant flow rate, say due to pump

failure; and the subsequent power shutdown of the
reactor. The two independent forcing functions on
the system now are: the decrease of coolant flow
rate, represented by a decaying exponential, and the
nature of the subsequent power shutdown (this
happens after a certain interval of time determined
by the design of the sensing devices). These forcing
functions are given in Fig. 12.

The axial profile of the coolant temperature (see
Fig. 12) under these circumstances is a highly com-
plicated function of time. An accurate knowledge
of this, however, is very necessary in order to ascer-
tain the possibility of boiling of the coolant at any
time during transients. This is particularly important
in the case of a ceramic fuel whose temperature re-
sponse is sluggish because of its low thermal
diffusivity. ‘

Example 2. The role of internal radiative heat trans-
fer in ceramic fuels such as UQO, ¢ is of current inter-
est in the design of high-performance, fast-power
breeder reactors. It is well established that internal
radiation improves the thermal conductivity of the

NORMALIZED TEMP AND NEUTRON FLUX
by A o » o o N
o o) o o o o o) o

TTTTrT TR

298 ‘}

o

FEEDBACK OF REACTIVITY p

" Figure 11. Converged variables.
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Figure 12. Axial profile of coolant temperature.

material at high temperatures. However, a para-
metric study of the reactor performance using
materials having widely varying thermal properties ’
leads to the solution of a set of quasi-linear parabolic
partial differential equations for heat flow. No simple
approach to the solution of these equations success-
fully estimates the influence of the differences in the
variation of thermal properties upon the transient
behavior of the overall reactor system. The present
hybrid approach has been found very efficient for
such problems.

Figure 13 illustrates the transient behavior of the
maximum fuel temperature in a typical fuel cell
when the reactor power increases. In the figure,
Curve A gives the response when the contribution
of internal radiation to thermal conductivity K(T)
is considered and Curve B when the term represent-
ing this contribution is artificially removed in the
expression for the temperature dependence of K(T').
The dependence of K upon temperature for each of
these two cases is shown in Fig. 14, by Curves K,
and K, respectively.

Knowledge of the temperature profiles in the fuel
cell is necessary to estimate thermal stresses and to
determine whether fuel melting occurs during a
power or coolant flow transient.

THE PRINCIPLE OF
CONTRACTION MAPPING

The techniques employed to simulate the nuclear
reactor system are applicable to a wide class of feed-

4000
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2000

MAXIMUM FUEL TEMPERATURE, °K

1000
-
I I l | I
0 1.0 2.0 3.0 40 5.0
TIME, seC
Figure 13. Effect of internal radiation on maximum fuel

temperature. :

back systems. The two important aspects of the
present simulation are the use of the multiplexing
technique and the consequent need for an iterative
procedure.

The success of this method of analyzing the re-
sponse of a closed loop system depends essentially
upon the convergence of the iterative process. Also,
a proof of convergence is necessary to provide math-

.ematical rigor for the present method. It is found

that such a proof is possible through the application
of the principle of contraction mapping.

The system in Fig. 8 can be considered as one
that “maps” (or transforms) ptbdi"l) (1) to p, P (2).
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Figure 14. Thermal conductivity with:and without internal
radiation.
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Figure 15. Conceptual representation of Fig. 8.

This is represented conceptually in Fig. 15. In the
figure, 4 is an open loop operator.* For the iteration
process to converge, the operator 4 has to satisfy
certain conditions.

Consider two arbitrary functions of time, x,(¢)
and x,(z). Let the operator A map these two func-
tions into y,(¢) and y.(t), respectively (see Fig.
16a). Let p(x;,x;) and u(y.,y:.) represent a measure
of the “distance” between these functions. If A4 is
such that

l-"(ylayZ) < F«(-xux-z) (13)

then the operator A produces a ‘“‘contraction” in the
“distance”. Now suppose that 4 operates on x;(z)
to produce x,(z), and in turn operates on x,(t) to
produce x;(z) (see Fig. 16b). If A satisfies the
condition in Eq. (13),

,U'(x‘Zyx3) < .U«(xl,x-z) (14)

If this operation is iterated (n—1) times,

w(XnsXn-1) < w(XperXneg) < ... < p(x1,%:) (15)

Equation (15) implies that there is a continuous re-
duction in the “distance” between the successive iter-
ations. This is the concept of contraction mapping.
The term “distance” between two functions is used
in a general sense. Distance is a-positive quantity and
it satisfies the well-known triangle inequality. The
norm, defined as the least upper bound of the abso-
lute value of the difference between two functions,
is a well known example of the distance.®

The convergence of the iterative process is closely
related to the overall loop gain in the system. The
term gain of an operator is defined as the least upper
bound of the ratio between the norms, ||A4(x:) —
A(x;)|| and |[|x; — x;||, where 4 denotes any opera-
tor and x; and x; any two functions of time.

In general, there are two types of convergence.
The first one is called the geometric convergence, in
which the rate of convergence is independent of the
time interval for which the response is computed.
Geometric convergence occurs only in systems in

* Note that this situation is a consequence of multiplex-
ing.

which the loop gain is always less than unity. This
is proved and discussed in Ref. 8. Physical systems
with such a severe restriction on gain are seldom
encountered in practice.

The second type of convergence is called uniform
convergence. Here the rate of convergence, however,
depends upon the time interval for which the re-
sponse is required. Systems in which this type of
convergence occur have an integration operator in
the loop as shown in Fig. 17 or a pure delay. The
gain of the rest of the operators A and B need only
be finite in this case. It is noted that the integration
may occur anywhere in the loop, and not necessarily
between 4 and B. Proofs of convergence and the
uniqueness of the converged response for the case of
systems reducible to this general form are given by
Zames.* *°

The following methodology for the proof of con-
vergence of the iteration process is found to be effi-
cient. First, an attempt is made to prove that the
loop gain is always less than unity. This may be
facilitated by some suitable mathematical transfor-
mations of the system variables. If the gain cannot
be shown to be less than unity, as might frequently
be, then the alternative is to prove that the system
can be reduced to the general form in Fig. 17 or
to show that there exists a pure time delay in the
loop. Many times this may be accomplished directly
or by transformation of variables. Since the trans-
formed variables may sometimes not be physical
quantities, particular care must be exercised in dem-
onstrating the boundedness of the gains of the vari-
ous operators present in the general form.

The reactor system under consideration can be
transformed into the general form shown in Fig. 17.
A proof of this statement is given in detail in Appen-
dix 1.

It follows, therefore, that the convergence of the
iterative process here is of the second type. Conse-
quently, the number of iterations necessary increases
with the time interval for which the response is com-
puted. This may be observed in Fig. 10. When the

x y Xy X, (= y.)
1 A ]_V A 2 1

-
-

v, ¥, Xy L7

X3 (= y,)
B — A

(a) (b)

Figure 16. Illustration of contraction mapping.
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Figure 17. Generalized form of the reactor system.

interval is large, a correspondingly large amount of
memory will be required to store the sampled vari-
ables. A sizeable economy in the memory units may
be effected if the response is computed sequentially
by subdividing the time interval into two or more
smaller intervals and initializing the system variables
in any of these intervals with their final values of
the preceding interval.

DISCUSSION

The outstanding feature of the present method of
analyzing the response of a closed loop system is
the employment of an iterative procedure. This
allows multiplexing of computer components.

As a result of multiplexing, there is a large saving
in analog circuitry. But for this economy, it would
not have been possible to employ the (limited
amount of) analog components to handle the enor-
mous number of differential equations in the mathe-
matical model of the reactor core. It is noted that
the simulation of these nonlinear equations on the
analog results in better accuracy than is possible with
existing codes for pure digital computers.*

The success of the present method of analyzing the

response of any closed loop system depends essen- -

tially upon the convergence of the iterative process.
From a practical standpoint a mathematical proof of
convergence alone is not enough. Simulation of typi-
cal transients is necessary to obtain a quantitative
estimate of the necessary number of iterations.

The iterative process has facilitated simulation in
continuous time for rather large intervals of time.}
The length of the time interval is limited only by

* Codes such as FORE, TER 4, and ARGUS give less
accurate results when the parameters (thermal properties)
in the heat flow equations are strongly dependent upon tem-
perature. An effort is presently underway to find better
differencing schemes to deal with the nonlinearities of these
parabolic partial differential equations.

t See Ref. 3 for a simulation in which it is necessary to
integrate differential equations by means of the analog for
small time steps.

practical considerations such as the available mem-
ory, required sampling rate and necessary number
of iterations for convergence. If the response need
be computed for a long interval, this interval may
be subdivided into smaller intervals (whose length is
compatible with the practical limitations) and the
response computed sequentially. As discussed in the
preceding section, in cases where convergence de-
pends upon the response time, a large saving in com-
puting time and memory units is possible by sub-
dividing the response time.

One practical aspect of multiplexing of analog
circuitry is the frequent re-initialization of the vari-
ables and modification of the parameters in the equa-
tions. This is accomplished by changing the various
potentiometer settings. From experience, it is found
that the incorporation of an automatic pot setting
equipment is of great help. In a completely auto-
mated set up it is suggested that the digital computer
be programmed to effect the necessary changes in pot
settings.

Very few arithmetic operations are done during
sampling intervals in the present simulation. There-
fore, the speed of the digital computer is not a limit-
ing factor. Consequently, high-speed analog equip-
ment may be used to advantage.

The hybrid simulation is proving itself to be effec-
tive and economical in the analysis of transience in
normal nuclear reactor operations and in hypotheti-
cal accident conditions. It can be particularly useful
in the design studies of fast reactor cores composed
of ceramic fuels whose thermal properties vary sig-
nificantly with temperature.

The techniques used in the hybrid simulation are
general enough to be applicable to any feedback
system in which the iteration is a contraction map-
ping. The advantages of the techniques increase
with the amount of multiplexing and the degree of
complexity in the equations. It is therefore recom-
mended that further effort be made to find applica-
tions of this method of simulation to other mathe-
matical models composed of nonlinear partial
differential equations.

APPENDIX 1

MATHEMATICAL PROOFS

I: To prove that the overall reactor system repre-
sentation in Fig. 6 can be reduced to the form in
Fig. 17. i o



754 PROCEEDINGS—FALL JOINT COMPUTER CONFERENCE, 1966

The neutron kinetics equations with one set of
delayed neutrons is considered in this section.

dn 1
— = —|p(z) — Bln + Ac
” ] [p(2) — B]
(16)
d
-—c = ﬁ n— Ac
dt 1
Letn = n,and ¢ = ¢, at t = 0. Also, let the reactor
d d
be critical (ie., — = * = 0) initially so that
dt dt
ny _ Al
Co B B )
Define:
N=—
a7
_c
==
Substituting (17) in (16),
N lew-mn+Eye
dt - 1
(18)
dcC
—— = AN —AC
dt
att=0,N=1,andC = 1.
Define a second set of new variables:
u=InN=In~
no
and (19)
C
V= —
N
Substituting' (19) in (18),
N
—_ = - FR— —_
de 1 P ~ l
20
dv du (20)
—=A—AY—V—
dt dt
Substituting for du/dt from Eq. (20),
dv 1 B
— = A —{r+—=[p(t) — Vv——
- (A + <o) — )y — -
(21)

Equations (20) and (21) can be represented in the
block diagram in Fig. 18. Observe that Eq. (20)

A

B
/ Lpt-g+ £y
(1)
P Joa— 8 |2

Figure 18. Block diagram of Egs. (20) and (21).

represents a pure integration, since the right-hand
side does not involve u.

B, is the operation e®.

- Two more blocks B, and B; representing the heat
flow equations and the feedback are added to obtain
the overall loop. Figure 19 is equivalent to Fig. 17
if B4, B,, B, are combined to form B.

The iterative process would converge only if the
gain of 4, B,, B,, and B; are finite. It is, therefore,
necessary to show that if the inputs of 4, B,, B,, and
B; are finite, their outputs would remain bounded.

H: To show that the gain of A is bounded. For
this it is necessary to show that v(z), given by
Eq. (21), is bounded if p(z) is bounded.

Equation (21) may be written as
Tar—tow-Lv
di i (22)

1
where {(z) =X + T [p(2) — B], and v(0) = 1.
Equation (22) is in the form of the famous Ric-
cati equation. Let the maximum absolute value of

£,
' Z(t)|max = zmax

The right-hand side of Eq. (22),

A — (1) v—-lﬁv2 S)L+é,’maxv—l£v2 for all ¢

Let V.. be defined as the positive value of v for
which

)"+Zmaxv_§1’2:0

Le.,
48\
émax + J{zmax'l' 'Lle—
Viax = — (23)
2B
1

Observation 1: If the initial value v(0) (namely 1)
exceeds V., the right-hand side of Eq. (22) is nega-
tive, i.e., dv/dt is negative. Therefore v cannot ex-
ceed the initial value, Viyax-
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Figure 19. Block diagram of transformed reactor system.

If v(0) < Vmas, the right-hand side of Eq. (22)
may be positive or negative. But in any case, the
corresponding v(¢) cannot exceed V.., because
dv/dt is negative for v(z) > Vimax.

Observation 2: v shall never be less than zero be-
cause when v = 0, dv/dt of Eq. (22) is equal to A,
which is positive, and consequently, v cannot de-
crease any further.

From observations 1 and 2 it is obvious that v
remains bounded between O and 1 if vy, < 1, and
between 0 and vy, If Ve > 1.

III: To prove that the gain of A is bounded in the
more general case of more than one group of delayed
neutrons.

The kinetics equations now take the following
form:

L) — i+ 3o

—_ - — Bin i Ci

a 17 >
ic_z.:&n——hzcz i:].-..J (24)
a1

J
where 8 = > Bi, and J is usually 6.
The substitutions (25) and (26) are made succes-
sively in Eq. (24) to obtain Egs. (27) and (28)
respectively.

n
N=—
ne
and (25)
=2
Cio
u=mN
(26)
of
Vi = ——
‘ N
&l —p+
i 1" 27
. ; 27)
dv;, " du

— =A=MYV —

dt dt

Substituting for du/dt given by Eq. (27),

B 4 Lot — BY ve — v I P
—d‘t" =X\ [/\z + l(P(t) B)] Vi Vi %Z::l—l—vks

i=1toJ (28)
The boundedness of the gain of A is shown by
proving that v; obtained by solving Eq. (28) will
remain bounded if p(¢) is bounded. The proof is
similar to that in IL
Equation (28) may be written as

dvs ’
—dzt—ZM—Ci(f) Vi— Vi %z%’c—vk%

k=1

(29)

1 X
where &; (1) = \; + 7 [p(t) — Bl

v; (0) = 1, and
i=1,...J.
Observe that v;(¢) cannot become less than zero

, v,
(for all i) because, when v;(¢) = O, ; = Ai,
t

which is positive.
Lvi(t) >0

Let the maximum absolute valué of i (¢) for al]
ibe Znax. Le.,

for all i

| & (2) | max = Cmax
The right-hand side of Eq. (28),

i
N — LD vi—vi{ Y &Vk

k=1 l
(30)

<A+ uax Vi '—%Viz
Let Vi msx be defined as th¢ positive value of \Z

for which , .

M+§maxvi—ieiivi2:0 31D
Following the arguments in Observation 1 of II,
it is clear that v;(¢) remains bounded between O

and 1 if v;nx < 1 and between O and Vi max if
vz—ma,x > 1

"IV: To prove that the gain of B,, B, and B; are
finite.
B, is the operation e*. Therefore, it is obvnous that
if u is bounded, e* is bounded.
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B, is represented by the heat flow equations.

By definition, the shape factor of neutron flux,
¥(r), the fission cross-section distribution, and en-
ergy release per fission are all bounded functions.

Therefore, if S—, the input to B,, is bounded the heat

generation rate in the heat flow equations would
remain bounded.

Using the proofs given in Ref. 11 for the existence
of the solution of quasi-linear parabolic partial
differential equations (equations of heat flow) it is
shown that 7 remains bounded for any arbitrary
length of time.

Therefore, the gain of B, is bounded.

The algebraic expressions that give the feedbacks
as a function of T are well behaved. See Egs. (4)
and (5). Le. given that T, the input of B, is
bounded the output p;, will be bounded. Hence, the
gain of B; is bounded.

APPENDIX 2

DISCUSSION OF THE
MATHEMATICAL MODEL

Neutron Kinetics Equations

The derivation of the neutron kinetics equations
from the time-dependent transport equation has been
treated in detail by A. F. Henry!?* and E. P.
Gyftapoulos.’* The neutron flux F in general is
considered to be space, r; time, t; energy, E; and
direction, @ dependent. Without loss of generality
F may be expressed as:

F(r,EQt) = y(r,EQ0) n(t) (32)

where n(t) is a time-dependent function accounting
for all growth or decay tendencies of the neutron
density while ¢ (r,E,Q,t) is a shape function, which
is bounded at all times.

Several methods have been proposed to obtain the
shape function ¢ (r,E,Q,t). A simultaneous solution
of n(¢) and y¢(r.E,Q,t)has not been successful to
date. However, some of the quasi-static models
seem to be computationally feasible. The quasi-static
models essentially neglect the time derivative of ¢
in the computation of n(¢). This allows the computa-
tion of n(#) independent of ¢.'21® ¢ is computed
periodically during transience. Consequently, the
time dependence of ¢ is discretized and is implicit in
the changing nuclear properties and physical di-
mensions.

In the present analysis, the flux shape, y, is taken
as invariant during transience. Work is in progress
to consider the more realistic case in which ¢ does
vary with power level. Consequently, the present
treatment of the neutronics is macroscopic in nature.
The neutron flux is represented by the product
¢(r) n(f); in which the angular and energy de-
pendences of ¢ are integrated over all @ and E.
The equations to solve now reduce to the set of
ordinary differential equations in Eq. (2).

Transient Heat Flow Equations

The heat flow equations are written for a cylindri-
cal fuel cell, shown in Fig. 4. The following are the
assumptions. :

The internal heat generation rate is symmetric
with respect to the longitudinal axis of the cell, and
the materials are isotropic..

The axial conduction of heat and the radial varia-
tion of the coolant temperature are neglected.

Materials do not have phase changes (fuel melting
and coolant boiling) during transience. Further, there
is no large scale disassembly of the core.

Under these assumptions, the heat conduction
equations are written in one-dimensional space;
namely, r, at any position z along the axis.

oT o AT |
cPr——:— K(T)r_ +r‘I(",Z,t)
ot or | or |
(for fuel) (33)
T o[ oT | |
cot — = — | K(T) r —
o "o | nrs i

(bond or clad) (34)

where T' = the temperature,
¢ = the specific heat,
p = the density,
K = the thermal conductivity, and
g = the internal volumetric heat generation
rate.

q(r,z,t) is expressed as:
q(r,z,t) = F(r,2) n(t) (35)

where F(r,z) is a conversion factor to obtain the
fission heat generation rate from the neutron flux

density.
The boundary conditions are:

oT _

-a—- = 0 (assuming the material to be isotropic)
r =0

(36)
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_K(T) Z—T = h(Ts — T.) = 0 (37)

¥ | =k
where T is the temperature at the surface of the
clad, and T, the average coolant temperature.

The surface heat transfer coefficient 4 is a func-
tion of temperature and coolant flow rate. Q repre-
sents the heat transferred per second per unit area
of the boundary between the fuel cladding and the
coolant,

The integration of Egs. (33) or (34) in each
radial increment Ar results in Eq. (7). The tempera-
ture between any two node points is assumed to
vary linearly. Note that this assumption is fully pre-
served in the integration process.

The rise coolant temperature for any axial incre-
ment may be obtained by writing the heat balance
equation. This equation in its differential form may
be stated as:

_‘a_[chc] + i[GcTc] =NQ (38)
ot 0z

where p = the density,

¢ = the specific heat,

T. = the temperature of the coolant,

G = the mass flow rate per unit cross-
sectional area of coolant, and

/A = the ratio between the circumference of
the clad and the cross-sectional area of
coolant flow.

If p and c¢ are constants,* Eq. (38) may be re-
written as:
oT, + G@) T, A

— (39)

Equation (39) is integrated along Az, for the ith
increment of the z-axis, to obtain Eq. (10).
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A HYBRID COMPUTER SOLUTION OF THE CO-CURRENT
FLOW HEAT EXCHANGER STURM-LIOUVILLE PROBLEM *

Lawrence T. Bryant, Lawrence W. Amiot and Ralph P. Stein

Argonne National Laboratory
Argonne, lllinois

INTRODUCTION

Analog and digital computers have proven to be
very valuable tools for solving engineering problems.
In order to obtain solutions to some of the problems,
trial-and-error or searching techniques must be em-
ployed. Two-point boundary value problems—of
which the classical Sturm-Liouville system is a spe-
cial but important case—belong to that class of
problems.

The analog computer is particularly suited for
solving linear or nonlinear differential equations.
However, those problems which require trial-and-
error techniques to effect a solution are often quite
time-consuming, particularly if a large number of
solutions is required. This is compounded if a large
number of arithmetic operations must also be per-
formed, since the accuracy of an analog computer
when performing a large number of such operations
may not be ideal. Hence, solution by pure analog
computation of problems of this kind can be quite
expensive and can introduce questions concerning
the overall accuracy of the results obtained.

The searching or trial-and-error technique can be
done more economically by programming the proce-
dure on a digital computer. Also, the arithmetic op-

* Work performed under the auspices of the U.S. Atomic
Energy Commission.

erations can be performed with relatively unlimited
accuracy at very little cost. The solution of the dif-
ferential equations, however, can be more time-con-
suming on a digital computer when compared with
the speed at which they can be solved on an analog
computer, especially when a large number of differ-
ent cases must be considered. Further, the program-
ming necessary to solve the equations by digital
computation will often be more expensive under the
same comparison. The use of a hybrid computer,
which employs both analog and digital elements,
provides a means by which the aforementioned dif-
ficulties may be overcome. ,

This paper presents the solution by hybrid com-
putation of the boundary value problem which re-
sults from an analysis 2 of the co-current laminar-
flow double-pipe heat exchanger. The analysis leads
to a Sturm-Liouville system consisting of two Sturm-
Liouville differential equations coupled at a common

~ boundary. In addition to the use of an eigenvalue

759

searching procedure, which must be handled by the
computer operator, solution by analog computation
requires a much larger number of arithmetical opera-
tions than with the more familiar two-point bound-
ary value problem.

A hybrid computer can perform all of the opera-
tions necessary to solve problems of this type auto-
matically and economically. The digital elements of
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the hybrid computer perform the arithmetic, trial- space variables x and z (see Fig. 1), can be written

and-error, and control operations, as well as input/ as follows:
output, while the analog elements provide the solu-
tions of the Sturm-Liouville differential equations _1_ _a_ X 06 = g.(x) 06 (1a)
and the generation of subsidiary functions. Thus, the x ox ox
entire computing operation is handled by the ma-
. L . 1 0
chine, relieving the computer operator of the tedious -
job of “searching,” as well as performing the arith- I—(1—R)x ox
metic operations with improved accuracy. L oL,
Formulation of the problem and the method de- %[ 1—(1—R)x] % = o’ga(x) (1b)
vised to effect the solutions are described. Typical ox oz
results are shown in tabular form; maximum errors with £;(x,2),0 < x <1, 0 <z < o, and
vary, but generally are less than 0.2%. R
0? = —— KH.
THE MATHEMATICS OF THE 1+R
CO-CURRENT FLOW HEAT EXCHANGER Inlet conditions
The usual co-current flow double-pipe heat ex- 4(x0) =0;4(x0) =1 (2a,b)
changer consists of two concentric pipes with fluids Boundary conditions
flowing in parallel through the annular space and
central tube as illustrated in Fig. 1. The figure also & =0 i=12 (3a,b)
shows some of the nomenclature to be used below. ox |,
Energy conservation, with appropriate simplifica- %, | o
tion, together with Fourier’s heat conduction law K =L 22 =90 (3¢)
leads to partial differential equations for each chan- ox |, ox |,
nel of the exchanger *-¢ with boundary and initial (or o
inlet) conditions. The resulting mathematical prob- K,—
lem, which determines the temperature distributions ox |,
& (xz), i=1,2 as functions of the dimensionless + &(1,z) — &(1,z) =0 (3d)
Lr b/
44 [z 7z
a, Xo I~ FLUID "2"
F— \
; TN
:] a ] " |—FrLuD M1"
' - —_——
. X, ]
-3 -
SECTION A-A
X; . .
X = ~O—I  1=1,2
3= (E)4)

Figure 1. The double-pipe heat exchanger.
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The quantities H, K, and K,, are dimensionless
parameters which, along with the annulus radius
ratio R (see Fig. 1), define the geometry and op-
erating conditions of the heat exchanger. The pa-
rameter H is the heat capacity mass flow rate ratio
of the two fluids; K is a relative thermal resistance
for heat flow from the fluid in the annular space;
and K,, is the relative thermal resistance of the tube
wall separating the two fluids. The parameters R,
H, and K,, are independent of each other; the pa-
rameter K, however, depends on R and the ratio of
the fluid thermal conductivities y, viz:

(1—R)y
R

K =

Thus, except for the limiting case of a “narrow” an-
nular space (R — 1), the exchanger geometry and
operating conditions are best defined by the four
independent parameters R, H, v, and K,. For the
limiting case of a narrow annular space, K is used in
place of y, and R is eliminated as a separate param-
eter. Since further knowledge of the mathematical
definitions of these parameters is not important to
the purposes of this paper, they will not be given
here. Instead, the reader interested in more than the
specific topic of computation discussed here is di-
rected to the appropriate references.'-

The functions g;(x), i=1,2, represent the “fully
developed” local fluid velocity divided by the aver-
age velocity. For laminar flow through a tube

&(x) = 2(1—x%) (4a)
while for laminar flow through an annular space,

2[1—r(x) + c lar(x)]

g:(x) = (4b)
1+ R*—2c
with
r(x) =[1 — (1—R)x]? (4c)
and ‘
1 — R?
¢ 4R ‘ (4d)

These expressions for g;(x) or their equivalents can
be found in most textbooks on fluid mechanics.

As discussed in Refs. 1-3, separation of variables
applied to Eqgs. (1) to (3) leads to solutions of the
form

H ® 2
8i(x2) = —— + D eaEin(x) €M =12
1+H n=1
(5a,b)

where the ¢, are generalized Fourier coefficients de-
termined so that Eqs. (5) satisfy the inlet conditions
given by Egs. (2), and the E;,(x) are eigenfunc-
tions corresponding to eigenvalues A%, The eigenfunc-
tions, which allow Egs. (5) to satisfy the boundary
conditions given by Eqs. (3), are defined by the fol-
lowing “two-region” Sturm-Liouville system.

d
— [xE’y 0] + x81A%E;, = 0 (6a)
dx n

d
— {[1 — (1—=R)x] E.,»}
dx
+ [1 — (1—R)x] gszA;Ez,n =0

(6b)
E.(0) =0 i=12 (7a,b)
KE' (1) + E'»,(1) =0 (7¢)
KyE's0(1) + Ein(1) — E; (1) =0 (7d)

For reasons which will be apparent later, it is con-
venient to define the functions

G.(x) = xg:(x) (8a)
and
G.(x) =[1 — (1—R)x]g.(x) (8b)
The Fourier coefficients ¢, are then given by
Bi.u
Cp — — L (9)
N,
where
1
Bl,n = Gz(x)El,ndx (loa)
0 :
- 7 2
= —2E,,(1)/\2 (10)
and

1 H
Nn =2 (;1E1,n2 + — GzEz,nz dx (11)
0 1+R

The above system of equations and formulas is
analogous to the more familiar “single-region”
Sturm-Liouville problém. For example, the eigen-
values A2 n=1,2,3, ... are positive and denumer-
ably infinite in number with A2 < AZ ; and an or-
thogonality condition for the E;.(x) leads to Eq.
(9) 10 ! | |

For practical applications, the most important in-
formation desired from the mathematical solution is
the relationship between the overall heat transfer

rate and the exchanger heat transfer area as deter-

mined by the parameters R, H, vy, and K,,. This re-
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lationship is conveniently expressed as a heat ex-
changer efficiency ¢ (0 < ¢ < 1) as a function of
the dimensionless heat exchanger length z. Use of
the mathematical solution given above results in -3

o0 2
H B n2 —A”z
e=1— 1+ 2 1, e
H n=1 N, (12a)
which can be written as
0 —A:z
e=1—2¢ne (12b)
n=1
with
_14H B>
"~ H N, (13)

Thus, the most important quantities to determine are
¢, and AZ as functions of R, H, v, and K,,; or, for
the limiting case of R — 1, as functions of H, K, and
K,.

BASIS FOR COMPUTER SOLUTION

Let y;(x,A), i=1,2, be the solution of Egs. (6)
which satisfy the “initial” conditions

»:i(0A) =1 (14a)
and

Yia(0) =0
for arbitrary values of A. Let
F(x,A) = y1(%A)Y20(A) + Ky1e(X,0)¥:2(x,1)

+ Kuysa(£,1) 2,0 (X0) (15)

Then it is easily shown* that the eigenvalues A2 are
obtained from the positive nonzero roots of F(1,),)
= 0, and that the eigenfunctions can be expressed
as

(14b)

El,n(x) - yz,z(l;)\n)yl(x:)\'n) (163)

and
E;n(x) = —K y1,:(1,A2) y2(x,10)  (16b)

Substitution of Eqs. (16) into Eqgs. (10b) and (11)
gives expressions for B, , and N,. These expressions
are then substituted into Eq. (13) to give the fol-
lowing relationship for the desired quantities ¢y.
_ 1+H 2 Ml()\n) o?’K Mz()‘n) -
TUOH x|y, () Ry (LA)

(17)

where

1
M,(2) :ﬁ) G.(x)y*(x,\)dx  (18a)

and

1
M,(\) = /0 Gz(x)yz(x,)»)dx (18b)

The analog portion of the hybrid computer is
wired to generate y;(x,A), i=1,2, for arbitrary posi-
tive values of A by simultaneous solution of Eqgs. (6)
over a time interval equivalent to 0 < x < 1. The
integrals M;(A) are also computed and, along with
values of y;(1,A) and y;,(1,A), appear as output
voltages at the end of the time interval.

Solution of Egs. (6) and evaluation of the inte-
grals M;(A) require the analog to generate the func-
tions G;(x), i=1,2. These functions are obtained by
analog solutions of appropriate differential equa-
tions for G;(x) and g.(x) obtained by successive
differentiation of Eqs. (8a) and (4). Thus, G,(x)
is generated by solution of

G, (x) = —12
with the initial conditions: G,” (0) = 0, G,"(0) = 2,
and G,(0) = 0.
The function g,(x) is generated by solution of
p"(x) = Li(R)
and
dg.
dx
with the initial conditions: p’(0) = L(R), p(0)
= I,(R), and g,(0) = 0, where
8(1—R)?
Ij=————~
1+ R? — 2¢

[1— (1—R)x] = p(x)

2(1—R)?
3(1+R*—2c)
2(1—R) (1—c)
3(1+R2—2c)

I, = —12

P

with ¢ given by Eq. (4d). For the limiting case of
R—->1,1,=0,I, = —12,and I, = 6.

SOLUTION BY HYBRID COMPUTER

Figure 2 shows a flow diagram of the hybrid sys-
tem. The hybrid computer employed consists of a
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stored program digital computer connected through
a link to the analog computer.* Figure 3 shows the
analog computer circuit diagram including the link-
age with the digital portion of the hybrid system (i.e.,
ADC and DAC).

The digital computer of the hybrid system is a
Digital Equipment Corporation PDP-7 computer
equipped with an 8K core memory. The duties of the
digital computer can be summarized as follows:

1. Parameter input

2. Control

3. Storage and memory

4. Arithmetic computation
5. Output

The digital program is written in assembly lan-
guage. The assembler is run on a CDC 3600 with
output onto magnetic tape. The language is essen-
tially that which is used in the D.E.C. assembler with
certain mnemonics added to handle the hybrid com-
munication. These mnemonics represent micropro-
grammed instructions, macros, or library subroutine
calls. The arithmetic routines use single precision
floating point library subroutines. The converted
(A — D) fractional numbers are “floated” before
computation and “fixed” into fractional binary num-
bers before conversion (D — A).

As described in the preceding section, voltages
proportional to M;(1), y;(1,A) and y;.(1,A) appear
as output from the analog computer. The voltage out-
put proportional to equation variables are indicated
on the analog circuit diagram (Fig. 3) as “primed”
variables. The initial conditions y;(0), y;.(0) and
the initial values of G, (x) indicated previously are the
initial conditions of the analog computer. The digital
computer evaluates the eigenvalue equation F(1,1.%)
(Eq. (15)) with the A the kth approximation of
A, and then chooses the (k+ 1)th approximation ac-
cording to the value obtained for F(1,A®) as de-
scribed later. When A® = A,, the digital computer
evaluates ¢, (Eq. (17)) and prints out values of n,
A2 and ¢,. Thus the digital portion of the hybrid
handles most of the arithmetical operations, while
the analog section concentrates on solutions of the
differential equations and evaluation of the integrals
defining M; (1) (Egs. (18)).

In addition, the analog computer is under control
of the digital computer. This is perhaps the most im-
portant single function of the hybrid system. The
analog functions reset, hold, and operate are slaved

to those of the link connecting the analog and digital
computers. Problem parameters are supplied to the
analog by the digital machine via the digital-to-ana-
log conversion equipment.

When the initial parameters have been entered and
the hybrid system set up, the first iteration for X, is
activated. The analog computer is placed in the oper-
ate mode and a clock-controlled conversion order
initiated. The digital computer is in a wait loop serv-
icing A-to-D interrupts as they occur as a result of
the clock-controlled conversions. These conversions
are used as a means of counting time, #. The space
variable x is related to ¢ by ¥ = ax, with a = 10
seconds. At x = 1 (¢ = 10.0 seconds), the analog
computer is put into “hold” and an A-to-D conver-
sion made on the analog outputs M;(A), y;(1,1)
and y; ,(1,0). F(1,A®) is evaluated and a decision
is made as to the necessity for more iterations.
Hence, the problem requires not only input param-
eters between cases, but their modification between
iterative runs. If on the basis of the value of
F(1,,.®) it is determined that no further iterations
are necessary, an eigenvalue has been determined
and further arithmetic calculations are made; other-
wise certain input parameters are modified according
to a digitally programmed algorithm and further it-
erations are made. The following summarizes the
method used.

1. Input constants K, K,, R, and H,
which define a particular run.

2. Calculate y = RK/(1—R).

3. Input starting parameter A. Reset ana-
log.

4. Operate analog under clock control at
one second intervals.

5. Put analog in “hold” at 10 intervals
and calculate F(1,0) from the data
provided by the analog computer.

6. On the basis of the value of F(1,))
evaluate a new A, reset analog com-
puter and initiate a new iteration, i.e.,
repeat (4) and (5) until, for properly
scaled variables, [F(1,A0)| < & for &
small enough.

7. Calculate ¢, if (6) is satisfied.

8. Increase A, obtained, reset analog and
repeat (4)—(7) to obtain results per-
taining to the next eigenvalue.
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For each run results were obtained for » = 1, 2, and
3 only, since these were judged sufficient for the
physical problem. A general flow diagram of the
digital computer program is shown in Fig. 4. Each
value of # is identified as a “case” on this figure. The
memory requirements are about 2K for the program.

Since the digital calculation time is negligible com-
pared to the operate time of the analog computer
(10.0 seconds) and the time allowed for the servo-
mechanical multipliers to reset (2.0 seconds), the
time for one iteration is approximately 12 seconds.
The number of iterations per case varies from 3 to
10, so the total iteration time per case is from 0.5
to 2.0 minutes. Clearly, the most time-consuming
portion of the program is the repeated searching for
the roots of F(1,A)—i.e., for the eigenvalues. Hence
the searching algorithm is of particular interest.
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Figure 4. Flow diagram of the digital computer program.

ALGORITHM FOR DETERMINATION
OF EIGENVALUES

The computer must use some criterion for suc-
cessively choosing A® until, for properly scaled vari-
ables |F(1,L.® )| < ¢ for ¢ small enough (e small de-
termines the accuracy to which the boundary condi-
tions at x = 1 are satisfied).

Several algorithms * can be considered to search
for the succeeding values of A®, These include (1)
the Newton-Raphson method, (2) Regula Falsi
(method of false position), and (3) an iterative
trial-and-error procedure consisting of decreasing or
increasing A® by a fixed percentage of its previous
value (10%, 1%, 0.1%, ...), determined by the
value and sign of F(1,A%),

In most cases the Newton-Raphson method is
the most efficient and converges to the root more
quickly than the other methods. This method, how-
ever, requires a knowledge of the derivative of the
function, and this is not available for the case being
considered here. The third method mentioned con-
verges slowly and would prove to be extremely time-
consuming. Previous knowledge of the function and
its behavior gave rise to the utilization of the method
of Regula Falsi together with a modified iterative
method similar to method 3.

The first trial is made using a starting value of A
and the eigenvalue equation F(1,\) is evaluated. For
0 < A < X, it is known from previous experience
that F(1,0) < 0 and thus X is increased or decreased
by a fixed percentage, determined by the sign of
F(1,7). Figure 5 illustrates the behavior of F(1,1).
Succeeding runs are made in this manner until the
difference in magnitude of F(1,A*) in two succes~
sive runs is positive and the difference in magnitude
is greater than the magnitude of the most recent
point; i.e., indicating that the next run may cause a
sign change, or the value of F(1,A%) changes sign
from the previous run. Regula Falsi (the method of
false position) is then employed for all successive
runs until convergence with the next calculation:

F(1%0) AG — F(1A®) \0D
FALED) — F(1A®)

,y(k+1) —

The reader is referred to the appropriate reference °
for a detailed explanation of the method of false po-
sition.

In addition to the aforementioned methods, a test
is also made to determine the difference between
A® on successive iterations. If the difference is less
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+F(1L,A)

(<IN X 100 200

300 400 500

Figure 5. Behavior of F(1,0), (F(1,\) vs A®)

than 8, for § < ¢, we assume the present value of
A® to be the root regardless of the value of
F(1,0®). This is particularly useful when the slope
of F(1,A™) is large at the root and further runs will
not significantly increase the accuracy of A®. A flow
diagram of the search routine is shown in Fig. 6.

Although the digital computer performs the neces-
sary arithmetic operations to calculate F(1,)),
F(x,A) is generated on the analog computer. This
allows us to illustrate the convergence of the algo-
rithm used in the simulation. A typical F(x,A), for
various iterations, is shown in Fig. 7. Convergence of
F(1,)) (see Fig. 8) is illustrated by plotting the end
points of F(x,A) vs. A®, F(x,),) is shown in Fig. 9
for three consecutive eigenvalues.

NUMERICAL RESULTS

Table I shows results of the system. Comparison
is made with known eigenvalues as indicated in the
table. The indication is that solutions obtained by the
method presented here are quite adequate.

SUMMARY

It is shown that the difficulties discussed in the in-
troduction are overcome through the utilization of a

hybrid compuier. An iterative procedure is formu-
lated on the digital elements for the trial-and-error
search together with all necessary arithmetical opera-
tions. The differential equations are solved on the

Table 1. Table of Eigenvalues and Comparisons

R K H M Az As AM*
1.0 0.1 0.1 11.37 36.05 11.27
1.0 1.0 0.1 1099 3047 10.94
1.0 1.0 1.0 4.129 16.54 4.134
1.0 1.0 05 5.822 18.40 5.81
090909 05 0.1 1127 34.15 65.27
090909 0.5 1.0 5.073 1997 47.22
0.6667 0.5 0.1 11.30 34.53 66.15
0.6667 05 1.0 5.15 2042 49.17 No
0.6667 0.1 1.0 6.105 23.88 58.13  comparison
0.6667 25 0.1 1034 21.79 46.71 available
0.5 1.0 01 11.19 31.90 57.90
0.5 1.0 05 6.16 19.63 47.75
0.3333 20 0.1 1091 27.04 5044
0.3333 100 1.0 1.109 8.228 14.26

*R. P. Stein, “The Groetz Problem in Co-Current-Flow
Double Pipe Heat Exchangers,” ANL 6889 (Sept. 1964),
p. 31, Table 1.
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Figure 6. Flow diagram of the search routine.

analog elements of the hybrid system. Control of the
system is left to the digital computer.

A measure of the success of the method is the
speed at which the iterative process converges. The
rate of convergence has been shown to be quite rapid
even when using a “slow” analog computer (EAI
131R). Sampling rate is not a factor in this problem
since we are only interested in the value of F(1,1)
i.e., the end point of F(x,\).

REFERENCES

1. R. P. Stein, “The Graetz Problem in Co-Cur-
rent Flow Double Pipe Heat Exchanger,” Chem.
Eng. Prog. Symp. Series, vol. 61, p. 76 (1965).

2. , “Liquid Metal Heat Transfer,” Advances
in Heat Transfer, Vol. III (T. F. Irvine and J. P.
Hartnett, eds.), Academic Press, New York, 1966,
pp. 101-74. '

3. , “Mathematical and Practical Aspects of
Heat Transfer in Double Pipe Heat Exchanger,”
Proceedings of Third International Heat Transfer
Conference, Vol. I, AI.Ch.E., New York, 1966,
p- 139.

4. L. W. Amiot, et al, “The Argonne Hybrid Com-
puter Maintenance Manual,” Applied Mathematics
Division Technical Memorandum No. 115 (Nov.
1965).

5. K. S. Kunz, Numerical Analysis, McGraw-Hill, -
New York, 1957, Chap. 1. -




768

~F(X,A)

PROCEEDINGS—FALL JOINT COMPUTER CONFERENCE, 1966

®'@@ = NO.OF ITERATION

Figure 7. Convergence of F(x,\) for n=2.

tF(LA

2 3
, & @
d e

5

°

H
é
2 bAk
100 150 200 250

o™

Figure 8. Convergence of F(1,\) for n=2.
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A GENERAL-PURPOSE ANALOG TRANSLATIONAL
TRAJECTORY PROGRAM FOR ORBITING
AND REENTRY VEHICLES

Arthur I. Rubin and Lloyd Shepps

Martin Company
Baltimore, Maryland

INTRODUCTION

Analog computer programs for very complex
flight simulations are well known. As a recent ex-
ample, the complete six-degree-of-freedom equations
of motion have been developed by Fogarty and
Howe,' as well as simple two-dimensional, or two-
degree-of-freedom, simulation equations. The former
are useful for simulation analyses with a man in the
loop, generally in real time. The latter are useful for
student analyses of trajectories. The engineering
trajectory analyst, however, often appears to be in-
terested additionally in intermediate complexity. He
is interested in what we shall call a pseudo-six-
degree-of-freedom trajectory program, wherein the
three translational degrees of freedom are handled
exactly, with all terms included, but the rotational
equations of motion are eliminated. In their stead,
the analyst inserts arbitrary functions for three
angles such as alpha (angle of attack), beta (angle
of sideslip), and sigma (roll angle about the velocity
with respect to air vector). Such an analytical pro-
gram turns out to be of great interest in the design
phase of an aerospace vehicle, since it permits evalu-
ation of many hardware tradeoffs among different
configurations. Such a program, in existence at the
Martin Company in digital form since 1964, is
described by Wagner and Garner.?

771

The development of an equivalent analog program
was recently undertaken, not as an exercise to show
that an analog computer can do what a digital com-
puter can do, but rather to give the analyst a more
efficient tool. One advantage sought was a reduction
in time of several orders of magnitude required to
obtain a complete footprint for a particular vehicle
configuration and assumed reentry conditions. A
second advantage sought, which would follow almost
automatically if the above advantage were obtained,
was to achieve a significant cost reduction in doing
the job on the analog computer rather than the
digital computer. The constraints that were put upon
the "analog program by the analyst were that it must
be able to handle exactly the same inputs as the
digital program, cover the same range of the vari-
ables as the digital program, and produce at least
the same output as the digital program.

In order to meet these objectives, an analysis of
the analog program approach as developed by
Fogarty and Howe was made. It was decided that
the existing six-degree-of-freedom program was more
complicated than was needed by the engineering
analyst. Consequently it would be more expensive
to use, and probably more cumbersome. On the
other hand, the simplified version of the program as
derived by Fogarty and Howe was too simplified for
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the analyst. It was therefore necessary to start with
the translational degrees of freedom trajectory equa-
tions as derived by Fogarty and Howe, and rederive
the generation of the forces acting on the vehicle,
allowing the analyst to impose arbitrary angles of
attack and sideslip and an arbitrary roll angle about
the velocity vector with respect to the air. The second
addition to the program, as required by the analyst,
was to compute, in addition to the normal output,
which was available from the basic equations of
motion, the “downrange” and “crossrange” variables
as traced on the earth.

As fallout from the development of this analog
program, we can make direct comparisons, because
of the existence of an equivalent digital program,
with digital runs to compare (1) accuracies obtained,
(2) time saved, and (3) costs for obtaining solutions
by each of the two distinctly separate methods. In the
past, the lack of equivalent analog and digital pro-
grams for a particular problem has been one of the
drawbacks in obtaining effective comparisons.

THE EQUATIONS OF MOTION
H-Frame and Earth-Frame Axes

The equations of motion are integrated in the
H-frame coordinate system as discussed by Fogarty
and Howe ® and are the version that they have
developed.

The H-frame is a vehicle-centered coordinate sys-
tem whose x-axis is horizontal and points in the
direction of the horizontal component U, of inertial
vehicle velocity. The z-axis points to the center of
the earth and gives the direction of the vertical com-
ponent W, of inertial vehicle velocity. The U,, W,
plane therefore contains the inertial velocity vector
V,. The U, component of velocity makes an angle
yn with respect to true north. These relationships are
shown in Fig. 1. The y-axis of the H-frame is
horizontal and perpendicular to the U,, W; plane.
Since it contains no velocity component, it is not
shown on the figure.

A right-handed local earth frame can be defined
which has north as its x-axis, east as its y-axis and
down as its z-axis. This axis system, together with
the components of ¥, projected on the local earth
frame, namely U, V., and W,, is also shown in
Fig. 1.

The H-frame is used for the trajectory computa-
tions because it has a number of advantages. These
have been discussed by Fogarty and Howe ® and

_/E
Vehicle

location

Figure 1. Right-handed local earth frame (N, E, down;
Vi = inertial velocity with component U in
horizontal plane, Wr in vertical plane; Unr makes
angle ¥ with north. E-frame components of
Vi are shown as Ug, Vg, Wg. Velocity with re-
spect to the air mass Vair, also shown, with its
E-frame components Uga, Vea, Wpa.

are repeated here for completeness. The first advan-
tage is due to the use of the angular momentum
integral as an input to the U, computation, For out-
of-atmosphere studies, this eliminates one integration
from the computation and, therefore, reduces the
principal source of drift for the in-plane motion. The
second advantage lies in the ability to write the
equations of motion in terms of the deviations of
the variables from their values in a reference orbit,
thereby greatly improving the scaling. These two
advantages taken together greatly improve the com-
putational accuracy.

A third advantage, which is true for any coor-
dinate system that points toward the center of the
earth and is therefore true for the H-frame, is due
to the fact that the main gravity force term can be
inserted directly into the integration that produces
the downward component of velocity, thereby by-
passing any errors that may result from force
transformations. Furthermore, by taking advantage
of the perturbation form in which the equations of
motion are written, the gravity term is analytically
subtracted from the centrifugal force term for the
reference circular orbit, thereby producing an analog
computer program which is extremely precise for
out-of-atmosphere and/or near-orbit conditions.

Direction Cosines, Force Transformations,
Downrange and Crossrange Calculations

The derivations of these equations and/or func-
tions are shown in Appendix 1. Nomenclature and
definitions of symbols are given in Appendix 2.
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CAPABILITIES OF THE PROGRAM

The following problems are examples of those
that can be set up to be solved with the analog pro-
gram:

1. Two-body orbital mechanics
2. Reentry from orbit

3. Boost phase

4. Synergetic maneuvers

The orbital problems (no atmosphere) can be
run on one computer console (at half the cost).
Orbit transfers can be accomplished by fitting the
end conditions as viewed on an oscilloscope. Orbit

variation due to

“insertion errors”

is readily cal-

culated. The flow diagram for orbital studies only
is indicated within the dotted line on Fig. 2.

The reentry phase requires two computer consoles
and can be used to analyze a wide variety of prob-
lems. Reentry heating data may be obtained using the
modification of Chapman’s expression for convective
stagnation heating. Necessary reentry locations for
desired landing sites are very easily obtained by trial
and error processes, optimization of reentry maneu-

External
inputs
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vers can be performed, and control laws can be
added for reentry trajectory improvements.

Future usage may require a third computer con-
sole to include the necessary equations for boost
phase and synergetic maneuvers. The additions to
the information flow diagram necessary for synergetic
maneuvers are shown in Fig. 3.

Accuracy

To better understand the quality of the analog
reentry and orbit simulation, a comparison can be
made with the existing digital program, which uses
the IBM 7094 Model II (a high-speed digital).
Though differing forms of the equations are used,
their mathematical equivalence has been verified by
a comparison of output data from the two programs,
a sample of which is shown in Fig. 4. The important
initial oscillations are identical. This is significant
since it determines that the heating rates, dynamic
pressure, and total accelerations are in agreement
when they are most critical. After 312 cycles, devia-
tions appear, with the final times for touchdown
differing by 1.5% . Experiment has shown that 1.0%
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Figure 2. Information flow diagram for pseudo-six-degree-of-freedom analog trajectory program.
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Figure 3. Flow diagram additions for synergetic maneuvers.

alterations to the aerodynamic coefficients will result
in changes to the trajectory which are significantly
greater than 1.5%. Since the accuracy is within the
known tolerance on the system inputs, we have a
useful engineering tool.

Solution Time

If any one feature makes an impression on the
engineering analyst, it is the high-speed solution time
of the analog. With the digital program, solution time
will depend on the complexity of the run. With the
analog, the complexity of a particular type of run
may require more equipment but solution time will
remain unchanged. An average analog solution time
will be approximately 0.3 second using high-speed
repetitive operation. Minimum reentry solution time
for digital is approximately 6 minutes, and in special
cases may be as high as 18 minutes.

When running in repetitive operation, the program
reinitializes immediately after a solution and restarts
automatically. This allows a turnaround time of less
than 100 milliseconds with changes to the program
being automated to alter the solution. Graphical
solution, such as the altitude versus velocity diagram,
can be displayed on the oscilloscope, giving the
analyst instant feedback. This has advantages over
a listing of output in numerical form, since anoma-
lous behavior is rapidly detected, and the cause
thereof can be immediately investigated.

Setup Time

We have been assuming above that the analog
program is in the computer, has been checked out,
and is running. If this is not the case, an hour of
checkout time must be allotted. This has been ac-
complished effectively in double-shift operation with
a manual pot system. What has reduced checkout
time has been the use of card-programmed DFG’s,
which assured repeatability of the aerocoefficients,
which are the most sensitive inputs, If the program
has not been running over an extended period, such
as one month, and is then returned to the computers,
the setup time becomes longer—possibly as long as 8
hours. This is the time necessary for the programmer
to familiarize himself with all the input/output con-
trols.

COST

Economics is of prime importance for the often
used orbital and reentry simulation. We find that
an average reentry solution costs from $0.05 to
$1.00 (depending on the time scale used) on the
analog, and a minimum of $50 on the digital.

To the trajectory analyst, the comparison is often
made in terms of cost per footprint. The analog can
be set up to give these footprints directly (with no
off-line plotting or data reduction necessary). A
footprint can be defined by approximately 100 re-
entry runs. Analog time per 100-run footprint is
less than 5 minutes. Digital time is 10 hours. This
results in an analog cost advantage of approximately
1000/1. For example, the analyst can define a land-
ing zone for various maneuvers at a cost of about
$5.00 on analog, instead of $5000 on digital. How-
ever, because of the extreme times and costs for a
digital footprint, our analysts judiciously select five

400

Digital  em———

Anulog = e e m——

Altitude (ft x 10%)

el L 1 ! 1 L L\ |
0 10 20 30 10 50 60 70

Fime (min)

Figure 4. Analog/digital comparison of altitude versus time
for a typical reentry from 400,000 feet.
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runs to define a digital footprint. This requires
special “fairing in” of the complete footprint curves
by hand (when obtained digitally), but does reduce
the digital cost to $250 per footprint. In this in-
stance, analog can only claim a 50/1 cost advantage,
with a subtle added advantage, since the engineer
need not spend the time “fairing in” the analog
footprint.

INPUT AND OUTPUT DATA

The rapid solution time of the analog requires
that the output information be extracted efficiently
(in a matter of milliseconds) so that computation
time is not lost in obtaining readout. This may be
accomplished by using track-store devices to trap
maximum values, end conditions, and other signifi-
cant information which may then be plotted while
the runs are being made.

It has been important to print out maximum
values and final values for use in design considera-
tions. The circuitry for these readouts is shown in
Figs. 5a and 5b. In Fig. Sa, the first track store will
follow the problem variable until the computer re-
sets, at which time it will hold its value (the final
value) until the second track store can pick it up.
The second will then hold until the next reset period,
at which time it will again trap the new final value.
The output of track store No. 2 can now be plotted
continuously and will be the change in the end con-
dition resulting from automatically altering the pro-
gram’s input. Maximum values can be obtained as
in Fig. 5b. The input variable g will be followed until

+qmax(final)

(a)

o
max

rOP ()

Figure 5. Printout or plot-out circuitry tor tootprints.

the output has become greater than g. At this time
the large integration rate is removed and the maxi-
mum value of g is held. This maximum value can
then act as an input to the track store circuits de-
scribed above to obtain the maximum value for a
particular run. Continuous plots of these final and
maximum values can be made while operating the
computer repetitively.

Numerous examples of this type of output are con-
tained in Figs. 6 through 9. Among these figures it
can be noted that for the out-of-atmosphere orbiting
case, the entry flight path angle is plotted in Fig. 6
as a function of the necessary deorbit thrust angle
for 28 different thrust magnitudes. The value of y
is trapped when A equals 400,000 feet. This com-
plete graph would take approximately 50 hours of
digital running time (0.02 hours for one point on
one curve). By “sweeping” thrusting angle, the ana-
log can complete one of these traces in approxi-
mately 2 minutes and the complete plot (for 28
values of AV') in about 1 hour.

Similar information can be obtained for the re-
entry cases. Here rectilinear earth maps may be used
as the plotting surface (as in Fig. 7). Examples are
shown of final latitude versus longitude (Fig. 7),
time for reentering (Fig. 8), and maximum heating
rate (Fig. 9). Each curve represents 320 individual
reentry solutions with maximum roll angle being
“swept” from +80° to —80° (see “Sweep Cir-
cuitry” below for a further discussion of this). This
is useful to indicate the degree of maneuverability
for various vehicles. The five separate curves are for
different lift-to-drag ratios.

Time-history recorders have been automated so
that they will record two successive runs after 10%
change on the input (in this case, roll angle). This
allows additional detailed information as to the time
shape of the trajectories.

Efficient usage of the high-speed analog requires
that inputs be changed automatically. For example,
to locate a landing site in reentering, one might start
with 0° latitude, 0° longitude, and reenter. The land-
ing site, from this initial condition, may turn out to
be far from the desired location. The iterations re-
quired to land at the selected site are both costly and
time consuming to do digitally. But on the analog
they are accomplished in a matter of minutes, even
when making the input changes by hand, because of
the instant feedback to the analyst which is achieved
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Figure 6. Entry angle y versus thrusting angle ¢, for various values of deorbit thrust producing the velocity change AV. AV is

the parameter of this figure.

by the use of high-speed repetitive/iterative analog
computation.

Sweep Circuitry for Changing Roll Angle

To elaborate on what is meant by a “sweep” of
roll angle, Fig. 10 will be useful. With this arrange-
ment, Integrator 1 will be integrating at controllable
rate (Pot 1) whenever Switch 1 is positioned for a
roll angle sweep. The output of Integrator 2 will
track Integrator 1 during the problem reset cycle
and will hold during the operate cycle. Integrator 2
will be operating in synchronism with the rest of
the problem integrators in the repetitive operation
mode. Its output will resemble the time history
shown in Fig. 11. The output of Integrator 2 (Fig.
10) is then multiplied by op(max), Which is the pro-
grammed roll angle (generally taken as a function
of velocity) which produces the maximum cross-
range. The output o is then a variable during each
solution but differs from opw.x) by the constant per-
cent value stored in Integrator 2. If the percent value
is zero, the output roll angle o will be identically
zero. If the percent value is +100%, then o will be
identically equal to op may)-

PROBLEM EQUIPMENT ASSIGNMENT

The fact that the problem can be conveniently
divided between the two computer consoles is of eco-
nomical interest. The out-of-atmosphere equations of
motion with the downrange and crossrange calcula-
tions and the necessary output circuits can be in-
corporated into one 180-amplifier computer (80 un-
committed amplifiers), while the second console can
be set up to contain the direction cosines, the wind
axis transformations, and the aerodynamic force
calculations. This allows the out-of-atmosphere prob-
lems to be run with one computer. Large volumes of
parametric handbook data have already been gener-
ated using only this orbital part of the program. A
third computer might be used for synergetic maneu-
vers, more complicated control laws, more sophisti-
cated aerodynamics or any combination of these.

COMPUTER SETUP FOR MAXIMUM
ACCURACY

By setting up the analog and comparing it with
digital results, it was discovered that particular care
must be taken in the generation of the lift, drag,
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side forces, and the atmosphere representation. It
was also found necessary to keep the problem vari-
ables (particularly the accelerations) well scaled for
a wide variety of runs.

The aerodynamic force and dynamic pressure are
both calculated, using logarithms to obtain additional
accuracy. The following equations define these vari-
ables:

F =qAC,;
q=1/ 2p |4

When p is large, V' is small, and vice versa. When
q is large, C; is small, and vice versa. If these expres-
sions are handled with multipliers, one of the inputs
will always be small and the output will not be well
scaled. By taking the log of both sides of these ex-
pressions and summing, we can normalize g and F
so the scaling will be optimized. The normalized
computer circuit for generating the lift and drag
forces is shown in Fig. 12. Note that neither C, nor
Cp is generated explicitly, but the functional depend-
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60—

L / Dmax

Configuration:

Initial Conditions:
Altitude (ft):
400 Inertial velocity (fps):

Inertial heading angle (deg):
Latitude (deg):
sol Longitude (deg):

Time (min)

20[—

min
L +80° -80°

¢ variation

1 1 1 [l 1 J
% = B 0 1 3 3

Lateral Range (naut mi x 103)

Figure 8. Time for reentry plotted as a function of lateral
range for various values of L/D (each curve
obtained allowing ¢ to vary from —80° to
+80°).

ence of the log of Cp and the log of C, on Mach
number (or angle of attack) are.

The accuracy of the solution was extremely sensi-
tive to the scaling on the accelerations. By normal-
izing the forces and dynamic pressure, one can keep
the accelerations well scaled for either short-duration
or long-duration reentry trajectories.

Inverse Resolver Circuits

Another improvement to accuracy in our analog
solution for the trajectory problem was obtained by
the use of inverse resolution circuits, instead of
squaring, square root, and, in some instances, divi-
sion circuits for the generation of the direction
cosines. An example of such a circuit for m,, m, and
U’, is shown in Fig. 13. For further discussion of
the direction cosines, see Appendix 1.

+80° -80".
200~ 80
5 L/D
2 max Configuration:
v
N& 160} Initial Conditions:
& Altitude (ft):
3 Inertial velocity (fps):
I} Inertial flight path angle (deg):
2 130k Inertial heading angle (deg):
@ Latitude (deg):
Longitude (deg):
g
=l
$ sop
<
g L/D_
F min
9 a0k
] .
= ¢ variation
L L L ! s
93 -2 -1 0 1 2

Lateral range (naut mi x 10%)

Figure 9. Maximum heating rate versus lateral range for
various values of L/D (each curve obtained
allowing ¢ to vary from +80° to —80°).

Inertial flight path angle {deg):

Switch ®——No sweep

+9%/100 N -%/100
e

+op (maximum)

M +o
(roll angle)

Operate in phase with
problem integrators

Figure 10. Sweep circuitry for automating change to roll
angle.

Continuous Resolver Circuit

Since maneuvering is permitted, the heading angle
¥;, is not constrained to lie within #=180°. Since ¥,
only feeds back into the information flow via its sine
and cosine, a continuous resolution circuit was used
as in Fig. 14. Here, the input to the circuit is the
true ¥;, as computed by the motion equations, which
is used as is or inverted under control of the flip-flop
(FF) to produce —jc,, where the subscript CR
stands for continuous resolution. This output, when
integrated, produces ¥;¢z, which is the input angle
to the sine and cosine generators for the continuous
resolution. Note the sign of the input rate to the
integrator is reversed when the output of the integra-
tor reaches 180° (90 volts) and that the sign of sin
¥, is simultaneously inverted at this switching point.
High-speed electronic gates, comparators, and one
digital flip-flop make this circuit practical for high-
speed repetitive operation.

Scaling for orbital runs depends upon the orbit’s
eccentricity. For reentry running, which ordinarily
begins at an altitude of 400,000 feet, a 200,000-foot
circular orbit is used as a reference.

"'100%7

Reset
interval
Operate
interval

-100% —

Figure 11. Sweep integrator output time history.
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Figure 12. Force and dynamic pressure generation using logarithms.

APPENDIX 1

DERIVATION OF EQUATIONS USED
FOR PSEUDO-SIX-DEGREE-OF-
FREEDOM TRANSLATIONAL
TRAJECTORY PROGRAMS

The earth frame components of velocity are de-
fined from the H-frame variables U,, ¥, and W; in
Eq. (1).

UE = Uh cos ¥y,
VE = Uh Sin‘I’h (1)
WE - Wh

Velocity with Respect to Air

For a near-earth satellite moving through the
earth’s atmosphere, the velocity with respect to the
air is in general not equal to the inertial velocity,
either in magnitude or direction, because of the fact
that the earth’s air mass is moving with the earth’s
rotation, with a velocity which is dependent upon the
latitude as given by Eq. (2).

W, = —Qgrcos L (2)

where r is the distance from the center of the earth
to the vehicle, L is the latitude, and Qg is the rota-
tional rate of the earth. The minus sign indicates that
the observer in the inertial frame thinks he is moving
west with respect to the air mass.

If winds can be superimposed, we can define a
wind from the north as a positive wind W,, and a
wind from the east as a positive wind W,. The com-
ponents of velocity with respect to the air, Ugs, Via,
W4, are shown in Eq. (3).

Ups=Ug + W,
VEA = VE - Q]Er COSs L + W” (3)
Wea=Wg =W,

These are the three components of the velocity with
respect to the air which is shown as V,;, in Fig. 1.
The components of the vehicle velocity with respect
to the air vector projected on the earth frame are
Ugs, Vs and Wy, It is assumed at present that
there is no W, wind (either an updraft or a down-
draft).
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+vEA M . B
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:tuEA
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l\+sin b, ) 10 0.001uf
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Figure 13. Inverse resolver circuitry for M,, M,, and &#’;, from the inputs #Z,, and ¥5,.

Wind Axes and Aerodynamic Forces

Let us now define a wind axis coordinate system
which has its x-axis vector in the direction of V..
Rather than complicating Fig. 1 by drawing the wind
axes superimposed in Fig. 1, we draw the wind axes
separately in Fig. 15 and relate them to the vector
Va.ir in the figure, which shows the wind axes for
both the banked and the unbanked cases. The i, and
k,, vectors form a vertical plane, but neither i,, nor
k., need be horizontal or vertical. Vector j,, since it
is perpendicular to a vertical plane (unbanked
vehicle), must be parallel to the local horizontal
plane. Sigma is the bank angle from the local vertical
plane, which can be arbitrarily specified by the
analyst. In general, therefore, the analyst, having
specified alpha, beta and the bank angle sigma, has
then specified the wind axis forces F,, (drag), F..
(lift) and F,, (side force). These three forces will
appear on the i, axis, the k, axis and the j, axis,
respectively, with proper signs to take into account
opposition to the motion. For example, drag is oppo-
site to Vair, and lift is generally opposite to k. This

is because k, positive is in a downward direction.
The banked wind axis forces F’y, and F’.,, must be
resolved through the roll angle sigma into the true
wind axis frame iy, juw, k. The transformation equa-
tions are given in Eq. (4).

Fp, = F’ww
Fyp = co8 0 F'ypp — sin o F' 4)
Fop =sino F'yp + €08 0 Foyp

Direction Cosines for Force Resolution

Now all that remains is to resolve the true wind axis
forces Fiuuw, Fyw, Fz, into the earth-frame coordinate
system. We must therefore derive the direction
cosines, which relate the true wind axis coordinate
system (namely, the i,, jw, ki vector system) to the
E-frame system (the earth-frame system), that sys-
tem which has north, east and down as its three
mutually perpendicular directions. If we define i, je
and k; as the unit vectors along the earth-frame
coordinate axes, we then have by definition the
vector i, as shown in Eq. (5).

71:;:11;;‘*‘127; +ls7gd &)



ANALOG TRANSLATIONAL TRAJECTORY PROGRAM 781

~cos ¥, +100
<
(to egs of motion) ol
, Uy ¥ U
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: » L2000 10 200
¢, > +180° (from egs of ES
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(to egs of < |
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ES
Figure 14. Continuous resolution circuit.
The direction cosines /;, I, and I; define the direction U g
of Vi, with respect to the E frame. By inspection e = COS a4 = V.. (#)
air

of Fig. 1, it is obvious that [, [, and I; are given by
the relations in Eq. (6).

I, = Uga/Vair
lz - VEA/Va.ir (6)
Is = Wea/Vair = Wi/Vair

Furthermore, the magnitude of V., is given by
Eq. (7).

Vair = (U?gs + Vs + W) % 7

The remaining direction cosines are obtained by
resorting to geometry. By definition, we know that
ny is the projection of k, on k;. These two vectors
are contained in the vertical plane, which also con-
tains the velocity vector relative to the air, V..
This vertical plane is shown in Fig. 16, from which
it can be seen that the projection of k, on k; is
given by the relation shown in Eq. (8).

In order to obtain the direction cosines n; and #,,
which are projections of k, upon i, and j., it is
necessary to first find the projection of k&, on the
horizontal plane. This is equal to the projection of
ky upon U’,. Upon inspection of Fig. 16, we find
the projection of k,, upon U’ is equal to —sin a,

which is equal to

Now let us draw the horizontal plane which con-
tains Uy, i, and j.. The horizontal plane is shown
in Fig. 17. By inspection of the figure, we can now
project any vector along U’;, on both i, and Vg,.
In particular, if we have the projection of k, upon
U’;, and then further project upon i,, we then have n,.
If we project the component of k,, upon U’; to je,
we have n,. By trigonometry, then, the relations
(9) and (10) define the direction cosines n, and n,.
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1
A

Wind axes arei, j_andk for

air the unbanked case (¢ = 0), For
the banke'd case, the wind axes
are iw, jw and kw

Figure 15. Wind axes.
—Ws — W UEA
n =1 cos b, = 9)
Vair Va,ir U’h
"'Wh . —Wh Viga
n, = ——\}sinbh, = (10)
Vair Vair U’h

Since j,, is parallel to the horizontal plane and per-
pendicular to U’;, by inspection of Fig. 17, we can
then find m;, the projection of j,, upon #,, and ms,,
the projection of j, upon j.. Note that m;, is identi-
cally equal to zero by definition of the coordinate
system Zu, jw, kw (Eq. (13)). By inspection of Fig.
17, then, and from the definitions of m, and m. we
can write the expressions for m, and m, which are
shown in Egs. (11) and (12).

U (11)

]
. | h
Jw comes |
out of Uh, [
Wh plane :
| Ky
+—
Uy,

Figure 16. Vertical plane containing Vair, Wh, and U’n (the
projection of Vair on the local horizontal plane).

v

Figure 17. Vectors in local horizontal plane.

m, = cos b = ———
’ ' U (12)

my =0 (13)
Analog Computer Formulation of Direction Cosines

Because of accuracy considerations, it is unde-
sirable to take the square root of the sum of the
squares. Consequently, equivalent trigonometric
forms for the direction cosines will be used. We
found the most accurate form of trigonometric con-
versions used the following equivalent forms for U’
and V,;,. These are shown in Egs. (14) and (15).

U =my, Ugy — my Vi (14)
Vail‘ = ls Wh + ns U,h (15)

Here m, and m, were obtained from an inverse
resolver using the relations shown in Egs. (16) and

(17).
| 4
my = ——sin<tan“1 o > (16)
EA
Vv
m, = cos | tan —= (17)
EA

In a similar manner, and for similar accuracy con-
siderations when performing these calculations via
analog computers, n, and I, were calculated using
an inverse resolver, with relations shown in Egs.
(18) and (19).

W
I, = sin { tan! —- (18)
U

144
ny = COS < tan-! —U{i) (19)
h
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It should also be observed that n, and n, are related
to the direction cosines m,, I, and m;, I; by expres-
sions shown in Egs. (20) and (21).

n1 = "'mz 13 (20)
n, =my Iy 21)

The two remaining direction cosines I, and I, used
the original expressions defined in Eq. (6), which
are repeated here as Eqgs. (22) and (23) for com-
pleteness.

UEA
L= 22
P= g (22)
VEA
I, = 23
2 T 5 (23)

Thus, Egs. (13) through (23) define the auxiliary
relations and direction cosines which allow us to
project a vector from the i,, j, and k, wind axis
system to the local horizontal earth-frame coordinate
system i, j. and k;.

Earth Oblateness Terms and
Transformation to the H-Frame

The contributions to the forces acting in a north-
erly and downward direction and due to earth
oblateness can then be incorporated into the analysis
by adding the two oblateness terms to the force
transformations from F,,, F,, and F,, to F,, F,
and F;, as shown in the block diagram, Fig. 2. There
is one final transformation of forces from the earth-
frame local horizontal coordinate system to the
H-frame coordinate system, as shown in the block
diagram. Thus, having derived the forces acting in
the H-frame coordinate system, it is only necessary
to insert these forces into the H-frame equations of
motion. These equations are shown in the block
diagram of the entire computation (Fig. 2)
under the heading “H-Frame Equations of Motion”
(Fogarty & Howe ).

The Energy Integral

We had attempted to use the energy integral as
a correction term to the H-frame equations of mo-
tion but, as Fogarty and Howe have found for
reentering vehicles, the amount of this correction is
so small as to be unnoticeable in computation. We
verified that for the scaling used for reentry vehicles,
the energy integral does in fact add nothing to the

accuracy of the computation. Consequently, that
particular aspect of Fogarty and Howe’s equations
of motion is not included here. The variables as
shown in the block diagram with bars over them
represent normalized variables, using Fogarty and
Howe’s normalization factor. A complete definition
of all symbols and variables used is shown in
Appendix 2.

Initialization and Auxiliary Outputs

Of interest in this set of equations is the method
of initialization. The block showing the initialization
calculations requires as inputs all the input initial
conditions shown to the right of that block. These
are input conditions that the engineering analyst
desires to control and/or to study. Consequently, it
proved best to set up the initialization calculations
directly on the analog computer to allow the analyst
to insert the initial parameters that he has under
his control.

To complete the derivations of the equations used
for the translational study, it is then necessary to
integrate the outputs of the H-frame equations of
motion, namely, ¥;,, 87, and 87 to obtain geocentric
latitude and longitude and, equally -important, to
obtain crossrange and downrange as traced on the
earth. Auxiliary outputs are calculated algebraically,
such as the altitude, total velocity in the horizontal
plane, total vertical velocity, the flight path angle v,
the aerodynamic pressure g, the Reynolds number
Re and Mach number M which, of course, are nec-
essary for the generation of the aerodynamic forces.

Downrange and Crossrange Equations

The downrange and crossrange equations have
not been discussed previously. To calculate the pa-
rameters, we must define a new local horizontal
coordinate system n’ and ¢ which we may call
pseudo-north and pseudo-east. Pseudo-north axis,
r, points in the direction of the pole of the original,
undisturbed vehicle orbit plane. Pseudo-east axis,
¢, will then lie in the “equator” of the undisturbed
vehicle orbit plane. For an inclined orbit, the geom-
etry would appear as shown in Fig. 18 at some
particular time during the orbit. The relationship
between n’ and ¢’ and »n and e is shown in this fig-
ure. As the orbiting vehicle travels around the
earth, there would be a changing relationship be-
tween n” and n, so that at another time, for example,
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QEIrcosL A\

Figure 18. Horizontal plane geometry (some vehicle ma-
neuver has been assumed so that ¥'n is not
equal to 90°.

when the maximum latitude is achieved, which
occurs when the vehicle crosses the plane containing
n’ and n, the geometry as seen by an observer in
the vehicle would be as shown in Fig. 19.

Heading angle ¥, will vary greatly for an inclined
orbit; ¥, (pseudo-heading angle) will vary only
slightly since the “primed” system is the “natural
system” for the particular orbit. The component of
inertial velocity on the horizontal plane is still Uj.
It is, of course, independent of the coordinate sys-
tem used. It should be noted that ¥ is equal to the
rate of change of the H-frame heading angle, except
that it is measured with respect to the pseudo-north,
pseudo-east coordinate system, instead of the true
north-east coordinate system. This would be the dif-
ference, therefore, between the H-frame angular
velocity along k;, which is the same for both ¥, and
¥;, and the ¢-frame angular velocity along k,. Thus,

N, N

A

—_

Yo

by,

H
Uh’ Ve’ Ve

E, E

Figure 19. Horizontal plane geometry, when orbiting ve-
hicle crosses plane containing N’ and N (no
vehicle maneuver assumed so that ¥, = 90°.

Projection of pseudo equator

Figure 20. Vertical plane through vehicle and pseudo-
pole p'.

we may write (similar to Eq. (12) of Fogarty and
Howe ') Eq. (24).

‘i”h =71, — 0),% (24)

In Eq. (24), r; is the component of angular velocity
of the H-frame in the k; direction, while ', is the
k; component of the n’-, ¢-frame angular velocity
vector. Continuing the development of this equation
as in Ref. 1, we may write the vector Eq. (25)
for o
(4 4

® — L?pole - Ei?e (25)
rcosL r
The geometrical relationships are shown in Fig. 20.
Note that k’; is identically the same direction as
kg (by definition). L’ in the figure represents the
pseudo-latitude of the orbiting vehicle in the pseudo-
coordinate system. No earth rotation is included in
L’ since we are comparing the inertial coordinate //,
with coordinates i, and kq.

Figure 21 shows the geometrical relationships
among #’,, i/, and k’; and the angle L’. From Fig 21,
we may write the vector Eq. (26) for 7.

7, =cos L', — sin L' &, (26)

Figure 21. Detail rearrangement of Fig. 20, showing rela-
tionship of i/, to L’, ', and k’a.
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Therefore Eq. (25) may be rewritten as Eq. (27).
Views —Ul» Vi,sinL'K,

l’n ] e
r r rcos L’ 27)

-y

The z component of the vector o is, therefore, as
shown in Eq. (28).
, —V’,sin L’/ —V’,
o er = = tan L’
rcos L’ r (28)

Since r, is given in Ref. 1, Eq. (8), as Y,/mU,;, we
may write Eq. (29).

av’, Y V',

= + tan L

dt mU,, r 29)

From Fig. 18 we may write the expressions for V’,
and U’, shown in Egs. (30) and (31).
V’e = Uy sin ‘I’,h (30)
U, = U, cos ¥, (31)
The rate of change of L’ is then given as shown in
Eq. (32).
dL’_ U’h COs ‘I"’h U,e

= = 32
dt r ¥ 32)

Equations (29) through (32) allow us to solve
for L’ and ¥’,. The variables L’ and ¥’;, when com-
bined with the earth’s rotation, will allow us to
compute the downrange and crossrange variables as
traced on the earth’s surface. To obtain the down-
range expressed as equivalent longitude (in radians)
we need merely note that if there were no earth
rotation, the expression for the downrange rate of
change would be as given in Eq. (33).

dx v,

dt rcosL’

(33)

If the angle between i, (pseudo-pole) and i, (the
true earth pole) is angle i as shown in Fig. 20, then
we can see that the component of the earth’s rotation
Qg; projected on i, is Qu; cos i. Thus, the rate of
change of longitude, including the earth’s rotation,
with respect to the original orbit plane (the equiva-
lent of downrange including earth rotation) is given
by Eq. (34).

dug V’, . Upsin ¥, S
—_ = — QpiCOSI = —— — — Qp,COS i

dt rcos L' rcos L/
(34)

The initial inclination angle i is a constant, of course,
for any particular orbit chosen. The calculation of

the crossrange or equivalently the rate of change
of the latitude in the pseudo-coordinate system is
somewhat more complicated. We must find the
velocity of an observer located on the earth’s surface
immediately below the vehicle. Since the earth ro-
tates eastward, an observer on earth would observe
a vehicle as traveling westward, even though its
inertial velocity component in that direction were
Zero.

The relative velocity, with respect to an earth
observer, along N’ now must be derived. The com-
ponent of velocity due to the earth’s rotation ob-
served by an observer on earth is along the minus
east axis, and has the value Qz; r cos L. This is shown
in Fig. 22. Now all that is required is to add this
component of velocity opposite to V. in Fig. 18, If
we then project this component of velocity onto the
n’ axis (U’, vector), we then have the total relative
velocity along the i, vector in the pseudo-ecarth-
coordinate system. From Fig. 18, it can easily be
seen that the earth’s rotational velocity Qg r cos L
along the minus V. direction has the component
Qg r cos L sin (¥, — ¥;) on the i/, axis. There-
fore, the crossrange as seen by an observer on the
earth’s surface will be given in radians by the expres-
sion shown in Eq. (35).

dvyg _ U'. + Qg rcos Lsin (¥, — ¥3)
i ro :
’ U, cos ¥/,
= ——r——— + Qg cos L sin (¥, — ¥3,)
- (33)
Heating Rate Equation

The stagnation point convective heating rate Q,
as given in Ref. 4 was calculated from

: . 17,600
(I{nose)]’é Qc = Vair3‘15 (P/PSL)J’é T o A (a)

Y 315
(36)

T oQEIrcosL

Figure 22. Vertical plane showing the direction and mag-
nitudé of velocity due to earth’s rotation rate
Qgr, at latitude L, as seen by an observer on
earth. )
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where R, is the radius of the nose of the vehicle,
pse, is the density of air at sea level, V. is an average
circular orbital velocity, taken as 25,600 ft/sec, and
A(a) = 1. S

The total was obtained as the integral of Q..
Note that in the block diagram (Fig. 2) pg, v are
shown in degrees.

Dynamic Pressure, Reynolds Number,
Mach Number

The algebraic calculations for dynamic pressure
q, Reynolds number Re, and Mach number M are
as shown in the block diagram (Fig. 2). This com-
pletes the derivation of the equations.

NORMALIZATION OF EQUATIONS
OF MOTION

Following Fogarty and Howe’s practice, normal-
ized variables are defined so as to avoid amplitude
and time scale changes in going from one kind of
vehicle to another. The practice is similar to that
used in Ref. 1. Velocities are divided throughout

by the term +\/g,r,, which is the circular orbital
velocity at the reference radial distance r,. The
acceleration of gravity at this distance is g, =
GM./r,?, where G is the universal gravity constant
and M, is the mass of the earth. The radius r is
normalized by dividing by r,, the same reference
radial distance. Time is normalized by use of the

time scale factor \/g,/r,. Computer time, T, is then
related to dimensionless time, 7, by an arbitrary scale
factor such as 0.01 or 0.001. This indicates that the
analog computer solutions are effectively run much
faster than real time. Bars over the variables signify
normalization and/or nondimensionalization. In ad-
dition to normalization, following the practices of
Fogarty and Howe,? perturbation variables are de-
fined such as 8, and 8r. The definitions of all the
variables are given in Appendix 2. Equations defin-
ing the normalizations are also given there, where
applicable.

APPENDIX 2
SYMBOLS
Cs Velocity of sound
g:” Identically equivalent to Fi., Fye

and F.,, respectively

=

S

g.t) gZ

I

in: je; kd

T ’
ln]e)kd

iw; jW) kw

M H ’
lw, ] wr k w

L
Ll

External forces of aerodynamic
and thrust origin, plus components
of gravity due to noncentral force
field terms g, and g,, along earth-
frame axes i,, j. and kq

External forces of aerodynamic
and thrust origin along true wind
axes iw, j» and k,. (Note: j, is
horizontal)

External forces of aerodynamic
and thrust origin along banked
wind axes #,, j» and k', Bank
angle with respect to horizontal
plane is angle o

Universal gravitation constant
Value of gravity, g, at r,; g =
GM./rs?

Altitude of vehicle above surface
of the earth

Apogee

Perigee

Initial altitude of vehicle
Nondimensional angular momen-
tum

Initial value of H

Components of gravity acceleration
due to noncentral force field along
i, and kg, respectively

Inclination of original orbit plane
with equatorial plane

Unit vectors along the three axes
of the Euler (E) frame, north,
east and down toward the center of
earth, respectively

Unit vectors along the three axes
of the pseudo-Euler frame, pseudo-
north, pseudo-east and down to-
ward the center of the earth.
NOTE: k'3 = k4

Unit vector from center of earth
through North Pole

Unit vector from center of earth
through pseudo-North Pole

Unit vectors along the three wind
axes, I, along Vai., j» horizontal
and k,, perpendicular to i, and j,
Unit vectors along the banked
wind axes. NOTE: ¥, = iy
Geocentric latitude
Pseudo-latitude without earth’s ro-
tation



LI/

ll, 2,3

l/p

My, 2,3

>

M.

Ry, 2,3

Us
U
Vtot @

UE'A: VEA) WEA

Uga, Via, Wia
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Crossrange variable (with earth’s
rotation)

Direction cosines representing the
respective projections of i, upon
in, jo and kg '
Characteristic length/kinematic
viscosity

Mass of vehicle

Mach number

Mass of the earth

Direction cosines representing the
respective projections of j,, upon
im ] e and kd

Direction cosines representing the
respective projections of k, upon
in, je and kd

Dynamic pressure

~ Stagnation point convective heat

rate

Distance of the vehicle from the

center of the earth

Normalized distance of the vehicle

from the center of the earth, 7 =

r/r, = 1.+ §F

Initial value of r

A convenient constant reference

value for r (e.g., the value of r for

a nominal reference circular orbit)

Reynolds number

Radius of the earth at point at

which altitude is measured

Radius of nose of vehicle

Real time

Computer time

Normalized value of U’ oWy =
"W/ V 8 To

Horizontal component of inertial

velocity of vehicle

Horizontal component of velocity

of vehicle relative to air

Total initial inertial velocity =

(Un* + th)%

Components of vehicle velocity
with respect to the air, V,;,, on the
earth-frame axes i,, j. and k;
Normalized values of Uz, Vi,
W, i.e., all velocity components
are divided by Vg, r,
Normalized components of velocity
in H-frame; i, = Ui,/ \/& 1o, Wi,
=Wy Vegr,or =1+ 8%,

Vair

Vair

0y
O,
A
)\,
A."
p

pPsL
a

Op(max)
¥y
¥’y

Qpr
I

vr

VR

Magnitude of velocity of vehicle

relative to the air

Normalized value of Vair, Vair =
Vair

Ver, |

Constant average circular orbital

velocity for heating rate calculation

Vertical component of inertial ve-

locity of vehicle

Horizontal wind from the north

Horizontal wind from the east

Forces in H-frame

Angle of attack

Angle of sideslip

Inertial flight path angle

Initial value of flight path angle

Normalized perturbation of r from

the nominal value 7,

Initial value of 87

Normalized perturbation of U,

from the nominal value Vg, 7o

Initial value of 8%,

The initial velocity change due to

initial thrust impulse for orbit

transfer or retrothrust for reentry

Rocket thrust angle (with respect

to V.;.) in the plane of the motion

Initial value of ®,

Geocentric longitude

Pseudo longitude without earth ro-

tation

Downrange variable

Density of air

Density of air at sea level

Roll angle about V;.

Program roll angle to produce

maximum crossrange

Dimensionless time

H-frame heading angle, between

in and U},

Pseudo-heading angle, between ',

and U,

Earth’s rotation rate about i,

Downrange variable (including

earth rotation) = A"

Crossrange variable (inertial, with-

out earth rotation = L’)

Crossrange variable (with earth ro-

tation = L")
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SATELLITE LIFETIME PROGRAM

John L. Stricker

and

Wayne W. Miessner

Martin Company, Baltimore, Maryland

INTRODUCTION

The gravitational forces of the sun, moon, and
oblate earth can cause significant changes in the
orbit of a near-earth satellite. These orbital perturba-
tions can cause an early failure of the satellite. The
solar and linear perturbations vary in their effect,
for any given initial orbit, according to the day and
hour of injection. In fact, the change of a fraction
of an hour in injection time may cause a change in
the satellite’s lifetime of several months. So for effec-
tive planning of a satellite mission, these perturba-
tions must be predicted.

The classical methods of celestial mechanics,* in
which the instantaneous position of the satellite is
calculated, are not satisfactory for this problem. On
digital computers, the solution is too slow and too
expensive, thus limiting the amount of information
that can be acquired. On analog computers, such
computations carried on for long intervals of time
produce excessive errors due to drift, and due to the
inherent sensitivity of the solution to small errors.

The development of faster digital methods has
made it possible to make many more predictions
within the constraints of the time and money avail-
able. With enough information, a plot referred to
as a “Launch Window” can be made. For a specific
nominal launch, as injection time is changed, the

789

times separating the predicted successful launches
from predicted failures in terms of a minimum ac-
ceptable lifetime are marked on a plot of hours Uni-
versal Time versus days of the year. By connecting
these points a contour is formed separating success
“areas” from failure “areas.” Figure 1 shows an
example of a launch window plot.

Of the various faster digital methods used above,
the simplest methods calculated the mean rate of
change per satellite orbit of the elements of the in-
stantaneous osculating elliptical orbit of the satellite
without calculating the satellite’s instantaneous posi-
tion. The launch window plot was generated by mak-

ing preliminary runs covering the “area” of interest

with a very coarse mesh, to determine roughly the
location of the launch window boundary, and by
making selected runs with progressively finer meshes
until the boundary was determined with the desired
precision. Because of the great number of runs re-
quired and the time required after one series of runs
to select the injection times for the next series, gen-
erating a launch window plot would still require
several months elapsed time. .

The development of the modern iterative analog
computer, with parallel digital logic, and high speed
repetitive operation capability, made the automatic
generation of launch windows feasible on the analog
computer. ' : :
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Figure 1. Launch window.

In 1964, the first such program ** was developed
at the Martin Company by the authors, using a
mathematical model of the type described above de-
veloped by M. M. Moe.* The purpose of the pro-
gram was to achieve a signiﬁcant reduction in the
cost and time required to generate the launch win-
dow plots. The program was highly successful in
terms of cost, time and the number of launch win-
dows generated. However, use of the Moe method
was not completely: satisfactory for analog computer
use, since different reference planes were used for
developing the equations for each disturbing body,
requiring an excessive number of transformations,
which degraded the accuracy of the calculations.

In 1965, the authors started programming the
mathematical model developed by D. E. Smith.®
During the programming it became obvious that
there were some errors in Smith’s equations. The cor-
rect form of the equations was developed by C.
Bowie, J. Glazer, and P. Seery of the Martin Com-
pany, and they were programmed and run by the
writers as described below.

THE MATHEMATICAL MODEL

The mathematical model uses expressions for cal-
culating the mean rate of change per orbit of the
elements of an instantaneous osculating elliptical
orbit. The orbital elements (see Fig. 2) are: -

.a = semi-major axis

e = eccentricity

i = inclination to reference plane

Q = right ascension of the ascending node
o = argument of perigee.

The instantaneous rates of change of the orbital
elements can be calculated from a form of La-
grange’s Planetary Equations.® From these, equations
for the mean rates of change can be developed with
the following assumptions:

1. since the angular rate of the disturbing
body is small compared to the angular
rate of the satellite, the disturbing body
may be considered fixed for one satel-
lite orbit;

2. since the ratio of the distance of the
satellite from earth center to the dis-
tance of the disturbing body is small,
terms of a series expansion of the com-
ponents of the disturbing body force
may be truncated beyond the first few;

3. since the changes of the satellite orbits
elements are small for each orbit, the
values that they would have in the un-
perturbed orbit may be used for calcu-
lating the mean rates of change.

Letting ¢ represent any orbital element, the mean
rate of change of the element over one satellite orbit
can be expressed as ‘

z

SATELLITE SATELLTE

- ORBITAL \
PLANE : \ PER I GEE

DISTURBING

/ BODY PLANE
/5 DISTURBING
- 8ODY
m Y
w
)

¥ ] ‘ EQUATOR AL
. PLANE

ASCENDING NODE

" Figure 2. Satellite and disturbing body orbits.
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1 tde 1 2w de dt
Ag—— —dt = — ——de
| dt T ) dtde

where @ = true anomaly of the satellite
T = period of satellite orbit

With the above assumptions, we obtain expressions
which are integrable over the true anomaly @.

By integrating these equations analytically, the
highest frequency, that of the satellite’s revolution,
has been eliminated from the calculation of the
satellite orbital perturbations, which makes calcula-
tion possible on the analog computer. However, it
is not the frequency reduction that is significant here,
but rather the elimination of the part of the equa-
tions which are highly sensitive to small errors.

According to our assumptions, these mean rates
are constant for one satellite period. However, errors
result from the changes of the orbital elements and
the angular position of the disturbing bodies. For
analog computation, with its continuous integration,
we update the values of these variables continuously
and instantaneously, which has the effect of reducing
this error.

THE COMPUTING SYSTEM

The model was mechanized using two PACE
231R-V analog consoles. Each console contains a
Memory and Logic Unit, which contains parallel
digital logic elements, and enables digital control of
all integrators, and highspeed repetitive operation and
control. For additional parallel digital logic, one rack
of Harman-Kardon Facilogic plug-in digital modules
was used.

PROGRAMMING

The computing system was programmed:

1. to calculate, for a near-earth satellite,
the solar, lunar and earth oblateness
perturbations to the orbital elements
for one year after injection;

2. to solve the equations in high-speed
repetitive operation mode, using a
time scale of one year equals .1 sec-
onds computer time, and automatically
changing the injection time by .2 hours
before each new solution, for each day
of a four month period;

3. to test continuously for failure of the
satellite, where failure is defined as the
perturbed perigee decreasing to where
atmospheric drag becomes significant
(125 nautical miles);

4. to plot automatically the times during
each day of the unsuccessful launches,
with hours Universal Time as the ordi-
nate, and calendar days as the ab-
scissa, to produce a launch window
diagram;

5. to enable changing all integrator time
constants simultaneously, under push-
button control, to slow the solution
speed by a factor of 100, for plotting
time histories of the orbital elements.

Information flow in the program is shown in
Fig. 3.

INITIALIZATION

The initial values of the orbital elements a, I, o
and e, were considered as constant for one launch
window plot, as functions of the nominal launch
trajectory. The initial value of Q, as well as the argu-
ment of latitude of the sun and moon, in an equa-
torial plane based inertial reference system, need to
be calculated automatically in the repetitive opera-
tion reset time. For this purpose the digital logic was
used to generate three discrete variables.

Ty = count of twenty-eight day periods from
the first injection day

Tp = count of days from the end of the last
twenty-eight day period (reset at the end of
each 28-day period)

tp = hours Universal Time

The relative motion of the sun around the earth was
assumed circular, with constant distance and angular
rate. From the ephemeris:

0, = f(M,) (1)
M; =k, + k.D + k;D? 2)
s = kit ksD + k;D? 3)
is = ki + ksD (4)
Q, =00 (5)
Us = 05 + 05 (6)
where
ki, ....ks = constants

D = days from reference epoch
®; = true anomaly of sun
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Figure 3. Information flow diagram.

M = mean anomaly of sun

s = argument of perigee of sun

i, = inclination of the ecliptic plane

Q, = ascension of right ascending node of ecliptic
plane

U, = argument of latitude of sun

B

First the values were calculated for the day and hour
of the first injection. Then by approximating, com-
bining and simplifying, we obtain:

U,g = K1 + 28K2TM + KQTD + K2 tD/24 (7)
Q, and i, are considered constant.

The initial value of satellite Q is a function of the
mean rates of the earth’s revolution and rotation, and

the nominal launch trajectory.
Q= K?, + 28K.Ty + K.Tp + Kutp (8)

For the motion of the moon around the earth, we
also assume constant distance and angular rate.
From the ephemeris: :

My, :<k:9, +.k1oDzl+ knD?
oy, — ki + kD 4 ki;D?

(9)
(10)
(11)
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iMs = k16 + k17D + leD2 (12)
Qu, = kio + ksoD + ks1D? + konD? (13)
UMs = oM + Ox (14)

Where

®y = true anomaly of moon

My = mean anomaly of moon

oy, = argument of perigee of moon (ecliptic
plane reference)

iy, = inclination of lunar orbit plane (ecliptic
plane reference)

Qu, = ascension of right ascending node (ecliptic
plane reference)

Uy, = argument of latitude of moon (ecliptic
plane reference)

Since o, iMS, Qur,, and UMs use an ecliptic plane ref-
erence system, and we need these variables in an
equatorial plane reference system, we must perform
the necessary transformations. From Fig. 4, approxi-
mating iy as a constant, spherical trigonometric re-
lationships can be used to show that Qy, iy, and
Uy, where

l']M1 — UM— UMS

and where Qy, iy, and U, are the variables trans-
formed to ‘equatorial plane reference, are single
valued functions of Q. An IBM 1620 FORTRAN
program was written which calculated Qu, in, Ug,
and dUy,/dQy, as function tables for one revolution
of Qy,. These tables were used to develop the
approximations for these variables used in the analog
mechanization. Since Q, varies by only —19.3° per
year, it was possible to use linear approximations for
the functions, with a maximum error of .14°, in
Qur R
' AQy, = 28K:Ty + K;Tp + Kstp/24 ~ (15)

i = v, + Ky A, (16)
O = 0w, + KoyaQw,  (17)
Qur, = O, + Koy, AQu, (18)

M= 0 + My, (19)

= Ks 4+ (28 K; —~'ri360°)‘TMk+ K:Tp +K:tp /24

It is obvious that the initialization variables, espe-
cially @ and M,, will sweep through more than one
cycle during the advance of injection time. Those
variables which may exceed = 180° are tested con-
tinuously with comparators,. which send signals to
the digital logic portion.: The digital logic will.initiate

MOON ORBIT
PLANE \

7/
7
&/

A

Wi

s ECLIPTIC
Un g PLANE
Qg —= s

EQUATORIAL
X T PLANE

Figure 4. Equatorial, ecliptic, and moon orbit planes.

the required stop function of + 360° to prevent the
variables from increasing or decreasing beyond the
-+ 180° limits. In the case of M, it was necessary
to generate the discrete variable T, which is incre-
mented by one each time T, reaches twenty-eight,
and is reset. Since My increases at slightly more
than 360° each twenty-eight days, the calculation
may be done by increasing M, by a few degrees each
time T, is incremented.

AQy, is generated rather than Qu , so that we
can scale the variation in Q, for generating the
functions of Qy,.

TRANSFORMATIONS

These transformations are used in the develop-
ment of the mathematical model. In the form shown
below, they are convenient collections of terms, and
are useful in calculating checks since

3 3
2 X% = 2 Y? = (A°+ B2+ C?) =1
=1 j=1 (20)

The transformation equations are:

X, = sinisinip +

cos i cos ip cos (Qp — Q) (21)
X, = cosi sini, —

sin i cos ip cos (Qp — Q) (22)

X,, = — cosipsin () — Q) (23)

Y., = cosisin (Qp — Q) (24)

Y., = —sinisin (2p — Q) (25)
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Yy, = cos (2p — Q) (26)
Ap = X, sinUp + Y, cos Up (27)
By = X, sinUp + Y,,cos Up (28)
Cp = X3D sin U, + Y3D cos Up (29)

where the subscript D refers to the disturbing body
(sun or moon) and unsubscripted variables refer to
the satellite. Each of the terms with D subscripted
variables must be generated twice, once for each
extraterrestrial gravitational disturbance.

In the generation of X; and Y, the approximation
for iy developed in the initialization section is used.
Since the variable part of the function i = in, +
Aiy has a range of less than 4°, we expand the func-
tion of iy by the law of sines and the law of cosines,
let sin Aiy = Aiy and let cos Aiy = 0. The resulting
equation for X, is:

X, = sin i y, sini + COS i y, cOS i COs (Qy — Q) +
017453 K, AQy cos in, sin i — sin iy, COS i COS
(O — Q) (30)
The equations for XzM, X 5,0 YlM’ Y'2M’ YsM are
treated in a similar manner.

The generation of X; and Y;,
fied since i, is constant and Q, is zero.

is much simpli-

MEAN RATES OF CHANGE

The equations for the mean rates of change of the
elements are:

a_ 31
o (31)
dQ 3GM B A
— =" 2122 (24 3e)
dt 2r3ipn (1 — e?) sini| 2

2

(Ap cos 20 — Cp sin 2w)i|
3] Te = 3
o 2 2l —o) cos i (32)
di  3GM)

(—17— 2rp*n (1 — e?)
3e?
1+—Cp+
2

+3J e z ) 5.2.
| T ey | |G

(33)

5e? .
—2— (Apsinw + Cpcos Zw)]

d dQ 3GM, (1 — e?)%
—w:——cosi—+ o ( ) .

dt dt 2rén

3 5
—1+ > (4% + C) — 3 (4% — C?p) cos 20 —

2 Ap Cp sin 20
(34)
de 15 GM, (1 —e2)% | e
—_= -—[2 pCpcos2 e+
dt 2 r?’D ny 2
(A% — C?) sin 2w:|:| (35)
dq de
_ = - q-—
dt dt (36)
where

G = gravitational constant

M) = mass of disturbing body (sun or moon)

rp = distance from earth center of disturbing body
re = earth equatorial radius

n = mean angular motion of satellite

J. = coeflicient of the Vinti potential function

Again the terms with a D-subscript must be com-
puted for both solar and lunar perturbations. The
terms in equations (32) and (33) with the factor
3J:/2n are terms for computing the earth oblate-
ness.® The effect of earth oblateness is not significant
for a, v and e.

The equations were mechanized almost as written,
with a few changes. The terms differing for solar and
lunar perturbations were generated first, summed,
and then multiplied by factors common to both, in
order to minimize equipment use. The rate de/dt
was not generated; instead, the equation was used to
generate dq/dt, and e was computed algebraically
after the integration of dg/dt. The reason for this
was that the generation of g is of prime importance,
since it is used in the success-failure test to produce
the launch window, and integrating for g before
calculating e places g in the feed-back loops of the
mean rate equations. Therefore, any human errors
made in programming the calculations of g would
scarcely go unnoticed.

HIGHER ORDER TERMS

The mean rate equations shown above represent
the model obtained by retaining only the first order
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terms of the series expansion of the components of
the perturbing forces. For high altitude satellites, this
approximation is not sufficiently accurate. Therefore,
some higher order terms were added to first mecha-
nization.

P. Seery, using an IBM 7094 program developed
from the same model, demonstrated that the higher
order terms produced significant gains in accuracy
only when included in the mean rate equation for
eccentricity. While the additional terms were being
scaled for analog computation, it became apparent
that the higher order terms of the solar perturbation
were of no significance. Therefore, only the terms
for third order expansion of the lunar perturbing
force were retained. The additional terms are:

—_—— — ... _"QQM( RzM_ e)
r

rm

a\*7
+ - ngM Q4Me (—‘R4M —RsM e?)

37
where (7)

Q;, = Ay sin o + Cy €08 o (38)

Q4M: Ay cos 0o — Cy sin o (39)
Ry, = — 4+ 50%, + 50, (40)
Ry, = — 3 + 300%, + 5Q., (41)

R, =6 —70%, — 507, (42)
R;, =3 — 1407, + 702, (43)

COmparison of the model, with and without the
addition of the higher order terms, is shown in Fig. 5.

INTEGRATIONS

:The meah rates of the elements were mtégrated
to obtain the changes from the initial values, Ai, Ao,
AQ, and Ag; this allowed better scahng for plotting
time hlstorles of the elements, and more accurate
multiplication for many of the products}‘calculated in
the mean rate equanons

The functions sin U, and cos U were generated
using a constant frequency sine wave generator cir-
cuit, with the. integrators initialized by an electronic
resolver driven by the 1n1t1ahzat10n variable Us. AQy,
was generated by 1ntegrat1ng the mean rate (assumed
constant) to produce a ramp function. The functions
sm Uy and cos U, were generated using a continu-
ous resolver circuit, integrating the mean (constant)

rate of Uy, sw1tch1ng the rate to produce a triangular

wave as the integrator output, driving an electronic
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Figure 5. First and third order models.

resolver with the triangular wave, and using the same
switching signal to select the proper sign of sin Us.

DIGITAL LOGIC

When plotting a launch window, hour of the day
(tp) is used to drive the pen of a standard X-Y
plotter. The response of a plotter is too slow to
follow this signal if ¢, is reset to zero at the end of
each twenty four hour period. To eliminate this
problem #, was generated as a series of discrete
steps from zero to twenty four hours and then from
twenty four back to zero. The circuitry used is shown
in Fig. 6. The primary control amplifier in this oper-
ation is number 30 since it controls the step size and
the sign of the step. Amplifier 30 is a standard ana-
log integrator used as a three level switch. In this
application, the capacitor is not bottle plugged to the
grid, and the grid is used as an input from an
external summing network. During operation, the
output of this integrator will be (¢, — At,) when the
hold relay is de-energized or (¢, +Atp) when the IC
relay is de-energized. If both the hold and IC relays
are energized, the output will be the voltage present
at the IC input, in this case zero. The state of the
mode control relays is controlled by flip flop “B”
and the .mode .control push buttons. Amplifiers 25
and 26 are standard integrators with electronic mode
control and are used as track and hold amplifiers.
If the computer is in IC by means of the mode
control push buttons, amplifiers 25 and 26 are in
reset and are tracking the output of amplifier 30.
Both the IC and hold coil of integrator 30 are



796 PROCEEDINGS—FALL JOINT COMPUTER CONFERENCE, 1966

DAY OF MONTH

PEN LIFT

iy
o . SYMBOLS
ic| op - ELECTRONIC COMPARATOR
o A COUNT, —@_ ECTRONIC CoNP
n [99 020 | —————p———— - DIGITAL INVERTER

1} 0] H S R - FLIP FLOP WITH PULSE GATE
M INPUTS AND SET RESET
— CONTROL

= AND GATE

l

o o =
0 % ) o
-100 10 o/
sI/Es\ [6
-

INITIALIZATION

+100,

+SIN UM

ﬂ;
ECo
@TOSUM e

PLOTTER CONTROL

—D—
- -woe
— B

- PULSE GATE

[ S) - ELECTRONIC TRACK AND HOLD
OR ELECTRONIC SWITCH

iC
- MULTIV IBRATOR EMITS
‘—D— CONTINUOUS PULSE STRING AT
. A CONTROLLABLE FREQUENCY)
= ONE SHOT MULT IVIBRATOR
EMITS ONE PULSE OF
——.— CONTROLLABLE WIDTH WHEN

TRIGGERED BY THE LEADING
EDGE OF A 1" SIGNAL)

- DIODE

- ZENER DIODE

- ELECTRONIC RESOLVER
e
MRD

- MODE RELAY DRIVER
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energized so that its output is zero at this time.
When the operate button is depressed, amplifiers 25
and 26 are under the control of the rep op counter
so that 25 is in the track mode and 26 in hold dur-
ing the operate cycle and the IC relay of integrator
30 is de-energized so that its output is equal to the
output of 25 plus one time step. During the reset
cycle of the “rep on” control, amplifier 25 is in hold
and 26 in track. Operating in this fashion the output
of amplifier 25 will be updated during the reset cycle
by one time increment until amplifier 25 is equal to
twenty four hours plus one time increment. At this
time flip flop “B” is reset by electronic comparator
01 and the IC coil of integrator 30 is energized
and the hold coil de-energized, and the output of 25
steps back down from twenty-four to zero at which
time comparator 02 again reverses the operation.
The output of amplifier 25 appears as a quantized
triangular wave until the IC control button is de-
pressed. o ‘

A standard binary up counter was used to count
the days of the month and month of the year (Fig.

6). At the end of each 24 hour period, or when com-
parator 01 or 02 was high, flip flop “A” was set so
that on the next reset cycle of the “rep op” mode
control the day counter would be incremented by
one. When the output of amplifier 37 was equal to
the twenty ninth day comparator 03 reset the day
counter and incremented the month counter. The
output of the digital counters was used to control
diode gates on the external gains of pots X1 through
X9. The external pots were set so that, when they
were turned on, the output of amplifiers 37 and 84
was a D.C. voltage equal to the digital value of the
binary counter. Since the Harman Hardon digital
logic operates on a zero minus twelve volt logic level,
a zener diode was required in the diode switches to
allow the positive voltage to pass when the switch is
turned on. I v

As previously mentioned, some initial conditions
change greater than + 180° during a normal run-
ning time, and in order to remain within the normal
operating range of the electronic resolvers, special
switching logic must be used.
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An example of the logic used is shown in Fig. 6 in
generating Uy. Each time U, becomes equal to +
180° flip flops P or Q will be set and 360° sub-
tracted from Uy. At — 180° the flip flops are reset,
and the diode gates turned off. To eliminate the pos-
sibility of the logic being in the wrong state, espe-
cially when the computer is reset, a multivibrator
operating at about 1 K.C. was used to pulse the flip
flops if U, was greater than =+ 180°. Also shown
is the triangular wave generator used for Uy and the
switch required to invert the sign of the sine U, each
time U, goes through 180°. Since the launch window
only reflected whether a particular injection time
resulted in a successful or unsuccessful orbit con-
siderable computation time was saved by resetting
the computer immediately upon a failure. In the case
where the failure occurred early in the year several
milliseconds could be saved per computational cycle.
The net result was a savings of several minutes per
launch window.

RESULTS

Launch windows were plotted with the computers
in. high-speed repetitive operation mode, with the
time scale of one year equal to .1 second computer
time. Each plot was made for a period of 120 days
with a mesh of one day by .2 hours, so that each
launch window required 14,400 analog runs. The
time required to produce one launch window ranged
between twenty to twenty five minutes, In addition,
time histories of perigee altitude were made for
approximately sixty different injection times, with the
solution speed slowed by a factor of 100, as support-
ing data for each of several of the launch window
plots.
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The present model showed a significant increase
in accuracy over models previously used at Martin-
Baltimore in similar programs; and the comparison
with digital runs made by P. Seery was very good,
as shown in Fig. 5. Figure 7 shows some typical
perigee time histories, illustrating the effect of chang-
ing the hour of injection time during the same day.
Figure 8 shows a family of launch windows, com-
bining four plots to show the effect of increasing the
semi-major axis and initial eccentricity, while initial
perigee, altitude, inclination, and right ascending
node remain the same. The effect of the lunar peri-
odic perturbation can be observed as a slight varia-
tion about the general trend of the boundary, with a
period of one half of the lunar period of revolution.
This effect is shown to increase as eccentricity (hence
apogee altitude) increases. Also, it shows the appear-
ance of “islands” of failure within the success area
as eccentricity increases, which connect to the peaks
of the boundary variation as eccentricity is increased.
Another trend shown is the widening of the success
area at the upper boundary, indicating the increased
effect of the lunar secular perturbation.

Launch windows, generated by the digital methods
previously used, have required approximately 35
hours of IBM 7094-I1 time and three months elapsed
time for the generation of one plot. Furthermore, it
was customary to cover the region with an extremely
coarse mesh, eliminate large sections of the region
shown not to contain a segment of the principal
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boundary, and cover the remaining areas with a
finer mesh. Since the total area is not covered by
a uniform mesh, as it is on the analog program,
there is a possibility that islands of failure within a
large success area may not be discovered.

In contrast, the analog program requires about
three hours to set up and check out, with about one-
half hour for each launch window, and about one
hour for each series of time histories.

The present computer program was used to gen-
erate twenty-one launch window plots, and eight
series of associated time histories, at a cost of ap-
proximately $2500. The estimated cost for acquiring
the same information by digital methods is about
$500,000. The elapsed time for the 21 analog launch
windows was one week; the minimum elapsed time
for 21 digital launch windows would be about one
year.

CONCLUSION

The significance of the cost and elapsed time sav-
ings of this method is the increased amount of infor-
mation available for the planning of a satellite pro-
gram. Using digital methods, only a few such plots
could be generated within the applicable cost and
time constraints, and the choice of those few had to
be made from the many possible before the informa-

tion was acquired. Now it is feasible to investigate a
wide range of nominal orbits, together with statis-
tically probable variations in the nominal orbits,
early enough to be useful in the satellite program.
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INTRODUCTION

Space vehicle trajectories must be near optimum
in the sense that some parameter is either a maxi-
mum or a minimum; for example, in reentry the
trajectory to desired terminal conditions is near
optimum when the total aerodynamic heating is a
minimum. Several perturbation methods,! such as
the calculus of variations, applications of the maxi-
mum principle, and direct steepest descent, have been
considered for determining the time histories of non-
linear controls that correspond to optimum trajec-
tories.

The computations 2 in these previous optimization
studies involved the dynamic solution of two sets of
equations: (1) nonlinear state equations; and (2)
linear adjoint equations. An alternate perturbation
computation technique—the impulse response meth-
od *—will be discussed here. This method differs
from previous studies in that only the solution of
the nonlinear state equations is used. The response
of given functions (e.g., terminal error or quantity
to be optimized) to a control impulse is determined
along the trajectory by fast-time repetitive computa-
tions rather than by a solution of adjoint equations.
This impulse response method enables the investi-
gator to retain an intuitive understanding of the

799

optimization process. Furthermore, since adjoint
equations are not required, the state equations or
cost functions need not be amenable to linearization.
The impulse response method does require many
solutions of the state equations; however, the pro-
gramming is straightforward and the task of comput-
ing a large number of dynamic solutions is ideally
suited to modern high-speed computers.

NOTATION

The following notation is used in the body of the
text. Additional symbols are described as they are
introduced.

L/D  control value of lift-drag ratio

n number of storage points in con-
trol time history

t time

ts final time

% initial time

At time increment of control impulse

u control

Au height of control impulse

® cost at final time

A¢(t)  change in cost at final time due to

control impulses at time ¢
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v state value at final time
Ya desired state value at final time
Ay(z) change in state value at final time

due to control impulses at time ¢

GENERAL OUTLINE OF METHOD

The impulse response method, as discussed in this
report, uses the steepest descent optimization proc-
ess.*” The process commences with any nonoptimal
trajectory from which a slightly improved one is
derived. The improved trajectory is then used as a
new nominal trajectory, and the procedure is re-
peated until the optimum or nearly optimum trajec-
tory is found.

The iterative procedure is: (1) estimate a reason-
able nominal control program; (2) determine im-
pulse response functions that indicate the best
method of making small changes in the control that
will decrease the cost (the quantity to be minimized);
(3) compute a new nominal control by adding this
change in control to the previous nominal control
(this results in a new trajectory with a decreased
cost); (4) repeat step 2. This iterative process con-
tinues until the change in cost for each new trajec-
tory is very small; the control is then very near a
local optimum. If at any point along the trajectory
a limit value of the control is reached before the
cost is completely minimized, no further optimiza-
tion is possible at that point. In this case, the process
continues until at each point on the trajectory either
a local optimum or the control limit is reached.

Computation of Impulse Response Functions

The technique by which the impulse response
function is determined is the most important fea-
ture of the impulse response method. Figure 1
illustrates the manner in which the influence of small
control changes on the cost is calculated. The equa-
tions of motion are first solved with a positive con-
trol impulse at time ¢ superimposed upon the nomi-
nal control. During the next solution of the equations
of motion, a negative control impulse of the same
magnitude is inserted at time . The impulse re-
sponse, Ag, is derived from these two solutions. In a
similar manner, the impulse response is determined
at successive times along the trajectory. The impulse
response function, Ae(t), is the complete time his-
tory of Ag. Its computation for the same control
impulse at different times along the trajectory is
defined as one iteration. This corresponds to previous
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MIN 1 1] 1 1 1 1 J
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to TIME ts

Figure 1. Computation of the impulse response.

optimization studies 7 that used one iteration of the
adjoint equations to compute essentially the same
impulse response function along the trajectory.

Calculation of Minimum Cost

When the cost is to be minimized and there is no
terminal constraint, the impulse response function is
used in the steepest descent technique to modify the
control toward the optimum in the following manner:

New Previous
Nominal | = [ Nominal | + Ke Ae(2) (1)
Control Control

The gain K, weights the impulse response function
for the cost; its sign is negative to decrease the cost.
The magnitude of Ky is determined experimentally
for each problem: too large a gain may cause insta-
bility in the convergence procedure, while too small
a gain may extend the time of convergence.

A representative sample of what one may expect
with this type of optimization procedure is sketched
in Fig. 2. During the first iteration, the repetitive
solutions determine the impulse response function,
Ap(t). This Ag(z) is added to the nominal control
with an appropriate gain Ky, and the new nominal
control time history, as shown in the center of
Fig. 2, is obtained. The iterative process is repeated
until the optimum control is reached. The optimum
control may take on either or both of the properties

Jillustrated in the final iteration of Fig. 2. In the

region -(A) the impulse response function is, for all
practical purposes, zero. This implies that a small
change in control in this region will not modify the
cost; thus the control is at a local optimum. In
region (B) the control is at the limiting constraints,
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Figure 2. Computation of the optimal control.

and the impulse response function indicates that
only control beyond the constraint will decrease the
cost. Thus, on the constraint, the control is at a local
optimum.

Minimum Cost With Terminal Constraint

When a terminal constraint (or destination) is to
be reached, while minimizing the cost, the iteration
procedure is performed as follows:

New Previous
Nominal | = | Nominal |+ K¢ A¢A(2) 4 Ky Ag(2)
Control Control 2)

where ¢ denotes the state variable at the final time.
The quantity Ay(¢) represents the change in the
state variable due to control impulses, and is evalu-
ated in the same manner as Ag(¢).

Gains Ky and Ky are constants for each iteration.
Gain K, weights the impulse response function for
cost; its sign is negative to decrease the cost. Gain
Ky must be calculated for each iteration so that the
term Ky A¢(¢) will account for terminal displace-
ment due to the optimizing term, K¢ A¢(2), and cor-
rect any terminal displacement error from the previ-
ous iteration.

The equation for Ky is:
14
/ Ap () Ay (2)dt
1 —
Ky = —Kp— ¢ 2aunt- TV

tr ty
/ Ay2(t)dt / Ay?(t)dt
to t,

0

N o~
Terminal error
correction term

(3)

Steepest descent
optimization term

The derivation of this equation can be found in
Appendix A. Au is the height of each control im-
pulse; At is the time interval of each control impulse;
g is the desired end-point value; and ¢4 — ¢ repre-
sents any terminal displacement error from each pre-
vigus iteration, This equation gives the general form
of the steepest descent computations; the computer
mechanization of this method will be discussed next.

COMPUTER MECHANIZATION AND RESULTS

The impulse response method has been mecha-
nized on both a hybrid and a digital computer to
determine the optimal time history of the lift-drag
ratio (control L/D) that must be flown for a vehicle
returning into the earth’s atmosphere. The example
heat input to the vehicle, be minimized; (2) the
vehicle arrive at a terminal constraint, ¢, (destina-
tion); and (3) the control time history remain within
specified limits. The solution to this particular prob-
lem is known a priori to be a bang-bang control;
therefore, the final results can be verified.

The equations of motion are presented in Appen-
dix B. The vehicle characteristics and flight condi-
tions were those of a manned capsule returning from
earth orbit and having the following parameters:

Initial condi- altitude 250,000 ft
tions: horizontal
velocity 25,000 fps
vertical
velocity 748 fps
range to
destination 1,000 miles
Stopping condi-
tions: altitude 100,000 ft

Control limits: L/D 0<L/DLO0S5

The computer systems used in the two mechaniza-
tions are described in appendix C.

Hybrid Computer Mechanization

The major elements of the hybrid computer con-
sisted of: (1) an analog computer to solve the tra-
jectory equations; (2) parallel digital logic units to
control the computer program; (3) delay line mem-
ories to store the control time history; and (4) D-A
and A-D converters to transfer the control time his-
tory between the analog computer and the delay line
memory.
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Figure 3. Hybrid computer flow diagram.

The L/D time history was stored in 64 word serial
delay line memories with a resolution of 13 bits.
The access time of the serial memory was 128 usec.
To permit a complete solution of the trajectory equa-
tions within the 128 usec, the analog computer was
time-scaled at 3750 to 1.

The mechanization of this problem on the hybrid
computer is illustrated in Figs. 3 and 4: Figure 3 is
the problem flow chart, and Fig. 4 illustrates the
logic used in controlling the problem. The serial
memory unit is continuously driven by counter pulses
(Logic No. 1). The output of the serial memory is
the nominal control time history with »n points. This
time history is used, together with the appropriate
control impulse, to solve the trajectory equations.
These equations are started at the specified initial
conditions with Logic No. 2, and stopped with Logic
No. 3 when the trajectory reaches the specified end
condition on altitude. The final values of the cost
quantity (heat) and the state quantity (range) are
stored at the end of each run as indicated by Logic
Nos. 4 and 5. The positive or negative control im-
pulse is added to the nominal control input with
Logic Nos. 6 and 7, respectively. Logic No. 8 inserts
the modifying control (Ky Ap(2) + Ky Ay(¢)) into
the serial memory. This procedure runs in essentially
a continuous manner, that is, one point out of the

n points in the nominal control history is updated
after each two repetitive computations. After 2n
repetitive computations (one iteration), every point
in storage has been modified and the process is re-
peated. For each iteration, gains Ky and Ky are held
constant. As previously mentioned, gain K, deter-
mines the relative speed and stability of the con-
vergence onto the optimum. The corresponding value
of Ky to be used with each new iteration is calculated
by Eq. (3) as a function of the terminal error from
each previous iteration (y; — ¢) and the following
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Figure 4. Hybrid computer program logic.
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two integrated quantities from each previous itera-
tion:

Iy
/ Ap(t)Ay(2)dt 4)
t

0

Iy
/ Ay2(t)dt (5)
%o

Time ¢, was represented by a logic signal at the
first repetitive computation in an iteration cycle and
time #; was represented by a logic signal at the last
computation in an iteration cycle. It should be noted
that during those parts of the trajectory when the
control was at a constraint limit, no further optimi-
zation was possible and the integration of Egs. (4)
and (5) was not carried out-during those times.

and

Hybrid Computer Results

The results obtained from the hybrid simulation
are illustrated in Figs. 5 and 6. Figure 5 shows a
portion of one iteration, while Fig. 6 shows the
convergence to the optimum control L/D.

In the upper trace of Fig. 5, the control impulses
are superimposed upon the initial nominal control.
Each control impulse had a magnitude of L/D =
+0.25 and a time increment of one clock pulse
(0.002 sec). This control impulse was chosen be-
cause it gave variation in the final range and heat
load on the order of +5 percent. The integrated heat
loads along each of the repetitive trajectories are pre-
sented in the next trace. The difference between the
final quantities for each pair of subsequent runs is
Ag, and represents the heat load impulse response.

In Fig. 6, the first few iterations of the converging
optimization procedure are illustrated together with
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Figure 5. Hybrid repetitive computations.
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Figure 6. Hybrid computation of the optimal control.

the thirtieth iteration. In the upper trace the nominal
control is recorded as it is read out of serial memory
every 128 + 1 counter pulse (with Logic No. 8).
This gives a convenient time history to show the
manner in which the control has been modified dur-
ing each iteration. Notice that the control is limited
within 0 < L/D < 0.5. This was achieved by simply
limiting the output of the serial memory to these
values. The modifying control shown in the lower
trace of Fig. 6 is the sum, K¢ Ap(2) + Ky Ay (2).
For this series of runs, a constant Ky = —2.5Xx10-%/
Btu/ft, permitted fairly rapid convergence while pro-
gram stability was maintained. The value of Ky was
calculated for each iteration by Eq. (3) to be that
value which kept the final value of range near 1,000
miles.

As can be seen in Fig. 6, the optimum control
variation for this particular example was a bang-bang
control. With the steepest descent method, it was
found that near-optimum control could be achieved
in the first few iterations, but to “square up the
corner” and achieve full optimum control required
more iterations (20 to 30).

Digital Computer Mechanization

The major elements of the digital computer sys-
tem consisted of: (1) a digital computer to solve
the trajectory equations, perform the logical control

" of the program, and store the control L/D time his-

tories; (2) a line printer to print hard copies of the
results; and (3) D-A converters and a strip chart
recorder for fast observation of trends.

The digital program was written in floating point
symbolic language. Since the optimization technique
requires repetitive computation of the trajectory, the
choice of an integration routine was very important.

A fast, stable, and fairly accurate routine was
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needed. These requirements conflict to some ex-
tent;®°® however, the fourth-order Adams-Bashford
integration algorithm gave satisfactory results at a
step size of 5 seconds, provided a satisfactory starter
was used. The starter used the lower order Adams-
Bashford algorithms with a step size of 1 second.
The program flow is as follows (see Fig. 7): (1)
A nominal control time history is used‘to calculate
the nominal trajectory; (2) this trajectory is stored
for use as the initial conditions for the repetitive
computations of the trajectory; (3) at the initial
point along the nominal trajectory, the control is
perturbed with a positive pulse, and a new trajectory
is calculated; (4) at this same point on the trajec-
tory, the control is perturbed with a negative pulse
and another new trajectory calculated; (5) from
these two repetitive computations of the trajectory
the heat impulse response, Ag, and the range impulse
response, Ay, are calculated; (6) the program is then
advanced to new initial conditions along the nominal
trajectory by the length of the integration step size;
(7) steps (3) through (6) are repeated until the

initial altitude reaches the stopping condition (100,-
000 ft); (8) at this time, a new nominal control
time history is computed using Eqs. (2) and (3);
(9) steps (1) through (8) are repeated. This itera-
tive computation continues until an optimum trajec-
tory is reached.

Digital Computer Results

The first five iterations and the twentieth iteration
of the digital simulation are illustrated in Fig. 8.
The upper trace of Fig. 8 shows the control L/D
time history. During the first iteration, the control
L/D was a constant 0.25; at the end of this itera-
tion it was modified by Egs. (2) and (3). By the
fifth iteration the control L/D was approaching bang-
bang and by the twentieth iteration it was essentially
bang-bang. The pulse used to perturb the trajectory
had a height of 0.25 L/D and a width equal to one
integration step size. For this pulse, a constant value
of Ky = —7.5X10-2/Btu/ft? permitted a fairly rapid
convergence and the computation remained quite
stable.
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Figure 7. Digital computer flow chart.
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Figure 8. Digital computation of the optimal control.

The second trace of Fig. 8 shows the variation in
heat from one iteration to the next. The heat, which
is the cost in this example, decreases markedly dur-
ing the first five iterations and nearly reaches its final
value by the end of the fifth iteration. Tables I, II,
and III give the results in tabular form. The range
is shown to remain near 1,000 miles while the heat
is reduced from 23,491 Btﬁ/ft‘?, at the end of itera-
tion 1, to 21,517 Btu/ft? at the end of iteration 5.
The major change during iterations 5 through 20
was to “square up” the L/D control and achieve the
full optimum control. At the end of iteration 20, the
final range achieved was 999.9 miles and the heat
20,966 Btu/ft>. During the optimization procedure
the range varied slightly about the desired value of
1,000 miles and the heat load was reduced about
10 percent.

Discussion of Hybrid and Digital Results

It was interesting to observe that both the hybrid
and the digital simulations required approximately

Table I.—Altitude Time Histories

Altitude, 103 ft

Time, Tteration

sec 1 2 10 20
0 250 250 250 250

60 207 206 197 197
120 180 184 160 160
180 182 184 212 209
240 158 165 196 195
300 125 132 142 142
360 127 127

400 104 110

Table 1I.—Control Time Histories

Control L/D
Time, Iteration

sec 1 2 10 20

0 0.250 0.212 0 0

60 .250 192 0 0
120 250 291 .500 .500
180 250 290 .500 .500
240 250 294 447 .500
300 250 294 .500 .500
360 250 347 475
400 254 277

the same amount of computer time, approximately
2 minutes to obtain near optimum trajectories and
approximately 5 minutes to obtain full optimum
trajectories. However, it should be pointed out that
no real attempt was made to minimize either of these
computing times. There are several methods for
reducing the computer time required to obtain opti-
mum trajectories. One method would be to select the
gain K, automatically for each iteration instead of
using a constant value for the entire computing run.
This would cause the solution to converge to an
optimum in fewer iterations at the expense of com-
plicating the computer program. Another method of
decreasing the computation time would be to de-
crease the number of points used to store the control
time history which would decrease the number of
repetitive computations required for each iteration.

The results obtained by both the hybrid and the
digital computer appear satisfactory for engineering
purposes. The final values of range and heat com-
puted by the two simulations agree to within ap-
proximately one percent and both simulations arrived
at the same bang-bang control time histories.

Table III.—Terminal Conditions

Iteration
1 2 5 10 20
Time, sec 344 358 389 407 414
Altitude,

103 ft 99.3 99.9 99.8 99.5 98.8
Range, miles  997.7 1001.5 1003.7 1002.8 999.9
Heat,

Btu/ft2 23491 23197 21517 21025 20966
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One excellent feature of the digital simulation was
the program documentation obtained by using the
on-line typewriter and line printer. The typewriter
documented every change made during the time the
program was in the computer, and the line printer
permitted the analysis of each variable at specific
points along the trajectory. Equally valuable was
the strip chart recording normally obtained in hybrid
computation. It was obtained in the digital program
by D-A conversion of the digital variables. This
“quick look” capability made it possible to observe
trends not readily apparent in numerical printouts.

The result of this test example was no surprise.
In simulations that require complicated logic control
of the program and a moderate amount of storage,
there is a distinct advantage to using a digital com-
puter. It proved reasonable to use a digital computer
in this simulation because there was only a moderate
number of simplified equations to be solved. If the
number of equations were increased, the time to
solve them on the digital computer would, of course,
also increase.

COMPARISON WITH ADJOINT
STEEPEST DESCENT

A current reentry optimization study at Ames
Research Center is using both the impulse response
method of this report and the standard adjoint steep-
est descent computing method. This study is of inter-
est because the two methods have been programmed
on the same computer (IBM 7094) and their ability
to solve several identical problems has been com-
pared.

Representative solutions obtained from the two
methods are illustrated in Fig. 9. This particular
example is for the same reentry vehicle and initial
flight conditions used in the previous example of this
report. However, the cost function is of the form:

I
0 :/ [Heat rate) + (Drag)?] dt
)

and there is no terminal constraint. This was chosen
in order to illustrate a problem formulation that does
not represent a bang-bang optimal control result.
The results of the twentieth iteration are shown
in Fig. 9. The upper curve shows that the control
solutions are almost identical. In the lower curve the
impulse response function A¢(#) has been normal-
ized * for comparison with the corresponding results
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Figure 9. Comparison of the impulse response and adjoint
steepest descent methods.

!
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obtained by the adjoint solutions. Figure 9 demon-
strates that the two methods arrive at essentially the
same final solution.

For reentry problems similar to the one presented
herein, it has been found that the computing time
required with the adjoint method is about one order
of magnitude less than that required by the impulse
response method. Because the adjoint method uses
less computer time, it has been the more desirable
method for production runs that require a large
number of optimized trajectories. However, because
the impulse method is straightforward to program
and because the engineer is able to retain an intuitive
understanding of the optimization procedure, the
impulse method has been the more desirable method
for initial problem mechanization. Furthermore, ad-
joint equations require linearization and, therefore,
cannot be used in some problem formulations. For
example, in reentry problem formulations with com-
plicated heat-balance equations,’® rather than the
simple heating expression shown in appendix B,
the heat rate cannot be linearized. In this type of
formulation, the impulse response method has pro-
vided the only practical solution.*

* Dynamic programming was also tried for this problem
but the computer time was found to be excessive, one to
two orders of magnitude greater than that required with
the impulse response method.
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CONCLUSIONS

This paper has described reentry trajectory op-
timization using the impulse response method. The
method requires that the computer perform a large
number of fast-time repetitive compntations in solv-
ing the state equations and in determining impulse
response functions. These repetitive computations are
readily performed by both hybrid and digital com-
puters.

The mechanization of the impulse response
method on both hybrid and digital computers was
found to be straightforward. Near optimum reentry
trajectories were obtained in approximately 2 minutes
and full optimum reentry trajectories in approxi-
mately 5 minutes of computer time. The solutions
obtained from either mechanization agreed to within
approximately one percent.

The impulse response method has been compared
with the adjoint steepest descent method. The solu-
tions obtained by either method were essentially
identical. The adjoint method requires less computer
time; however, the impulse response method does not
require familiarization with or use of an auxiliary set
of linear adjoint equations. Furthermore, for problem
formulations that are not amenable to linearization,
the impulse response method may be the only prac-
tical method.

APPENDIX A

DERIVATION OF EQUATION FOR Ky

Along a normal trajectory, small changes, 8y, in
the terminal state due to small changes, Su(¢), in
control can be approximated by:

Sy =
v 2 Au At

t
/f Su(ay()dt  (Al)
lo

where Au is the height of each control impulse and
At is the time interval of each control impulse. Sub-
stituting Ko Ap(¢) + Ky Ay(2) from Eq. (1) for
du(t), we have:

1 t
3 = 2
¥ YUY [to [Kp A¢() Ay (1) + Ky Ay ((t;]:)t

Solving for Ky and letting —8y — ¢; — ¢ (the
previous terminal error), we obtain:

K’t” = -—-K¢ X
ks
/ Ap(t)Ay(t)dt
t —
° 42 aunr— 1Y
[t 7 [t
Ay (t)dt j Ay (t)dt
t() tO
N .
Steepest descent Teminal error

correction term

(A3)

optimization term

APPENDIX B

REENTRY TRAJECTORY EQUATIONS

The following simplified equations derived for
flight within the atmosphere were used for the ex-
ample problem herein. The primary assumptions in-
clude a spherical nonrotating earth, small flight-path
angles, and a constant gravity term. The derivation
of these equations and their applicability have been
considered in a number of reports.*

e g VL (CANL (L h
T\ Tm )2\ DY

Iy
o= 1.7X10 | /pVEdte

to
where
CpA
> drag loading, 2.0 ft?/slug
m
g local gravitational acceleration, 32.2 ft/
sec?
h altitude, ft
ED_ control value of lift-drag ratio
r radius from earth center, 21.1X10° ft
| 4 horizontal velocity, fps
p atmosphere density, 0.00237 e7/2%:50°
slug/ft?
¢ total heat input, Btu/ft?
¥ final range, ft
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APPENDIX C

DESCRIPTION OF COMPUTER SYSTEMS

In order to make meaningful a comparison of the
results obtained from the analog and digital simula-
tions, it is necessary to very briefly describe the com-
puter systems used.

The analog computer was an EAI 231R-V
equipped with electronic mode control of the ampli-
fiers. The logic element of the hybrid simulation was
an EAI DOS 350. The DOS 350 has a patchboard
which permits one to combine logical elements, such
as AND gates, flip-flops, shift registers, counters,
etc., into complicated logic systems. It also has sev-
eral delay line memories of various lengths as well
as A-D and D-A converters for communicating be-
tween the DOS 350 and the analog computers.

The digital computer was an EAI 8400 mode 0
computer which had a 2usec memory access time,
an average floating point add time of approximately
13 usec, an average floating point multiply time of
approximately 15 psec, and a floating point word
size of 32 bits.
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