
















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































1256 Fall Joint Computer Conference, 1972 . 

MANAGERS 

.EXECUTIVE 
(INVOLVED IN 
STRATEGIC 
PLANNING) 

-SENIOR MANAGERS 
(PRIME 

OPERATIONAL 
OR FUNCTIONAL 
RESPONSIBILITY) 

OPERATING 
MANAGERS 

(PROGRAM OR 
SUB-DIVISIONAL 
FUNCTIONAL 
RESPONSIBILITY) 

OTHER MANAGERS 
(FIRST LINE 
RESPONSIBILITY) 

PROPOSED CONTINUUM OF MANAGEMENT EDP EDUCATION 

POSSIBLE LEVELS 
OF MANAGEMENT 

DM,ADM 
D.G.,DIR. 

D.G.,DIR. 

DIR.,CHIEFS, 
PROGRAM 

MGRS. 

RECOMMENDED PROGRESSIVE TRAINING 

(2 DAYS) 
M2 II 

COMPUTER 
CONCEPTS FOR 

EXECUTIVES 

(1 DAY) (2 DAYS) (!h -1 DAY) 
MS , M6 .. M7 

CONTRACTING ADVANCED SEMINARS 
FOR COMPUTER COMPUTER AND 

SERVICES BASED WORKSHOPS 
TECHNIQUES 

(2 DAYS) (3 DAYS) (1 DAy) (2 DAYS) (Y2-1 DAY) 
M2 , M3 MS .. M6 )I M7 

COMPUTER MANAGING CONTRACTING ADVANCED SEMINARS 
CONCEPTS FOR COMPUTER FOR COMPUTER COMPUTER AND 

EXECUTIVES BASED SERVICES BASED WORKSHOPS 
ACTIVITIES TECHNIQUES 

(3 DAYs) (3 DAYs) (2 DAYS) (1/2 -1 DAY) 
Ml ) M4 )I M6 ) M7 
OR IMPLEMENTATION ADVANCED SEMINARS 
M2 OF COMPUTER COMPUTER AND 

BASED SYSTEMS BASED WORKSHOPS 
TECHNIQUES 

(3 DAYS) (3 DAYS) 
MINISTER 

SECTION CHIEFS M1 , M4 ADM-ASSISTANT DEPUTY 

MINISTER AND INTRODUCTION IMPLEMENTATION 
SUPERVISORY TO COMPUTERS OF COMPUTER 
PERSONNEL BASED SYSTEMS 

Figure 3-Canadian Government Central EDP Training Program 

DG-DIRECTOR GENERAL 

DIR-DIRECTOR 



Evaluations of simulation effects in management training 

byH. A. GRACE 

University of Southern California 
Los Angeles, California 

INTRODUCTION 

The management laboratory, in which the training and 
evaluation reported in this paper takes place, is designed 
to accommodate persons in sets of between five and ten. 
Persons primarily using the laboratory are undergradu­
ate and graduate students, and prospective or practic­
ing managers. 

The laboratory encourages utilization of many 
techniques, including both manual and computer­
based simulations, as means for improving trainees' 
task accomplishment and team development. Other 
techniques include lectures, films, case analyses, and 
discussions. Simulations include manual exercises de­
signed specifically for the management laboratory, 
computer-based games, improvisations employing vid­
eotape for immediate feedback, and both trainee­
developed and commercial exercises and games. 

METHOD AND RESULTS 

During the conduct of a commercial game being 
played by two sets of trainees, we observed cate­
gorically opposite effects on each set. To test our 
hunch, we hastily designed, dittoed, and administered 
an assessment form which asked the trainees how well 
their teams had developed prior to the simulation and 
after it; why they had selected that game; and to what 
they attributed the game's effects. Table I reports the 
effects as perceived by these two sets of trainees. 

As we had observed, trainees actually experienced al­
most polar differences as a result of playing this com­
mercial game, and the effects were primarily a function 
of their team's pre-simulation cohesiveness. Some of the 
comments made by trainees in the developed team were: 
"It produced uneasy feelings; I felt uncertain and vin­
dictive; nobody followed the rules; there was deceit and 
confusion; I felt let down afterwards; because of the 
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double-crossing, I couldn't even trust my partner." 
Trainees in the underdeveloped team wrote: "I t 
opened my mind more to others and made me forget 
my inhibitions; I really got involved for the first time; 
the decision-making and bargaining helped us; it 
brought out a desire to compete and win; people can 
really manipulate when it's beneficial." Interestingly 
enough, members of the more developed team were so 
disturbed by the game's effects that they immediately 
replayed it, assuming different roles than before, and 
attempted to regain their prior degree of cohesion. 
Further investigations of this kind revealed a variety of 
reasons for selecting a simulation: "It was a challenge; 
we heard it was fun; we wanted something that would 
involve everyone; we thought that working with dif­
ferent partners would help; it looked like it would help 
us make advances on our task." Some of these reasons 
expressed expectations about the task, some about one­
self, and some about the team. 

After a series of iterations, the Event Assessment, 
shown as Table II, was generated for use in evaluating 
the effects of any simulation by persons engaged in 
management training. Our justification for using this 
generalized approach is that we experienced disparate 
effects from the collecting of such assessments, as well 
as from feeding back the results of assessments to train­
ees. Because training events occur so fast, often without 
their being planned, the Event Assessment uses past, 
present, and future tenses in many questions. 

Scoring, tabulating, analyzing, and presenting the re­
sults of an event assessment can be accomplished man­
ually or by a computer program. We have not as yet 
explored the effects of immediate versus delayed feed­
back of results, nor have we always postponed trainees' 
choice of a simulation until its anticipated effects have 
been fully explored. Data collection has been both 
facilitated and standardized by means of this form. 

Results from the Event Assessment Form may be 
displayed in various ways in order to facilitate manage-
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TABLE I-Perceived Effects of a Simulation on 
Team Development 

TEAM 
DEVELOPMENT 
PRE- POST-SIMULATION 
SIMULATION LITTLE SOME GREAT 

GREAT DDDD 

SOME 

LITTLE 

D: trainee in developed team 
U: trainee in undeveloped team 

D UU 

U DUU 

UUU UU 

ment training objectives. Table III, for instance, indi­
cates how one set of trainees perceived a simulation's 
effects on the accomplishment of the task assigned to it. 
Table IV displays how this same set of trainees experi­
enced that simulation's effects on the development of 

TABLE II-Event Assessment Form 

Assessor: Date: Time : ___ _ 
Name of Event: _______________ _ 
PRE-EVENT QUESTIONS 
What is/was your task? To ___________ _ 
How well are/were you accomplishing your task? 

VERY 
POORLY POORL Y SO-SO WELL 

VERY 
WELL 

How well are/were you developing as a team? 

VERY 
WELL WELL SO-SO 

VERY 
POORLY POORLY 

ABOUT-THE-EVENT: How much do/did you expect the event 
to: Help you make progress on your task? 

VERY 
MUCH MUCH SOME 

Help you all develop as a team? 

VERY 
LITTLE LITTLE SOME 

VERY 
LITTLE LITTLE 

MUCH 
VERY 
MUCH 

POST-EVENT: In what way and how much will/did the event: 
Affect your progress on your task? 

VERY 
POSI­
TIVELY 

POSI-
TIVEL Y SO-SO 

VERY 
NEGA- NEGA-
TIVELY TIVEL Y 

Why? Because. ________________ _ 
Affect your development as a team? 

VERY VERY 
NEGA- NEGA- POSI- POSI-
TIVEL Y TIVEL Y SO-SO TIVEL Y TIVEL Y 

Why? Because _______________ _ 

TABLE III-Perceived Effects on Task Accomplishment 

TASK 
ACCOM-
PLISH-
MENT POST-SIMULATION 

PRE-SIM- VERY VERY 
ULATION LITTLE LITTLE SOME GREAT GREAT 

VERY 
GREAT B 

GREAT A CE K L 

SOME 

LITTLE J M 

VERY 
LITTLE DF GH 

the team itself. Table V combines task and team infor­
mation, and serves also as an indirect sociometric 
device. The power of these combinations of data lies in 
the trainer's ability to focus trainees' attention on the 
various tradeoffs between task accomplishment and 
team development which a given simulation or other 
event stimulates. 

As Table III shows, four of the six people who felt 
great or very great pre-simulation task accomplishment, 
also felt that the simulation had little or very little ef-

TABLE IV-Perceived Effects on Team Development 

TEAM 
DEVELOP­
MENT POST-SIMULATION 

PRE-SIM- VERY VERY 
ULATION LITTLE LITTLE SOME GREAT GREAT 

VERY 
GREAT 

GREAT 

SOME 

LITTLE 

VERY 
LITTLE 

A 

D 

Be HJK LM 

E 

F G 
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TABLE V-Perceived Effects on Task Accomplishment 
and Team Development 

TASK 
ACCOM­
PLISH­
MENT 

GAIN 
(+2 to +4) 

SAME 
(-1 to +1) 

LOSS 
(-2 to -4) 

TEAM DEVELOPMENT 
SAME LOSS 

(-4to -2) 
GAIN 

(+2 to +4) (-1 to +1) 

HJM G 

DFKL 

ABC E 

fect, (ABCE). On the other hand, four of the six who 
experienced little or very little pre-simulation task ac­
complishment felt that the simulation had great or 
very great effect (GHJM). 

Table IV indicates that five of the eight persons who 
thought their pre-simulation team development was 
great or very great also considered the simulation's ef­
fect to be great or very great (HJKLM). Only one of 
the four persons who experienced little or very little 

pre-simulation team development, however, perceived 
the simulation as having a great or very great effect 
(G). 

The data in Table V show how trainees experienced 
effects of gain and loss in both task accomplishment 
and team development as a result of the simulation. 
For the most part, trainees associate task and team ex­
periences, as indicated by the linear relationship in 
Table V. These data, however, also permit a socio­
metric analysis of the participants. By their similar 
perceptions, trainees A, B, and C constitute a cluster 
which experienced a double loss in both task accomplish­
ment and team development, while member G stands 
alone, having experienced a double gain. Discussion 
about these data centered on whether both effects 
might not be an example of regressing toward the mean. 
Four members experienced no change as the result of 
the simulation, (DFKL), while members H, J, and M 
preceived a gain in task accomplishment only, and one 
member, E, a loss in task accomplishment. 

The display of this information, fed back to manage­
ment trainees, gives everyone a better picture of the 
array of effects of any event, including a simulation, 
on both the task and the team. Regardless of the 
simulation's other objectives, these results can be useful 
for purposes of management development. 





Conceptual design of an eight megabyte 
high performance charge-coupled storage device 

by B. AUGUSTA and T. V. HARROUN 

IBM Components Division 
Essex Junction, Vermont 

SUMMARY 

The design approach suggested to satisfy the conceptual 
requirements was the use of self-contained, charge­
coupled storage chips with on-chip decoding. In this 
approach, the information on the memory chip is stored 
in a group of closed-loop shift registers, and random ac­
cess is provided to anyone of the registers by an on-chip 
dynamic FET decoder. In this way, n-controllines can 
select one of 2n shift registers. 

Of the many organizations possible in expanding the 
on-chip decoding concept into a design for a lOS-bit 
memory, a bit-per-chip organization was chosen. This 
proposed organization results in reasonable chip power 
dissipation and was contained in successively higher 
levels of packaging. The operating characteristics are 
summarized in Table I. 

The models, limited in capacity to that necessary to 
show feasibility of the approach used, are intended to 
demonstrate the operability of the conceptual design. 
The operations necessary to perform the functions of 
the storage chip are charge injection, charge transfer 
efficiency, sensing, absence of channel cross-talk, turn 
around and charge generation. 

These are all performed using a silicon self-aligned 
gate structure driven by a four-phase electric field, and 
are basic to the operation of the shift registers. Decoders 
which select one of the 2n shift registers have been 
amply explored by industry. 

Two small shift register structures were designed, 
fabricated and tested to demonstrate these functions 
and concepts. One, a 480-bit register demonstrating in­
jection, sensing, amplification and turnaround, was 
designed using 0.3-milline widths. The second, a 256-
bit shift register demonstrating high density, charge re ... 
tention, and absence of cross talk, was designed using 
0.15-milline widths. Operation is summarized in Table 
II. 
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The conceptual design and the feasibility models are 
described in considerably more detail in the following 
sections. 

GENERAL CCDMASS STORAGE DESIGN 

This section describes the conceptual design of a 
lOS-bit charge-coupled device mass storage unit. The 
design principles of the chip, module, system, and error 
correction and detection are discussed first. 

The system is designed to be used in a block-oriented 
mode, in which random access is provided to blocks of 
information, which are then read out or written in 
serially. Physically, this means that the CCD chip is 
divided into a number of closed-loop shift registers that 
store the blocks of information. Random access to these 
shift registers is provided by on-chip FET decoders. 
Propagation in the shift registers, which occupy the 
major portion of the chip, is accomplished with a two­
level interconnection pattern activated by an external 
four-phase electric field. 

The further organization of such chips into a memory 
system depends on a number of design criteria. Since 
the application contemplated here was industrial, low 
cost and operational life were emphasized. In addition, 
the storage system was required to be of small size and 
low power and to operate in typical industrial environ­
ments without elaborate support. Consequently, the 
chip design should give reasonable chip yields, the 
package should be reasonably easy to manufacture, and 
the means of achieving the reliability should not be pro­
hibitively expensive fraction of the total storage. These 
topics are considered in the next several sections. The 
one remaining task of this section is to specify the ac­
cess time and data rate of the storage system. After 
examining present and future needs, it was decided to 
aim for average access times below 0.5 X 10-3 sec and 
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TABLE I-Characteristics of the Design of a lO8-Bit Memory 

Capacity 
Shift frequency 
Data rate 
Access time 

Power 

1.0 X 106 words of 73 bits each 
500 kHz 
32 X 106 bits/sec 
256 ~sec to a block of 256 words 
512 ~~ec to a word 
237 watts 

data transfer rates of at least 3X106 bytes/sec. The 
next few sections describe the influence of these require­
ments on the design evolution. 

Chip, module and card design 

Chip size 

It is desirable to have as many bits per chip as pos­
sible, consistent with reasonable chip yield. In addition, 
high speed and low cost are easier to obtain as the den­
sity of information storage (bits/square cm) increases. 
These are the primary considerations in choosing the 
size of the chip. 

Based on fabrication experience and on progress in 
the industry, it seems reasonable to assume that lay­
out ground rules with 0.15-mil minimum line widths will 
be practical for the mid-seventies. Assuming that· a 
four-phase structure is used to store a bit of information 
and that information flow is reversed between adjacent 
parallel channels to close a shift register, topological 
considerations yield a storage cell area of 15.4 w2, 

where w is the minimum line spacing. This corresponds 
to a storage density of "-'2.9 X 106 bits per square inch. 
With such densities, a 32,768 bit chip might to be feas­
ible. 

Chip layout 

The chip organizational layout is uniquely determined 
by the average access time that the system is to have. 
Except for some relatively small decoder delays, the 

TABLE II-Measured Operating Characteristics of 
Feasibility Models 

Material 
Structure 

Cell size 
Phase voltages 
Output signal 
Charge retention 
Minimum shift rate 

Silicon, n-type substrate 
Modified self-aligned gate, 2-level 
interconnection 
0.32 mil2 

10-12 volts 
4-volt amplitude 
> 0.25 sec 
5kHz 

average access time T A is given by 

TA=72BsRTS 

where BSR is the number of bits per shift register and 
Ts is the time period of one shift. The shift frequency is 
chosen to be 500 kHz to minimize chip power and allow 
variable speed operation. Hence, Ts = 2 X 10-6 sec. It 
was stated earlier that T A should be less than 0.5 X 10-3 

sec. Therefore, BSR must be less than 500 bits. The 
nearest binary number is 256 bits so the proposed chip 
design calls for 128 shift registers of 256-bits. This re­
sults in an average access time of 256 J.lsec plus a small 
amount of decoder and other delays. 

The chip layout is shown schematically in Figure 1. 
Each of the 128 closed-loop shift registers has an input-
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Figure I-Proposed memory chip layout 

output amplifier, four restore amplifiers and a select 
decoder. These are organized into four nearly square 
groups of 32 shift registers, allowing shortened phase 
lines to drive from the center of the chip. Each shift 
register is folded four times to match I/O amplifier 
pitch. A restore amplifier follows each 64-bit register 
segment. 

The relative· areas occupied by each function on the 
chip are defined in the following way. A shift register is 
the product of the vertical and horizontal periods of the 
cell. The storage section of each array contains 32 shift 
registers, occupying an area of 

(64X5.3 w) X (32X4X2.89 w) = 12,600 w2 

=8192 cells. 
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By comparison, each restore amplifier occupies 

16 wX5.8 w=94 w2 

= 6 cells and the decoder I/O amplifier 
occupies 

(84 wX 11.6 w) +2(16 wX2.9 w) = 1064 
=69 cells. 

Phase gates and bussing occupy a total area on the chip 
equivalent to 8200 cells. The resulting chip, including 
wiring and pad space, is 168 mils by 154 mils. 

Register selection, writing, reading and clearing are 
all accomplished with 14 control lines. Phase drive, 
reference voltages and supply voltage require 11 lines, 
resulting in 25 I/O connections per chip. 

Module design 

The proposed module is a design extension of IBM's 
widely used logic and monolithic memory module. The 
proposed module, however, is 35 percent larger than the 
standard module (0.580 in. square) and provides an in­
creased number of I/O pins. Since only one chip is ac­
tive at a time, the module thermal characteristics permit 
two chips to be accommodated per module. Conse­
quently, the module has two stacked ceramic substrates, 
with one chip per substrate (Figure 2), joined by the 
IB1V[ controlled collapse solder connection. 

Figure 2-Basicmemory module 

Figure a-Storage card assembly 

To keep the number of interconnections per module 
down to an acceptable level, the chips are arranged so 
that address, phase and voltage connections are shared. 
Input-output and select control lines are separate, re­
sulting in a total of 28 active module connections. 

Card design 

Further assembly of the memory proceeds by placing 
16 of the modules described above on a card as shown 
in Figure 3. This package or card also contains partial 
address decode, refresh, control logic, and address inter­
face and phase drivers to provide fan-out for the mem­
ory modules. The card or memory subunit is actually a 
self-sufficient memory in its own right (except for logic 
and driving circuits), providing a storage capacity of 
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Figure 4-Functional diagram 

106 bits. The 108 bit CCD memory is realized by stack­
ing up the appropriate number of these building blocks. 
They lend themselves to several different memory 
organizations, the exact number depending on the or­
ganization chosen. In the "bit-per-card" design, a mem­
ory word consists of 64 data bits, 8 check bits, plus a 
position synchronization bit, for a total of 73 cards. 
The memory is operated in a mode where only one chip 
per card is selected at a time, providing a substantial 
savings in card power dissipation. Since the cards are 
independent sub-memories, serviceability is enhanced. 

Summary of chip, module and card designs 

Many of the reasons for the particular choice of chip, 
module and card design have been given in the preced-

TABLE III-Power Requirements For System 
Control Functions 

EQUIVALENT POWER 
FUNCTION GATE COUNT (mw) 

Address register 105 3920 
Parity check circuit 56 640 
Chip partial address 21 637 
Address drivers 57 2570 
Timing generator 43 2310 
Refresh control counter 188 4030 
Read/write control 161 6821 
Power switch 147 7120 
Storage data buffer 588 9500 
Check bit generator 845 18120 
Syndrome* generator 76 1440 
Syndrome decode 180 3240 

2467 60.347 watts 

* Syndrome-encoded signals generated as a result of a bit error 
from which the incorrect bit can be located. 

ing paragraphs. For further discussion, however, it is 
necessary to know how the memory will be .organized, 
and this requires a knowledge of the electrical circuitry, 
packaging and error correction coding p.eeded to imple­
ment the possible organizations. Discussion of these 
topics, comparisons and tradeoffs, however, will be 
based on the above described chip, a module with two 
chips and a card with 16 storage modules, logic and 
interface drivers as described. The storage array card is 
organized in 1024K word by I-bit configuration. 

Electrical and mechanical design 

Circuit requirements 

The circuits designed to implement the functions de­
fined in the memory system design are tentative and 
have not been optimized. They are only intended to 
represent a reasonable estimate of complexity and power 
consumption. For the sake of discussion, all the numbers 
that follow pertain to the bit-per-card organization. 

TABLE IV-Power Requirements (Watts) 
For Memory System 

System logic 
Storage array 73 cards @ 2.185 
Storage fan-out drivers 

60.5 
"'160.0 

15.7 

236.2 

The general functional diagram of the system is 
shown in Figure 4. Twelve address lines provide ad­
dressing to each of the 4096 2048-byte blocks of stored 
data. An eight-byte (64 data bit) parallel interface 
data bus provides a high data transfer rate with an ac­
ceptable investment in power and error correction cir­
cuitry. The power and equivalent gate count for each 
function are presented in Table III. The system power 
is presented in Table IV. 

Packaging design relies upon IBM's standard card 
and board concepts .. The technical objectives of this 

, design concept are (1) minimization of interconnection 
complexities, (2) adequate environmental protection, 
(3) sufficient thermaJ efficiencies to employ forced 
ambient air cO,oling, (4) modular flexibility features 
suitable for expansion, and ( 5) favorable economic 
costs. 

The overall packaging configuration of the memory 
system is pictured in Figure 5, resulting in a volume of 
2.9 cubic feet. 

The unit consists of a gate-structure containing four 
multilayer circuit boards, covers, interconnecting 
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cables and pluggable modular card subassemblies con­
taining logic and memory circuits. This unit design does 
not contain power supplies. It is assumed power and 
cooling air will be furnished by the host machine. 

Power consideration 

The CCD cell uses a dynamic charge storage principle 
and must be periodically regenerated to account for 
the charge "lost" from the storage node. This regenera­
tion is accomplished by means of restore amplifiers in 
each shift register. Information is stored as charge in 
the potential wells, and the ability to differentiate be­
tween the amount of charge represents a bit of informa­
tion. The minimum operating frequency of the shift 
registers is determined by detectable charge difference, 
which is a function of time, transfer efficiency and leak­
age rate. Careful consideration of these factors results 
in a lower shift rate of 5 kHz with a restore amplifier 
located every 64 bits. The restore amplifier senses the 
charge difference remaining at the end of a register and 
restores the charge levels to those corresponding to an 

A 

CTRL 

~7.50" 

A 
21.25" 

A 

A - STORAGE ARRAY 
BOARD 

CTRL - SYSTEM CONTROL 
LOGIC BOARD 

Figure 5-Eight megabyte storage unit 

initial one or zero for the next register segment. At this 
frequency, the chip requires a "standby" power of 
19.4 mW. In the standby state, information integrity is 
maintained but all functions not required to that end 
are de-powered using pulse power techniques. 

The maximum operating frequency is determined by 
the allowable power dissipation of the chip for forced 
air cooling. These considerations result in a shift fre­
quency of 500 kHz with a selected chip (i.e., all circuits 
fully powered) power of 321 mW. 

Error detection and correction, 

A preparatory phase of formulating a reliable storage 
system requires careful consideration of failure modes 
for the devices used in the system. Prediction of classes 
of device failures for the complete memory system is 
used to impose constraints upon both the chip and sys­
tem organizations to assure the desired reliability. 
These considerations are based primarily upon the rela­
tive amount of circuitry used to implement the relia­
bility-enhancement features. 

To overcome the effects of shift register malfunctions, 
the memory system is organized so that each bit from a 
shift register is part of a word located on a different 
chip.l In this memory system organization, the mem­
ory device failure modes manifest themselves as either 
single or, with lessor probability, double bit errors. 

The widely-used Hamming-type SEC/DEC* codes, 
for example, can correct any single-bit error in a mem­
ory word, but can only produce an error message in case 
of a double or higher-order bit error. Such codes, there­
fore, are most effective in systems organized so that as 
many failure mechanisms as possible cause only single­
bit errors. 

The design philosophy leading to the final, recom­
mended, bit-per-chip system was as follows: 

1. Offer random access to a block of 256 words of 
64 bits each, and serial access to a specific word 
within that block. 

2. Use SEC/DED codes to enhance reliability. 
3. Achieve high performance operating character­

istics at reduced power by supplying the high 
speed shift field to only the chips containing the 
desired shift registers, since only 64 shift registers 
(representing 0.2 percent of the total memory 
capacity) are accessed at anyone time. This is 
accomplished by including phase gating logic on 
the chip, to be activated only when the chip is 
selected. Additional support electronics are 

* Single-Error-Correction/Double-Error-Detection. 
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TABLE V -Summary of Chip Design Features 

CONCEPTUAL DESIGN 
• Self-contained CCD chip with on-chip decoding 
• n-type substrate SAG technology 
• Closed loop shift registers 
• Operating speed of 5 to 500 kHz 
• 64-bit shift register segments 
• Shift register turnaround and restore amplifiers 
• Four-phase operation 
• 2.9 X 106 hits/in2 
• Operation in a machine environment 

OPERATING FEASIBILITY MODEL 
High Density Model 

• n-type substrate SAG technology 
• 256-bit single shift register segment 
• 2.1 X 106 hits/in2 
• Operating speed of 500 Hz to 5 MHz 
• Four-phase operation 

Operating Memory Model 
• n-type substrate technology 
• 480-bit, 10 segment shift registers 
• Shift register turnaround and restore amplifier 
• Four-phase operation 
• Operation in a machine environment 
• Operating speed of 500 kHz 
• Wide operating parameters 
• I/O amplifier 

necessary to insure data retention and regenera­
tion; however, de driver power dissipation is 
reduced. 

FEASIBILITY MODELS 

This section deals with the feasibility models that 
were built to test and demonstrate the major operating 
features of the conceptual memory design described 
above. The models were to be limited in capacity to 
that necessary to prove feasibility of the approach used 
in the conceptual design. The essential features of the 
conceptual chip design and the models are summarized 
in Table V. 

The feasibility model chips differ from the conceptual 
chip not only in scale but also in that they do not dem­
onstrate on-chip decoding or closed-loop operation. 
These have been relatively simple functions to ac­
complish, as shown by workers in this laboratory and 
industry as a whole. Mounting of the conceptual chip 
uses techniques well-known to industry. 

Critical features of the conceptual design have been 
demonstrated by the feasibility models. These include 
the storage cell density, operating speed, sensing and 
amplification, and sufficient operating parameter toler­
ance for actual machine environment. 

Device structure 

The charge-coupled device uses basically MOS 
technology. The described structure consists essentially 
of three layers and is a junctionless device except for 
small diffused junctions that serve as input and output 
nodes of the shift register. The surface of a semiconduc­
tor, such as silicon, is oxidized to form a thin insulating 
layer. A metal pattern of electrodes is deposited on top 
of the insulator. In operation, the" shift register depends 
on the transfer of charge from the potential well de­
veloped under one electrode to another by application 
of suitable voltages to these electrodes. 

A cross-sectional view of the overlapped electrode 
devices fabricated in this test chip is illustrated in 
Figure 6. In the structure shown, each spatial bit has 
associated with it four independent electrodes. The 
01, 03 electrodes, doped polysilicon, define the storage 
potential well (node) locations. The 02, 04 aluminum 
electrodes serve as transfer/isolation gates between 
storage nodes. 

Device size 

The proposed CCD storage cell is designed with an 
electrode separation of 0.15 mils and 0.05-mil overlap. 
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Figure 6-CCD storage cell 
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Channel width is 0.15 mils with a channel separation of 
0.28 mils, resulting in an average area per bit of 0.35 
mil. 2 In the high density devices described here,2 the 
average area per bit is 0.48 mil2 corresponding to a 
channel width and separation of 0.2 and 0.4 mils. Calcu­
lations of the potential barrier between channels indi­
cate that the channel separation can be reduced to 
0.2 mil, while stilll providing adequate isolation in 
1-2 ohm-cm material. 

Frequency response 

In those pulse powered memory applications where 
access time minimization and power are important 
considerations, the frequency response is an important 
parameter. The frequency response curve for the 
normalized worst case one/zero difference (~D) of a 
typical 128-bit shift register is presented in Figure 7. 
Since the one/zero difference is directly related to the 
charge transfer efficiency, the data imply that the 
transfer efficiency characterizes device operation over an 
extremely wide clock frequency range. 

The primary mechanism determining the low fre­
quency limit of device operation is the thermal charge 
generation rate and the tendency of the empty potential 
wells to fill with thermally generated minority carrier 
charge. The 500-Hz data point indicates that such room 

9 

temperature leakage is negligible at information dwell 
times of at least U second. 

The primary parameter affecting the high frequency 
limit of device operation is the surface mobility and its 
determination of the maximum transfer times needed to 
preserve efficient charge transfer between storage nodes. 
At a clock frequency of 5 MHz, the nominal transfer 
time duration is 60 nsec at which a slight drop in signal 
occurs. The signal difference is sufficiently large so that 
sensing is not impaired. 
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Figure 7-CCD charge transfer characteristics 

Figure 8-CCD temperature characteristics 

There are two primary ways in which temperature 
can impact CeD operation. First, high frequency re­
sponse is expected to be lowered with increasing tem­
perature due to a decrease in surface mobility and a 
consequent decrease in charge transfer efficiency. Sec­
ondly, the low frequency response limit is expected to 
increase with increasing temperature due to the in­
creased rate of thermally generated charge filling an 
empty potential well. The observed temperature de­
pendence at the three clock frequencies shown in Figure 
8 clearly displays the second effect described above. 
These data were obtained with the substrate biased at a 
relatively high level (BV) , representative of stress 
conditions. At more moderate substrate bias potentials 
(f'"OowI2V) the curves shown shift to significantly higher 
temperatures. This is due to the fact that a reduction 
in substrate bias reduces depletion region depth, result­
ing in a reduction in the rate of carriers filling the poten­
tial wells. 

Operational memory 

All the proposed circuit design concepts were exer­
cised in a fully operational memory system.3 The chosen 
memory system used dual 2880-bit shift register mem­
ory buffers operating at a fixed clock frequency of 
500 kHz. The two 2880-bit shift register buffers were 
fabricated from six dual 480-bit open-loop shift register 
memory chips, serially connected to form the memory 
buffers. Each chip contains two 480-bit shift registers 
and is fabricated as previously described. Data flow 
proceeds in one direction for 47 72 bits and is then am­
plified and launched in the reverse direction by a sensi­
tive but simple amplifier that introduces an additional 
72-bit delay. The restore amplifier, designed to operate 
in so-called fat-zero mode, consists of three FET's as 
illustrated in Figure 9. The amplifier inverts the signal 
and provides a small signal gain of about 80 from chan­
nel to channel. In operation, the signal at the launch 
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Figure 9-Restore amplifier 

node is clamped to either VR2 or near ground and the 
gain realized is only that necessary to compensate for 
the losses in the channels. Input and output support 
circuitry for the CCD shift registers interface directly 
to machine logic levels. Machine logic is diode-transistor 
with logic zero at ground and logic one at plus six volts. 

The chip output is capable of driving a minimum of one 
logic load (sink 1.7 rnA to ground) and is fully com­
patible with both machine logic levels and CCD mem­
ory chips. 

In summary, the work done in fabricating, testing, 
and designing the feasibility chips has demonstrated 
that the CCD technology is sufficiently mature and 
understood so that design and fabrication of a 108-bit 
storage system is possible with an acceptable risk factor. 
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Josephson tunneling devices~A new technology 
with potential for high-performance computers 

by W. ANACKER 

IBM Corporation 
Yorktown Heights, N ew York 

INTRODUCTION 

Superconducting thin film devices which exploit the 
Josephson effect and Giaever type tunneling have been 
observed to switch very fast while dissipating extremely 
little power. They show, therefore, good promise for 
high-performance computer circuits since the low power 
dissipation permits dense packaging with attendant 
short intercircuit signal delays, a prerequisite for 
effective utilization of fast switching circuits. 

The devices are based on two discoveries of the early 
60's. B. Josephson! predicted in 1962 that supercurrent 
can flow through nonsuperconducting and even in­
sulating layers without causing voltage drops if these 
layers are/thin enough. 1. Giaever2 discovered in 1960 
that the tunnel characteristics of metal-oxide-metal 
sandwiches changes markedly when the metal elec­
trodes become superconducting. 

The possibility of building superconductive com­
puters has been of interest ever since D. Buck3 reported 
in 1956 on the operation of his "cryotron" switching 
device and demonstrated that this device is capable of 
performing logic and memory functions. 

Efforts in several laboratories over the years to bring 
the cryotron technology to fruition have, howev~r, met 
with failure. The main reason for the lack of success was 
that semiconductor technology has proved itself to be 
not only competitive but superior in switching speed and 
adaptability to large scale integration, facts which 
made it illogical to try to overcome technological 
problems of the cryotron technology which were un­
solved at the time. 

The basic difference between cryotron and Josephson 
tunneling circuits is that the latter have been shown to 
be orders of magnitude faster in switching operations 
than the former. In fact, it appears to date that 
Josephson tunneling devices have good potential to 
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surpass semiconductor circuitry with respect to switch­
ing speed and system performance since packaging 
limitations due to heat removal problems already en­
countered in advanced semiconductor circuit networks 
are expected to be absent in Josephson tunneling 
circuit networks. 

The basic effects underlying this technology are 
sketched in the next section before specific and preferred 
structures of switching gates, and. their characteristics 
are discussed in the third section, and configurations 
and operations of memory and logic circuits in the 
fourth section. A review of presently known tech­
nological aspects is given in the fifth section followed 
by a brief summary in the final section. 

SUPERCONDUCTIVITY, TUNNELING AND 
JOSEPHSON EFFECT 

Superconductors are well-known to exhibit specific 
properties when they are cooled below a critical tem­
perature Te. Their electrical resistance drops to zero, 
and they behave like diamagnetic bodies, expelling 
magnetic fields. If they are arranged in closed loops, 
they can trap magnetic flux and sustain circulating 
per~istent electrical current indefinitely. 

These properties can be understood by postulating 
that superconductors comprise two interpenetrating 
electron fluids, a normal fluid of density nn and a super­
fluid of density ns. The normal fluid consists of single 
conduction electrons and the superfluid is made up of 
bound electron (Cooper) pairs which are the product 
of a condensation process taking place below the critical 
temperature and involving single conduction electrons 
with equal and opposite momentum and spin. The 
participating electrons occupy energy levels just below 
and above the Fermi level of the metals. The depletion 
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Figure I-Normalized diagram of a superconducting energy gap 
AT and superfluid ns(t) dependence on temperature T . .60 and ns(o) 

denote values at T = 0.13 

of these levels leads to the development of a forbidden 
energy band, the so-called superconducting energy gap 
2~ (on the order of me V) around the Fermi level. 

The Cooper pair system occupies a single energy state 
which lies below the Fermi energy by an amount of 
energy A (per electron) corresponding to the binding 
energy of the Cooper pairs in accordance with the classic 
(BCS) theory of superconductivity4 by Bardeen, 
Schriefer and Cooper. The Cooper pair system is highly 
correlated throughout the superconducting region which 
is commonly expressed as the long range order of the 
superconducting state. The system can be described in 
quantum mechanical terms by a wavefunction if; (r) , 
the phases cp(r) of which are related throughout the 
entire superconductor. 

The Cooper pair system density ns . and the energy 
gap A are related to each other and depend on tem­
perature as is shown in Figure 1. ns and ~ are zero for 
T> Tc, rise first rapidly, then much more slowly with 
decreasing temperature until A is full developed and 
only the superfluid ns exists at T = OOK. 

The second effect to be reviewed is electron tunneling. 
It is well-known that electric currents can be trans­
ported through a metal-insulator-metal sandwich with 
an attendant voltage drop across the thin insulator by 
means of the tunneling process. This process is readily 
understood as a consequence of the quantum mechani­
cal concept of assigning to electrons in metals wave­
functions of the form ei .k •r with r being a space variable 
and k being the wave vector. For k imaginary-which 
is the case outside of the metal surface-the wave­
function decays exponentially. Since the square of the 
amplitude of the wavefunction at any point in space is 
interpreted as the probability of finding an electron at 
that point, it becomes apparent that electrons can be 

found with finite probability outside of a metal surface. 
These electrons can be captured by a second metal with 
available allowed energy states if the second metal is 
placed close enough to the first metal surface. The 
distance between the metals is not to exceed about 
50 A since the probability of finding electrons decreases 
rapidly with distance from the metal surface and the 
tunnel currents become extremely small. 

Holm5 has calculated the electron flux based on a 
simple one-dimensional model, from which the tunnel 
resistance RNN of a tunnel junction can be deduced for 
V«CPw as : 

1 e2 41rt 
-- = - (2mcp )1/2 exp - - (2mcpw)1I2 (1) 
ARNN h2d w h 

with t and CPw denoting the potential barrier. thickness 
and height, respectively, A the junction area, e and m 
the electronic charge and mass, respectively and h 
Plank's constant. 

Expression (1) indicates the exponential dependence 
of the tunnel resistance on the potential barrier height 
CPw l / 2 and thickness t and also that the voltage-current 
relation is linear. 

The latter characteristic was shown by 1. Giaever6 

to change when the electrodes become superconducting. 
He found that for voltages V< 2~/ e the tunnel current 
is suppressed, rises rapidly at V = 2~/ e, and approaches 
the linear RNN asymptotically for V»2~/ e. 

The discovery of this effect represents a direct con­
firmation of the existence of the superconductive energy 
gap as postulated in the BCS theory and it has served 
as a valuable tool to probe into the electronic structure 
of superconductors. As an example, Figure 2 shows 
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Figure 2-Current-voltage diagram of superconducting tunneling 
(with parameter a tofreferring to decreasing temperature T).22 
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by way of tunnel characteristics how the energy 
gap develops with decreasing temperature. 

The third effect to be reviewed is the Josephson 
effect7 itself. It is a property of the Cooper pair system 
and manifests itself in regions where superconductivity 
is weak, i.e., where the Cooper pair density is (locally) 
low. Figure 3 shows two superconductors 81 and 82 

separated by a distance t and denotes a coordinate 
system in compliance with Equations 2, 3 and 4. 

The Josephson effect7 is contained in Equations 2, 
3 and 4. 

j(z, t) =j1 sin 4> (2) 

d4>=2e V 
dt n (3) 

d4> = 2ed Hz 
dz ne2 (4) 

with 4>=4>1-4>2; V = V1- V2; and d=A1+A2+t and 
n = h/27r. 4>1 and 4>2 denote the phases of the wave­
function y;(r) in 8 1 and 8 2 respectively; Vi and V2 the 
electrical potential of 8 1 and 8 2 respectively and Al and 
A2 the London penetration depths of 8 1 and 82, respec­
tively. e, hand e denote the electronic charge, Plank's 
constant and the speed of light, respectively. 

Equation (2) states that a de Josephson current 
j (z, t) 5:j1 can flow between 8 1 and 8 2 for 4> = const 
which according to Equation (3) indicates that the 
voltage between 8 1 and 8 2 is zero. Equation (3) indi­
cates, on the other hand, that 4> changes in time if a 
constant voltage V is impressed between 8 1 and 8 2 

which, in conjunction with Equation (2) states that 
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application of a voltage between 8 1 and 8 2 generates 
an ac Josephson current with a frequency which is 
proportional to the applied dc voltage. Equations (4) 
and (2) indicate that j(z) is modulated in amplitude 
and even in direction along the z-coordinate in the 
presence of static magnetic fields penetrating the weak 
superconducting region. This leads to nonuniform 
internal current distributions which reduce the external 
current carrying capability of the weak superconducting 
region thus permitting one to control the (external) dc 
Josephson current threshold by applying magnetic 
fields. The experimental demonstration of the magnetic 
field dependence of the dc Josephson current threshold 
confirmed conclusively the existence of the Josephson 
effect.23 

The Josephson effect has been observed in a variety 
of configurations such as superconductor-normal metal­
superconductor sandwiches, point contacts, micron size 
constrictions in thin films, whiskers, even wires pressed 
together to form point contacts. The most suitable 
configuration for computer switching circuits appears, 
however, to be the Josephson tunneling gate which is 
described in the next section. An excellent and ex­
haustive discussion of Josephson devices is given by 
Matisoo.s 

JOSEPHSON TUNNELING GATES 

Figure 4 depicts schematically a Josephson tunneling 
switching gate. Two superconducting thin films 8 1 and 
8 2 are shown partially overlapping and separated from 
each other by an insulating layer of 10 A to 30 A thick­
ness, preferably an oxide grown on the bottom film 8 1• 

They are overlaid by a third superconducting film 
insulated from 8 1 and 8 2 and patterned as a control 
line C. The entire structure is deposited on top of a 
superconducting and insulated ground plane in order 
to minimize circuit inductances. 

The tunnel junction length and width are denoted by 
Land W, respectively, the oxide thickness by t, the 
London penetration depths in 81 and 82 by Al and A2, 
respectively. The tunnel resistance RNN of this con­
figuration could be calculated from Equation (1) if t and 
4>w were known, it can also be measured quite accurately 
at T < Teat a voltage V (with2t1/ e < V «4>w/e). (Measure­
ments at T < Te are necessary to eliminate dominating 
effects of the electrode resistances.) 

Once RNN is known, the Josephson current density jl 
can be calculated from: 

jl=K(7rt1/2eRNN.L.W) tanh (t1/2kT) (5) 

with the Boltzman constant k, a correction factor K to 
include strong coupling effects9 (e.g., K =0.91 for tin 
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Figure 4-Josephson tunneling in-line gate configuration.13 

and K = 0.788 for lead) and the other quantities as 
defined before. The temperature dependence of ji is 
mainly determined by .c!l (T); thus the functional 
relationship of .c!l(T) shown in Figure 2 holds to a very 
good approximation also for the Josephson current 
density ji' 

An important parameter for the control of Josephson 
current thresholds which is well defined in Josephson 
tunneling junctions is the Josephson penetration depth: 

(6) 

with d=t+AI+>% the junction "thickness" into which 
magnetic fields can penetrate, and all other quantities 
as defined before. The Josephson penetration depth Aj 
denotes the distance, from the junction edges in which 
Josephson currents actually flow (as a consequence of 
Meissner effect) as shown in Figure 4. 

Since AJ o:jl-I/2 andjl 0: e- t , it is obvious that desirable 
current distributions can be readily obtained for a wide 

range of junction lengths L by simply changing the 
oxide thickness t. 

The magnetic field dependence of the dc Josephson 
threshold current is strongly influenced by the current 
distribution in the junction. 

Let us first consider the case of AJ»L. Integration of 
Equation (4) with appropriate boundary conditions 
results in the expression: 

. sin 11"<1>/ <1>0 • 
Imax=)IW·L / • SIn cf> (7) 

11"<1> <1>0 

with <1>0 = hc/2e, the superconducting flux quantum 
(2.07.10-15 V sec) and <1>= p,sH ·L·d the total magnetic 
flux penetrating the entire junction cross section for 
applied magnetic fields H. The dependence of Imax on 
<1>/<1>0 is shown in Figure 5. The agreement between 
theory and experiment is excellent. 

For junctions with nonuniform current distribution 
(A/" L) the magnetic field dependence of the threshold 
current does not obey Equation (7); a full discussion of 
this fact is beyond the scope of this paper. The resultant 
dependence of the gate current threshold on the control 
current for a junction with Aj""·· .. ·{71o)L is shown in 
Figure 6, displaying again the excellent agreement of 
the theoretical values (solid lines) and experimental 
data (dots). It should be noted that the slope of the line 
c-a approaches unity for AJ/L~O while the slope of 
the line c-d approaches infinity. The asymmetry. with 
respect to the I max axis is introduced in the so-called 
in-line configuration by the ground plane, which causes 
the magnetic fields of gate current and control current 
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Figure 7-Diagram of Josephson gate current Ig versus control 
current Ie for window type crosscontrol gate configuration as 
shown on upper right (n denotes the ratio of gate line width to 

control line width). 10 
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I 

c R 1m sin cP 

Figure 8-Equivalent circuit of Josephson tunneling junction, 
driven by current I 

to add if currents flow in parallel and to subtract if 
currents flow antiparallel. 

Symmetry with respect to the I max axis can be re­
stored by arranging the control line perpendicular to 
the gate lines in the so-called cross-controlled gate 
configuration. The Imax vs Ie characteristic of a window 
type version of this gate configuration as reported in 
Reference 10 is shown in Figure 7. The straight lines in 
Figure 7 indicate again a fairly nonuniform current 
distribution. It should be noted that this configuration 
permits one to raise the slope of the fg vs Ie lines above 
unity by increasing the ratio n= W1/W2 which is fre­
quently useful for gain considerations. 

The dynamic behavior of Josephson tunneling gates 
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Figure 9-Current-voltage diagram of tunnel junction exhibiting 
Josephson and Giaever tunneling effects.13 
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is comprised of two aspects. One is the occurrence of 
hysteresis in the voltage-current curve, the other the 
dynamics during switching from V = 0 to V = 2~/ e and 
back to V = O. Both effects are explained by resorting 
to the equivalent circuit of a Josephson tunneling 
junctionll as shown in Figure 8. Two overlying metal 
films separated by a very thin dielectric layer evidently 
form a capacitance C, the tunnel resistance is expressed 
as a nonlinear resistance R (Giaever tunneling) and 
the Josephson effect is represented by a nonlinear 
Josephson current source (Imin sin ¢) with 1m being the 
maximum Josephson current through the junction. The 
differential equation of the equivalent circuit of Figure 
8 in conjunction with Equation (3) produces the non­
linear equation : 

C dv 1 V . I 
dt + Ii +Imin sm ¢= (8) 

Equation (8) has been solved numerically for linear 
resistance Rll and a current source driving the junction 
with a dc current. The solutions show that hysteresis 
grows for increasing capacitance. Numerical solutions 
with nonlinear resistances R, more closely resembling 
Giaever type tunneling should reflect the experimental 
I-V curve of a Josephson tunneling junction as shown in 
Figure 9 rather closely. The hysteresis is of interest for 
circuit design since it permits the switching of gate 
currents in excess of control currents without requiring 
that the I max vs Ie characteristic exceeds a slope of 
unity, thus providing for logic gain. 

Equation (8) describes the time dependence of the 
gate voltage Vet) when either the gate current Ig 
exceeds the Josephson current threshold I max or the 
Josephson current threshold Imax is reduced below the 
gate current Ig (for example by application of a control 
current I e). For the voltage rise, the Josephson current 
term (Imax sin ¢) can be neglected in Equation (8). The 
solution is then given by 

Vet) =IgoR(l-e-tIRC) (9) 

with R being approximated by the average resistance 
of the Giaever tunnel curve for 0 < V < 2~/ e. The 
voltage tends to rise to VI = I gO R. It is, however, clipped 
at V = 2~/ e because of the small differential resistance 
of the Giaever tunnel curve at Vg=2~/e. For IgoR»Vg 
one may, therefore, express the rise time approximately 
by ~t=IgoC/Vg. 

The (I max sin ¢) term cannot be neglected in the 
switching operation from V = V g back to V = O. Equa­
tion (8) must be solved numerically in this case. 
Simulations indicate that the ac Josephson currents 

play a role in this case leading to oscillations and 
requiring careful device and current design. 

The equivalent circuit of a Josephson tunneling gate 
driving a superconducting loop is derived by adding a 
parallel inductance to the equivalent circuit of Figure 8. 
The corresponding differential equation is given by: 

dv 1 1 f ; 
C dt + R V + L V dt+lmax(sm ¢) =1 (10) 

Equation (10) indicates oscillatory behavior even when 
the Josephson current term is neglected if care is not 
taken to provide sufficient circuit damping. The com­
plete Equation (10) must be evaluated numerically for 
each case under consideration. 

It is, of course, of interest to test the validity of the 
equivalent circuit models for Josephson tunneling 
circuits. Switching times for voltage rise and current 
steering were measured and compared with calculated 
switching times on the basis of the equivalent circuits 
of Figure 8 without and with inductances.12 Agreement 
is very good for voltage risetimes as short as 65 psec 
and current steering time of 550 psec. The current and 
voltage levels in this experiment were 17 rnA and 2.5 
m V, respectively, leading to a switching energy of 
1.4 0 10-15 Joule per switching operation or about 10 p,W 
in continuous operation with 50 percent duty cycle. The 
circuit dimensions in the experimental work were 
rather large; a junction with an area of about 20 mil2 

and a loop with a length of 410 mil were used. It is 
expected that miniaturization with attendant reduc­
tion in capacitances and inductances will result in even 
shorter voltage rise and current steering times and in 
lower power dissipation. 

JOSEPHSON TUNNELING CIRCUITS FOR 
MEMORY AND LOGIC FUNCTIONS 

Some features of cryotron technology such as infinite 
resistance ratios of the ON and OFF states, trapping of 
magnetic flux, persistent current, etc., will also be ex­
ploited in Josephson tunneling circuits. Specific features 
of Josephson tunneling gates, such as the I-V hysteresis, 
the well defined and relatively large gap voltage V g and 
the ease with which Ig vs Ie characteristics can be de­
signed will undoubtedly be used to advantage, too. 

The basic circuit configuration for register and 
memory elements is a superconducting loop comprising 
Josephson tunneling gates for steering currents from 
one branch into another and changing the direction. 
(or amount) of magnetic flux trapped in the loop. The 
storage of binary data can, for example, be accom­
plished by setting up persistent supercurrents which 
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Figure IO-Memory cell comprising Josephson tunneling gates 
for coincidence selection and nondestructive readout.13 

flow clockwise ("I") or counterclockwise ("0") as 
long as the loop remains superconducting. 

As an example of a practical memory circuit13 Figure 
10 shows a super conducting loop comprising two 
Josephson tunneling gates for writing and controlling a 
third Josephson tunneling gate for nondestructive 
reading. The memory loop is in the selection line w; 
the control line b overlaying both write gates serves 
as a second selection line during writing; the interrogate 
line i, which comprises the sense gate S acts as a 
selection line during read out. The operation of the loop 
as a bit organized memory cell is described next under 
the assumption that there exists already a counter­
clockwise circulating current Iw/2 in the loop which 
represents a stored "0". First, a current pulse Iw is 
applied to line w, causing currents of amount Iw/2 to 
flow downwards through each branch of the loop. 
(Both branches are assumed to be equal inductance.) 
The applied and circulating currents superimpose, 
leaving the right branch without current and causing a 
total of I w to flow in the left branch. The write gates are 
of the in-line configuration and their I max vs Ie char­
acteristic is assumed to be asymmetric (Aj<L). A 
coincident current pulse IBis then applied to the control 
line b. If IB is directed from left to right (representing 
a write "0" signal) it increases I max of the left write 
gate and decreases Imax of the right write gate. None of 
the gates will switch, however, since the actual gate 
currents-Iw in the left gate and 0 in the right gate-are 
smaller than the actual Imax values. If IB is, however, 
directed from right to left (representing a write "I" 
signal), I max of the left gate is decreased and I max of the 
right gate is increased. With appropriate design 
I w> (I max) left, the left gate switches and develops a 
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finite voltage, initiating transfer of the current Iw to 
the right branch until the current through the left gate 
falls below I min'-;O. This causes the left gate to return 
to V = O. The current I w is now flowing through the 
right branch, and the loop has again become super­
conducting. Conservation of magnetic flux causes now a 
clockwise circulating current Iw/2 to flow in the loop 
representing a stored binary "I" upon termination of 
Iw in line w. 

For reading of stored information, I w is applied to w 
in coincidence with an interrogate current Ii flowing 
from right to left through line i. Superposition of Iw 
with a clockwise or counterclockwise circulating current 
subjects the sense gate underneath the right branch to 
a control current of Ie=Iw and Ie=O, respectively, thus 
rendering Imax<I i in the sense gate in case of a stored 
"1", and I max> Iiin case of a stored "0". In consequence, 
a finite voltage will be developed across the sense gate 
only for a stored "1" but not for a stored "0". 

The current steering mode can be applied as well to 
larger loops comprising, for example, as branches 
selection lines w, band i of memory arrays. It can be 
argued that array lines w, band i in small memory 
arrays may be of about the same length as the loop 
(410 mil) of the high speed experiment mentioned in 
the third section. Hence, one may project memory 
cycle times in such arrays on the order of a nanosecond 
since usually the selection of array lines represents the 
major portion of the cycle time. 

A drawback of the current steering mode in super­
conducting loops of extended length in high speed 
operation is the fact that the loops act as pairs of trans­
mission lines above ground plane with a virtual short 
opposite the switching gate, thus causing multiple 
voltage and current reflections to travel along the lines 
and slowing the current steering operation. This be­
havior, especially undesirable in high speed logic cir­
cuits may be remedied. In Figure 11, the Josephson 
tunneling gate on the left drives a pair of striplines on 
top of a ground plane with a characteristic impedance 
Zoo The strip lines which serve as control lines for other 
Josephson tunneling gates are terminated at the right 

I,;, z() fR
•

2Z
• 

~ 

Zo 

10 

Figure II-Schematic of high speed logic curcuit with terminated 
striplines 
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end by a resistor of resistance R = 2Zo• If the Josephson 
tunneling gate on the left switches from V =0 to V = Vg , 

two waveforms, one of amplitude + Vg/2 and the other 
of amplitude - V g/2, will travel along the striplines; 
they will find a matched termination condition at the 
right end and be thus absorbed. Then the current 
10= Vg/R will be established in the striplines right after 
the wavefront has propagated along the line. This 
current is a function of the (well defined) gap voltage 
Vg and the resistor R only. 

Logic functions can be performed in different ways, 
for example, by overlaying several control lines on top 
of a Josephson tunneling junction or by interconnection 
of Josephson tunneling gates. If the 410 mil long loop 
in the high speed experiment had been properly ter­
minated, the loop current would have been fully 
established in about 170 psec. (This assumes a 65 psec 
risetime and a phase velocity of 1010 cm/sec in the 
stripline.) In this case also, miniaturization is likely to 
reduce risetime and propagation delay. 

TECHNOLOGICAL ASPECTS 

An important question is, of course, whether useful 
devices and circuits can be made reproducibly, reliably 
and economically. A full assessment can only be made 
on the basis of a fairly extensive technological study; 
short of that, one must be content with collecting what­
ever data is available to date. 

Following a recent review14 it can be stated that 
Josephson tunneling junctions have been prepared 
using a variety of superconducting metals, tunnel 
barriers and preparation methods. A selection of super­
conductors, along with their critical temperatures Tc 
and energy gap 2.1, which have reportedly been used 
for Josephson tunneling junctions are listed in Table 1. 
Since operation at T~72Tc is preferred because of the 
weak temperature dependence of a andjl in this range, 
niobium and lead electrodes are desirable candidates 
for this technology since they permit operation at 

TABLE I-Superconducting Electrodes for 
Josephson Tunneling Junctions 

Electrodes Tc eK) 2~o (meV) 

Nb 9.2 2.9 
Pb 7.2 2.5 
Sn 3.7 1 
In 3.4 1 
AI 1.26 0.38 
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Figure 12-Diagram of Josephson current density versus oxide 
thickness in Pb-PbQz,-Pb junctions with indication (insert on 
upper right) of run to run reproducibility of barrier thickness and 

current density.u; 

about 4.2°K, the boiling point of liquid helium at 
atmospheric pressure. 

Native oxides grown on the base electrode are pref­
erable as suitable tunnel barriers for Josephson 
tunneling junctions. Successful attempts of barrier 
preparation by deposition of semiconductor films such 
as CdS,15 tellurium16 have also been reported. However, 
pinholes in the thin semiconductor films appear to 
pose a problem which is usually overcome by a sub­
sequent oxidation step which fills the pinholes in the 
semiconductor films again by a native oxide. Hence, it 
appears to date, that native oxides grown on the bottom 
film electrode SI provide the best chance of getting 
shortfree tunnel barriers which are sufficiently thin to 
provide usable Josephson current densities for com­
puter circuits. 

Of major importance is the question of whether it is 
possible to control the growth of a thin oxide film with a 
thickness on the order of 20 A to 30 A sufficiently 
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Figure 13-Diagram of Pb-PbOx-Pb junction stability over 
extended period of time. I9 

uniformly and reproducibly to obtain reasonably 
reproducible Josephson current densities j1. Figure 12 
depicts the results of a thermal oxidation experiment17 
to produce Pb-PbOx-Pb junctions in a well controlled 
oxygen atmosphere. The spread of current density j1 
is about ±6 percent between independent oxidation 
runs and even less on the same samples. 

Dc-glow discharge experiments have been reported18 
to result in a logarithmic time dependence of the oxide 
thickness from which one can conclude that the re­
producibility is reasonable here, too. 

Another interesting variation of the dc glow dis­
charge oxidation has been reported19 in which an rf 
source is used rather than a dc supply and the sample 
is affixed to the cathode. Two competing processes, 
oxide growth and removal of oxide by rf-sputtering are 
apparently at work leading to a simultaneous process 
of surface cleaning and oxide formation. The inherent 
surface cleaning aspect makes this method attractive 
for large scale circuit integration where the electrodes 
are being subjected to photoresist process steps prior 
to the formation of the oxide tunnel barriers. 

Another technological aspect concerns the stability of 
the junction characteristics when they are thermally 
cycled between cryogenic and room temperatures and 
during shelf life. It was found that niobium junctions20 

are excellent in this aspect. Figure 13 shows that lead­
lead oxide-lead junctions21 can also be kept for an 
extended time at room temperature and can be ther­
mally cycled a number of times without undue change 
of characteristics. 

To date, the technological issues related to Josephson 
tunneling circuits may be described as having yielded 
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some encouraging results; they can, however, not yet 
be considered as being solved. More effort will have to 
be invested to assess the feasibility and bring the 
technology to fruition. 

SUMMARY 

Relevant basic physical and computer circuit aspects of 
Josephson devices have been reviewed. I t has been 
shown that Josephson tunneling devices are well char­
acterized and perform in very good agreement with 
numerical calculations on the basis of simple models. 
They are potentially useful for high performance 
computer applications since they possess the necessary 
attributes of extremely high switching properties, and 
of extremely little power dissipation; they adapt 
readily to miniaturized LSI fabrication processes. 

They do not suffer from basic switching speed 
limitations of cryotron circuits caused by super­
conducting-normal conduction phase changes and 
low voltages. On the contrary, they promise to surpass 
semiconductor circuit networks in operational speed, 
and provide memory functions with zero standby 
power. 

Some technological aspects appear favorable, how­
ever, much more work is required in order to demon­
strate feasibility. The potential, however, appears to 
warrant effort to address and solve technological 
problems. 
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INTRODUCTION 

The purpose of this paper is to extend the work 
presented earlier! on the methods for performing logic on 
magnetic bubble chips, and to illustrate these techniques 
by presenting the outline of a design for a general­
purpose digital computer. 

Magnetic bubble materials have received extensive 
treatment in the literature during the past few years,2-9* 
and numerous memories have been designed and tested 

(A) PERMALLOY CIRCUIT ELEMENTS 

x /\ _F 23=XY+XZ+YZ==MAJ(X,Y,Z) 

Y -0- F1 =XYZ 

Z F127 =X+Y+Z 

(B) SYMBOLIC CIRCUIT 

Figure 1-Primitive realization for class 1 

* Only a few of the more important materials papers are cited. 

1279 

X~F23=XY+XZ+YZ X~F23=XY+YZ+XZ 

Y 0 F43 =XY+YZ'+xz' Y-yFlO5 =XE!7Y$Z 

Z FS5=Z "Z_o --F23=XY+YZ+XZ 
(A) CLASS 29 (8) CLASS 25 

x~r7 =X(V+Z) 

Y D F17=YZ 

Z---F127=X+V+Z 
(C) CLASS 3 

x 0 F31=X+YZ 

V D F1=XYZ 

Z---F1l9=Y+Z 
(E) CLASS 2 

Z---FS5=Z 

(I) CLASS 8 

x F31=X+YZ v-B- F33 =y(xEBz') 

Z FS7=Z+XV 

(K) CLASS 19 

x & F7 =X(V+Z) 

Y W F123 =Y+(X$Z) 

Z---F2i =Z(X+Y) 
(D) CLASS 9 

X--zs:-F23 =XY+XZ+VZ 

Y-U-F41 =Xyz+z'(x$V 

Z---FS7=Z+XY 
(F) CLASS 28 

x M-F7=X(V+Z) 

V ---\}- F 121 = X'(Y+Z)+X(YEBz') 

z-- -- F23=XY+XZ+VZ=MAJ(X,Y,Z) 

(J) CLASS 10 

X--- ------ F31 =X+YZ 

Y 0 F35 =Y(X+ Z') 
o 

Z FS5 = Z 

(L) CLASS 21 

Figure 2-Additional primitive realizations 
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INPUT PERMUTATION 

CLASS/ 
1 2 3 4 5 

ZXY 
6 

ZYX XYZ XZY YXZ YZX 

1 23 1 127 
2 31 1 119 
3 7 17 127 
4 3 125 23 
5 3 29 119 
6 115 5 31 
7 3 61 87 
8 3 63 85 
9 7 123 21 

10 7 121 23 
11 63 67 21 
12 59 71 21 
13 43 21 87 
14 35 21 95 
15 7 59 85 
16 29 103 19 
17 7 57 87 
18 63 65 23 
19 31 33 87 
20 35 29 87 
21 31 35 85 
22 35 93 23 
23 15 51 85 
24 71 29 51 
25 23 105 23 
26 61 67 23 
27 23 99 29 
28 23 41 87 
29 23 43 85 
30 71 25 55 
31 83 29 39 

Figure 3-Table of the 3-3 circuits 

using this medium. However, only a small amount of 
logic research has been reported for magnetic bubbles. 4-22 

It is conjectured that the relatively slow data rates in 
bubble materials (105 to 107 bits per second in garnets) 
account for this: designers anticipate performing the 
memory functions (perhaps including the address 
decoders) on bubble chips, and the logical functions on 
silicon. 

This approach, while it may be satisfactory in certain 
cases, appears to be inadequate if the number of data 
channels between the memory and the logic is large. 
This is because most~cceptable bubble readout methods 
require a large area in order to obtain reasonable 
signal-to-noise ratios. Furthermore, by having logic 
separate from the memory, numerous opportunities are 
missed for useful intermixtures of the two. Therefore, it 
is expected that there will be a significlmt need for logic 
accomplished in the bubble medium. 

SUMMARY OF CONSERVATIVE BUBBLE 
LOGIC 

Magnetic bubble circuits that are memory-free and do 
not create or destroy bubbles are termed conservative,20 

and a conservative magnetic bubble circuit having n 
input variables and k output combinational switching 
functions of these variables is called an n-k circuit. The 
2-2, 2-3, 3-3, 3-4, and 3-5 circuits have been treated 
earlier!,20 and these results will be briefly summarized. 

One of the 3-3 circuits is shown as Figure 1, first in 
terms of the permalloy circuit elements, and then in a 
symbolic form. It is observed in Figure 1 (A) that a 
gradient is established in the field of the circuit elements 
because of the varying heights of the chevrons: a single 
bubble which enters on any track is moved downward to 
exit on the bottom track. However, if two bubbles enter 
on any pair of tracks, the mutual repulsion forces them 
to the top and bottom output tracks. The decimal 
subscripts on the output functions, F231 FI and F127 
indicate, when they are converted to binary, the 
truth-table form for the functions. 

Twelve other 3-3 circuits are shown in symbolic form 
as Figure 2. In this figure, the rectangle represents a 
field of circuit elements with no gradient, the circled 
triangle is a strongly graded field of elements, and the 
small circle represents two bubble tracks sufficiently 
close together that bubble repulsion is effective. 



There are 729 3-3 circuits;1 for the convenience of 
presentation, these are arranged into 31 equivalence 
classes under all permutations of the three inputs and 
three outputs. These equivalence classes and the six 
corresponding input permutations are given as Figure 3. 
One member of each equivalence class is realized in 
terms of the thirteen primitive realizations in Figure 4. 
By permuting the inputs and outputs of the magnetic 
bubble circuits in Figure 4 in accord with the table of 
Figure 3, all 729 3-3 circuits may be formed. 

NON-CONSERVATIVE BUBBLE LOGIC 

It is possible to create a bubble with a device called 
a generator, to destroy one with an annihilator and to 
split a bubble on one track into a bubble on each of two 
tracks with a splitter. These devices, along with several 
others that are used in this paper, are symbolized as 
shown in Figure 5. If generators, annihilators, splitters 
or similar devices are used in bubble circuits, the circuits 
are termed non-conservative. In this section several 
non-conservative bubble circuits will be developed. 

The class 24 conservative 3-3 bubble circuit in 
Figure 4 is of some interest, because it is a controlled 
permutation.23 This circuit is drawn with a different 
output permutation in Figure 6(A), and symbolically in 
terms of the Kautz-Levitt-Waksman notation as 
Figure 6(B). Because this cell has useful logical 
properties, it is of some advantage to reduce the 
number of bubble-track crossings. By introducing two 
generators and four annihilators, it is possible to 
eliminate all such crossings for this cell; the resulting 
non-conservative circuit is shown as Figure 6(C). If one 
uses bubble splitters, an improved circuit can be found: 
it is shown as Figure 6(D). 

A slight variation of the circuit of Figure 6(D) yields 
a circuit for performing a crossing of two bubble tracks 
without actually having them physically cross. This 
circuit is drawn as Figure 7(A). In Figure 7(B) is a 
conservative bubble circuit which converts a non-dis­
joint crossover into a disjoint one (see Figure 5). The 
advantage of this latter circuit is that the operating 
margins for a disjoint crossover are wider than for a 
non-disjoint one. 

In order to obtain fan-out, some means for replicating 
a bubble is needed. A bubble splitter is a well-known 
example of such a replicator. A logical bubble splitter can 
be formed with a non-conservative bubble circuit as 
shown in Figure 8(A). If one has need for a larger 
number of bubbles, the bubble multiplier of Figure 8(B) 
can be used, or a tree of these can be assembled as 
shown in Figure 8(C). If this tree of multipliers has n 

C N 

1 6 

2 18 
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REPRESENTATIVE 
CIRCUIT 

x ____ ~----_ XV+XZ+VZ 

V ~ XVZ 

Z z=:s x+V+Z 

X ___ --:= _____ x+VZ 

V D XVZ 

Z L V+Z 

X ___ ---::--____ X(v+Z) 
{} 

3 18 V ~ VZ 

Z 6 X+V+Z 

X __ ~ ____________ xv 

1\ 0 
4 18 V_--=Lj.=-____ ---- Z+(X$V) 

z \l XV+XZ+VZ 

5 36 

==~ _________ XV 

x ___ D=-__ ----.... 
V 0 >-XV'+VZ 

Z 6. V+Z 

6 36 

x ____ ,-____ V+X'Z 

V o:X XZ 

Z __ ~ __________ ~~~_X+VZ 

7 18 

X ---:---_______ XV 

V 6 0 XZ+(X$V) 

Z 0 Z+XV 

X ________ ~--------_XV 

8 18 
V X+V 

Z Z 

9 18 

X----~---_X(V+Z) 

V £ V+(X$Z) 

Z W Z(X+V) 

10 18 

x ________ X(V+Z)-

V &. X' (V+Z)+X(V$Z') 

Z V XV+XZ+VZ 

Figure 4-Realizations for all 3-3 circuits 
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X+Y C N X 0 X Y(X+-Z') c N X L V 0 
Z+XY' 22 36 Y 11 18 Y > XV+X'V'Z 0 V 0 XY+XZ+YZ Z Z 

D Z(X+Y) 
X X 

X y+XZ' 
23 

y Y 
& Y( 0 6 

12 36 Y XV+Y'Z Z Z 

Z 0 W Z(X+Y) 
XV+Y'Z 

X XV+XZ'+VZ' X D 
Y ~ K Z(X+Y) Y 0 XY'+YZ 13 18 24 18 
Z 0 Z+XV Z 0 

Y(X+Z') 0 y X 

14 36 Y OK Z(X+V) X Xy+xZ+YZ 

Z 
0 ~ x+z 6 XEBY~Z 25 3 Y 

X X(V+Z) Z \J XY+XZ+VZ 

15 36 Y & Y+XZ' 

Z 
0 Z X xz+(XEBY) 

6 Jt y 0 0 
XY+X'Y'Z 26 18 

X 

&~ 
·XY'+YZ 0 '\1 XV+XZ+YZ Z 

16 36 0 0 
V 

W Xo W 
XY+(YEBZ) 

Z Y(X+Z) XV+XZ+YZ 

X D 0 
X X(V+Z) 0b.>-X ° 

XV+X'(YEBZ) 

&. 27 36 Y 
17 y VZ+Z'(xEBV) XY'+YZ 36 

D Z 
z Z+XV 

X XY+XZ+YZ 
X X+Y 28 18 Y 6 XYZ+Z'(X$Y) \l 0 D 18 18 Y Z(xEBV') Z Z+XY 
Z \l XY+XZ+YZ 

X XV+XZ+VZ 
X X+YZ 29 18 Y L XV+YZ'+XZ' 

19 18 Y B Y(X$Z/) Z 0 
Z 

z Z+XV 
X 0)( XY +Y'Z X Y(X+Z/) 0 0 

0 X 0 30 I 36 Y VZ+XV/Z' 
20 36 Y XV'+YZ oX 0 0 0 0 Z Y+XZ Z Z+XV 

X X+YZ 
XY+X'Z 0 21 36 Y V(X+Z') 

Z 0 
Z 0 X 

31 12 0 XY'+YZ 
Y 

C= CLASS NUMBER 

N = NUMBER OF CIRCUITS IN THIS CLASS 729 
Z XZ+VZ' 

Figure 4-( continued) 
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CURRENT CONDUCTOR 

BUBBLE TRACK 

GENERATOR 

ANNIHILATOR 

SPLITTER 

NON-DISJOINT CROSSOVER 

Xy$O 

DISJOINT CROSSOVER 
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BUBBLE DETECTOR 

CURRENT--CONTROLLED 
BUBBLE GENERATOR 

~ AUTONOMOUS BUBBLE GENERATOR 

Figure 5-Symbols for bubble circuits 
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x 0 

~ 
Xy+Y'Z 

Y 
0 

Y 
0 

XY'+YZ Z 
0 
(A) CLASS 24 3-3 CIRCUIT 

*
XY+Y'Z 

Y Y 

Z XY'+YZ * 
___ x X~Z_o 

1 . ___ 1 o~ 

Z Z Z X 

(8) CLASS 24 AS A PERMUTATION CELL 

x 0 

~\ 0 0 rzI 
0 XY+Y'Z 

Y 
0 B Y 
0 

XY'-!-YZ 
0 t8J ~j 0 0 

Z 
0 

(C) CLASS 24 NON-CONSERVATIVE CIRCUIT WITH NO CROSSOVERS 

X~ XY+Y'Z 

Y 0 D Y 

z ~/XY'+YZ 
(0) IMPROVED CLASS 24 NON-CONSERVATIVE CIRCUIT USING SPLITIERS 

Figure 6-Non-conservative circuits for class 24 

levels, there are (5n + 1)/2 bubbles produced at the 
output for a single input bubble. 

Bubble flip-flops are essential to any digital system, 
and both trigger (T) flip-flops and reset-set (R-S) 
flip-flops have been reported.12 Both of these flip-flops 
depend on a trapped bubble in an idler loop. It is 
instructive, however, to display alternative flip-flops 
based on the 3-3 circuits of Figure 4. Two of these are 
shown as Figure 9. While these flip-flops are based on the 
circuit for equivalence class 9, several other circuits 
would do as well. 

DECODERS 

The bubble circuits that have been described can be 
assembled into decoders. For instance, Figure 10 shows 
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Figure 7-Logical crossover circuits 
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(B) BUBBLE MULTIPLIER 
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(C) TREE OF MULTIPLIERS 

Figure 8-Logical bubble multipliers 

(A) T FLIP-FLOP 

~STORAGE LOOP 

R 0 ~ 
S--__ / 

x 

(8) R-S FLIP-FLOP 

Figure 9-Bubble flip-flops 

a four-variable decoder based on the circuit for class 21; 
it has 11 bubble-track crossings, one generator and four 
annihilators. An alternative version is shown as 
Figure 11; in this case the number of crossings is the 
same, while four splitters and four additional annihila­
tors are inserted to make the layout simpler. 

w w w w w w 1/': 
X' x' x' x x x x 

yl Y Y yl yl Y Y 
Z Z· Z z· Z z· Z 

Figure 1Q-Decoder using class 21 
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Figure ll-Alternative decoder using class 21 

Figure 12(A) illustrates a two-variable decoder with 
no crossovers. In order to assemble decoders which 
handle high numbers of variables from this two-variable 
decoder, the planar crosspoint circuit shown in Figure 
12(B) is useful. By putting the circuits of Figure 12(A) 
and (B) together as shown in Figure 12(C), a four­
variable decoder results. It should be emphasized that 
this decoder has no physical bubble-track crossovers. If 
it is desired to matrix the 16 outputs of two decoders 
similar to the one in Figure 12(C) in order to form an 
eight-variable decoder and still to retain planarity, it 
will be necessary to use logical crossover circuits similar 
to the one shown in Figure 7(A) in order to bring the 16 
outputs of Figure 12(C) into a row so that they can be 
matrixed. 

MAGNETIC BUBBLE COMPUTER 

Assumptions 

It is the belief of the authors that a sufficient variety 
of bubble logic has been described so that any digital 
system can be efficiently designed. To illustrate this 
conviction, a sketch for the design of a magnetic bubble 
computer will be given. Such a design exercise will 
additionally show the structure of various bubble digital 
subsystems and expose those areas in which further 
work needs to be done. 
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Since the speed of propagation in magnetic bubble 
circuits is presently in the range of 5 to 300 meters/sec., 
which is several orders of magnitude slower than the 
propagation speed for electrical signals in wire, one 
design criterion is that the over-all operating speeds of 
the bubble computer be realistic. For similar reasons, 
the memory size must be realistic. On the other hand, 
no useful purpose is served in this design exercise by 
including an input-output system or an interrupt 
structure. 

Specifications 

The memory for this computer consists of 16 serial 
shift registers which are designed to incorporate a small 
amount of logic. These shift registers are called mark­
time lines. Each shift register holds 256 words of 16 bits 
each, and the address capability is provided to lengthen 
each shift register to 65,536 words. Therefore, the 
memory size ranges from the 4,096 words shown in the 
figures that follow, to 1,048,576 words. 

The number system is two's complement with the sign 
bit inverted. This number system is particularly suitable 
for asynchronous operations because all valid words 
have at least one binary l. 

There are 32 logical sub-systems in the bubble 
computer: they are called modules. Sixteen of these 

a
x 
x'v 

x X'Y' 
1 A 

XY 

Y X~ 

Y 

(A) PLANAR TWO·VARIABI E DECODf R AND SYMBOl 

(B) PI ANAII CliOSSI'OIN) ANIl SYW301 

Figure 12-Planar decoders 
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w W'X Y'Z W'X Y'Z' 

B B B B 

1 A 
W'X'Y'Z W'X'Y Z 

B B B B 

x WX Y'Z 

B B B B 

(C) PLANAR FOUR-VARIABLE DECODER 

Figure 12-( continued) 

modules constitute logical interfaces between the 16 
shift registers and the arithmetic portions of the 
computer. The other 16 modules are specialized to 
various arithmetic, logical and control functions. Some 
of these contain one or several storage registers as 
appropriate. The modules are interconnected by a 
closed buss called a daisy chain. 

The instruction format is shown as Figure 13. All 

DC DA SC 

SA: Address of Source Module 
SC: Source Module Control Field 
DA: Address of Destination Module 
DC: Destination Module Control Field 

Figure 13-Instruction format 

W'X Y Z' 

W'X'Y Z' 

SA 
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Figure I5-Schematic of mark-time line 
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instructions consist of designating a transfer from one 
of the 32 modules to another module, or of initiating a 
search for a word location in a mark-time line. Further­
more, each of the source and destination modules 
receives a three-bit control which is used to designate 
the specific module actions during the transfer. 

The computer control utilizes two of the modules for 
designating the line from which instructions presently 
are being delivered, and for buffering the instruction 
which is being executed. 

A block diagram for this bubble computer is given as 
Figure 14. 

M ark-time lines 

Magnetic bubble shift registers have been extensively 
studied, and their design is well-known. Therefore, a 
modified shift register storage has been chosen; it is 
shown schematically in Figure 15. There are both 
bubble tracks and current conductors in this figure; in 
order to avoid confusion, bubble tracks appear as 
narrow lines. 

In the absence of a current applied to the conductor 
shift control in Figure 15, the bubbles in the memory 
move around the 255 closed 16-bit loops. At the end of 
one word time, the whole memory is in the same 
condition it was in the previous word time. Thus, even 
though the drive is continually applied, the words are 
effectively marking time: therefore, the name. On the 

\ 
\ 
L 

/ 

STORAGE LOOP OF LENGTH w+ K 1 
W = WORD LENGTH 
Kl = UNUSED STORAGE 

T 
W =16 
Kl=1 
K2=15 

STORAGE W 
EFFICIENCY = W+K 1+K2 0.5 

t 
I -, 

~ TRANSFER PATH OF LENGTH K, 

]'igure 16-Schematic of loop length and transfer path length 

Magnetic Bubble Computer Systems 1289 

Figure 17-Realization for the mark-time line 

other hand, if a current is applied to the conductor shift 
control in Figure 15, information advances from the 
output paths of each 16-bit loop into the next loop. 
Therefore, the conductor shift control current deter­
mines whether the words advance around the delay line 
or mark time. The principle of the weak S-curve1 is used 
in the mark-time line. 

Figure 16 shows some of the design parameters in this 
storage device, and Figure 17 is a multi-chevron layout 
for two loops. 

Line modules 

It is seen from Figure 14 that each of the 16 mark-time 
lines is connected to one of modules 16 through 31. 
These memory-interface modules are termed line 
modules. 

Each line module contains one word of the mark-time 
line: it is called the datum register, or DR. In addition, 
there are two serial one-word registers associated with 
each line module, the present address register (PAR) and 
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Figure· 18-Line module 
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the search address register (SAR). The present address 
register contains the address of the word currently in the 
datum register. Because each mark-time line is started 
and stopped under control of its line module, the 
nc rementing of the present address register is similarly 
controlled in order to keep track of the present memory 
address. 

It is well-known that even though random-access 
memories are in common use today, memory accesses 
iare frequently too sequentially organized items. That is, 
the program often is stored in segments, each of which 

is in contiguous memory locations. Similarly, related 
data such as matrices often are stored adjacently in 
memory. For these reasons, it is believed that the 
mark-time lines will be accessed for the next word in 
sequence much of the time, and only occasionally for a 
word at a random location. 

In order to provide for the occasional random access 
to a word in a line, the address of the desired word is 
loaded into the search address register of its line module, 
and it in turn provides the conductor shift control called 
the run signal to the mark-time line. When the present 
address register equals the search address register, the 
desired word is located in the datum register of the line 
module and the run signal is automatically removed. 

Because this searching process for the head of a new 
set of contiguous data or program segment may take a 
significant amount of time, the line modules are 
organized such that this operation may proceed 
autonomously of other operations on the daisy chain. 
Therefore, the programmer may arrange to have such 
sets of data or program in separate mark-time lines, and 
start the search procedure for the head of any such set 
sufficiently prior to its need. 

Some of the details of the line module are shown as 
Figure 18. In addition to the three one-word registers 
DR, SAR, and PAR, there are three flip-flops which 
buffer the three-bit sequential control field x. Depending 
on the control code, the module is arranged to perform 
one of eight actions as detailed in Figure 18(B). It 
should be noted that the absence of a control code 
corresponds to x = (0, 0, 0); in this case, the input is 
transferred to the output and the various registers are 
recirculated. The logical equations appear as Figure 
18(C). 

All flip-flops are reset at bit time P22• The control 
system initiates the action in a line module by delivering 
the three sequential control bits x at times P22, P ao, and 
p 31, as shown in Figure 18. If a given line module is a 
receiving module, then when it has received any word 
destined for it on the daisy chain, a signal D is sent back 
to the control system. Therefore, the D signal indicates 
that the daisy chain is clear, and the eontrol system may 
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proceed with the next operation. However, if a search 
of a mark-time line is under way, an H signal is made 
true so as to delay any further control signals destined 
for the given module. 

Special modules 

The remaining 16 modules on the daisy chain in 
Figure 14 serve various functions as shown in Figure 19. 
Module 0 holds a pointer to the mark-time line from 
which instructions presently are being obtained, while 
the fetched instruction is buffered in module 4. Modules 
1, 2, and 3 are index registers which index instructions 
as they pass through on the daisy chain. Modules 5 
through 8 are four identical arithmetic registers: each 
performs additions and subtractions. Modules 9 and 10 
are used together for the purpose of shifting numbers 
that pass through. It is necessary to use two modules for 
shifting because of the limited number of control bits, 
and modules 12 through 15 are simple buffer registers 
which store intermediate results. 

The block diagram for a general register module is 
shown as Figure 20(A). Only two of the three control 
bits are needed for this module, as shown in Figure 
20(B), because four operations are sufficient for the 
desired actions. The logical equations for this module 
are given in Figure 20(C), and they are shown as bubble 
logic realizations in Figure 21. 

Analogous details for the accumulator modules appear 
as Figure 22. 

Module Abbreviation Name 

MO LNR Line Number Register 

MI BRI Index Register Number I 

M2 BR2 Index Register Number 2 

1\13 BR3 Index Register Number 3 

M4 lR Instruction Register 

1\15 ARI Accumulator Register Number I 

M6 AR2 Accumulator Register Number 2 

M7 AR3 Accumulator Register Number 3 

MS AR4 Accumulator Register Number 4 

M9 SRI Shift Register Number I 

MIO SR2 Shift Register Number 2 

Mll MR Immediate Register 

Ml2 GRI General Register Number I 

Ml3 GR2 General Register Number 2 

Ml4 GR3 General Register Number 3 

Ml5 GR4 General Register Number 4 

Figure 19-5pecial modules 
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Figure 2D-General Register module 
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IDLE 
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WRITE 
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READ 
NEG. READ 
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D = P 2Sc 
H = 0 

(C) LOGICAL EQUATIONS 

Figure 22-Accumulator module 



Control circuits 

The magnetic bubble computer operates on a 
conventional fetch-execute cycle. During the fetch 
phase the address of the line module from which the 
instruction is to be fetched is obtained from module 0 
and decoded. Module 0 always· designates module 4 as 
the destination for the instruction fetch; therefore, two 
decoding circuits serve to steer the source and destina­
tion control fields to the appropriate modules. Once 
module 4 has received its new instruction, it sends a D 
signal back to the control, indicating that the daisy 
chain buss is clear. This D signal switches the control 
system into the execute phase. 

In the execute phase, the source and destination 
address fields from the instruction control the decoder to 
steer the source and destination control bits to the 
correct modules. When the destination module signals 
that the daisy chain buss is clear by sending a D signal 
back to the control circuits, the fetch phase is reentered. 

The circuits associated with the control are shown in 
Figure 23. In Figure 23 (A) is a trigger flip-flop similar to 
the one in Figure 9(A) which alternately steers the 
control of module 0 (the x signal) and of module 4 (the y 
signal) to the output X in accordance with the returned 
buss-clear control signal d (D at its sources). This 
accomplishes the fetch-execute control. In Figure 23(B) 
is a block diagram for a five-stage serial parallel 
converter, which converts the x signal (X of Figure 
23(A)) into a five-bit parallel word. A bubble design for 
one stage of this converter is shown in Figure 23(C). 

Each bubble output from the serial-parallel converter 
is converted into a sequence of three bubbles using the 
bubble tripler of Figure 23(D). This tripler is derived 
from the circuit of Figure 8(B); it causes the decoder to 
be held at its value for three bit times so that the control 
field can be steered to the correct module. Finally, the 
outputs of the five bubble triplers feed the Ti3 inputs 
of the 32-output decoder in Figure 23(E). The C input 
of that figure is the three-bit control field. 

Bubble chip area and speed considerations 

It is estimated that this computer would fit onto 
between six and 20 bubble chips. For the portions of the 
computer exclusive of the mark-time lines, the assump­
tion is made that a logical circuit is approximately four 
circuit periods long and three high. Using several 
designs as samples, it appears that when all auxilary 
items such as generators; annihilators, bubble tracks, 
etc., are taken into account, the average area occupied 
by one gate is between 50 and 150 periods.2 Conserva-
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tively assuming 50 gates per module with 100 periods2 

per gate, approximately 100,000 periods2 are needed for 
all the modules. An additional 20,000 periods2 for the 
control circuits would be generous.' As a result, 180,000 
periods2 are needed for the CPU; at the present-day 
capabilities of bubble chip sizes and circuits this would 
require two to four chips. 

The area taken by one 256-word mark-time line is 
approximately 23,000 periods,2 therefore, one to four 
storage lines can be constructed on one chip using the 
technology available today. 

In order to estimate the time for a complete fetch­
execute cycle, it is assumed that each module presents a 
delay of 32 periods and that an additional 32 periods are 
needed for the control circuits. If reasonably good 
programming practice is used, then either the program 
or the data are stored in lines fairly near modules 0 and 
4. The assumption is that the instructions are 'stored 
four modules away and the data 16 modules away. From 
these assumptions it follows that a fetch-execute cycle 
takes slightly less than 900 periods. At a 106-bit per 
second rate, this corresponds to 103 instructions 
executed per second. 

SUMMARY AND CONCLUSIONS 

Several new bubble logic and memory circuits have been 
shown. As an exercise a magnetic bubble computer has 
been designed which should fit onto between six and 20 
bubble chips. That such a design can be made demon-

x 
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__ ------~--- X 
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Y--+-------~----------~ 
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d -~------___ 

(A) BUBBLE REALIZATION FOR FETCH-EXECUTE CONTROL 

Figure 23-Control circuits 
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strates the completeness of the bubble logic that has 
been shown. 
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Numerical solution of ill-posed problems 
using interactive graphics 

by J. M. VARAH 

University of British Columbia 
Vancouver, B. C., Canada 

I~TRODUCTION 

The problems we consider can aU· be expressed as 
integral equations of the first kind: i.e., given K(s, t), 
g(s), solve 

g(s) = fb K(s, t)J(t) dt. 
a 

(1) 

Such problems are ill-posed in general. because small 
changes in g(s) can cause large changes in the high­
order "modes" of J(t)" (This is explained below.) 
Examples of such problems are: 

(i) harmonic continuation in a circle [a=O, b=21r, 
K(s, t) = Poisson kernel] 

(ii) inversion of Laplace transforms [a=O, b= 00, 

K(s, t) =exp( -st)] 
(iii) the backwards heat equation [a = - 00, b = 00 , 

K(s, t) =exp(- (s~t)2/4T) Iv 411"T] 

For. K (s, t) a compact operator (e.g., a, b finite, 
K{s, t) bounded), we can express the solution to (1) 
in: terms of the eigenfunctions of K (s, t) jf K is sym­
metric, or more generally in terms of the adjoint orthog­
onal system of K: i. e. {cf>i ( s ), t/li (s)} such that 

f K(s, t)t/li(t) dt= Aicf>i(S) 

The eigenvalues Ai~O, and if "Ii = fg(S)cf>i(S) ds, then 
the solution to (I) is 

(2) 

Notice that if g (s) is changed by a small function 1] (s) 
with f[1](S)]2 dS=E2, each "Ii may be changed by as 
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much as E. But since Ai~, this means for i large enough 
the component of ti(t) in (2) (the high order modes of 
J(t» can become arbitrarily large. 

I t is well-known that a solution to (1) exists in l2 if 
and only if ~'Yi2/Ai2< 00 (see e.g., Courant and Hil­
bert,! pg. 159ff for details). It is clear that some kind of 
restriction like this on g (s) is necessary to have a well­
posed problem. In the next section we will see how to 
enforce this restriction numerically. 

NUMERICAL APPROXIMATION 

Similar work has been done on this problem by Baker 
et. al. 2 and Hanson.3 Using the quadrature rule 

we approximate (1) at a discrete set of points {Sd1m, 
giving a set of linear algebraic equations: 

11 

g(Si)= 2:WjK(Si,tj)h, i=l, . .. ,m (3) 
j=1 

If m=n and the matrix is nonsingular, this has a unique 
solution J whose components h are approximations to 
J(Xj). We can then interpolate this data (for example 
with a cubic spline) to give an approximate solution 
throughout [a, b]. 

However by its very nature the linear system AJ = g 
in (3) is ill-conditioned and if we solve by the usual 
Gaussian elimination routine, we will have 

errort'.-'111/ 0"11+ (truncation error) . 

Here 1]1 is the machine roundoff level and 1 = 0"1 ~ 

0"2 ~ ••• ~ 0"11 > 0 are the singular values of A, . with 0" n 

very small, especially if n is large. It seems clear that 
Gaussian elimination is not the natural way to solve 
this problem computationally, since it can be viewed 
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as finding the exact solution to a slightly different 
problem, where the perturbation is essentially random. 
As we say earlier, such a small change in the data can 
cause a large, unwanted change in the high-order modes 
of the solution. 

A much more natural method of solution is via the 
singular value decomposition; this factors the matrix 
into A = UDVT, where U and V are orthogonal and 
D = diag( U i). Moreover this can be done in a reasonable 
amount of time, roughly four times that of a Gaussian 
elimination routine, using the algorithm of Golub.4 

Thus Af = g becomes the uncoupled equations 

D(VTf) = (UTg) 

m 

or, if g= L PiUi, (ui=columns of U, Vi = columns of V) 
1 

n 

f= E (Pi/Ui)Vi (4) 

Now because of the relationships K:A, cPi:Ui, 1fi:Vi, 
'Yi:Pi, Ai:Ui, restricting our problem to make it well­
posed (in the sense of the last section) is equivalent to 
requiring P/ U i~ as i increases. This means f is closely 
approximated by 

k 

f (k) = " (f.I / ) £.J tJi Ui Vi. 

In fact 
n 

II f_J<k) 1122 = L (Pi/ Ui)2, 
k+l 

and moreover5 the roundoff error in computing f(k) 
depends only on 1/1/ Uk, not Un. Hence 

total error"" (truncation error) 

(5) 

giving some optimal solution J<k), 1 ~ k ~ n. 

INTERACTIVE SOLUTION 

How do we find the optimal k? We can estimate it 
by minimizing over k a bound for the last two terms of 
(5), but a more fruitful approach is to plot the solutions 
for various values of k using an interactive graphics 
terminal. Then the user can choose visually among these 
solutions f<>~ the best one. This of course may involve 
some rather subjective decisions, but we assume the 
user has some a priori idea of what his solution looks 
like. 

There are many other ways of varying parameters in 

Figure 1 

this problem: the choice of points {sd and the quad­
rature rule for example. Since it is very complex to 
,decide analytically which choice is best, the user may 
wish to experiment with various schemes and data 
points to optimize his solution. 

Suchan interactive program has been written for the 

Figure 2 
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Figure 3 

Adage model 10 graphics terminal coupled with the 
IBM 360/67 under MTS at U.B.C.We give one ex­
ample here, that of Laplace transform inversion: 

g(s) = 1~ e-stj(t) dt. 
o 

The kernel here is not compact, so wehaveca continuous 
spectrum and the analysis of the first. section does not 
hold. However, the solution J(t) can sti~,l be well 

approximated by a linear combination (4). of approxi­
mations to the eigenfunctions corresponding to the 
low-order part of the spectrum. 

For the particular case of g(s)=I/(s+I)2, with 
known solution J(t) =te-t , and using Gauss-Lagueurre 
20-point quadrature in (3), best results were obtained 
with the {sd equally spaced in (0, 5). Choosing J<6) as 
our solution (i.e., using 6 equations) gave a maximum 
error I J_J<6) I =5.10-4• Displayed here are the graphs 

,;'fi'j.(3), J<6), and J<9) produced on the graphics terminal. 
., Cubic spline interpolation is used to define the functions 

between the Gauss-Lagueurre abscissas. Other numeri­
cal examples are given in another paper.5 
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Iterative solution of elliptic difference 
equations using fast direct methods * 

by PAUL CONCUS 

University of California 
Berkeley, California 

INTRODUCTION 

In recent years, fast direct methods have been de­
veloped for the numerical solution of the Poisson 
equation on a rectangle.1 •2 By taking advantage of the 
special block structure of the approximating discrete 
equation on a uniform rectangular mesh, these methods 
obtain the solution with striking efficiency and accu­
racy. A comparison of fast direct methods with other 
methods can be found in Reference 3, and the extension 
to more general separable elliptic equations in Ref­
erence 4. 

Here, a technique is discussed for using fast direct 
methods to solve iteratively certain more' general 
formally self-adjoint strongly elliptic equations £u = I, 
which are not necessarily separable. Dirichlet condi­
tions on the boundary of the rectangle are considered, 
although the technique applies with slight alteration to 
other boundary conditions for which fast methods are 
suitable. The approach is to utilize a modified form of 
the iterative procedure 

-aun+l= -aun-T(£Un-f) , a=82/8x2+82/8y2 (1) 

proposed for numerical computation in conjunction 
with alternating-direction methods by D'yakonov5 

and discussed recently by Widlund.6 This procedure, 
in addition to being of a form suitable for fast direct 
methods, has the desirable feature that for well-behaved 
problems its convergence rate is essentially independent 
of mesh size. 

As it stands, however, iteration (1) ·may be too slowly 
convergent to be of practical importance, even when 
optimal values of the parameter T are used. The means 
employed in this paper for improving its convergence 
rate are: (i) scaling the original problem £u=1 and 

* This work was supported in part by the U.S. Atomic Energy 
Commission. 
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iterating instead with the scaled problem mrw = q; 
(ii) using, instead of (1), the shifted iteration 

(-a+K)wn+l= (-a+K)wn-r(mrwn-q), (2) 

where K is a suitably chosen constant; (iii) applying 
Chebyshev acceleration. Algorithms for the fast direct 
solution of the discrete Poisson equation in a rectangle 
can handle iteration (2), which requires the repeated 
solution of a Helmholtz equation, with the same rapidity 
as they can (1). 

Related iterative techniques for elliptic equations are 
studied in References 7 and 8 in connection with 
alternating-direction methods and in References 9 and 
10 in connection with Stone's sparse factorization 
method. This latter method is formally similar to the 
one here; however, the present technique has the 
desirable property of being based on a more natural 
splitting of the operator. 

ITERATIVE PROCEDURE 

Description 

In its simplest form, the iterative procedure con­
sidered here solves numerically on a uniform rectangular 
mesh the problem 

£u=-V.[a(x,y)Vu]=/(x,y) onffi. (3) 

u(x, y) =g(x, y) on 8ffi., (4) 

where ffi. is the rectangle O<x<c, O<y<d and a(x, y) 
is strictly positive on ffi. and its boundary 8ffi.. [It is 
assumed that a(x, y), I(x, y), and g(x, y) are such that 
the solution u(x, y) is sufficiently well behaved near the 
corners of ffi. so that special numerical methods are not 
required there.] The positivity of a(x, y) implies that £ 
is positive definite. 
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If a (x, y) has bounded second derivatives on the 
closed rectangle, which is the case of principal interest 
for use of the procedure, the change of variable is 
performed. 

W(x, y) = [a (x, y)J/2U(X, y). (5) 

Then, after division by a1l2, (3) becomes 

a-1I2cCu=~w== -ilw+p(x, y)w=q(x, y) on CR, (6) 

where p(x, y) = a-1I2A (aIl2 ) and q(x, y) =a-1/2j. The 
effect of this scaling is to transform the operator cC into 
one whose differential part is - A. Note that the change 
of variable (5) does not alter the positive definiteness 
of cC, so that ~ is positive definite as well. 

Substitution of (6) into (2) then yields as the 
iteration 

(-A+K)wn+l= (-A+K)wn-r( -A+p)wn+rq on CR. 

(7) 
The boundary condition is 

wn+l=H(x, y) on aCR, (8) 

where H(x, y) =aI/2g. 
In an attempt to make the operator - A + K on the 

left of (7) agree closely with ~, the constant K is 
chosen to approximate p(x, y). The choice of central 
interest in this study is the minimax value, 

K = ({3+B)/2, (9) 

where (3 is the minimum and B the maximum value of 
p(x, y) on the closed rectangle. As will be shown in the 
next section, this choice leads t9 an estimate that the 
optimal value of the single parameter r to give most 
rapid convergence in (7) is 

r=1. (10) 

For this value of r, (7) becomes simply 

(-A+K)wn+1= (K-p)wn+q on CR. (11) 

The discrete form of the iterative procedure (8, 9, 11) 
is obtained by placing a uniform rectangular mesh on CR 
with spacing h in the x-direction and k in the y-direction 
and letting W ij correspond to w (x, y) at the mesh 
points x = ih, y = jk. Using the standard five point 
approximation for the operator - A with Dirichlet 
boundary conditions 

-AhW ij==h-2( - Wi-1,i+2Wij- Wi+1,j) 

+k-2( - WU-l+2Wij- W U+1) , (12) 

. c. d 1 
't=1,2'''''h- 1; J=I,2""'k-' 

one then obtains for (8, 11) 

(-Ah+Kl)W(n+I) = (Kl -P) W(n) +Q, (13) 

where P is a diagonal matrix with elements P ij = 

p(ih, jk), Q is a vector with elements Qij=q(ih, jk), and 
I is the identity matrix. The solution of (13) is carried 
out in each iteration by using a fast direct method. 

Finally, under the assumption that the eigenvalues of 
(-ilh+Kl)-I(Kl-P) lie in the interval [-p,p], 
Chebyshev acceleration is applied:11 

W(n+l) =Wn+l(W(n+I)- W(n-l)) + W(n-l) , (14) 

where wo=l, wl=2/(2- p2), wn+I=(I- p2Wn/4)-1 for 
n = 1, 2, ... , and W(n+l) is the improved value of 
W(n+l) , where now W(n+l) satisfies (13) with W(n) 
replaced by W(n) on the righthand side. This is equiv­
alent to the use in (7) of a sequence {rn}, rather than 
a single value of r, in a manner that is numerically 
stable and does not require the total number of param­
eters in the sequence to be specified in advance. If 
in some cases memory limitations preclude the use of 
(14), then a fixed sequence {Tn} could be used instead, 
ordered in the manner recommended in Reference 12 
for numerical stability. 

Convergence properties 

The convergence properties of the iterative technique 
can be examined by standard methods in terms of the 
eigenvalues of the Laplace operator, which are known 
explicitly for the rectangle. Consider the discrete form 
of the iteration (7, 8), 

( - Ah + Kl) W(n+l) 

= (-Ah+Kl)W(n)-r[( -ilh+p)W(n)_Q], (15) 

in which K and r are not yet specified to be the values 
(9) and (10). Assume that K> - Am, where Am is the 
smallest eigenvalue of - Ah, so that (- Ah + Kl) is 
positive definite. Assume also that the discretization of 
~ to M == - Ah + P maintains the positive definiteness. 
Then one obtains, denoting by Pm and PM the minimum 
and maximum eigenvalues of the generalized eigenvalue 
problem 

Mcf>=p( -Ah+Kl)cf>, 

that the spectral radius p for iteration (15) is given by 

p(l -r[ -Ah+Kl]-IM) =Max(ll-rpm I, II-rPM I). 

(16) 



Since vm>O, there follows the well-known result13 that 
iteration (15) converges for any initial approximation 
W(O) if and only ifO<T<2/vM, and,for a single parameter 
T, the optimal choice 

T=TO=2/(vm+VM) (17) 

yields the smallest spectral radius 

The values of Vm and VM can be estimated from the 
Rayleigh quotient for v, 

<J?T M <J? <J?T (P - KI) <J? 

<J?T( _ Ah+KI) <J? = 1 + <J?T( _ Ah+KI)<J? . (19) 

One obtains 

(
B-K B-K) 

::S;vm::S;vM::S;I+max Am+K' AM+K ' (20) 

where AM is the largest eigenvalue of - Ah. 
The estimate for p obtained from (16) and (20) is 

least when a choiceJor K is made such that 

(21) 

assuming f3 > - Am holds. There results that for the 
corresponding optimal choice 

there holds 

< = B-f3 
p_pu- 2Am+B+f3 

(22) 

(23) 

The upper bound (23) on the spectral radius is 
essentially independent of mesh size, since Am is approxi­
mately equal to its limiting continuous equivalent of 
1r2 (c-2+d-2) to order of the square of the mesh length. 
I t is a simple matter to place a rigorous lower bound on 
Am and obtain from (23) the result that pu < 1 and hence 
that convergence is guaranteed, for f3 > - Am. 

It is of interest to compare (23) with the analogous 
spectral radius estimate for the iteration, without 
scaling and shifting, based on (1). For the latter case 
one obtains that for the optimal choice T=2/(a+A) 
there holds 

p::S; (A-a)/(A+a), (24) 

where a= min a(x, y) and A = Max a(x, y) on the 
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closed rectangle. The estimate (24) is independent of 
the mesh size and is the sharpest such one possible. 

The presence of the 2Am term in the denominator of 
(23) can have the effect of there resulting a considerably 
smaller bound on p for the scaled and shifted iteration 
than results from (24) for iteration (1). Since (24) is 
essentially sharp such a smaller bound would imply a 
faster convergence rate. Thus one concludes that scaling 
and shifting are most effective when A/a is not espe­
cially close to one and a does not vary with excessive 
rapidity over the rectangle, in which case the resulting 
improvement in convergence rate could be substantial. 

Remarks 

Lower bound on ~ 

It is required above that (3, the minimum of p(x, y) 
on the rectangle, satisfy f3 > - Am. In the case for which 
(3::S; - Am (the positive definiteness of M does not pre­
clude P dipping below - Am over a portion of the 
rectangle) the estimate (20) no longer yields an upper 
bound on p that is less than one, hence it does not 
guarantee convergence. In the numerical experiments 
performed on such cases, iteration (15) usually con­
verged, but at a relatively slower rate. In general, the 
best candidates for the iterative procedure are those 
cases for which (3 > - Am. 

Shift paraDleter 

The choice of the particular value (9) for K out of 
the possible ones (21) yielding the best convergence 
rate estimate (23), corresponding to (22), is made for 
two reasons. One is that for the corresponding value 
T=I, which is obtained from (22) for the shift (9), the 
resulting discrete Picard iteration (13) requires fewer 
computer operations than does the one for general 
T (15). The other is that for this shift the actual con­
vergence rate observed in numerical experiments is 
somewhat more rapid than it is for shifts near the end 
points of the interval [(3, B], at least for those problems 
for which p(x, y) varies smoothly without rapid changes 
(see NUMERICAL EXAMPLES). 

Calculation of P 

In practice, an alternative to the analytic calculation 
of p(x, y) =a-1/2A(al/2) and its subsequent numerical 
evaluation to obtain the elements of P in (13) may be 
desirable. One could, instead, difference al/2 (x, y) 
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TABLE I-Results after 5 iterations 

a (x,Y) K 

0 
0 

(a) [1 + HX4+y4)]2 3 
3 
3 

0 
0 

(b) [1 +sin!lr(x+y)]2 -7r2/8 
-7r2/8 
-7r2/8 

0 
0 

(c) [2+tanh4(x+y-1)]2 4.07 
4.07 
4.07 

directly to obtain approximate elements Pijh of P, 
Pijh=f1had/2/aiiI2, where ad /2 =[a(ih,jk)J1I2. The dis­
cretization error introduced by using Pil instead of 
P (ih, jk) would be of the same order as that already 
introduced by (12). 

Spectral radius estiInate 

In applying Chebyshev acceleration (14) to iteration 
(13), one can either use the estimate (23) for the 
spectral radius or else obtain an estimate by observing 
the convergence rate when solving the problem first on 
a coarse grid. This latter procedure is often worth the 
small extra expenditure of computing effort, because 
the estimate (23) may be pessimistic and, since p is 
essentially independent of mesh size, the observed 
value usually is more accurate. 

NUMERICAL EXAMPLES 

Well-suited cases 

The ideal case for the basic technique (13, 9) is one 
in which p=a-1I2f1(a1l2) is constant on the rectangle 
[e.g., a=cos2(x+y), a=Jo2([x2+y2J1I2), etc.]. Then 
from (23) one obtains that the optimal spectral radius 
is p=O, hence the problem is solved completely (to 
round-off accuracy) in only one iteration. This result 
corresponds to the fact that in each iteration a Helm­
holtz equation (13) is solved directly. 

Chebyshev Maximum 
T Acceleration Pe Error 

0.868 none 0.13 3.7( -5) 
0.868 using pu 2.4( -6) 
1 none 0.039 3.9( -8) 
1 usingpu 1.1( -6) 
1 using Pe 4.3( -9) 

16/15 none 0.066 1.2( -6) 
16/15 using Pu 7.2( -8) 
1 none 0.061 2.3( -7) 
1 using pu 3.2( -8) 
1 using pe 2.3( -8) 

0.829 none 0.31 3.4( -4) 
0.829 using pu 5.9( -3) 
1 none 0.26 2.6( -4) 
1 using Pu 1.5( -3) 
1 using Pe 3.4( -5) 

Other highly suitable cases for the technique are 
those not departing strongly from the ideal one. The 
experimental results for two such cases are summarized 
in Table la, b. Both cases were solved numerically by 
using (15) on the unit square O<x<l, O<y<1 with 
uniform mesh spacing h=k=2l , for the values l=4, 5, 
and 6. (The number of rows of interior mesh points 
should be 2l-1, l an integer, in at least one direction 
for fast direct methods to apply efficiently.) 

The entries in Table I are the rounded values for a 
mesh with 64X64 interior points; for the other mesh 
sizes the values differed from these only slightly, if at 
all. A value of K equal to 0 or to ((3+ B) /2 was used, 
along with the corresponding value (22) for r. When 
Chebyshev acceleration was included, either the 
estimate pu from (23) or the experimentally observed 
estimate Pe was used to approximate the spectral radius 
P in (14) of (I-r[-f1h+KIJ-l[-f1h+PJ). The 
entries for the value of pe are the observed approximate 
limiting values of the ratio 

II Wen) - Wen-I) 11.1/11 Wen-I) - W(n-2) 11.1, 

where II W fl.1=[WT( -f1h+KI)WJ/2. The maximum 
error, which is listed in the last column, is the maximum 
of the differences at the mesh points between W(5) and 
the solution. The initial maximum error had the value 
of approximately 1. 

For the example in Table la, (3 = 0 and B = 6. Thus 
the estimate (23) for the optimal spectral radius is 
P :::;Pu ~O.132 (using 21r2 for Am), and the shift (9) is 
K = 3. For the example in Table lb, one has (3 = ;-1r2/ 4, 



B = 0, and pu ~ 1/15. In this case, the improvement 
obtained by using the shift K = (j3+ B) /2, instead of 
K = 0, is not so great as it is for example Ia. 

The effect of scaling and shifting can be found by 
comparing the results for these two examples with the 
estimate (24). For both there holds a = 1 and A = 4, so 
that the spectral radius estimate without scaling and 
shifting in each case is 0.6. 

Less well-suited cases 

For the example summarized in Table Ic, p(x, y) 
deviates more strongly from the ideal case. The task of 
calculating the actual extremal values of p (x, y) on <R 
was not carried out for this example;. instead, the dis­
crete equivalents j3=j3h=min Pij, B=Bh=max Pijwere 
used. For the 64X64 mesh, j3h~ -9.62 and Bh~17.77, 
for whichPu~0.575. Note that here K =0 does not 
correspond to an end point of the interval [j3, B]. 

An investigation of the possible non-sharpness of 
estimate (20) and non-optimality of (9) and (10), 
which are more important here than in a nearly ideal 
case, was carried out by fixing 7 at the value one and 
observing the change in pe as K was varied. A local 
minimum was found at approximately K = 3.0, for which 
Pe is approximately 0.23. 

For the more extreme case 

a(x, y) = [2 + tanh 10(x+y-l) J2, 
in whicb the change in the value of a in crossing the 
line x+y= 1 is very abrupt, j3h and Bh becomes approxi­
mately -60 and 111, respectively. In this case f1< -Am; 
hence, the estimate (23) yields merely that p~pu> l. 
The iteration did converge, however, with the observed 
spectral radius Pe~0.63 and a maximum error of 
2.5 X 10-2 after five iterations for the usual test problem, 
with K= (f1h+Bh)/2 and 7=1. With the inclusion of 
Chebyshev acceleration based on this value of Pe, the 
maximum error after five iterations was reduced to 
6.3 X 10-3• The value of pe can be decreased in this case, 
with 7 fixed at 1, to a locally minimum value of approxi­
mately 0.54 at approximately K = 14. 

Computational requirements 

All the above experiments were carried out using the 
subroutine BUXYDY, written by B. L. Buzbee at 
Los Alamos Scientific Laboratory, which solves the 
Helmholtz equation on a rectangle using Buneman's 
algorithm for odd-even reduction.4 The subroutine 
requires approximately 0.06 seconds on the CDC 7600 
computer to solve a problem on a 64 X 64 mesh. 
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Qualitative comparison of the computational require­
ments of the technique with those of other methods ,can 
be made using the operation-count table given in 
Reference 3. One finds, for example, that for a 64 X 64 
mesh the operations required for one iteration of (13) 
are equivalent to those required for about 4 or 4% SOR 
iterations, and that about 85 SOR iterations are required 
to reduce the initial error by a factor N-2 ~ 2.5 X 10-4 

(discretization error order) in the numerical solution 
of the Poisson equation when optimal parameters are 
used. The solution of (3) or (6) by SOR would generally 
require even more iterations. 

The memory requirements of (13, 14) exceed those of 
SOR by about 3N2 locations if both P - KI and W(n-l) 
are stored. This value can be reduced to N2, however, 
in exchange for recomputing P - KI at each iteration 
and using a form of Chebyshev acceleration that 
requires, instead of W(n-l), a sequence of parameters 
{7n} . 

One concludes that for well-suited cases, such as 
those in Table la, b, the basic technique is an extremely 
efficient one and compares very favorably with standard 
iterative and elimination methods. Its advantages are 
especially striking for problems with a large number of 
mesh points. For less well-suited problems, the tech­
nique may be very satisfactory in some cases, but 
further study would be helpful to clarify the best means 
for estimating the parameters. 

EXTENSIONS 

The iterative technique can be modified to handle 
more general equations and boundary conditions than 
those discussed here and to solve problems that are 
discretized on a mesh with non-uniform spacing.14 
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Computer oriented methods for fitting 
tabular data in the linear and nonlinear 
least s·quares sense* 

by K. M. BROWN** 

University of Minnesota 
Minneapolis, Minnesota 

INTRODUCTION 

Let the tabular data (ti, Yi), i = 1, ... , m be given 
along with a function (form), say g (al, ... , an; t) , which 
is to be used to fit the data. We wish to determine the 
parameters ai in such a way as to 

m 

minimize cp(al' ... , an) == :E [g(al' ... , an; t i ) -Yi]2 
i=l 

(1) 

This type of approach is called fitting the data in the 
least squares sense. If g is a linear (nonlinear) function 
of the parameters ai, we speak of (1) as a linear (non­
linear) least squares problem. 

LINEAR LEAST SQUARES PROBLEMS 

In this section we will discuss three techniques for 
determining the ai which appear in ( 1 ) when these 
parameters enter g in a linear fashion. Let 

X==(Xl,X2, ... ,XN)T 

and 

For linear problems (1) can be written as 

minimize \I Ma-y 1\2 (2) 

where M is a matrix which can depend on t but does 
not depend on a. 

* This work was supported in part by the National Science 
Foundation under Grant GJ-32552. 
** This paper is dedicated to the memories of George E. Forsythe 
and Hirondo Kuki. 
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Example. When fitting tabular data with a polynomial 
function 

g(al' ... , an; t) = antn-l+an_ltn-2+ ••• +a2t+al, 

the ith row of the matrix M is simply 

The first technique: The classical, but wrong way to 
proceed-unfortunately enjoying wide usage today! 

Relying on a well-known theorem from the calculus 
which states that the points which minimize cp in (1) 
must be contained among the zeros of the partial deriva­
tive system iJcp/iJai=O, i= 1, ... ,n, it follows that the 
minimum of cp in the linear case (2) is obtained by solv­
ing the linear system of equations (the normal equa­
tions) 

(3) 

Example. With reference to the previous example of 
polynomial fitting, the ith, Jth' element of the coeffi­
cient matrix MTM in (3) is given by :Ek:l tk i+ i-2 and 
the ith element of the right hand side MTy of (3) is 
simply :Ek-:l tki-1Yk. The difficulty with this seemingly 
natural (and mathematically exact!) approach is that 
the system of equations (3) can be highly ill-condi­
tioned. This means that slight changes in the coefficient 
matrix MT M produce enormous changes in the solution 
a. In 1957 George Forsythe! showed that by using 
orthogonal polynomials for the polynomial fitting 
problem, the amount of ill-conditioning associated with 
(3) could be reduced considerably. The Gram-Schmidt 
process is usually used to generate the orthogonal 
polynomials. This process has the advan.tage of not 
having to start from scratch when going from a poly­
nomial fit of degree n - 1 to one of degree n. A number 
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of the better subroutine libraries contain a data fitting 
program using Gram-Schmidt produced orthogonal 
polynomials. Unfortunately this procedure does date 
back to 1957 and still requires the explicit formation of 
the coefficient matrix MTM of (3). 
Example. The formation of MT M can result in a loss of 
numerical accuracy or even introduce an artificial 
singularity. Let (Golub and Reinsch2) 

then 

If e2 < t, the machine tolerance, then MT M appears as 
the singular matrix consisting of all ones in the com­
puter and it is impossible to solve the normal equations 
(3) . 

On the other hand, as we shall see in the next two 
sections, recent techniques actually permit us to solve 
the minimization problem (2) without explicitly having 
to form the matrix MTM of (3)! 

The second technique: The Businger-Golub procedure 
for matrices with rank n 

If the mXn matrix M of (2) is such that m'?:.n and 
rank (M) = n, a very efficient procedure due to Businger 
and Golub3 can be used to solve (2) without ever hav­
ing to form MT M explicitly. The procedure makes use 
of the fact that the euclidean norm II· .. II is invariant 
under unitary transformations, so that 

II Ma-y II = II UMa-Z II 
where Z=Uy and UTU=I. Now U can be chosen so 
that 

UM=T=[.]. (4) 

where T is an n X n upper triangular matrix and the 
matrix 0 is of size (m-n) Xn. The point a* which 
minimizes (2) is then given by a*= r-1z, where Z 
denotes the first n components of Z. The procedure 
uses Householder transformations to carry out the de­
composition (4). These transformations are extremely 
stable and the computations necessitated are quite 

efficient. A bonus provided by the decomposition (4) 
is the ease of calculating (MTM)-l and det(MTM) , 
quantities necessary in many statistical calculations. 
As pointed out by Businger and Golub3 page 274, since 
(MTM) = TTT, then (MTM)-l= r-1(TT)-1; moreover, 
det (MTM) = (det T)2= (tll -t22 ... tnn )2. 

The FORTRAN IV subroutine LSTSQ which imple­
ments this procedure was obtained from Dr. P. A. 
Businger, Bell Telephone Labs., Murray Hill, New 
Jersey 07974. I tested the routine on a number of ex­
amples and the behavior was excellent (as long as 
rank (A) =n). Probably the outstanding feature of the 
program (i.e., of the method) is its compactness: 
LSTSQ has only 40 FORTRAN statements! 

Users of APL may be interested in knowing that 
whenever they invoke the "domino" function (an 
APL primitive operator) to solve a linear least squares 
problem, they are using the Businger-Golub procedure3 

as modified by Jenkins4 to include the interchange and 
scaling strategies suggested by Powell and Reid.6 

Remark. Another excellent (competitive) method is due 
to Bjorck6 and we are in the process of testing it vs. 
LSTSQ. 

The third technique: The singular value decomposition 
approach of Golub and Reinsch which applies whether 
or not M has full rank 

In a number of important problems it can happen 
that M does not have full rank; i.e., rank (M) <no 
The techniques of the previous sections break down in 
this case; however, Golub and Reinsch2 in 1970 gave 
an effective numerical procedure for this problem. 
Again,their technique avoids the explicit formation of 
MTM. Their approach is based on the fact that an mXn 
matrix M with m '?:. n can be decomposed 

as M= U'2VT (5) 

where UTU = VTV = VVT=In and '2 = diag (U11 ••• ,Un). 
The matrix U is made up of the (orthonormalized) 
eigenvectors associated with the n largest eigenvalues of 
MMT, and the matrix V is made up of the (ortho­
normalized) eigenvectors of MTM. The Ui are the non­
negative square roots of the eigenvalues of ]}fTM and 
are called singular values. The decomposition (5) is 
called the singular value decomposition (SVD) of ,M. 
It can be shown that the point a* which minimizes (2) 
is given by 

a*= V'2+UTy 

whether or not the rank of M is less than n; of course if 
rank (M) < n the solution a* is not unique. Here '2+ is 
the pseudoinverse of the matrix '2 and is given ex-
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plicitly by 

~+=diag (O"i+) 

O"i+= {1/o"i for O"i>O 

o forO"i=O. 
where 

In order to produce the singular value decomposition 
of M, the Golub-Reinsch2 technique uses Householder 
transformations to reduce M to a bidiagonal form and 
then uses the QR algorithm to solve for the singular 
values of the resulting bidiagonal matrix. 

As Golub has pointed out to us in private communica­
tion, there is again no difficulty in obtaining from (5) 
the quantity (MTAf)-l (of interest in statistical work), 
when it exists, since 

where 

A single precision FORTRAN IV subroutine SVD was 
obtained from Dr. P. A. Businger (address given 
above) ; its double precision analog DSVDwas ob­
tained from Professor Gene H. Golub, Department of 
Computer Science, Stanford University, Stanford, Cali­
fornia 94305. A complex-arithmetic FORTRAN IV 
version CSVD has appeared as a CACM algorithm.7 

I have tested SVD extensively and am happy to report 
that it gave excellent results. Unfortunately one has 
to pay a price to implement an algorithm that does 
not require M to have full rank, namely, the price of 
length of program: SVD consists of approximately 230 
FORTRAN statements vs. only 40 for LSTSQ. Of 
course SVD furnishes much more information about 
the problem than LSTSQ does; thus SVD calculates 
the rank of M and the eigenvalues and eigenvectors of 
ATA, etc. 

Some conclusions about linear least squares data fitting 

If one is only trying to solve (2) and the matrix M is 
known to be of rank n, then LSTSQ should be used. 
On the other hand if the rank of M is unknown, or 
rank (M) <n, or additional information such as eigen­
values and eigenvectors are sought SVD should be used. 
It is of interest to note that for problems having full 
rank no difference in accuracy was noted between 
LSTSQ and SVD. 

NONLINEAR LEAST SQUARES PROBLEMS 

We now return to the consideration of problem (1) 
for the case when the fitting function (form) g is a non-

linear function of its parameters ai. Let us write 

h=g(a1, ' .. , an; t~:) -Yi, i= 1, ' , , , m, 

and let F= (f1, ... ,fm)T, so that we wish to minimize 
L:i:1, fl or minimize II F 11

2, 
Until the late 1960's, I believed along with many of 

my colleagues that the Uavidon-Fletcher-Powe1l8 ,9 al­
gorithm was the soundest computational approach to 
this problem. It was a great eye-opener, then, to see 
Y onathan Bard's paperlO in the spring of 1970, which 
concluded after a very careful and exhaustive set of 
tests that modifications of.the Gauss methodll (includ­
ing the Levenberg-Marquardt method) 12,13 performed 
best in practice, followed by variable metric rank one 
methods, followed by Davidon-Fletcher-Powe1l8 ,9 meth­
ods. Bard raised the question of how the finite-difference 
(derivative-free) analogs of methods like the Leven­
berg-Marquardt algorithm12 would perform. We will 
examine some newer algorithms for the nonlinear least 
squares problem and report the results of recent compu­
tational experience with these methods. One of these 
methods provides an answer (in the affirmative) to the 
question raised by Bard. Finally we will look at a most 
interesting new class of methods for nonlinear problems 
whose variables separate. 

The general strategy: Find the zeros of the gradient 
system 

I t is known from the calculus of functions of several 
variables that the points which are relative minima of 
II F 112 are contained among the zeros of the gradient of 
cp, written Vcp(a). The gradient is a vector of length n 
whose ith component is acp/ aai. It is easy to verify that 

V cp (a) = 2J FT (a) • F (a) , 

where JF(a) denotes the mXn Jacobian matrix of F. 
Define G(a) =J FT (a) • F(a). We seek the zeros of G(a). 

Newton's method as a model 

Since Newton's method (or a Newton-like method) 
is so effective in solving nonlinear systems of equations, 
it seems natural to try to solve G(a) =0 by Newton's 
method. The iteration (given a starting guess aO) is 
given by 

a l+1=a l -JG(a l ) ·G(a l ), l=O, 1,2, .... 

Now JG(a) is given by 
m 

JG(a) = L: fk(a) .Hk(a) +JF(a) TJ F(a), 
k=l 

where Hk(a) is the Hessian matrix of fk at a; i.e., the 
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ith, jth element of Hk (a) is given by iJ2fk(a) /iJaj iJai. 
Thus Newton's method, applied to solving G(a) =0 is 
given by the following 

a 1+1 = a l
- [E !.(al

) oH.(al) +JF (al
) TJF(al) r' 
JF(a1)TF(a1) (6) 

The latter formula requires (assuming continuous sec­
ond partial derivatives of cf» the calculation of M· N • 
(N + 1) /2 second partial derivatives per iteration. For 
even mildly complicated functions, fk' this can be a hor­
rendous and error-ridden calculation. The Gaussll and 
Levenberg-Marquardt12 ,13 methods are two frequently 
used approaches to avoid the calculation of the Hessians. 
Gauss' method simply drops the matrix L;:=1 fkH k in 
(6) whereas the Levenberg-Marquardt algorithm ap­
proximates that matrix by a scalar matrix p,lI. Our ex­
perience is that both of these methods behave well local 
toa zero, a*, of G, provided that 1/ F(a*) 1/ is very small 
relative to the magnitudes of 1/ Hk 1/, k= 1, ... , m and 
1/ JFT(a*) ·JF(a*) 1/. The following methods address 
Bard's question. 

Derivative free analogs of the Levenberg-Marquardt and 
Gauss algorithms for nonlinear least squares ap­
proximation 

Recently Brown and Dennis14 have shown that there 
is no degradation in the theoretical or actual behavior 
of the Gauss and Levenberg-Marquardt algorithms 
when these algorithms are discretized (actual deriva­
tives being replaced by first differences) in a particular 
manner. We detail the algorithm as follows: 
Given aO, form successively 

al+1 =a1+Aa1, l=O, 1, 2, ... , 

where Aa1 is obtained by using Cholesky's method to 
solve the positive-definite symmetric linear system 

[p,1] +J1TJ1J- Aal=JlTF(al). (7) 

Here the ith, jth element of J1 is given by 

fi(al+h/uj) -heal) 

hi 
where Uj denotes the jth unit column vector and 

where 

and 

and where 

1
IO-,g 

0.1-

J - .001xl all 

if I all < 10-.8H 

with 2 X{3 being the machine tolerance. 
Finally if in (7) p, 1 = 0 for alll, we have the derivative­

free Gauss' method, whereas if p,l = c·1/ F ( a 1) 1/ any, we 
have the derivative-free Levenberg-Marquardt method. 
The techniques are derivative-free in the . full sense of 
that phrase: the only things that the scientist has to 
provide are his functions fk. He doesn't even have to 
furnish initial estimates to any of the derivatives. 

Remark. We note that if in (7) p,L·~oo we have a pure 
gradient (or descent) method, whereas if p,1--70 and J is 
square we get exactly the discrete Newton's method. 
This is why the Levenberg-Marquardt method has been 
called "Marquardt's compromise." Now Levenberg12 

has shown that his method is always norm-reducing, 
i:e., II F(al+1) 1/ < 1/ F(al) 1/, provided that p,1 is chosen 
sufficiently large. Thus the Levenberg-Marquardt 
algorithm has global stability properties not held by 
Gauss' method. On the other hand, close to a root 
Gauss' method can converge quite rapidly-as N ew­
ton's method does. This makes the strategy clear when 
choosing c above to define p, l: when one is far away from 
the solution, choose c large so as to weight the descent 
part of the correction and keep the iteration stable. As 
the solution is approached, i.e., as 1/ G(a) 1/ becomes 
small, decrease c so as to enhance the Gauss part of the 
correction and produce more rapid convergence. In 14 
we have proven that the derivative-free Levenberg­
Marquardt and Gauss methods converge locally and 
that the convergence rate is second order (quadratic) 
whenever 1/ F (a*) 1/ = O. We give a number of numerical 
results, all of which show that the derivative-free 
methods behave almost identically to their original 
analytic counterparts: when convergence occurred both 
techniques converged at the same rate. As an example 
consider the norm of the error vectors produced by two 
of the methods.14 , page 296 

Derivative Free 
Levenberg-Marquardt 

7.70 E-Dl 
7.07 E-Dl 
3.16 E-ol 
2.76 E-D2 
2.03 E-D4 
1.27 E-DS 

Levenberg-Marquardt 
7.71 E-Dl 
7.0S E-Ol 
3.17 E-Ol 
2.7S E-D2 
2.10 E-04 
1.43 E-oS 

Qualitatively the methods behaved the same. This 
example also showed the quadratic convergence rate 
predicted by the theory. 



Methods for Fitting Tabular Data in Linear and Nonlinear Least Squares Sense 1313 

A FORTRAN IV subroutine FDLM is available from 
the author. This technique is also included in IMSL's 
Library 1 as subroutine ZXMARQ. Information about 
this truly excellent (commercial) library of over 200 
mathematical and statistical FORTRAN routines can 
be obtained from Dr. Olin G. Johnson, Director of 
Mathematics, International Mathematical and Statis­
tical Libraries, Inc., 6200 Hillcroft, Houston, Texas 
77036. 

Reminder. As we indicated just before this section, 
these techniques work well only when II F(a*) \I is suf­
ficiently small; translation: these are good techniques 
to use if your form, g, can (by proper parameter estima­
tion-which these algorithms do automatically) be 
made to provide a good fit to your data. 

The large residual problem and an algorithm 
/ or attacking it 

In a multitude of real world problems II F(a) \I turns 
out to be large even at the minimum a*. In that case 
dropping the term "2/kH k in (6) or replacing it with just 
a diagonal matrix yields a poor approximation to the 
true J G (a). Hence, Brown and Dennis15 proposed an 
algorithm which approximates the initial Hessians and 
then uses a Powell16 updating technique to continue 
the approximations forl= 1,2, .... This is not a deriva­
tive-free technique: the scientist must furnish his func­
tions /k and all first partial derivatives, a/k/ aah of those 
functions. The technique does not require that the scien­
tist furnish any second partial derivatives since these 
are automatically approximated and updated by the 
method. We detail the algorithm below. 

Algorithm. Let al, JF(al) and F(a l ) be given along 
with M matrices B l • l , ••• , Bm • l each of size nXn. 
(Initially the B i •O may be chosen to approximate the 
Hi(aO) by, say, using first forward differences on the 
entries of J F (a) ; this technique was used in the numer­
ical experiments reported below.) Obtain 

al+1= a l
- L~ f.(al)B •. I+JFT(al) oJF(al) T'G(al) (8) 

and compute J F (a l+1) and F(al+1). Now update the 
Bi by means of Powell's16 symmetric form of Broyden's17 
"single-rank" updating technique 

B i •l+l =Bi •l+[V/i (a l+1)T - V/i(al)T 

..1al 
-Bi,l..1a

l
]..1a

lT/1\ ..1al 1\2+ II ..1a l 1\2 

X [V/i(al+1)T - V/i (a7;)T - Bi.lVal]T (9) 

- ..1al[V/i(a l+1)T - V/i(al) T -Bi.z..1al]T 

..1alT 

X..1a
l 

II ..1a l 1\4' 

Here ..1al=al+1-a l and V/i(a) is just the ith row of 
J F (a). Note that the algorithm (8) - (9) requires no 
more function and derivative evaluations per iterative 
step than do the Gauss and Levenberg-Marquardt 
methods. Obviously, more storage is required and there 
is the extra arithmetic necessary to update the Bi.z's. 
It is necessary that the initial Bi.O's be symmetric in 
order to effect the storage savings possible when using 
the Powell symmetric update procedure. Convergence 
theorems for this method are given by Brown and 
Dennis15 and the authors have recently established the 
superlinear convergence of the method. 

Numerical results 

We wish to minimize It F (a) 112 where a = (aI, a2, as, 
a4) and F is given by 

flea) =a12X (a2-1)2+50 
12(a) = (a2-1) Xas 
/3(a) = (as-5) Xa4 
h(a) = (a4-10)2+50 
/5(a) =a12+ (a2-1)2+ (as-5)2+10 
/6(a) = (a4-10)2+ (as-5) X (az-l). 

The minimum a*= (0, 1, 5, 10) and the residual at the 
minimum is large, \I F(a*) \12=5100. As a first experi­
ment aO was chosen very close to the root to check out 
the local convergence properties of the method; aO = 
(.01, 1.01, 5.01, 10.01). The Brown-Dennis algorithm15 

converged after two iterations to an accuracy of 
II a2-a* II = 1.47 X 10-8 and II G(a2

) 1\2=9.9X10-14. The 
number of evaluations used was 31; however, 16 of 
these 31 evaluations were used to approximate the ini­
tial Hessians. 

The Levenberg-Marquardt12.13 algorithm failed to 
converge on this example in 200 iterations when started 
from that same (rather good) starting guess. The dif­
ficulty was in getting the fourth component a4 to settle 
down. The best value produced ga-ve \I a97-a* \I = 
2.68X1Q-3. 

For the guess aO= (2.5, 4.5, 10.75, 21), the Brown­
Dennis method15 produced convergence in 30 iterations 
(171 evaluations) to an accuracy of \I a30-a* \I = 
4.16X10-7 with II G(a30) 11 2= 3.05X 10-11• Again the 
Levenberg-Marquardt12.13 method did not converge in 
200 iterations. 

When a starting guess quite far from the solution was 
tried, aO= (7.5, 14.5, 35.75, 71), a strange thing hap­
pened. Even though a34 = (.80, 2.97, 4.12, 8.51) which 
was well within the sphere centered at the root and con­
taining the second starting guess, the method failed to 
improve very much during the next 160 iterations! The 
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reason for this is that the approximate Hessians never 
have a chance to recover from their initial values which 
were so far removed from Hk(a*). An examination of 
the updating formula (9) reveals that even B i ,200 con­
tains information propagated from Bi,o. Thus the Bi,l 
should be restarted (perhaps periodically) from scratch, 
say whenever II a l+I_ alII < 10-p , where p is incremented 
from 0 to 1, etc. 

A copy of the FORTRAN IV subroutine NLSQ 
which implements the Brown-Dennis aigorithmI5 is 
available from the author. 

A hybrid procedure 

Testing is currently being conducted on a hybrid 
technique which uses the Levenberg __ MarquardtI2 ,13 
algorithm until two successive iterates agree to within 
one significant digit and then a switchover is effected 
to the Brown-Dennis method.I5 Initial results look 
encouraging. 

Spline regression 

For the scientist who wishes to curve fit for purposes 
of prediction or interpolation and who does not have a 
specific form (model), g, in mind as dictated by, say, 
natural physical or biological laws, cubic splines are 
an excellent choice· to use as the fitting functions. 
Greville,I8 Nilson19 or Schultz20 have defined and given 
properties of these functions and GrevilleI8 and NiisonI9 

include some specific computer oriented algorithms for 
spline computations. Based upon some recent compu­
tational experience, this author recommends specifically 
the piecewise cubic Hermite polynomials as the fitting 
functions. 

Again the IMSL Library (see above) contains a 
number of routines for data fitting using cubic splines. 

Nonlinear least squares problems whose variables separate 

Example. In most of the nonlinear least squares prob­
lems I have been asked to look at, the scientist has a 
form, g, in mind like the following . 

g(aI' ... , a6; 't) =al+a2t+a3e-a4t+a5 sin a6t, 

the point being that about half of his parameters enter 
the form in a linear fashion. Now we can certainly solve 
this problem (viewed strictly as a six parameter non­
linear problem) using the techniques of the previous 
sections; however, something tells us intuitively that 
there should be some way of isolating the linear param­
eters aI, a2, as and a5 from this problem. More generally 

consider the function, g, of (1) to have the form 

n 

g(a, «;t) = L: hj(a)if;j( «; t), 
j=l 

where a = (aI, ... , as) and «== (<<1, ••• , ak). Scolnik2l 

has shown that indeed it is possible to optimize first 
with respect to some of the parameters and then later 
with respect to the rest. More recently . Golub and 
Pereyra22 have generalized Scolnik's results. Their 
paper22 contains FORTRAN programs for this Im­
portant class of nonlinear least squares problems. 

SUMMARY 

We have tried to present some of the best computer 
oriented techniques for the linear and nonlinear least 
squares problems. For the linear problem we have rec­
ommended reduction by Householder transformations 
in the full rank case and using the singular value de­
composition in other cases. For nonlinear problems we 
recommended the derivative free Levenberg-Mar­
quardt method for problems having small residuals 
and'the Brown-Dennis technique (with restarts made 
periodically to the approximate Hessians). For non­
linear problems whose variables separate, there is an 
important new approach due to Scolnik, Golub and 
Pereyra. Finally when· no model is known, a priori, 
spline regression was recommended. 
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An efficient hand-oriented scheme for 
solving n hy n grid prohlems 

by ALAN GEORGE 

University of Waterloo 
Waterloo, Ontario, Canada 

INTRODUCTION 

Let N = n2 for some positive integer n, and consider a 
square n by n grid consisting of (n-1)2 small squares 
and having a node at each of the n2 grid points. In this 
paper we consider the problem of directly solving the 
class of N by N symmetric positive definite linear 
systems of equations 

Ax=b, (1) 

where each Xi is associated with a grid point and A has 
the property that A ij ~ 0 only if Xi and Xj are associated 
with nodes belonging to the same small square. We 
must specify how the unknowns are to be numbered if 
the above remark is to precisely determine the structure 
of A. 

Our method of solution is to factor A into LLT, 
where L is lower triangular, and then to solve Ly = b 
followed by the solution of LTX=Y.* The algorithm is 
essentially the well-known Cholesky (or square root) 
method, which has the agreeable property that it is 
numerically stable when applied to P APT, where P is 
any N by N permutation matrix.14 Thus, we are free to 
permute the rows and columns of A to achieve other 
objectives, such as reduced computation and/or storage 
requirements, or convenient storage management. 
These objectives often compete with each other, and 
their relative importance depends upon the problem 
being solved, the characteristics of the computing system 
available, and programming expertise. The "best" 
way to number the equations depends upon which of 
the objectives we consider to be most important. 

Certain members of our problem class which arise in 
connection with difference discretizations of Poisson's 

* For sparse matrix calculations, the LDLT factorization may 
be more efficient, where L is unit lower triangular and D is a 
positive diagonal matrix. The scheme we propose works equally 
well for either factorization. 
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equation on a rectangular domain can be solved using 
special fast direct methods which require only 
O(n210g2 n) arithmetic operations and O(n2) storage 
locations. 1 ,s 

For any system in our class, it is possible to number 
the equations (1) so that A can be factored in 0 (nS) 

arithmetic operations, and the number of non-zero 
components in L is only O(n210g2 n).5 Unfortunately, 
these latter numbering schemes are somewhat com­
plicated, and yieldL's having their non-zero components 
scattered throughout the lower triangle. In order to 
achieve the above bounds on storage and computation, 
general sparse matrix techniques must be used. Their 
programming is relatively complicated, and their per­
formance and efficiency is sensitive to hardware and 
software characteristics. See Gustavson6 for a careful 
discussion of these methods. 

On the other hand, if we number the equations in the 
natural row by row fashion, and employ a standard 
band linear equation solver,S the programming and 
data management are straightforward and convenient. 
Unfortunately, the computation and storage require­
ments are O(n4) and O(nS) respectively. 

In this paper we describe a computational scheme for 
solving (1) which requires no sparse matrix techniques; 
only dense or band linear systems must be solved. 
Furthermore, we show that the computation and 
storage requirements for our scheme are respectively 
O(nSvn) andO(n2yn). 

Our method and results apply with little modification 
to more general situations where there are nodes on the 
sides of the small squares, and where there is more than 
one unknown associated with each node.4,15 Our scheme 
also applies to matrix problems which arise in connec­
tion with the use of spline bases to solve elliptic bound­
ary value problems.12 In this case unknowns associated 
with nonadj acent squares may be connected. We 
discuss these generalizations in our concluding remarks, 
but since the extensions are straightforward, for clarity 
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we present the simplest case. We shall not, therefore, dis­
tinguish between "node" and "unknown" in the sequel. 

DESCRIPTION OF THE COIVIPUTATIONAL 
SCHEME 

For some positive integer a«n, choose a-I horizontal 
lines of our n by n grid which divide the mesh into a 
approximately equal parts, each part containing 
approximately n2/ a nodes. These sets of nodes ( un­
knowns) are independent in the sense that if Xi and Xj 
lie in different sets, thenAij=O. 

Consider Figure 1 below, where for definiteness we 
choose a=3. 

@ 
I'i:\ 
\::/ 

@ 
(.;\, 
\.::I 

CD 

Figure I-The n by n mesh divided into 3 parts. Circled numbers 
indicate the order in which node sets are to be numbered. 

The lines ® and ® each consist of n nodes, and follow­
ing Rose,1O we refer to them as separators. The node sets 
designated by CD, ® and CD will be referred to as the 
independent blocks. In general, we have a independent 
blocks separated by a -1 separators. 

We number the unknowns in CD followed by those in 
®. column by column, followed by the unknowns in ® 
in any order. We then number the unknowns in CD 
column by column followed finally by those in ® in 
any order. 

In block form, the coefficient matrix A has the 
structure below 

Al CIT 

A2 B2T C2T 

A= C1 B2 A3 

A4 B4T 

C2 B4 A5 

Factoring A into LLT, we obtain 

where 

F3T= -La-lB2A 2-1C2T, 

Ai=LiL?, i = 1,2, 4, 

A3 = A a-B2A 2-1B2T - CIA 1-1 CIT = LaL3T, 

and 

A5 = A5 - B~rlB4T - FaFaT - C2A 2-1C2T = L5L5T. (2) 

Note that for a>3, the structure of the last two columns 
and rows of A and L would simply repeat. 

Using the important observation of Rose and Bunchll 

that the matrices BiLi-T and CiLi-T will be fuller than 
Bi or Ci, we propose only to store the L/s and F/s. 
Having them available, the solution of our example 
would proceed as follows, where X and yare partitioned 
corresponding to A. Parentheses indicate the order in 
which computations are performed. Note that only 
triangular systems of equations are solved. For example, 
in 1 (c) below the vector L4-TY4 is obtained by solving 
a triangular system. 

1. (a) Solve LiYi = bi, i = 1, 2, 4. These can be 
solved in any order, or simultaneously. 

(b) Compute ba' =ba-B2(L2-TY2) -C1(LCTYl) 
and then solve LaYa = ba'. 

(c) Compute 
bo' =b5-B4(L4-TY4) -FaYa-C2(L2-TY2) 

and then solve L5Y5 = b5'. 
2. (a) Solve L5TX5 = Y5. 

(b) Compute Y4' = Y4-Lr1 (B4TX5) and solve 
L4TX4 =yl. 

(c) Compute ya' = Ya - FaT X5 and solve LaT Xa = Ya'. 
(d) Compute yl =Y2-L2-1(C2TX5) -L2-1(B2TXa) 

and solve L2TX2 = Y2'. 
(e) Compute Y/ =YI-LC1 (C1TXa ) and solve 

LITXI =Yl'. 

The scheme for a> 3 is obvious. 
Before proceeding to the next section, the· reader 

should verify that our storage needs in the example 
above are only na/3+0(n2) , rather than the na+O(n2) 
required for the usual row by row numbering scheme. 



We assume throughout that the so-called diagonal 
storage scheme8 is used to store the band matrices. 

Storage requirements and operation counts 

Following Cuthill and l\1:cKee,2 we define the band­
width m of a symmetric matrix W by 

m= max \ i-j\ 
Wii~O 

Using the notation = to mean "approximately," and 
assuming a«n, we observe that the dimension· of the 
A/s and L/s corresponding to the independent blocks 
will be =n2/a. The A's corresponding to the separators 
are of dimension n, and although they are sparse, their 
corresponding L/s are in general full lower triangular 
matrices. The F/s are in general full matrices. Recalling 
that there are a independent blocks, a-I separators, 
and a-2 F/s, and adding several more n2 words of 
storage for x, b and temporary space, we obtain the 
following estimate S (a) of our storage requirements: 

Sea) =n3/a+3an2/2. 

We ignore the storage required for the Bi and Ci, since 
their requirements are only 0 (an) . 

The above is minimized when a=a=y2n/3, and 

Sea) =V6n5/2. 

Table 1 demonstrates the rather significant reduction 
in storage requirements over the usual row by row 
ordering scheme. 

TABLE 1-Storage Requirements for our Block Scheme 
Compared to the Row by Row Ordering 

n N '\1'6 n5/2 n3 

10 100 775 1,000 
20 400 4,380 8,000 
30 900 12,075 27,000 
40 1,600 24,800 64,000 
50 2,500 43,250 125,000 

100 10,000 244,950 1,000,000 

We now obtain a crude estimate for the number of 
multiplicative operations required for our scheme. We 
use Yzm2N as an estimate for the cost of factoring an 
N by N symmetric positive definite matrix having 
bandwidth m. 

First observe that the calculation of the L/s corre­
sponding to the independent blocks requires about 
a(Yz) (n/a) 2 (n2/a) = (n4/a2)/2 multiplicative opera­
tions. The calculation of the L/s corresponding to the 
separators (once we have computed the A/s) requires 
approximately (a-2)n3/6=an3/6 operations. 
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Now consider the calculation of the A/s from for­
mulas of the type (2). An example is 

Ai = A i-Bi-1A i_l-1 Bi_1T - F i-2F i_2T - C i-3A i-3 -lCi-3T . 

Normally, we would compute Bi_lAi_l-lBi_lT by 
first calculating W = Li_c1Bi_1T and then computing 
WWT. However, using the structure of L i - 1 and as­
suming exact numerical cancellation does not occur, ** 
it is easy to show that W is about half full. We require 
at least n4/ (3a) multiplications to compute WWT, and 
about n3/ (2a) auxiliary storage locations are required 
forW. 

However, if we instead compute W = Ai_c1Bi_1T and 
then utilize the fact that B has fewer than 3n nonzero 
components when computing B i - 1 W, we perform only 
about 2n4

/ a 2 operations. Furthermore, we can compute 
Bi_lAi_l-IBi_lT column by column, and only n2/a tem­
porary storage locations are required. 

Using this crucial observation, the calculation of the 
A/s requires about (a-I) (4n4/a2+n3 ) =4n4/a+an3 

multiplications. Utilizing the sparsity of the B/s and 
C/s in the same way, the calculation of the F/s requires 
about (a-2) (2n4/a2+n3/2) =2n4/a+an3/2 operations. 

Collecting terms, we obtain the estimate M (a) for 
the number of multiplications required to produce L: 

M (a) = 6n4
/ a+5an3/3+n4

/ (2a2
). 

Assuming a» 1, M (a) is approximately minimized 
for a= a= y18n/5, yielding 

M(a) =2VW n3 yn+5n3/36. 

Thus, M(a) >n4/2 unless N is very large indeed 
( = 25,000) , although M (a) < n4 if N is larger than about 
1,600. Thus, unless N is very large we will pay a modest 
premium in arithmetic operations if we use our block 
scheme. In exchange we obtain a substantial decrease 
in storage requirements. It is interesting to note that if 
we do not make use of our observation in computing 
A/s, the operation count is 0 (n4 ). 

CONCLUDING REMARKS 

1. The procedure represents a considerable improve­
ment over the standard row by. row scheme; 
whether its comparative simplicity renders it 
competitive or . superior to the use of more 
sophisticated orderings depend upon our particu­
lar computing environment and programming 
expertise. An attempt to at least partially 
answer this question is a topic of further re­
search. 

** This is a reasonable assumption in the presence of rounding 
error. 
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2. As we stated in the introduction, similar results 
hold for more general grid problems. When edge 
or interior nodes occur, one should use "profile" 
or "envelope" methods4 •7 •9 rather than band 
schemes for best results. Problems arising 
through the use of splines have the property 
that unknowns associated with grid points p and 
q are connected provided the maximum differ­
ence in their x or y grid coordinates is bounded 
by some number d, which depends upon the 
degree of the spline. To apply our scheme we 
simply choose sets of d adjacent parallel grid 
lines as separators and proceed as before. 

3. For matrix problems arising from the 3-dimen­
sional unit cube grid having n3 nodes, we can 
choose separators consisting of planes of grid 
points and again apply the same techniques. The 
computation and storage estimates achieved are 
respectively 0 (n6 vn) and 0 (n4 vn), compared 
to O(n7) and O(nS ) for the standard plane-by­
plane numbering scheme. 

4. It seems fairly obvious that similar ideas can be 
applied to less regular problems, but it is difficult 
to obtain quantitative estimates of how much 
might be gained. Intuitively, we want to choose 
small separators, yielding independent blocks of 
nodes which can be numbered so as to have a 
small band or profile. The study of automatic 
schemes for doing this is another topic for future 
research. 
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