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A METHOD OF GENERATING UNIFORM RANDOM NUMBERS 

By W. J. Westlake 

1. INTRODUCTION 

The most widely-used uniform random number generators for digital 

computers are the so-called congruential generators. A series of num­

bers x. is generated recursively by a relation of the type 
1 

x. = kx. 1 + c 
1 1-

modulo an 

where k, c, a, n and the starting value x are integers. The x. are 
o 1 

then divided by an to give a sequence of numbers each member of which 

lies between a and 1. If c is zero, the generator is referred to as 

'multiplicative' while if c is not zero the generator is referred to as 

'mixed'. The numbers produced by congruential generators behave, to 

a large extent, as if they were a sequence of random samples from a 

uniform distribution from a to 1 (referred to from now on as U{O, 1) ) 

and are widely used in programs where such samples are needed. An 

excellent summary of properties of these generators can be found in the 

paper by Hull and Dobell [1]. 

2. PROPERTIES OF CONGRUENTIAL GENERATORS 

These may be conveniently summarized into advantages and disadvan­

tages. The advantages are those of the fixed long-cycle guarantee and 

the ease of implementation on a digital computer. The numbers xo' xl' 

x 2 ••• produced by a congruential generator will all be different until a 

number x N is reached such that Xo = ~. Thereafter the generator will 

produce the same sequence of numbers and is said to have a cycle of 

length N. For a mixed congruential generator it is easy to ensure that 

the cycle length is an - the maximum possible - which is, in general, a 

very large number. While this is not possible for a multiplicative gen­

erator, it is still possible to ensure a cycle length almost as large as 
n 

a. The long-cycle guarantee is of particular importance in computer 

programs which use a large quantity of random material. Programs 

which simulate the behavior of systems in which random phenomena 
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occur are an obvious exaITlple. Ease of iITlpleITlentation is achieved (for 

a binary ITlachine, say) by choosing a 'equal to 2 and the ITlultiplier to 

be such that ITlultiplication can be perforITled by one or two left shifts 

followed by additions. 

The general conditions for generators to haveITlaxiITluITl cycle length 

will not be given here (see [1] for cOITlplete details). For congruences 

ITlodulo 2n they are as follows. 

For the ITlixed generator 

x. = kx. 1 + c 
1 1-

n ITlod 2 , 

c ITlust be odd and k ITlust be congruent to 1 ITlod 4 to ensure the ITlaxi­
n 

ITlUITl cycle length of 2 . 

For the ITlultiplicative generator 

x. = kx. 1 
1 1-

n 
ITlod 2 , 

k ITlust be congruent to +3 ITlod 8 to ensure the ITlaxiITluITl cycle length 

of 2n-2. 

The disadvantage of this type of generator is that of any non-randoITl 

device which is used to generate supposedly randoITl nUITlbers. At best 

they can be terITled pseudo-randoITl nUITlbers, ITleaning nUITlbers which 

are produced by a non- randoITl proces s but which behave to a certain 

extent as if they were a ran'doITl saITlple froITl the population U(O, 1). 
! 

However, no final assurance is ever possible that SOITle serious non-

randoITl feature will not turn up. Consequently, satisfactory behavior 

of the generator can be established (and then only tentatively) only on the 

basis of its passing a nUITlber of statistical tests. The literature abounds 

with testiITlonials to the excellent statistical properties of one congru­

ential generator or another; but equally abundant are reported exaITlples 

of such generators having unsatisfactory statistical properties. The 

starting point for the present investigation is the paper of MacLaren and 

Marsaglia [ 2]. They claiITl that, in ITlost cases reported, the statistical 
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tests applied to the generated pseudo-random numbers are insufficiently 

stringent to afford a reasonable test of their randomness. They then 

set up a fairly stringent series of tests which among other things will 

test for correlation between the random numbers over spans as large 

as 10. All the multiplicative and mixed congruential generators on 

which they used these tests displayed some significantly non-random 

features. Their solution to the problem lies in proposing two new 

schemes which, incidentally, both give s~tisfactory results on the sta­

tistical tests. One scheme involves use of buffered storage and the 

writing into the computer of a large block of random numbers from a 

satisfactory existing table of random numbers (e. g., Rand Corporation 

table of 10 6 random digits). The second scheme uses the numbers gen­

erated by a mixed congruential generator to shuffle the numbers pro­

duced by a multiplicative congruential generator; these shuffled num­

bers then form the basis for the random numbers. A disadvantage of 

this latter scheme is that it requires a block of 128 numbers from the 

multiplicative generator to be stored in the computer at all times during 

the generation of random numbers. This had led us to study other 

methods of combining congruential generators which avoid this disad­

vantage but preserve the desirable long cycle. One such method is now 

examined. 

3. A GENERATOR BASED ON THE COMBINATION OF TWO CONGRUENTIAL 
GENERATORS 

The generator was implemented and tested on the CONTROL DATA 

@6600. Since this computer has a register length of 60 bits, arithmetic 

will be modulo 2 59 in this instance although the same principles could 

be em.ployed on a computer of any register length. A succession of 

pairs of 59- bit words is generated by two distinct congruence relations: 

mod 2 59 , 

and combined in the manner described below. 
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The generators ITlay be both ITlixed, both ITlultiplicative or one ITlixed 

and one ITlultiplicative. Later it will be argued that the best cOITlbined 

generator is obtained by using two ITlultiplicative generators. As was 

noted earlier, the usual practice has been to divide the x. (or y.) by 2 59 
1 1 

to obtain a streaITl of pseudo-randoITl nUITlbers. Such nUITlbers, while 

they give every appearance of having been drawn froITl the population 

U(O,l), often do not appear to have been drawn randoITlly. As the tests 

applied by MacLaren and Marsaglia deITlonstrate, there is a short-terITl 

correlation between the pseudo-randoITl nUITlbers stretching over spans 

of at least 10 nUITlbers. The scheITle adopted here represents an atteITlpt 

to destroy the association between contiguous nUITlbers. Suppose, that 

for x. and y., we label the bits 1 through 59 froITl least significant to 
1 1 

ITlost significant with the 60th (sign) bit always set to zero to indicate a 

positive nUITlber. The 47th through 52nd bits of x. are interpreted as a 
1 

binary nUITlber (0 - 63) and y. is subjected to a left circular shift by the 
1 

aITlount of this nUITlber. The 60th bit of this shifted nUITlber is re-

duced to zero and the shifted y. and x. are added, bitwise and ITlodulo 2, 
1 1 

to obtain a 59-bit nUITlber z.. This last nUITlber is divided by 2 59 to 
1 

give the required pseudo-randoITl nUITlber. One would like to use the six 

ITlost significant bits of x. to deterITline the shift of y., since they are 
1 1 

presuITlably the ITlost nearly randoITl of the 59 bits; on the other hand, 

since theyare the ITlostsignificant bits and ITlaybetheonlybits of xi that 

have any effect on the final pseudo-randoITl nUITlber as used, it seeITlS 

unreasonable that they should also deterITline the shift factor for y .. 
1 

Choice of the 47th through 52nd bits is thus a ITlore-or-less arbitrary 

cOITlproITlise. 

There are two 'non-randoITl' features of the scraITlbling scheITle just 

described which should be noted. The first is that a left circular shift 

greater than 59 will be interpreted ITlod 60 so that shifts of 0 through 3 

will occur about twice as often as shifts of 4 through 59. The second is 

that, before shifting, the 60th bit of y. will be 0 (positive nUITlber) but 
1 

that after shifting this zero will usually occur sOITlewhere in positions 1 

through 59. This operation results in the insertion of one non-randoITl 
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bit into the 59-bit nUITlber. The latter probleITl could easily be reITloved 

at the expense of a few ITlore cOITlputer instructions but neither of these 

-theoretically undesirable features appears capable of having any really 

detriITlental effect on the randoITllless of the nUITlber z .. 
1 

Before discussing the results obtained for this new generator, a des­

cription of the statistical tests eITlployed is given. 

4. STATISTICAL TESTS 

With one exception the statistical tests ~ITlployed were identical with 

those of MacLaren and Marsaglia [2]. All of theITl were chi- squared 

tests conducted on saITlples of 100,000 successive pseudo-randoITl nUITl­

bers, divided for convenience into 10, 000 sets of 10. One cOITlplete set 

of tests was carried out on the saITle set of 100,000 nUITlbers so that the 

results are not independent. 

Uniformity - The unit interval was divided into lOa equal cells. The 

first nUITlber of each set of 10 was used and the occurrences in each 

cell counted. SaITlple size 10, 000. 

Pairs - Successive pairs of pseudo-randoITl nUITlbers were taken as 

points in the unit square which was divided into 100 equal cells. Five 

pairs were used froITl each set of 10. SaITlple size: 50, 000. 

Triples Successive triples of pseudo-randoITl nUITlbers were taken as 

points in the unit cube which was divided into 1000 equal cells. Three 

triples were taken froITl each set of 10. SaITlple size: 30, 000. 

Maximum of n The ITlaxiITluITl of n successive pseudo-randoITl nUITl-
th bers was obtained for n = 2, 3, 4, 5, 10. The n power of the ITlaxi-

ITlUITl will also have a uniforITl distribution and it was tested using the 

UniforITlity Test. One set of n was taken froITl each set of 10 so that 

in each ca s e the saITlple size wa s 10, 000. 

Minimum of n The saITle tests as for the ITlaxiITluITl except that the 

ITliniITluITl is used. Note that it is now (l-Min)n which has a uniforITl 

distribution. 
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Range of n - The range of n successive pseudo-random numbers (i. e. , 

the maximum minus the minimum) was formed for n = 2,3,4,5,10. 

The range has a fairly simple distribution and the unit interval, over 

which the range varies, was divided into 10 equi-probable cells and 

occurrences in each cell were counted. Sample size was 10,000. This 

test was used in place of the tests on the sum of n pseudo-random 

numbers used in [2]. 

Results of the tests are given in the following manner. The probability 

of exceeding the computed value of chi-squared on the assumption that 

the pseudo-random numbers are randomly drawn from the uniform dis­

tribution U(O,l) is tabulated as a percentage. Consequently small values 

of this tabulated probability will be of particular interest to us in sug­

gesting that the assumption is suspect. Values of less than .1 % (i. e., a 

probability of .001) will be marked with an asterisk. 

5. RESULTS OF STATISTICAL TESTS 

All the evidence in [2] suggests a marked superiority of multiplicative 

generators over mixed generators. In fact the only non-randomness 

detected in the output of the former is in the Triples test. It seems 

reasonable to suppose, then, that the best combined generator would 

result from cdmbination of two multiplicative generators. This led to 

our testing the combined generator based on 

x. = (2 31 + 3) x i _ l mod 2 59 
1 

and 

29 mod 2 59 . y. = (2 + 3) Yi-l 1 

At the same time the individual x and y generators were tested in like 

manner. The individual generators have the maximum cycle length of 

2 57 which will also be the cycle length for the combined generator. 

6 



A complete set of tests on the three generators is obtained by testing a 

sequence of 100, 000 numbers from the first generator (with randomly­

chosen starting point x ), a sequence of 100,000 numbers from the sec-
o 

ond (with randomly-chosen starting point y ) and a sequence of 100,000 
o 

numbers from the combined generator (with starting points x and y ). 
o 0 

Two complete sets of tests are given in the Table together with a third 

test on the combined generator alone. The x and y generators individ­

ually display the marked non- randomne ss of triples that was discovered 
, 

by MacLaren and Marsaglia in their test\" on multiplicative generators, 

while the combined generator appears completely satisfactory. 

6. CONCLUSION 

The pseudo-random uniform number generator based on the combina­

tion of two multiplicative generators, as described above, appears to 

possess satisfactory statistical properties. It maintains the usual ad­

vantages of congruential generators - the long cycle and ease of imple­

mentation on a digital computer - and does not make any substantial 

additional demands on the computer memory. In addition, there is the 

possibility of using one pair of congruential generators to give 257 dif­

ferent cycles (each of length 2 57) by combining the congruential genera­

tors at each of the 2 57 positions relative to each other. However, the 

possible existence of correlations between sequences of numbers from 

different cycles has not yet been studied. The increased time required 

for generation of the pseudo-random numbers appears to be a very mild 

penalty to pay for the improvement in statistical properties. The logi­

cal and arithmetic operations involved per pseudo-random number take 

about 9.8 microseconds on the 6600 as opposed to 5.6 microseconds for 

the straightforward congruential generator. 
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TABLE 

Combination of 

31 59 x. " (2 + 3) x i _l mod 2 
1 31 59 

(2 29 + 3) Yi-l mod 259 Test x. " (2 + 3) xi _l mod 2 Yi " 
(229 + 3) 59 1 

Yi " Yi-l mod 2 

Uniformity 19 50 99.5 68 73 32 47 

Pairs 84 88 31 37 18 7.9 33 

Triples 34 98 46 *.0019 .11 *.000043 *.00016 

Maximum of 2 22 71 35 77 84 59 86 

Maximum of 3 33 32 73 43 96 89 85 

Maximum of 4 15 39 66 34 72 16 83 

Maximum of 5 37 19 46 32 68 .87 55 

Maximum of 1 0 36 6.2 57 14 75 79 75 

Minimum of 2 71 14 96 97 56 84 60 

Minimum of 3 82 18 83 55 51 14 99 

Minimum of 4 15 61 22 21 43 64 60 

Minimum of 5 73 14 67 44 19 74 85 

Minimum of 1 0 54 97 31 24 *.031 64 27 

Range of 2 83 77 67 80 72 72 66 

Range of 3 76 6.4 80 6.9 32 63 24 
I 

Range of 4 5.1 85 37 69 77 '25 42 
f 

Range of 5 16 9.7 29 17 12 :13 3.9 

Range of 10 86 99 17 90 33 72 62 
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