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PREFACE

This report has been prepared under the terms of Contracts
W-36-034-0RD-7481 and DA-36-034-ORD-19 (Project No. TB3-0007 F)
between the Research and Nevelopment Service, U. S. Army Ordnance
Corps and the Institute for Advanced Study. It is a final report on
the latter contract, covering the period up to 1 July 1952.

This report is issued in two parts: Part I (text) and Part
II (drawings). Part II is separate from this volume and comprises
the complete circﬁit érawings for the completed machine.

Certain accessory devices, notably a magnetic drum and an IBM
input-output system, were added in the period subsequent to 1 July

1952. These will be described in a following report.

John von Neumann
Project Director

Institute for Advanced Study
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1.

I. MATHEMATICAL ASFECTS

In the succeeding pages of this chapter we shall describe the
workings of the principal organs of the machine insofar as they con-
cern the preparation of codes. We assume the reader is familiar with
a previous report entitled, "Preliminary Discussion of the Logical De-

sign of an Electronic Computing Instrument” (1946) by Burks, Goldstine,

and von Neumsnn; in future references we indicate this report by FD.
Tn this chapter we discuss those features of the arithmetic part of
the machine which are relevant from a mathematical point of view.

In a consideration of the Arithmetic Organ one is naturally led
first to discuss the number system employed. In spite of & long stand-
ing tradition in favor of the decimal system we Were lad both by logical
and engineering considerations to employ the binary systenm. Since the
control portions of the machine are carrying out purely logical func-
tions and since logics are best expressed as binary operations the
reasons for a binary representation, at least, of the orders for the ma-
chine are evident. On the engineering eide the components out of which
the machine is constructed are again binary in nature: The "flip-flop"
1s fundamentally & binary device; the "gate" is also; and the process of
gtoring charge in the dielectric face or acfeen of the cathode ray tube
used in the Memory is again of this same character. Hence, if one con-
templates employing the decimal system, one is forced to a binary coding
of the decimal system, each decimal digit being represented by a tetrad

of bipary digits. Thus a precision of 10 decimal digits would require



40 binary digits. But in & true binary representation about 33 digits
suffice to achieve a precision of 1010. Thus one is led to use Memory
space -- recall that this is the most "expensive” portion of the instru-
ment -- wastefully. It will also be seen as the discuesion proceeds
that the arithmetic portions of the machine are much eimpler logically
and hence enginsering-wise in the binary system than in the decimal one.

To illustrate thia letter point consider the problem of multipli-
cation. In the binary system the product of a numbér x by a binary digit
is either x or null according as the digit is 1 or 0. In ths decimal
gystem, on the other hand, there are ten possible values for the product
of a digit by x, 0.x, 1.x, ..., 9.x. Thus decimal multiplication is
fundamentally a more complex operation than ig the binary one and this
will be expressed in & decimal instrument either by & circuit complica-
tion or by the multiplicetion being slower. Similar remarke can be made
about the other arithmetic processes.

It is often argued that not withstanding these complications the
decimal system is easier from the human point of view. Our machine,
however, is such that data may be introduced either binarily or decimally
snd can be withdrawn in the same fashion if desired, and this without any
circuitry. The conversions are trivially handled by extremely simple
codes.

It is perhaps well to give at this point some detalls on the method
of introducing dsta into the machine to enable the reader to develop
gradually a feeling for the overall economy of our establishment. Each

plece of information is introduced as an aggregate of 10 quantities in



the hexadecimal system. In this number system there are 15 integers 5,
..., 9, 10, 11, 1z, 13, 1%, 15 which we call O, ..., 9, A, B, C, D, E,

F. Thus the first 10 of these integers are exactly the decimal Iintegers,
so that & decimal quantity introduced into the machine is given its
familiar and usual form. A binary number or order -- these are in binary
form as will bs explained in the chapter on the code -- is expressed as
10 tetrads of binary digita, i.e. as 10 hexadecimal integers.

The decision as to whether a given quantity i{s to bde treated by
the machine ag the decimal representation of a given number or as the
hexadecimal representation of a binary number is left to the coder. I.e.,
he knows which of the data he has introduced is decimal and must be con-
verted by the machine into a binary form and which is already binary.
This decision places no more burden on the coder than does that one
vhich requires him to know which data are orders and vhich are numbers.
Indeed, the two problems are quite intimmtely related. Generally, in
coding a given problem it is the practice to place in a block of consecu-
tive positions the decimal informetion. This makes the conversiom of
these numbers into their binary form a simple inductive procedure deter-

mined only by the number of places desired and the locations of the
initisl and terminal quantities.

We leave this subject for the present and return to it later after
we have described the orders themselves.

The Arithmetic Organ is a 40-fold aggregate of binary unita. We
use the first of these to record the aign digit of a number and the re-

maining 39 for digital information. Thus each "word". i.e. amaregate of
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40 binary digits, vieved as a binary number has a precision of 2 39

~ 10-11'7. We have chosen to fix our binary point immediately to the
left of the first digit of numerical materiel, i.e. the kinary point

is fixed immediately after the sign digit. Thus the digits -- apart
from the sign -- have positional values 2'1, 2'2, coe, 2739, As & mat-
ter of fact, as far as our Adder is concermed the sign is treated as e
binary digit vith positional value 2°.

Before procesding from this point it is well to discuss our
treatment of negptive numbers in the machine since this has bearing on
the character of the Arithmetic Organ. To do this we say first a word
about our Adder. If one regards our numbers x = (xo, Xy e x39) as
Lo-diglit quantities Xy 20 4 x, - ol X39 " 2’39, then our
Adder as far as digit-adding and carrying mechanisms are concerned
functions identically in all places with one exception: If a carry
proceeds from the left-most digit, it 1s "lost" (cf., however, our dis-
cussion below of the division operation). This Qeans clearly that the
augend and addend, both of which lie between O and 2 have produced a
sum greater than 2 will omit the 2. This 1is, of course, nothing other
than a statement that the Adder functions modulo 2.

In this sense all numbers represented in the machine can be viewed
as being modulo 2. We have used this fact to determine our representa-
tion of negative numbers. If x is an arbitrary real number, then there
is exactly one number X between O and 2 with which it agrees modulo 2,
{.e. for each x there 1s & uniqus X such that 0 <X <2 and x = X (mod 2).

This fact fixes our representation of negative numbers.



At
-

We agree alweys to 3:21 with nuders x for whish -1 <x <1
Now the X sssocisted with x is x if x 225 thus, 0 €Y <1 in thig
case we revreszent x by the dlzitaltzed form c* %. It cleuarly has
Xy» 1ts sizn diglt +, 1.e. 0. If x <0, then zx = X + 2 and we have
1<x <2, i.e. the left-most digls of X 1s 1, i.e. -. Thus we always
represent a nuuber z by the digitalized form of x and have the conven-
tion that + is 0 and - 1s 1 with the left-most digit being the sign.

In closing this discussion we mention the relation of our repre-
gentation of negative numbers with that of complemsntation®. Consider
8 negative number x with -1 Sx<0and let y = -x. Then 0 <y <1
As we sald above we digitalize x by representing it as x + 2 =2 - y =
1+ (1l -y). Then the left-most digit of this representation ia, cor-

rectly, 1 and the remaining digits are those of the complement of y =

| X |- This 1s what is frequently called the representation by comple-

mentation of negative numbsers.

The Arithmetic Organ proper contains the folloving principal
units: 3 Reglsters of 40 digits each (cf. however, below for an excep-
tion to this), an Adder, various sets of gates whose functions will be
made clear in what follows, and a Control Unit to supervise the perform-
ance of the various Arithmetic orders. In the accompanying figure
We show schematically the interrelations between some of these and in

later figures we show more details.















































































































