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Hydrogen-like Impurity States
in Axially Symmetric Crystals

The ionization energies of donors and acceptors in ger-
manium and silicon have been successfully interpreted on
the basis of hydrogen-like models. In its simplest form
such a model merely changes the potential energy from
(—q?/r) to (—q*/Kr), where K is the dielectric con-
stant, and replaces the electron mass by an effective mass.!
Several authors have extended the hydrogen-like model
to the case of an effective mass tensor which is anisotropic
but has an axis of rotational symmetry.2-¢ Explicit results
were given only for cases in which the longitudinal effec-
tive mass M, is greater than the transverse effective mass
M. In addition, the method has been applied only to cubic
crystals, in which the dielectric constant, and consequently,
the potential of a point charge, are isotropic. However,
interest has recently developed in cases in which the crys-
tal has only one axis of three- or four-fold rotational
symmetry. These are CdAs;, a tetragonal crystal, and
p-type germanium and silicon elastically strained along a
symmetry axis. In these cases the dielectric constant
tensor K has the form
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where coordinate z is the symmetry axis. They differ in
one other matter of detail from those considered in the
references?-¢: although the effective mass tensors have an
axis of rotational symmetry, the transverse mass is greater
than the longitudinal mass. The purpose of this note is to
extend the method of the references to take account of
the anisotropy of the dielectric constant tensor and to
present numerical results for the case in which the trans-
verse mass is greater than the longitudinal mass.

The conditions which the potential of a point charge in
an anisotropic crystal must satisfy are
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and
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where K is the dielectric constant tensor and S is any
closed surface containing the point charge gq. It is easily
verified that the solution of (1), (2), and (3) is
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Here we introduce the “transverse Rydberg,” E:, as
unit of energy and a corresponding quantity, a;, as unit
of length:

E=M.q*/2:°K:K; (4)
a=(K1Ks)V#H2 /Mq? . )
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In the cases under consideration the symmetry axis of the
effective mass tensor is the same as that of the dielectric
constant tensor. The present method would be inapplica-
ble if this were not the case. Thus the Hamiltonian takes
the dimensionless form
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This Hamiltonian is not separable, and exact solutions of
the equation Hy=Ey have not been found. In the refer-
ences quoted2-4 the energy of the lowest state (and of
some of the excited states) was found approximately by
the variational' method. The trial function used in the
references is also suitable here. For the lowest state it is
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The parameters a, and q; are to be determined as those
which minimize the calculated energy. It is convenient to
introduce a parameter a defined by

a”=aL(K3/K1)1/2(1+a2)1/2. (6)

The calculated energy then comes out to be
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where o =(M,/M,;) (K1/K3). The hyperbolic trigonomet-
ric function results when o> 1. If » <1 the sinh-'« should
be replaced by sin-'«, and the results given in the refer-
ences are applicable. The minimum occurs when « is
related to o by

. a @ sinh-le |1
=21 sinhla— — — | (8)
(1+a2)1/2 (1+a2)3/2 (1+a2)_‘

(K /K 2

IBM JOURNAL »JANUARY 1961




Table I Parameters of hydrogen-like states.

Material Carrier M, M;/M, —E(ev) a(A4) a (4)
CdAs; electrons 0.58, 0.15> 0.047 20 12
CdAs; holes 0.346, 0.094> 0.029 32 20
Si(001)= holes 0.264, 0.196° 0.0224 28 25
Si(111)e holes 0.401, 0.128¢ 0.0242 30 20

aCrystallographic orientation of the axis of strain.
bM, H. Stevenson, to be published.
¢J. C. Hensel and G. Feher, Phys. Rewv. Letters 5, 307 (1960).

and a, has the value /
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a, can be found from Eq. (6) and E from Eq. (7). The ,/
values of E, a;, and (K1/Kj3)/?q, in the units defined by
Egs. (4) and (5) are plotted as functions of « in Figure 1. =

The results of the application of this method to CdAs; L1 ar L~
and elastically strained p-type silicon are given in Table 1. /
The anisotropy of K is not known in either of these cases,

and the values K;=K3;=10.0 for CdAs; (Ref. 5) and é
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K;=K;=12 for silicon have been used. The anisotropy
of K is probably small in strained silicon, but may be
appreciable in CdAs;.
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Figure 1 Parameters of hydrogen-like states calcu-
lated according to Eqs. (6) to (9) in the
Received October 28, 1960 units defined by Egs. (4) and (5).
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