
The  sequencing of several  project  networks on  limited  facilities i s  
discussed  under  the  assumption  that  the  projects  and  resources  have 
already  been  spea3ed  by a higher  scheduling  junction. 

A priority  function  is   proposed  which  uses  both  the local and global 
properties of the  project  networlc. 

The  resulting  schedule i s  then con,verted in to  a network  on wh.ich 
useful  alterations  can be made. 

Fabrication  and  assembly  operations 
Part V Production order sequencing 

by A. B. Calica 

Between conventional techniques of scheduling and  the  actual 
production order sequencing lies a gap which should be bridged 
to provide a logical system connection between the planning 
process and  the implementation of the shop loading function. 
Project network techniques, including PERT, generally do not 
consider the constraints on resources.1*2 It is true  that resource 
utilization can be extracted from a PERT-type schedule. However, 
there is no  guarantee that  the  amount of resources required for 
any scheduled interval of time will not exceed the  plant capacity, 
thereby making the schedule invalid. Also, if the demand for 
resources associated with the PERT schedule fluctuates severely, 
the resulting schedule may be  expensive. These considerations 
are especially acute when several project networks compete for 
limited resources. On the other  hand,  by definition, sequencing 
techniques provide a feasible loading of the shop.3 However, 
this loading is usually accomplished a t  the hazard of ignoring 
project goals in  favor of local (short-term) increases in facility 
utilization. An exception is discussed in  a  report  by B. Banerjee14 
which  is a treatment of a set of projcct-oriented heuristics for 
shop sequencing. 

In this discussion, we describe a priority  function for sequencing 
that takes  into account global as well as local properties of the 
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Figure 1 Example for calculating Dr 
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LEGEND 

Once the activities  have been sequenced by  the priority  func- 
tion, the resulting  schedule  can  be  brought into network  form 
by use of a  network  combination  algorithm. This  is an algorithm 
for  amalgamating the project  networks of one or more projects 
into a single network  having the following properties: 

The  constraints imposed by  the sequencing rule and resource 
availability  appear  as precedence relations in  the combined 
network. 
The combined  network is a  directed, acyclic PERT-tYpe network 
that contains a single source and a single sink. 

The combined network  contains the information of the original 
project  networks, the sequencing  rule, and  the resource restrictions, 
all of which are contained in a Gantt Chart' of the final schedule. 
PERT-type calculations  can  be  performed on  the combined  net- 
work, which demonstrates  in a single configuration  a  continuous 
class of feasible schedules of which the  Gantt  Chart only expresses 
the node time  and earliest-event  time. 

Constructing  a  network that contains  all the  above  properties 
might  sound  trivial, since one  can combine the original  project 
networks  into a single network by merely inserting  arrows  between 
activities  in the original  networks to indicate the precedences 
resulting  from  sequencing decisions. Unfortunately, the network 
obtained  in  this  manner is not necessarily acyclic. If an acyclic 
network is desired, a more meticulous  procedure must be followed. 
A  network  having the specified properties is obtained  from the 
following 3-step  construction: 

Step I. Arrange the activities  in  linear  chains  corresponding to 
their  ordering  function  for  each  facility. Insert  an  arc of length zero 
between the end of one activity  and  the beginning of its successor 
in the linear  chain that  has been  formed. 

Step 2. If activity A ,  directly precedes activity A,  in one of 
the original PERT networks, and A ,  and A ,  are executed on different 
facilities, insert  in the combined  network an  arc of length zero 
between the node  directly  succeeding A ,  and  the node  directly 
preceding A,. 
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Step 3. Identify  all  initial nodes to  create a  source  for the  net- 
work. Identify  all  terminal nodes to create  a  sink  for the network. 

For example,  suppose that  there  are two  projects which use 
the  three facilities A,  B, and C. The projects are represented 
as shown in  Figure 2, where an  activity is expressed by  two 
numbers  in  parentheses  denoting the predecessor and successor 
nodes of this  activity. Using the loading  rule f = F + M ,  the 
sequences of Table 1 are produced a t  each  facility.  Application 
of Steps 1 and 2 results  in  the  structure of Figure 3. Identifying 
the initial and terminal nodes, we arrive at   the PERT network 
of Figure 4 upon which the usual PERT/CPM calculations are 
performed. The critical path of the combined  network does not 
necessarily correspond to  the  set of critical  activities  in the 
original  networks. 

Theorem: The combined  network is acyclic. 

Proof: If the node  times  in the combined  network are  the  actual 
early-event  times, as is the case on  the  Gantt  Chart of the Ap- 
pendix, all  arcs  in the network  either  move  forward  in  time or 
stay even. No arc moves backward.  An arc  that moves forward 
in  time  cannot be part of a cycle, because such  a cycle would 
require an  arc  that moves backward  in  time  in  order  to close 
the cycle. If we were trying  to form  a cycle solely with arcs that 
do  not  move  forward  but  stay even,  such a cycle would contain 
at least  one  node that  has  an even-staying arc  directed  into it 
and also an  even-staying arc directed out of it. However,  such 
nodes do  not exist  because (1) nodes at  the beginning of a  produc- 
tion activity  can  have even-staying  arcs  directed  only into  them 
but  not  out of them, ( 2 )  nodes at   the end of a  production  activity 
can  have even-staying  arcs  directed  only out of them  but  not 
into  them,  and (3) we can  divide all nodes into  two classes that 
have  no  elements  in  common:  those at  the beginning of a  produc- 
tion  activity  and those at   the end of a  production  activity.  There- 
fore, no cycle can  contain  arcs that move  forward in  time or stay 
even. &ED 

To find the size of the combined  network,  suppose that  there 
are IC projects (PI, . . . , P,) and nx machines (J1, . . . , J,) such that 
ci is the number of arcs  in project Pi (i = 1, . . . , k ) ,  F i  is the 
number of arcs  from  all  projects for machine J i  ( j  = I, . . , m) ,  
and A* is  the  number of activities  in the  entire  program.  Then 

k n 

A* = c c i  = CFj. 
i = l  i - 1  

Let 

Ri = P ~ P X ,  

where the domain of n is the  set of nodes of project Pi, where pn 

n 
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Program  duration: 

a  priori duration 2 50 

actual  duration = 56 
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1 Summary of time requirements 

MACHINE 

PROJECT I II 111 IV V VI TIMEIPROJECT 

1 3 6 1 3 6 7 26 
2 10 8 5 4 10 10 47 

3 9 1 5 4 7 8 34 
4 5 5 5 3 8 9 35 
5 3 3 9 1 5 4 25 

6 10 3 1 3 4 9 30 

40 26 26 18 40 47  197 

TlMElMACHlNE  Total time 

Node densities 

NODE 

PROJECT 1 2 3 4 5 6 7 

1 1 3 7  1 3 9  
2 147  

1 4 7  1.00  1.00 
1 00 

1.00 

1 00 1.00 
3 1 03 

1.00 1.00 
1 04 1.04 1.06 1.00  1.00 1.00 

4 1 00 

5 1 47 
1.00  1.00 1.00 1 00 1 00 
1 63 

1 00 

1.00 1.00 1.00 - - 
6 1 3 1  1 2 0  1.36 1.00 1.00 - - 

- 
- 

Symbols and abbreviations used in this example 

P Project number 
J Machine  number 
M Processing time 
t Clock time 

S Project slack at  t i  
F Activity float a t  t i  

D Node density 
f Value of priority  function 
L This  activity  starts (is loaded) a t  ti 
A This  activity is brought  into queue (added) a t  ti 
R This  activity is running 
0 This  activity is taken off a t  t i+l  

At t i  - t<-1 

Initial slack computations 

(to = 0)  

PROJECT  SLACK 

33 
21 

Detailed sequencing 

TIME 1 JOBS ON OR IN QUEUE AT ti  

t o  = 0 1 I11 1 31 0 1.39 23.0 
2 I1 8 18 0 1.00 26.0 
2 111 5 18 3 1.00 26.0 
3 111 5 17 0 1.04  21.2 L 
4 I1 5 15 0 1.00  20.0 L 
5 I1 3 33 9 1.00 45.0 
5 I11 9 33 0 1.63 25.8 
6 I1 3 27 0 1.20 25.0 
6 IV 3 27 9 1.36 L 

I " 
I1 4 5  L 
TI1 3 5 L 
IV 6 3 L,O 
v " 
VI - - 

Jobs off this  step: 0 
Jobs loaded: 3 
Total off: 0 
Total loaded: 3 
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JOBS ON OR IN QUEUE AT t i  

P J M S F  D f 

1 I11 1 28 0 1.39 
2 I1 8 15 0 1.00 
2 I11 5 15 3 1.00 
3 I11 2 17 0 1.04 R 
4 I1 2 15 0 1.00 R 
5 I1 3 30 9 1.00 
5 I11 9 30 0 1.63 
6 I1 3 24 0 1.20 

1 I11 1 26 0 1.39 19.4 L 
2 I1 8 13 0 1.00 21.0 
2 I11 5 13 3 1.00 21.0 
3 IV 4 17 0 1.04 A,L 
4 I 5 15 0 1.00  A,L 
5 I1 3 28 9 1.00 40.0 
5 I11 9 28 0 1.63 22.7 
6 I1 3 22 0 1.20 20.8 L 

1 I 3 26 0 1.47 A 
2 I1 8 12 0 1.00 
2 I11 5 12 0 1.00 17.0 L 
3 IV 3 17 0 R 
4 I 4 1 5 0  R 
5 I1 3 27 9 1.00 
5 I11 9 27 0 1.63 22.1 
6 I1 2 22 0 1.20 R 

1 I 3 24 0 1.47 
a I1 8 10 0 1.00 18.0 L 
a I11 3 10 R 
3 IV 1 17 R 
4 1  4 1 5  R 
5 I1 3 25 9 1.00 37.0 
5 I11 9 25 0 1.63 
6 VI 9 22 0 1.36 A,L 

1 I 3 23 0 1.47 
2 I1 7 10 R 
2 I11 2 10 R 
3 VI 8 17 0 1.06 A 
2 1  4 1 5  R 
5 I1 3 24 9 1.00 
5 I11 9 24 0 1.63 
3 VI 8 22 R 

1 I 3 22 0 1.47 L 
2 I1 6 10 R 
2 I11 1 10 R 
3 VI 8 16 0 1.06 
i I11 5 15 0 1.00 A 
5 I1 3 23 9 1.00 
5 I11 9 23 0 1.63 
6 VI 7 22 R 

JOBS ON AT t ,  

J P M  

I " 
11 4 2  0 
I11 3 2 0 
IV - - 
V " 
VI - - 

I 4 5  L 
I1 6 3  L 

I V 3 4  L 
v " 
V I  - - 

I11 1 1 L,O 

1 4 4  
I1 6 2  0 
I11 2 5 L 
IV 3 3 
V " 
VI - - 

1 4 2  
[I 2 8  L 
111 2 3 R 
[ V 3 1 0  
v " 
V I 6 9  L 

[ 4 1  0 
[I 2 7 
[I1 2 2 
[V - - 
v " 
VI 6 8 

1 3  L 
[I 2 6 
[I1 2 1 0 
[V - - 
v " 
VI 6 7 

SUMMARY 

lobs off this  step: 1 
lobs loaded: 0 
rota1 off: 1 
rota1  loaded: 3 

lobs off this  step: 2 
robs loaded: 4 
rota1 off: 3 
M a l  loaded: 7 

'obs off this  step: 1 
.obs loaded: 1 
Cotal off: 4 
rota1 loaded: 8 

.obs off this  step: 1 

.obs loaded: 2 
Total off: 5 
'otal 1oaded:lO 

obs off this stjep: 1 
obs loaded: 0 
'otal off: 6 
'otal loaded: 10 

obs off this  step: 1 
obs loaded: 1 
'otal off: 7 
'otal loaded: 11 



lOBS ON  OR  IN QUEUE AT t i  

P J M S F  D f 

1 I 2 22 0 1.47 R 
2 I1 5 10 R 
2 VI 10  10 3 1.00 A 
3 VI 8 15 0 1.06 
4 I11 5 14 0 1.00 19.0 L 
5 I1 3 22  9 1.00 
5 I11 9  22  0 1.63  19.01 
6 VI 6 22 R 

1 I1 6 22 0 1.00 A 
1 VI 7  22  2 1.00 31.0 A 
2 I1 3 10 R 
2 VI 10  10 3 1.00 23.0 
3 VI 8 13 0 1.06 19.8 
4 I11 3 14 0 1.00 R 
5 I1 3 20 9 1.00 
5 I11 9 20 0 1.63 
6 VI 4 22 R 

1 I1 6 19 0 1.00 25.0 
1 VI 7 19 0 1.00 26.0 
2 V 10 10 0 1.00 A,L 
2 VI 10  10 0 1.00 20.0 
3 VI 8 10 0 1.06 16.9 
4 IV 3 14 0 1.00 
5 I1 3 17 0 1.00 20.0 L 
5 111 9 17 0 1.63 L 
6 VI 1 22 R 

1 I1 6 18 0 1.00 
1 VI 7 18 0 1.00 25.0 
Z V  9 9  R 
1 VI 10 9 0 1.00  19.0 
3 VI 8 9 0 1.06  17.0 L 
% IV 2 14 R 
i I1 2 17 R 
5 111 8 17 R 

6 V  4 22 7 1.00 A 
6 I 10 22 0 1.00 A,L 

1 I1 6 16 0 1.00 L 
1 VI 7 16 0 1.00 23.0 
2 V  7 7  R 
2 VI 10 7 0 1.00 17.0 
3 V I  6 9  R 
4 V 8 14 0 1.00 A 
5 I11 6 17 R 
6 1  8 2 2  R 
6  V 4 22 5 1.00 

JOBS ON AT t i  

J P M  

1 1 2  0 
11 2 5 
111 4 5 L 
IV - - 
v " 
VI 6  6 

I " 
I1 2 3  0 
111 4  3 0 
IV - - 
v -- 

VI 6 4 

I " 
I1 5 3  L 
I11 5 9 L 
I V 4 3  L 
V 2 1 0 L  
V I 6 1  0 

I 6 1 0 L  
I1 5 2  0 
111 5 8 
[ V 4 2  0 
v 2 9  
VI 3 8 L 

1 6 8  
11 1 6 L,O 
111 5 6 0 
IV - - 
v 2 7  
V I 3 6  0 



JOBS ON OR I N  QUEUE AT t ,  

P J M S F  D f 

1 IV 3 12 4 1.00 A,L 
1 VI 7 12 0 1.00 19.0 
2 v  1 1  R 
2 VI  10 1 0 1.00 11.0 L 
3 I 9 9 0 1.00 A 
3 I1 1 9 15 1.00 AIL 
4  V 8  8 0 1.00 16.0 
5 I 3 17 0 1.00 A 
5  V 5 17 2 1.00 24.0 A 
6 1   2 2 1  R 
6  V  4 21 0 1.00 25.0 

1 IV 2 11 R 
1 VI 7 17 0 1.00 
2 VI 9 1 0 1.00 R 
3 I 9 8 0 1.00 
4 V 8 7 0 1.00 15.0 L 
5 I 3 16 0 1.00 
5 V 5 16 2 1.00 23.0 
6 1  1 2 0  R 
6 V 4 20 0 1.00 24.0 

1 IV 1 10 R 
1 VI 7 10 0 1.00 
2 VI 8 1 0 1.00 R 
3 I 9 7 0 1.00  16.0 L 
4 V 7 7 0 1.00 R 
5 I 3 15 0 1.00 18.0 
5 V 5 15 2 1.00 
6 I11 1 19 6 1.00 A,L 
6 V 4 19 0 1.00 

1 VI 7  9  0 1.00 
2 V I  7 1 R 
3 1  8 7  R 
4 V  6 7  R 
5 I 3 14 0 1.00 
5 V 5 14 2 1.00 
6 V 4 18 0 1.00 

1 VI 7 3 0 1.00 
2 V I  1 1  R 
3 1  2 R 
4 VI 9 7 0 1.00 A 
5 I 3 8 0 1.00 
5 V 5 8 2 1.00  15.0 L 
6 V 4 12 0 1.00 16.0 

JOBS ON AT t i  

J P M  

I 6 2  

I11 - - 
I V 1 3  L 
V 2 1  0 
VI 2 10 L 

I1 3 1 L,O 

I 6 1  0 
I1 - - 
I11 - - 
IV  1 2 
V 4 8  L 
VI 2  9 

I 3 9  L 
I1 - - 
I11 6 1 L,O 
I V 1 1 O  
v 4 7  
VI 2 8 

I 3 8  
I1 - - 
I11 - - 
IV - - 
V 4 6  0 
VI 2 7 

r 3 2  
[I - - 
[I1 - - 
[V - - 
v 5 5  L 
V I 2 1  0 



JOBS ON OR I N  QUEUE AT 

P J M S  F D f 

1 V I  7 2 0 1.00 0.0 L 
2 I 10 1 0 1.00 11.0 A 
3 1  1 7  R 
4 VI 9 6 0 1.00  15.0 
5 I 3 7 0 1.00  10.0 
5 v  4 7  R 
6 V 4 11 0 1.00 

_ ~ ~ _ _ _  

1 V I G 2  1t 
2 1 10 0 0 1.00 10.0 
3 v 7 7 0 1.00 A 
4 VI 9 5 0 1.00 
5 I 3 6 0 1.00 9.0 L 
5 V  3 6  R 
6 V 4 10 0 1.00 

1 V I 3 2  R 
2 I 10 -3 0 1.00 L 
3 V 7 4 0 1.00  11.0 L 
4 VI 9 2 0 1.00 
5 VI 4 6 0 1.00 A 
6 V 4 7 0 1.00  11.0 

1 v 6 2 0 1.00 A 
2 1  7 - 3  R 
3 V  4 4  It 
4 VI 9 -1 0 1.00  9.0 
5 VI 4 3 0 1.00  7.0 L 
6 V 4 4 0 1.00 

1 1' 6 "2 0 1.00 6.0 
2 I 3 -3 0 1.00 R 
4 VI 9 -5 L 
5 I V  1 3 0 1.00 A,] 
6 V 4 0 0 1.00  4.0 L 

1 V 6 - 3  0 1.00 
2 I 2 -3 0 1.00 R 
4 VI 8 -5 R 
6 V  3 0  R 

1 V 6 -5  0 1.00 
2 IV 4 -3 0 1.00 A,] 
4 VI 6 -5 R 
6 V  1 0  R 

JOBS ON AT t ,  

J P M 

I 3 1  0 
I1 - - 

TV - - 
V 5 4  
V I 1 7  L 

rII - - 

r 5 s L,O 
11 - - 
I11 - - 

v 5 3  0 
1v - - 
VI 1 6 

r 2 1 0 ~  
I1 - - 
I11 ~ - 
I V  - - 
V 3 7  L 
V I 1 3  0 

I 2 7  
I1 - - 
I11 - - 
IV - - 
V 3 4  0 
VI 5 4 L,O 

I 2 3  
I1 - - 
111 - - 

V 6 4  L 
V I 4 9  L 

117 5 I L,O 

I 2 2  0 
I1 - - 
111 - - 
I V  - - 
V 6 3  
VI 4 8 

I -- 
I1 - - 
I11 - - 
I V 2 4  L 
V 6 1  0 
VI 4 6 



JOBS ON OR I N  QUEUE  AT t 

P J M S F  D f 

1 V  6 - 6  L 
2 IV 3 -3 R 
4 VI 5 -5  R 

1 V  3 -6 R 
4 VI 2 - 5  I3 

1 V   1 - 6  R -I- 

JOBS ON AT ti  
SUMMARY 

J P M  

I " Jobs off this  step: 1 
I1 - - Jobs loaded: 1 
I11 - - Total off: 33 
IV  2 3 0 Total loaded 36 
V 1 6 L Project 6 finished 
VI 4 5 

I -- Jobs off this  step: 1 
I1 - - Total loaded: 0 
111 - - Total off: 34 
I V  - - Total loaded: 36 

V I 4 2  0 
V 1 3  Project 2 finished 

I - -  Jobs off this  step: 1 
I1 - - Jobs loaded: 0 
I11 - - Total off: 35 
IV  - - Total loaded: 36 
V 1 1 0 Project 4 finished 
VI - - 

I " Jobs off this  step: 1 
I1 - - Jobs loaded: 0 
I11 - - Total off: 36 
IV - - Total loaded: 36 
v -- Project 1 finished 
VI - - 

VIACHINE I rn 6 3 5 2 

MACHINE 1 1  

4 6  2 5 1 3  

rlACHlNE 1 1 1  

3 1 2  4 5 I B  
El131 141 1 1 1  
4ACHlNE IV 

MACHINE V 

2 4 5 3 6 1 

MACHINE VI 

6 3 2 1 5 4 

10 20 30 40 50 

TIMEL 


