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computational ease are  often more important  than rigor in  the 
iterative give-and-take milieu of system design.’ We therefore dis- 
cuss a  straightforward  approximation that requires a modest 
amount of processing. While the method is too  tedious  for manual 
solutions, i t  lends itself well to computer  computation.  With  a 
medium-sized computer,  problems  involving,  say,  two hundred 
terminals  can be solved in  under  ten minutes.  Experience on  test 
problems  suggests that  the approximations  obtained are sufficiently 
accurate for engineering practice;  in  fact, for problems of non- 
trivial size, manual checks have always failed to improve  on 
solutions. The method  assumes that suitable  line  loading  factors 
are given. 

An algorithm for constructing a multipoint network 
Figure 1 illustrates a typical  network  consisting of remote loca- 
tions,  communication facilities, and a single control  center  (data 
processing center). For given  performance  requirements, the objec- 
tive of network design is  to  determine an economical pattern 
for connecting  remote  locations to  the center. The size and  type 
of network  required  depends  upon the application. The simplest 
type of network is the one  in which a  control  center is connected 
to each  remote  location  by  a  separate  line (see Figure 2). Inasmuch 
as  there  is only  one  way  in which to make the connections, a 
network of this  type  presents no configuration problem. But by 
its  very  nature,  it  tends  to be the most expensive type.  Such a 
network  can seldom be justified  except  in specialized applications 
where  terminals are very  heavily used or  equipment design 
precludes the sharing of lines. 

A second network  type  retains  the single control  center, but 
is characterized  by the presence of one or more multipoint lines. 
I n  each  multipoint line, the link that feeds the control  center 
will be termed the central link. For example, the configuration 
of Figure 3 contains four multipoint lines and two single link lines. 
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Figure 2 Point-to-point  network 

Figure 3 Multipoint  linkage  net- 
work 
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Figure 4 A network that contains  multipoint lines will be  referred to 
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as a multipoint  network. A multipoint  network  can  be difficult 
to optimize-even with a relatively  small  number of remote 
locations-because the  number of possible configurations that 
can exist is very  large. The magnitude of a  multipoint  configuration 
problem  for n points  can  be  illustrated  by the  fact  that  the  total 
number of possible configurations is considerably  greater than 
n factorial. For example, when n = 5, the number of possible 
configurations  reaches 1416. Moreover, when n = 10, the number 
of combinations exceeds three  and  one half million. Thus, even 
for  modest  values of n, i t  is unrealistic to  try  to  evaluate all 

I n  order to construct  a  communications  network,  some  means 
of establishing the distance  between  points is necessary. This is 
generally  done with  the aid of a  rectangular  grid  system,  each 
point being identified by a unique  pair of coordinates. The distance 
between  two  points P I  and P,  can  then be defined as a  function 
of the coordinates (x,, yl) of points P ,  and (x,, y,) of point P,. 
The most widely-used grid  system  for the continental  United 
States,  Canada,  and Mexico provides V-H (vertical and  horizontal) 
coordinates for use in  determining d i~ tance .~   The  distance be- 
tween  two  points P ,  and P,  with  coordinates (V,, H, )  and (V2, H z ) ,  
respectively, is defined as 

D possible configurations. 

The  factor  10  enters because of the  manner  in which the coor- 
dinates  are scaled  in  this  grid  system. 

distance,  distance will suffice as the basic variable  in the con- 
struction of a most-economical configuration. On the  other  hand, 
if more than one tariff applies, e.g., an  interstate tariff plus  one 
or more intrastate tariffs,  cost must  be  taken  into  account  in 
constructing an  optimum configuration. 

Since a communication  line is capable of transmitting only 
a limited  amount of traffic in  a  given interval of time  and  still 
satisfy the application  requirements, the desired configuration 
will be  determined,  in  part,  by  the  amount of traffic a t  each re- 
mote location and  the  amount  the  line  can  handle.  The  method 
to  be described assumes that  the line-loading capabilities are given. 

In explaining the algorithm, we will assume that cost is 
proportional to distance; the more  general case is discussed later. 
The algorithm  assumes that a maximum-distance  configuration 
is one  in which each  remote  location is connected to  the center 
by a single link. (If the traffic a t  a  location exceeds the capacity 
of a single line, the required  number of lines is determined.) 
Each  initial fully-loaded line is set aside because i t  obviously 
cannot  be  multipointed. Traffic volumes  permitting, however, 
the formation of multipoint lines for the remaining  points may 
lead to distance  savings. For example, as  illustrated  in  Figure  4, 

Figure 5 If a single-line tariff applies, and if cost is proportional to 
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a savings equal to the difference between the lengths of the central 
link A  and  link  AB  can  be realized if points A and B  are  multi- 
pointed on line B.  A  still  greater savings could be achieved by 
placing all three  points A,  B, and  C  on one line (by forming link 
BC and removing central  link  B). In  general, if a savings is  possible, 
it is attained by removing a  central  link  and  inserting  another 
link.  Such changes are made one a t  a time, and  any change can 
affect subsequent changes. 

To determine the order in which changes should be made, let 
Tx;  yz denote the trade-o$ value involved in removing central  link 
X and forming link YZ.  For each line in  a configuration, there  may 
be several T’s, one for each line to which the given line can be 
connected and  still perform satisfactorily. Since combined traffic 
cannot be greater than one line can handle, traffic volume is 
checked before an  attempt is made to compute T .  

Assume that Figure 5 represents  an  initial maximum cost 
configuration, and that fully loaded lines have been set aside. 
Let each line be identified by  the point that is connected directly 
to  the center.  Initially,  there  are as many lines as  remote  points, 
but, as multipoint lines are formed, the number will decrease. 
Let all of the T’s be computed  for  a given line, and  let f’ denote 
their maximum. Moreover, let T denote the maximum for all 
lines. If T = T A : A B ,  then  the configuration in  Figure 5 would 
be modified as shown in Figure 6. 

Removal of a central  link  may  render  certain T’s invalid. 
For example, if f’ for line B is given as T A : A B ,  this is no longer 
valid if central link A does not exist. The maximum T for line B, 
when initially  determined,  may  have  indicated replacing central 
link B by  link  BC. Since line B now has  the combined traffic 
of points  A  and B (see Figure B), line C  may  not be able to handle 
the  total traffic. If this is the case, the f’ for line B is no longer 
valid and  a new one must be computed.  After the 9’s are  updated 
as necessary, another T is chosen. If T turns  out  to be T,:Ec,  
then the configuration in  Figure 6 is  modified as shown in Figure 7. 

It should be noted that this procedure provides for the building 
of one or more multipoint lines a t  a  time.  A  point on a line is 
always linked to  its nearest neighbor as  a  result of changes. In 
Figure 7, the  set of 9’s consists of four values, one each for lines 
B, C, F, and G. If any of the  initial 9’s for these lines has been 
invalidated  due to changes, they  must be recomputed. However, 
a new f’ is never greater than  the old one. Therefore, until  an 
invalid f’ is  chosen as  a T ,  it need not be recomputed. 

When computing T for line B  relative to line C, all points 
in line C must be considered. However, by definition of trade-off 
value, all points  have  already been connected to their  nearest 
acceptable neighbor. Thus,  the linkages previously established for 
lines B  and  C will remain; it is only necessary to consider the 
shortest  link that will connect the two lines. The difference 
between this link and  central  link B will produce the T for line  B 
relative to line C. Of course, if line C cannot  handle the additional 
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Figure 10 Flow diagram of basic 
method 
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traffic from  line B, it should not  be considered in  computing 
a new T for  line B. Assuming that C  can  handle the traffic, and 
that  i t  produced the  greatest T ,  such that T = TB:AC,  Figure 7 
would be modified as  shown in  Figure 8. If, on  the  other  hand, 

for  line  C  became T and implied the replacing of central  link  C 
with  link  CF,  Figure 7 would be modified as  illustrated  in  Figure 9. 
The required  configuration has been  formed when T is found 
to be n e g a t i ~ e . ~  A  flowchart of the method is shown  in Figure 10. 

Extensions to  the basic  algorithm 
If distance  and cost are  not  proportional,  the  algorithm  can 
still  be  made applicable by basing the 7”s on cost rather  than 
distance.  Although  cost is often  proportional  to  distance,  there 
are cases in which the  shortest  distance does not  imply  the  least 
cost. This  can be  illustrated  by  a  network  wherein  both  inter- 
state  and  intrastate tariffs  apply.  Since the cost per mile is gen- 
erally  different  for the two tariffs, it becomes necessary to de- 
termine  not  only  distance  but also which tariff to use  for  costing 
purposes. A  line is classified as  intrastate if and  only if all  links 
forming that line are  within  the  same  state.  When one of the 
links  extends  across the  state boundary, the line becomes inter- 
state  and all  links are costed  according to  the  interstate tariff. 
Since intrastate tariffs are generally  higher in cost, it is possible 
that  the maximum T for  a  given line does not  result  from con- 
necting  a  point  to  its  nearest  neighbor. 

Assume in  Figure 11 that points  A  and B lie within the 
same  state  as  the  center  point D, but point  C lies outside the 
state.  In computing ? for line A, two T’s, one  associated  with 
line  C and  another  with line B,  are  evaluated. It is obvious, 
in  the case of distance, that replacement of central  link  A  with 
link  AB would produce  a  greater  savings than replacing  A with 
AC. However,  since the link AC will be  costed on  the basis of 
the  interstate tariff,  whereas  AB is based on  the  intrastate  tariff, 
the replacement of A with  AC  may produce the greater  savings. 

An important difference between  implementation of the min- 
imum-dist.ance and  the minimum-cost  algorithm is that whenever 
a T is computed it  cannot  be assumed that each point  has been 
connected to  its nearest  neighbor. It is therefore  necessary to 
restructure  the linkages to  assure  that each  point is linked to 
its  nearest neighbor  before  evaluating  costs to determine T.  

In  the basic  algorithm, i t  is assumed that only  one  line type 
is  involved. The  amount of traffic that a  line  can  handle is a 
function of transmission  speed and consequently  line type;  the 
greater the speed of a  line, the larger the volume of traffic it 
can  handle. However, since the cost  per mile increases with an 
increased  speed  capability, it is not obvious which type of line 
will form the most economical configuration. By using the algo- 
rithm  to construct  configurations  for  each type line to  be con- 
sidered, the most economical type  can  then  be selected. 
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