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We describe in this report various methods, iterative and "almost
direct," for solving the first biharmonic problem on general two-
dimensional domains once the continuous problem has been approximated
by an appropriate mixed finite element method. Using the approach
described in this report we recover some well known methods for solving
the first biharmonic equation as a system of coupled harmonic equations,
but some of the methods discussed here are completely new, including a
conjugate gradient type algorithm. In the last part of this report we
discuss the extension of the above methods to the numerical solution of
the two dimensional Stokes problem in p- connected domains (P3Z 1)

through the stream function-vorticity formulation.
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1. INTRODUCTION.
Throughout this paper {2 denotes an open set of R2 of boundary T. Given

three functions f,gl,gz,we shall consider the Dirichlet problem for the

biharmonic operator

rly = g
®) | vlp =g

oY _

n - 82

This problem arises in fluid mechanics and in solid mechanics (bending

of elastic plates).

. 2
In fluid mechanics the stream functions ¥ of incompressible flows inR",
at low Reynolds number,is the solution of a problem (PO), provided that

Q is simply connected. If § is multi-connected, ¥ satisfies also a bihar-

monic equation but the boundary conditions are more complicated (see

Sections 6 and 7). In R?, for axisymmetric flows, ¥ is the solution of a
Dirichlet problem for an operator E2 where E is an elliptic operator of
order 2, (see HAPPEL-BRENNER [29]) ; however the method to be described

can be easily adapted to this situation.

For incompressible flows at large Reynolds numbers, described by the
Navier-Stokes equations, a good code for the numerical solution of (PO)

is of great practical interest because many iterative techniques for

the resolution of the Navier Stokes equation requires the numerical
solution of a cascade of biharmonic problems like (Po). This is clearly
shown in FIX [18), [19, ROACHE [40, ROACHE-ELLIS [42) for the 2 dimensional
case. Generalization of the following ideas can also lead to codes for
solving the 3 dimensional Navier-Stokes equation (GLOWINSKI-PIRONNEAU [24])

and for multiconnected bidimensional domains (see Sections 6 and 7).

Finite difference discretization of (Po) are not feasible in many cases,
namely when the geometry of Q is complicated. Standard finite element
methods for solving (Po) require rather sophisticated finite elements
such as the 2l1-degree-of-freedoms of ARGYRIS (see ARGYRIS-DUNNE [ 1 1)

or non conforming elements of Hermite type.



Recently a new class of methods, called mixed methods has been proved to
be quite appropriate to the biharmonic operator (CIARLET-RAVIART [10],
BREZZI-RAVIART [ 61, ODEN [371). Their drawbacks lie in the fact that

they require the solution of rather large non-symmetrical linear systems.

Our method is closely related to the mixed methods but its implementation
is quite different and much easier. In the continuous case the underlying

idea of the method can be outlined as follow :

If wo denotes the solution of

2 .
AWy = £in 9 Bbp _ 0, bolp = g

then gﬂg)is the solution of (PO) with £=0, g]=0,and g, replaced by

g2 - 532 . Therefore from now on we assume that f = 0, g]= 0.

Let W = - Ay and suppose that A = wlF is known. Then (Po) splits into
two-Dirichlet problems for - A :

- fw =0 in 8, - M - win @,
(1.1) (1.2)
U)ll-.=}\, l’)ll-.=0.

Y .
Let A denote the linear operator A + - E%IF’ where ¥ is computed by (1.1),
(1.2). Then we shall show that the solution of (Po) is the solution of (1.1),
(1.2) with A solution of the linear problem

(EO) AX=—g2/

More precisely it can be shown that the solution of (1.1),(1.2),(EO) is the
solution of a mixed variational formulation of (Po)' Furthermore A is symmetric
—l/Z(F)

(). This last property is numerically very important,

positive definite,strongly elliptic from the boundary Sobolev space H
to the Sobolev space H]/2
provided it is preserved by the discretization, because it insures that (Eo)
is a well behaved linear system. From the theoretical point of view it means

also that (Eo) is an integral formulation on I equivalent to (PO).
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The feasibility of the method relies entirely on the ellipticity of A.
Thus beside the statement of the method, the main purpose of the paper
is to show that A is a symmetric positive definite operator on the

1/

Sobolev space H 2(1") and that the nice properties of A are preserved
by the finite element discretisation. The proofs use a mixed formulation
of (Po) equivalent to (1.1), (I.2),(Eo). Therefore (1.1), (1.2),(Eo)
is also a nice way of solving the mixed formulation of the biharmonic
problem. This remark provides us with an error estimate for the method

(Section 3.3).

Unless (Po) is to be solved many times for different f and g's it is much
faster to use a conjugate gradient method for the resolution of the dis-

crete analogue of (EO).

Historically, the decomposition of (PO) into (1.1) and (1.2) is known in
fluid mechanics. Quite a few paper have made use of it ; among others let s
mention SMITH [441,[451,[46], BOSSAVIT [4], EHRLICH [141,[151,[16], Mc LAURIN
[34], EHRLICH-GUPTA (7], GREENSPAN-SCHULTZ [8]. However these works are
related to finite differences approximations on rectangles and are not

using the fact that the discretized problem is equivalent to a linear system,
related to the discrete trace of - Ay, whose matrix is positive definite.

We have also the feeling that our approach answers some of the questions
arising in FIX [18, [19. Thus to our knowledge, most of the methods to be

described are new.

Numerical experimentations have been done to test the methods described
later ; the corresponding results will be published elsewhere. However

some indications will be given in Sec. 8.



2. THE CONTINUOUS PROBLEM

2.1. Functional background and notations.

The following linear spaces play a fundamental part in the study of

the continuous problem

Bzv

ov 2 2 ..
.EL(Q) ,m{j— elL"(Q) , 1<i,j=<2},

# @ - lverll@, &
1

v= HZ(Q) nH;(Q) ={ve HZ(Q)|vlF =0},
@) = ver@|v =2 =0 on 1),

on

2
The space H'(f) is a Hilbert space for the scalar product

2 2
du ov o u 9
(u,v) = (u,v) +Z(——,—-——> +Z ( I
12 (Q) 2@ ion,2 % T %% T2y qh3o1,2 9% 0% 9%, 0x,

L2
If @ is bounded and its boundary I' is smooth one can show the following :

Proposition 2.1. : The mapping v +||Av” 9 defines a norm on V
Q)
equivalent to the norm induced by H(Q). =

We shall also use the following spaces :
HQ;8) = {ve L2@|avel?@)},
¥ = {veH(®;d)|Av = 0}.
The space H(Q;A) is a Hilbert space with the scalar product

(u’v)H(Q;A) = (u,v)LZ(Q) + (Au,Av)LZ(Q).

The norm associated with it is

2
@0 il = Al 5 e llavl® 512

Q) L ()

From (2.1) it is easy to show the
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Proposition 2.2. : On ¥ the topologies induced by H(Q;A) and LZ(Q)

are identical.

2.2. Traces properties

Let Yo’ Y be the following trace mappings

v =v| v =
Yo r> Y on'T

The following results are shown in LIONS-MAGENES (32] and the references

therein
Proposition 2.3 .: The mapping {YO,Y]} is linear continuous and onto
520y x w20y £rom HE@;).
Proposition 2.4. : The mapping {YO,Y]} is linear continuous and onto
1 2
HB/Z(T)X H /Z(F) from H (Q).
_ , . 1/2
Proposition 2.5. : The mapping Y 1is onto H ""(T) from V.
Proposition 2.6. : Restricted to )} the mapping Y, is an isomorphism

(topological and algebraical) from ¥ _onto g /2@y,

2.3. Green's formula

We shall denote by <¢,*> (resp. <+,® >>) the bilinear form of the

duality between H]/Z(F) and H—]/z(F) (resp. H3/2(F) and H—3/2(T))
(). well(D)

1/2

which extends (*,*) , i.e. <v,w> = [vwdl yveH
2 r

L(r) 3/2 2

(resp. <v, w» = frvwdF Yve H (I'), we L™(T)). Then Green's formula

(see B2) is written

K J vAudx - J uAvdx = <Ylu,y V> - Ly u,Y]v»
Q Q o 0

(2.2)

Yue HZ(Q) ,VveH(Q;0) .




2.4. Existence, unicity and decomposition results for (PO).

Let us assume that in (Po) one has

3/2

2.3) £ <12 , g, B 2ry, gzeHllz(F).
From [32] we have the
Theorem 2.1. : Problem (Po) has one and only one solution in HZ(Q). "
Then it is easy to show the
Proposition 2.7. : Problem (PO) is equivalent to

|_Aw=f,
(2.4) -N =W,

l Yow = gl, Y]RU = gz‘
Remark 2.1. : The decomposition (2.4) is well known in fluid mechanics:

w 1is the vorticity and ¥ the stream function.m

In the following the trace of w on I' will play a key role, both

theoretically and numerically.

Proposition 2.8 : If conditions (2.3) on f,g‘,g2 hold, then_®w admits

a trace YJUEH-I/Z(T).

. 2 2 2
Proof : Since Ve H(R) , w =- A e L°(R) and from (2.4),Mw = -f ¢ L°().
Therefore w ¢ H(;A) and from Proposition 2.3 , YW € H_I/Z(P).

2.5. Study of the relation between Yow and Y]w

A few iterative schemes for the numerical solution of (Po) (see [9],
BOURGAT [571, GLOWINSKI [21], Sec. 5 below...) as well as the quasi-direct
method below are in fact based upon the results of this section. In this

direction Lemma 2.1. below is essential.



Lemma 2.1 : Let Aen /2

I') then the following holds ;

(i) The problem

A%y
(2.5) {9lp
- Awlr = A

has a unique solution in V = HZ(Q) n Hcl)(S'Z).

.(ii) If ¢y is the solution of (2.5) in V, the (unbounded) operator A

defined by
(2.6) AX = -y 0
- 1/2
is an isomorphism from H 1/2(1") onto H / .
. -1/2 -1/2 .
(1ii) The bilinear form a H (T') xH (T) >R defined by
2.7) a(A,p) = <A\,u>
1/

-1/2 . .
is continuous, symmetric and H (T)-elliptic.

Proof of (i) : The variational problem
_ BV V
MAvdx = - <a—n— , A> VveV,
(2.8) &
Yev ,

has one and only one solution. This result is classical. Nevertheless
let us prove it : the domain  being bounded and the boundary I' of

being reqular, HAVH 9 defines on V a norm equivalent to the norm

induced by HZ(Q) (see Proposition 2.1.). Therefore the bilinear form

(ll ’V) > f AuAvdx
Q



is continuous on V XV and V-elliptic. The mapping Yl is linear continuous

1/2

from HZ(Q) to H (T) (see Prop. 2.4), therefore

A

dv
(2.9) [<gy s 2| = [<yv,a>] < [IA] _ Iy, vll < cljA]l vl
n 1 H 1/2(1..) 1 H1/2 T) H'I/Z(r) 0 .

. ov
Thus the mapping v =+ < PPk A> is continuous from V to R. The conditions
of application of the Lax-Milgram theorem being fulfilled, we deduce

from it the existence and uniqueness of Y solution of (2.8).

Let us show that § is also the solution of (2.5). The set of Cw(ﬁ)—

functions with compact support, D(R), being included in V, we have

(2.10) J MAvdx = 0 Yve DEQ).
Q

Therefore

(2.11) 2%y = o.

Let w = - AY,then weLz(Q) and,from (2.11), Aw = Q,therefore
(2.12) WE M .
From Green's formula (see N° 2.3) and from (2.11)

0 = JQAwAvdx +<<yov,YlA1p>> - <ylv,yoA1p> VveHz(Q).
If veV, Yov = 0, hence
(2.13) JQ MAvdx = <Y]v,YoA¢> VveVv.

1/

The mapping Y is surjective from V onto H 2(1") therefore by comparing

(2.13) and (2.8) we find that

- YOAQJ = A Q.E.D.
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Proof of (ii) : Obviously A is linear. It is also an injection since,

from Theorem 2.1, ¥ = 0 is the unique solution of
Aw=OIY¢'=OIY]w=O°

The surjectivity of A follows directly from Theorem 2.1 (with f=0,gl=0).

Therefore A is an algebraic isomorphism of H_I/Z(P) to HI/Z(F).

Let us show that A is continuous ; by letting v = ¥ in (2.8) we find

that

Il awl| < |Ixl 1y, wll < cliAfl _ [ ay]] ,
12 (@ g2y U g 2y w2 L2

Il 2wl < clall _ -
2@ w/2(r

Thus the mapping A > {y : H—I/Z(F) + V is continuous ; then the continuity

of A follows from the continuity of Y, HZ(Q) -> Hl/z(

I'). The continuity
of A_l is deduced from the continuity of A by applying the Closed Graph

Theorem.

Proof of (iii) : The continuity of A yields the continuity of a(*,*).

-1/2

Let us show the symmetry. Let AI,AQ €H (T) and wl,wz €V the corresponding

solutions of(2.5). From (2.8),

3 -1/2
(2.14) . Aw]szdx = <AAZ,A1> Vkl,Aze H (T)
and by permuting XI with Xz
-1/2
szAwldx = <AA. ,A> YA , A €H mn,
Q 1°72 1°72

which completes the proof of thesynxnetryof a(*,*).
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/

-1 e . .
To show the H 2(I‘)-e111pt1c1ty, let A] =X, =X in (2.14) ; then

2

(2.15) J o] 2ax = <anns vaer /3.
Q

Since Ape¥ (see (2.12)), (2.15), Proposition 2.6 and the fact that
YoM = -A,imply that

2

<AM, x> 2 Cf| v avl| 120

2
= ClIA|| L , C>0,
. 1/2(”

which completes the proof of Lemma 2.1,m

3/ 1/

2 2
(P)! g2€H (F).
We have seen from Theorem 2.1. that (P ) has a unique solution in HZ(Q)
-1
and that w = - AY has a trace A = Y@ in H /Z(F). We shall now show

"2y,

Let us go back to problem (Po) with f € Lz(Q),gl el

that A is the solution of a linear variational equation in H
Let J be the unique solution in V of

-

Ay

(2.16) IE]F 0
—A;l)rlr = )\-

Problem (2.16) is equivalent to

- M_): 0
(2.17) “’|P=A_
- AN = w
W =0

Then let wo be the unique solution in HZ(Q) of

Azlpo:f
(2.18) bolp = gy

_Awolr =0



..12..

which again is equivalent to

-t —f

wln =0
(2.19) of

- Awo =0,

lJJoll" = g

Obviously VY = wo + $ , W= w, + w. The reader will note that wo is

computed by solving two Dirichlet problems for —A. Similarly for m ,

so long as A is known.

Then one has the following theorem :

Theorem 2.2. : ©Let Y be the solution of (Po) ; then the trace A of

-A) on T is the unique solution of the linear variational equation

e

— o _ -1/2
<A)\su> = <E’ g29u> v ueH (F)’
(2.20)
A e H—I/Z(F).
Proof : Prom Lemma 2.1 and from (2.16) we have
(2.21) <AA,u> = =< g% , W Yue H-I/Z(F).

Since U = w—wo and since %% = g, on r

3 -1/
AN, U> = <=2 - g, W VyeH

2
on "

which shows that A is a solution of (2.20). The fact that X is the

unique solution of (2.20) follows (via the Lax-Milgram Theorem) from the

-1/2

fact that {A,u} = <AA,u> is bilinear, continuous and H (T)-elliptic

(see Lemma 2.1.) and from the continuity of the linear mapping
oy
o -1/2
< - > s
Mo < 8ys W> : H T »R

oY
( Tﬁ? and g, belong to HI/Z(F)).I
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Remark 2.2. : Since the bilinear form a(*,*) is symmetric, the variational

equation (2.20) is equivalent to the minimization problem

-1/2
Iy < 3y vueen V2,
(2.22)
A e B2
where
1 %
J(w) = 7 <Au,u> - “~3n "~ 8y H>
" Jy : .
Remark 2.3 : If the condition : EIT =8y 1s treated as a constraint
we can associate with (Po) the Lagrangian &£ : HZ(Q) XH-I/Z(F) +R
defined by
2
(2.23) 2(v,1) = + |Av]dx - fvdx + & g, W.

Let V = {vlveHz(Q) , V=g on '} ; then one could show that
{p, - YOAID} is the unique saddle-point of # on VXH-I/Z(I‘) and that

J(W) = - Min £ (v,u) .
veV
Therefore (2.22) is the dual problem of (Po) associated to the Lagrangian # .
We refer to [91, 211 for a more complete study of (PO) by duality methods

associated to Lagrangian of the same type of £ .

Remark 2.4 : The data f and gl come into (2.20) by means of lbo only
(see (2.18)). o

Remark 2.5 : Let §l be an extension of U in Q. In a formal manner, from

Green's formula

a(\,u) <AX,u> = - %@n s W =
(2.24)
= - J Apidx - j VY +Viidx = J widx - J Vi« Viidx
Q § Q Q

where Y is the solution of (2.5) and w = - AS$. Similarly



Mo N .
V¢6Vudx + Awoudx =
Q

A
Q)
=]

<

-
\
]

I
(2.25) &

V¢ e Viidx - f w _pdx
JQ° Q°
where {wo,wo} is the solution of (2.19).

l/2(1")) so that there exists

If y is sufficiently regular (say u €H
L€ HI«D then (2.24) and (2.25) can be justified. The interest of
(2.24),(2.25) is that we can now evaluate (2.20) without calculating

3y %o

o and 3_1; explicitly.

We shall take advantage of this remark in Sec. 3 and 4 when (PO) and

(2.20) will be approximated by a mixed finite element method.

2.6. Summary

Let y be the solution of

Azw = f in Q
bl =g
(Po) T 1
LT
mir T &
and w = - AS, A= wlr.We have shown in Sec. 2.5 that for solving

(Po) it is equivalent to solve the following problems

- Aub = f in Q,

(2.26)
I ub|r = 0,
- AN =w in O
(2.27) z] |°= °
Q) T >
awo
(2.28) AN = == - 8y
(2.29) T Aw = fin g,
wII, =,
(2.30) g - A= win
wlr - g]
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Altogether 4 Dirichlet problems for -Aplus an integral equation on I'
whose variational formulation was given in (2.20). In the following

sections we shall focus on the approximation of (2.28).

2.7. An explicit example : computation of A when § is a disk.

The results of this section are not at all essential for the under-
standing of the sequel ; they are given for the sake of curiosity.

In this section, we assume that

Q = {xeRzlx% + xg < Rz}.

Let (r,0) be the usual polar coordinate system in Rz.

Y20y on w'2(r)

defined in Sec. 2.5. The eigen functions of A are

Theorem 2.3 : Let A be the isomorphism of H

(2.31) wm(e) = cos nb n=0

w2n(e) = sin nb nz1,

the corresponding eigenvalues being

_ R
(2.32) a = TN (n=0).

Proof : Let 1.')1 , respectively wZn’ be solutions of

n
Azw =0
(2.33) w!r =0

-A\,')|I.=cosn8 (n >0,

2%y =0
(2.34) wlr =0
- AIJ)IF = sinn® (n2 1).

The reader will check that

(2.35) U, (6,0) = A_(r_ll-l-T) " (R%-r%) cosn8 V¥ n20,
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(2.36) w2n(r,e) = 4—(nl+—]) (g)n(RZ_rZ) sin nb Vyn=1.
Since
_ 9y Y
& = -5l = -5 R,0)

it is seen from (2.35), (2.36) that

R
Aw]n—m cos nb Yn>o0,
R sin nb Vn=>1.

AwZn = 2(n+1)

The sequence $B= {w]Q W)W W

ERLEE ln’w2n""} = .
= {1, cos®, sin e.,cos n6 , sin n6 ,...} is total in H ('), VseR
(i.e. the space of linear combinations of elements of $B is dense in

H(T)) and A is self-adjoint, compact from LZ(F) into L2(F). By applying

the spectral theory of self adjoint operator in H-space (see for example

RIESZ-NAGY [401) we conclude that Bis the set of all eigenfunctions of A.

2
Theorem 2.4 : Let A be a sufficiently smooth function on I' (say A € L(T))

then

(AN) (x) = A, Y)A(Y)AT(y) Vxel ,
r

the kernel of A being

1
2 —
y xl T
R

4R

2
Alx,y) = 2—'1;[(1 - J-ZL’;-I— ) 2n(
R

ly-x|
(2.37)

-1 y—X 1
ool 1y

where |y-x| = distance (x,y).
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Proof : In polar coordinates
2T
(2.38) (AN) (B) = J A(9,0)A(a)da
0
where

A(B,a) = R<]—+ Z (ocsnfcos na + sin n sin na)

(2.39)

]
~

which is the expansion ©f the kernel A(8,a) with respect to the

eigenfunctions of A.

Let ¢ = 8-a and z= el¢ ;

(2.40) A(B,0) = ERF Re ('; zn(]—lz—) -

R 1 + 2 cos n(B-a) )

n21

V6 #a
nx1 n+l

we may assume that ¢e 1-T,+m] ; then

y VO # a.

B} —

1
n+l

)

In (2.40) the determination of the complex logarithm is the one which

satisfies nl=0 .,

Therefore

(2.41) A(B,a) = = 2= (cos ¢ 2| 1-z|+ sin¢ Arg(1-2)+ 3 ) Vo # 0.

By inspection of Figure 2

.1 we have

Imz

Figure 2.1.
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¢ = 2 sin” ! J__l_l;z if ¢ > 0,
(2.42) sin%=-|%l- =4
O =y gig”! 1-15ZI- if b < 0.
Hence
2
(2.43) cos ¢ = 1-2 sin’ %= -l ;

)
cos +,therefore

But 81n¢=281n-2— 5

2
sin ¢ = |1-z] (1—itlTZIt—¢)]/2 > 0

2
sin ¢ = -] 1-z] (1 - JI—-EJ—— )‘/2 if ¢ < 0.

4

(2.44)

From Figure 2.1. we also deduce that

) bis
- = — = — 1 >
Arg (1-2) = 5 - 3 if ¢> 0,
arg(1-z) =2+ T if <0
° 2 2 .
Hence from (2.42)
( Arg(l-z) = - cos * |];Z| if ¢> 0,
(2.45) -1 |-z
Arg(l-z) = cos 5 if ¢< 0.

I

Finally, putting back together (2.41),(2.43)-(2.45), if 6+#a

2 2 1/2
i -
AL) = 5 [(I—IIZZL)SZ,n Tllzl v 12| ( 1_1_4zl_) y

(2.46)

Let x= {RcosB, R sin 6}, y = {R cos a, R sin a) ; (2.38), (2.46) yield

BN &) = 5= j AGHSYN()AT ()
r

where A(x,y) is given by (2.37).m
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Remark 2.6 : If the domain Q is the open disk (0,R) the resolution
of the Dirichlet problem on

(2.47) Au = 0 in © (or le-Q)
u=¢gonl

H-]/Z 1/2

involves the operator B (I > 1 '°(T) defined by

1 R
BA = — 2 A d regular .
(BA) (%) o L" n W (y)dI'(y) Y A gular, VYxeTl

One can show that B is continuous and positive semi-definite, i.e.

H-1/2

<Bu,u> > 0 Yue .

Besides,A and B have the same eigenfunctions (see (2.31)), the

corresponding eigenvalues being BO =0, Bn = 'ZR? , n>1.

For the numerical solution of (2.47) by methods of integral equations
. 2
on I' and for more general domains of R™ zpg R3, we refer to NEDELEC-

PLANCHARD [35], LEROUX [30] and the bibliography therein.

Remark 2.7 : For more general domains, A will be a pseudo-differential

operator, usually not explicitly known. =
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3. APPROXIMATION OF (Po) BY A MIXTE FINITE ELEMENT METHOD.

In this section we shall use only polygonal domains §, but what follows
can easily be extended to the case where isoparametric finite elements

(see CIARLET-RAVIART [11 1) are used.

3.1. Triangulation of . Fundamental spaces

Let‘ﬁh be a triangulation of  satisfying

3.1) fthﬁta TcﬁVTeth, . T=0,

T

T and T'¢ T#T = ThaT =0 and TaT' = 8 or T arc;

14
(3.2) h
have a side or a vertex in common only,
(3.3) h = length of the greatest side of the Te f%.

Let P, be the space of polynomials of two variables (3 h1R3) of degree

k
less than or equal to k ; we introduce the following finite dimensional
spaces
- °@ v
(3.4) v, = {vhlvheC ) , vthePk Te fh},
1
(3.5) Voh={vh|vhe Vy r vy =0 on T} =V nH (@),
(3.6) g mh : a complementary space (not precised for the moment)
of vy in Vh i.e. Wﬁlcvh and Vh = VOh ® Wih ,
= V. xV v — 81
ah = {(Vh’qh)’(vh’qh) 'n"Yh ThiT = "In
(3.7)
. ' =
f Wy h 1Qhdx qhuhdx + gzﬁjhdr V]ﬁ]evh}.
9/ Q r
In (3.7),glh is an approximation of 8 which belongs to Yovh and 8h

is-an approximation of 8) such that [ dl' is "easy" to compute

r 82nMh
(8yy, = 8, possibly).
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3.2. Approximation of (PO)

(Po) is approximated by

. . .
Jh(vh,wh) b Jh(vh’qh) v (Vh,qh) € Wgh ’

(P)

(wh’wh)ewgh
where
(3.8) i, (v ) = + lq |2dx - | £ v dx
. Ih'Vh 9y 2 Jg'%n g b

and where fh is an approximation of f (fh = f possibly) such that
fQ fhvhdx is easy to compute.

Such an approximation (Ph) of(Po) by finite elements is said to be

mixed (see [10],{9]). One can easily show the following proposition s

Proposition 3.1 : Problem (Ph) has one and only one solution.

3.3. Convergence results (k2 2).

It is assumed that the angles of %3h are bounded, uniformely in h,

from below by 60 > 0 and that 13h is such that

(3.9) Max h(T) € T min h(T) , quﬁ T independent of h,
Te?:h Tefh

where h(T) is the length of the largest side of T. If k22 it is shown
in [10] that, under the above hypothesis, one has

(3.10) (] o -89y ||, < cllv]] <!
h HI(Q) + h I?(Q) Hk+2(9)

where C is independent of h and ¥ ; naturally this result supposes that
f,gl,g2 have been conveniently approximated. For a discussion of the

case k=1 we refer to [23,Ch. 4], GLOWINSKI [22]. We also refer to SCHOLZ
[431 where, under the above hypothesis on t:h’ it is shown that if k23

one has the following error estimate
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2 k+1
vy | + 07 o = (=a9) || < ¢yl
L) h 2@ £ (@)

where C is independent of h and V.

Remark 3.1. All what is said for triangular elements also holds for

quadrangular elements.

3.4. Decomposition of (Ph)'

By definition of 7'7Zh : Vh = Voh ® ﬁ’th. Let {wh,wh} be the solution of (P,)

and let >\h be the component of wy in mh’ i.e.

(3.11) O _ (wh—)\h)+>\h powgth eV, A e M

oh h h'

In [9] the following theorem is shown

Theorem 3.1 : Let {lbh,wh} be the solution of (Ph) ; let )\h be the

component of @ -in ﬂh ; {wh,mh,Ah} is also the unique element of
X
Vh Vh ><7/‘{h such that

Lz Vi, +Vv, dx = Jgfhvhdx Vv, eV,
(3.12)
wh-)\heVOh,
JQ Vlbh°Vvhdx = szhvhdx Vvhe Voh’
(3.13)
Yo Vn > Yhir = B
(3.14) VP, oVp dx =  w p dx Ig wdl Yu e M.
g 'ho'h g hRTT [ P2nh h h

Owing to the importance of this result for what follows we shall give it

a proof.
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Proof of Theorem 3.1

(1) Let W_. be
o

h
_ I _ \
Wop = {(vh,qh) evthVhI | Vv Q. p Vphdx = nghllhdx Vi th} .
Let {wh,wh} be the solution of (Ph) then
(3.15) {wh+tvh,wh+cqh} € wgh VteR, V{vh,qh} €W -

The following process is classical in the Calculus of Variations

from (3.15) we deduce that

T [jh(lbh-&tvh,wh’ftqh)‘lh(‘!’h,wh) >0 Yt> g,
(3.16)

(V{v }EWO

h*%h h*

Now

. l[. .
lim = |j, (b, +tv, ,w, +tq, ) =] (lb,m)]= w.qu—[fvdx
o £ U T T e e 1 hh g hh
t>0

(then the linear mapping {vh,qh} > JQ (w}ﬁh—flyh)dx is the derivative
of jy at {wh,wh})-

Therefore

} ewoh’

mhqhdx - Jthvhdx >0V {vh,qh

Q

and since WO is a linear space,

h

(3.18) w.g,dx - £, v, dx =o v{vh,qh} €W

Iq rg h'h h -

Also by definition of Woh,{vh,qh} €W, implies

h

whdx ,

(3.19) IQ Vvh°thdx = dp

I

which, together with (3.18) implies that
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(3.20) th’Vvhdx = [ fhvhdx Vv

W..
h’q }e
Iq Q h oh

Let v, € Vo the problem

h i
J qhuhdx = J Vvh-Vuhdx v M€V,
Q Q

‘ qh € Vh

has a unique solution and of course {vh,qh} eWOh. This shows that,in

(3.20), v, can be any function of V . i therefore it implies (3.12).
Similarly, since {wh,wh} € wgh’ we have

v, dx +

v .
Wh vhdF v, €V

h h

(3.21) V\PﬁVvhdx = J gZh

w
IQ Q IT

Hence (3.13) is proved by choosing v, €V in (3.21) and vy in mh
for (3.14).

(ii) Conversely, since V, =V_ @ 97«h, by adding (3.12) and (3.13)
we find that

{ W)h°Vvhdx = J whvhdx b 9y, vhdl" Vvhth,
Q Q r
Wy} € Vi Vi Yyp = B
Therefore
(3.22) (¥ w,} € W

Let {Vh,qh} € woh’ then

JQ Vv, +Vydx = nghuhdx v woevy,

and in particular

(3.23) - Vvh-thdx = ngw.%x v {vh,qh} €W, -



.—25_

Then (3.12), (3.22), (3.23) imply

whqhdx - J fhvhdx =0 V{Vthh} ewoh’

Q Q

(3.24)
{wh,wh} € Wgh-

The functional jh being convex on V. xVh, (3.24) characterizes {wh.w-h]

as being the solution of (Ph).

Remark 3.2 : Equalities (3.12)-(3.14) are the discrete analogues of

(2.29),(2.30) and of
‘J Vo Vudx = J wudx + J g, udx Yuen,
r
(3.25) 9 &

1
l M : complementary of H;(Q) in H (Q).

3.5 Discrete analogue of Lemma 2.1.

Let )\he 772h and let Wy,

approximate Dirichlet problems

JQ th'Vvhdx =0 Vv vy € Voh’
(3.26)

wpevy, wh—Ah €Von

JQ Vu)h-Vvhdx = szhvhdx Yv, eV .,
(3.27)

wh eV h

Then we define the bilinear form a, : 77lh>< th >R by
= w0 "
(3.28) ah(kh,uh) szhuhdx JQW h Vphdx Vuh €Ny

The reader will notice that to define ah we have used Remark 2.5.

respectively wh’ be the solutions of the following
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Lemma 3.1. : The bilinear form ah(',') is symetric, positive definite.

Proof : For j=1,2 let ):The 772h and w. Y respectively be the solutions

Jh' " Jh
of (3.26) and (3.27).

By definition of ah(',-)we have

(3.29) ah(xlh’AZh) = I w]h)\zhdx - IQV\U]h'V}\Zhdx.
By letting A2h = ()\Zh-th) + Wop 7 (3.29) becomes
ah()\lh’AZh) . wlthhdx - . Vlb]h-Vthdx + . Vw1h°V(w2h—>\,.“
Q Q Q
(3.30)
~ g inan R 4
From (3.26) and since wlhevoh
(3.31) Vo, e - 0
Q
Similarly from (3.27) and since th—)\2heVOh
(3.32) I Vll)]h'V(th-XZh)dX =IQWIh(V§h—>\2h)dX
and on account of (3.30)-(3.32) we have
(3.33) ah(xlh’AZh) = szlthth VAjhe th j=1,2

which shows the symmetry of ap-
To show the positive definitness let th = )\Zh = }\h in (3.33) then
(3.34) a, (A, ,A, ) = mzdx.
b th Tpth
Therefore aho\h’)\h) = 0 implies wh=0 which in turn implies )\h=0 since

Ah is the component of w_ in 77Zh.
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3.6. Application of Lemma 3.1. to the resolution of (Ph).

Let {wh,mh' be the solution of (Ph) and let )\h be the component in Z“\‘h

of W Let _w-h’iﬁh be the solutions of

b
— _ N

JQ th Vvhdx 0 v, € Voh'
(3.35)

Wy, € Vh wh—)\h € Voh’

L} W,h.Vvhdx = IQ Wy v, dx v v, € Voh'
(3.36)

lbh € Voh'

Let w,p, and woh be the solutions of

0 §
JQ Vwon Yvhdx thvhdx ‘v’vhe Voh’
(3.37)

Yon€ on

0 §

| Vll)oh Yvhdx u)ohvhdx Vvhe voh’

Q IQ
(3.38)

woh € Vh , woh: g1 On T.

Then ‘JJh = lPh + woh » Wy = Wy + w . and (3.35)-(3.38) are the discrete
analogues of (2.16)-(2.19).

We shall now show that )\h is the solution of a variational problem in mh'

From the theorem below we shall derive a discrete analogue of Theorem 2.2.

Theorem 3.2. : Let {wh,mh} be the solution of (Ph) and let A\, Dbe the

component in 77*1 of Wy Then >‘h is the unique solution of the linear

variational nroblem.

ap gy = | VWon! dx - J WopHpdX = gyt pdx Vi e T,
3.3 Q Q IT

)\he 77(h,
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which is equivalent to a linear system with a positive definite

matrix.

Proof : Owing to Lemma 3.!., applied to {ﬁg,ak},we have

a, 1) = J a»‘huhdx - J v$h-vuhdx = J (w0 ) by dx =
Q Q Q
(3.40) - JQV(whE$1)'Vu ﬁb§ = JQ Vwoh-Vuhdx - quohuhdx -
- ( [vah'Vuhdx - [Qwhuhdx) Vuh € mh’

but {wh,wh} belongs to Wgh therefore (see (3.7))

|Q prhovuhdx - szhuhdx _ jrgZhuhdx Y My € 77lh

which, together with (3.40) proves (3.39).

The uniqueness is obvious since ah(',-) is positive definite. The
equivalence with a positive definite linear system is a classical
result on the approximation of linear variational problems. We

shall write the matrix of this system in Section 4.

Remark 3.3 : To compute the right hand side of (3.39) it is necessary
to solve two approximate Dirichlet problems ((3.37) and (3.38)).

Similarly Ah being known, to compute W and wh it is necessary to

solve the two approximate Dirichlet problems (3.12) and (3.13).

3.7. Study of the conditioning of ah(-,o).

Since the linear system associated with (3.39) will be solved by direct
or iterative methods, it is important to know the conditioning of the
matrix of the system. Theorem 3.3 below will help to estimate this
conditioning. For the sake of clarity we shall assume that Lagrangian

type finite elements are used.
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Theorem 3.3 : We assume that © is convex. If "L’h satisfies the

hypothesis of Sec. 3.3., and if k2 1 and h is sufficiently small,

then

2 2
(3.41) ah [y Al EPN < a, (A A< B”Y°Xh”1.2(r) Vi e My,

where 0o,B are two positive constants, independent of h and )\h.

Proof

(1) Proof of the second inequality. Let )\he mh. It follows from
(3.34) that

2
(3.42) ah()\h,lh) =I9mhdx,

where Wy is the solution of

th'Vvhdx =0 v VeV

(3.43) &
wh-)\hevoh.
Let (Bh be the solution of the Dirichlet problem
‘ j V('I)h~Vvdx =0 VveH](Q),
Q o
(3.44)

- 1
( wh-}\h € Ho (DN
From Sec. 2.5.

Va, O a0 =lloll = [lo -0l + lay |l
h'"“h’ h h Lz(m h hLz(m hL2
= ||w, ~® || +\}<Ay}\,y)\>
h ~h LZ(Q) o'h’'o"h

(%))
(3.45)

Let |A| = |la]l then ()

22,12

(™) |A] = largest eigenvalue of A.
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2
[<ar,u>| < Al Al 5l , YAue LU,
LY L

therefore, from (3.45)
I X R e e AN P

To estimate ”u) -, || let us use the method of AUBIN-NITSCHE

h “h' 2
L™ (@)

(see [ 2 1,[36]).

Let weLz(Q) and let ¢, respectively ¢, be the solutions of

I VoeVvdx =  wvdx Vve Hl « ,
Q IQ °
(3.47)
1

de HO(Q) ,

JQ Vo * Vv, dx = szvhdx Vvh eV
(3.48)

n € Von'
Then - Ap = v and, Q being convex ¢eH2(Q) nH] (). Alsow = @ =

! ’ o h|T — “h|T

A Therefore w, -0 eH(l)(Q). From (3.47) we see that

= "h|r. h "h

J w(w, -0, Ydx = J Vo V(w, -8, )dx = V(¢-9,) o V(Wh-h)dx +

I

(3.49) @ & &

+ | Vcbh'V(mh—J)h)dx.

Q

Also whevohc HL(Q) therefore from (3.43),(3.44), we have
(3.50) V{(w, ~@, »Wo, dx = 0.

i T e

Finally from (3.49),(3.50) we have

(3.51) w (i) dx = V(d~¢, )*V(w, i, )dx < ||, ~06]| [ w, =@, || .
g boh Iq h h "h h u;(g) h “h H(lj(m
But it is well known (see STRANG-FIX [47]) that under the above hypothesis

on Gy»
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o, -o1| < c |loll h
Pl ! ()

where C] is a constant independent of h and ¢.

From Proposition 2.1

&1} < ¢, |lvll .
O N ()

Therefore
(3.53) w(w -G )dx < Chhllw]| o, 8,11 vwel? (@)
I L™ () t,(Q)
which in turn implies that
~ -1 - N
(3.54) N I T \Lz wop B ax] = cgn oyl |
wel (RQ) H
w#0
Thus now we must estimate ”wh-&h” ; from (3.43),(3.44) we have
H (@)
JQ V(wh-wh)-V(vh-wh)dx =0 Vv eV, vpAeV .
Therefore
|V (w, & )|2dx = V(@ -w ) V@, ~v, )dx +
9 h 'h g B h h ' h
(3.55) + IQV(wh—wh)-V(vh—wh) dx = IQV(wh-wh)~V(wh—vh)dx

v v, € Vh , vh-)\h € Voh

r

I

which shows that

“w - || < Hv - || Yv, €V v,=h, € V _.
h'' 1 »
h 1! @) h "h ]l ) h h h 'h oh
Let m, be the operator of interpolation on 1% associated with the method

h
of finite elements used, Trhs;Z(H‘ ) n Co(ﬁ) ’Vh)' Then ®, € HS(Q) Vs <%

h
and

.
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(3.56) &, I < A v gl
Met °°TE (M
S .
where As is independent of )\h. Now © is bounded in R and its boundary
s 0,= . .
is Lipchitz continuous, therefore, V¥$ > 1, H (Q) < C'(Q) with continuous

injection. Hence m,_ can be applied to E)h and

h

(3.57) LN T

<,

Let s'<s ; owing to the above properties and to the hypothesis on h’

we have (see for example BABUSKA-AZIZ i 31)

-
>

(3.58) | m & - | <c,, \h &hH
h'h "h H(I) @ (s',s) S (%)
with Coov oy independent of h and (:)h- We deduce from (3.56),(3.58)
’
s'-1
T IS SRS VAN [
h'h "h H(]) @ (s,s") [¢) 1 ()
with K(S, s) independent of h and )‘h' Therefore V6 >0, there exists
’

CG independent of h and )‘h such that

. (1/2-6)
3.59 - < Cgh vy Al :
( ) |Iﬂhwh mh||HJ(Q) 8 oxh Hl (T)

From the hypothesis on th we have also

C

’ Iy x|l <<y Al ,
o"n' 0 h 116" h Lz(r)
therefore
N -1/2-
(3.60 ™o B | < Cch %A Il
) 78y H(l)(m 8 o'n'' 2 gy

where Cg is independent of h and )\h. From (3.57) it is possible to take

vy = ﬂh&h in (3.55) and together with (3.60) it implies that

. -1/2-
(3.61) o -5, |l <Cih Ny Al ,
hoh T @ 8 o'h LZ(I‘)

0
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and at last from (3.46),(3.54)(3.61) we have

(3.62)  ya Oa) < (VIAl + céhl/z"s) ”YO)\hHLZ(I‘) VA e M

which completes the proof of the second inequality in (3.41).

(ii) Proof of the first inequality.

Since ?;h satisfies the assumptions of Sec. 3.3. it is straightforward

to show that
(3.63) Ivv ll , < =l Vv, €V,
2@ n i@

where C is independent of h and Yy Recalling that

2ix = m
i whdx = ah(Ah,Ah) VAhe %

and Ath = wh|F’ we deduce the first inequality of (3.41) immediatly
from (3.63). This completes the proof of Theorem 3.3. e

Remark 3.4. : Proceeding as in [9, Th. 10] one could show from Theorem
3.3. that
a, (A, ,A,) a(A,\)
(3.64) lim sup % sup _— la| .
0 AR08 v %y = 2y HIE =
L () L (1)

3.8. Summary
Let {wh,wh} be the solution of (Ph) and let Ah be the component of Wy
in mh. The vector Ah is the solution of a linear system the matrix of

which issymmetric, positive definite. This system is given in variational

form in (3.39) but the bilinear form ah(',') is not known explicitly. The
construction of the matrix and the resolution of the corresponding linear
system will be dealt with in the next section. The resolution by iterative

schemes will be considered in Section 5.
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4. CONSTRUCTION AND RESOLUTION OF THE LINEAR SYSTEM EQUIVALENT TO (3.39).

4.1. Generalities N
= di = 1 i M. . if A €
Let N d1m(772h) andﬂ.’)h {wi}i=l a basis for M, ; if A mh
N
4.1 = .,
(4.1) )\h Z )\JWJ
Proposition 4.1. : The problem (3.39) is equivalent to the linear system
in (AI,...AN )
h
Nh
a, (w.,w.)A, = | W  +Vy dx - I Ldx -
J_Z=:] h(wJ »Ws) ; JQ woh w, dx Qmohwldx
E
(E)
- jrgZhwidT, 1=I,...,Nh. "
W hall d t = Ah = h It is also easy to show
e sha enote aij = ah(wj,ov.]z , = (a.l.J) 'i,j=l' \%
the following
Proposition 4.2. : The matrix Ah is a NhXNh positive definite symmetric

matrix.m

We shall now study the construction of Ah and of the right member of (Eh)

from a suitable basis “Bh'

4.2. Choice of th.

The space 77Rh should be chosen such that the computations of a'ij and of
the right member of (Eh) are easy. Therefore the basis functions w, € th
should have a small support. It seems from [9] and [23,Chap. 4] that a

good choice is as follows

7n .
“h complementary of VOh in Vh,

(4.2)
vhemh:vhl,r =0 VTe fh , TnT = ¢.
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If in particular V. is defined from Lagrangian finite elements (see

h
Figure 4.1. for k=2), mt1 is the space of those functions which take

the value zero at all nodes of *:h which do not belong to [ .

Then

2
n

dim( ”?h) = Card (Zh),

where

Iy

{P ¢T|P node of ‘Sh}

i
and a goodchoice for 35h is the canonical basis 33h = {w.} , Where

i'i=1
w. €V

i h

(4.3)
wi(Pi) =1 s PiE Z:h ) wi(Q) = 0 VQ node Of .eh ’ Q # Pi-

For notational convenience we have supposed that Zh has been renumbered
from 1 to N . With this choice of M and B, the coefficients AJ._, in rela-
tion (4.1) , of Ah are precisely the values taken by Ah at the boundary

nodes Pj , j=1,...,Nh. Thus

= P j=1 . .
Xj Xh(Pj) VPj €L, 3%, ,Nh

Figure 4.1.

(k=2 ; a small circle indicate a boundary node. The supports of LA
and w.J are shown).
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4.3. Computation of the right members of (Eh)

Let bh = {bl""’bN } be the vector of the right member of (Eh):
h

(4.5) bi = VwoﬂVwidx -

w.dx - J gw.dl , 1 = 1,...,N.
10 r 2h 'z h

IQwoh 1

To compute bi we need to know wo

(3.38).

h and woh' This is done by solving (3.37),

Remark 4.1. : The computation of bh is faster if the support of v, is
smaller (see Sec. 4.2). Besides if Mh verifies (4.2) it suffices, to

compute b to know woh and woh on the triangles Teﬁalsuch that T nT # 0.

h’
This remark eventually allows to reduce the memory space allowed to woh

and Won in the computer.

4.4. Computation of the matrix Ah

Let w& eiBh. For simplicity let us omit the subscript h on w and Y. Then
let WE, resp wj’ be the solutions of (3.26), resp. (3.27), corresponding

to w., i.e.
J

IQ ij-Vuhdx =0 Vuh € Voh’
(4.6) ’
w. €V w.-w. €V
] h J J oh'

JQ WoN QuaE %“l‘j'fh & Vup eV,

. €V
?j ¢ oh'

From (3.17) we find that

a,., = ah(wj,wi) = IQij.ldx - Ingj.vwidx ,

(4.8)
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Thus, to find the j th column of A it 1is necessary to solve the two approximate

h’
Dirichlet problems (4.6)(4.7) and then, vy describing th, to evaluate the
integrals in (4.8). Naturally Remark 4.1 also holds for the computation of
a.lj It should also be noted that since Ah is symmetric, in the computation
of the jth columns,it suffices to compute aij such that 1 <j<i.

We shall see in Sec. 4.5.2. how to use those remarks when (Eh) is solved

by the method of CHOLESKY.m

Remark 4.2 : From (3.33) we have

4. = .w.d V1<i,j<N.

(4.9) 3 IlewJ X i,j =Ny

Therefore it seems that Ah can be computed by solving Nh Dirichlet problems,
instead of 2Nh when (4.8) is used. In fact this simplification is only

superficial. Indeed to use (4.9) one needs much more memory for the storage
of wl,...,mNh. It is always possible to use tape or disk storage but it
increases considerably the computing time. Besides this it should also

be noted that the integrals in (4.9) must be calculated over § entirely

instead of a neighborhood of I as in (4.8). ®

4.5. Resolution of (Eh).

4.5.1. Generalities
Vv Nh
Let A\, e R = be the vector {A,,...,A. } ; then (E,) is written
h 1 Nh h
v
(4.10) Ah Ah = bh.

The matrix Ah is symmetric positive definite ; to solve (4.10) we can use
the method of CHOLESKY. We can also use an iterative method like S.O.R.,
S.5.0.R. (see VARGA [48],D.M. YOUNG [49]) or like steepest descent or
conjugate gradient (see J.W. DANIEL [13], cEA [7 1, POLAK [39], CONCUS~
GOLUB [12]). We shall give more details in Sec. 4.5.2. on CHOLESKY's

method which seems particularly well adapted to the resolution of (Eh)'
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In fact the methods of steepest descent and the conjugate gradient method
do not require the knowledge of Ah, We shall come back to this point in
Sec. 5.

4.5.2. Resolution of Eh by the method of CHOLESKY.

Since Ay is symmetric positive definite there exists a lower triangular

matrix L invertible and unique such that

h’
t
Ay = byt
(4.1'1)
> <1<
%Ll 0, I<1 Nh .
where R.11 1 <1 SNh are the elements of the diagonal of Lh.

If Rij are the elements of Lh then
Qij =0 if | <1 <jsNh.

We recall the formulae of CHOLESKY :

For j=1,

————,
)
L}
Nl

(4.12)
a1

L, == V2<is<N .

RS B h
For 2 <£j <N

=22
L.. = (a,., - 25)
‘ i3 T k‘z-:l ik '

v i+l SisNh.

—
=
"
—
n
i
~~
(Y]
-
|
dg
=
e
~
b
[
P
A
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It appears from (4.12), (4.13) that it is not necessary to memorize

Ah in order to construct L Indeed, suppose that the (j—l)-first'

he
columns of Lh are known ; to find the j th column we compute the
solution (wj,wj) of (4.6),(4.7) and then a.. by (4.8), R.. by
JJ JJ
(4.13) and aij by (4.8), Rij by (4.13) for j+l$i.SNh. The same

argument also applies to the construction of the first column of Lh'

Once Lh is known the determination of Ah breaks down to the resolution

of two triangular systems

LyYh = Py
(4.14)
tv
Lhkh = Y-

v
The computation of Ah from Ah being straightforward finally wh and
wh are computed by solving the two approximate Dirichlet problems

(3.12),(3.13).

Remark 4.3 : Once Lh has been determined it is very easy to solve other
problems (Eh) corresponding to other values for f,gl,gz. In fact it is
a general statement that the most expensive phase of the resolution

of a linear system, by CHOLESKY's method is the determination of Lh.

It is even more so in our case since the determination of Ah requires

the resolution of 2Nh Dirichlet problems.

4.5.3. Summary , number of linear sub-problems with the method of CHOLESKY

The solution of (Ph) by (Eh), solved by CHOLESKY's method, requires

the resolution of

- Two Dirichlet problems (3.37),(3.38) to compute bh’

- 2Nh Dirichlet problems (4.6),(4.7), 1 <] SNh, to compute Lh’

Two linear triangular systems (4.14) to find Ah’

- Two Dirichlet problems (3.12),(3.13) to compute wh’ wh.
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Thus 2Nh+4 Dirichlet problems (with the same matrix) and two triangular

systems.

4.6. Conditioning of Ah

We recall that the condition number V(M) of a square NxN invertible

matrix is given by
(1.15) van = ull I

. D . N
where the matrix norm is induced by the canonical vector norm of R .

We recall also that if M is symmetric and positive definite
(4.16) v (M) = ——
. . i . llest i 1 f M.
where Umax (resp umln) is the largest (resp. smallest) eigenvalue o
The linear system (Eh) is easier to solve when v(Ah) is small. If ﬁfh

satisfies the assumptions of Sec. 3.3 the following theorem is fairly

easy to deduce from Theorem 3.3 and from (4.16).

Theorem 4.1 : If a Lagrangian finite element method is used and if

the assumptions in Theorem 3.3 hold, and k2 1, then

(4.17) v(Ah) = 0(%) .

Remark 4.4 : It should be pointed out that the classical approximations
2

by finite differences or finite elements of A (resp. A") lead to

matrices with condition number in O(—%) (resp. 0(~%)) and are therefore

not as well conditioned as Ah‘
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4.7. Various remarks

Remark 4.5. : The 2Nh+4 approximate Dirichlet problems found in Sec.

4.5 are of the form
(4.18) (-A)h uh = ch ,

where (-A)h is a Nﬁ><Nﬁ symmetric positive definite matrix (approximating

— 1 A 1
A ) with Nh dlm(Voh).

Therefore since the 2Nh+4 problems differ only by their right members,
the matrix (-A), can be factorized by Cholesky's method (and by using
the fact that (-A), 1is sparse)

where Ah is a lower triangular invertible matrix.
The matrix Ah being computed once and for all, the 2Nh+4 problems reduce

to 4Nh+8 triangular linear systems.

Remark 4.6 : If (4.18) is solved by an iterative method, in order to

compute(wj,lpj ), it is not unreasonnable to initialize the algorithm with

wj-l’wj-]’ provided that the corresponding basis functions wj-l’wj
are neighbors.
Remark 4.7 : All what is said above remains valid if in Sec. 3.1,3.2
numerical integration methods are used to define wgh and (Ph). In
particular if k=l and for special triangulations, if qhuhdx is
Q
approximated by
1 3
(4.19) oY Z measure (T) E q. M. U (M. ),M. _,i=1,2,3 vertices of T
’ 3 . h* 'iT  "h iT 4T’ T !
Te 1fh i=1

then the method studied gives back the classical 13 points finite difference

approximation of the operator A2 (see [23, ch. 41,022]).
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5. REMARKS ON THE USE OF ITERATIVE METHODS. THE CONJUGATE GRADIENT METHOD.

5.1. Generalities

We have pointed out, already in Sec. 4.5,that (Eh) could be solved
by iterative methods such as the method of steepest descent or the
conjugate gradient method. We shall see that in doing so it is pos-
sible to solve (Eh) without having to compute Ah explicitly. It suf-
fices to solve, at each iteration, two approximate Dirichlet problems

for - A.

.For the gradient methods we will consider in Sec. 5.2 fixed step size
methods, a general study of which was done in CIARLET-GLOWINSKI [9]
(see also [23,Ch. 4], 211 and CIARLET [ 81) with numerical applications
in [5]. However the next paragr/azph may be viewed as an extention of [9]
1

since iterative schemes in H (), for solving approximatly (Po), are
described. In Sec. 5.3 we shall study some of the methods considered
in Sec. 5.2. but with variable steps now. Then in Sec. 5.4 we shall

study the conjugate gradient method.

It will be useful for the following to introduce the isomorphism

N
o 77{h + R D defined below

N
h ) , .
Let\%h = {wi}i=l be the basis of %h introduced in Sec. 4.1. If My € W(h

(5.1) TR ID DER T
izl

then Ty is defined by

(5.2) T = {ul,uz,---,uNh} Vi e m -

. h
Let (-,-)h be the usual euclidian scalar product in R and the

lh
corresponding norm. Then

(5'3) ah(xh,uh) = (Ahrhxh,rhuh)h VAh’Uh€ mh t]

(5.4) W)oh-Vphdx -

- = m
i WopHpdx JFgZhuhdr (by» vy Yy € 7

iQ

where Ah and bh are as in Sec. 4.1, 4.3.
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5.2. Steepest descent methods with fixed step size.

5.2.1. Description of the method.

Let sy ° th x?)(h +R be a symmetric positive definite bilinear form
and let p be a positive number. In a variational formulation the

method of steepest descent with fixed step size is written as

follow
(5.5) )\; € 77Zh arbitrarily chosen

n n+1
then Ah known, A is computed by

h

n+] _ n n
s, O i) = sh(Ah,uh)—p(ah()\h,uh)-(bh,rhuh)h) Vouy e 7y
(5.6)
+1
)\g € mh'

n+] n
Thus to compute Ah from Ah’ it is necessary to solve a variational

problem in mh i.e. to solve a linear system. We shall come back to

this point in Sec. 5.2.2., 5.2.3.

The form Sy being symmetric positive definite there exists a symmetric

positive definite matrix Sh such that
(5.7) ShOpoHy) = Gyrpdy i)y

Now from (5.3)(5.7) we see that (5.5)(5.6) is equivalent to the

algorithm
o o o Nh
(5.8) r.A = {A,...,Ay }e R~ arbitrarily chosen,
h"h 1 Nh
n+l _ n__ .~} n_
(5.9) rhAh = rhkh pSh (Ahrh)\h bh)’

which corresponds to more classic notations.
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5.2.2. Implementation of algorithm (5.5)(5.6)

In view of (5.9) it appears that to implement (5.5),(5.6) we need to

(1) determinate bh’
L. . . . n .
(ii) determinate at each iteration Ahrh)\h (Ah is not known),

(1iii) solve a linear system of matrix Sh'

It is seen from (5.4) that the determination of bh requires the
resolution of the two approximate Dirichlet problems (3.37)4(3.38)
to find Woh and woh' The implementation of (iii) will be discussed
in the next paragraph. As to (ii), Sec. 3.5 and (5.3) imply that

, n
to find Ahrh)‘h we must solve

n
] JQ th-Vvhdx =0 Vvh € Voh'

(5.10)

n.n

| WAy € Von
and
n n
VW, *Vv.dx = @ v.dx Vv, eV,

JQ 2 'Vh s h b h € 'oh
(5.11)

n

1‘l)h € Voh

n .,
and then Ahrh)\h is such that
n n _ n _ n, _ .
ATy = 3Oy = JQ‘”hUhdx JQV‘*"h Vipdx - Vg e My
more precisely when My describe ‘(Bh we have

n n .
(5.12) (Ahrh}\h)i = ah(Xh,wi) V1=l,...,Nh ,

N
where (AhrhA;)i is the ith component of Ahrh)\ﬁ inR h

Once )‘h is obtained (which supposes that the process (5.5)(5.6) converges)

w, and lbh are found by solving (3.12)£3.13).
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Remark 5.1. : It is possible to avoid solving the four Dirichlet problems

(3.37),(3.38),(3.12),(3.13) by proceeding as follow (as in [5])

(5.13) Age mh arbitrarily chosen,

then )\E known, find )\EH by

n
JQ th Vvhdx = szhvhdx Vvhevoh .
(5.14)
n ,n
Wy )\he Voh’
n B n
IQ Vlbh Vvhdx = JQwhvhdx Vvhevoh'
(5.15)
n n _
whevh . U)h =8 o0 r,
s 0% Ly s s %[ WP ax - | wPuax - @ yar
LA D ' e S HpeX ,ngn“hX th“h ’
(5.16)
n+l
Vuhe mh , Ah emh.

In view of (5.7)(5.16) the determination of )\;Jrl in (5.16) requires

the resolution of a linear system of matrix Sh.

5.2.3. Choice of sh

In principle any symmetric positive definite bilinear form on 77(h will
work. However the choice of sh should be guided by the following two

seemingly contradictory properties.

(i) Choose sh(',') such that Sh is sparse and even diagonal ; in the
former case S, will be factorized by the Cholesky method, Sh = Tthtx’

h

and Th will be stored in the memory of the computer (Th is also sparse).
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(ii) Since ah(',') is an approximation of a(*,*) defined over
H-l/z(r) and H-I/Z(T)—elliptic, it would seem reasonnable to take
sh(°,°) to be also an approximation of s(*,*) where s(*,*) is a

bilinear form, H_I/Z(T)—elliptic. Such a choice leads to a full matrix

Sh ; we shall come back to this point in Sec. 5.2.5.(See also Remark 8.1).
Let us discuss the point of view (i) : let us assume that %h is

defined by (4.2) and that a Lagrangian finite element method is used.

It follows from [9]1, 23, Ch. 41, [5] that Sh(',') can be one of the

following

1(5.17) s, (Apshy) = erhuhdr ,
(5.18) sh(Xh,uh) - LQkhuhdx |
(5.19) sh(kh,uh) = LQth-Vuhdx.

Such choices lead to a sparse matrix Sh( provided that the boundary

nodes have been properly numbered).

By numerical integration it is easy to approximate (5.17),(5.18) by

bilinear forms for which Sh is diagonal. If k=1 (resp k=2) and if

the notations are as in Figure 5.1. (resp. 5.2) we may approximate
(5.17) by

b lpgpylele |
(5.20) sy Oyl = 2 3 AgHg

i=1

which corresponds to the trapezoidal rule of integration (resp. by

Yy p
1 i+l
(5.21) SO Hy) = E 5 g g Ay o

which corresponds to Simpson's rule).
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151
Pi+l/2
i+l Piv1
r
r
Figure 5.1. Figure 5.2.
5.2.4. Convergence of algorithm (5.5),(5.6)
Theorem 5.1. : Let {)‘tl:}n be a sequence generated by algorithm (5.5),(5.6)

and )‘h the solution of (Eh). Then for all choices )xﬁe Wlh

lim A% = A,
h h
n>o
if and onlv if
(5.22) 0<pc< ANL
h

where I\N is the largest eigenvalue of S;]Ah.
h

n n
Proof : Let Y = rh)\h-rh)\h. From (5.9)
(5.23) yﬁ” = (I-+s

The matrices A.h and S, being symmetric positive definite, Sl;lAh has

h
Nh eingenvalues
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<
0<A]SA2S,.”, A,h

N
and N_ eigenvectors {Vi}izls

. -orthogonal i.e.

h

N N
the set {vi}ihbeing a basis for R h, yi can be computed on it and

with self explanatory notations, (5.23) becomes

(5.24) vyt = (1-pAi)y’i1 i=1,...,N,.

Algorithm (5.5),(5.6) will converge if and only if

(5.25) Il-pl\i| <1 Vi=l,... N,

which is equivalent to (5.22). ®

Remark 5.2 : One could show that

(5.26) A ap (kp s Hp)
N = max

woe m-{0) sp(Hy My

Remark 5.3 : The previous demonstration, based on the spectral decompo-
sition of S;lAh is standard. Another method, based on inequalities of
energy can be found in [9] ; this method extends to the infinite

dimension case (see [9, Sec. 21).

Remark 5.4 : If sh(kh,uh) = Ahu ar (which 1is the most natural

h
choice for sh) it is shown in T9] that under the hypothesis on Ta]

in Theorem 3.3 and for Lagrangian finite elements with k2 1,
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2
(5.27) lim = max {I Iél dﬂ/ J IAV|2dx} =A,
h>0 2 i on Q
v e H(Q) n HO(Q)
v#0

therefore it is possible to estimate AN for a certain number of

h
domains for which A is known (see J. SMITH [44]).

Remark 5.5 : It can be shown from (5.24) that the optimal value

for p is

(5.28) Popt = 2/ (A +hy ),
h

in which case
-A
n+ll . ANh ! | n| Vi=1
i < K;_:K_ yi 1= ,...,Nh ’
h 1

which gives a linear convergence ratio

ANh‘Al
(5.30) R <
opt ANh+A1

(5.29) ly

With (5.17) and according to Theorems 3.3 and 4.1,

(5.31) J{opt < 1-yh , y>0 independent of h.

This result seems pessimistic at first sight. However numerical tests
show that if the solution of (Po) is smooth the speed of convergence
is practically independent of h, (see [5]). This is because algorithm
(5.5),(5.6) is a finite dimensional approximation of the continuous

algorithm below

(5.32) 2° eLZ(T) arbitrarily chosen,
T £,

(5.33) a n
W o= 2A

T ’
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- N =w ,
(5.34)

n -

w |I1 - g]!

n+l n Bwn _
(5.35) A Y oY e gz) .

Let ¥ be the solution of (Po) ; 1f A = —Awlr = wlr belongs to LZ(F)
it follows from [9],[22], provided

(5.36) 0<pc«< 72\- (A defined in (5.27)),

'that

(5.37) 1im {¥%,0"} > {Y,-AY} in HZ(Q) x LZ(Q), strongly.
n—>00

However one can show that in general the convergence rate is sub-
linear (i.e. slower than any geometric sequence). This is due to the
fact that A, introduced in Sec. 2.5, is compact from LZ(T) into
L2(n).

I/Z(F).

Now let us construct steepest descent methods in H—

5.2.5. Iterative methods in H-I/Z(F).

In this section we assume that £ is simply connected. Let us investigate

the point of view (ii) of Sec. 5.2.3. Among the continuous bilinear forms

s(*,*), H_I/Z(F)-elliptic, the most classical one (see Remark 2.6) is
defined by
1 1
= — A
(5.38) s(A W) = 57 err (C+in W) (X)u(y)dl (x)dl' (y)

where C is a positive constant.

Of course if a Lagrangian finite element method is used and if mh is
defined by (4.2) then s(+,*) defines a symmetric positive definite form

sh(',') by
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1 1
sh(xh’uh) = s(yokh,youh) = — (C+&n T;:;TOXh(X)uh(y)dF(X)dF(y),

2m JFXT
(5.39)

Ah’uh € mh ’

and we recall that Y 1s the trace mapping of Sec. 2.2. In practice
o

sh(', ® ) of (5.39) is not feasible and we must approximate the integral

in the right member by a numerical integration process (see LEROUX [301).
t

Then a (full) matrix Sh is obtained and, once factorized, Sh = ThTh’

the matrix Th will be stored in the memory of the computer. However
we prefer the following process, Which ought to be justified theore-

tically. For clarity we assume k=! and we start with the following

remark

~

If Y is the cercle of radius 2—1“- and centre 0 (see Figure 5.3.)

Figure 5.3.
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then the operator

2
A d -1/2
(5.40) S = (I~ — ) /
de
- ~ 1/2 ~ ) -1/2 =
is an isomorphism of H ]/Z(Y) on H/ (Y), symmetric and H (-
elliptic. Now let us approximate S (S_] , in fact) as follows : let

h = 1/N, and defi L

= h an efine Ah : y
- ~2
BBy = (Eprey -26))/h

(5.41) A By, = (B, +E,_-2E)/h" , 2 sis<N -
~ ~2 h
(A 8) = (g, + -2E_)/h" , YE R .
ROy, -y 172

The operator .-Ah (resp. I—Ah) is symmetric positive semi-definite

{resp. positive definite) and in matricial form,

The interest of -Ah is in the fact that its eigenvalues and eigenvectors

are known explicitly , therefore the computation of

(5.43) st o= (I-A 1/2

will be easy. In fact the reader will check that if Nh is even the

eigenvectors of -Ah are
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- Nh Nh
Cj ={cos2m § (i-1 )h}i=l’ 0<j< =,
(5.44) .
s = Usin 2 JG-DRLE L 1 <5 o1,
and the corresponding eigenvalues are
(5.45) 5. = = gjn? TH
7 32 2
If Nh is odd then
- Nh Nh-l
cJ = {cosZTrj(i-l)h}i=1 » 08 <——,
5.46
o8 S
= - < <—
s {sin2mj(i-1)h i=1 Js=—
Yith the eigenvalues as in (5.45). Then to compute S;] we normalize
C. and S.
] J
c. = c./ |lc. ,
;- ol lleg I,
(5.47)
S

and we denote by Th the unitary matrix that has C. and S. as column
vectors

J I
(5.48)

Then we denote by

1
l+6] O
146
\I
(5.49) D \ ’
h 1+6.
O
146,
N
\
\

and then



_54_

_ t
=4, = TD0 Ty
and
-1 ~ 1/2 _ 1/2,t
(5.50) Sh = (I—Ah) = ThDh Th ,
and of course
1
1+6I
1 148
\
D1/2 _ L 4
h =

Vi,
(:) \’]+5j

Y
\

The matrices S, and S;] are full

h XN, symmetric positive definite

B Ny

matrices.

Algorithm (5.5),(5.6) (in its equivalent form (5.8)(5.9)) has been applied

to (Po) with S, defined by (5.50) and the numbering of I being as in

h
Figure 5.1. The corresponding numerical experiments will be described
in a forthcoming publication by BOURGAT-GLOWINSKI-PIRONNEAU. In Sec. 8,
Remark 8.1 we suggest an alternate choice for S *,*), in order to iterate

"approximately" in H—]/Z(F).

5.3. Gradient method with variable step size.

5.3.1. Orientation

Fixed step size steepest descent method have the drawback to require
the knowledge of the eigenvalues A, and ANh to find a feasible p. At
the cost of additional computations one may overcome this difficulty.
We shall indicate two methods for adjusting p at each iteration and
we shall give some details on the implementation of these methods.

These two methods are well-known as steenest descent method and

minimum residual method.
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5.3.2. Principle of the variable step size methods.

Let us first begin by recalling the principles of these methods and
then in the subsequent sections their applications to (Eh)'

N . L L .
In R, let £ be a NXN symmetric positive definite matrix and

R eRN. The linear system
(5.51) AE =B

has a unique solution. Let us solve (5.51) by the following algorithm

o]

(5.52) £ e]RN arbitrarily chosen ,

(5.53) g“” = En-pns_] (a £7-B) ,

where in (5.53) S is a NxN symmetric positive definite matrix and p
n

is chosen "at best" at each iteration. We denote

(5.54) g = AL"-B .

(:) Method of steepest descent.

Let J : RN + R defined by

JM) . 5 (An,n) - (8,)

Then the solution of (5.51) is the unique solution of the minimization
problem

JE) < I@)  VYner',

Ee]RN.

Therefore Py is computed such that

J(&n—pns-lgn) < J(En-os_lgn) VpeER ,
(5.55)

P €R.
n
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It follows from (5.55) that

-l n n

(5.56) P, = (58,8 )/ (As g, 87 g™

which completes (5.52)(5.53). Let us note that gn satisfies

+1 -1
(5.57) g =g e AS g

This relation will play an important role in the resolution of (Eh).

@ Method of minimum residual.

We have still (5.52),(5.53), but pn is such that

- - - -1
s Ign+l,gn+l)s(s I(gn-p.fts lgn) ,gn—pd{s gn) Vo R ,
(5.58)

P €R,

from which we find

] -l n

(5.59) p = (#AS g, s g™ /(s s R, AsTg™) .

The relation (5.57) still holds in this case.

5.3.3. Application of the method of steepest descent for the solution
of (E).

In the particular case of (Eh), algorithm (5.52),(5.53),(5.56) takes

the form

(5.60) e m,
n+l n -1 n
(5.61) rhxh = rhAh onSh 8y
-l n n -1 n -1 n
(5.63) Do A AM-b

&h T “h'nth Phe
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In case Ah is known explicitly the implementation of (5.60)-(5.63)
is straightforward. Besides we think that it is not interesting to
use this method for solving (Eh) when Ah is known explicitly.

Therefore let us assume that Ah has not been computed yet. By ins-
pection of (5.61),(5.63) it seems that two Dirichlet problems must
be solved at each 1teratlon to compute gh, then a linear system of

matrix S, to find Sh gh and again two Dirichlet problems for AhS gh

h
However from (5.57)

n+l n -1
(5.64) gh = gh_pnAhSh gg

so that one may proceed like this
° Compute gh from A (two Dirichlet problems) and compute S5 gh
and A.S, gh (two more Dirichlet problems) then compute oy

h°h
by (5.62) and Xl!l,g] by (5.61),(5.64).

h
n+l nt+l n . -1 n -1 n

e Compute A ’On from 8h by computing Sh N and AhSh gh(two
Dirichlet problems) and by using (5.61),(5.64),(5.62).

In short :
e One needs at each iteration to solve a linear system of matrix Sh'
e And two Dirichlet problems per iteration (+ two more for the first

iteration).

This procedure is summarized as follows

(5.65) )\ﬁe M

(5.66) = AT b, n=0

(5.67) = (S lg;,gﬁ) /(Ahs gh, h]gs)h ,
(5.68) hkﬁﬂ Ap-p_S, gg,

(5.69) g - gr-0 A S g

n=n+l and go to (5.67).
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Remark 5.6. : We could study the rate of convergence of algorithm
(5.60)-(5.63) by the techniques developped in MARCHOUK-KUZNETSOV
[33]. Similarly it would be interesting to study the propagation

of round-off errors in the numerical implementation of (5.65)-(5.69).
Remark 5.7. : When the Dirichlet problems and the linear system of

matrix Sh are solved by direct methods the feasibility of a pre-

factorization method (like Cholesky for instance) is evident.

'5.3.4. Implementation of the minimum residual method for solving (Eh)

Everything said in Sec. 5.3.3. for the steepest descent method applies
also for the minimum residual algorithm. The two methods differ only
by their choices of pn. The adaptation will be obtained by replacing
in algorithm (5.60)-(5.63) instruction (5.62) by

-1n -1 n -1 -1 n -l n
(5.70) Py = (AyS, 8,55, 8) /(S ALS, 1A S, 8y

Similarly when Ah is not known explicitly it is better to use (5.65)-

(5.69) with (5.67) replaced by (5.70). Remarks 5.6, 5.7 also apply
to this algorithm.

5.4. Solution of (Eh) by the conjugate gradient method

5.4.1. Orientation.

The matrix Ah being symmetric positive definite it is natural to solve
(Eh) by a conjugate gradient method. We recall that these methods are

super-linearly convergent and that when there are no round=off errors

they converge in a finite number of iterations.

We begin, in Sec. 5.4.2., by some recalls on the conjugate gradient
-method and then in Sec. 5.4.3. its implementation for solving (Eh)

is discussed.
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5.4.2. Recalls on the conjugate gradient method.

Again let us consider problem (5.51), i.e. #A& = B, where .&satisfies
the hypothesis of Sec. 5.3.2. For this problem the conjugate gradient
method is (see for example [131, [ 71, [39]).

(5.71) £2 eRY , chosen arbitrarily,
(5.72) g’ = A %8,
(5.73) ' =¢g° , n=0,
(5.74) o = (z"g™ / (#2",2"
(5.75) AR L

n
(5.76) Y, - ™™ g™
(5.77) Zn+l - gn+l+Ynzn

n=n+l and go to (5.74).
Note that (5.75) implies that
ntl

(5.78) 57 =g -p_ Az

This relation will play an important role in the resolution of (Eh).

5.4.3. Implementation on (Eh)

In the particular case of (Eh),(5.71)-(5.77) takes the form

(5.79) Aﬁ € ”?h.’ chosen arbitrarily,
o o
(5.80) gh Ahrh%f bh

(*) We also have P, = |gn|2/(afzn,zn).
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(5.81) zﬁ = gﬁ » n=0,

(5.82) o, = (20,80, / (A zp,20), (or (gp,8 )/ (A zp,2),) 3
(5.83) rhkﬁ+l = 1 AP 2y

(5.84) gafl - Ahrhka+l-bh,

(5.85) Y, = (gﬁ+',gﬁ+])h/(gg,gﬁ)h

(5.86) z{]:l = gr;1+l+ynzhn ,

=n+l, go to (5.82) .m

By inspection of (5.82),(5.84),(5.85) it seems that 4 Dirichlet problems
are required at each iteration to implement (5.79)-(5.86)

n n+l )
(two for Ahzh (resp. Ahrh)\h )). In fact as for algorithms of Sec. 5.3.

one can reduce the number of Dirichlet problems to two. Because

ntl n n

(5-88)pis B T BpTPARZy

Indeed if we use algorithm (5.79)-(5.83),(5.84)bis,(5.85),(5.86) we note

that once )\ﬁ,z%gghare known, two Dirichlet problems are necessary to
. ) ntl  n+l

compute Ahzh. Once this vector is known we can compute pn, )\h '8

by (5.82), (5.83), (5.84)bis ; then the knowledge of gﬁ” enables us

to compute Yn and zl_r:+l by (5.85),(5.86)

Remarque 5.8. : The Remark 5.7 on the prefactorization of the matrices

also holds in this case.

Remark 5.9. : Algorithm (5.79)—(5.83),(5.84)bis(5.85),(5.86) is more
sensitive to the round-off errors than algorithm (5.79)-(5.86) in which
- gﬁﬂ is computed by (5.89). Therefore it is reasonnable to use on the
former algorithm a periodic reinitialization procedure of the type

n+l n+l n+1 ) )
zy = 8, » 8 being computed by (5.84) instead of (S.84)bis.
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6. - The case § p-connected (p 2 1). (I) The continuous problem.

6.1. Formulation of the problem.

Let {Qk}£=0 be a family of simply connected, bounded domains of Rz

with a smooth boundary Tk, k=0,1,...p. We assume also (see Figure 6.1.)

that
(6.1) ﬁkcszo Yk=1,...p.
We define then € and T by

P _
(6.2) Q=20 -Unk,r-an.

Figure 6.1.

We consider over { the following Stokes problem

- > -+
- uAu + Vp = £ over Q,

->
Veu = 0 over Q,

(6'3) - > > >
ulro "% with Jro u e n ' =0,

-
u|F = 0 Vk=1,...p.
k
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Let us introduce
6.4) VO={;EH:)(Q)XH‘1)(Q) ,Vey=0op.p. on Q},

> 1 i ->
Vb ={veH (DxH (Y, Vv =0 p.-p. on £,
(6‘5) > > -
VII-. =u s V"F =0 Yk=1,...pl.
0 k

1/ 1/2

2
b (Fo)><H

then (6.3) has the following variational formulation

> >
In (6.5) we assume that u_€H (Fo). If £ is sufficiently smooth

5> > > > >
uj VueWw dx = J f evdx VveVO
®.- 6) & &
ue Vb
> > re >, 2
where f*v denotes the usual scalar of f and v inR"~ . It follows from, e.q.

LIONS [31] that (6.6) has a unique solution.

6.2. A stream function formulation.

From the boundary conditions in (6.3) there exists a stream function ¥

such that
- __ % .
(6.7) u, = Ez s ouy = a—x-l in f,
> >
6.8) Y(x) = J u °n dFo Vx ¢ l"o ,
X X
o
(6.9) Y = const. on Fk,Vk=l,...p,
aw o -> .+
(6.10) slp = —urT,
0

6.11) g—“’| = 0 Yk=1,...p.
n
k
Moreover J is the unique solution of the following variational problem

[ sz af]
uJQ AYAPdx = IQ ( W - §x—2 Yodx + fr(flnz-fznl)cbdl“
(6.12)

V¢€Wo , wewb

where, in (6.12), n. = cos(_r:,Oxi) and



_63—

2 L) _ _ _
W, = {oeH (D), EIT =0, ¢|Fo- o, ¢|Fk const.
(6.13)
Vk=1 _...p},
— 2 % = _# q# ﬁ = V =
wb—{¢sH(Q), an"ro' u oT 3n|l"k 0 Vk=1,...p ,
(6.14)
= I Q. *ndl ¢|. = const. Vk=I pl.
d)‘r Ub ndo ’ Fk . e

(o} X X
(¢]

In (6.9) the constants are unknown. They are arbitrary in (6.13),(6.14).
Let us define ¢, by ¢, = ¢I1"k , k=1 ,...p. It follows from (6.12)=(6.14)
thet (6.12) can be reformulated

at, 3f1 P
= — - =— )d¢d f -f dT
" M MpAddx JQ( ™, %, Ybdx + k2=1¢k Lﬂk( =y )dl
.15)

Vcbewo ,Wewb .

It follows from (6.15) that Y is also the unique solution of the following

minimization problem

(6.16) Min J(¢)
b€ Wb
where
" 2 afz 3f1 P
(6.17) J(P) = =+ f || “d x - ( - = )é¢dx - 2: ¢ f (f,n ~-f.n, )dl, .
2 Q 0 Bxl sz & k Ty 172 7271 k
6.3. A generalized biharmonic problem.
The problem (6.15)) (6.16) 1s actually a particular case of the slightly more

general biharmonic problem

P
Mhddx = | fodx + T v 0, Voew
JQ e 0!

(6.18) &
Pew ,
where
. 2 3, _ )
W - {¢€H (Q) > 5;‘1" - 82’ ¢‘1"0 glo’ ¢lﬂlk g]k‘.'COnSt.
(6.19)
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In (6.19) we have Ik €H3/2(Ik) Yk=0,1,...p, 8, eH]/z(F) and the constants

are arbitrary ; (6. 18) has a unique solution.

It follows from (6.18),(6.19) that @ is also the unique solution of

(6.20) Min J(¢)
YeW
g
where
30 = 5 | | 20f%ax - | goex - AR
9) 9) k=1
with q>|F =g, + C Vk=l,...p.
k

6.4. An equivalent formulation of (6.18),(6.20).

(%)

In order to reduce (6.18),(6.20) to a set of ordinary biharmonic problems

the fundamental result is given by

Theorem 6.1. : Let us define c ¢RP by

(6.21) Ck = ‘HF —glk ’ k=]$"'ps
k

where Y is the solution of (6.18),(6.20). Then C is the unique solution of

j(C) <3(C)  ¥C eRP,

(6.22)
E eRP,
with
(6.23) j(c) = %j |A1,‘)|2dx - f fydx - ZP e
Q Q k=1

where, 1in (6.23), y is the solution in HZ(Q) of the ordinary biharmonic

problem
2
A"y = £ over @,
(6.24) w|F0= F10 wlrk T BT VLR
oY
EE

(x) i.e. like (PO) of Sec. 1.
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Proof : Let C€RP and let ¥ be the corresponding solution of (6.24).

Then
(6.25) bew
and
(6.26) 5(C) = JW) = Min J(@) = J@) VC eRP.
bew
g

Conversely, since HﬁﬂD CWO we obviously have from (6.18)
(6.27) J ApAGax = J £odx V9 € HA@)

Q Q
which implies

2A
(6.28) A" = £ over Q.
Moreover, since @ eWé we have

- 2
(6.29) wlro = glo , Tn'lr' = gz
and (6.21) implies
(6.30) wlrk = g *C, Vk=l,...p.
It follows from (6.23),(6.24),(6.28)-(6.30) that
(6.31) J(W) = 3(E) 2 inf j(C).

cerP

Comparing (6.26)) (6.31) we obtain (6.22) and the uniqueness is obvious.®

Remark 6.1 : The minimization problem (6.22) may be viewed as an optimal

control problem in which the control variable is C, the state variable is

P , the state equation is (6.24) and the cost function is defined by (6.23) .m

The following result is an obvious consequence of Theorem 6.1. and relations
(6.23), ( 6.24).
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Pronosition 6.1 : The minimization nroblem (6.22) has a unique solution

which is also the solution of the linear svstem

(6.32) g—g(E) -0, l<k<p,

the matrix of which is symmetric and positive definite.m

6.5. - Mathematical expression of Vj and application to the solution of
(6.18),(6.20).
6.5.1. Expression of Vj.

In order to solve (6.18),(6.20) through (6.22) the following results are

fundamental

Theorem 6.2 : Let ¥ be the solution of (6.24) and w = - Ay, Then if j(*)
is defined by (6.23),(6.24) we have

CHl - W yp - =
(6.33) mk(C) = Jrk =2 dry -y, kel,...p.

Proof : Let &C 0 R', then

(6.34)  Vj (C)+8C = 1im LC*t8CI=3 (©) _  pypsydx - J
t-to t Q0
t#0

where, in (6.34), &y is the unique solution in HZ(Q) (and wo) of

P
£8pdx - Eykﬁck
Q k=1

{ AZGU) = 0 over Q,

S¢lpn =0, 89|, = 8C Vk=l,...p,
(6.35) To Ty k

90 & -
a—nwlr-o.

It follows from Green's formula that

2 3
6.36 MpASYdx =  ATYSYd IA—-—Gd— L AYSYdT .
(6.36) ngwx L vovax | b s Jranww

Since A% = f and w = -AY it follows from (6.34)-(6.36) that
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. 9w _ P
(6.37) Vj(C)+6C = i f (ﬁ ar, Yk) 6Ck ¥&C eRY,
k=1 Pk

which proves (6.33).m

ow .
Remark 6.2 : Formula (6.33) is not correct since, usually, §H|F is not
-3/2 .
a function but an element of H / (T). Actually the correct expression
for Al 18
BCk

A () - W, -
(6.38) ack(c) Yo 5= PV, k=l.op
where X, is the function defined over T such that

) L =0,1,...p,

(6.39) xk|r2- K2

3/2 -3/2
and where <s,*» denotes the duality between H / (T) and H / (.
To prove (6.38) we should use Green's formula (2.2) (see Sec. 2.3) instead

of (6.36). ®

Remark 6.3 : Let us denote by ik an extension of Xk over f such that

)”(k 0 Hi(Q). Then from Green's formula we have

éi = Y Bvay, - =
C () wakdx + Vw kadx Y
k Q Q
(6.40)
= VweV¥ dx _J £%,dx - v, , k=l,...p.
i k Q k k
The advantage of (6.40) by comparison to (6.33) is that it gives an expression

of %% in which §%|r does not occur explicitly. This is an important remark

in view of the approximate problem.

6.5.2. Application to the solution of (6.18),(6.20).

There are sevaral methods for solving (6.32) ; we can use either direct
- methods or iterative methods. As in Sec. 5, 6 we can use gradient or

conjugate gradient methods, without knowing the matrix of the system

(6.32). However, since p is usually small it can be convenient to compute

the matrix and the right hand side of (6.32).
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We have

(6.41)  j'(C) = BC-(d+y)

where Y = {Yk}llz-l’ d¢RP and where B is a pXp symmetric positive definite
matrix ; B and d are not known a priori. Concerning {B,d} we can easily

prove the following

Proposition 62 : We have

de
642) dk = —J s dT, k=l,eeeps
T
k
where c(lu = -Awd, Ibd being the solution 2f

Azwd = f over Q,

V.. =g, Yk=0,1,...p,
(6.43) 4Ty Tk

"y |
9n 'T g): m

Proposition 63: Let B = {bkﬂ,}ISk,!Z,Sp’ then

ng
— < <
(6.44) b, =J — dl, , 1<klsp,
r
k
where, wp = - Alj)z , U)Q being the solution of

AZUJR = 0 over &,
(6.45) walrk = 8 Yk=0,1,...p,

oY
9
mir =0 -

Remark 6.4 : Remarks 62, 63hold for (642) and Remark 6.3 holds for
(6.44) . It follows in particular from (6.40),(6.44),(6.45)that

(6.46) b, _ JQV y VX, dx . w
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Remark 6.5 : Since B is symmetric we also have

b Vu)k'Vil dx , 1<k,2<p.

K= g

In fact, from the symmetry of B it is convenient to construct B,column

by column, by computing only kaL for the pairs {k,%2} such that 1 <% <k<p.m
Once B and k are known, solving (6.32), i.e.

(6.47) Ba = d+y

~

is a trivial task which produces C. Once C is known, we obtain @ from (6.24). ®

Remark 6.6 : The solution of the "generalized" biharmonic problem (6.18),(6.20),
through the solution of (6.32),(6.47) by a direct method, requires the solu-

tion over Q of (p+2) "ordinary" biharmonic problems

¢ 1 to compute d,
e p to compute B,

e 1 to compute Y from C (this last one is (6.24)).

If we want to solve these ordinary biharmonic problems, using the decomposition

(2.26)-(2.30), studied in Sec. 2, we shall have to solve (p+2) "integral equa-
tions" like (2.28) and 2(p+3) Dirichlet problems for -A (a superficial analysis

would indicate &(p+2) Dirichlet problems).®
Remark 6.7 : The above matrix B depends of Q only, therefore it remains
unchanged if f, gIk (k=0,1,...p), g, are modified. It can be constructed

once and for all for a given (. ®

6.6. A saddle-point property.

We use the notation of Sec. 6.4 ; taking %in - g2 as a linear constraint,

let us define a lagrangian &£ : RPXH—]/Z(I") +R by
L2 3y -
(6.48) £(C,u) = 5 [AY|dx -  fydx + <u, = - g, >- Z,Y.C,
39 JQ on 2 k=1 k'k

1/2

where in (6.48), <¢,*> denotes the duality between H-l/z(I‘) and H " 7(T)

and where y is a function of C and u via
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Azw = f over Q,

(6.49) wll'\ = g]O ’w‘l" = g]k n Ck Vk=|,...P,
o k
- Al -
Ml = w
Let us prove
Proposition 6.4. : Let Yy be the solution of (6.49) and w = - Ay ; we have

then

(L w - V=
(§.50) ack(c’“) fr S ar, - v, Vk=l,...p,

k

32
(6.5 37 (Cow) = 22 - g

Proof : From (6.48), (6.491, we have

Ef;(c,u)-éc + éé (C,u)*8y = AYASYPdx - f8Ydx +
aC o Iq Q
(6.52)

d N P
* <, g 8>+ <Oy, o - gy > Dy 8C
k=1

£y - o

(6.53) cswlr =0, awlr = 8¢,
o k
- 8% = ou.

Relation (6.49) and Green’s formula yield :

_ 3 2
(6.54) fQ DS Apdx f ESpdx + Jr 55 BVSYAT + <y, 2 6y > = 0.

Q

Then using (6.53) and (6.54)

AYSApdx - J £8pdx + <y, %- sy > = J 0 sy dr =
Q n pon

6.55)] %

ow
égl 6Ck fr Ty dFk.
k
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Therefore

L oA 2
(6.56) =& (C,uw)*48C + Em (Cy,w) Sy = kz (sc
which completes the proof.

Remark 6.8 : Remark 6.2. still holds for the proof of Proposition 6.4 and

for the above formulae.

Proposition 6.5

Let Y and C be respectively the solutions of (6.18),(6.19) and (6.20). Let

A be equal to &IF , then {C,A\}lis the unique saddle-point of £ over
P x 1 /2D,

Proof : From (6.29), (6.32), (6.33), (6.50), (6.51) we have

X

-B—C-(C,)\) =0,

(6.57)
£ PPN
(6.58) %ﬁ (C,A) = 0.

Then to prove that {C,A} is a saddle point of # over Rp><H-I/2(F), it is
sufficient to show that &£ is convex in C and concave in | ; and a necessary

and sufficient condition for this is

(6.59) ( 2% (cvéc,u) -2% (c,up6c 2 0 veceR? wuew 2D,

(6.60) < g-;f (C,u+6u) - %‘U" (Cou), 61> 20 youe H Xy, yCeRP.

From (6.50) we must show that :

P
adw p
(6.61) _Z Gckj -a—n—dl"kzo VY8C €R
k=1 T
k
where Sw = - A8y, and

Asy =0,

(6.62) Gwlro =0, 6w|rk = 5Ck , k=l,...,p,

- A6w|r= 0.
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Green's formula and (6.62) imply that

0= sy sydx = J |asy| 2dx 4 2 nsysyar
Q Ip on

IQ
Therefore
f g_dm SYdT = % 8, f %@*—) dl“k=f |a6y|%ax = o
r o k=1 T " §

The proof of (6.60) is almost similar 7 we leave it to the reader. =

From Proposition 6.5 and the convex-concave property of#£ it follows
from GLOWINSKI-LIONS-TREMOLIERES [23, Ch. 21 , FORTIN-GLOWINSKI [20]
that for solving (6.18)~(6.20) we can use the following algorithm of
Arrow-Hurwicz type (%) :

1/2

(6.63) (c®,3°1eRP xH /(D) , arbitrarily given,

then for nz0

(6.64) AL TONY L JCRON p; >0
1 U
| < 1
(6.65) "o C“—pzaa—c P ; Py >0,
. . , -1/2 1/2 .
In (6.64), S is a duality mapping from H (DtoH ""(I).It 1 s

convenient to write (6.64), (6.65) in the following equivalent form

which is more suitable for computations :

- Awnﬂ =fover Q
(6.66)
+1
n |1~ - )\n’
Mo R aw" dr. -
(667) PR 0 ) o
I1k
_ Awnﬂ - u)n+l
(6.68)
n+l n+l _ n+] _
w ll-. = glo ’ ]\U Il'!k g|k+Ck Vk—'ly"'Ps
o]

™) we only consider an algorithm with constant step P3Py
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n+l n -1 awn+l
(6.69) X = A 4+ OIS ( B - gz).
Remark 6.9 : If XGIF(F) then S can be replaced by I in (6.69). =

Remark 6.10: The above algorithm is a precise formalization of some of

the concepts felt by PERRONNET C381.

Remark 6.11 : Thus the biharmonic problem on a multiconnected domain has

been replaced by a sequence of Dirichlet problems for Laplace's operator.

7. = THE CASE § p-CONNECTED (p 21). (II) THE DISCRETE CASE.

7.1. Formulation of the approximate problem.

We assume in this section that Qk is a polygonal Vk=0,1,...p. The
spaces Vh’ Voh’z?h being defined as in Sec. 3.1, we define Wgh by

Wgh = {(vh,qh) €Vh><Vh , vhlI‘ = g],oh, VhII'k = glkh + const. Vk=1,...p,
0

Lz V‘vh‘Vuhdx = IQ q M dx JI‘ g y dr Vuhth}.

We approximate (6.18),(6.20) by

(7.1) Min Jh(vh,qh)

where
(7.2) 3. (v.,qa) = + | |q|%ax - fvdx-%YC
hVh? 9 2 h h'h 2 e Yk
Q Q h=1
with VhIFk = &n *t Cp Yk=l,..op.

The approximate problem (7.1) has a unique solution {wh,wh} and it is

also equivalent to

(7.3) Min_ 3 ,(C)
cerP ™ B

with
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P
. 1 2

I
where in (7.4) {wh’mh} depends on C via the "state problem"
(7.5) Min Jon Vo ay)
(Vs ) € Wgh(C)

in which

p— = v - .
(7.6) Wy (O = {(vh,qh)ewgh , Vhll‘k 8xn * Cp Tk=1...p
and

| 2
(7.7) Joh(vh,qh) =-ngqh| dx - Jgfhvhdx .

Clearly we have the following

Proposition 7.1 : The minimisation problem (7.3) has a unique solution
A
Ch which is also the solution of the linear system
I
(7.8) —Y—l(c)=0 1<k<p
: BCk h !

the matrix of which is symmetric and positive definite.

7.2. Solution of (7.1) wvia (7.3).

7.2.1. Computation of th.

We begin by stating the following

Proposition 7.2 : Let {wh,wh} be the solution of (7.5)=(7.7), then if

jh(°) is defined by (7.4)-(7.7) we have

3]
h ~ ~
(7.9) EYou ) = J th°kadx - J thkdx = Yy
k Q Q
where
X € Mys
(7.10)

XkII‘z = &, V2=0,1,...p.



- 75 =

Proof : From (7.4) we have

P
(7.11) jv(c)oZéHdemdx- £8.dx - Y vy, oC .
h th Ighh k=lk k

Let us decompose Gwh into
8 8. : X
(7.12) v, = 0+ k;501( %,

where

P
Gd)h = (Swh - kgl Gck X belongs to Voh

Then from (3.12) with vy = G-Jh, we have

P
(7.13) | Ve VS, dx = | £, 80 dx + Y U (Vo V%, - £, % )dx] 6.
Q Q k=1'g

Since {wh,wh} € Wgh’ we have

(7.14) IQ Véwh 'thdx = IQGwhw ﬁix'

Using (7.13)) (7.14) in (7.11) we find the discrete analogue of (6.38)
} P . -
(7.15) 500 0 @ - ég& GCk [ fﬂvwh kadx - fﬂfhxkdx = Yy ] . m

7.2.2. Application to the solution of (7.1)-(7.3).

As in the continuous case we can solve (7.8) by direct or iterative

methods.

7.2.2.1. : Direct method.

We have
(7.16) jt'\(c) = th - (dh+y)

where Y = {Yk}£=l’ dheRp and where Bh is a pXp symmetric, positive

definite matrix ; Bh and dh are not known but can be computed from the

following
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Proposition 7.3 : We have

(7.17) 4 = -IQdeh-vi(k + Jgfhikdx , k=l,...p

where {wh’wdh} are the solutions of (7.5),(7.6) withC=0.

Proposition 7.4 : Let Bh = {bk,Q,}lSks,Q,Sp , then

(7.18) by _ J Y, g * V¥, dx
Q

where {“’hz""m} is the solution of (7.5),(7.6) with

fh = 0, Bixh ~ 0 Vk=0,...p, 8p = 0, Ck = GkJL .

Remark 7.1 : Remarks 6.5, 6.6, 6.7 hold.

7.2.2.2 : Iterative methods.

As in Sec. 5,6 we can use gradient or conjugate gradient methods to

solve (7.8) without computing explicitly B

h and dh'

Moreover as in the continuous case, an alternative method would be to

compute the saddle-point in RP x m‘h of

1 2 - 1 - d -
2, (C,u) =3 | lwh] dx Jthmphdx + |QVu h. Ohdx JQuhmh X

7.19 f

(7.19) §
- | v g, dal - Y Cpo»
‘Jrh 2h Gk ok

where {wh’wh} is a function of Cand y via

Vw, *Vv, dx
| v,

J f, v, dx VvheV
Q
( WMy € Vone

h'h oh

h' h

LZ V\[Jh°Vvhdx JQw v, dx v v, € Voh

bpe Vpo "’h‘F: 8oh ‘J’h‘rk * 8n b Gk
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The reader will have no difficulties in finding the discrete analogues

of (6.50), (6.51) and of the Arrow-Hurwicz algorithm (6.64)~(6.69).

Remark 7.2 : If mh is chosen as in (4.2), cf. Sec. 4.2, the above integrals

in (7.17)-(7.19) are in fact to be done on the boundary triangles only. ®

8. Further Remarks. Comments.

Remark 8.1 : Various sh(',') have been given in Sec. 5.2.3., 5.2.5.

The corresponding matrices Sh are symmetric and positive definite.

In view of iterating in H-1/2(F), "approximately", we feel that a good
strategy 1s to choose Sh as the inverse matrix of the matrix related to
(5.19) . Numerical experiments to test this conjecture are planned for

the near future. ®

Remark 8.2 : In the conjugate gradient method of Sec. 5.4 we have used the

canonical inner-product of RNh. However it is also possible to use an inner-
product related to a matrix Sh symmetric and positive definite. The various
formulae will be a little more complicated, but the various remarks done

in the case of gradient methods about the choice of §. and s, still hold

h h
for these variants of algorithm (5.79)-(5.86).m

A large part of the results of this report were announced in GLOWINSKI-
PIRONNEAU [25]1, [26], [27]. In fact this document has to be followed
by other reports of GLOWINSKI-PIRONNEAU, BOURGAT-GLOWINSKI-PIRONNEAU, etc..,
in which the above results and methods will be extended to the numerical
treatment of
) 2
-2 A =
[} at ll) + \)A lP fl
with appropriate boundary conditions,

e Navier-Stokes equations,

etc...
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About the choice between the various methods described above, it appears

from our numerical experiments that the two most efficient methods are

(1) The conjugate gradient method of Sec. 5.1 if the approximate
biharmonic problem has to be solved only a small number of times and/or

if Nh is very large.

(i1) The "quasi-direct" method of Sec. 4 if we need a biharmonic solver

to be used a large number of times. It is in particular the case when

solving by some iterative methods the Navier-Stokes equations in the

{y,w} formulation.

To conclude we would like to point out that a fundamental tool for
obtaining these methods is the mixed finite element method of Sec. 3,

because its very fascinating (!) algebraic properties.

Some applications of the gradient method with constant step of Sec. 5

may be found in BOURGAT [5].
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