




















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































FORCING DETECTABLE ERROR CONDITIONS

Repeat the test defined under FORCING CORRECTABLE ERROR CONDITIONS,
except use simulated error conditions that exceed guaranteed correction capability but
not guaranteed detection capability. An uncorrectable error should be detected for each
simulated error condition.

FORCING ERRORS THAT EXCEED DETECTION CAPABILITY

Repeat the test defined under FORCING CORRECTABLE ERROR CONDITIONS,
except use simulated error conditions that far exceed both the guaranteed correction
and guaranteed detection capabilities. Count the number of correctable and uncorrec-
table errors reported by the error-correction implementation. The ratio of counts
should be approximately equal to the miscorrection probability of the code. Repeat for
error conditions known to have a higher miscorrection probability.

6.4 ERROR LOGGING

For implementations where the data is actually corrected by the controller, it may
be desirable to include an error-logging capability within the controller. A minimum er-
ror-logging capability would count the errors recovered by reread and the errors recov-
ered by error correction. Logging requires the controller to have a method of signaling
the host when the counters overflow and a command for offloading counts to the host.

A more sophisticated error log would also store information useful for:

- Reassigning areas of media for repeated errors.
- Retiring media when the number of reassignments exceeds a threshold.

- Isolation of devices writing marginal media. This may require that the physi-
cal address of the writing device be part of each record written.

- Hardware failure isolation.

It may be desirable to reserve space for error logging on each storage device.
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6.5 SELF-CHECKING
HARDWARE SELF-CHECKING

Hardware self-checking can limit the amount of undetected erroneous data trans-
ferred when error-correction circuits fail.

Self-checking should be added to the design if the probability of error-correction
circuit failure contributes significantly to the probability of transferring undetected
erroneous data. One self-checking method duplicates the error-correction circuits and,
on read, verifies that the error latches for both circuits agree. No circuits from the
two sets of error-correction hardware share the same IC package. This concept can be
extended by having separate sources and/or paths for clocks, power, and ground.

Another self-checking method is called parity predict. It is used for the
self-checking of shift registers that are part of an error-correction implementation. On
each clock, new parity for each shift register is predicted. The actual parity of each
shift register is continuously monitored and at each clock, is compared to the predicted
parity. If a difference is found, a hardware check flag is set.

The diagrams below define when parity is predicted to change for four shift-regis-
ter configurations.

DIVIDE BY g(x), ODD NUMBER OF FEEDBACKS

DATA

The parity of the shift register will flip each time the data bitis ’1°.
DIVIDE BY g(x), EVEN NUMBER OF FEEDBACKS

Y

|
= -0
o ]

DATA

The parity of the shift register will flip if a ’1’ is shifted out of the shift regis-
ter, or (exclusive) if the data bitis '1°.
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MULTIPLY BY X AND DIVIDE BY g(x), ODD # OF FEEDBACKS

DATA

The parity of the shift register will flip if the data bit is "1°.

MULTIPLY BY X™* AND DIVIDE BY g(x), EVEN # OF FEEDBACKS

DATA

The parity of the shift register will flip if a ’1’ is shifted out of the shift regis-
ter.

An m-bit shift register circuit using parity predict for self-checking is shown on
the following page. An odd number of feedbacks and premultiplication by x™ is as-
sumed. It is also assumed that the feedbacks are disabled during write check-bit time
but not during read check-bit time. While writing data bits, reading data bits, and
reading check bits, parity of the shift register is predicted to change for each data bit
that is ’1’. While writing check bits, parity is predicted to change for each ’1’ that is
shifted out of the shift register.

WRITE |
CHECK_BIT_TIME , {>c —~
DATA |

,uf+ ) m-BIT SHIFT REGISTER

. . e o o . . .

m=-BIT PARITY TREE

1 1
1 0 PARITY

K K PREDICT
MUX ERROR
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Another technique that aids the detection of error-correction hardware failures is
to design the circuits so that nonzero check bytes result when the data is all zeros.

SELF-CHECKING WITH MICROCODE AND/OR SOFTWARE

Periodic microcode and/or software checking is another approach that can be used
to limit the amount of undetected erroneous data transferred in case of an error-cor-
rection circuit failure. Diagnostic microcode or software could be run on a subsystem
power-up and during idle times. These routines would force ECC errors and check for
proper detection and correction. In some cases, this approach is the only form of
self-checking incorporated in an implementation, even though it is not as protective as
self-checking hardware. In other cases, this approach is used to supplement self-check-
ing hardware.
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SUPPLEMENTARY PROBLEMS

1.
2.

10.

11.

Write the syndrome equations for a three-error-correcting Reed-Solomon code.

Write out the error-locator polynomiai for errors gt locations 0, 3, and 5 for a
Reed-Solomon code operating over GF(2%) defined by x* + x + 1.

Show a Chien search circuit to solve the error-locator polynomial from problem 2.

Once error locations for a Reed-Solomon code are known, the syndrome equations
become a system of simultaneous linear equations with the error values as un-
knowns. The error-location vectors are coefficients of the unknown error values.
Solve this set of simultaneous linear equations for the two error case.

Write out the encode polynomial for a two-error-correcting Reed-Solomon code
using GF(24) generated by x* + x + 1.

Given a small field generated by the rule ﬁ3 = B + 1 and a large field generated by
a“ = a + B, develop the rule for accomplishing the square of any element in the
large field by performing computation in the small field.

Show a complete decoder (on-the-fly, spaced data blocks) for a buist length 2
correcting, shortened cyclic code, using the polynomial (x4 + DeE* + x + 1).
Record length is 20 bits, including check bits. Data and check bits are to be
buffered in a 20-bit FIFO (first in first out) circuit. -

Find a polynomial for a code of length 7 that has single-, double-, and triple-bit
error detection.

For detection of random bit errors on a 32-bit memory word, would it be better to
place parity on each byte or use a degree four error-detection polynomial across
the entire 32-bit word?

A device using a 2048 bit record, including 16 check bits, has a random bit error
rate of 1E-4. The 16 check bits are defined by the polynomial below. Can the
device meet a 1E-15 specification for Pued (probability of undetected erroneous
data)?
x16 4+ x12 4 x5 + 1

=@+ Dex!d + x14 4 x13 4+ x12 4 x4 4 3 + x2 + x4+ 1)

Compute the probability for three or more error bursts in a block of 256 bytes
when the raw burst error rate is 1E-7.
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12.

13.

14.

15.

16.

17.
18.

DATA
—'@<— 32-BIT SHIFT REGISTER [+

Compute the block error probability for a channel using a detection only code
when the raw burst error rate is 1E-10.

Design a circuit to s ive the equatnon y2 +y + C = 0 for Y when C is given. The
field is generated by x° + x

There is a Fire code in the industry defined by
x24 ¢ x17 4 x14 4+ x10 4 x3 + 1

a) For a correction span of four, determine the detection span using the ine-
qualities for a Fire code.

b) Determine the miscorrection probability for correction span four and record
length 259 bytes, (data plus check bytes.)

For an error-detection code using the shift register below for encoding and decod-
ing of 2048 byte records:

a) Determine the misdetection probability for all possible error bursts.
b) Determine the misdetection probability for all possible double-bit errors.

Which of the pairs of numbers below are relatively prime?

, 45
9 , 31
7, 11
14 , 127

Write the integer 18 as residues of moduli 5 and 7.

Listed below are residues for several integers modulo 5 and 9. Compute the A;j
and mj of the Chinese Remainder Method. Then use the Chinese Remainder
Method to determine the integers.

a) aMODS5 =4, aMOD9 =6, a =?
b) aMODS5 =3, aMOD9 =35, a =1?
¢) aMODS5 =0, aMOD9 =4, a =1?

What is the total number of unique integers that can be represented by residues
modulo 5 and 9?
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19.
20.

21.

22,

23.
24.
25.
26.
27.

28.

29.
30.
31.
32.

Define a fast division algorithm for dividing by 255 on an 8-bit processor
~ does not have a divide instruction. The dividend must be less than 65,536.

that

What is the total number of uniqué integers that can be represented by residues

modulo 6 and 8?
Which of the finite field functions listed below are linear?

Log
Cube

Sixth Power

Modulo

Square
Square Root
Eight Root

Antilog
Cube Root
Inverse

Determine the period of the following polynomials:

a) x4 + 1

b)x3+x2+x+l

Corrpute the reciprocal polynomial of x3 4+ x + 1.

How many primitive polynomials are of degree eight?

Compute the residue of x’MODx3 + x + 1.

For a small-systems magnetic disk, list several factors influencing data accuracy.

Is it possible for a polynomial with an odd number of terms to have a factor of

the form (x¢ + 1)? Why?

Describe the difference between error locations and error-location vectors.

are roots of an error-locator polynomial?

What method is used to solve error-locator polynomials of a high degree?
What is the difference between errata, errors, and erasures?

If g(x) divides (x255 + 1), what can be said about the period of g(x)?

Which

Given a field generated by x4 4+ x + 1, show circuits to multiply an arbitrary field
element by the following fixed field elements:

"
b)
c)

ao
al
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33.

34,

35.

36.
37.

38.

39.

For a symbol-error-correcting code (symbol size eight bits) used with a 128 symbol
(byte) record, what must the symbol-correcting capability be to have a block error
rate less than 1E-8 for a raw symbol error rate of 1E-4? The block error rate is
the ratio of block errors to blocks transferred.

Show a circuit to implement the equation below in GF(28).
R2 = Rl + o0

In a Reed-Solomon code implementation, it may be necessary to test an equality
similar to the one below for true:

(Sp? = (Sp-(S-1)

Suggest an equivalent test that would not require finite field multiplication or
division.

Write log and antilog tables for the field generated by x3 4+ x+ 1.

Consider ‘a Reed-Solomon code implementation where data is read from a storage
device into a buffer. The data is corrected in the buffer and then transferred to
a host. Define a way of loading and unloading the buffer such that the finite
field processor does not have to take logs of error-location vectors before making
corrections to the buffer.

Define an algorithm for computing the square root in a field of 15 elements using
log and antilog tables.

Remember that miscorrection probability is the ratio of valid syndromes to all
possible syndromes. Generate a_miscorrection formula for a two-symbol-correcting
Reed-Solomon code using GF(28). The symbol size is eight bits. The record
length is 255 bytes, including check bytes.

List the first ten entries in an antilog table for a large field. The small field is
gsnerated by the rule B3 =8 + 1 and the large field is generated by the rule
ac =a + B.
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APPENDIX A. PRIME FACTORS OF 2n-1

Factors of 2N-1

13

19

31

13

113

31

73

41

17 241

127

151 331

n

3 7

4 3 5

5 31

6 3 3 7

7 127

8 3 5 17

9 7 73

10 3 11 31

11 23 89

12 3 3 5 7
13 8191

14 3 43 127

15 7 31 151

16 3 5 17 257
17 131071

18 3 3 3 7
19 524287
20 3 5 5 11
21 7 7 127 337
22 3 23 89 683
23 47 178481
24 3 3 5 7
25 31 601 1801
26 3 2731 8191
27 7 73 262657
28 3 5 29 43
29 233 1103 2089
30 3 3 7 11
31 2147483647

32 3 5 17 257 65537
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ABSTRACT

Let GF(q) be a finite field, where q=p™ and p is prime. Multiplications are per-
formed often using log and antilog tables of p™-1 non-zero field elements. It is shown
in this paper that for g=p?1 and p+1 a prime, that the log and the antilog of a field
element can be found with two substantially smaller tables of p"+1 and pP-1 elements,
respectively. The method is based on a use of the Chinese Remainder theorem. - This
technique results in a significant reduction in the memory requirements of the problem.
It is shown more generally that for:

a1 =@ @2 @* = my-mp- - -my,

where, mi=(pi)ri for 1 <i <k, tables of mj elements, mp elements, ... , and my elements
also can be used to find logs and antilogs over GF(q). In the later method, further
reductions in the memory requirements are achieved, however, at the expense of a
greater number of operations.
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1. INTRODUCTION

In order to efficiently encode and decode BCH and RS codes over a finite field
GF(q), each symbol of GF(q) is representable as a power of a selected primitive element
in GF(q), i.e., a=11 for a, 1 € GF(q) where 7 is primitive.

To multiply two field elements a,8 € GF(q), where a=rl and B=rj, one only needs
to add i and j modulo (g-1) to obtain the resulting exponent k. That is,

aef = 1ierd = o (1¥3) mod (a-1) _ k.

In the actual implementation of this multiplication process, a log table can be used to
find the exponents. If the field elements are represented in the binary representation,
binary addressing is used to locate a logarithm in the table. After the addition of the
exponents modulo (g-1), an antilog table is used to find the binary representation of 7K,
The exponent k serves as the address of the antilog table. If q is large for many
applications, such log and antilog tables may be prohibitively large.

In the next section it is shown that for a q of form p2! where p2+1 is a prime
that substantially smaller tables of sizes p?+1 and p™-1 can be used to find the log and
antilog of a field element. Since g-1 = p28-1 = (pR+1)+(p"-1) and (p"+1,p"-1) = 1, the
Chinese Remainder theorem can be used to decompose the tables of p2“-1 elements into
smaller ones of p%+1 elements and p™-1 elements respectively. The results obtained
from the tables of pl+1 elements and p-1 elements can be recombined to yield the
desired log table of p2“-1 elements. A similar reduction can be made for the antilog
table. The memory requirements of this new method for finding the log and antilog are
reduced from 2(p2P-1) to 2[p™+1+pB-1] = 4p" memory elements.

In Section III a more involved method is developed that yields the logarithm with
a minimum memory requirement but with a greater number of operations. Suppose:

q-l = (pl)rl.(pz)rz. . o(pk)rk = mlumzo . .mk’

where pj is prime and mj=(pp" for 1 <i <k, (mj,mj)=1 for i # j. Then the Chinese
Remainder theorem can be used to decompose tables of p2“—1 elements into k smaller
ones of mj elements, m) elements, ... and my elements, respectively. The log and
antilog of a field element can be found by utilizing these k tables.
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I. ALOGAND ANTILOG ALGORITHM OVER GF (p2")

Let g be a primitive element in GF(p®) and x € GF(pD). Also let m be the least
integer such that x=gm,

Definition I. m is called the logarithm of x to base g, i.e., m=logpx.

Theorem 1. Let B be a primitive element in GF(p®) such that the polynomial
p(x)=x2+x+8 is irreducible in this field. Also let @ € GF(p2D), where GF(p2D) is an
extension field of GF(p™). If « is a root of p(x), i.e., p(a)=0, and p?+1 a prime, then «
is primitive in GF(p2D).

Proof. If a is a root of p(x), its conjugate a is also a root of p(x), where
a@=aP". Thus:

(x+a) * (x+a) = x2+(a+a)x+aa

= x2+x+p
It follows that:
et = 1, a*a = B (1)
and:
aP+1=p @

Now (p20-1)=(pR+1)(pP-1) and p2+1 is a prime by hypothesis. Hence, any number r
such that r|p2D-1 implies that r|p?-1. Then, from (2):

o (P?P-1)/r _ PN+, (PP-1)/x
n_
_ g1/ (3)
. e . . P2-1)/r_ .
Since g is primitive over GF(p), pP'-1 is least integer such that 8 =1. Hence:

ﬁ(pn—l)/r # 1 unless r=1.
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Thus, by (2) a(2pn -D/r # 1 unless r=1. Therefore, the order of a is p2“-1 and «a
is primitive in GF(p2M).
Q.E.D.

The above theorem guarantees the root a to be primitive in the extension field
only when p2+1 is a prime. To show that the theorem is not generally true for p2+1
not a prime, consider the following counter example: Let GF(112) be the extension field
of GF(11). It is verified readily that 8=1/2 ¢ GF(11) and is a primitive element in this
field. Also:

p(x)=x2-x+1/2
is irreducible in GF(11). Suppose a is a solution to p(x) and a € GF(112). Then
a2-a+1/2=(_). From this equation it is seen that o4=-1/4=1/7 ¢ GF(11). Since

o4 € GF(11), @*10=1. Thus, «#0=1 and « is not a primitive element in GF(112).

Definition 2. For a € GF(pzn) and a+ab € GF(pzn), where a,b € GF(pD), the norm
of a+ab is:

| Jatab|| = (a+ab) - (a+ab)

Using the results of Theorem 1 and Definition 1 and Definition 2, the following
theorem is demonstrated.

Theorem 2. Let B be a primitive element in GF(p™) such that the quadratic poly-
nomial x2+x+g is irreducible over GF(pR). Suppose that pP+1 is prime. Next let a be
the root of this polynomial in the extension field GF(p?®) = {a+abja,b € GF(pY)} of
GF(ph). Suppose aM= a+ab e GF(p2l). The following holds:

logg(a2+ab-+b2p) = m mod (p-1).

(The proof is given in Section V.)
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By Theorem 2 one can construct a logg table of p? - 1 elements by storing the
value mj = m mod(p®-1), where: ‘

1 <mp <p"1,

at location a2+ab+b2/3 such that «@= a+ab. Then with a and b known, one can find mj
using the logg table. A logg table is given in Section VI for p-1=15. Similarly, the
antilogg table is constructed by storing the binary representation of a2+ab +b2,6 at loca-
tion my such that @M= a+ab and:

antilogg(mj) = a2+ab+b2p = x (4)
An antilogg table is also given in Section VI for pt-1=15. Next, the constructions of

tables of p+ 1 elements is shown.

Theorem 3. Let 'r=apn'1 € GF(p21), where o is primitive in GF(p2D). Suppose
aM= a+ab e GF(p2D) for some a,b ¢ GF(pD). Then:

a+ab
logy = m mod (pN+1)
a+ab

(The proof is given in Section V.)

Using the results of Theorem 3, let:

(a/b)+a  a+ab
f(a/b) = I = =
(a/b)+a a+ab
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To construct the log, table, notice that when a=0:
f(a/b) = 0 = apn'1=r

and m=1. For mp = mod (p"+1), one has mp=1 when a=0. When b=0:

a+0

i
o
.

f (a/b) =
a+0

Thus, m=0 and m»=0. The remaining part of the log, table can then be constructed by

storing the value mp=m mod(pP+1) at location a/b for a= a+ab, where 2<my<p®. A log,
table for p?+1=17 is given in Section VII. Also, given there is an antilog, table for

p+1=17. It is constructed by storing the binary representation of (a/b) e {81,682, .- ﬂls}
at the corresponding location i=mj for 2<i<16. Thus:

Antilogy(my) = a/b = y. (5)

From (4) and (5) the following two simultaneous equations need to be solved for a and
b in order to reconstruct a™@= a+ab:

a2+ab+b2p = x
(6)
a/b =y
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Relations (6) yield the following solution:

x 1/2
b = [ 2 ] (7)
ye+y+B

a=b-y (8)

Forb e GF(pD) it is verified readily that:

. loggz
b = antilogg > (9)

where:

X

z =
y2+y+B

Now, the logarithm of aM=a+ab e GF(p2M), where a,b ¢ GF(pD) and @ ¢ GF(p2D) is
primitive, can be found in terms of m| and my by using the tables of p"-1 elements and
p™+1 elements, respectively. Then the Chinese Remainder theorem warrants that:

m = my +nq+(a)"1+ my-np- ()1 (10)

where:

p20-1 = (P+1)- (p"-1)
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and (111)'l and (nz)’1 are the smallest numbers such that:
x.'qo(nl)'l =1 mod np
0+ ()"l =1 mod ng
To recapitulate, the following algorithms for the log and antilog are given:
(a) THE LOG ALGORITHM
Given a™= a+ab find m as follows:
1. Compute: x = a2+ab+b2.6
y =a/b

2. Use the logg table to find mj= logg(x) and the logs table to find
mp= logy(y) for a$0, b$0.
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3. By equation (10):
m = mp -np+ @) +my-np@p)L.
(b): THE ANTILOG ALGORITHM
Given m, recover a= a+ab as follows:
1. Compute: mj= m mod(p?-1) and my= m mod(p?+1).
2. Use the antilog tables to find:
antilog,g(ml) =X = a2+ab+b2ﬁ, and
antilog,;(mp) =y = a/b, formp #0,1.

3. Use the equation (9):

loggz
b = antilogg
2

where:

z = X

y2+y+B

Then:

a=b-y

To illustrate the above procedures, the following examples are given over GF(28).
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Example 1:  Given al27=(0,1,1,0)+a(1,1,1,0) € GF(28). Then, a=(0,1,1,0) and b=(1,1,1,0).
By the LOG algorithm:

x = a+ab+b2g

(1,1,1,0)

Il

Yy a/b = (1,1,1,1)

Now use Tables VI.1 and VI3 to find mj; and mj, respectively. The results
are m{=7 and mp=8. For this example, nj=17, n3=15, (nl)’1=8, (n2)'1=8,
nj+(@p)! =136 and ny+ (np)"1=120. By equation (10):

m = (136+mj +120-my) mod (28-1)

=127

Example2.  Given m=127, find a127= a+ab ¢ GF(28). Using the ANTILOG algorithm:

Il
<

m mod (p?-1)

mj

]
o0

m) m mod (p2+1)

Then use Tables V1.2 and VI.4 to find x and y, respectively. The results are:

x = (11,00andy = (1,1,1,1).
Thus:
X
zZ = = (0,0,1,1)
y2+y+B
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By equation (9):

. logg(z)
b = antilogg - [ B — ] = antilogg
and:
b = (1,1,1,0)
Thus:
a = b-y=(,1,10)
Therefore:
o127 = (0,1,1,0) + a(1,1,1,0).
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III. A GENERAL ALGORITHM FOR FINDING LOG AND ANTILOG OVER GF(q)

Consider a Galois field GF(q) and suppose that:
q—l = (pl) rl.(p2r2. . .(pk)rk=nl 0n20 . onk

where pj is prime and ni=(pi)ri for 1<i<k. Let @ € GF(qQ) be primitive. Then any field
element of GF(q) can be represented by al for some i, where 1<isg-1. By the Chinese
Remainder theorem an exponent i is mapped onto (iy mod ny, i mod ny, ..., iy mod ng).
Then a primitive element « is expressed in the notation of the Chinese Remainder

theorem as follows:
al = a(l med ny, 1 mod nz,+++,1 mod ny)

@(1/0,0,.02,0) /(0,1,0...,0)  (0,0,...,0,1) (11)

Here:
2(0/0s+44,0,1,0,...,0) _ 5 (12)

where the integer 1 in the exponent is in the location j. Element 7j is an pj-th root
of unity. It follows from (11) that:

a® = (1) (r2)", ..., (TR)T (13)
for all integers m where 7; is a primitive nj-th root of unity.
By (12) and the reconstruction of the Chinese Remainder theorem:
amj-(mj)'l (14)

T4 =

where:

mj+(mj)~! = 1 mod nj
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and:
ny - mj=q-1 15)

<o (m)-1
Now, suppose one computes (™)™ (mj) for any j such that 1<j<k. Observe by (15)
that one has:

m-mj-(mj)‘l = (Cj+a-nj)-mj-(mj)'1 mod g-1
= cj'mj'(mj)'l mod g-1 . (16)

where Cj = m mod pj for 1<j<k and m=C;j+a®n; for some integer a. Then, by (14) it

follows that:

(@ B3 * (@) 71 [c}mj'mj)‘l]cn' mod g-1

(17)

(r4) €
Therefore, by the use of equation (17) one can compute (rj)cj from o™ for 1<j<k.

Note that k small tables, each containing the value Cj, for 1<i<pj, at location
(5 ‘ for 1<j<k, can be used to find the k exponments C;,Cj,...,C, respectively. Once
the Cj are found, the Chinese Remainder theorem is used to compute the logarithm of

oM as follows:

x_

m = \ C"m'o(m°)"1 mod g-1
/ i°m3 i q
i=1

(18)
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By (13), (14), (16), and (17), the antilog of m is computed as:

where Cj
g-1 = 255

Example 3:

LOGARITHM

a® = (11)%1e(15)%K, ..., (1) Gk (19)

m mod nj for 1<icgk. Tables of (Tj)ci,for 1<j<3 for
3x5x17 = nj*ny+*n3 are given in Section VII.

To demonstrate the general algorithm above, the logar-
ithm of @20 is computed for a,a20 ¢ GF(28) where ¢ sat-
isfies x8+x%+x3+x2+1. With an exponent of 20 given, the
antilog «20 is recovered. In this case, n3=3, ny=5,
n3=17, mp-(mp) 1= 85, my-(my) 1= 51, and m3-(m3) 1=120.

Using the tables in Section VII, one finds Cy, Cp, and C3 from the following

computations:

(a20)85 = (a85)20 = (11)20 mod 3 _ (11)2
(020)51 = (051)20 = (72)20 mod 5 _ (12)0

(a20)120 = (a120)20 = (13)20 mod 17 _— (13)3

Thus, C; =2, C2=0, and C3=3. The logarithm m is obtained by:

m = (2:85+0+51+3-120) mod 255

= 20.
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ANTILOG
From m=20, one computes:

Ci1 =20 mod 3 =2

[l
o

Cy = 20 mod 5

C3 = 20 mod 17

[l
w

Using the tables in Section VII gives:
(11)2 = o170
(12)0 = a°
(r3)3 = 105
Then the antilog of m=20 is recovered as:
(11)2+(72)0¢ (13)3 = @170.40.4105

«(170+0+105) mod 255

]
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IV.  CONCLUSION

To find the log and antilog of an element in a finite field GF(qg), it q=p2n for
some prime p, the technique shown in Section II can be used to reduce the table mem-
ory requircment from 2(p2“-l) elements to 4p" elements. A further memory reduction
can be achieved, i.e. from (q-1) elements to:

nj

o /
I l\ lr:
'—l

1

“elements, by using the general method shown in Section III, however, at the expense of
a greater number of operations. . A comparison of the number of operations needed in
these methods is given in Table IV.1. It is evident from Table IV.1 that the number of
multiplications required in the general case can be prohibitively large in some situations.
Thus, the technique shown in Section II has a better potential than the general method
for many practical applications.
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TableIV.1

A Complexity Comparison of the
Alternative Approaches for Computing

Logs and Antilogs over GF(q).
when g-1=p2n-1 General Method for
and p™+1 is prime | g-1=nj ny <°° ng
No. of LOG ANTILOG LOG ANTILOG
k
Multiplication 7 5 k+\: m - (mj)"l"r k-1
j-1
Additions 4 2 k-1 o]
Table Look-Ups 2 4 k k
Modulus
Operations 0 2 1 k

* mj-(mj)'1 = 1 mod n;
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V. PROOF OF THEOREMS

nProof of Theorem 2. Since x2+x+ﬁ is irreducible over GF(p™), it has roots a and
a=aP in the extension field GF(p2M). By theorem 1, a« is primitive in GF(p2R). By
Definition 2 and relations (1) and (2), one has the following:

I

| |a+ab] | (a+ab) (a+ab)

(a+ab) (a+ab)

a2+ab+b2p (V.1)

Il

If c+ad is any other element in GF(pzn) and c,d € GF(p), then:

Il

(atab) (cFad) = (a+ab)P" (c+ad)P”

(a+ab) (ct+ad) (V.2)

Il

Thus, by (V.2) and the definition of the norm, one has:

|| (a+ab) (ct+ad) | | (a+ab) (c+ad) (a+ab) (c+ad)

|latab|| 2 ||c+ad] | (V.3)

Observe next by (2) that:
lel| = a2a = B
so that the theorem is true for m=1. For purposes of induction, assume that:

[laK|| = gK (V.4)
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for all k such that 1<k<m. Then by (V.3), fork=m+1:

[ 1™ ] = []e®]|2]|e|] = g™*1.

Hence, the induction is complete and (V.4) is true for all k.

Represent o™ by a+ab for some a,b € GF(p™). Then, by (V.1) and (V.4):

[la®]| = g™

The theorem follows by the definition of the logarithm and the fact that g has order

p-1.

Q.E.D.

n_
Proof of Theorem 3. Since « is primitive in GF(pzn) and 7=oP 1 , the order of 7

is p+1. By the definition of the norm, one has:

n

[la]| = a2 = 102
For purposes of induction, assume that:
[la¥|] = r*a®*
for 1<k<m. Then, by (V.3) for m=m+1: ‘
[1a™2 ] = 1™ 2] ]e] |

(TMa2M) (1a2)

- Tm+1a2 (m+1)

Hence, the induction is complete and (V.7) is true for all k.
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Representing ™ by a+ab for some a,b ¢ GF(pD), it follows from (V.6) that:
[ |a+ab]| = t®(a+ab)? (v.8)

Multiplying both sides of (V.8) by (a+ab)? yields:

| |a+ab|| (a+ab)2 = tM(at+ab)2 (a+ab)2

|

0| |a+ab]| |2

Therefore, from the definition of the norm:

m | |atab]| (a+ab)?
T =
| |atab]| |2
_ atab
" atab (V.9)

The theorem follows by the definition of the logarithm and the fact that the order of
ris p+1. '
Q.E.D.
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VI. Let p(x)=x4+x3+1 be irreducible over GF(2) and 8 € GF(24) is a solution of p(x).
Then:

ﬁl

BZ

ﬁ3

gt = p3+1
g5 = p3+p+1

e = B3+p2+p+1
B7 = B2+p+1

B8 = p+p24p
B9 = g1
pLO = p3+p
ﬁll = ﬁ3+ﬁ2+1
pgl2 = p+1

p13 = p2+p
ﬂ14 = p3+52
p15 =1
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Table VI.1
Logﬁ

Location Content
1 3
2
14
1
10
13
8
15
4
9
11
12
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Table VI.2
Mﬁ

Location Content

00 000
01 010
10 001
11 000
00 100
01 110
10 111
11 111
00 011
01 101
10 010
11 101
00 110
01 011
10 001
11 100
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For the r table, note the following:

i) If a=0:
= ng = apn-l =7
Thus, m=1 and mp=1.
ii) If b=0:
= —fL =1

Thus, m=0 and mp=0.
iii) If 40, b40, for a,b € GF(24)
a,b e (p1,p82,.--,815)

and a/b € (p1,82,...,815)
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Table VI.3

—_————l e O

Antilog

Location Coptent
1 14
12

10

16

11

15

13

H O P O O +H O K OFP O KL O
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Location Content

Table VI.4
Antilog

H M OPFPOPFPOORUMPEPEPOMPNWOUGRO
O P OMH OORFRKFKHMKHOOI ROHBK
© OO H KM HKHKOUKIHMORHBKMELIPR O
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VII. Tables for mp=3, mp=5, and m3=17, where

1
85

a8+ad+a3+a2+1=0.

(fl)ml my
(000000O0O0 1) 0
(0 11010011) 1

@l70 (11100 101) 2
(r3)™3 | m3
(000000O0O0 1) 0
(L0010011) 1
(0001011 0) 2
(00001101) 3
(01110110) 4
(1110000 1) 5
(L0100010) 6
(L00O0O1001) 7
(00110010) 8
(L1010010) 9
(01001011) [ 10
(11101110) | 11
(11000110) | 12
(0 0110000) |13
(10100100) | 14
(00100110) | 15
(L1011010) | 16
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2102
2153

2204

m=255=mj-mj-m3,

when

(r2)™2 | mp
(0 00 oco1) | o
(0 00 101) | 1
(001 o010 | 2
(010 oco1) | 3
(111 0o0o0) | 4



BCH
BER
CLK
CNT
CRC
DBER
DEC
DED
ECC
EDAC
FBSR
FEC
FWD
GF
LFSR
LSC
LSR
LRC
RS
REV
SR
SEC
TED
VRC

ABBREVIATIONS

Bose-Chaudhuri-Hocquenghem (code)
Bit-Error Rate

Clock

Count

Cyclic Redundancy Check (code)
Decoded Bit-Error Rate
Double-Error Correction
Double-Error Detection

Error Correcting Code

Error Detection And Correction
Féedback Shift Register
Forward Error Correction
Forward

Galois Field

Linear Feedback Shift Register
Linear Sequential Circuit
Linear Shift Register
Longitudinal Redﬁndancy check
Reed-Solomon (code)

Reverse

Shift Register

Single-Error Correction
Triple-Error Detection

Vertical Redundancy Check
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GLOSSARY

ALARM
Any condition detected by a correction algorithm that prevents correction, such as
error-correction capability exceeded. In some cases, alarms will cause the error-control

system to try another approach, for example using a different set of pointers.

BINARY SYMMETRIC CHANNEL

N

A channel in which there is equal probability for an information bit being 1 or 0.
BLOCK CODE

A block code is a code in which the check bits cover only the immediately preceding
block of information bits.

BURST ERROR RATE

The number of burst-error occurrences divided by total bits transferred.

BURST LENGTH

The number of bits between and including the first and last bits in error; not all of the
bits in between are necessarily in error.

CATASTROPHIC ERROR PROBABILITY (P¢)

The probability that a given defect event causes an error burst which exceeds the
correction capability of a code.

CHARACTERISTIC

Sce Ground Field.



CODE POLYNOMIAL

See Codeword.

CODL RATE

See Rate.

CODE VECTOR

See Codeword.
CODEWORD

A set of data symbols (i.e. information symbols or message symbols) together with its
associated redundancy symbols; also called a code vector or a code polynomial.

CONCATENATION
A method of combining an inner code and an outer code, to form a larger code. The
inner code is decoded first. An example would be a convolutional inner code and a

Reed-Solomon outer code.

CONVOLUTIONAL CODE

A code in which the check bits check information bits of prior blocks as well as the
immediately preceding block.

CORRECTABLE ERROR

One that can be corrected without rereading.

CORRECTED ERROR RATE

Error rate after correction.
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CORRECTION SPAN

The maximum length of an error burst which is guaranteed to be corrected by a burst-
correcting code.

CYCLIC CODE

A linear code with the property that each cyclic (end-around) shift of each codeword is
also a codeword.

CYCLIC REDUNDANCY CHECK (CRC)

An error-detection method in which check bits are generated by taking the remainder
after dividing the data bits by a cyclic code polynomial.

DEFECT
A permanent fault on the media which causes an error burst.

DEFECT EVENT

A single occurrence of a defect regardless of the number of bits in error caused by the
defect.

DEFECT EVENT RATE (Pe)
The ratio of total defect events to total bits, having the units of defect events per bit.
DETECTION SPAN

For a single-burst detection code, the single-burst detection span is the maximum length
of an error burst which is guaranteed to be detected.

For a single-burst correction code, the single-burst detection span is the maximum

length of an error burst which is guaranteed to be detected without possibility of
miscorrection.

- 406 -



If a correction code has a double-burst detection span, then each of two bursts is
guaranteed to be detected without possibility of miscorrection, provided neither burst
exceeds the double-burst detection span.

DISCRETE MEMORYLESS CHANNEL

A channel for which noise affects each transmitted symbol independently, for example,
the binary symmetric channel (BSC).

DISTANCE

See Hamming Distance.

ELEMENTARY SYMMETRIC FUNCTIONS

Elementary symmetric functions are the coefficients of the error locator polynomial.
ERASURE

An errata for which location information is known. An erasure has a known location, .
but an unknown value.

ERASURE CORRECTION

The process of correcting errata when erasure pointers are available. A Reed-Solomon
code can correct more errata when erasure pointers are available. It is not necessary
for erasure pointers to be available for all errata when erasure correction is employed.
ERASURE LOCATOR POLYNOMIAL

A polynomial whose roots provide erasure-location information.

ERASURE POINTER

Information giving the location of an erasure. Internal erasure pointers might be de-
rived from adjacent interleave error locations.  External erasure pointers might be
derived from run-length violations, amplitude sensing, timing sensing, etc.
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ERRATA LOCATOR POLYNOMIAL

A polynomial whose roots provide errata-location information.

ERRATUM

Either an error or an erasure.

ERROR

An errata for which location information is not known. In general, an error represents
two unknowns, error location and value. In the binary case, the only unknown is the
location.

ERROR BURST

A clustered group of bits in error.

ERROR LOCATION OR DISPLACEMENT

The distance by some measure (e.g., bits or bytes) from a reference point (e.g., beginn-
ing or end of sector or interleave) to the burst. For Reed-Solomon codes, the error
location is the log of the error-location vector and is the symbol displacement of the
error from the end of the codeword.

ERROR LOCATION VECTOR

Vector form of error location (antilog of error location).

ERROR LOCATOR POLYNOMIAL

A polynomial whose roots provide error-location information.

ERROR VALUE

The error value is the bit pattern which must be exclusive-or-ed (XOR-ed) against the
data at the burst location in order to correct the error.
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EXPONENT

See Period.

EXTENSION FIELD

See Ground Field.

FIELD

Refer to Section 2.8 for the definition of a field.
FINITE FIELD

A field with a finite number of elements; also called a Galois field and denoted as GF(n)
where n is the number of elements in the field.

FORWARD-ACTING CODE

An error-control code that contains sufficient redundancy for correcting one or more
symbol errors at the receiver.

FORWARD POLYNOMIAL

A polynomial is called the forward polynomial when it is necessary to distinguish it
from its reciprocal polynomial.

GROUND FIELD
A finite field with q elements, GF(q), exists if, and only if, q is a power of a prime.
Let q=p" where p is a prime and n is an integer, then GF(p) is referred to as the

ground field and GF(p™) as the extension field of GF(p).

The prime P is called the characteristic of the field.



GROUP CODE
See Linear Code.

HAMMING DISTANCE

The Hamming distance between two vectors is the number of corresponding symbol
positions in which the two vectors differ.

HAMMING WEIGHT

The Hamming weight of a vector is the number of nonzero symbols in the vector.

HARD ERROR

An error condition that persists on re-read; a hard error is assumed to be caused by a
defect on the media.

IRREDUCIBLE

A polynomial of degree n is said to be irreducible if it is not divisible by any polyno-
mial of degree greater than zero but less than n.

ISOMORPHIC

If two fields are isomorphic they have the same structure. That is, one can be obtained
from the other by some appropriate one-to-one mapping of elements and operations.

LINEAR (GROUP) CODE

A code wherein the EXCLUSIVE-OR sum of every pair of codewords is also a codeword.
LINEAR FUNCTION
A function is said to be linear if the properties below hold:

a. Linearity: f(a-x) = a-f(x)

b. Superposition: f(x+y) = f(x)+f(y)
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LINEARLY DEPENDENT

A set of n vectors is linearly dependent if, and only if, there exists a set of n scalars
Cj, not all zero, such that:
Ci*vp + Co*vp + e+« + Cnxvy =0

i

LINEARLY INDEPENDENT

A set of vectors is linearly independent if they are not linearly dependent. See Linear-
ly Dependent.

LONGITUDINAL REDUNDANCY CHECK (LRC)

A check byte or check word at the end of a block of data bytes or words, selected to
make the parity of each column of bits odd or even.

MAIJORITY LOGIC

A majority logic gate has an output of one if, and only if, more than half its inputs are
ones.

MAJORITY LOGIC DECODABLE CODE

A code that can be decoded with majority logic gates. See Majority Logic.
MINIMUM DISTANCE OF A CODE

The minimum Hamming distance between all possible pairs of codewords. The minimum
distance of a linear code is equal to its minimum weight.

MINIMUM FUNCTION

See Minimum Polynomial.
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MINIMUM POLYNOMIAL OF of

The monic polynomial m(x) of smallest degree with coefficients in a ground field such
that m(al)=0, where a! is any element of an extension field. The minimum polynomial of
ol is also called the minimum function of al.

MINIMUM WEIGHT OF A CODE

The minimum weight of a linear (group) code’s non-zero codewords.

MISCORRECTION PROBABILITY (Pmc)

The probability that an error burst which exceeds the guaranteed capabilities of a code
will appear correctable to a decoder. In this case, the decoder actually increases the
number of errors by changing correct data. Miscorrection probability is determined by
record length, total redundancy, and correction capability of the code.

Pmc usually represents the miscorrection probability for all possible error bursts, assum-
ing all errors are possible and equally probable. Some codes, such as the Fire Code,
have a higher miscorrection probability for particular error bursts than for all possible
error bursts.

MISDETECTION PROBABILITY (Pmd)

The probability that an error burst which exceeds the correction and detection capabil-
ities of a code will cause all syndromes to be zero and thereby go undetected. Mis-
detection probability is determined by the total number of redundancy bits, assuming
that all errors are possible and equally probable.

MONIC POLYNOMIAL

A polynomial is said to be monic if the coefficient of the highest degree term is one.

(n,k) CODE

A block code with k information symbols, n-k check symbols, and n total symbols
(information plus check symbols).
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A convolutional code with constant length n, code rate R (efficiency), and information
symbols k=Rn.

Number of combinations of n objects taken r at a time, without regard to order.

n!

(2] - ader

n-TUPLE
An ordered set of n field elements a;, denoted by (ag,a,* « *,ap).
ORDER OF A FIELD

The order of a field is the number of elements in the field. The number of elements
may be infinite (infinite field) or finite (finite field).

ORDER OF A FIELD ELEMENT

The order e of a field element B is the least positive integer for which g€=1. Elements
of order 20-1 in GF(2D) are called primitive elements.

PARITY
The property of being odd or even. The parity of a binary vector is the parity of the

number of ones the vector contains. Parity may be computed by summing modulo-2 the
bits of the vector.
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PARITY CHECK CODE

A code in which the encoder accepts a block of information bits and computes for
transmission, a set of modulo-2 sums (XOR) across various of these information bits and
possibly information bits in prior blocks. A decoder at the receiving point reconstructs
the original information bits from the set of modulo-2 sums. Every binary parity-check
code is also a linear, or group code. See also Block Code and Convolutional Code.

PERFECT CODE

An e error correcting code over GF(q) is said to be perfect if every vector is distance
no greater than e from the nearest codeword. Examples are Hamming and Golay codes.

PERIOD

The period of a polynomial P(x) is the least positive integer e such that x®+1 is divi-
sible by P(x).

POINTER

Location information for an erasure. This information is normally provided by special
hardware.

POLYNOMIAL CODE

A linear block code whose codewords can be expressed in polynomial form and are
divisible by a generator polynomial. This class of codes includes the cyclic and shor-
tened cyclic codes.

POWER SUM SYMMETRIC FUNCTIONS

The power sum symmetric functions are the syndromes.

PRIME FIELD

A field is called prime if it possesses no subfields except that consisting of the whole
field.
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PRIME SUBFIELD
The prime subfield of a field is the intersection of all subfields of the field.
PRIME POLYNOMIAL

See Irreducible.

PRIMITIVE POLYNOMIAL

A polynomial is said to be primitive if its period is 2M-1, where m is the degree of the
polynomial.

RANDOM ERRORS

For the purposes of this book, the term ’random errors’ refers to an error distribution
in which error bursts (defect events) occur at random intervals and each burst affects
only a single symbol, usually one bit or one byte. '

RATE

The code rate, or rate (R) of a code is the ratio_ of information bits (k) to total
bits (n); information bits plus redundancy. It is a measure of code efficiency.

R=F%
n
RAW BURST ERROR RATE

Burst error rate before correction.

READABLE ERASURE

A suspected erasure that contains no errors.
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' RECIPROCAL POLYNOMIAL

“The reciprocal of a polynomial F(x) is defined as
“xM<F(1/x)

-+ where m is the degree of F(x).

“ RECURRENT CODE

See Convolutional Code.
"REDUCIBLE

. A"polynomial ‘of degreé’ n is ‘said ‘to"be reducible if it is divisible by some polynomial of
-a‘degreé greater than 0 but less than n.

RELATIVELY PRIME

“If the:: greatest common- divisor ‘of two’ polynomlals is 1 they are sald to be relatlvely
'prime.

“SELF-RECIPROCAL POLYNOMIAL

“A polynomial which is eqial o its reciprocal polynomial.

'SHORTENED.CYCLIC CODE

‘A ‘linear ‘code ‘formed by deletmg leadmg mformatlon dlglts from the code words of a
cyclic code. -Shortened cyclic codes are not cycllc

-iSOET:ERROR

‘An ‘error that drsappears or becomes correctable on re read a soft error is assumed to
be due, at least in part, to a {ransient cause stchas electrical noise.
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SUBFIELD

A subset of a field which satisfies the definition of a field. See Section 2.8 for the
definition of a field.

SYNC FRAMING ERROR
When synchronization occurs early or late by one or more bits.
SYNDROME

A syndrome is a vector (a symbol or set of symbols) containing information about an
error or errors. Some codes use a single syndrome while others use multiple syndromes.
A syndrome is usually generated by taking the EXCLUSIVE-OR sum of two sets of
redundant bits or symbols, one set generated on write and one set generated on read.

SYSTEMATIC CODE

A code in which the codewords are separated into two parts, with all information
symbols occurring first and all redundancy symbols following.

UNCORRECTABLE ERROR

An error situation which exceeds the correction capability of a code. An uncorrectable
error caused by a soft error on read will become correctable on re-read.

UNCORRECTABLE SECTOR
A sector which contains an uncorrectable error.

UNCORRECTABLE SECTOR EVENT RATE

‘The ratio of total uncorrectable sectors to total bits, having the units of uncorrectable
sector events per bit.
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UNDETECTED ERRONEQOUS DATA PROBABILITY (Pued)

The probability that erroneous data will be- transferred and not detected, having the
units of undetected erroneous data events per bit. Pued for a code that does not have
pattern sensitivity is the product of miscorrection probability (Pmc) of the error cor-
recting code (if present), the misdetection probability (Pmd) of the error detecting code
(if present), and the probability of having an error that exceeds guiaranteed capabilities
of the code (Pe*Pc). ‘

A code with pattern sensitivity will have two undetected erroneous data rates: one for
all possible error bursts, and a higher one for the sensitive patterns.

UNREADABLE ERASURE

A suspected erasure that actually contains an error.
UNRECOVERABLE ERROR

Same as hard error.

VERTICAL REDUNDANCY CHECK (VRC)

Check bit(s) on a byte or word selected to make total byte or word parity odd or eéven.
WEIGHT

The weight of a codeword is the number of non-zero symbols it contains.

-418 -



BIBLIOGRAPHY

BOOKS
Abramson, N., Information Theory and Coding, McGraw-Hill, New York, 1963.

Abo, A., et. al., The Design and Analysis of Computer Algorithms, Addison-Wesley,
Massachusetts, 1974.

Albert, A., Fundamental Concepts of Higher Algebra, 1st ed., University of Chicago
Press, Chicago, 1956.

Artin; E., Galois Theory, 2nd ed., University of Notre Dame Press, Notre Dame, 1944,
Ash, R., Information Theory, Wiley-Interscience, New York, 1965. |
Berlekamp, E. R., Algebraic Coding Theory, McGraw-Hill, New York, 1968.

Berlekamp, E. R., A Survey of Algebraic Coding Theory, Springer-Verlag,
New York, 1970.

Berlekamp, E. R., Key Papers in The Development of Coding Theory, IEEE Press,
New York, 1974.

Bhargava, V., et. al., Digital Communications by Satellite, Wiley, New York, 1981.
Birkhoff, G. and T. C. Bartee., Modern Applied Algébra, McGraw-Hill, New York, 1970.

Birkhoff, G. and S. MacLane, A Survey of Modern Algebra, 4th ed., Macmillan,
New York, 1977.

Blake, 1. F., Algebraic Coding Theory: History and Development, Dowden, Hutchinson &
Ross, Pennsylvania, 1973.

Blake, I. F. and R. C. Mullin, The Mathematical Theory of Coding, Academic Press,
New York, 1975.

Burton, D. M., Elementary Number Theory, Allyn & Bacon, Boston, 1980.

Cameron, P. and J. H. Van Lint, Graphs, Codes and Designs, Cambridge University Press,
Cambridge, 1980.

Campbell, H. G., Linear Algebra With Applications, 2nd ed., Prentice-Hall,
New Jersey, 1980.

Carlson, A. B., Communication Systems, 2nd ed., McGraw-Hill, New York, 1968.

Clark, Jr., G. C. and J. B. Cain, Error-Correction Coding for Digital Communications,
Plenum Press, New York, 1981.

Cohen, D. 1. A., Basic Techniques of Combinatorial Theory, Wiley, New York, 1978.

- 419 -



Ve

Crouéh, R. and E. Walker, Introduction to Modern Algebra and Analysis, Holt, Rinehart
& Winston, New York, 1962.

Davies, D. W. and D. L. A. Barber, Communication Networks for Computers, Wiley,
New York, 1973.

Davisson, L. D. and R. M. Gray, Data Compression, Dowden, Hutchinson & Ross,
Pennsylvania, 1976.

Doll, D. R., Data Communications: Facilities, Networks, and Systems Design, Wiley,
New York, 1978.

Durbin, J. B., Modern Algebra: An Introduction, Wiley, New York, 1979.

Feller, W., An Introduction to Probability Theory and Its Applications, 2nd ed., Wiley,
New York, 1971.

Fisher, J. L., Application-Oriented Algebra, Harper & Row, New York, 1977.

Folts, H. C., Data Communications Standards, 2nd ed., McGraw-Hill, New York, 1982.
Forney, Jr., G. D., Concatendted Codes, M.1.T. Press, Massachusetts, 1966.

AGallager, R. G., Information Theory and Reliable Communication, Wiley, New York, 1968.

Gere, J. M. and W. W. Williams, Jr., Matrix Algebra for Engineers, Van Nostrand,
New York, 1965.

Gill, A., Linear Sequential Circuits, McGraw-Hill, New York, 1967.
Gill, A., Applied Algebra for the Computer Sciences, Prentice-Hall, New Jersey, 1976.

Golomb, S., et. al., Digital Communications with Space Applications, Peninsula Publishing,
Los Altos, California, 1964.

Golomb, S., et. al., Shift Register Sequences, Aegean Park Press, Laguna Hills, Cali-
fornia, 1982. '

Gregg, W. D., Analog and Digital Communication, Wiley, New York, 1977.
Hamming, R. W., Coding and Information Theory, Prentice-Hall, New Jersey, 1980.

Hardy, G. and E. M. Wright, An Introduction to the Theory of Numbers, 5th ed.,
Clarendon Press, Oxford, 1979.

Herstein, 1. N., Topics in Algebra, 2nd ed., Wiley, New York, 1975.

Jayant, N. S., Waveform Quantization and Coding, IEEE Press, New York, 1976.

Jones, D. S., Elementary Information Theory, Clarendon Press, Oxford, 1979.

Kaplansky, 1., Fields and Rings, 2nd ed., The University of Chicago Press, Chicago, 1965.

- 420 -



Khinchin, A. 1., Mathematical Foundations of Information Theory, Dover, New York,
1957.

Knuth, D. E., The Art of Computer Programming, Vol. 1, 2nd ed., Addison-Wesley,
Massachusetts, 1973.

Knuth, D. E., The Art of Computer Programming, Vol. 2, Addison-Wesley, Massachusetts,
1969.

Knuth, D. E., The Art of Computer Programming, Vol. 3, Addison-Wesley, Massachusetts,
1973.

Kuo, F. F., Protocols and Techniques for Data Communication Networks, Prentice-Hall,
New Jersey, 1981.

Lathi, B. P., An Introduction to Random Signals and Communication Theory, Interna-
tional Textbook Company, Pennsylvania, 1968.

Lin, S., An Introduction to Error-Correcting Codes, Prentice-Hall, New Jersey, 1970.

Lipson, J. D., Elements of Algebra and Algebraic Computing, Addison-Wesley,
Massachusetts, 1981.

Lucky, R. W., et. al., Principles of Data Communication, McGraw-Hill, New York, 1968.

MacWilliams, F. J. and N. J. A. Sloane, The Theory of Error-Correcting, Vol. 16, North-
Holland, Amsterdam, 1977.

Martin, J., Conumunications Satellite Systems, Prentice-Hall, New Jersey, 1978.
Martin, J., Telecommunications and the Computer, Prentice-Hall, New Jersey, 1969.

McEliece, R. J., The Theory of Information and Coding, Addison-Wesley, Massachusetts,
1977.

McNamara, J. E., Technical Aspects of Data Communication, Digital Press, Massachusetts,
1978.

Niven, 1., An Introduction to the Theory of Numbers, 4th ed., Wiley , New York, 1960.
Owen, F. E., PCM and Digital Transmission Systems, McGraw-Hill, New York, 1982.

Peterson, W. W., and E. J. Weldon, Jr., Error-Correcting Codes, 2nd ed., MIT Press,
Massachusetts, 1972.

Pless, V., Introduction to the Theory of Error-Correcting Codes, Wiley, New York, 1982.

Rao, T. R. N., Error Coding for Arithmetic Processors, Academic Press, New York, 1974.

Sawyer, W. W., A Concrete Approach to Abstract Algebra, Dover, New York, 1959.

Sellers, Jr., F. F., et. al., Error Detecting Logic for Digital Computers, McGraw-Hill,
New York, 1968.

- 421 -



Shanmugam, K. S., Digital and Analog Communication Systems, Wiley, New York, 1979.

Shannon, C. E. and W. Weaver, The Mathematical Theory of Communication, University
of Illinois Press, Chicago, 1980.

Slepian, D., Key Papers in The Development of Information Theory, IEEE Press,
New York, 1974.

Spencer, D. D., Computers in Number Theory, Computer Science Press, Maryland, 1982.

Stafford, R. H., Digital Television: Bandwidth Reduction and Communication Aspects,
Wiley-Interscience, New York, 1980.

Stark, H. M, An Introduction to Number Theory, The MIT Press, Cambridge, 1970.
Tanenbaum, A. S., Computer Networks, Prentice-Hall, New Jersey, 1981.

Viterbi, A. J., Principles of Digital Communication and Coding, McGraw-Hill, New York,
1979.

Wakerly, J., Error Detecting Codes, Self-Checking Circuits and Applications, North-
Holland, New York, 1978.

Wiggert, D., Error-Control Coding and Applications, Artech House, Massachusetts, 1978.

Ziemer, R. E., and W. H. Tranter, Principles of Communications: Systems, Modulation,
and Noise, Houghton Mifflin, Boston, 1976.

- 422 -



IBM TECHNICAL DISCLOSURE BULLETIN
(Chronologically Ordered)

D. C. Bossen, et. al., "Intermittent Error Isolation in a Double-Error Environment."
15 (12), 3853 (May 1973).

W. C. Carter, "Totally Self-Checking Error for K Out of N Coded Data." 15 (12),
3867-3870 (May 1973).

L. R. Bahl and D. T. Tang, "Shortened Cyclic Code With Burst Error Detection and
Synchronization Recovery Capability." 16 (6), 2026-2027 (Nov. 1973).

L. R. Bahl and D. T. Tang, "Shortened Cyclic Code With Burst Error Detection and
Synchronization Recovery Capability." 16 (6), 2028-2030 (Nov. 1973).

P. Hodges, "Error Detecting Code With Enhanced Error Detecting Capability.” 16 (11),
3749-3751 (Apr. 1974).

D. M. Oldham and A. M. Patel, "Cyclical Redundancy Check With a Nonself-Reciprocal
Polynomial." 16 (11), 3501-3503 (Apr. 1974).

G. H. Thompson, "Error Detection and Correction Apparatus.” 17 (1), 7-8 (June 1974).

R. A. Healey, "Error Checking and Correction of Microprogram Control Words With a
Late Branch Field." 17 (2), 374-381 (July 1974).

A. M. Patel, "Coding Scheme for Multiple Selections Error Correction." 17 (2), 473-475
(July 1974).

D. C. Bossen and M. Y. Hsiao, "Serial Processing of Interleaved Codes.” 17 (3), 809-810
(Aug. 1974).

K. B. Day and H. C. Hinz, "Error Pointing in Digital Signal Recording." 17 (4), 977-978
(Sept. 1974).

W. C. Carter and A. B. Wadia, "Contracted Reed-Solomon Codes With Combinational
Decoding."” 17 (5), 1505-1507 (Oct. 1974).

W. D. Brodd and R. A. Donnan, "Cyclic Redundancy Check for Variable Bit Code Widths."
17 (6), 1708-1709 (Nov. 1974).

T. A. Adams, et. al., "Alternate Sector Assignment." 17 (6), 1738-1739 (Nov. 1974).

W. C. Carter, et. al.,, "Practical Length Single-Bit Error Correction/Double-Bit Error
Detection Codes for Small Values of b." 17 (7), 2174-2176 (Dec. 1974).

J. E. Dohermann, "Defect Skipping Among Fixed Length Records in Direct Access
Storage Devices." 19 (4), 1424-1426 (Sept. 1976).

R. E. Cummins, "Displacement Calculation of Error Correcting Syndrome Bytes by Table
Lookup." 22 (8b), 3809-3810 (Jan. 1980).

- 423 -



R. C. Cocking, et. al.,, "Self-Checking Number Verification and Repair Techniques."
22 (10), 4673-4676 (Mar. 1980).

P. Hodges, "Error-Detecting Code for Buffered Disk." 22 (12), 5441- 5443 (May 1980).

F. G. Gustavson and D. Y. Y. Yun, "Fast Computation of Polynomial Remainder
Sequences." 22 (12), 5580-5581 (May 1980).

V. Goetze, et, al., "Single Error Correction in CCD Memories." 23 (1), 215-216 (June

1980).

J. W. Barrs and J. C. Leininger, "Modified Gray Code Counters." 23 (2), 460-462 ‘(July
1980).

J. L. Rivero, "Program for Calculating Error Correction Code." 23 (3), 986-988 (Aug.
1980).

N. N. Nguyen, "Error Correction Coding for Binary Data." 23 (4), 1525-1527 (Sept. 1980).

J. C. Mears, Jr., "High-Speed Error Correcting Encoder/Decoder.” 23 (4), 2135-2136 (Oct.
1980).

G. W. Kurtz, et. al., "Odd-Weight Error Correcting Code for 32 Data Bits and 13 Check
Bits." 23 (6), 2338 (Nov.1980).

J. R. Calva, et. al., "Distributed Parity Check Function." 23 (6), 2451-2456 (Nov. 1980).

J. R. Calva and B. J. Good, "Fail-Safe Error Detection With Improved Isolation of 1/0
Faults." 23 (6), 2457-2460 (Nov. 1980).

S. G. Katsafouros and D. A. Kluga, "Memory With Selective Use of Error Detection and
Correction Circuits." 23 (7a), 2866-2867 (Dec. 1980).

R. A. Forsberg, et. al., "Error Detection for Memory With Partially Good Chips."
23 (7b), 3272-3273 (Dec. 1980).

R. H. Linton, "Detection of Single Bit Failures in Memories Using Longitudinal Parity."
23 (8), 3603-3604 (Jan. 1981).

C. L. Chen, "Error Correcting Code for Multiple Package Error Detection." 23 (8),
3808-3810 (Jan. 1981).

D. C. Bossen, et. al., "Separation of Error Correcting Code Errors and Addressing
Errors." 23 (9), 4224 (Feb. 1981).

G. S. Sager and A. J. Sutton, "System Correction of Alpha-Particle- Induced Uncorrec-
table Error Conditions by a Service Processor." 23 (9), 4225-4227 (Feb. 1981).

W. G. Bliss, et. al., "Error Correction Code." 23 (10), 4629-4632 (Mar.1981).

W. G. Bliss, "Circuitry for Performing Error Correction Calculations on Baseband
Encoded Data to Eliminate Error Propagation.” 23 (10), 4633-4634 (Mar. 1981).

- 424 -



P. A. Franaszek, "Efficient Code for Digital Magnetic Recording.” 23 (11), 5229-5232
(Apr. 1981).

C. L. Chen, "Error Checking of ECC Generation Circuitry.” 23 (11), 5055-5057 (Apr.
1981).

C. L. Chen and B. L. Chu, "Extended Error Correction With an Error Correction Code."
23 (11), 5058-5060 (Apr. 1981).

G. G. Langdon, Jr., "Table-Driven Decoder Involving Prefix Codes." 23 (12), 5559-5562
(May 1981).

D. F. Kelleher, "Error Detection for All Errors in a 9-Bit Memory Chip." 23 (12), 5441
(May 1981).

S. W. Hinkel, "Utilization of CRC Bytes for Error Correction on Multiple Formatted Data
Strings." 24 (1b), 639-643 (June 1981).

D. A. Gourneau and S. W. Hinkel, "Error Correction as an Extension of Error Recovery
on Information Strings." 24 (1b), 651-652 (June 1981).

J. D. Dixon, et. al.,, "Parity Mechanism for Detecting Both Address and Data Errors."
24 (1b), 794 (June 1981).

A. M. Patel, "Dual-Function ECC Employing Two Check Bytes Per Word." 24,(2),
1002-1004 (July 1981).

D. Meltzer, "CCD Error Correction System." 24 (3), 1392-1396 (Aug. 1981).
1. Jones, "Variable-Length Code-Word Encoder/Decoder." 24 (3), 1514-1515 (Aug. 1981).

D. B. Convis, et. al., "Sliding Window Cross-Hatch Match Algorithm for Spelling Error
Correction." 24 (3), 1607-1609 (Aug. 1981).

N. N. Heise and W. G. Verdoorn, "Serial Implementation of b-Adjacent Codes." 24 (5),
2366-2370 (Oct. 1981). ‘

S. R. McBean, "Error Correction at a Display Terminal During Data Verification." 24 (5),
2426-2427 (Oct. 1981).

D. T. Tang and P. S. Yu, "Error Detection With Imbedded Forward Error Correction."
24 (5), 2469-2472 (Oct. 1981).

R. W. Alexander and J. L. Mitchell, "Uncompressed Mode Trigger." 24 (5), 2476-2480
(Oct. 1981).

V. A. Albaugh, et. al.,, "Sequencer for Converting Any Shift Register Into a Shift
Register Having a Lesser Number of Bit Positions." (Oct. 1981).

A. R. Barsness, W. H. Cochran, W. A. Lopour and L. P. Segar, "Longitudinal Parity
Generation for Single- Bit Error Correction." 24 (6), 2769-2770 (Nov. 1981).

S. Lin and P. S. Yu, "Preventive Error Control Scheme." 24 (6), 2886-2891 (Nov. 1981).

- 425 -



D. T. Tang and P. S. Yu, "Hybrid Go-Back-N ARQ With Extended Code Block." 24 (6),
2892-2896 (Nov. 1981). '

F. Neves and A. K. Uht, "Memory Error Correction Without ECC." 24 (7a), 3471 (Dec.
1981).

E. S. Anolick, et. al., "Alpha Particle Error Correcting Device." 24 (8), 4386 (Jan. 1982).

W. H. McAnney, "Technique for Test and Diagnosis of Shift-Register Strings." 24 (8),
4387-4389 (Jan. 1982).

F. J. Aichelmann, Jr. and L. K. Lange, "Paging Error Correction for Intermittent Errors."
24 (9), 4782-4783 (Feb. 1982).

R. E. Starbuck, "Self-Correcting DASD." 24 (10), 4916 (Mar. 1982).

W. H. Cochran and W. A. Lopour, "Optimized Error Correction/ Detection for Chips
Organized Other Than By-1." 24 (10), 5275-5276 (Mar. 1982).

S. Bederman, et. al., "Codes for Accumulated- Error Channels." 24 (11a), 5744-5748 (Apr.
1982).

M. P. Deuser, et. al.,, "Correcting Errors in Cached Storage Subsystems." 24 (11a),
5347-6214 (Apr. 1982).

P. T. Burton, "Method for Enhancement of Correctability of Recording Data Errors in
Computer Direct-Access Storage Devices." 24 (11b), 6213 (Apr. 1982).

A. R. Barsness, et. al.,, "ECC Memory Card With Built-in Diagnostic Aids and Multiple
Usage." 24 (11b), 6173 (Apr. 1982).

- 426 -



NATIONAL TECHNICAL INFORMATION SERVICE

Altman, F. J., et. al., "Satellite Communications Reference Data Handbook." AD-746 165,
(July 1972).

Assmus, Jr., E. F. and H. F. Mattson, Jr., "Research to Develop the Algebraic Theory of
Codes." AD-678 108, (Sept. 1968).

Assmus, Jr., E. F., et. al., "Error-Correcting Codes." AD-754 234, (Aug. 1972).
Assmus, Jr., E. F., et. al., "Cyclic Codes." AD-634 989, (Apr. 1966).

Assmus, Jr., E. F., et. al., "Research to Develop the Algebraic Theory of Codes."
AD-656 783, (June 1967).

Bahl, L. R., "Correction of Single and Multiple Bursts of Error." AD-679 877, (Oct.
1968).

Benelli, G., "Multiple-Burst-Error-Correcting-Codes." N78-28316, (Apr. 1977).

Benice, R. J., et. al., "Adaptive Modulation and Error Control Techniques." AD-484 188,
(May 1966).

Brayer, K., "Error Patterns and Block Coding for the Digital High-Speed Autovon
Channel." AD-A022 489, (Feb. 1976).

Bussgang, J. J. and H. Gish, "Analog Coding." AD-721 228, (Mar. 1971).

Cetinyilmaz, N., "Application of the Computer for Real Time Encoding and Decoding of
Cyclic Block Codes." AD/A-021 818, (Dec. 1975).

Chase, D., et. al., "Troposcatter Interleaver Study Report." AD/A-008 523, (Feb. 1975).
Chase, D., et. al., "Coding/MUX Overhead Study." AD/A-009 174, (Mar. 1975.

Chase, Dr., D., et. al., "Multi-Sample Error Protection Modulation Study." AD/A-028 985,
(May 1976).

Chase, Dr. D, et. al., "Demod/Decoder Integration." AD/A-053 685, (Apr. 1978).
Chien, R. T. and S. W. Ng., "L-Step Majority Logic Decoding." AD-707 877, (June 1970).

Chien, R. T., et. al., "Hardware and Software Error Correction Coding." AD/A-017 377,
(Aug. 1975).

Choy, D. M-H., "Application of Fourier Transform Over Finite Fields to Error-Correcting
Codes." AD-778 102, (Apr. 1974).

Covitt, A. L., "Performance Analysis of a Frequency Hopping Modem." AD-756 840, (Dec.
1972).

Donnally, W., "Error Probability in Binary Digital FM Transmission Systems."
AD/A-056 237, (Feb. 1978).

- 427 -



Ellison, J. T., "Universal Function Theory and Galois Logic Studies." AD-740 849, (Mar.
1972).

Ellison, J. T. and B. Kolman, "Galois Logic Design." AD-717 205, (Oct. 1970).
Forney, Jr,, G., "Study of Correlation Coding." AD-822 106, (Sept. 1967).

Gilhousen, K. S., et. al., "Coding Systems Study for High Data Rate Telemetry Links."
N71-27786, (Jan. 1971).

Gish, H., "Digital Modulation Enhancement Study." AD-755 939, (Jan. 1973).

Hamalaninen, J. R. and E. N. Skoog, "Error Correction Coding With NMOS Micropro-
cessors: a 6800-Based 7,3 Reed-Solomon Decoder.” AD/A-073 088, (May 1979).

Horn, F. M., "Design Study of Error-Detecting and Error-Correcting Shift Register."
N65-21302, (Apr. 1965).

Janoff, N. S., "Computer Simulation of Error-Correcting Codes." AD-777 198, (Sept.
1973).

Kindle, J. T., "Map Error Bit Decoding of Convolutional Codes." AD/A-061 639, (Aug.
1977).

Lee, L., "Concatenated Coding Systems Employing a Unit-Memory Convolutional Code
and a Byte-Oriented Decoding Algorithm. " N76-31932, (July 1976).

Liu, K. Y., et. al., "The Fast Decoding of Reed-Solomon Codes Using High-Radix Fermat
Theoretic Transforms." N77-14057.

Martin, A. F., "Investigation of Bit Interleaving Techniques for Use with Viterbi
Decoding Over Differentially Coded Satellite Channels.” AD/A-003 807, (July 1974).

Marver, J. M., "Complexity Reduction in Galois Logic Design." AD/A-056 190, "(Dec.
1977).

Massey, J. L., "Joint Source and Channel Coding." AD/A-045 938, (Sept. 1977).
Mitchell, M. E., "Coding for Turbulent Channels." AD-869-973, (Apr. 1970).

Mitchell, M. E. and Colley, L. E., "Coding for Turbulent Channels." AD-869 942, (Apr.
1970). :

Mitchell, M. E., et. al., "Coding for Turbulent Channels." AD-869 941, (Apr. 1970).

Morakis, J. C., "Shift Register Generators and Applications to Coding." X—520-68-133,
(Apr. 1963).

Muggia, A., "Effect of the Reduction of the Prandtl in the Stagnation Region Past an
Axisymmetric Blunt Body in Hypersonic Flow." AD-676 388, (July 1968).

McEliece, R. J., et. al., "Synchronization Strategies for RFI Channels." N77-21123.

- 428 -



Nesenbergs, M. "Study of Error Control Coding for the U. S. Postal Service Electronic
Message System." PB-252 689, (May 1975).

Oderwalder, J. P., et. al., "Hybrid Coding Systems Study Final Report." N72-32206, (Sept.
1972).

Paschburg, R. H., "Software Implementation of Error-Correcting Codes." AD-786 542,
(Aug. 1974).

Pierce, J. N., "Air Force Cambridge Research Laboratories." AD-744 069, (Mar. 1972).
Reed, I. S., "kth-Order Near-Orthogonal Codes." AD-725 901, (1971).

Reed, I. S. and T. K. Truong, "A Simplified Algorithm for Correcting Both Errors and
Erasures of R-S Codes." N79-16012, (Sept./Oct. 1978).

Roome, T. F., "Generalized Cyclic Codes Finite Field Arithmetic." AD/A-070 673, (May
1979).

Rudolph, L. D., "Decoding Complexity Study." AD/A-002 155, (Nov. 1974).
Rudolph, L. D., "Decoding Complexity Study II." AD/A-039 023, (Mar. 1977).

Sarwate, D. V., "A Semi-Fast Fourier Transform Algorithm Over GF(2m)," AD/A-O34 982,
(Sept. 1976).

Schmandt, F. D., "The Application of Sequential Code Reduction." AD-771 587, (Oct.
1973).

Sewards, A., et. al., "Forward Error-Correction for the Aeronautical Satellite Commun-
ications Channel." N79-19193, (Feb. 1979).

Skoog, E. N., "Error Correction Coding with NMOS Microprocessors: Concepts."
AD/A-072 982, (May 1979).

Solomon, G., "Error Correcting Codes for the English Alphabet and Generalizations."
AD-774 850, (July 1972).

Solomon G. and D. I. Spencer, "Error Correction/Multiplex for Megabit Data Channels."
AD-731 567, (Sept. 1971).

Solomon, G., et. al.,, "Error Correction. Multiplex for Megabit Data Channels."
AD-731 568, (Sept. 1971). :

Stutt, C. A., "Coding for Turbulent Channels." AD-869 979, (Apr. 1970).

Tomlinson, M. and B. H. Davies, "Low Rate Error Correction Coding for Channels with
Phase Jitter." AD/A-044 658, (Feb. 1977).

Viterbi, A. J., et. al., "Concatenation of Convolutional and Block Codes" N71-32505,
(June 1971).

- 429 -



Welch, L. R., et. al., "The Fast Decoding of Reed-Solomon Codes Using Fermat Theoretic
Transforms and Continued Fractions." N77-14056.

Wong, J. S. L., et. al., "Review of Finite Fields: Applications to Discrete Fourier Trans-
forms and Reed-Solomon Coding." N77-33875, (July 1977).

..... ,"Coding Investigation for Time Division Multiple Access Communications."
AD-766 540, (July 1973).

..... ,"Feedback Communications." AD/A-002 284, (Oct. 1974).
..... ,"Majority Decoding Apparatus for Geometric Codes.", AD-D003 369, (Oct. 1976).

- 430 -



AUDIO ENGINEERING SOCIETY PREPRINTS

Adams, R. W., "Filtering in the Log Domain." 1470 (B-5), (May 1979).
Doi, T. T., "Channel Codings for Digital Audio Recordings." 1856 (I-1), (Oct./Nov. 1981).
Doi, T. T., "A Design of Professional Digital Audio Recorder."” 1885 (G-2), (Mar. 1982).

Doi, T. T., et. al.,, "Cross Interleave Code for Error Correction of Digital Audio
Systems. " 1559 (H-4), (Nov. 1979).

Doi, Dr. T. T, et. al., "A Long Play Digital Audio Disc System." 1442 (G-4), (Mar. 1979).

Doi, T. T., et. al., "A Format of Stationary-Head Digital Audio Recorder Covering Wide
Range of Application." 1677 (H-6), (Oct./Nov. 1980).

Engberg, E. W., "A Digital Audio Recorder Format for Professional Applications."
1413 (F-1), (Nov. 1978).

Fukuda, G. and T. Doi, "On Dropout Compensation of PCM Systems-Computer Simulation
Method and a New Error-Correcting Code (Cross Word Code)." 1354 (E-7), (May
1978).

Fukuda, G., et. al., "On Error Correctability of EIAJ-Format of Home Use Digital Tape
Recorders." 1560 (G-5), (Nov. 1979).

Furukawa, T., et. al., "A New Run Length Limited Code." 1839 (I-2), (Oct./Nov. 1981).

Inoue, T., et. al., "Comparison of Performances Between IPC Code and RSC Code When
Applied to PCM Tape Recorder." 1541 (H-5), (Nov. 1979).

Ishida, Y., et. al., "A PCM Digital Audio Processor for Home Use VTR’S." 1528 (G-6),
(Nov. 1979).

Kosaka, M., et. al., "A Digital Audio System Based on a PCM Standard Format."
1520 (G-4), (Nov. 1979).

Lagadec, Dr. R., et. al.,, "A Digital Interface for the Interconnection of Professional
Digital Audio Equipment." 1883 (G-6), (Mar. 1982).

Locanthi, B. N. and M. Komamura, "Computer Simulation for Digital Audio Systems."
1653 (K-4), (May 1980).

Muraoka, T., et. al.,, "A Group Delay Analysis of Magnetic Recording Systems."
1466 (A-5), May 1979).

Nakajima, H., et. al.,, "A New PCM Audio System as an Adapter of Video Tape
Recorders." 1352 (E-11), (May 1978).

Nakajima, H., et. al., "Satellite Broadcasting System for Digital Audio." 1855 (L-8),
(Oct./Nov. 1981).

- 431 -



Odaka, K., et. al.,, "LSIs for Digital Signal Processing to be Used in "Compact Disc
Digital Audio" Players." 1860 (G-5), (Mar. 1982).

Sadashige, K. and H. Matsushima, "Recent Advances in Digital Audio Recording Tech-
nique." 1652 (K-5), (May 1980).

Seno, K., et. al., "A Consideration of the Error Correcting Codes for PCM Recording
System." 1397 (H-4), (Nov. 1978).

Tanaka, K., et. al., "2-Channel PCM Tape Recorder for Professional Use." 1408 (F-3),
(Nov. 1978).

Tanaka, K., et. al., "Improved Two Channel PCM Tape Recorder for Professional Use."
1533 (G-3), (Nov. 1979).

Tanaka, K., et. al., "On a Tape Format for Reliable PCM Multi-Channel Tape Recorders."
1669 (K-1), (May 1980).

Tanaka, K., et. al.,, "On PCM Multi-Channel Tape Recorder Using Powerful Code
Format." 1690 (H-5), (Oct./Nov. 1980).

Tsuchiya, Y., et. al., "A 24-Channel Stationary-Head Digital Audio Recorder." 1412 (F-2),
(Nov. 1978).

Van Gestel, W. J, et. al., " A Multi-Track Digital Audio Recorder for Consumer Applica-
tions." 1832 (I-4), (Oct. 1981).

Vries, L. B., "The Error Control System of Philips Compact Disc." 1548 (G-8), (Nov.
1979).

Vries, L. B., et. al.,, "The Compact Disc Digital Audio System: Mudulation and Error-
Correction." 1674 (H-8), (Oct. 1980).

White, L., et. al., "Refinements of the Threshold Error Correcting Algorithm."
1790 (B-5), (May 1981).

Yamada, Y., et. al., "Professional-Use PCM Audio Processor With a High Efficiency Error
Correction System." 1628 (G-7), (May 1980).

- 432 -



PATENTS

2,864,078,
2,957,947,
3,051,784,
3,162,837,

3,163,848,
3,183,483,
3,226,685,

3,227,999,
3,242,461,
3,264,623,
3,278,729,
3,281,804,
3,281,806,

3,291,972,
3,319,223,
3,372,376,
3,374,475,
3,387,261,

3,389,375,
3,398,400,

3,402,390,

3,411,135,
3,413,599,

"Phased, Timed Pulse Generator," Seader, (1958).
"Pulse Code Transmission System," Bowers, (1960).
"Error-Correcting System," Neumann, (1962).

"Error Correcting Code Device With Modulo-2 Adder and Feedback Means,"
Meggitt, (1964).

"Double Error Correcting System," Abramson, (1964).
"Error Detection Apparatus,” Lisowski, (1965).

"Digital Recording Systems Utilizing Ternary, N Bit Binary and Other Self-
Clocking Forms," Potter, et al., (1965).

"Continuous Digital Error-Correcting System," Hagelbarger, (1966).
"Error Detection System," Silberg, et al., (1966).

"High Density Dual Track Redundant Recording System," Gabor, (1966).
" Apparatus For Correcting Error-Bursts In Binary Code," Chien, (1966).
"Redundant Digital Data Storage System," Dirks, (1966).

"Pulse Width Modulation Representation of Paired Binary Digits," Lawrance,
et al., (1966).

"Digital Error Correcting Systems," Helm, (1966).
"Error Correcting System," Helm, (1967).
"Error Control Apparatus," Helm, (1968).
"High Density Recording System," Gabor, (1968).

"Circuit Arrangement for Detection and Correction of Errors Occurring in
the Transmission of Digital Data," Betz, (1968).

"Error Control System," (1968).

"Method and Arrangement for Transmitting and Receiving Data Without
Errors," Rupp, et al., (1968).

"System for Encoding and Decoding Information Which Provides Correction of
Random Double-Bit and Triple-Bit Errors," Tsimbidis, et al., (1968).

"Error Control Decoding System, " Watts, (1968).
"Handling Of Information With Coset Codes," Freiman, (1968).

- 433 -



3,416,132,
3,418,629,
3,421,147,
3,421,148,
3,423,729,
3,437,995,
3,452,328,

3,457,562,
3,458,860,
3,465,287,
3,475,723,
3,475,724,
3,475,725,
3,478,313,
3,504,340,
3,506,961,
3,508,194,
3,508,195,
3,508,196,
3,508,197,

3,508,228,
3,519,988,

3,533,067,
3,534,331,

"Group Parity Handling," MacSorley, (1968).
"Decoders For Cyclic Error-Correcting Codes," (1968).
"Buffer Arrangement," Burton, et al., (1969).

"Data Processing Equipment,” (1969).

" Anti-Fading Error Correction System," Heller, (1969).
"Error Control Decoding System," Watts, (1969).

"Error Correction Device For Parallel Data Transmission System," Hsiao,
et al., (1969).

"Error Correcting Sequential Decoder," (1969).

"Error Detection By Redundancy Checks," Shimabukuro, (1969).

"Burst Error Detector," (1969).

"Error Control System," Burton, et al., (1969).

"Error Control System," Townsend, et al., (1969).

"Encoding Transmission System," Frey, Jr., (1969).

"System For Automatic Correction Of Burst-Errors," Srinivasan, (1969).
"Triple Error Correction Circuit," Allen, (1970).

" Adaptively Coded Data Communications System," Abramson, et al., (1970).
"Error Detection and Correction System," Brown, (1970).

"Error Detection and Corrections Means," Sellers, Jr., (1970).

"Error Detection and Correction Features," Sellers, Jr., et al., (1970).

"Single Character FError and Burst-Error Correcting Systems Utilizing
Convolution Codes," (1970).

"Digital Coding Scheme Providing Indicium AT Cell Boundaries Under
Prescribed Circumstances to Facilitate Self-Clocking," Bishop, (1970).

"Error Checking Arrangement for Data Processing Apparatus," Grossman,
(1970).

"Error Correcting Digital Coding and Decoding Apparatus," (1970).
"Encoding-Decoding Array," Kautz, (1970).

- 434 -



3,542,756,
3,557,356,
3,559,167,
3,559,168,
3,560,925,

3,560,942,
3,562,711,
3,568,148,
3,573,728,

3,576,952,

3,577,186,

3,582,878,
3,582,881,
3,585,586,
3,587,090,
3,601,798,
3,601,800,
3,662,337,
3,622,982,
3,622,984,
3,622,985,

3,622,986,

3,623,155,

"Error Correcting," Gallager, (1970).

"Pseudo-Random 4-Level m-Sequences Generators," Balza, et al., (1971).
"Self-Checking Error Checker for Two-Rail Coded Data," (1971).
"Self-Checking Error Checker for k-Out-of-n Coded Data," (1971).

"Detection and Correction of Errors in Binary Code Words," Ohnsorge,
(1971).

"Clock for Overlapped Memories With Error Correction," Enright, Jr., (1971).
" Apparatus for Detecting Circuit Malfunctions," Davis, et al., (1971).
"Decoder for Error Correcting Codes," Clark, Jr., (1971).

"Memory With Error Correction for Partial Store Operation,” Kolankowsky,
et al., (1971).

"Forward Error Correcting Code Telecommunicating System," VanDuuren,
et al., (1971).

"Inversion-Tolerant Random Error Correcting - Digital Data Transmission
System," Mitchell, (1971).

"Miltiple Random Error Correcting System," (1971).

"Burst-Error Correcting Systems, " Burton, (1971).

"Facsimile Transmission System," Harmon, et al., (1971).

"Great Rapidity Data Transmission System, " Labeyrie, (1971).

"Error Correcting and Detecting Systems, " Haize, (1971).

"Error Correcting Code Device for Parallel-Serial Transmissions," Lee, (1971).
"Mod 2 Sequential Function Generator for Multibit Binary Sequence," (1972).
"Method and Apparatus for Triple Error Correction," Clark, Jr., et al., (1971).
"Error Correcting System and Method," (1971).

"Optimum Error-Correcting Code Device for Parallel-Serial Transmissions in
Shortened Cyclic Codes," Ayling, et al., (1971).

"Error-Detecting Technique for Multilevel Precoded Transmission," Tang,
et al., (1971).

"Optimum Apparatus and Method for Check Bit Generation and Error Detec-
tion, Location and Correction," (1971).

- 435 -



3,624,637,
3,629,824,
3,631,428,

3,634,821,
3,638,182,

3,639,900,

3,641,525,
3,641,526,
3,648,236,

3,648,239,

3,649,915,

3,662,337,

3,662,338,
3,665,430,

3,668,631,

3,668,632,

3,671,947,
3,675,200,

3,675,202,

3,685,014,

"Digital Code to Digital Code Conversions," Irwin, (1971).
"Apparatus for Multiple-Error Correcting Codes, " Bossen, (1971).

"Quarter-Half Cycle Coding for Rotating Magnetic Memory System," King,
1971).

"Error Correcting System," (1972).

"Random and Burst Error-Correcting Arrangment with Guard Space Error
Correction," Burton, et al., (1972)

"Enhanced Error Detection and Correction for Data  Systems," Hinz, Jr.,
(1972).

"Self-Clocking Five Bit Record-Playback System," Milligan, (1972).
"Intra-Record Resynchronization," Bailey, et al. (1972).

"Decoding Method and Apparatus for Bose-Chaudhuri- Hocquenghem Codes,"
Burton, (1972).

"System for Translating to and From Single Error Correction-Double Error
Detection Hamming Code and Byte Parity Code," (1972).

"Digital Data Scrambler-Descrambler Apparatus for Improved Error Perform-
ance," Mildonian, Jr., (1972).

"Mod 2 Sequential Function Generator for Multibit Binary Sequence,” Low,
et al., (1972).

"Modified Threshold Decoder for Convolutional Codes," (1972).

"Digital Tape Error Recognition Method Utilizing Complementary Infor-
mation," Hinrichs, et al., (1972).

"Error Detection and Correction System with Statistically Optimized Data
Recovery," Griffith, et al., (1972).

"Fast Decode Character Error Detection and Correction System," Oldham III,
(1972).

"Error Correcting Decoder," (1972).

"System for Expanded Detection and Correction of Errors in Parallel Binary
Data Produced by Data Tracks," (1972).

"Device for Checking a Group of Symbols to Which a Checking Symbol is
Joined and for Determining This Checking Symbol," Verhoeff, (1972).

" Automatic Double Error Detection and Correction Device," (1972).

- 436 -



3,685,016,

3,688,265,
3,689,899,

3,697,947,

3,697,948,
3,697,949,

3,697,950,
3,699,516,
3,701,094,
3,714,629,
3,718,903,
3,725,859,
3,728,678,
3,742,449,
3,745,525,
3,745,526,
13,745,528,
3,753,227,
3,753,228,

3,753,230,

3,755,779,

3,764,998,

"Array Method and Apparatus for Encoding, Detecting, and/or Correcting
Data," (1972).

"Error-Free Decoding for Failure-Tolerant Memories," (1972).

"Run-Length -Limited Variable-Length Coding with Error Propagatlon Limita-
tion," Franaszek, (1972).

"Character Correcting Coding System and Method for Deriving the Same,"
(1972).

" Apparatus for Correcting Two Groups of Multiple Errors," Bossen, (1972).

"Error Correction System for Use With a Rotational Single-Error Correction,
Double-Error Detection Hamming Code," (1972).

"Versatile Arithmetic Unit for High Speed Sequential Decoder," (1972).
"Forward-Acting Error Control System," Mecklenburg, (1972).

"Error Control Arrangement for Information Comparison, " Howell, (1972).
"Double Error Correcting Method and System," (1973). ‘

"Circuit Arrangement for Checking Stored Information," Oiso, et al., (1973).
"Burst Error Detection and Correction System," Blair, et al., (1973).
"Error-Correcting Systems Utilizing Rate 1/2 Diffuse Codes," (1973).
"Burst and Single Error Detection and Correction System," Blair, (1973).
"Error Correcting System," (1973).

"Shift Register Error Correcting System," Hong, et al., (1973).

"Error Correction for Two Tracks in a Multi-Track System," Patel, (1973).
"Parity Check Logic for a Code Reading System," Patel, (1973).

"Synchronizing Arrangement for Digital Data Transmission Systems," Nickolas,
etal., (1973).

"Methods and Apparatus for Unit-Distance Counting and Error-Detection,"
Hoffner II, (1973).

"Error Correction System for Single-Error Correction, Related-Double-Error
Correction and Unrelated- Double-Error Detection," (1973).

"Methods and Apparatus for Removing Parity Bits from Binary Words,"
Spencer, (1973).

- 437 -



3,766,521,

3,768,071,
3,771,126,
3,771,143,

3,774,154,
3,775,746,

3,777,066,

3,780,271,
3,780,278,
3,781,109,

3,781,791,
3,786,201,
3,786,439,
3,794,819,
3,794,821,
3,798,597,

3,800,281,
3,801,955,
3,810,111,

3,814,921,

3,818,442,
3,820,083,

"Multiple B-Adjacent Group Error Correction and Detection Codes and
Self-Checking Translators Therefor," (1973).

"Compensation for Defective Storage Positions,” Knauft, et al., (1973).
"Error Correction for Self-Synchronized Scramblers," (1973).

"Method and Apparatus for Providing Alternate Storage Areas on a Magnetic
Disk Pack," Taylor, (1973).

"Error Control Circuits and Methods," Devore, et al., (1973).

"Method and Apparatus for Detecting Odd Numbers of Errors and Burst
Errors of Less Than a Predetermined Length in Scrambled Digital
Sequences, " Boudreau, et al., (1973).

"Method and System for Synchronizing the Transmission of Digital Data
While Providing Variable Length Filler Code," Nicholas, (1973).

"Error Checking Code and Apparatus for an Optical Reader," (1973).
"Binary Squaring Circuit," Way, (1973).

"Data Encoding and Decoding Apparatus and Method," Mayer, Jr., et al.,
(1973).

"Method and Apparatus for Decoding BCH Codes," Sullivan, (1973).

" Audio-Digital Recording System," (1974).

"Error Detection Systems, " McDonald, et al., (1974).

"Error Correction Method and Apparatus,” Berding, (1974).

"Memory Protection Arrangements for Data Processing Systems," (1974).

"System and Method for Effecting Cyclic Redundancy Checking," Frambs,
et al., (1974).

"Error Detection and Correction Systems," Devore, et al., (1974).
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"Double Bit Error Correction Using Single Bit Error Correction, Double Bit
Error Detection Logic and Syndrome Bit Memory," (1979).

"Recorder Memory With Variable Read and Write Rates," Yamamoto, (1979).
"High Speed Decoding of Reed-Solomon Codes," Chen, et al., (1979).
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4,159,469,

4,160,236,
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4,167,701,
4,168,468,
4,168,486,
4,175,692,
4,181,934,

4,183,463,
4,185,269,
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"Self-Correcting Solid-State Mass Memory Organized by Words for a
Stored-Program Control System," Garetti, et al., (1980).

"Programmable Polynomial Generator," McSpadden, (1980).

"?rroa Repairing Method and Apparatus for Bubble Memories," Clover, et al.,
1980).

"Closed Loop Error Correct,” Thorsrud, (1980).
"Tri-State Bussing System," (1980).

"Signal Correction for Electrical Gain Control Systems," Bergstrom, (1980). |

- 444 -



4,236,241,

4,238,852,
4,240,156,
4,241,446,

4,242,752,

4,249,253,

4,253,182,
4,254,500,

4,255,809,
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4,295,218,
4,296,494,
4,298,981,

"Apparatus for Correcting Multiple Errors in Data Words Read From a
Memory," Sundberg, (1980).

"Error Correcting System, " Iga, et al., (1980).
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